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ABSTRACT

Suppose A is a continuous additive functional of a Brownian
motion. A d-dimensional super-Brownian motion with general
branching rate functional A and general mechanism i is con-
structed under a condition on A, which is weaker than the conditions
imposed by Dynkin (Ann. Prob. 1991, 19, 1157-1194; An Introduc-
tion to Branching Measure-Valued Processes; Amer. Math. Soc.:
Providence, RI., 1994).

1. INTRODUCTION AND MAIN RESULT

For every Borel measurable space (E, B(E)), we denote by M(E) the set
of all finite measures on B(E) endowed with the topology of weak convergence.
The expression (f, ;) stands for the integral of f with respect to u and |||
means (1, u). We write f € B(E)if f is a B(E)-measurable function. Writing f €
pB(E)(bB(E)) means that, in addition, f is positive (bounded). We put bpB(E) =
(bB(E) N pB(E)). If E = R we simply write B instead of B(R?) and M instead
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of M(R?). We put f € H if bpB is supported by some interval [0, T), T > 0.
We will use the symbol 2 to denote bounded pointwise convergence. (Recall
that functions converge boundedly pointwise if they are uniformly bounded and
converge pointwise).

Let W:={W,II,,,r >0,x € Rd} denote the canonical Brownian mo-
tion in R? with birth time . I, ;(a=r, Wy =x)=1. Set fg,_ =o (W, s <r);
FO =o(W,,s >r)and FO = \/{F°,,r > 0} -

Set S = [0, 00) x R?. To every set Q C S there corresponds the first exit
time T =inf{t : t >, (¢, W,) ¢ Q}. Put (r,x) € QU if IT,  {t >r}=1. A set
0 € B(S) is called finely open if Q° = Q. We denote by 7 the set of all exit times
from finely open sets Q € B(S). Putt € 7, Put C € fgr if C e ]:go and if, for
eachr, {C,7 >r} e F°,. -

Let

v(s, x,z) = a(s, x)z + b(s, x)z2 + / e — 14 un(s, x,du), s, z
0

>0,x € RY, ey

where a, b are positive measurable functions, n is a kernel from R? to (0, co)
such that for every finite interval A, a(s, x), b(s, x) and fooo u A u?n(s, x, du) are
positive bounded Borel functions on A x R,

Suppose A is a continuous additive functional of W. Fix a measurable space
(2, F). Suppose that to every T € 7 there corresponds a random measure X, on
S, and to every u € M(S) there corresponds a probability measure P, on (2, F).
According toRef. (1) X = (X, P,; u € M(S))is called a super-Brownian motion
with parameters (A, ¥) if the following hold:

1. forevery f € H,7 € 7 and u € M(S), we have
P[L exp <_f9 X‘E) :exp <_M(ra ')a l’l’)s (2)

where u is the unique bounded solution of the integral equation

u(r, x) + T, / U5, W, uts, W) A(ds)
= I, (f(z, Wy)), x € R, (3)

2. Forn > 2,the joint probability distribution of X, ..., X, is described
as follows. Let

I={1,2,....,n}, 1t =min{t,...,7,}, rA={i:1 =1}
forevery f e H,i=1,...,n,

i=1

PM exp!_2<ﬁ’xl’i>} =exp<_u1(r’ ')’ M)? (4)
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where the function u; are determined recursively by the integral equa-
tions

u,(r, )C) + Hr,x fTI 1//(5’ st UI(S’ Ws))A(ds) = Hr,xGl (5)

with Gy = [ fi + ur_ (s, W,).

Dynkin (Theorem 1.1 in Ref. (2)) showed that if A is a continuous addi-
tive functional of the d-dimensional Brownian motion W satisfying the following
moment conditions

I, exp[LA(r, T)] < oo, foreveryr > 0,r <T andx € R?: (6)
sup{Il,  A(r,T)] <oo;r € [L,T),x € Rd} forevery L < T, @)

then there exists a time-inhomogeneous super-Brownian motion X = (X, P, u €
M (S)) with parameters (A, ¥). But the above conditions (Egs. (6) and (7)) are very
strong and in many cases we need to consider super-Brownian motions with more
general A. Dynkin (see Theorem 3.4.1 in Ref. (3)) proved the existence of a super-
Brownian motion under conditions:

IT,A(r, T) < oo foreveryr <T,x € RY; 8)
I1,xA(r, T) - 0 uniformly inx asr, T — s for every s. ®

Comparing conditions (6) and (7) with conditions (8) and (9) we conjecture that
conditions (8) is sufficient for the existence of a super-Brownian motion. The
purpose of this paper is to prove that this conjecture is right. Now we state the
main result of this paper.

Theorem 1.1. Let r be given by Equation (1). Suppose A is a continuous additive
functional of W satisfying Equation (8). Then there corresponds a super-Brownian
motion with parameters (A, V).

Note that our proof also holds if the Brownian motion W is replaced by a
general Markov process £, i.e., if A is a continuous additive functional of a time-
inhomogeneous Markov process & and satisfies condition (8), then there exists a
superprocess X related to the integral Equation (3) with W replaced by £&.

2. BASIC INTEGRAL EQUATION

The discussion about solutions of the basic integral Equation (3) plays a
fundamental role in the construction of super-super-Brownian motions. so, we first
investigate the existence, uniqueness and properties of the integral Equation (3).
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For ¢ € pB put

I

H(ri, ) = exp(— /"z c(s, WS)A(ds)>, 0<r <n. (10)

The main result of this section about the integral Equation (3) is the following
Theorem 2.1.

Theorem 2.1. Under the conditions of Theorem 1.1, the following results hold.

1. (Existence and Uniqueness). For every f € H, there is exactly one
U(A, f) € H which solves Equation (3). Moreover if f is supported
by [0, T), then U(A, f) is also supported by [0, T).

2. (Continuity). Put Br = B([0, T)) x B. U(A, f) as a map of bpBy —
bBr7 is continuous relative to the uniform convergence in bBr.

3. (First Derivative with Respect to a Small Parameter). For every f € 'H,

WA M) 2 TLH (1) f (1, Wo)] as & — O,
where H® is defined by Equation (10).

The main technique used in this paper is that we translate the integral Equa-
tion (3) into the following equivalent equation:

u(r, x) = I, [ f(r, W) H ™ (r, 7)]

T
+ Hr,x|:/ H*™(r, s)R(A, ¥)(s, Wy, u(s, Ws))A(dS)], (11)
where A(s, x) € pB(S) is a suitably chosen function, R(A, ¥)(s, x, z) is defined
as

R\, ¥)(s, x,2) = [a(s, x) + A(s, x)]z — ¥ (s, x,2), s,2>0,x¢€ RY,

We do not directly discuss solutions of the integral Equation (3), but discuss the
equivalent Equation (11). We will see the benefits of discussing solutions of the
integral Equation (11) in the proof of Theorem 2.1 below.

Let us first state two lemmas on the integral Equation (3).

Lemma 2.1. Suppose A(dr) is a nonnegative continuous additive functional of
the Brownian motion W in R¢. Let t € T, and c, g € bpB(S). Assume that o €
B(S) and F € F2, satisfy

Hr,x/ (s, Wo)lA(ds) < 00; T, |F| <00, r>0,xeR
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Then
g(r,x) =11, |:Hc(r, F + / He(r, s)w(s, WS)A(ds):| (12)
if
T T
g(r,x)+ Hr,x/ (cg)(s, W)A(ds) =TI, | F + / w(s, Wo)A(ds) |. (13)
Proof: This lemma is taken from Dynkin (1) with a slight modification. The

proof is similar to that of Lemma 2.1 in Ren and Wang (4). We omit the details
here. O

The following lemma is a generalization of Gronwall’s lemma from deter-
ministic time to random time.

Lemma 2.2 (Generalized Gronwall’s lemma). Let ¢, f and X belong to pB(s).
If h,, € pB(s) satisfy the following conditions:

., / (Mho)(s, W) A(ds) < oo,
(s X) < T LHE (0 £ (1. W)l + g1, / HO (r, ) A(ds)

T
+ H,._X/ H(r, )M, 1)(s, Wy)A(ds), forr >=0,x e R, n eN,
r
where q is a positive constant. Then

hy(r, x) < Hr,x[HC(ra ‘L')f(‘L’, Wol + an,x /I Hc(ra s)A(ds)

[2 e, WA
(n — 1!

+ 1« /I AWds)H M (r, 5) (Aho)(s, Wy).

(14)

In particular, if ho = 0 if h,, does not depend on n, then, forr > 0, x € R,

hy(r, x) < T x [HE(r, ©) f (T, WOl + qI1,. ft HE(r, s)A(ds). 15)
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Proof: By induction in n, we get

(7 AGs, Wy )A(ds))

ha(r, x) < T, [HC“(r r)Z f(, W»}

L ([, Wo)A@D)'

i!

+qM,, / A(ds)H T (r, s)Z

(/7 2@, WpAn)"™
n—1)!

+1I1, /r A(ds)H T (r, 5) (Mho)(s, Wy).

O

Clearly, this implies Equation (14). If hg = 0, Equation (14) is exactly Equa-
tion (15). If h,, does not depend on n, letting n — oo in inequality (Eq. (14)) and
using the dominated convergence theorem, we get Equation (15).

For0 < B < 1, let

Yp(s, x,2) = a(s, x)z + / (™ — 1 4+ uz)n(s, x, du)

(B,00)
+2b(s, x)B e — 1 + Bzl; (16)
Ag(s, x) = 2b(s, x)p ™! +/ un(s, x, du); (17)
(B,00)

R()\,ﬂ, Wﬂ)(sﬁ x,z) = [a(s, x) + )",B(s9 X))z — Wﬂ(*& X, 2)

= / (1 — e (s, x, du) + 2b(s, X)B2(1 — e F%).
(B,00)
(18)

Then A4 is bounded in [0, T') x R4 for any T > 0, R(Ag, ¥g)(s, x, z) is increasing
in z, and

0 < R(hg, Vg)(s, x, 2) < Ag(s, x)z, forx e RY s,z € [0, 00). (19)
Proposition 2.1. For every f € H, there existis a positive solution u(B, f) of
the Equation (3) with v replaced by g, i.e.,

u(ﬂv f)(ra -x) + nr,x / ‘(/fﬁ(sv WY’ I/l(ﬂ, f)(S, Ws))A(dS) = Hr,x(fa W‘L’)

(20)

Moreover, if f is supported by an interval [0, T'), then u(B, f) is also supported
by the interval [0, T).
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Proof: Suppose f is supported by [0, T). Using Lemma 2.1 with g(r, x) =
u(r, x), c(s, x) = a(s, x) + Ag(s, x), Equation (20) can be rewritten as

u(B, ), x) = I, [(H ™ (r, 1) f (T, W)
+11,, / H P (r, $)R(Ag, Vp)

x (s, Ws, u(B, f)(s, W, ))A(ds). 2
0

Therefore, we only need to prove that there exists a positive bounded function
u(B, f), supported by [0, T), satisfies Equation (21).
Define a sequence u,(8, f) by the recursive formula:

uo(B, f)(r,x) =0
un(B, £)(r, x) = T, [H ™ (r, 1) f (z, Wy)]

+ 10, / H ™ (r, $)R(hg, ¥p)(s, Wy, tta_1(B, f)
x (s, Wy, )A(ds), (22)
with r € [0, 00), x € R?. By Equation (19),
up (B, £)(r, x) < T [(H ™ (r, ) f (z, Wo)]
+10, / HO5(r, ) (hgtn_1(B. f)(s. W) A(ds).
0

Using Lemma 2.2 withg = 0,c =a, A = Ag and h,, = u, (B, f), we get

0 < un(B, N)r,x) < T, [H(r, ) f(T, WOl = | flloos (23)

where || fllooc = SUPy=q cerel f (5, X)|. Since R(Ag, ¥p)(s, x, 2) is increasing in z,
there exists a function u(8, f) € bpB(S) such that for all r € [0, 00), x € R?,

un(B, f)(r,x) t u(B, f)r, x). (24)

Using the monotone convergence theorem, letting # — oo in Equation (22), we get
u(B, f) is a positive bounded solution of Equation (21), and therefore, a solution
of Equation (20). By Equations (23) and (24), u(8, f) is supported by [0, T).

Proof of Theorem 2.1:

1. Suppose f is supported by [0, T). For 0 < 8 < 1, let yrg(s, x, z) be
defined by Equation (16), and let u(8, f)be the solution of Equation (20)
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constructed in Proposition 2.1. Since
(s, x,2) —Pg(s, x, 2)| 5/ (e ™ — 14 uz)n(s, x, du)
[0.81]

1
+2b(s, B ST B — e 1 - Bz

l 2.3 l 3
< u“z’n(s, x, du) + =b(s, x)z° B,
0,61 2 3

We have, for every C € (0, 00), there exist constants «(8, 7, C) — 0
as B — 0 such that

Y (s, x,2) = Yp(s, x, )| <a(B, T,C), (25)
forall € (0,1),xeR),0<s<T,and0<z<C.LetM > 1bea
constant such that || f|l.oc < M, and let

(o]
A(s, x) = [2b(s, x)+ / u/\uzn(s,x,du) M; (26)
0

R, ¥)(s, x,2) = [a(s, x) + A(s, x)]z — ¥ (s, x, 2); 27
R(A, ¥p)(s, x, 2) = la(s, x) + A(s, X))z — ¥g(s, x, 2). (28)

Then,
oo
[ROL, ¥)(s, x, )], = A(s, x) — 2b(s, x)z — / u(l —e™)
0
x n(s, x,du) < As, x).
by Equation (26),
[ROL, ¥)(s, x, 2)], = 2b(s, x)(M — 2)
1
+ / u(Mu — 1+ e n(s, x, du)
OOO
+ / u(M — 1+ e *n(s, x,du) > 0.
1
Therefore, forall x e R4, 0 < z < M,
0 < [R(A, ¥)(s, x, 2)]. < A(s, X). (29)

Consequently

|R(A, )(s, x, 21) — R, ¥)(s, x, 22) < A(s, X)[z1 — 22, (30)
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forallx e R4, s >0,0<7z;,20 < M. Combining Equations (25) and
(30), we get, forx € R,0<s<T,0<z,2z0<M,andB, B € (0, 1),

[R(A, ¥p)(s, x,21) — RO\, Yrp(s, x, 20)|

< |R(A, ¥p)(s, x, z1) — R(A, ¥)(s, x, z1)]
+IRM, ¥)(s, x, z1) — R(A, ¥)(s, x, 22)|
+ IR, Yp)(s, x, z2) — R(A, ¥)(s, x, 22)]

< |¥(s, x, z1) — Ypls, x, zD)| + ¥ (s, x, z22) — Yp(s, x, 22)|
+ (s, ¥)lz1 — 22

<aB, T,M)+a(f, T, M)+ A(s, x)|z1 — 22|, 3D

where a(8, T, M), B € (0, 1) are constants satisfying a(8, T, M) — 0,

as B — 0.UsingLemma?2.1 withg =u(B, f),c=a+ X1, F= f(zr, W;)
and w = R(X, ¥), Equation (20) can be rewritten as

u(B, ), x) = T [(H T, ©) f (T, W)
1 [T H G ORG )0, Wt )
x (s, Wsr))A(ds). (32)
Let hpp = u(B, f) —u(B’, f)I. hgp is supported by [0, 7). By
Equations (31) and (32) we have

T
hop < qT. / HE (r, ) A(ds)

r

T
+HM/ H ™ (r, s)(Mhg p)(s, Wy)A(ds),

where ¢ = a(B8, T, M) + (B, T, M). Since the additive function A
satisfies Equation (8) with I = [0, T'), we have

T
Hr,xf (Ahpp)(s, We)A(ds) < CIL cA(r, T) < o0,

where C is a constant. By Lemma 2.2, hg g/(r, x) < qI1, A(r, T), r €
[0, T), x € RY.Since (B, f)lloe < IIf looand T,  A(r, T) < o0, there
exists a function U(A, f) € bpB(S) supported by [0, T) such that

wB, 1) B UG asp — 0.

The dominated convergence theorem implies that U(A, f) is a bou-
nded positive solution of Equation (3). Since f is supported by [0, T),
U(A, f) is also supported by [0, T).
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The uniqueness can be proved similarly as above. In fact, assume
that uy, u, € bpB(S) are two solutions of Equation (3),and M > lisa
constant such that0 < u;, up < M.Since 0 < u;(r,x) < I, , f (7, X),
i =1,2.If f is supported by [0, T), the u; and u, are also supported
by [0, T). Let A and R(X, ¥) be defined as in Equations (26) and (27),
respectively. Then we similarly get

T
1 — ua] < Tye f H* (1, )iy — ual)(s, W) A(ds).

By Lemma 2.2, u; = u,.
Let A, R(A, ¥) be given by Equations (26) and (27), respectively, with
constant M satisfies M > 1 V || filloo V || f2]l0o- Then

|U(A, fi) — U(A, )| < L [H 0, 0l fi — fI, W)l
T
+11,, / H(r, s)(AMU(A, f1)
—U(A, L)(s, Wy)A(ds).

By Lemma 2.2, |U(A, fi) = U(A, f)l < T [H"*(r, 0)| fi = fal
(r, W)l < I fi — f2ll0, Which means the statement 2 is valid.

Let ®(s, x, 7) = ¥ (s, x, z) — a(s, x)z. Using Lemma 3.1 with ¢ = q,
F=\(r,Wp)and w(:, ) = —D(, -, U(A, Af)(-, -), we get U(A, Lf)
satisfies

U(A, Af) = AL [H(r, T) f(z, W)
— I« /T H(r, $)®(s, Wy, U(A, Af)(s, Wo)A(ds).
r (33)

Suppose f is supported by [0, T) then U(A, Af) is also supported by
[0, T), and therefore,

I, . /T H(r, s)®(s, W, U(A, Af)(s, W,))A(ds)

<Il,. /T H(r, s)P(s, Wy, CA)A(ds), (34)
where C = || f|loo Vv 1. If we can prove
%H,,x /rT Her, s)®(s, Wy, CA)A(ds) — 0,as A — O, (35)
then by Equations (34) and (35),

UA, »f)/% 2B TLIH G, o) f(z, Wo)l, as & — 0.
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Now we are left to prove Equation (35). Not that for A < 1,

1
x(cxu —14e ) < (Cu) < (C*ru®) < C*(u Vv u®),u > 0.
(36)

By the dominated convergence theorem and the assumption of fooo uA
u?n(s, x, du) < oo, we have, for fixed s > 0, x € R,

1
lim —®(s, x, CL)
rA—0 A

oo

1
= lim —(Chu — 1 4+ e (s, x, du) = 0. (37)
r—0 0 A

By Equation (36),

1
sup —®(s,x,CA)
s€[0,T],xeRd

o0
< sup / u A uzn(s,x, du) < oo.
s€[0,T],xeRd JO
Then, using the dominated convergence theorem again and by noticing
Equations (8) and (37), we get that Equation (35) holds.
A real-valued function u on the Abelian semigroup G = bpB(S)
is called nagative definite if

Z Aidju(gi +g;) <0,

ij=1

for every n > 2, all gy,...,8, € G and all A, ..., A, € R such that
Y1 &; = 0.1t is known that if u is negative definite, then L( f) = e~ U
is positive definite. (See Berg et al. (5).) O

Proof of Theorem 1.1: Fix 7' > 0 and restrict ourselves to functions f; supported
by the interval [0, 7). By Theorem 2.1, u; satisfying Equation (5) exists and
is unique. We consider G; and u; as functions of (fi,..., f,) € (bpBr)". By
induction on n and the construction process of u; given by Theorem 2.1, we can

prove u; is negative definite and vanishes if f; =--- = f, = 0. (We omit the
details. See, e.g., Dynkin (1).) Let
Ll(flv-~-1fn)zexp<_u1’l‘l’)' (38)

Then L; is positive definite. By Theorem 2.1 L; is continuous. It follows from
Lemma 1.4 in Dynkin (1) that there exists a unique probability measure on w(S<z)"
with Laplace transform given by Equation (38). By Lemma 1.3 and Section 1.6
in Dynkin (1), there exists a unique probability measure P, on u(S)" such that
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Equations (4) and (5) hold. Obviously, L;(f1, ..., fu) = L;(f1,..., fu—)ifJ =
{1,...,n— 1} and f, = 0, which means L; satisfy consistency property. There-
fore the existence of the stochastic process (X, P,;u € M(S)) subject to the
statement of Theorem 1.1 follows from Kolmogorov’s theorm. O
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