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Asymptotic expansion for additive measure of branching
Brownian motion *

Haojie Hou Yan-Xia Ren’ and Renming Song?

Abstract

Let N(t) be the collection of particles alive at time ¢ in a branching Brownian motion in R,
and for u € N(t), let X, (t) be the position of particle u at time ¢. For § € R?, we define the
additive measures of the branching Brownian motion by

(1 Len? —p.
pd (dx) = e T N e 0 X5y ) gn) (dx).
u€N ()

In this paper, under some conditions on the offspring distribution, we give asymptotic expansions
of arbitrary order for 1 ((a,b]) and uf((—oc,a]) for € R? with ||f|| < v/2. These expansions
sharpen the asymptotic results of Asmussen and Kaplan (1976) and Kang (1999), and are analogs
of the expansions in Gao and Liu (2021) and Révész, Rosen and Shi (2005) for branching Wiener
processes (a particular class of branching random walks) corresponding to 6 = 0.
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1 Introduction and main results

1.1 Introduction

A branching random walk in R? is a discrete-time Markov process which can be defined as follows:
at time 0, there is a particle at 0 € R? at time 1, this particle is replaced by a random number
of particle distributed according to a point process £; at time 2, each individual, of generation 1,
if located at x € R?, is replaced by a point process x + Ly, where Ly is an independent copy of
L. This procedure goes on. We use Z,, to denote the point process formed by the positions of the
particles of generation n.

Biggins [5] studied the LP convergence of the additive martingale

1 —0-x
@ /e Zn(dx),

where m(6) :=E ( S e‘g'le(dX)). He used the LP convergence of the additive martingale to study
the asymptotic behavior of Z,(nc + I) for fixed ¢ and bounded interval I. To describe Biggins’
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result, we introduce the following additive measure ,u7ZL % of the branching random walk, which is a
shifted version of the measure introduced before Theorem 4 in [5]:

pZ(A) = m(H)_"/e_e'ylA(y —con)Zy,(dy), A e B(RY), (1.1)

with (cg); := m(0) 'E ([ @;e"?*Z1(dx)). [5, Theroem 4] implies that, in the weak disorder regime
(i.e., —logm(0) < —0 - vm(6)/m(0)), if there exists v > 1 such that E(W7(0)Y) < oo, then for
x € R4 and h > 0, as n — o0,

(2h) " Woo (6)

d/2, Z,0 T
n Uy, (X+ h) — 4(27‘((16‘5(29))6[/27

a.s.
where W (0) := lim,, 00 Wy, (), I, = [~h, h]¢ and

(S0)es =m0 E( [ (@i~ @))(a; ~ (@))e 21, g € (1)

In the case d = 1, Pain proved that, see [I5 (1.14)], in the weak disorder regime, if there exists
v > 1 such that E(W1(6)7) < oo, then for any b € R, as n — oo,

p2? ((—00,bEgv/n]) — Woo(0)@(b)  in probability,

where ®(b) := \/% ffoo e=7"/24z.

For the case 6 = 0, there are many further asymptotic results. In the case when d = 1 and the
point process L is given by £ = Zf: 10x,, where X; are iid with common distribution G' and B is
an independent N-valued random variable with P(B = k) = py and p := ), kpr, > 1, Asmussen
and Kaplan [2, [3] proved that if G has mean 0, variance 1 and > 32, k(log k)1 *¢p;, < co for some

€ > 0, then conditioned on survival, for any b € R,
pZ0((—o00,by/n)) "= W (0)®(b), a.s. (1.2)

They also proved that if G has finite 3rd moment and Y - , k(log k)3/2tep, < oo for some e > 0,
then, for any a < b € R, conditioned on survival,

V2rnuZ([a,b]) =3 (b — a)Ws(0), a.s. (1.3)

Gao and Liu [I0] gave first and second order expansions of pZ°((—oo,by/n]). A third order ex-
pansion was proved by Gao and Liu [0, [11], where branching random walks in (time) random
environment were studied. They also conjectured the form of asymptotic expansion of arbitrary
order for pZ°((—o0,b\/n]). For general branching random walks, results similar to (I2) and (3)
were proved in Biggins [4].

When the point process L is given by £ = Zil 0x, where X, Xy, ... are independent d-
dimensional standard normal random variables and B is an independent N-valued random variable
with P(B = k) = py and p =Y, kpy, > 1, Z, is called a supercritical branching Wiener process.
Révész [17] first proved the analogs of (L2]) and (I3]) for branching Wiener processes, then Chen
[6] studied the corresponding convergence rates. Gao and Liu [§] proved that, for each m € N,
when 322, k(log k) pp < oo for some A > 3max{(m + 1),dm}, there exist random variables
{Va, |a| < m} such that for each t € R,

mo1\L a
S Zal(=oo /) = Bu(t)Vo + Y L 57 2V o), s
(=1 la|=¢ '



where for a = (aq,...,aq), |a] = a1 + ... + ag, al = a1!---ag!, P4(t) is the distribution function of a
d-dimensional standard normal random vector and D?®g4(t) := 0;!...0;¢ ®4(t). For the local limit
theorem (LL3]), Révész, Rosen and Shi [I8] proved that, when Zk 1k2pk < o0, for any bounded
Borel set A C RY,

(2m)d/2—z :i 1 Z > Co (1P My (A)Vaap +o(n™™), as., (1.4)
=

aj—¢ & b<2a

where b < 2a means that b; < 2a; for all 1 < ¢ < d, C’%’a = C’g}” .
N xlil e azzddxl...dxd.

For the lattice case, analogs of (L[2]) and (I.3]) can be found in [7, 12], and an asymptotic
expansion similar to (L4)) for Z,({k}) was given by Griibel and Kabluchko[12].

In this paper, we are concerned with branching Brownian motions in R%. A branching Brownian
motion in R¢ is a continuous-time Markov process defined as follows: initially there is a particle
at 0 € R?, it moves according to a d-dimensional standard Brownian motion and its lifetime is an
exponential random variable of parameter 1, independent of the spatial motion. At the end of its
lifetime, it produces k offspring with probability py for £ € N and the offspring move independently
according to a d-dimensional standard Brownian motion from the death location of their parent,
and repeat their parent’s behavior independently. This procedure goes on. We will use P to denote
the law of branching Brownian motion and E to denote the corresponding expectation. Without
loss of generality, we assume that

o
Z kpk = 2.
k=0

Let N(t) be the set of particles alive at time ¢ and for u € N(t), we use X,,(t) to denote the position
of particle u at time t. Define
Z %, (0

ueN(t

-3 and My(A) =

For 0 = (64, ...,04) € RY,

2
Wi (8) = ~+155) Z e~ 0 Xult
ueN(t)

is a non-negative martingale and is called the additive martingale of the branching Brownian
motion. When @ is the zero vector, W;(6) reduces to e~*Z;(R%). It is well-known that (for d = 1,
see Kyprianou[14]), for each § € RY, W,(6) converges to a non-trivial limit W, () if and only if
0]l < V2 and

Zkz log k)pi, < 0. (1.5)
k=1

From now on, we will only consider § € R? with ||§|| < v/2. For any set A C R and a € R, we
use |A] to denote the Lebesgue measure of A and aA := {ax : © € A}. Asmussen and Kaplan [3]
Part 5] proved that when d = 1, under the assumption Y oo ; k?pi, < oo, for any Borel set B with
|0B| =0, as t — oo,

e ', (\/EB) — W%(:)/Be_%/zdz, P-a.s. (1.6)
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and that for any bounded Borel set B with |0B| =0, as t — oo,
V2rte ' Z, (B) — |B|Ww(0), P-as.

Kang [13, Theorem 1] weakened the moment condition and proved that (@) holds with B =
(—o0, b] under condition ([LI).
Similar to (LT), we define the additive measure p¢ of branching Brownian motion as

||9H2
pf(dx) = e U N 0Kl gy (dx).
ueEN(t)

The aim of this paper is to prove asymptotic expansions of arbitrary order for u¢ for § € R? with
0]l < V2, see Theorems [[.T] and below. These expansions sharpen the asymptotic results of
[3, 13, Part 5] mentioned above. The asymptotic expansions of [8, [I8] are for the additive measure
ug’o of branching Wiener processes, while the asymptotic expansions of Theorems [[.T] and are
for the additive measure ,u? of branching Brownian motions with # not necessarily O.

One might expect that the asymptotic expansions for branching Wiener processes, when con-
sidered along {t,, = nd,n € N}, can be used to used to get the expansions of this paper by letting
0 — 0. However, it seems that this idea does not work due to two different reasons. One of the
reasons is that values along {nd,n € N} are not good enough to control the behavior between the
time intervals [t,,t,+1]. Another reason is that {Z,5 : n € N} is not a branching Wiener process
since in Zs = 3~ e n(s) 0%, (), for u,v € N(8),u # v, X,(5) and X,(6) are not independent.

1.2 Notation

We list here some notation that will be used repeatedly below. Throughout this paper, N =
{0,1,...}. Recall that N(t) is the set of the particles alive at time ¢ and that for u € N(t), X, (t)
is the position of u. For u € N(t), we use d,, and O, to denote the death time and the offspring
number of u respectively. For v and u, we will use v < u to denote that v is an ancestor of u. The
notation v < v means that v = v or v < w.

For a = (ay,...,aq) € RY, define (a); := a; and (—oc0,a] := (—00,a1] X -+ x (—00,ay]. For
a,b € R% we use a < b (a < b) to denote that (a); < (b); ((a); < (b); ) forall 1 < j < d. For
a,b € R? with a < b, define (a,b] := (a1,b1] X -+ x (ag,bq]. The definition of [a,b] is similar.
For k = (ki,...,kq) € N, set k| := k1 + ... + kg and k! := k;!--- k4. For a function f on R
x € R% and k € N, let DX f(x) := okL.. 8kdf( ). We also use the notation ¢(y) := \/%?e_fp and

P 4(x) J L7 d(2)dz. Sometimes we write ®(y) for @1 (y).

1.3 Main results

We will assume that
Zk‘ (log k)1 pp < 00 (1.7)
k=1

for appropriate A > 0. Let Hj be the k-th order Hermite polynomial: Hy(z) := 1 and for k > 1,

[k/2) ;
3 RN (=1 ko
Hk(l') = = X 7,
= 2031k — 27)!



It is well known that if {(B¢)i>0,Ilp} is a standard Brownian motion, then for any k > 0,
{t*/2Hy(B;/\/t),0(Bs : s < t), M} is a martingale. Now for k € N¢ and 6 € R? with ||0]| < v/2,
we define

2 d X, (1)); + 0;t
M(kve) = —(1+@)t —GXu(t)t\k|/2 H ) ( U J J , t > O
0 = gN;() ¢ H W(TUE), 2

Note that Mt(o’e) = Wy(0). We will prove in Proposition below that if (L7) holds for A large
(k,0)

enough, Mt(k’e) will converges almost surely and in L! to a limit Mg,
of this paper:

. Here are the main results

Theorem 1.1 Suppose 6 € R? with ||0|| < V2. For any given m € N, if (LT) holds for some
A > max {3m + 8,d(3m + 5)}, then for any b € R, P-almost surely, as s — oo,

6 (_1)“{' 1 k k,0 —m/2
K ((_Oo7b\/§]) = Z D (I)d(b)Mo(o’ ) +0(8 / )

k! slkl/2
k:k|<m

T (=1 DX®4(b .
— (34/3 Z 71{'( )Mg’(’) +o(s™™/?).
(=0 k:|k|=¢ ’

Theorem 1.2 Suppose 6 € R? with ||0|| < V2. For any given m € N, if (LT) holds for some
A > max{d(3m + 5),3m + 3d + 8}, then for any a,b € R? with a < b, P-almost surely, as s — 00,

kie)

m ¢ ' ( k+i+1
:ZSZ—ZZH)J 3 M;o' 3 &/{abl‘[wdzl dzg + o(s~™/?),

£=0 j=0 k:|k|=j T ii=e—j

where 1 := (1,...,1).

Remark 1.3 Note that we only dealt with the case that the branching rate is 1 and the mean
number of offspring is 2 in the two theorems above. In the general case when the branching rate
is B > 0 and the mean number of offspring is p > 1, one can use the same argument to prove
the following counterpart of Theorem [I1: Suppose 6 € RY with ||0]| < +/28(u — 1). For any given
m € N, if (L1) holds for some A > max {3m + 8,d(3m + 5)}, then for any b € R?, P-almost surely,
as s — 00,

(Bl 1) 012 _o.
pd (=00, by/s]) i= e P )t N o= 0Xullly g (Xu(t) + 6t)

ueN(t)
(1) DX®y(b) o —m/2
=3 5 Dbl e oo
=0 k:[k|=¢
with Méff’@) given by
(k0) ._ (8( —0-Xu (1) 4|k|/2 (Xu(t)); + 0t
M tligloe Z e )t HH ( i > (1.8)

ueN(t)



In the general case, the counterpart of Theorem is as follows: Suppose 0 € R with ||0]| <
V2B(p —1). For any given m € N, if (LT)) holds for some X\ > max{d(3m + 5),3m + 3d + 8}, then
for any a,b € R% with a < b, P-almost surely, as s — 0o,

_ H<9I|
s421((a,b]) = e~ (P Z IRy (Xo(t) + 1)

ueN(t
m ¢ (k,0) k+i+1
SDIED D CVD DI —/ Hzﬂdzl dzg + o(s™™/?),
=0 =0 klkl=  ilil=t—j [a,b]

with M given in (3.

Remark 1.4 One could also consider asymptotic expansions for the additive measure ug’e for
branching random walks. Using the tools established in [9], it is possible to get fixed order expan-
sions. However, getting asymptotic expansions of arbitrary order may be difficult.

We end this section with a few words about the strategy of the proofs and the organization of
the paper. In Section 2l we introduce the spine decomposition and gather some useful facts. We

(k,0)

also study the convergence rate of the martingales M, and moments of the additive martingale
W(6). In Section B we prove Theorems [[T] and To prove Theorem [I.1] we choose a sequence
of discrete time 7, = n!/* for some x > 1. To control the behavior of particles alive in (r,,, 7p41),
we need r,41 — r, — 0. This is the reason we do not choose r,, = nd. We prove in Lemma [B1]

that pf ((—oo,by/]) ~ E [,ufn (=00, by/Tn)) ‘-7:\/7’_”]7 where F; is the o-field generated by the

branching Brownian motion up to time ¢. To deal with s € (ry,,7,+1), we adapt some ideas from
from [3, Lemma 8] and [I3], paragraph below (13)]. We prove in Lemma[B.2lthat, for s € (r,, 741),

1 ((—o0,by/s]) ~ E {ug ((—o0, by/s]) |]—"\/ﬁ] We complete the proof of Theorem [[.I] by using a

series of identities proved in [8]. The proof of Theorem is similar.

2 Preliminaries

2.1 Spine decomposition
Define

dp~*
dP |5

= Wy (6). (2.1)

Then under P~, the evolution of our branching Brownian motion can be described as follows (spine
decomposition) (see [14] for the case d = 1 or see [16] for a more general case):

(i) there is an initial marked particle at 0 € R? which moves according to the law of {B;—6t, g},
where {By, I} is a d-dimensional standard Brownian motion;

(ii) the branching rate of this marked particle is 2 R R

(iii) when the marked particle dies at site y, it gives birth to L children with P~%(L = k) =
kpr/2;

(iv) one of these children is uniformly selected and marked, and the marked child evolves as its
parent independently and the other children evolve independently with law Py, where [Py denotes
the law of a branching Brownian motion starting at y.



Let d; be the i-th splitting time of the spine and O; be the number of children produced by the
spine at time d;. According to the spine decomposition, it is easy to see that {d; : ¢ > 1} are the
atoms for a Poisson point process with rate 2, {O; : ¢ > 1} are iid with common law L given by
P~(L = k) = kpy,/2, and that {d; : i > 1} and {O; : i > 1} and X¢ are independent. This fact will
be used repeatedly.

We use & and X¢(t) to denote the marked particle at time ¢ and the position of this marked
particle respectively. By [16, Theorem 2.11], we have that, for u € N(t),

—0-Xu(t) a2y ax. )
-y o o e o e 2 &
PR e e T me 22

Using (2.2), we can get the following many-to-one formula.

Lemma 2.1 For any t > 0 and v € N(t), let H(u,t) be a non-negative Fi-measurable random

variable. Then )
[
B( > Hwb)= 1+ -0 ("X (g,1))
ueN(t)
Proof: Combining (2.1)) and (2.2]), we get

E{ Y Hut)| =Y I{fé:zeg)

ueN () uEN(t)

2
=k Z H(u, t)e(H%)tee'X“(t)P_e (ft = U|]:t)
ueN(t)

2
- e(l+@)tE_6 E~ Z 1{§t=u}H(u7 t)eg.XU(t) ‘-Ft
ueN(t)

:e(1+@)tE—e H(&jt)ee-xé(t) Z Lie—u) :e(1+@)tE—e <69-X5(t)H(§t7t))_
uEN(t)

2.2 Some useful facts

In this subsection, we gather some useful facts that will be used later.

Lemma 2.2 (i) Let ¢ € [1,2] be a fized constant. Then for any finite family of independent centered
random variables {X; :i =1,...,n} with E|X;|* < oo for alli =1,...,n, it holds that

n n
)4
13X <23
i=1 i=1
(ii) For any ¢ € [1,2] and any random variable X with E|X|? < oo,
E|X — EX|' SE|X|' < (EX?)Y2.

Proof: For (i), see [19, Theorem 2]. (ii) follows easily from Jensen’s inequality. O



Lemma 2.3 For any p € (0,1),b,x € R, it holds that

b— px >
P (ﬁ) = B(b) — 6(b) Y T Him1 () Hilo).

Proof: See [8 Lemma 4.2.]. O

To prove Theorem [, we will define r,, := nx for some k > 1. For s € [Tn, "nt1), applying
Lemma 23] with p = \/\/r,/s and & = T;1/4y, we get that for any b,y € R,

¢<%> - Zk' e i ) (7 i 1/4)) (2:3)

Recall that (see [8, (4.1)]) for any k£ > 1 and = € R,
|Hy(2)] < 2VEle" /4, (2.4)

Lemma 2.4 For a given m €N, let kK =m + 3 and r, =n'/%. Let K > 0 be a fized constant and
J be an integer such that J > 2m + Kk. For any b,y € R and s € [rp,rp41), it holds that

J
o L) =000 =00 Y s O (1 (F5)) e

SUP{sm/2 |€my bl 8 € [rnyTng1), |yl < /K \/rnlogn,be R} =0

Proof: It follows from (2.4]) that there exists a constant C' such that for all b € R, n > 2,

5 € [rnsTng1), [y < VKy/rplogn and k > m,

2 (B0) | i1 (0)

and that

1k (45)

)‘ < CWWK/A‘.

/A, ( 17

Combining this with (23], we get that for J > 2m + Kk, n > 2, s € [rp,mn41), b € R and

lyl < /K \/rnlogn,

m/2 ‘Emy,bs’ <C Z —(k—2m—Kr)/(4K) <n—(J+1 2m— Kf{)/(ﬁlli)'
k=J+1

Thus the assertions of the lemma are valid. O

Now we give a result of similar flavor which will be used to prove Theorem Taking derivative
with respect to b in Lemma [2.3] and using the fact that

() = (=D LH,_1(b)o(D),

we get that

k

i}

|Hk (). (2.5)

o

() =60 0y

k=1



Now letting p = \/\/rn/s, b = z/y/s and = = 7’771/43; in ([2.5), we get that for any z,y € R,

() ol ) X (G ()

The proof of the following result is similar to that of Lemma 24l we omit the details.

Lemma 2.5 For a given m €N, let kK =m + 3 and r, =n'/%. Let K > 0 be a fized constant and
J be an integer such that J > 2m + Kk. For anya < b€ R, y,z € R and s € [ry,Tp+1), it holds
that

NEAEEY
=)

J
A )

n

and that

sup{sm/2 lemy,z,s| © 8 € [Ty Tng1), 2 € [a,b], |y| <A/ Ky logn} "0,

2.3 Convergence rate for the martingales

Proposition 2.6 For any 6 € R? with ||0]| < v/2 and k € N%, {M ) >0 P} is a martingale. If

(L) holds for some X > |k|/2, then Mt( 9 converges to a limit Még 2

for any n € (0,\ — |k|/2), as t — oo,

P-a.s. and in L'. Moreover,

Mt(k’e) — M&O) — o= A=IKl/2Fm) - pg g,
Proof: By Lemma [2] it is easy to see that {Mt(k’e),t > 0; P} is a martingale.

Now we fix k € N? and assume (7)) holds for some A > |k|/2. We first look at the case when
t — oo along integers. Let t = n € N. Recall that N(n + 1) is the set of particles alive at time
n+ 1. For u € N(n+ 1), define B,,,, to be the event that, for all v < u with d, € (n,n + 1), it
holds that O, < e“™, where ¢y > 0 is a small constant to be determined later. Set

M(lif)’B — e—(1+@)(n+1)

d
(Xuy(n+1)), +0;(n+1)
% Z e—@-Xu(n—l—l)(n + 1)\k|/2 H ij J B
u€N (n+1) Jj=1 ( n+l >

Since |Hy(z)| < |2/* +1 for all z € R and (=] + |y|)¥ < |2|F + |y|* for all 2,y € R, we have

T+ z
vn+1

which implies that for all j € {1,...,d},

(n+ 12 By (=) | S (el + 2D + (0 + D2 S Jaf o+ J2f + 0¥,

(Xu(n+1));+05(n+ 1)) ‘
vn+1
< (Xu(n)); + 0™ + 0k 4 [(Xy(n +1)); — (Xu(n)); + 0;]%. (2.6)

~

(n+ 1572,



Therefore,

‘ n+1 Mf(zl-{l-f ‘<e (1+”9H )(nt1)

d
(Xy(n+1)); +0;(n +1)
X Z e~ 0 Xut )y 4 7)lkl/2 H Hy, - LBuye
oy | I (57|

< o~ 1)) T XY Kt ) X))

~

u€N(n) vEN (n+1):uv
X H ( j 0"+ ki 4 (X (n +1)); = (Xu(n); + 9j’kj> L(B0)e-

By the branching property and the Markov property, we get that

B ([ - | 7) gt 3 et

n

ueN(n)
llon?
xE(er )y O] )i + 0,1 + ;) 1(p,,.)e o
nw _ s +0ml KT ki /2
( veEN(1) ]:1( > ) Y =(Xu(n))j+0;n|" +n"i
_ —ale?y, —0-Xu(n) .
e Z € (y) yj:|(Xu(n))j+9jn|kj+nkj/27 ( . )

where, for v € N(1), D,,, denotes the event that, for all w < v, it holds that O, < e®™. Recall
that d; is the ¢-th splitting time of the spine and O; is the number of children produced by the
spine at time d;. Define D, ¢, to be the event that, for all ¢ with d; < 1, it holds that O; < e®™.
By Lemma 2.1],

(]j( ); + 0,17 +y])1(Dn§1)>

Using the independence of {d; : i > 1}, {O; : i > 1} and X¢, we have that D, ¢, is independent of
X¢, which implies that for y; > 1,

d d
H (Ho | By |M +yj) (Dr.e)) H (Ho |By|") +%>E “(D L{osecony)

Z:digl
d d
~ [T5—1y;
yj)]P’_e(L > ") | | L > efom) < 2 L

=

I
—_

S

ST (2.8)

j
here in the first equality, we also used the fact that {X¢(t) + 0t IP’_G} is a d-dimensional standard
Brownian motion, and in the last inequality, we used E~ (log”A L) < oo (which follows from (L17)).

By (271) and (2.8]), we have

(\Ms;f i)
~( 9%, —0X(n) H] 1 ([(Xu(n)); + On[*s +nki?)
oy bl

ueN(n)
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Taking expectation with respect to P, by Lemma 2.1l we obtain that

d k[ /2
(k,0) (k,0),B 1 ks ki /2 n
E((MnH M&D: DgWHHO <|Bn|ﬂ—|—nﬂ/>,§ o (2.9)
j=1
On the other hand, by the branching property,
2
MT(LI_{,_? _ +I|9H Z e_g Xu(n nw
ueN(n)
where
d
s _ Xy(n+1)); +0j(n+1)
Jowi= Y e X )2 T ( it )1Bm
veEN (n+1):uv j=1 < n+l

are independent given F,,. For any fixed 1 < ¢ < min{2/]|0||?,2}, Applying Lemma (i) to the
finite family {Jpu — E(Jnu|Fn) : w € N(n)} and Lemma 22 (ii) to Jy., together with (2.0)), we
get that
k,0 k,0 £ I|9H2 _ n
E(‘MT(L-H) E<Mr(z+1) | n> N> Setit e Z e~ 0% (M, )72, (2.10)

u€EN(n

where M, ,, is given by

My ::E< —o(14 1912y < Z 0 Xu(l) g )1DM>2>

Y5 =1(Xu(n));+0;m|" +nki/?
. o 17d ‘ ik ‘
with S, (y,r) == Hj:l (X (1)) + 07" + ;). Set

— H<9I|
veEN(1)

By Lemma 2] we have

M, , = e—(1+”‘9” < Z e—0Xu(1 )
ueN(1)

yi=|(Xu(n));+0;n| " +n*3/?

=E(T,
(The) y;=|(Xu(n));+0,m|% 4nFi/?

2
E(1p,.,, Se (v, De 0572 3 0% Wg,(y,1)1p, )
vEN(1)

_ _ H9|| _
<E €<1Dn,£1 S§1 (v,1) e (It Z e Mg )>
vEN(1)

Y=l (Xu(n))j+0;n[*9 +n*3/?

. 2.11
yj:‘(Xu(n))j—l-@jn‘kj+nkj/2 ( )

Conditioned on G := o(X¢,d;,0; : i > 1), by the branching property, on the set D, ¢,

(Huon ( Z e—0Xou(1 U(y,l)\Q)

veEN(1

11



d
— Z (Oz _ 1)6—(14-@)6&6—9')(5 (H ( B,_ d i+ Zj|kj + yj) )

di<1 zj=(X¢(di))j+0;d;

d
Seon Y et Xeld) H (y +(Xe(d ))»+9jdi|’fj) =eon Y e I Xelg, (y,di), (2.12)

i:d; <1 i:d; <1

where in the first equality we also used Lemma 211 Plugging (ZI2)) into (2II), noting that Xg
and d; are independent, we get that

||9H2 _
E” <1Dn515§1(y7 I+ Z e X g y71)\X5)
vEN(1

S Se (v, e B (Y e“"xs(dﬂsgdi v, di)|Xe)
1:d; <1
1
= 25¢ (y, 1)ec‘m/0 e_e'xﬁ(S)Sgs(y, s)ds

d

2
< eoon H { <yj + Su113 |(Xe(s)); + Hjs\kj> ellfl sup, <4 (XE(S))j+9jS|} . (2.13)
s<

J=1

Since {X¢(s) + 0s,P~%} is a d-dimensional standard Brownian motion, combining with (2II)) and
(Z13)), we conclude that

2
My S e HHO( by sup (B, [7) el e (B )
j=1

d
H (1Xu(n)); + O5ml* +n® /2>2 e, (2.14)

Y=l (Xu(n));+0;m["5 +ni/?

Plugging (2.14]) into (2I0]), we conclude that
¢
(‘ n+1 _E 1§+1)B‘f") ”)
d
< eeoln/2— 0+ 15 “9” Z o~ l0-Xu(n) H ( 40k 4 ks /2)5

u€N(n) =1
— o~ ((t=1)(A=]10]7£/2)=cot/2)n ,— (14| 0] / )n

X Z e~ Xuln H < )j +0;n|" + nki /2)3. (2.15)

ueN(n) Jj=1

IS8

Choose ¢y > 0 small so that col/2 < (£—1)(1—10]|2¢/2) and set ¢; := ((—1)(1—||0]|*¢/2)—col/2 > 0.
Taking expectation with respect to P in (2.15]), by Lemma 2.1 with 6 replaced to £6, we get that

e (|arst” -2 (17| )

—cin kj ki/2 ¢ nlk‘/2
Se Hno(|<Bn>j—<e—1>ejn|ﬂ+w ) s ) (2.16)
j=1

12



Now combining (2.9) and (2IG]), using the inequality:
E( X -EX|F))<E(X -Y)+E(Y -EY|F))+E(|E(X -Y|F)|)

N1/
<2E(X -Y)+E (Y ~ErIF))
and the fact that Mr(lk’e) =E (M,Slif) |fn), we get that

o) < s - w7

n+1
1/¢ k| /2
(k,60),B (k,60),B ¢ n
+E (‘MM1 ~E (M%) > S (2.17)
Since A > |k|/2, we have ) > | E (‘Méﬁf) — MY D < oo, which implies that M,*? converges to

a limit Mé}f’g) P-almost surely and in L. Therefore, M}Lk’e) =E <M<§§,"9)\an), n > 1.

For s € (n,n+ 1), Ms(k’g) =FE <M£ﬁ’f)‘]{g) =F <Mg’9)‘fs), thus the second assertion of the
proposition is valid.
Now we prove the last assertion of the proposition. For any n € (0, A — |k|/2), by (217,

o0 o0

—[K|/24+A— k.6 k.0 1
S Mo (a0 - ) £ 3 <o
n=1 1

which implies that

n

o0
an—\kl/%’? (MS_T_(;) — M(k’9)> converges a.s.
n=1

Thus A~ kl/2=1 (M,(Lk’e) — Mg’6)> 2570, P-a.s. (see for example [T, Lemma 2]). For s € [n,n+1],

by Doob’s inequality, for any € > 0,

SP(n M sup a0 a0 5 o)
n=1

s n
n<s<n+1

1<x
< Ly e (a0 a0) < oo
n=1

Therefore, n~Ikl/2+A=n SUDy,<s<n+1 ‘Mék’e) - Mr(lk’e) "Z%° 0, P-a.s. Hence P-almost surely,

sup s IKl/2HA=n ‘Ms(k,e) _ Mgﬂ)‘

n<s<n+1
< (n+ 1) K2 gyp ‘Ms(kﬂ) _ Mékﬂ)‘ + (n 4 1)7IK/2+A=m | pp(k0) _ pp(k0)
o n<s<n4+l1
n—oo
— 0,
which completes the proof of the last assertion of the proposition. O
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2.4 Moment estimate for the additive martingale

In this subsection, we give an upper bound for W;(#) which will be used later.

Lemma 2.7 Suppose 0 € R with ||0|| < v/2. If (LZ) holds for some X\ > 0, then there exists a
constant Cy  such that for all t > 0,

E ((Wy(8) + 1) 1og" ™ (Wi(6) + 1)) < Conlt +1).

Proof: Since EW;() = 1, it suffices to prove that there exists a constant Cp ) such that for all
t>0E <Wt(9) log1+)‘ (Wt(e))) < Cya(t+1). By using an projection argument, we can easily
reduce to the one dimensional case. So we will only deal with the case d = 1. By (21I), we have
E <(Wt(0)) logH)‘(Wt(H))) E—Y <log1+)‘(Wt(9))). Using the spine decomposition, we have

Wi(e) = e N0 57 -4 e0Xcl zwgv_jd,

i:d; <t

here d;, O; are the i-th fission time and the number of offspring of the spine at time d; respectively.
Given all the information G about the spine, (th’_jdi)jzl are independent with the same law as
Wi_q;(0) under P.

Using elementary analysis one can easily show that there exists A = Ay > 1 such that for any
x,y > A,

log1+’\(az +y) < log1+’\( )+ log1+’\(y). (2.18)
We set

Kl = e_(l-"_%)te_gxﬁ(t)

= - o 0Xe( ' 7
Ky = Z e~ (45 ¢d Z Wt Jd 1{ —(+ 8 )d; —0X e (d; )Z i <A} <A Z 1,
= i:d; <t
= —+Y o 0Xe( i
K3 = izdziéte ¢(d Z Wt d; 1{ —(+92)a o O0Xe(d; )Z >A}

Note that logi™(z + y + 2) < logt™(3z) + logh™ (3y) + logi™(32), logi™(zy) < (logy z +
log, y)'*t* < 10g1+)‘( )+ 10g1+)‘( ) and log1+)‘( ) S z. By (21I8), we have

logh ™ (W(0)) = logh™ (K1 + Ka + K3) < logi™ (3K7) + 10g1+’\(3K2) +logi ™ (3K3)

<1 +log1+>‘(K1) + < Z > Z 10g1+)\< 1+ ip—0Xe(d Z Wt27—]d1>

i:d; <t i:d; <t
2
S 1+H10gh M (K + (30 1+ loghtt (e () 0Xe() )
i:d; <t

0;—1
+ > 108 (D Wi, (2.19)
j=1

i:d; <t

14



Put v := 1 — 6%/2 > 0. Recalling that {X¢(t) + 6¢t,P~%} is a standard Brownian motion and
{d; : i > 1} are the atoms of a Poisson point process with rate 2 independent of X¢, we have

E” <log1“(K1 (D 1+1ogit* (e —<1+§>die—exg<di>)))
1:d; <t

— R (log1+>‘(K1)+2/ (1+10g1+>\( (1-‘1—%)86—9)(5(8))(18))
0

t
< H0<(—9Bt — )+ /0 (1+ (—0B; — )™ )ds> St+1, (2.20)

where the last inequality follows from the following estimate:

1+
Mo ( (=08 =)™ = s V20 (10181 — 1v/5) ™ Lo 5y vm))
<A s+ 1)V ((16]1B1| + 1) €151 S 1L
For the last term on the right—hand side of (2.19]), conditioned on {d;, O; : i > 1}, we get

( 3 loght ( Z Wi, )| di, Oryi = 1)

i:d; <t
<) logitr O + > E- (logl—i-)\ gloa;_glwf’_jdiﬂdi,@,i > 1). (2.21)
i:d; <t i:d; <t =0

Note that
<10g“rA (jgmoazngf’_jdiﬂdi,Oi,i > 1)

00 N
:(1—1—)\)/0 y'P <]£nOa_X1W d>ey

di, Oi,i > 1>dy

— (14 /oo M1- H (W, > e]d;, 040 2 1)) )dy

5/0 v (1-(1- e—y)oi‘ )dy, (2.22)

where in the inequality we used Markov’s inequality. When O; — 1 > e¥/2 (which is equivalent to
y < 2log(0; — 1)), we have y* (1 —(1—e y)o 1) < log(O; — 1); when O; — 1 < e¥/2, by the

inequality (1 —x)" > 1 — nx, we get
P (=) 2T SN0 et <yt
Thus, by [2.22)),
14+ 14+
<log * (Jinoax W i 1 )]di, 04,0 > 1) < logh™(0; — 1) + 1.

Plugging this back to ([2.2I]) and taking expectation with respect to P~?, we conclude that

< Z logl—i-)\ Z Wu )

:d; <t
< E—G( 3 (1og1“(o,~ 1)+ 1)) <t+1. (2.23)
i:d; <t
Combining (Z19)), (220) and (2.23]), we get the desired result. ]
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3 Proof of the main results

Let x > 1 be fixed. Define

1
K

rpi=nx, neN

Lemma 3.1 For any given o, 3 > 0 and § € (0,1], assume that (L)) holds for \ with A0 — a >
k(1+ ).

(i) For each n, let a, < n® and {Yn. : u € N(rd)} be a family of random variables such
that E <Yn7u|fr§l> = 0, and conditioned on Fs, Yy u,u € N(r®), are independent. If Yo ul <

Wa, (0;u) + 1 for all n and uw € N(rd), with (Wan(H;u),]P’("frg)) being a copy of W, (9), then

_ o1 y,.6 6. s —
roe” 1+ 2)m E e OX“(T”)Ymu 20, as.

n
uEN(rd)
(ii) Consequently, if \6 — o > k + 1, then for any sequence {A,} of Borel sets in RY,

(07

T

n—00
n — 0, a.s.

B, (An) — B [il, (40) | Fy]

Proof: (i) Define

Vo= Y, Yiw=You—E(VoulFrg)

1
R OEC

where ¢, > 0 is a constant to be chosen later. Then for any € > 0,

2
]P’( T?‘L‘e—(H@)"i Z e_G'X“(Ti)Yn,u > E‘]:ri>
u€EN(r3)
2
< P(‘Tﬁe_(pr@)r;i Z o= 0Xu(rd) (You—You) | > %‘}}g)
u€EN(rs)
2
+P(r§e_(l+@)ri‘ Z G_Q'X"(Ti)yéu > g }—r;i)
ueN(rg)
i =T+ I11+1III. (3.1)

,(1+H9“2)T.6
{T’S{e 2T N

>5}

—0-Xqy (T%)E (7%“ |]:'réb>

uGN(r%) €

Using the inequality

You = Yiul = [Yaull Wa, (0;u) +1

{|Y7L,u|>ec*r,‘§b} S ( ) 1{Wan(9;u)+1>ec*7ﬂ%}

and Markov’s inequality, we have

2
I S §7’36_(1+@)T§L Z C_GVXH(T;SI)]E (‘Yn,u - ?n,u‘
€ ueN(rd)

frg)

o — (11002 rd —0-Xu(rd
5 Tne ( 2 ) Z e ( )E <(Wan (9) + 1) 1{Wan(€)+1>ec*’r%}>
wEN ()
TTC; — W 7,,(5 _p. 7”6
< W@ (1+ 3 LS Z e 0-Xu( n)]E ((Wan (9) + 1) log}:-)\ (Wan (0) + 1))
" uweN(r3)
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re o1 y,.s s
5 6n pwm) e_(l“l‘T)Tn Z e_e'Xu(Tn)nB7 (32)
(C*rn) uGN(T;SL)

where in the last inequality we used Lemma[Z7l For 1 < ¢ < min{2/|0||2,2}, set b := (=DA-1012¢/2)/2 ¢
(1,e) and ¢, := Inb. Using Markov’s inequality, Lemma 2.2 the conditional independence of Y,/ s
and the fact that [V, ,|¢ < ec*(5_1)7’2|Yn,u| < e (W, (6;u) + 1), we have

¢ ¢
T < 3_””56_@( 14 b2 )nE(‘ Z e Xul)y? ‘}—Té)
c weN ()
Y4 2
I N S 2T VE ([Pl |7)
¢ ueEN(ry)
Y4 2
< %rﬁae_g(pr@)rg Z —l0Xu (1) TN R (Wan(9§u) —|—1|}}g)
¢ ueEN(ry)
grf;lb—z’“ (1+e o112 i g Z e—ze-Xu(ri)7 (3.3)
ueEN(ry)

where in the last inequality, we used the identities E <Wan (0;u) + 1‘.7-}2 ) =E(W,,(0)+1) =2,
Z(HW” rn = p=2r, (1+Z 2 "»and e“ = b. Therefore, by ([B.3]), we get
IT S rlev™ W, (¢6). (3.4)

Now taking expectation with respect to P in ([B.I]), and using (B:2) and (B.4]), we get that

]P’< ro‘e_(HHe“ s Z e_G'X“(T’g)Yn,u )

ueN(rd)
3 e_g'X“(Tg)E(7n7u|frg>‘>§ . (3.5)
ueN(rd)

apf
TN

+ r(ab—r,‘i 4P rae—(1+7“92||2 yré
~ eyt T n n
n

By Markov’s inequality and the fact that E <7n,u|]‘}g) =-E <Yn7u1{|y \>ecwi}‘]:7“i)’ the third
term in right-hand side of ([3.5]) is bounded from above by 7
Srae 0 R (S I KCDE()Y, 7))
e " P Vi ul>eesmh
ueN(rd)

< Zrierd) B (W (0) + 1) logh ™ (1 + Wi, (0))) < ()™,

™| W

where in the last inequality we used Lemma 27l Plugging the upper bound above into (3.5]) and
recalling r,, = n%, we get

2
—(1 el 5 —_6-X 5
ae=(1+57)m E e u(T’n)anu

: )
n=1 ueN(rd)
— [ ronf Cog—1d A+1)S
<. ((%ﬁ + b 4y (OFD ‘o““‘”),
T
n=1 n
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which is summable since A\d — a > k(1 + ). This completes the proof of (i).
(ii) By the Markov property and Lemma [2.1]

E [, (An) [ Fg |

= 0 S XDt (X, ]
- S(Tn Tn)—i_ern"i_yeAn ‘
ueN(rd)

y=Xu (T;SL) ’

Since {X¢(t) + 0t,P~%} is a d-dimensional standard Brownian motion, we have

E [l (An) | Fg |

)2
= e Z e_g.XU(Tg)HO (Brn—ri Ty + 97‘2 = An) |y=Xu(T5)'

u€N(rd)
Therefore,
0 0 — o2y, —0-Xu(r9)
i, (An) —E [l (4n) | Fog| = e S et Xy,
ueN(rf)
where
— Loy rn—r0 —0- Tn)— rd
Vi = e HS) ) e O tm)XulrD) oy ca

VEN (1 ):uv

— 1o (Bm—r;i +y+0r) € An) |y=xu(r,‘i)‘

By the branching property, we see that, conditioned on F.s, {Ynu 1 u € N (r9)} is a family of
centered independent random variables. Furthermore, it holds that

Vol < e 0F saliad > =0 (Xo(r)=Xu(rd)) | 1
VEN (1 ):uv
= WT’n—T,‘i (97 u) + 1

Therefore, the second result is valid by (i) by taking 8 = 1/« and a,, = r, — rJ. O

Now we treat the case s € [ry,7p11). We will take § = 1/2,8 = 1/k and a = m/2 for m € N.
Then the condition Ad — a > k(1 + ) is equivalent to A > m + 2(k + 1).

Lemma 3.2 Forb € R%, let b, := b\/s or b, := b. For any given m € N, assume that k£ > m + 2
and that (L) holds for some X > m + 2(k + 1). Define ks := /7y, for s € [rn,mn41). Then for any
b € R?,

S§—00

§m/2 ‘,uf((—oo,bs])—E[,ug((—oo,bs])\}'ks] 0 Pog.s.

Proof: Step 1: In this step, we prove that almost surely,

n—oo

sup 5™/ |E [l (=00, b)) |Fi| ~E[u, (—o0.br, )| A )| =F 0. (36)

T <S§<Tp41
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By the Markov property and Lemma 2.1] we see that
E [4f (—00, by]) | 7, |

— e‘ﬂ"’%)\/ﬁ Z e_e'xu(m)no <Bs_m +y+ em < bs) ‘

weN (V) y=Xulv)
e LW T X (bs — 0V — Xu(ﬁ))
- d P \/T_ )
uEN (\/Tn) "
Thus, for s € [ry, 7p41), it holds that
< /2 1+”9H2 )/ Z o0 Xu(y/n)
n+1
ueN(y/Tn)
b, — 0./r;, — X.(\/Tn b,, —0/rn — Xyu(\/Tn
><‘<I>d( Vrn (\/_)>_(I)d( VTn (\/_)>‘
5 —/Tn Tn = /Tn
= ’,"Z’L_i{%e_(l—‘r%)\/r_’” Z e_OXu(\/T_”l)R(u’ s)'
UEN (\/Tn)

Note that, on the event U?:1{|(Xu(w/rn))j + 0;\/Tn| > \/Tn}, we use the trivial upper-bound
SUp,., <s<r,,, (1, 5) < 2. Using Lemma 2Tl and the fact that {X¢(t) + 6t,P~%} is a d-dimensional
standard Brownian motion, we have

Z%H FE( > Ve L0d_ (1K (/7)) 405 /> /P ) S R(u, 8))
uEN(\/ﬁ) nS8<Tn41

/
<2Z el (U, {18yl > rl/*}) < 2dTIo (el ®1) Z ymf2g-rit

which implies that P-almost surely,

m/2 - 1+ “9H2 Tn _6 Xy Tn S0
Tnii€ DS VL a0y el B 8) =3 0. (3.7)
weN (V)

On the other hand, on the event ﬂ;-l:l{|(Xu(\/ﬁ))j +0;y/rn| < /Tn}, in the case by = by/s, using
the trivial inequality

d d
1
)] < — a
we get that, uniformly for s € [r,rn41),
d
’LL S S Z ( \/g \/Tn
= 27T \/3_\/_ \/rn_ n

1
Xl + 0yl |1
Vor 5 —

=
—Vn
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[V5(rn = v/Fn) = \/rn(s — /)| Vs =V =/ — VT
< o

~ \/s—\/r_n\/rn— NG + VS = Vra/Tn — /T
o1 |s(rn — /Tn) —Tn(s — w/rn)‘ VTn 1

< _
7’n + Ti/2 (Tne1 —7mn) S 7’n (Tn1 —7n).

In the case by = b, we have

= (1l
R(u,s) < Z Jor

1
(X (V7)) + 053/Tnl
V2r

1
Vs =T =/

)

+ Vi

Vs = V=V — m!
V8= VT Tn =/

ls — rpl

<

S Vi (Vo vt )
1 \/T 1

N W(Trﬁl —rp) + r3—/g(rn+1 —7Tn) S E(Tn—l—l —Tn).
n n

Thus in both cases, we have that
m/2 (10 0 Xul(ym)
rlle 2 >
ueEN(\/Tn)
< r:ﬁl (it = )W, (6). (3.8)

Lt (1Xu () +0; yrml<ymmyy - Sup R(u,s)

7"7L§5<7"n+1

We claim that right-hand side of (3.8]) goes to 0 almost surely as s — co. In fact,

m/2 1 _
rn-lfa(rn+1 -r ) S T‘( 2+m)/2(rn+1 - 'r'n) = n( 2+m)/(2r) ((TL + 1)1/R - nl/n) .

By the mean value theorem, the right-hand side above is equal to
n(—2+m)/(2n)§—1+§ < p(m—2r)/(2x)

Since K > m + 2, the claim is valid. Combining this with ([3.7) and (3.8]), we get (3.6).
Step 2: In this step, we prove that

sup ™2 |l (=00, by]) — iy, ((=o0.by, )| =30, Pas. (3.9)

rn<s<Tn+1

Once we get ([3.9), we can combine ([B.6) and Lemma B.1] (ii) (with A, = (—o0,b,,] and § = 1/2)
to get the assertion of the lemma.
To prove ([3:9]), we first prove that

liminf  inf  §™/2 (,ug ((—o00, by]) — ((—oo,brn])> >0, P-as. (3.10)

n—00 rp<s<rp41

Define €, := \/Tp+1 — . For u € N(ry,), let Gy, be the event that u does not split before r,,1 and
that max,e(r, i) 1 Xu(s) = Xu(rn)|| < /Fnen. Then

P (Gu|F,) = o _max Byl < Ve, ) = 0T o (max B, | < v ).

STnJrl_T
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Recalling that 1 := (1,...,1), it holds that

(14 len? g —0.X, (r 0 (X o (8)— X (7
e (oo, b]) = e UHa7)s K7 70Xl R 7 PO CLE XDy ) basshy

uEN () vEN(s):u<v
2
—(+ 1y —|16]ly/re —0-Xy(r
> e~ )rns1 o= [0l vrnen Z e~ 0%l ")1{xu(rn)+9rngb,.n—amﬁrnl—||e||(rn+1—rn)1}1Gu
uEN (ry)
2
— o~ e =0l raen ST et Xulm)

X LKy (r) £ 0rn <bry —eny Tl [0l (rasr—r)1} (1Gu = P (Gu|Fr,))

e @ Ol §Y 0 Xu(ra)
uEN (ry)
X LK (1) 407 Sbry —eu 1= 0] (raer —ra) 1P (G| Fr ) =1 T+ 1. (3.11)

For I, we will apply Lemma 3] (i) with « = m/2, 6 =1,a, =0, =0 and
anu = 1{Xu(7"n)+07"n§br'n_En\/ﬁl_”e”(ranl_Tn)l} (1Gu - ]P (Gu‘frn)) :

It is easy to see that |V, .| < 2, i1 —rn — 0 and /e, S VRE=8)/5 — 0. Since A > m+2(k+1),
we have

sup  s™2I|"=3°0, P-as. (3.12)

TnS3<T7L+1

If we can prove that

n—oo

sup "2 ‘II—,ufn ((—=o0,b,,])| — 0, P-as., (3.13)

T <s§<Tn41

then ([B.10) will follow from B.I1)), (B12]) and (BI3]). Now we prove (BI3]). Since k > m + 2, we

have T,T/z(rnﬂ —rp) S nTtHMA2)/2R) 0 Thus,

S =P (Gl Fr,)| < R e ) g i (max B | > /i)

m/2 m/2 — /rn
grnll(rnﬂ —Tn)—H"anle Vim0,

Hence,
m/2 | LU+ (s =) IOl FrEn 0
R € IT — py, (=00, by, —eny/Tnl — [|0]|(rp+1 — 70)1])
< W, (0) (T‘ZI’Jﬁ(rnH — ) + rzqﬁe_m) g 0, P-as. (3.14)

2
Note that 0 < 0+ 2= clolvimenrr < W, (8), d0+150=m0) = 1 4 O(ryyy — 1) =

1+ o(r;m/z), and that el?lVimen = 1 4 O(/rpy/rag1 —mn) = 1+ O0(nY/512) = 1 4 o(r;mp) by
the assumption that x > m + 2. Therefore, (8.14) implies that

lle)?
2

S5—00

s™2\IT — ,ufn ((—o0, by, —eny/Tnl — ||0]|(rnt1 — m0)1])| — 0, P-as. (3.15)
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Now we put A, = (—00,b,,] \ (=00, by, —eny/Tnl — [|0||(rns1 — rn)1] C U;;:1ij where C), j :=
{x=(z1,....,2q) : xj € ((br,); — eny/Tn — [10|(rns1 — m0), (br,);]}. Then by Lemma 2] and the

inequality Ilo (B; +y € Cy, ) < €”W+|%"“_T"), we obtain that

r R (4, (40) |F ]

2
e > e P XVIIPT (R (ry — ) + Y+ O € An) ly—x()

uEN (v/7m)
d 2
S A D S ) (Brn—\/ﬁ Fy+ 0y € Cn,j) ly=Xu (vn)
i=1 uEN (/)
m/2 0 B
< aW (o) P VT ION i1 = ) o
2m(rp — \/Tn)

Here the last assertion about the limit being 0 follows from the following argument:

TrT/z (&L\/ﬁ + ||0||(Tn+1 - Tn)) < Tm/Q

210 (rn, — \/Tn) ~on

e, = n™/(2) \/(n L D)U/s — /s < pimtl=n)/@R)

Using Lemma [B.1] (i), we immediately get that 7y, / 2,ufn(An) — 0, P-almost surely. Then by (3.15)),
we conclude that (BI3]) holds.
Applying similar arguments for the interval (bg, +00), we can also get

liminf inf = s™/2 (uz((bs,+oo))—uﬁ7l((brn,+oo))) >0, P-as. (3.16)

n—00 rp<s<Tp41
Using Proposition with k = 0 and n = 2(k + 1), and the assumption A > m + 2(k + 1), we get

lim sup s"™/?

N=00 r, <s<Tpi1

Now we prove ([3.9) follows from (3.10), (B.16) and (B.I7). Indeed, for any € > 0, (3.10), (3.16) and

(BI7) imply that one can find a random time N such that for all n > N and r, < s < 741,

i (Rd) —uf (Rd)( — lim  sup ™2 |W(0) — W, (0)] = 0.(3.17)

n=00 ., <s<rnt1

$™2 (72 (=00, b)) = u, (=00,by,))) > =,

5"/ (4l (g, +00)) = il (B, +00))) >~ and 5™/

1 () -, (3] <=
Thus,

572 (1 (=00, bu]) — il ((~00,br,]))

= /2 (4 () — s, (RY)) = 5772 (1 (B, +00)) — 4, (b, +00))) < 22
Hence we have that when n > N and 7, < 8 < 71,

Sm/2 :ug ((_007 bs]) - :ufn ((_007 an]) < 257

which implies (3.9)). O
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For any given m € N, we will take x := m + 3 in the remainder of this section. It follows from

Lemma [3:2] that, if (L7) holds for some A > m + 2(k + 1) = 3m + 8, then P-almost surely for all
S € [rn,Tnt+1) and by = by/s,

i ((—00,by3]) = E [ (00, bVa]) | B, | +o(s™™2)

SOe = VR S E AV <b\f 0N/ — (\/_))
ueN (\/Tn) S—W

+o(s™™/?). (3.18)

Note that, for any a < b, (a,b] = H] 1(aj,b;] can be expressed in terms H;lzl E; where E; €

{(—00, aj], (—o0,b;]} using a finite number of set theoretic operations. Thus, applying Lemma

to H?:l E;, we get that, if (L7) holds for some A > 3(m + d) + 8 = 3m + 3d + 8, then

W (8, b)) = ofs™(m+D/2) 4 =+ Vi YN Xy
wEN ()

— 0;/Tn — (Xu(yT0));
H \/8_7/% i >d2’j.

(3.19)

Proof of Theorem [I.1k Let m € N and assume (7)) holds for some A\ > max {3m + 8,d(3m + 5)}.
Recall that 7, = n'/* and & = m+3. Put K := m/k+3. Combining LemmaZI] sup,.gas Pq(2)

z)=1
and the fact that {(X¢(t) + 0t);>0, P~} is a d-dimensional standard Brownian motion, we get that

Zrm/2E< Loy e Z D AW

weN (V)
b5 — 04/ — Xu(/7r)
© e %( s i ) {ui_1{|<xu(m>>j+6jm>\/K\/mogn}}>

<an/2n ZHO< B\/ﬁ |> \/K\/Elogn>

—dan/Q“HOO( Dl > Klogn) an/% —K/2 < (3.20)

where in the last inequality we used the fact that Io(|(B1)1] > #) < e **/2. Therefore, P-almost
surely,

o2
T:Ln/2e—(1+T),/rn § : 6_9 Xou(y/Tn

Xu(W/Tr))i+0iv/Tn K.\/Tnlogn
v {u 1K (V) 405/l > /K i logn | |
b — n_Xu n n—oo
X sup <I>d< Vs =0y (\/T—)) i ) (3.21)
rn<s<Trn+1 s — \/r_n

Since A > 3m + 8, by BI8) and @2ZI), for any 0 € R? with ||0]| < v/2,b € R? and s € [, 741)

2
1l (=00, by/3]) = o(s™™/2) 4 e 0H 15V §° o0 Xu(ym)
ueN (\/Tn)
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‘D (b\/E—HW—Xu(\/E))l
I 5— { o (I X () 405 el <y /K rTogn } |

Put J := 6m + 10. Then J > 2m + Kx = 3m + 3k = 6m + 9. By Lemma [2:4] we get that for any
6 € R? with ||0]| < v2,b € R? and s € [ry,, Tni1),

((—00,b/s])
_ —m/2 —(1+W)\/ﬁ —0-Xu(y/Tn)
=o(s )+ e 2 Z € 1{0?:1{\(Xu(\/ﬁ))j+9j\/m§\/m}}
ueN (\/Tn)
d J
11 k/2 (Xuly/T0))j + 051/Tn
x H (o) —¢<bj>kzgwﬂk_l<bj> ((ﬁ) / Hk< “_Tl/ﬁ AL | -
j= =1 "
_(e—m/2 (1182 o0 Xu(y/rn
o(s™™?) + e Z\/_ (P {1 (V) 465yl < /K i logm } |

x f[ (20) - S () (V) Hk(oc’“‘(r @j" ) R

<

I
—_
ES

Il
—

where €, 4.5,; = €m7y,b,s|y:9j St (Xu (), b=b;- Lo justify the last equality, we first apply Lemma
2.4 to get that, for each u € N(y/ry,), as s — oo, P-almost surely,
/2= (145 )/ T ety
UEN (\/Tn)

<W 0 m/2 mous,j| 1 ’
S Wym(@) x ™ sup sap lemunillng ik (vrm,+0,vmley/ Remmtogn))

[P, {1 K (V) +65 il </ R Jrm Togm | emus.

Then note that by 2.4) and |Hy(z)| < |=|*+1, on the set ﬂ?zl {{Xu(/T))j + 03/n| < /K+\/rnlogn},

J
0 . 11 k/2 (Xu(y/Tn))j + 05/
Qual = [0009) = 006 3 - s (v 1 (T )|
uw(v/Tn))j + 03/ (logn)’/?
<1+Z k/2 k/4<1+‘ 1/4 > 1+ 1/4 S
k=1Tn Tn
Combining the two displays above, we get that, on the set ﬂ 1 {| j+0jy /rn| < VK,/rylog n}
by/s — 0./r, —
Dy Qu, > ‘Qv,f‘ ‘Em,u,s, ’
(RSB o <3 H ;

<d mu,s,j| 1 ,
S ?Slgue;l(l\r;m |€m,u,5,5] {m?:1{|(xu(,/*rn))j+9jw/Tn|§1/7K,/7nlogn}}
which implies (3.22]).

Let ¢ € (0,1) be small enough so that K(1 —&) > m/k + 2. For any k € N¢ with 1 < k| < J,
using the inequality |Hy(z)| < 1+ |z|* first and then Lemma B, we get

SR sup [0SOV ST ey

TnS3<T7L+1 UGN(\/H)
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{u {|(xu(\/ﬁ) +0, \/T’_n\>\/K\/ﬁlogn}} k /2

(\ﬁ)

T
d oo
:ZZan k[)/ 4nH0< (i), |>\/Tgn}H<1+|B1 ‘| z))

=2

[e’e] . d 1
§ZTn/2H0(; 1{|(Bm)j|>\/K\/ﬁ10gn}Hrkg/4<

3
||
N

[
Il
—_
3

< Tl <<1+ EX ) (1-¢)|B1|? /2> Zn2m—|k\)/(4n) —(1-9)K/2 < Z —(r+1)/(48) < o (3.23)
n=2

Thus we have that P-almost surely,

o2
e~ (5= Z e~ 0 XulVrn

lim r, m/2 sup

n—o0 P <s<rnt1 e {u 1K (V) 465l > /K raTogn } |
k /2
(Xu(yTn))j +0iv/Tn
X H k /2 ( 7”1/]4 ’ )‘ =0. (3.24)

Combining ([3:22) and (B3.24), we get

1l (=00, by/s]) = o(s™™/?) + o~ (190 > et Xulvm)

uEN(/Tn)
-k 1 gk Xu(y/Tn))j + 053/
X]:{(;_O(k‘!) md_b?ﬂbj)((ﬁ)k/zlfk(( (\/_:1)/]4 ]\/_)))

I (=DM 1 )
= o(s™™?) + Z - 3\k|/2D Ca(b)M 7.

Since A > |J1|/2 = d(3m + 5), it follows from Proposition that for any k € N¢ with m + 1 <
k| < |J1], s"k‘/QM%) = o(s7™/?). Thus

0 N (—p 1 (k,9) g2
1l ((—oo,b\/g])_kg; g e D @a(b)M T+ o(sT ),

Take n > 0 sufficient small so that A > 377” + 1. Then by Proposition 26, for any k € N¢ with
0 < k| <m,

)

M\(/kf) — MK = o O/ 242y _ (r;m/274£1/2—()\—m/2)/2+77/2> — o(r™/?2)

which implies that as s — oo,

0 _ (—1)“{' 1 k k,0 —m/2
I ((—oo,b\/g])_k%; SRy ®4(b)MED) 4 o(s7™/2),  P-as.

Therefore, the assertion of the theorem is valid under the assumption A > max {3m + 8,d(3m + 5)}.
g
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Proof of Theorem Let m € N and assume (7)) holds for some A > max{d(3m+5),3m+
3d 4 8}. Recall that r, = n'/* and kK = m + 3. Put K := m/k + 3 and define

Yonu:i= 6_6 Xulyn)

9\/5 (Xu (V)
J—i/ )

Since A > 3m + 3d + 8, by 319), for any # € R? with ||0|| < v/2, any a,b € R? with a < b and
$ € [rpyTnt1), P-almost surely, as s — oo,

2
Y20 (a,b]) = e OV ST YL o(sT). (3.25)
UEN (\/Tn)

Noticing that 0 < sup, <scp. Yonu < =0 Xu(yrn) HC_l (bj—aj)y/Tnt1 < ¢ 9Xu(v7n) and using

>~ j=1 /7\/7,_”
B20), we get

N ey
Z;m E( sup e Ut Z Yrs,n,ul{ug_l{|(Xu(¢r_n))j+9j\/ﬁ|>\/KWlogn}})

<
T <s§<Tn41 wEN (/)

5 dZ’I’Lm/@H)HO <|(B\/ﬁ)1| > \/K\/ﬁlogn> < Q.
n=2

Therefore, P-almost surely,

smﬂg_(HW)m Z Ysnul

S— 00
— 0.
WEN (o) {U;‘izl{‘(XU(\/Tn))j‘l'@j\/Tn‘>\/K\/7‘nlogn}}
By B25), for s € [y, mn41),

s72ug ((a, b))

- (H—& Wn s
e 2 e]%\:/_)}/;,n7u1{ﬂ?_1{|(Xu(\/7’_n))j+0j\/ﬁ<\/m}} + o(s ). (3.26)

Using Lemma [2.5] onthesetﬁ 1{‘ ) +0; \/E‘<,/K rnlogn}, for J = 6m + 10,

R E RN _<Tn wm)j) .

o) (30 fta () (S

J k=0
-3 gl / o))ty (KDY
where
rm/2

su su su € 1 —0
i SE[""n77I‘::L+1) jég ueN(\I/)ﬁ) e s3] {mlﬂizl{Kx“(‘/E))ﬁOj*/mg v K‘/r”bg"}}
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Therefore, using (3.26]) and an argument similar to that leading to (3.22)), we get

20 (a,B]) = ofs™/%) + e+ SV

x 3 Xl
uEN (y/7)

: J ’ T'n))j ivVTn
TSt [ oG2S (B ORY, (ar
J= = J n

By Lemma 2.1land (3.23)) and the fact that ‘f;qﬁ (ﬁ) Hy, (ﬁ) dz‘ < |b—al, we have that for any
k € N? with 0 < |k| < J,

{ﬁ?:1{‘(xu(\/m))j+9j T’n\ﬁ\/K\/ﬁlogn}}

ZT,T/QE sup e_(l+%)\/ﬁ Z o0 Xu(yrn

T <s<Tn41

{u [ X () 465/l >/ K Jra Togn } |

ueN(yrn)
d ¢ z z ™ ke/2 e _
<1l </b o2 1 () az ) o (X ) 0

- d
<YM (1{U?:1{\(Bm)j|>\/m}} H i, ((B}L%)Z) )

n=2

<ZZn 2m—1k|)/ H()( {I(B1), |>\/Tgn}H 1—|—‘ Bl)g’ )) 0.
j=1n=2

Thus P-almost surely, as s — o0,

e_(l"'%)\/r_n Z o—0Xu(v/Tr)

lim »)" m/2 sup

1 ngl{‘(xu(\/ﬁ))j+9]‘\/ﬁ|>\/K\/ﬁlogn}}

n—00 rn<s<rp41 i
d , .
<1l </b o( %) (5 ) ) W) ™, (X <m>1>/e4+ N

Therefore, by [8.27), since A > 3m + 3d + 8,

5920 ((a,b]) = o(s~™/?) + U+ 1EIVE ST 0Ky
wEN(/r)

J ] | -
xl:I{k O%%/z(/b ¢(\/—>Hk<\/_)dz]> £/4Hk<(Xu(\/7’_r;)£/g4+9]\/_>}

)+ Y H o (/b o %) H, (5 ) az) MU

k:k<J1j=1
Since A > max{d(3m + 5),3m + 3d + 8}, using Proposition and argument similar to that used
in the proof of Theorem [[.I we get that

s2u3((a, b))
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— o(s~™/?) + | H%Skim(/abjﬁb(%)HkJ(\/_)dz]) MED. (3.28)

LENG)) ,
o(x) = Z ¢ ],(O):Ej + o(x™). (3.29)

Note that ¢(*)(z) = (—1)*Hj,(2)¢(x) and that, for each 1 < k < m,

m o (k+j)
o) Hy(x) = (1) 3 220

J=0

x? 4 o(x™). (3.30)
Combining (3:29) and ([B.30), we get

> H k| (/b ¢<273>H <7j>dzj>M(k9)

k:k|<m j=1
— 1)kl pg{e? T, otks+is) (0)21
k:[k|<m [kl 5. ji1<m
k.0) d a(ki+is) () 45
_ (—1)kl gk [12, okt (0)2}
=o(s™) + Y e > — dzy...dzg.
Therefore, by (3.28]), we conclude that
‘k|M(k 9 qb k‘ —i—zj)(o)z’ij
/2, 0 R (-1 I15, :
bl = o) ¢ S e [y e d
k:k|<m i:]i+k|<m
m ¢ (k.0) (kj+i5)
1 j Moo H ¢ J
:ZWZ(—U] Z K! Z / HZszl .dzg.
=0 =0 kikl=j lil=t—j [a,b] ;=
O
References

[1
[2
[
[

Asmussen, S.: Convergence rates for branching processes. Ann. Probab. 4(1)(1976), 139-146.

3
4

]

] Asmussen, S. and Kaplan, N.: Branching random walks. 1. Stochastic Process. Appl. 4(1) (1976), 1-13.
] Asmussen, S. and Kaplan, N.: Branching random walks. II. Stochastic Process. Appl. 4(1) (1976) 15-31.
]

Biggins, J. D.: The central limit theorem for the supercritical branching random walk, and related
results. Stochastic Process. Appl. 34 (2) (1990), 255-274.

[5] Biggins, J. D.: Uniform convergence of martingales in the branching random walk. Ann. Probab. 20(1)
(1992), 137-151.

[6] Chen, X.: Exact convergence rates for the distribution of particles in branching random walks. Ann.
Appl. Probab. 11(4) (2001), 1242-1262.

28



Gao, Z.: Exact convergence rate of the local limit theorem for branching random walks on the integer
lattice. Stochastic Process. Appl. 127(4) (2017), 1282-1296.

Gao. Z. and Liu, Q.: Asymptotic expansions in the central limit theorem for a branching Wiener process.
Sci. China Math. 64(12) (2021), 2759-2774.

Gao, Z. and Liu, Q.: Exact convergence rates in central limit theorems for a branching random walk
with a random environment in time. Stochastic Process. Appl. 126(9) (2016), 2634-2664.

Gao, Z. and Liu, Q.: First- and second-order expansions in the central limit theorem for a branching
random walk. C. R. Math. Acad. Sci. Paris. 354(5) (2016), 532-537.

Gao, Z. and Liu, Q.: Second and third orders asymptotic expansions for the distribution of particles in
a branching random walk with a random environment in time. Bernoulli 24(1) (2018), 772-800.

Griibel, R. and Kabluchko, Z.: Edgeworth expansions for profiles of lattice branching random walks.
Ann. Inst. Henri Poincaré Probab. Stat. 53(4) (2017), 2103-2134.

Kang, H.: Law of large numbers for branching Brownian motion. J. Korean Math. Soc. 36(1) (1999),
139-157.

Kyprianou, A. E.: Travelling wave solutions to the K-P-P equation: alternatives to Simon Harris’
probabilistic analysis. Ann. Inst. H. Poincaré Probab. Statist. 40(1) (2004), 53-72.

Pain, M.: The near-critical Gibbs measure of the branching random walk. Ann. Inst. H. Poincaré
Probab. Statist. 54(3) (2018), 1622-1666.

Ren, Y.-X. and Song, R.-M.: Spine decomposition for branching Markov processes and its applications.
Sci. Sin. Math. 51 (2021), 1819-1844. (In Chinese). (For English version, see arXiv:2007.12495)

Révész, P.. Random Walks of Infinitely Many Particles. World Scientific Publishing Co. Inc., River
FEdge, NJ. 1994. xvi+191 pp.

Révész, P., Rosen, J. and Shi, Z.: Large-time asymptotics for the density of a branching Wiener process.
J. Appl. Probab. 42(4) (2005), 1081-1094.

von Bahr, B. and Esseen, C.-G.: Inequalities for the rth absolute moment of a sum of random variables,
1<r <2. Ann. Math. Statist. 36 (1965), 299-303.

Haojie Hou: School of Mathematical Sciences, Peking University, Beijing, 100871, P.R. China.
Email: houhaojie@pku.edu.cn

Yan-Xia Ren: LMAM School of Mathematical Sciences & Center for Statistical Science, Peking
University, Beijing, 100871, P.R. China. Email: yxren@math.pku.edu.cn

Renming Song: Department of Mathematics, University of Illinois Urbana-Champaign, Urbana,
IL 61801, U.S.A. Email: rsong@illinois.edu

29


http://arxiv.org/abs/2007.12495

	Introduction and main results
	Introduction
	Notation
	Main results

	Preliminaries
	Spine decomposition
	Some useful facts
	Convergence rate for the martingales
	Moment estimate for the additive martingale

	Proof of the main results

