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A B S T R A C T

In this paper, we study the functional convergence in law of the fluctuations of the derivative
martingale of branching random walk on the real line. Our main result strengthens the results
of Buraczewski et al. (2021) and is the branching random walk counterpart of the main result
of Maillard and Pain (2019) for branching Brownian motion.

1. Introduction

Consider the following branching Brownian motion on R: initially there is a particle at 0, it moves according to a standard
Brownian motion with drift 1. After an exponentially distributed time with parameter 𝛽 > 0, it dies and splits into a random number
of offspring with law {𝑝𝑘 ∶ 𝑘 ≥ 0}. The offspring repeat the parent’s behavior independently from where they were born. We will
use 𝑁(𝑡) to denote the set of particles alive at time 𝑡 and for 𝑢 ∈ 𝑁(𝑡), we will use 𝑋𝑢(𝑡) to denote the position of 𝑢. Without loss of
generality, assume that

𝛽

( ∞
∑

𝑘=1
𝑘𝑝𝑘 − 1

)

= 1
2
,

which implies that for any 𝑡 ≥ 0 (for example, see [11, (1.2) and (1.3)]),

E
(

∑

𝑢∈𝑁(𝑡)
𝑒−𝑋𝑢(𝑡)

)

= 1, E
(

∑

𝑢∈𝑁(𝑡)
𝑋𝑢(𝑡)𝑒−𝑋𝑢(𝑡)

)

= 0 and E
(

∑

𝑢∈𝑁(𝑡)
(𝑋𝑢(𝑡))2𝑒−𝑋𝑢(𝑡)

)

= 𝑡.

The derivative martingale of the branching Brownian motion is defined as

𝑍𝑡 ∶=
∑

𝑢∈𝑁(𝑡)
𝑋𝑢(𝑡)𝑒−𝑋𝑢(𝑡).
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It was proved in [9,14] that 𝑍𝑡 converges almost surely to a non-degenerate non-negative limit 𝑍∞ if and only if ∑∞
𝑘=1 𝑘(log 𝑘)

2𝑝𝑘 <
∞. Maillard and Pain [11] studied the fluctuation of 𝑍∞ −𝑍𝑡. They showed that, under the assumption ∑∞

𝑘=1 𝑘(log 𝑘)
3𝑝𝑘 <∞,

(

√

𝑡
(

𝑍∞ −𝑍𝑎𝑡 +
log 𝑡

√

2𝜋𝑎𝑡
𝑍∞

)

𝑎≥1
,P(⋅||

|

𝐵
𝑡 )

)

𝑓.𝑑.𝑑.
⟶

(

(𝑆𝑎−1∕2𝑍∞
)𝑎≥1,P

(

⋅||
|

𝑍∞

))

in probability, where 𝑆𝑡 is a spectrally positive 1-stable Lévy process independent of 𝑍∞ and {𝐵
𝑡 }𝑡≥0 is the filtration of the branching

Brownian motion. More precisely, they showed that, for all 𝑚 ≥ 1, 𝑎1,… , 𝑎𝑚 ∈ [1,∞) and bounded continuous 𝑓 ∶ R𝑚 → R,

E
(

𝑓
(

√

𝑡
(

𝑍∞ −𝑍𝑎𝑘𝑡 +
log 𝑡

√

2𝜋𝑎𝑘𝑡
𝑍∞

)

, 1 ≤ 𝑘 ≤ 𝑚
)

|

|

|

𝐵
𝑡

)

⟶
𝑡→∞

E
(

𝑓
(

𝑆𝑎−1∕2𝑘 𝑍∞
, 1 ≤ 𝑘 ≤ 𝑚

)

|

|

|

𝑍∞

)

, in probability. (1.1)

Now we turn to branching random walks. A branching random walk on R is defined as follows. At generation 0, there is a particle
at the origin. At generation 𝑛 = 1, this particle dies and gives birth to a set of offspring. The law of the positions of the offspring
relative to their parent is given by a point process 𝐿. The offspring evolve independently and obey the same rule as their parent.
The procedure goes on. Note that we allow the total number of offspring to be infinite with positive probability as in [5]. We will
use T to denote the genealogical tree of the branching random walk,  (𝑛) to denote the collection of particles in the 𝑛th generation,
|𝑥| to denote the generation of particle 𝑥 and

{

𝑉 (𝑥), 𝑥 ∈  (𝑛)
}

to denote the positions of the particles in the 𝑛th generation. We
will use P to denote the law of the branching random walk above and use E to denote the expectation with respect to P. If the
initial particle is located at 𝑥 ∈ R instead of the origin, we will use P𝑥 to denote the law of the corresponding branching random
walk and use E𝑥 to denote the expectation with respect to P𝑥. For 𝑛 ≥ 0, we denote by 𝑛 the 𝜎-field generated by the branching
random walk up to generation 𝑛 (including generation 𝑛). We will always assume that

A1)

E
(

∑

𝑥∈ (1)
𝑒−𝑉 (𝑥)

)

= 1, E
(

∑

𝑥∈ (1)
𝑉 (𝑥)𝑒−𝑉 (𝑥)

)

= 0

and

𝜎2 ∶= E
(

∑

𝑥∈ (1)
(𝑉 (𝑥))2 𝑒−𝑉 (𝑥)

)

<∞.

Under (A1),

𝑊𝑛 ∶=
∑

𝑥∈ (𝑛)
𝑒−𝑉 (𝑥), 𝐷𝑛 ∶=

∑

𝑥∈ (𝑛)
𝑉 (𝑥)𝑒−𝑉 (𝑥), 𝑛 ≥ 0,

are martingales with respect to {𝑛 ∶ 𝑛 ≥ 0}. They are called the additive martingale and the derivative martingale of the branching
random walk respectively. Suppose that

A2)

E
(

𝑊1
(

log+𝑊1
)2
)

+ E
(

𝑊1 log+𝑊1

)

<∞,

where log+ 𝑦 ∶= max{0, log 𝑦} and

𝑊1 ∶=
∑

𝑥∈ (1)
(𝑉 (𝑥))+𝑒−𝑉 (𝑥)

with (𝑉 (𝑥))+ ∶= max{𝑉 (𝑥), 0}. It was proved in Aïdékon [1], Biggins and Kyprianou [4] and Chen [6] that, under (A1), 𝐷𝑛 converges
almost surely to a non-negative limit 𝐷∞ with P(𝐷∞ > 0) > 0 if and only if (A2) holds. Aïdékon and Shi [2] studied the relationship
between 𝑊𝑛 and 𝐷𝑛, and showed that, under the assumptions (A1) and (A2),

lim
𝑛→∞

√

𝑛𝑊𝑛 =
√

2
𝜋𝜎2

𝐷∞, in probability. (1.2)

Under (A1), (A2) and the additional assumption

A3) The branching random walk is non-arithmetic, i.e., for any 𝛿 > 0,

P (𝐿 (R ⧵ 𝛿Z) > 0) > 0,

uraczewski, Iksanov and Mallein [5] proved that

lim
𝑦→+∞

(

E
(

𝐷∞1{𝐷∞≤𝑦}

)

− log 𝑦
)

= 𝑐0 (1.3)

or some real number 𝑐0 if and only if

E
(

𝑊 +
1
(

log+𝑊 +
1
)3
)

+ E
(

𝑊1

(

log+𝑊1

)2
)

+ E
(

∑

𝑒−𝑉 (𝑥) (−𝑉 (𝑥))3+

)

<∞
2

𝑥∈ (1)
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(

𝑋

w

T

(

L
𝐄

2

T
T

g

and

E
(

𝑊 −
1
(

log+𝑊 −
1
)3 1{

𝑊1>𝐶0
}

)

< ∞ for some 𝐶0 > 0.

Here, 𝑊 +
1 ,𝑊

−
1 and 𝑊1 are defined respectively by

𝑊 +
1 ∶=

∑

𝑥∈ (1)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}, 𝑊 −

1 ∶=
∑

𝑥∈ (1)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<0},

𝑊1 ∶=
∑

𝑥∈ (1)

(

1 + 𝑉 (𝑥) − min
𝑦∈ (1)

𝑉 (𝑦)
)

𝑒min𝑦∈ (1) 𝑉 (𝑦)−𝑉 (𝑥)1{𝑉 (𝑥)<0}.

The following sufficient condition for (1.3) was given in [5, Remark 2.3(2)]:

A4)

E
(

𝑊1
(

log+𝑊1
)3
)

+ E
(

𝑊1

(

log+𝑊1

)2
)

<∞.

[5, Theorem 2.4] says that, under conditions (A1)–(A4), for any bounded continuous function 𝑓 ∶ R → R, it holds that

E
(

𝑓
(

√

𝑛
(

𝐷∞ −𝐷𝑛 +
log 𝑛
2

𝑊𝑛

))

|

|

|

𝑛
)

P
→ E

(

𝑓 (𝐷∞𝑋1) ∣ 𝐷∞
)

, 𝑛→ ∞, (1.4)

where 𝑋1 is a spectrally positive 1-stable random variable independent of 𝐷∞ with generating triplet
(

(𝑐0 + 1 − 𝛾)
√

2∕
(

𝜋𝜎2
)

,
√

𝜋∕
(

2𝜎2
)

, 1
)

, 𝛾 is the Euler–Mascheroni constant and 𝑐0 is the constant in (1.3). More precisely, the characteristic function of

1 is given by

E
(

𝑒i𝜆𝑋1
)

= exp
{

i(𝑐0 + 1 − 𝛾)
√

2∕
(

𝜋𝜎2
)

𝜆 −
√

𝜋∕
(

2𝜎2
)

|𝜆|(1 + i sgn(𝜆)(2∕𝜋) log |𝜆|)
}

= exp
{

−𝜓√

𝜋∕(2𝜎2),(𝑐0+1−𝛾)
√

2∕(𝜋𝜎2)

}

, 𝜆 ∈ R, (1.5)

here 𝜓𝜎,𝜇(𝜆) ∶= 𝜎|𝜆|(1 + i sgn(𝜆)(2∕𝜋) log |𝜆|) − i𝜇𝜆. Combining (1.2) and (1.4), we can easily get the following fact: for any 𝜀 > 0,

lim
𝑛→∞

P
(

|𝐷∞ −𝐷𝑛| > 𝑛
𝜀−1∕2) = 0. (1.6)

he goal of this paper is to prove the counterpart of (1.1) for branching random walks. We work under the additional assumption

A5) There exists a constant 𝛼 ∈ (0, 1] such that

E
(

∑

𝑢∈ (1)
𝑒−(1+𝛼)𝑉 (𝑢)

)

<∞.

et {(𝑆𝑛)𝑛≥0,𝐏} be the random walk defined in (3.1) below and let 𝐄 denote the corresponding expectation. Then (A5) says that
(𝑒−𝛼𝑆1 ) <∞. This assumption is only used in (3.25).

. Main result

We will always assume that (A1)–(A5) hold. Define ⌈𝑦⌉ ∶= min{𝑘 ∈ Z ∶ 𝑘 ≥ 𝑦}.

heorem 2.1. Let
(

𝑋𝑡
)

𝑡≥0 be a spectrally positive 1-stable Lévy process with characteristic function given in (1.5), independent of 𝐷∞.
hen the conditional law of

(

√

𝑛
(

𝐷∞ −𝐷
⌈𝑎𝑛⌉ +

log 𝑛
2

𝑊
⌈𝑎𝑛⌉

))

𝑎≥1

iven 𝑛 converges weakly in probability (in the sense of finite-dimensional distributions) to the conditional law of
(

𝑋𝑎−1∕2𝐷∞

)

𝑎≥1
given 𝐷∞.

In other words, for all 𝑚 ≥ 1, 𝑎1,… , 𝑎𝑚 ∈ [1,∞) and bounded continuous 𝑓 ∶ R𝑚 → R, we have

E
(

𝑓
(

√

𝑛
(

𝐷∞ −𝐷
⌈𝑎𝑘𝑛⌉ +

log 𝑛
2

𝑊
⌈𝑎𝑘𝑛⌉

)

, 1 ≤ 𝑘 ≤ 𝑚
)

|

|

|

𝑛
)

⟶
𝑛→∞

E
(

𝑓
(

𝑋𝑎−1∕2𝑘 𝐷∞
, 1 ≤ 𝑘 ≤ 𝑚

)

|

|

|

𝐷∞

)

, in probability.

Recall that {(𝑆𝑛)𝑛≥0,𝐏} is the random walk defined in (3.1) below. It follows from [2, (2.8)] that there exists 𝜃∗ > 0 such that

lim
𝑛→∞

√

𝑛𝐏
(

min
𝑗≤𝑛

𝑆𝑗 ≥ 0
)

= 𝜃∗.

Set

𝛿 ∶=
(

𝜃∗
)−1 √𝑛𝐏

(

min𝑆 ≥ 0
)

. (2.1)
3

𝑛 𝑗≤𝑛 𝑗
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𝜀
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𝐷
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𝐹

𝐹

B

Proposition 2.2. There exists a 𝛿+ > 0 such that

lim
𝑛→∞

P
(

|

|

|

|

√

𝑛𝑊𝑛 −
√

2
𝜋𝜎2

𝛿𝑛𝐷∞
|

|

|

|

≥ 𝑛−𝛿+
)

= 0.

Consequently, for all 𝑚 ≥ 1, 𝑎1,… , 𝑎𝑚 ∈ [1,∞) and bounded continuous 𝑓 ∶ R𝑚 → R,

E
(

𝑓
(

√

𝑛
(

𝐷∞ −𝐷
⌈𝑎𝑘𝑛⌉ +

log 𝑛
√

2𝜋𝜎2⌈𝑎𝑘𝑛⌉
𝛿
⌈𝑎𝑘𝑛⌉𝐷∞

)

, 1 ≤ 𝑘 ≤ 𝑚
)

|

|

|

𝑛
)

⟶
𝑛→∞

E
(

𝑓
(

𝑋𝑎−1∕2𝑘 𝐷∞
, 1 ≤ 𝑘 ≤ 𝑚

)

∣ 𝐷∞

)

, in probability.

If we want to replace 𝛿𝑛 by 1, we will need a slightly stronger condition:

A6) For some 𝛾0 > 0,

E
(

∑

𝑢∈ (1)
|𝑉 (𝑢)|2+𝛾0 𝑒−𝑉 (𝑢)

)

< ∞.

The assumption (A6) says that the random walk 𝑆𝑛 has finite (2 + 𝛾0)th moment, which implies that 𝛿𝑛 − 1 = 𝑜(𝑛−𝜀0 ) with some
0 > 0 according to [7]. We summarize the result of [7, Theorem 2.7] as follows:

emma 2.3. If (A1)–(A6) hold, then there exists 𝜀0 > 0 such that

lim
𝑛→∞

𝑛𝜀0 |
|

𝛿𝑛 − 1|
|

= 0.

Combining Theorem 2.1, Proposition 2.2 and Lemma 2.3, we immediately get the following theorem:

heorem 2.4. Assume that (A1)–(A6) hold. Then for all 𝑚 ≥ 1, 𝑎1,… , 𝑎𝑚 ∈ [1,∞) and bounded continuous 𝑓 ∶ R𝑚 → R, we have

E
(

𝑓
(

√

𝑛
(

𝐷∞ −𝐷
⌈𝑎𝑘𝑛⌉ +

log 𝑛
√

2𝜋𝜎2⌈𝑎𝑘𝑛⌉
𝐷∞

)

, 1 ≤ 𝑘 ≤ 𝑚
)

|

|

|

𝑛
)

⟶
𝑛→∞

E
(

𝑓
(

𝑋𝑎−1∕2𝑘 𝐷∞
, 1 ≤ 𝑘 ≤ 𝑚

)

∣ 𝐷∞

)

, in probability.

The main idea of this paper is a modification of that of [11]. To get the fluctuation of 𝐷∞ − 𝐷
⌈𝑎𝑛⌉, we choose a level 𝛾𝑛 and

define a quantity 𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 , for 𝑚 ≥ ⌈𝑎𝑛⌉, which roughly takes care of the contributions to 𝐷𝑚 by the paths that stay above the level 𝛾𝑛

between generations ⌈𝑎𝑛⌉ and 𝑚. We first show that 𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 converges to a limit 𝐷⌈𝑎𝑛⌉,𝛾𝑛

∞ as 𝑚 → ∞ and get a rate of convergence for
⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ as 𝑛→ ∞, see Lemma 4.1. Then we analyze the contribution of 𝐷⌈𝑎𝑛⌉,𝛾𝑛

∞ to the limit behavior of 𝐷
⌈𝑎𝑛⌉ in Proposition 4.3 . For

ontributions to 𝐷∞ by the collection ⌈𝑎𝑛⌉,𝛾𝑛 of particles 𝑥 with |𝑥| > ⌈𝑎𝑛⌉, 𝑉 (𝑥) < 𝛾𝑛 and min𝑗∈[𝑎𝑛,|𝑥|−1]∩Z 𝑉 (𝑥𝑗 ) ≥ 𝛾𝑛, we separate
⌈𝑎𝑛⌉,𝛾𝑛 into two sets ⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 and ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 and look at their respective contributions to the limit behavior of 𝐷∞, see (4.8) in which

⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 represents the contributions by ⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 and 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 represents the contributions by ⌈𝑎𝑛⌉,𝛾𝑛

𝑏𝑎𝑑 . We show in Proposition 4.9 that
⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 is asymptotically negligible. For the contributions by ⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 , we define a sequence of random variables �̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 (see (4.30)).

y using the branching property and the tail behavior of 𝐷∞, we show in Proposition 4.10 that
√

𝑛(𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 ) converges in
distribution to 𝑐∗𝑋𝑎−1∕2𝐷∞

with 𝑐∗ being the positive constant defined in (3.4) below, which leads to the main result.
Although the general approach of this paper is similar to that of [11], adapting it to the case of branching random walk is pretty

challenging. In [11], the continuity of the sample paths of Brownian motion makes things a lot easier. For instance, the counterpart
of �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 in the branching Brownian motion case takes care the contributions by the particles that hit a certain level at some time
after 𝑎𝑡 due to the continuity of Brownian motion. The main difficulty in the case of branching random walks is that a branching
random walk can jump across the level and one needs to take care of the landing positions of the particles after crossing the level.
This leads to many complications and many subtle modifications are needed to actually carry out the program.

3. Preliminaries

We will use 𝑓 (𝑥) ≲ 𝑔(𝑥), 𝑥 ∈ 𝐸, to denote that there exists a constant 𝐶 independent of 𝑥 ∈ 𝐸 such that

𝑓 (𝑥) ≤ 𝐶𝑔(𝑥), 𝑥 ∈ 𝐸.

We will use 𝑓 (𝑥) ≍ 𝑔(𝑥), 𝑥 ∈ 𝐸 to denote 𝑓 (𝑥) ≲ 𝑔(𝑥), 𝑥 ∈ 𝐸 and 𝑔(𝑥) ≲ 𝑓 (𝑥), 𝑥 ∈ 𝐸.

3.1. Spine decomposition

Define a random walk {(𝑆𝑛)𝑛≥0,𝐏} such that for any 𝑛 ∈ N and measurable function 𝑔 ∶ R𝑛 → [0,∞),

E
(

∑

𝑔
(

𝑉 (𝑥1),… , 𝑉 (𝑥𝑛)
)

)

= 𝐄
(

𝑒𝑆𝑛𝑔
(

𝑆1,… , 𝑆𝑛
))

, (3.1)
4

𝑥∈ (𝑛)
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where 𝐄 stands for expectation with respect to 𝐏 and for 𝑥 ∈  (𝑛) and 𝑗 ≤ 𝑛, 𝑥𝑗 denotes the ancestor of 𝑥 in the 𝑗th generation.
(3.1) is also known as the many-to-one formula. See [12, Theorem 1.1] for more information about the random walk {𝑆𝑛, 𝑛 ≥ 0}.
By taking 𝑛 = 1, 𝑔(𝑥) = 𝑥𝑒−𝑥 and 𝑔(𝑥) = 𝑥2𝑒−𝑥 respectively in (3.1), we get that (A1) and (A2) imply that 𝐄𝑆1 = 0, 𝜎2 = 𝐄𝑆2

1 < ∞.
For any 𝑦 ∈ R, we use 𝐏𝑦 to denote the law of {𝑦+𝑆𝑛, 𝑛 ≥ 0} and 𝐄𝑦 to denote the expectation with respect to 𝐏𝑦. Note that, under
𝐏𝑦, {𝑆𝑛, 𝑛 ≥ 0} is a random walk starting from 𝑦.

We define a probability Q such that for all 𝑛 ≥ 0,

dQ
dP

|

|

|

|𝑛
∶= 𝑊𝑛.

Denote by �̂� the law of 𝐿 under Q. Lyons [10] gave the following description of the law of the branching random walk under Q:
there is a spine process denoted by {𝑤𝑛}𝑛≥0 with 𝑤0 = ∅ and the initial position of the spine is 𝑉 (𝑤0) = 0. At generation 𝑛 = 1, 𝑤0
dies and splits into a set of offspring with law �̂�. Choose one offspring 𝑥 from all the offspring of 𝑤0 with probability proportional
to 𝑒−𝑉 (𝑥), and call it 𝑤1. 𝑤1 evolves independently as 𝑤0 and the other unmarked offspring evolve independently as in the original
branching random walk. By Lyons [10], for any 𝑥 ∈  (𝑛), we have

Q
(

𝑤𝑛 = 𝑥|𝑛
)

= 𝑒−𝑉 (𝑥)

𝑊𝑛
. (3.2)

oreover, the position process
{

𝑉 (𝑤𝑛)
}

𝑛≥0 along the spine under Q is equal in law to
{

𝑆𝑛
}

𝑛≥0 defined in (3.1). Also, for 𝑦 ∈ R, we
will use Q𝑦 to denote the counterpart of Q in the case of branching random walk with the initial particle located at 𝑦.

Let 𝜏+ ∶= inf{𝑘 ≥ 1 ∶ 𝑆𝑘 ≥ 0}. Define the renewal function 𝑅(𝑦) by

𝑅(𝑦) ∶= 𝐄
(

𝜏+−1
∑

𝑗=1
1{𝑆𝑗≥−𝑦}

)

, 𝑦 ∈ R.

Using the facts that 𝐄𝑆1 = 0 and 𝐄𝑆2
1 < ∞, one can easily get that (see, for example, [2, Section 2.2]) 𝑅(0) = 1, 𝑅(𝑦) = 0 for 𝑦 < 0

and

𝑅(𝑦) ≍ (1 + 𝑦), 𝑦 ≥ 0, (3.3)

and the limit

𝑐∗ ∶= lim
𝑦→+∞

𝑅(𝑦)
𝑦

(3.4)

xists in (0,+∞). According to [2, (2.4)], we also have

𝑅(𝑦) =
∞
∑

𝑘=0
𝐏(|𝐻𝑘| ≤ 𝑦), (3.5)

here 𝐻𝑘 ∶= 𝑆𝜎−𝑘 with 𝜎−0 ∶= 0 and 𝜎−𝑘 ∶= inf
{

𝑖 > 𝜎−𝑘−1 ∶ 𝑆𝑖 < min0≤𝑗≤𝜎−𝑘−1 𝑆𝑗
}

. For 𝑦 ≥ 0, define 𝜏−,𝐻−𝑦 ∶= inf{𝑘 ≥ 1 ∶ 𝐻𝑘 < −𝑦} and
−
−𝑦 ∶= inf{𝑛 ≥ 1 ∶ 𝑆𝑛 < −𝑦}. Then we can rewrite (3.5) as

𝑅(𝑦) =
∞
∑

𝑘=0
𝐏
(

𝐻𝑘 ≥ −𝑦
)

=
∞
∑

𝑘=0
𝐏
(

𝜏−,𝐻−𝑦 > 𝑘
)

= 𝐄
(

𝜏−,𝐻−𝑦

)

.

ote that 𝐄(𝐻1) ∈ (0,∞) (see [5, Lemma A.4.(a)]) and that 𝐻𝑘 − 𝑘𝐄(𝐻1) is a martingale. Thus, combining the optional sampling
heorem and the fact that 𝐻𝜏−,𝐻−𝑦

= 𝑆𝜏−−𝑦 , we obtain that

(−𝐄𝐻1)𝐄
(

𝜏−,𝐻−𝑦

)

= 𝐄
(

−𝐻𝜏−,𝐻−𝑦

)

⟺ 𝑅(𝑦)𝐄(|𝐻1|) = −𝐄
(

𝑆𝜏−−𝑦
)

= 𝑦 − 𝐄𝑦
(

𝑆𝜏−0

)

. (3.6)

y [2, the first paragraph in the proof of Lemma 2.1], we have 𝑐∗ = 𝐄(|𝐻1|)−1. Note that, as a consequence of (A4), we have
(

(−𝑆1)3+
)

<∞. Thus, by [5, Lemma A.4.(d)], under (A3) and (A4), there exists an 𝛼∗ ∈ (0,∞) such that

lim
𝑦→+∞

(

𝑅(𝑦) − 𝑐∗𝑦
)

= 𝛼∗. (3.7)

ne can easily check that

𝑅(𝑦) = 𝐄
(

𝑅(𝑆1 + 𝑦)1{𝑆1≥−𝑦}
)

, 𝑦 ≥ 0. (3.8)

ence the sequence of random variables

𝐷−𝑦
𝑛 ∶=

∑

𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑛 𝑉 (𝑥𝑗 )≥−𝑦
}

5

𝑥∈ (𝑛)
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is a non-negative P-martingale with respect to {𝑛}𝑛≥0 with E
(

𝐷−𝑦
𝑛
)

= 𝑅(𝑦) for all 𝑛 ≥ 0. Define a new probability measure Q−𝑦

such that for all 𝑛 ≥ 0,

dQ−𝑦

dP
|

|

|

|𝑛
∶=

𝐷−𝑦
𝑛

𝑅(𝑦)
. (3.9)

Similar to the spine decomposition under Q, we can also describe the spine decomposition for the branching random walk under
Q−𝑦 with a spine denoted by {𝑤𝑛}𝑛≥0 and with spatial displacement following the law of the random walk {𝑆𝑛} conditioned to stay
n [−𝑦,+∞): there is a spine process denoted by {𝑤𝑛}𝑛≥0 with 𝑤0 = ∅ and the initial position of the spine is 𝑉 (𝑤0) = 0. At generation
= 1, 𝑤0 dies and gives birth to a set of offspring according to the law of 𝐿 under Q−𝑦. Choose one offspring 𝑥 from all the offspring
f 𝑤0 with probability proportional to 𝑅(𝑉 (𝑥) + 𝑦)𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥−𝑦}, and call it 𝑤1. At generation 𝑛 = 2, given 𝑉 (𝑤1), 𝑤1 gives birth

to a set of offspring according to a point process with the same law as 𝐿 under the law Q−(𝑉 (𝑤1)+𝑦) and again choose one offspring
𝑥 from all the offspring of 𝑤1 with probability proportional to 𝑅(𝑉 (𝑥) + 𝑦)𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥−𝑦} named 𝑤2. The other unmarked offspring
volve independently as in the original branching random walk. The procedure goes on. According to [2, Fact 3.2] or [6, Section
.2], for 𝑥 ∈  (𝑛),

Q−𝑦 (𝑤𝑛 = 𝑥|𝑛
)

=
𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑛 𝑉 (𝑥𝑗 )≥−𝑦

}

𝐷−𝑦
𝑛

(3.10)

nd the position process
(

𝑉 (𝑤𝑛)
)

𝑛≥1 along the spine is equal in law to {𝑆𝑛}𝑛≥1 conditioned to stay in [−𝑦,+∞).

.2. Elementary properties for centered random walk

emma 3.1. (i) For all 𝑎 ≥ 0 and 𝑛 ≥ 1, it holds that

𝐏𝑎
(

min
𝑗≤𝑛

𝑆𝑗 ≥ 0
)

≲
(1 + 𝑎)
√

𝑛
.

(ii) For all 𝑎, 𝑢 ≥ 0, 𝑏 > 0 and 𝑛 ≥ 1, it holds that

𝐏𝑎
(

min
𝑗≤𝑛

𝑆𝑗 ≥ 0, 𝑢 ≤ 𝑆𝑛 ≤ 𝑏 + 𝑢
)

≲
(𝑏 + 1)(𝑏 + 𝑢 + 1)(𝑎 + 1)

√

𝑛3
.

(iii) For all 𝑎, 𝑏 ≥ 0, it holds that
∞
∑

𝑛=0
𝐏𝑎

(

min
𝑗≤𝑛

𝑆𝑗 ≥ 0, 𝑆𝑛 ≤ 𝑏
)

≲ (1 + 𝑏) (1 + (𝑎 ∧ 𝑏)) .

Here 𝑎 ∧ 𝑏 ∶= min{𝑎, 𝑏}.
(iv) For any 𝜆 > 0, there exists a constant 𝐶1(𝜆) > 0 such that

∞
∑

𝑘=0
𝐄𝑎

(

𝑒−𝜆𝑆𝑘1{min𝑗≤𝑘 𝑆𝑗≥0
}

)

≤ 𝐶1(𝜆), 𝑎 ≥ 0.

Proof. For (i), see [1, (2.7)]; for (ii), see [2, Lemma 2.2]; for (iii) and (iv), see [1, Lemma B.2 (i) and (iii)]. □

Lemma 3.2. For all 𝑎 ≥ 0 and 𝑛 ≥ 1, it holds that

𝐄
(

𝑆2
𝑛1

{

min𝑗≤𝑛 𝑆𝑗≥−𝑎
}

)

≲ (1 + 𝑎)
√

𝑛.

Proof. Note that under 𝐏,
{

𝑆2
𝑛 − 𝜎

2𝑛 ∶ 𝑛 ≥ 1
}

is a mean 0 martingale. Thus, by Lemma 3.1(i),

𝐄
(

𝑆2
𝑛1

{

min𝑗≤𝑛 𝑆𝑗≥−𝑎
}

)

= 𝜎2𝑛𝐏
(

min
𝑗≤𝑛

𝑆𝑗 ≥ −𝑎
)

+ 𝐄
(

(

𝑆2
𝑛 − 𝜎

2𝑛
)

1{min𝑗≤𝑛 𝑆𝑗≥−𝑎
}

)

≲ (1 + 𝑎)
√

𝑛 − 𝐄
(

(

𝑆2
𝑛 − 𝜎

2𝑛
)

1{min𝑗≤𝑛 𝑆𝑗<−𝑎
}

)

= (1 + 𝑎)
√

𝑛 +
𝑛
∑

𝓁=1
𝐄
(

(

𝜎2𝑛 − 𝑆2
𝑛
)

1{min𝑗≤𝓁−1 𝑆𝑗≥−𝑎
}1{𝑆𝓁<−𝑎}

)

= (1 + 𝑎)
√

𝑛 +
𝑛
∑

𝓁=1
𝐄
(

(

𝜎2𝓁 − 𝑆2
𝓁

)

1{min𝑗≤𝓁−1 𝑆𝑗≥−𝑎
}1{𝑆𝓁<−𝑎}

)

≤ (1 + 𝑎)
√

𝑛 + 𝜎2
𝑛
∑

𝓁=1
𝓁 𝐏

(

min
𝑗≤𝓁−1

𝑆𝑗 ≥ −𝑎, 𝑆𝓁 < −𝑎
)

.

Using Lemma 3.1(i) again, we get
𝑛
∑

𝓁 𝐏
(

min 𝑆𝑗 ≥ −𝑎, 𝑆𝓁 < −𝑎
)

=
𝑛
∑

𝓁 𝐏
(

min 𝑆𝑗 ≥ −𝑎
)

−
𝑛
∑

𝓁 𝐏
(

min𝑆𝑗 ≥ −𝑎
)

6

𝓁=1 𝑗≤𝓁−1
𝓁=1 𝑗≤𝓁−1

𝓁=1 𝑗≤𝓁
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= 1 − (𝑛 + 1)𝐏
(

min
𝑗≤𝑛

𝑆𝑗 ≥ −𝑎
)

+
𝑛
∑

𝓁=1
𝐏
(

min
𝑗≤𝓁

𝑆𝑗 ≥ −𝑎
)

≲ 1 + (1 + 𝑎)
𝑛
∑

𝓁=1

1
√

𝓁
≤ 1 + (1 + 𝑎)∫

𝑛

0

1
√

𝑥
d𝑥 = 1 + 2(1 + 𝑎)

√

𝑛 ≲ (1 + 𝑎)
√

𝑛.

Combining the two displays above, we get the desired conclusion. □

emma 3.3. If 𝑋 and 𝑋 are non-negative random variables such that

E
(

𝑋
(

log+𝑋
)3
)

+ E
(

𝑋
(

log+𝑋
)2)

<∞,

hen

E
(

𝑋
(

log+
(

𝑋 +𝑋
))3

)

+ E
(

𝑋
(

log+
(

𝑋 +𝑋
))2

)

<∞.

roof. By the trivial inequality log+ (𝑥 + 𝑦) ≤ log+ (2𝑥) + log+ (2𝑦), we only need to show that

E
(

𝑋
(

log+𝑋
)3)

+ E
(

𝑋
(

log+𝑋
)2)

<∞.

or this, it suffices to prove that for any 𝑥, 𝑥 > 0,

𝑥
(

log+ 𝑥
)3 ≤ 8𝑥

(

log+ 𝑥
)3 + 2𝑥

(

log+ 𝑥
)2 , (3.11)

𝑥
(

log+ 𝑥
)2 ≤ 4𝑥

(

log+ 𝑥
)2 + 2𝑥

(

log+ 𝑥
)

. (3.12)

e will only prove (3.11), the proof of (3.12) is similar. Assume that 𝑥 ≥ 1. If 𝑥 ≤ 𝑥2, then 𝑥
(

log 𝑥
)3 ≤ 𝑥

(

log
(

𝑥2
))3 = 8𝑥 (log 𝑥)3. If

̃ ≥ 𝑥2, then by trivial inequality

log 𝑥 ≤ 2
√

𝑥, 𝑥 ≥ 1,

we have 𝑥
(

log 𝑥
)3 ≤

√

𝑥
(

log 𝑥
)3 ≤ 2𝑥

(

log 𝑥
)2. The proof is complete. □

emma 3.4. Suppose that 𝑋, 𝑌 are random variables and that  is a 𝜎-field. For any 𝜀 > 0 and 𝑞 > 0, it holds that

P (|𝑋 − E(𝑋|)| > 3𝜀|) ≤ 2
𝜀
E
(

|𝑋 − 𝑌 |||
|


)

+ 1
𝜀𝑞

E
(

|𝑌 − E(𝑌 |)|𝑞 ||
|


)

.

roof. By Markov’s inequality,

P (|𝑋 − E(𝑋|)| > 3𝜀|) ≤ P (|𝑋 − 𝑌 | > 𝜀|) + P (|𝑌 − E(𝑌 |)| > 𝜀|)

+ 1{|E(𝑋−𝑌 |)|>𝜀}

≤ 1
𝜀
E
(

|𝑋 − 𝑌 |||
|


)

+ 1
𝜀𝑞

E
(

|𝑌 − E(𝑌 |)|𝑞 ||
|


)

+ 1
𝜀
|E(𝑋 − 𝑌 |)| .

ow the desired conclusion follows immediately from the inequality |E(𝑋 − 𝑌 |)| ≤ E(|𝑋 − 𝑌 ||). □

.3. Moment estimates for the truncated martingales

For 𝑢 ∈  (𝑛), 𝛺(𝑢) ∶=
{

𝑣 ∈  (𝑛) ∶ 𝑣 ≠ 𝑢 ∶ 𝑣 > 𝑢𝑛−1
}

denotes the set of siblings of 𝑢. For 𝜅, 𝑦 > 0 and 𝑚 ∈ N, define

𝑦
𝜅 ∶=

{

𝑥 ∈ T ∶ ∀1 ≤ 𝑗 ≤ |𝑥|,

∑

𝑢∈𝛺(𝑥𝑗 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑥𝑗−1)
)

+

)

𝑒−
(

𝑉 (𝑢)−𝑉 (𝑥𝑗−1)
)

≤ 𝜅𝑒
(

𝑉 (𝑥𝑗−1)+𝑦
)

∕2
}

, (3.13)

𝐷−𝑦
𝑚,𝜅 ∶=

∑

𝑥∈ (𝑚)
𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑚 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∈𝑦
𝜅}
.

emma 3.5. There exists a decreasing function ℎ ∶ R+ → R+ satisfying lim𝑧→+∞ ℎ(𝑧) = 0 such that for all 𝑦, 𝜅 > 0 and 𝑚 ∈ N,

0 ≤ E
(

𝐷−𝑦
𝑚 −𝐷−𝑦

𝑚,𝜅

)

≲ ℎ(𝜅).

roof. The first inequality is trivial, so we only prove the second. For 𝑗 ≥ 1, set

𝐸𝑗 (𝑦, 𝜅) ∶=
{

∑

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝑗−1)
)

+

)

𝑒−
(

𝑉 (𝑢)−𝑉 (𝑤𝑗−1)
)

> 𝜅𝑒
(

𝑉 (𝑤𝑗−1)+𝑦
)

∕2
}

.

7

𝑢∈𝛺(𝑤𝑗 )∪{𝑤𝑗}
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It follows from (3.10) that

E
(

𝐷−𝑦
𝑚 −𝐷−𝑦

𝑚,𝜅

)

= E
(

∑

𝑥∈ (𝑚)
𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑚 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∉𝑦
𝜅}

)

= EQ−𝑦

(

𝑅(𝑦)
𝐷−𝑦
𝑛

∑

𝑥∈ (𝑚)
𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑚 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∉𝑦
𝜅}

)

= 𝑅(𝑦)EQ−𝑦

(

∑

𝑥∈ (𝑚)
Q−𝑦 (𝑤𝑚 = 𝑥|𝑚

)

1{𝑥∉𝑦
𝜅}

)

= 𝑅(𝑦)Q−𝑦 (𝑤𝑚 ∉ 𝑦
𝜅
)

≤ 𝑅(𝑦)
∞
∑

𝑗=1
Q−𝑦 (𝐸𝑗 (𝑦, 𝜅)

)

. (3.14)

By the Markov property, for any 𝑧 ≥ −𝑦,

Q−𝑦
(

𝐸𝑗 (𝑦, 𝜅)
|

|

|

𝑉 (𝑤𝑗−1) = 𝑧
)

= Q−𝑦−𝑧
(

∑

𝑢∈ (1)

(

1 + (𝑉 (𝑢))+
)

𝑒−𝑉 (𝑢) > 𝜅𝑒(𝑧+𝑦)∕2
)

= E
(

∑

𝑢∈ (1) 𝑅(𝑉 (𝑢) + 𝑧 + 𝑦)𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥−𝑦−𝑧}

𝑅(𝑧 + 𝑦)
1{∑

𝑢∈ (1)(1+(𝑉 (𝑢))+)𝑒−𝑉 (𝑢)>𝜅𝑒(𝑧+𝑦)∕2
}

)

= E
(

∑

𝑢∈ (1) 𝑅(𝑉 (𝑢) + 𝑧 + 𝑦)𝑒−𝑉 (𝑢)

𝑅(𝑧 + 𝑦)
1{∑

𝑢∈ (1)(1+(𝑉 (𝑢))+)𝑒−𝑉 (𝑢)>𝜅𝑒(𝑧+𝑦)∕2
}

)

.

Using (3.3), we have
𝑅(𝑉 (𝑢) + 𝑧 + 𝑦)

𝑅(𝑧 + 𝑦)
≲

(𝑉 (𝑢))+ + 𝑧 + 𝑦 + 1
𝑧 + 𝑦 + 1

= 1 +
(𝑉 (𝑢))+
𝑧 + 𝑦 + 1

.

hus,

Q−𝑦
(

𝐸𝑗 (𝑦, 𝜅)
|

|

|

𝑉 (𝑤𝑗−1) = 𝑧
)

≲ E
(

∑

𝑢∈ (1)

(

1 +
(𝑉 (𝑢))+
𝑧 + 𝑦 + 1

)

𝑒−𝑉 (𝑢)1{∑
𝑢∈ (1)(1+(𝑉 (𝑢))+)𝑒−𝑉 (𝑢)>𝜅𝑒(𝑧+𝑦)∕2

}

)

= E
((

𝑊1 +
𝑊1

𝑧 + 𝑦 + 1

)

1{
𝑊1+𝑊1>𝜅𝑒(𝑧+𝑦)∕2

}

)

. (3.15)

ince the law of (𝑊1,𝑊1) is independent of 𝑧, we deduce from (3.15) that

Q−𝑦 (𝐸𝑗 (𝑦, 𝜅)
)

≲
(

EQ−𝑦 ⊗ E
)

((

𝑊1 +
𝑊1

𝑉 (𝑤𝑗−1) + 𝑦 + 1

)

1{
𝑊1+𝑊1>𝜅𝑒

(𝑉 (𝑤𝑗−1)+𝑦)∕2}
)

= E
(

EQ−𝑦

((

𝑧1 +
𝑧1

𝑉 (𝑤𝑗−1) + 𝑦 + 1

)

1{
𝑉 (𝑤𝑗−1)+𝑦<2 log

( 𝑧1+𝑧1
𝜅

)}

)

|

|

|

|𝑧1=𝑊1 ,𝑧1=𝑊1

)

. (3.16)

ere under Q−𝑦 ⊗ P,
(

𝑊1,𝑊1
)

is independent of 𝑉 (𝑤𝑗−1). Next, note that the law of 𝑉 (𝑤𝑗 ) under Q−𝑦 is equal to the law of the
random walk 𝑆𝑗 conditioned to stay in [−𝑦,+∞). Summing 𝑗 from 1 to ∞, and using (3.8) and the fact that 𝑅(𝑦) ≲ 1 + 𝑦, we get

𝑅(𝑦)
∞
∑

𝑗=1
EQ−𝑦

((

𝑧1 +
𝑧1

𝑉 (𝑤𝑗−1) + 𝑦 + 1

)

1{
𝑉 (𝑤𝑗−1)+𝑦<2 log

( 𝑧1+𝑧1
𝜅

)}

)

=
∞
∑

𝑗=0
𝐄
(

𝑅(𝑆𝑗 + 𝑦)1{min𝓁≤𝑗 𝑆𝓁≥−𝑦}

(

𝑧1 +
𝑧1

𝑆𝑗 + 𝑦 + 1

)

1{
𝑆𝑗+𝑦<2 log

( 𝑧1+𝑧1
𝜅

)}

)

≲
∞
∑

𝑗=0
𝐄
(

(

𝑧1
(

𝑆𝑗 + 𝑦 + 1
)

+ 𝑧1
)

1{min𝓁≤𝑗 𝑆𝓁≥−𝑦}1
{

𝑆𝑗+𝑦<2 log
( 𝑧1+𝑧1

𝜅

)}

)

≤
(

𝑧1

(

1 + 2 log+

(

𝑧1 + 𝑧1
𝜅

))

+ 𝑧1

)

sup
𝑦∈R

∞
∑

𝑗=0
𝐏
(

min
𝓁≤𝑗

𝑆𝓁 ≥ −𝑦, 𝑆𝑗 + 𝑦 < 2 log+

(

𝑧1 + 𝑧1
𝜅

))

=
(

𝑧1

(

1 + 2 log+

(

𝑧1 + 𝑧1
𝜅

))

+ 𝑧1

)

𝐹
(

2 log+

(

𝑧1 + 𝑧1
𝜅

))

, (3.17)

here 𝐹 (𝑥) ∶= sup𝑦∈R
∑∞
𝑗=0 𝐏𝑦(min𝑙≤𝑗 𝑆𝑙 ≥ 0, 𝑆𝑗 < 𝑥). Taking P-expectation in (3.17), and combining the result with (3.14) and

3.16), we get

E
(

𝐷−𝑦
𝑚 −𝐷−𝑦

𝑚,𝜅

)

≤ 𝑅(𝑦)
∞
∑

𝑗=1
Q−𝑦 (𝐸𝑗 (𝑦, 𝜅)

)

≲ E
((

𝑊1

(

1 + 2 log+

(

𝑊1 +𝑊1
))

+𝑊1

)

𝐹
(

2 log+

(

𝑊1 +𝑊1
)))

.

8
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C

It follows from Lemma 3.1 (iii) that 𝐹 (𝑥) ≲ (1 + 𝑥)2 for all 𝑥 ≥ 0. Since 𝐹 (0) = 0 and 𝐹 is increasing, we have for 𝜅 > 1,

E
(

𝐷−𝑦
𝑚 −𝐷−𝑦

𝑚,𝜅

)

≲ E
(

(

𝑊1

(

1 + 2 log+
(

𝑊1 +𝑊1

))

+𝑊1

)

𝐹
(

2 log+(𝑊1 +𝑊1)
)

1{
𝑊1+𝑊1>𝜅

}

)

≲ E
(

(

𝑊1

(

1 + log+(𝑊1 +𝑊1)
)

+𝑊1

)(

1 + log+(𝑊1 +𝑊1)
)2

1{
𝑊1+𝑊1>𝜅

}

)

=∶ ℎ(𝜅).

By Lemma 3.3, we know that ℎ(𝜅) is finite for all 𝜅 > 0 and ℎ is a decreasing function with lim𝑧→+∞ ℎ(𝑧) = 0. The proof is
complete. □

Lemma 3.6. For all 𝑦 ≥ 0, 𝜅 ≥ 1 and 𝑚 ≥ 0,

E
(

(

𝐷−𝑦
𝑚,𝜅

)2
)

≲ 𝜅𝑒𝑦.

Proof. Using (3.10) and the fact that 𝐷−𝑦
𝑚,𝜅 ≤ 𝐷−𝑦

𝑚 , we get

E
(

(

𝐷−𝑦
𝑚,𝜅

)2
)

= E
(

𝐷−𝑦
𝑚,𝜅

∑

𝑥∈ (𝑚)
𝑅 (𝑉 (𝑥) + 𝑦) 𝑒−𝑉 (𝑥)1{min𝑗≤𝑚 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∈𝑦
𝜅}

)

= 𝑅(𝑦)EQ−𝑦

(

𝐷−𝑦
𝑚,𝜅

∑

𝑥∈ (𝑚)
Q−𝑦 (𝑤𝑚 = 𝑥|𝑚

)

1{𝑥∈𝑦
𝜅}

)

≤ 𝑅(𝑦)EQ−𝑦

(

𝐷−𝑦
𝑚 1{𝑤𝑚∈𝑦

𝜅}

)

. (3.18)

Let  be the 𝜎-field consisting of all the information about the spine, including the set of children of the spine particles. By the spine
decomposition, we have

EQ−𝑦

(

𝐷−𝑦
𝑚
|

|

|


)

= 𝑅
(

𝑉
(

𝑤𝑚
)

+ 𝑦
)

𝑒−𝑉 (𝑤𝑚) +
𝑚
∑

𝓁=1

∑

𝑧∈𝛺(𝑤𝓁)
𝑅 (𝑉 (𝑧) + 𝑦) 𝑒−𝑉 (𝑧). (3.19)

Since

𝑅(𝑥 + 𝑦) ≤ 𝑅(𝑥+ + 𝑦) ≲ (1 + 𝑥+ + 𝑦) ≤ (1 + 𝑥+)(1 + 𝑦), 𝑦 ≥ 0, 𝑥 ∈ R,

we get, for any 1 ≤ 𝓁 ≤ 𝑚,

𝑅 (𝑉 (𝑧) + 𝑦) ≲
(

1 + 𝑦 + 𝑉
(

𝑤𝓁−1
))

(

1 +
(

𝑉 (𝑧) − 𝑉
(

𝑤𝓁−1
))

+

)

, 𝑧 ∈ 𝛺
(

𝑤𝓁
)

.

Thus, for 𝑤𝑚 ∈ 𝐵𝑚,𝜅 and 1 ≤ 𝓁 ≤ 𝑚,
∑

𝑧∈𝛺(𝑤𝓁)
𝑅 (𝑉 (𝑧) + 𝑦) 𝑒−𝑉 (𝑧)

≲
(

1 + 𝑦 + 𝑉
(

𝑤𝓁−1
))

𝑒−𝑉 (𝑤𝓁−1)
∑

𝑧∈𝛺(𝑤𝓁)

(

1 +
(

𝑉 (𝑧) − 𝑉
(

𝑤𝓁−1
))

+

)

𝑒−(𝑉 (𝑧)−𝑉 (𝑤𝓁−1))

≤ 𝜅𝑒𝑦∕2
(

1 + 𝑦 + 𝑉
(

𝑤𝓁−1
))

𝑒−𝑉 (𝑤𝓁−1)∕2.

Combining this with (3.19) and the fact that 𝑉 (𝑤𝑚) + 𝑦 ≥ 0, we get

𝑅(𝑦)EQ−𝑦

(

𝐷−𝑦
𝑚 1{𝑤𝑚∈𝑦

𝜅}

)

= 𝑅(𝑦)EQ−𝑦

(

EQ−𝑦

(

𝐷−𝑦
𝑚
|

|

|


)

1{𝑤𝑚∈𝑦
𝜅}

)

≲ 𝑅(𝑦)EQ−𝑦

(

𝑅
(

𝑉
(

𝑤𝑚
)

+ 𝑦
)

𝑒−𝑉 (𝑤𝑚) +
𝑚
∑

𝓁=1
𝜅𝑒𝑦∕2

(

1 + 𝑦 + 𝑉
(

𝑤𝓁−1
))

𝑒−𝑉 (𝑤𝓁−1)∕2
)

≲ 𝜅𝑒𝑦𝑅(𝑦)
𝑚
∑

𝓁=0
EQ−𝑦

(

(

1 + 𝑦 + 𝑉
(

𝑤𝓁
))

𝑒−(𝑦+𝑉 (𝑤𝓁))∕2
)

. (3.20)

Since
(

(1 + 𝑦)2𝑒−𝑦∕4
)

≲ 1 on [0,∞), we have for all 𝓁 ≥ 0 and 𝑦 ≥ 0,

𝑅(𝑦)EQ−𝑦

(

(

1 + 𝑦 + 𝑉
(

𝑤𝓁
))

𝑒−(𝑦+𝑉 (𝑤𝓁))∕2
)

= 𝐄𝑦
(

𝑅(𝑆𝓁)
(

1 + 𝑆𝓁
)

𝑒−𝑆𝓁∕21{min𝑗≤𝓁 𝑆𝑗≥0
}

)

≲ 𝐄𝑦
(

(

1 + 𝑆𝓁
)2 𝑒−𝑆𝓁∕21{min𝑗≤𝓁 𝑆𝑗≥0

}

)

≲ 𝐄𝑦
(

𝑒−𝑆𝓁∕41{min𝑗≤𝓁 𝑆𝑗≥0
}

)

,

where in the equality we used (3.9). Applying Lemma 3.1 (iv) with 𝜆 = 1
4 , we get that for all 𝑦 ≥ 0, 𝑚 ≥ 0,

𝑅(𝑦)
𝑚
∑

𝓁=0
EQ−𝑦

(

(

1 + 𝑦 + 𝑉
(

𝑤𝓁
))

𝑒−(𝑦+𝑉 (𝑤𝓁))∕2
)

≲
∞
∑

𝓁=0
𝐄𝑦

(

𝑒−𝑆𝓁∕41{min𝑗≤𝓁 𝑆𝑗≥0
}

)

≤ 𝐶1(1∕4) ≲ 1. (3.21)

ombining (3.18), (3.20) and (3.21), we get the desired conclusion. □
9
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3.4. Moment estimate for weighted number of particles hitting −𝑦

Recall the definition of 𝑦
𝜅 in (3.13). For 𝑦 ≥ 0, 𝜅 > 0 and 𝑛, 𝑚 ∈ N ∶= {1, 2,…} with 𝑛 ≤ 𝑚, define

𝑁𝑦
[𝑛,𝑚] ∶=

𝑚
∑

𝓁=𝑛

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥−𝑦

},

𝑁𝑦
[𝑛,𝑚],𝜅 ∶=

𝑚
∑

𝓁=𝑛

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∈𝑦
𝜅}.

e will use the notation 𝑁𝑦
[1,∞) ∶= lim𝑚→∞𝑁𝑦

[1,𝑚] and 𝑁𝑦
[1,∞),𝜅 ∶= lim𝑚→∞𝑁𝑦

[1,𝑚],𝜅 .

Lemma 3.7. (i) For any 𝑦 ≥ 0,

E
(

𝑁𝑦
[1,∞)

)

= 1.

(ii) There exists a decreasing function 𝑔 ∶ R+ → R+ with lim𝑧→+∞ 𝑔(𝑧) = 0 such that

E
(

𝑁𝑦
[1,∞) −𝑁

𝑦
[1,∞),𝜅

)

≲
𝑔(𝜅)
log 𝜅

, 𝑦 > 0, 𝜅 > 1.

roof. (i) By the definition of Q, we have

E
(

𝑁𝑦
[1,∞)

)

=
∞
∑

𝑘=1
EQ

(

∑

𝑥∈ (𝑘)

𝑒−𝑉 (𝑥)

𝑊𝑘
1{𝑉 (𝑥)<−𝑦,min𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥−𝑦

}

)

=
∞
∑

𝑘=1
EQ

(

∑

𝑥∈ (𝑘)
Q
(

𝑤𝑘 = 𝑥, 𝑉 (𝑤𝑘) < −𝑦, min
𝑗≤𝑘−1

𝑉 (𝑤𝑗 ) ≥ −𝑦|𝑘
))

=
∞
∑

𝑘=1
Q
(

𝑉 (𝑤𝑘) < −𝑦, min
𝑗≤𝑘−1

𝑉 (𝑤𝑗 ) ≥ −𝑦
)

= 1,

where in the second equality we used (3.2).
(ii) For any 𝑚 ∈ N, by the definition of Q and (3.2), we have

E
(

𝑁𝑦
[1,𝑚] −𝑁

𝑦
[1,𝑚],𝜅

)

=
𝑚
∑

𝓁=1
E
(

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∉𝑦
𝜅}

)

=
𝑚
∑

𝓁=1
Q
(

𝑉 (𝑤𝓁) < −𝑦, min
𝑗≤𝓁−1

𝑉 (𝑤𝑗 ) ≥ −𝑦,𝑤𝓁 ∉ 𝑦
𝜅

)

≤
∞
∑

𝓁=1
Q
(

𝑉 (𝑤𝓁) < −𝑦, min
𝑗≤𝓁−1

𝑉 (𝑤𝑗 ) ≥ −𝑦,𝑤𝓁 ∉ 𝑦
𝜅

)

.

ince

1{𝑤𝓁∉
𝑦
𝜅} ≤

𝓁
∑

𝑞=1
1{

∑

𝑢∈𝛺(𝑤𝑞 )

(

1+
(

𝑉 (𝑢)−𝑉 (𝑤𝑞−1)
)

+

)

𝑒−(𝑉 (𝑢)−𝑉 (𝑤𝑞−1))>𝜅𝑒(𝑉 (𝑤𝑞−1)+𝑦)∕2
} =∶

𝓁
∑

𝑞=1
1𝐺𝑞 ,

e have
∞
∑

𝓁=1
Q
(

𝑉 (𝑤𝓁) < −𝑦, min
𝑗≤𝓁−1

𝑉 (𝑤𝑗 ) ≥ −𝑦,𝑤𝓁 ∉ 𝑦
𝜅

)

≤
∞
∑

𝓁=1

𝓁
∑

𝑞=1
Q
(

𝑉 (𝑤𝓁) < −𝑦, min
𝑗≤𝓁−1

𝑉 (𝑤𝑗 ) ≥ −𝑦, 𝐺𝑞
)

=
∞
∑

𝑞=1

∞
∑

𝓁=𝑞
Q
(

𝑉 (𝑤𝓁) < −𝑦, min
𝑗≤𝓁−1

𝑉 (𝑤𝑗 ) ≥ −𝑦, 𝐺𝑞
)

=
∞
∑

𝑞=1
Q
(

𝐺𝑞 , min
𝑗≤𝑞−1

𝑉 (𝑤𝑗 ) ≥ −𝑦
)

≤
∞
∑

𝑞=1
EQ

(

1{min𝑗≤𝑞−1 𝑉 (𝑤𝑗 )≥−𝑦}Q
(

∑

𝑢∈ (1)

(

1 + (𝑉 (𝑢))+
)

𝑒−𝑉 (𝑢) > 𝜅𝑒(𝑧+𝑦)∕2
)

|

|

|

|𝑧=𝑉 (𝑤𝑞−1)

)

.

ecalling the definition of 𝐹 in (3.17) and using an argument similar to that of the proof of Lemma 3.5, we get
∞
∑

𝑞=1
EQ

(

1{min𝑗≤𝑞−1 𝑉 (𝑤𝑗 )≥−𝑦}Q
(

∑

𝑢∈ (1)

(

1 + (𝑉 (𝑢))+
)

𝑒−𝑉 (𝑢) > 𝜅𝑒(𝑧+𝑦)∕2
)

|

|

|

|𝑧=𝑉 (𝑤𝑞−1)

)

= EQ

( ∞
∑

Q
(

min
𝑗≤𝑞−1

𝑉 (𝑤𝑗 ) ≥ −𝑦, 𝑉 (𝑤𝑞−1) + 𝑦 < 2 log+
(𝑚1
𝜅

))

|

|

| ̃

)

10

𝑞=1 |𝑚1=𝑊1+𝑊1
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P

D

U

w

B

B

U

≤ EQ

(

sup
𝑦∈R

∞
∑

𝑞=1
Q
(

min
𝑗≤𝑞−1

𝑉 (𝑤𝑗 ) ≥ −𝑦, 𝑉 (𝑤𝑞−1) + 𝑦 < 2 log+
(𝑚1
𝜅

))

|

|

|

|𝑚1=𝑊1+𝑊1

)

= EQ

(

𝐹
(

2 log+

(

𝑊1 +𝑊1
𝜅

)))

= E
(

𝑊1𝐹
(

2 log+

(

𝑊1 +𝑊1
𝜅

)))

.

It follows from Lemma 3.1(iii) that 𝐹 (𝑥) ≲ (1 + 𝑥)2 for 𝑥 ≥ 0. Note that 𝐹 (0) = 0, we have

E
(

𝑁𝑦
[1,∞) −𝑁

𝑦
[1,∞),𝜅

)

≤ E
(

𝑊1𝐹
(

2 log+

(

𝑊1 +𝑊1
𝜅

))

1{
𝑊1+𝑊1>𝜅

}

)

≲ E
(

𝑊1

(

1 + 2 log+

(

𝑊1 +𝑊1
𝜅

))2
1{

𝑊1+𝑊1>𝜅
}

log+
(

𝑊1 +𝑊1

)

log 𝜅

)

=∶
𝑔(𝜅)
log 𝜅

.

The proof is complete. □

Lemma 3.8. Let 𝛼 be the constant in (A5). Then

E
((

𝑁𝑦
[1,∞),𝜅

)1+𝛼)
≲ 𝜅𝛼𝑒𝛼𝑦, 𝑦 ≥ 0, 𝜅 ≥ 1.

roof. By Lemma 3.7(i), we have

E
(

𝑁𝑦
[1,∞),𝜅

)

≤ E
(

𝑁𝑦
[1,∞)

)

= 1. (3.22)

efine 𝜏−−𝑦 ∶= inf
{

𝑘 ≥ 1 ∶ 𝑉 (𝑤𝑘) < −𝑦
}

. For 𝑚 ≥ 1, it holds that

E
((

𝑁𝑦
[1,𝑚],𝜅

)1+𝛼)
= E

( 𝑚
∑

𝑘=1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∈𝑦
𝜅}

(

𝑁𝑦
[1,𝑚],𝜅

)𝛼
)

= EQ

(

1{𝜏−−𝑦≤𝑚
}1{

𝑤𝜏−−𝑦∈
𝑦
𝜅

}

(

𝑁𝑦
[1,𝑚],𝜅

)𝛼
)

.

sing the trivial inequality

(𝑥 + 𝑦)𝛼 ≤ 𝑥𝛼 + 𝑦𝛼 , 𝑥, 𝑦 ≥ 0, 𝛼 ∈ (0, 1],

e get that

E
(

(

𝑁𝑦
[1,𝑚],𝜅

)1+𝛼
)

≤ EQ

(

1{𝜏−−𝑦≤𝑚
}1{

𝑤𝜏−−𝑦∈
𝑦
𝜅
}

(

𝑁𝑦
[1,𝑚],𝜅 − 𝑒

−𝑉
(

𝑤𝜏−−𝑦
))𝛼)

+ EQ

(

1{
𝜏−−𝑦≤𝑚

}1{
𝑤𝜏−−𝑦∈

𝑦
𝜅
}𝑒−𝛼𝑉

(

𝑤𝜏−−𝑦
))

=∶ 𝐼 + 𝐼𝐼. (3.23)

y the spine decomposition, we have

𝑁𝑦
[1,𝑚],𝜅 = 𝑒−𝑉

(

𝑤𝜏−−𝑦∧𝑚
)

+
𝜏−−𝑦∧𝑚
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)𝑁𝑦+𝑉 (𝑢)

[1,𝑚−𝑘],𝜅 .

y the branching property, (3.22) and using Jensen’s inequality E(|𝑋|

𝛼) ≤ E(|𝑋|)𝛼 (since 𝛼 ∈ (0, 1]), we have

𝐼1∕𝛼 ≤ EQ

(

1{𝜏−−𝑦≤𝑚
}1{

𝑤𝜏−−𝑦∈
𝑦
𝜅
}

(

𝑁𝑦
[1,𝑚],𝜅 − 𝑒

−𝑉 (𝑤𝜏−−𝑦 )
)

)

= EQ

(

1{𝜏−−𝑦≤𝑚
}1{

𝑤𝜏−−𝑦∈
𝑦
𝜅
}

𝜏−−𝑦
∑

𝓁=1

∑

𝑢∈𝛺(𝑤𝓁 )
𝑒−𝑉 (𝑢)E

(

𝑁𝑧
[1,𝑚−𝓁],𝜅

)

𝑧=𝑉 (𝑢)+𝑦

)

≤ EQ

(

1{
𝑤𝜏−−𝑦∈

𝑦
𝜅
}

𝜏−−𝑦
∑

𝓁=1

∑

𝑢∈𝛺(𝑤𝓁 )
𝑒−𝑉 (𝑢)

)

≤ EQ

(

1{
𝑤𝜏−−𝑦∈

𝑦
𝜅
}

𝜏−−𝑦
∑

𝓁=1
𝑒−𝑉 (𝑤𝓁−1)

∑

𝑢∈𝛺(𝑤𝓁 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝓁−1)
)

+

)

𝑒−(𝑉 (𝑢)−𝑉 (𝑤𝓁−1))
)

≤ 𝜅EQ

(

1{
𝑤𝜏−−𝑦∈

𝑦
𝜅
}

𝜏−−𝑦
∑

𝓁=1
𝑒−(𝑉 (𝑤𝓁−1)−𝑦)∕2

)

≤ 𝜅𝑒𝑦EQ

(
𝜏−−𝑦
∑

𝓁=1
𝑒−(𝑉 (𝑤𝓁−1)+𝑦)∕2

)

.

sing Lemma 3.1 (iv) with 𝜆 = 1∕2, we get that

EQ

(
𝜏−−𝑦
∑

𝑒−(𝑉 (𝑤𝓁−1)+𝑦)∕2
)

≤ 1 + EQ

(
𝜏−−𝑦−1
∑

𝑒−(𝑉 (𝑤𝓁 )+𝑦)∕2
)

11

𝓁=1 𝓁=1
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H

T

a
L

L

(

P

4

w

= 1 +
∞
∑

𝓁=1
𝐄𝑦

(

𝑒−𝑆𝓁∕21{min𝑗≤𝓁 𝑆𝑗≥0
}

)

≤ 1 + 𝐶1(1∕2) ≲ 1.

Then we have

𝐼 ≲ 𝜅𝛼𝑒𝛼𝑦. (3.24)

Finally, using Lemma 3.1 (iv) with 𝜆 = 1 and (A5), we get

𝐼𝐼 ≤ EQ

(

𝑒−𝛼𝑉
(

𝑤𝜏−−𝑦
))

= 𝐄
(

𝑒−𝛼𝑆𝜏
−
−𝑦

)

= 𝑒𝛼𝑦
∞
∑

𝓁=1
𝐄𝑦

(

𝑒−𝛼𝑆𝓁 1{min𝑘≤𝓁−1 𝑆𝑘≥0}1{𝑆𝓁<0}
)

≤ 𝑒𝛼𝑦
∞
∑

𝓁=1
𝐄𝑦

(

𝑒−𝛼𝑆𝓁−11{min𝑘≤𝓁−1 𝑆𝑘≥0}
)

𝐄𝑦
(

𝑒−𝛼(𝑆𝓁−𝑆𝓁−1)
)

≤ 𝐶1(1)𝑒𝛼𝑦𝐄
(

𝑒−𝛼𝑆1
)

= 𝐶1(1)𝑒𝛼𝑦E
(

∑

𝑢∈ (1)
𝑒−(1+𝛼)𝑉 (𝑢)

)

≲ 𝑒𝛼𝑦. (3.25)

ence, combining (3.23), (3.24) and (3.25), we get that

E
(

(

𝑁𝑦
[1,𝑚],𝜅

)1+𝛼
)

≲ 𝜅𝛼𝑒𝛼𝑦.

his completes the proof of the Lemma. □

For a sequence (𝛽𝑛)𝑛≥1 of positive numbers, define

�̂�𝑦,𝑛
[𝓁,𝑚] ∶=

𝑚
∑

𝑞=𝓁

∑

𝑥∈ (𝑞)

(

𝑉 (𝑥) + 𝛽𝑛 + 𝑦
)

𝑒−𝑉 (𝑥)1{−𝑦−𝛽𝑛∕2≤𝑉 (𝑥)<−𝑦,min𝑗≤𝑞−1 𝑉 (𝑥𝑗 )≥−𝑦
},

�̂�𝑦,𝑛
[𝓁,𝑚],𝜅 ∶=

𝑚
∑

𝑞=𝓁

∑

𝑥∈ (𝑞)

(

𝑉 (𝑥) + 𝛽𝑛 + 𝑦
)

𝑒−𝑉 (𝑥)1{−𝑦−𝛽𝑛∕2≤𝑉 (𝑥)<−𝑦,min𝑗≤𝑞−1 𝑉 (𝑥𝑗 )≥−𝑦
}1{𝑥∈𝑦

𝜅},

nd let �̂�𝑦,𝑛
[𝓁,∞) ∶= lim𝑚→∞ �̂�𝑦,𝑛

[𝓁,𝑚] and �̂�𝑦,𝑛
[𝓁,∞),𝜅 ∶= lim𝑚→∞ �̂�𝑦,𝑛

[𝓁,𝑚],𝜅 . Then we have the following result similar to that in Lemma 3.7 and
emma 3.8 for �̂�𝑦,𝑛

[1,∞) and �̂�𝑦,𝑛
[1,∞),𝜅 :

emma 3.9. (i) Let 𝑔 be the function in Lemma 3.7 (ii). Then

E
(

�̂�𝑦,𝑛
[1,∞) − �̂�

𝑦,𝑛
[1,∞),𝜅

)

≲ 𝛽𝑛
𝑔(𝜅)
log 𝜅

, 𝑦 > 0, 𝜅 > 1, 𝑛 ≥ 1.

ii) Let 𝛼 be the constant in (A5). Then

E
((

�̂�𝑦,𝑛
[1,∞),𝜅

)1+𝛼)
≲ 𝛽1+𝛼𝑛 𝜅𝛼𝑒𝛼𝑦, 𝑦 ≥ 0, 𝜅 ≥ 1, 𝑛 ≥ 1.

roof. (i) By direct calculation and Lemma 3.7 (ii), we have

E
(

�̂�𝑦,𝑛
[1,∞) − �̂�

𝑦,𝑛
[1,∞),𝜅

)

≤ E
( ∞
∑

𝑞=1

∑

𝑥∈ (𝑞)

(

𝑉 (𝑥) + 𝛽𝑛 + 𝑦
)

+ 𝑒
−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝑞−1 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∉𝑦
𝜅}

)

≤ 𝛽𝑛E
( ∞
∑

𝑞=1

∑

𝑥∈ (𝑞)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<−𝑦,min𝑗≤𝑞−1 𝑉 (𝑥𝑗 )≥−𝑦

}1{𝑥∉𝑦
𝜅}

)

= 𝛽𝑛E
(

𝑁𝑦
[1,∞) −𝑁

𝑦
[1,∞),𝜅

)

≲ 𝛽𝑛
𝑔(𝜅)
log 𝜅

.

(ii) Combining Lemma 3.8 and the inequality 0 ≤ �̂�𝑦,𝑛
[1,∞),𝜅 ≤ 𝛽𝑛𝑁

𝑦
[1,∞),𝜅 , we immediately get the desired conclusion. □

. Proof of Theorem 2.1

For 𝑛 ≥ 1, set

𝛾𝑛 ∶=
1
2
log 𝑛 + 𝛽𝑛, (4.1)

here
(

𝛽𝑛
)

𝑛≥1 is a sequence of positive numbers with

lim 𝛽𝑛 = +∞, lim sup
log 𝑛

<∞ and lim
𝛽𝑛 = 0. (4.2)
12

𝑛→∞ 𝑛→∞ 𝛽𝑛 𝑛→∞ 𝑛1∕16
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i
t

L
l
w

F
T

a

w
s

H

R
p

W

T

U

An example of a sequence
(

𝛽𝑛
)

𝑛≥1 satisfying the conditions above is 𝛽𝑛 = log 𝑛. We remark that the first condition in (4.2) is used
n the proof of Lemma 4.1, the second condition in (4.2) is used in (4.38), and the third condition in (4.2) is needed at the end of
he proof of Lemma 4.2.

We first give the main idea of the proof of Theorem 2.1. Recall that 𝑐∗ and 𝛼∗ are the constants in (3.4) and (3.7) respectively.
et 𝓁(𝑦) ∶= 𝑐∗𝑦+𝛼∗. According to [3], under (A1), the branching random walk is in the so-called boundary case, which implies that
im𝑚→∞𝑊𝑚 = 0, P-a.s. Therefore, for any 𝑛 ≥ 1, 𝐷∞ = lim𝑚→∞

∑

𝑥∈ (𝑚) 𝑉 (𝑥)𝑒−𝑉 (𝑥) = lim𝑚→∞
∑

𝑥∈ (𝑚)(𝑉 (𝑥) − 𝛾𝑛)𝑒−𝑉 (𝑥), from which
e get that

𝑐∗𝐷∞ = lim
𝑚→∞

∑

𝑥∈ (𝑚)
𝓁
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥). (4.3)

or 𝑥 ∈ T and 𝑚 ≥ 0, let T𝑥 be the subtree of T with root at 𝑥 and  (𝑥, 𝑚) be the collections of particles in the 𝑚th generation of
𝑥. Define

𝐷𝑚(𝑥) ∶=
∑

𝑢∈ (𝑥,𝑚)
(𝑉 (𝑢) − 𝑉 (𝑥))𝑒−(𝑉 (𝑢)−𝑉 (𝑥)),

nd

𝐷∞(𝑥) ∶= lim
𝑚→∞

𝐷𝑚(𝑥).

For 𝑛 ≥ 1 and 𝑚 ≥ ⌈𝑎𝑛⌉, we define the quantity

𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 ∶=

∑

𝑥∈ (𝑚)
𝓁
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥)1{min𝑗∈[𝑎𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛
}, (4.4)

hich roughly takes care of the contributions to 𝐷𝑚 by the paths that stay above the level 𝛾𝑛 between generations ⌈𝑎𝑛⌉ and 𝑚. We
how in Lemma 4.1(i) that 𝐷⌈𝑎𝑛⌉,𝛾𝑛

𝑚 converges to a limit 𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ as 𝑚 → ∞. Then by (4.3), the branching property, we get

𝑐∗𝐷∞ = 𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ +

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛

𝑐∗𝑒−𝑉 (𝑥)𝐷∞(𝑥). (4.5)

ere for any 𝑛 ∈ N and 𝑎 ≥ 1, ⌈𝑎𝑛⌉,𝛾𝑛 ⊂ T is defined by

⌈𝑎𝑛⌉,𝛾𝑛 ∶=
{

𝑥 ∈ T ∶ |𝑥| ≥ ⌈𝑎𝑛⌉, 𝑉 (𝑥) < 𝛾𝑛 and min
𝑗∈[𝑎𝑛,|𝑥|−1]∩Z

𝑉 (𝑥𝑗 ) ≥ 𝛾𝑛
}

. (4.6)

ecall that, for 𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 , 𝐷∞(𝑥) is the limit of the derivative martingale of the branching random walk starting from a single
article at 𝑥. To consider contributions to 𝐷∞ by particles in ⌈𝑎𝑛⌉,𝛾𝑛 , we separate ⌈𝑎𝑛⌉,𝛾𝑛 into two sets ⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 and ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 , where

⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ∶=

{

𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 ∶ min
𝑛≤𝑗≤⌈𝑎𝑛⌉

𝑉 (𝑥𝑗 ) ≥ 𝛾𝑛, 𝑉 (𝑥) ≥ 𝛾𝑛 −
𝛽𝑛
2

}

,

⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 ∶=

{

𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 ∶ min
𝑛≤𝑗≤⌈𝑎𝑛⌉

𝑉 (𝑥𝑗 ) < 𝛾𝑛
}

⋃

{

𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 ∶ |𝑥| > ⌈𝑎𝑛⌉, min
𝑛≤𝑗≤|𝑥|−1

𝑉 (𝑥𝑗 ) ≥ 𝛾𝑛, 𝑉 (𝑥) < 𝛾𝑛 −
𝛽𝑛
2

}

. (4.7)

e define 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 and 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛

𝑏𝑎𝑑 to be the contributions to 𝐷∞ by particles in ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 and ⌈𝑎𝑛⌉,𝛾𝑛

𝑏𝑎𝑑 respectively, that is,

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ∶=

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

𝑐∗𝑒−𝑉 (𝑥)𝐷∞(𝑥) and 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 ∶=

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑐∗𝑒−𝑉 (𝑥)𝐷∞(𝑥).

hen by (4.5), we get

𝑐∗𝐷∞ = 𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ +

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

𝑐∗𝑒−𝑉 (𝑥)𝐷∞(𝑥) +
∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑐∗𝑒−𝑉 (𝑥)𝐷∞(𝑥)

= 𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ + 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 + 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 . (4.8)

sing this, we get that

𝐷∞ −𝐷
⌈𝑎𝑛⌉ +

log 𝑛
2

𝑊
⌈𝑎𝑛⌉ =

1
𝑐∗

(

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ −

(

𝑐∗𝐷
⌈𝑎𝑛⌉ −

(

𝑐∗𝛾𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉

)

)

+ 1
𝑐∗

(

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −

(

𝑐∗𝛽𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉

)

+ 1
𝑐∗
𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 . (4.9)

Now we give a heuristic description of the steps in the proof of Theorem 2.1. For two random sequences 𝑋𝑛 and 𝑌𝑛, we use
𝑋𝑛 ≈ 𝑌𝑛 to mean

√

𝑛(𝑋𝑛 − 𝑌𝑛) → 0 in probability. In Section 4.1, we prove that 𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ ≈ 𝑐∗𝐷

⌈𝑎𝑛⌉ −
(

𝑐∗𝛾𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉, see

Proposition 4.3 below. In Section 4.2, we analyze the weighted number of particles �̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 defined in (4.30) below, and prove

that �̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ≈

(

𝑐∗𝛽𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉, see Corollary 4.8 below. In Section 4.3, we prove that 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛

𝑏𝑎𝑑 is negligible, see Proposition 4.9.
Then, by (4.9), we see that

𝑐∗
(

𝐷 −𝐷 +
log 𝑛

𝑊
)

≈ 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛 − �̂�⌈𝑎𝑛⌉,𝛾𝑛 .
13

∞ ⌈𝑎𝑛⌉ 2 ⌈𝑎𝑛⌉ 𝑔𝑜𝑜𝑑 𝑔𝑜𝑜𝑑
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P

T
t

S

T

w

C

In Section 4.4, we prove the convergence of
√

𝑛(𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 ) to 𝑐∗𝑋𝑎−1∕2𝐷∞
in distribution, see Proposition 4.10 below. Using

these, we can easily get the conclusion of Theorem 2.1.

4.1. Modifications of the martingales with level 𝛾𝑛

For 𝑎 ≥ 1, 𝑛 ∈ N and 𝑚 ≥ ⌈𝑎𝑛⌉, define

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚 ∶=

∑

𝑥∈ (𝑚)
𝑅
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥)1{min𝑗∈[𝑎𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛
}.

Recall the definition of 𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 in (4.4). The quantities �̃�⌈𝑎𝑛⌉,𝛾𝑛

𝑚 and 𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 are related to contribution by particles that are not in

𝑎𝑛,𝛾𝑛 .

Lemma 4.1. Let 𝑎 ≥ 1. Then
(i) 𝐷⌈𝑎𝑛⌉,𝛾𝑛

∞ ∶= lim𝑚→∞𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 exists P-almost surely.

(ii) Moreover, under P,

lim
𝑛→∞

√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

= 0, in probability.

roof. (i) For 𝑚 ≥ ⌈𝑎𝑛⌉, by the branching property,

E
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚+1

|

|

|

𝑚
)

=
∑

𝑥∈ (𝑚)
1{min𝑗∈[𝑎𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛

}𝑒−𝑉 (𝑥)

× E
(

∑

𝑥′∈ (1)
𝑅
(

𝑉 (𝑥′) + 𝑧 − 𝛾𝑛
)

𝑒−𝑉 (𝑥′)1{𝑉 (𝑥′)+𝑧≥𝛾𝑛}

)

|

|

|

|𝑧=𝑉 (𝑥)

=
∑

𝑥∈ (𝑚)
1{min𝑗∈[𝑎𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛

}𝑒−𝑉 (𝑥)𝑅
(

𝑉 (𝑥) − 𝛾𝑛
)

= �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚 .

hus
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚

)

𝑚≥⌈𝑎𝑛⌉
is a non-negative martingale and hence 𝐷⌈𝑎𝑛⌉,𝛾𝑛

∞ ∶= lim𝑚→∞ �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚 exists P-almost surely. It follows from (3.7)

hat sup𝑦≥0 |𝑅(𝑦) − 𝓁(𝑦)| <∞. Therefore,
|

|

|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
𝑚 − �̃�⌈𝑎𝑛⌉,𝛾𝑛

𝑚
|

|

|

≤ sup
𝑦≥0

|𝑅(𝑦) − 𝓁(𝑦)|
∑

𝑥∈ (𝑚)
𝑒−𝑉 (𝑥) = sup

𝑦≥0
|𝑅(𝑦) − 𝓁(𝑦)|𝑊𝑚, P-a.s.

ince lim𝑚→∞𝑊𝑚 = 0, we get the desired conclusion.
(ii) For 𝜅 ≥ 1 and 𝑚 ≥ ⌈𝑎𝑛⌉ + 1, define

𝐵⌈𝑎𝑛⌉,𝛾𝑛
𝑚,𝜅 ∶=

{

𝑥 ∈  (𝑚) ∶ ∀⌈𝑎𝑛⌉ + 1 ≤ 𝑗 ≤ 𝑚,

∑

𝛺(𝑥𝑗 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑥𝑗−1)
)

+

)

𝑒−
(

𝑉 (𝑢)−𝑉 (𝑥𝑗−1)
)

≤ 𝜅𝑒
(

𝑉 (𝑥𝑗−1)−𝛾𝑛
)

∕2
}

,

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚,𝜅 ∶=

∑

𝑥∈ (𝑚)
𝑅
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥)1{min𝑗∈[𝑎𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛
}1{

𝑥∈𝐵⌈𝑎𝑛⌉,𝛾𝑛
𝑚,𝜅

}.

hen by the branching property and Lemma 3.5,

E
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚 − �̃�⌈𝑎𝑛⌉,𝛾𝑛

𝑚,𝜅
|

|

|


⌈𝑎𝑛⌉

)

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}E

(

𝐷−𝑦
𝑚−⌈𝑎𝑛⌉ −𝐷

−𝑦
𝑚−⌈𝑎𝑛⌉,𝜅

)

|

|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛
≲ 𝑊

⌈𝑎𝑛⌉ℎ(𝜅), (4.10)

here ℎ is the function in Lemma 3.5. By Lemma 3.6, we have

Var
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚,𝜅

|

|

|


⌈𝑎𝑛⌉

)

≤
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−2𝑉 (𝑢)E

((

𝐷−𝑦
𝑚−⌈𝑎𝑛⌉,𝜅

)2)
|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛

≲ 𝜅
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−2𝑉 (𝑢)𝑒𝑉 (𝑢)−𝛾𝑛 = 𝜅𝑒−𝛾𝑛𝑊

⌈𝑎𝑛⌉. (4.11)

ombining (4.10)–(4.11) with E
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚

|

|

|


⌈𝑎𝑛⌉

)

= �̃�⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ and Lemma 3.4 with 𝑞 = 2, we get that, for any 𝜀 > 0,

P
(

|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑚 − �̃�⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

≥ 3𝜀
√

⌈𝑎𝑛⌉
|

|

|


⌈𝑎𝑛⌉

)

≤ 2

√

⌈𝑎𝑛⌉
E
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛 |
|

)

+
⌈𝑎𝑛⌉Var

(

�̃�⌈𝑎𝑛⌉,𝛾𝑛 |
|

)

14

𝜀 𝑚 𝑚,𝜅
|

⌈𝑎𝑛⌉ 𝜀2 𝑚,𝜅
|

⌈𝑎𝑛⌉
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L

B

O

s

T

C

B

L

L

t

P

≲
√

⌈𝑎𝑛⌉𝑊
⌈𝑎𝑛⌉

(

2ℎ(𝜅)
𝜀

+

√

⌈𝑎𝑛⌉
𝜀2

𝜅𝑒−2
−1 log 𝑛−𝛽𝑛

)

.

etting 𝑚 → ∞, we get that for all 𝜅 ≥ 1 and 𝑛 ≥ 1,

P
(

|

|

|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ − �̃�⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

≥ 3𝜀
√

⌈𝑎𝑛⌉
|

|

|


⌈𝑎𝑛⌉

)

≲
√

⌈𝑎𝑛⌉𝑊
⌈𝑎𝑛⌉

(

ℎ(𝜅) + 𝜅𝑒−𝛽𝑛
)

. (4.12)

y (4.2), lim𝑛→∞ 𝛽𝑛 = ∞. Using (1.2) and (4.12), first letting 𝑛→ ∞ and then 𝜅 → ∞, we get

lim
𝑛→∞

√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ − �̃�⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

= 0, in probability. (4.13)

n the other hand, by (3.7) we know that there exists 𝐶 > 0 such that |𝑅(𝑦) − 𝓁(𝑦)| ≤ 𝐶 for all 𝑦 ≥ 0 and that, for any 𝜂 > 0, there
exists 𝐾 = 𝐾(𝜂) > 0 such that |𝑅(𝑦) − 𝓁(𝑦)| < 𝜂 for 𝑦 > 𝐾. Since min𝑥∈ (𝑚) 𝑉 (𝑥) → +∞ as 𝑚 → ∞, for any 𝛿 > 0, there exists 𝐿 > 0
uch that

P
(

min
𝑥∈T

𝑉 (𝑥) < −𝐿
)

≤ 𝛿. (4.14)

herefore,
|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

≤ 𝜂𝑊
⌈𝑎𝑛⌉ + 𝐶

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝛾𝑛≤𝑉 (𝑥)<𝛾𝑛+𝐾}. (4.15)

ombining (4.14), (4.15) and Markov’s inequality, we get that, for any 𝜀 > 0,

P
(

|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

> 𝜀
√

𝑛

)

≤ 𝛿 + P
(

𝜂
√

𝑛𝑊
⌈𝑎𝑛⌉ > 𝜀∕2

)

+ P
(

𝐶
√

𝑛
∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝛾𝑛≤𝑉 (𝑥)<𝛾𝑛+𝐾}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿

} > 𝜀∕2
)

≤ 𝛿 + P
(

𝜂
√

𝑛𝑊
⌈𝑎𝑛⌉ > 𝜀∕2

)

+
2𝐶

√

𝑛
𝜀

E
(

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝛾𝑛≤𝑉 (𝑥)<𝛾𝑛+𝐾}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿

}

)

= 𝛿 + P
(

𝜂
√

𝑛𝑊
⌈𝑎𝑛⌉ > 𝜀∕2

)

+
2𝐶

√

𝑛
𝜀

𝐏
(

𝛾𝑛 ≤ 𝑆
⌈𝑎𝑛⌉ < 𝛾𝑛 +𝐾, min

𝑗≤⌈𝑎𝑛⌉
𝑆𝑗 ≥ −𝐿

)

. (4.16)

y the third condition in (4.2), we have 𝛾𝑛 = 𝑜(𝑛1∕16). Thus by Lemma 3.1(ii) we have

lim sup
𝑛→∞

2𝐶
√

𝑛
𝜀

𝐏
(

𝛾𝑛 ≤ 𝑆
⌈𝑎𝑛⌉ < 𝛾𝑛 +𝐾, min

𝑗≤⌈𝑎𝑛⌉
𝑆𝑗 > −𝐿

)

≲ lim
𝑛→∞

2𝐶
√

𝑛
𝜀

(𝐿 + 1)(𝐾 + 1)(𝛾𝑛 + 𝐿 +𝐾 + 1)
√

⌈𝑎𝑛⌉3
= 0.

Thus, using (1.2) and letting 𝑛→ ∞ in (4.16), we get

lim sup
𝑛→∞

P
(

|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

> 𝜀
√

𝑛

)

≤ 𝛿 + P
(

𝜂
√

2
𝜋𝜎2

𝑎−1∕2𝐷∞ > 𝜀∕2
)

. (4.17)

etting 𝛿, 𝜂 → 0 in (4.17), and then combining the resulting fact with (4.13), we get the desired conclusion. □

For 𝑚 ≥ 𝑛, define

𝑊 𝑛,𝛾𝑛
𝑚 ∶=

∑

𝑥∈ (𝑚)
𝑒−𝑉 (𝑥)1{min𝑗∈[𝑛,𝑚]∩Z 𝑉 (𝑥𝑗 )≥𝛾𝑛

}. (4.18)

emma 4.2. (i) For all 𝑎 ≥ 1, 𝑏 ∈ R, as 𝑛→ ∞,
(

𝛾𝑛 + 𝑏
)√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉

)

→ 0 in probability.
(ii) For all 𝑎 ≥ 1, 𝑏 ∈ R, as 𝑛 → ∞,

(

𝛾𝑛 + 𝑏
)√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

→ 0 in probability. Moreover, if there exists a sequence of random
variables

{

𝐽𝑛
}

such that for all 𝑛 ≥ 1,

E
(

|

|

𝐽𝑛||
|

|

|


⌈𝑎𝑛⌉

)

≲
(

𝛾𝑛 + 𝑏
)
√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

,

hen 𝐽𝑛 → 0 in probability.

roof. (i) Without loss of generality, we assume 𝑏 ≥ 0. Fix 𝛿 > 0 and let 𝐿 be the constant in (4.14). By (4.18), 𝑊 ⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ =

∑

𝑥∈ (⌈𝑎𝑛⌉) 𝑒
−𝑉 (𝑥)1{𝑉 (𝑥)≥𝛾𝑛}. Therefore, for any 𝜀 > 0,

P
(

𝑊
⌈𝑎𝑛⌉ −𝑊

⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ ≥ 𝜀

( )√

)

15

𝛾𝑛 + 𝑏 𝑛
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L

P

≤ 𝛿 + P
(

𝑊
⌈𝑎𝑛⌉ −𝑊

⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ ≥ 𝜀

(

𝛾𝑛 + 𝑏
)√

𝑛
, min
𝑗≤⌈𝑎𝑛⌉

min
𝑥∈ (⌈𝑎𝑛⌉)

𝑉 (𝑥𝑗 ) ≥ −𝐿
)

= 𝛿 + P
(

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<𝛾𝑛}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿} ≥

𝜀
(

𝛾𝑛 + 𝑏
)√

𝑛
, min
𝑗≤⌈𝑎𝑛⌉

min
𝑥∈ (⌈𝑎𝑛⌉)

𝑉 (𝑥𝑗 ) ≥ −𝐿
)

≤ 𝛿 + P
(

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<𝛾𝑛}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿} ≥

𝜀
(

𝛾𝑛 + 𝑏
)√

𝑛

)

.

Using Markov’s inequality and Lemma 3.1 (ii), we obtain that

P
(

𝑊
⌈𝑎𝑛⌉ −𝑊

⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ ≥ 𝜀

(

𝛾𝑛 + 𝑏
)√

𝑛

)

≤ 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

E
(

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<𝛾𝑛}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿}

)

= 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

𝐏𝐿
(

𝑆
⌈𝑎𝑛⌉ < 𝛾𝑛 + 𝐿, min

𝑗≤⌈𝑎𝑛⌉
𝑆𝑗 ≥ 0

)

≲ 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

⋅
(𝛾𝑛 + 1)2(𝐿 + 1)

√

⌈𝑎𝑛⌉3
.

Since 𝛾𝑛 = 𝑜(𝑛1∕16), by taking 𝑛→ ∞ first and then 𝛿 → 0 in the display above, we get the conclusion of (i).
(ii) When 𝑎 = 1, the first assertion in (ii) is simply the assertion of (i). By Markov’s inequality,

P(|𝐽𝑛| > 𝜀
|

|

|

𝑛) ≤
1
𝜀
E
(

|

|

𝐽𝑛||
|

|

|

𝑛
)

≲ 1
𝜀
(

𝛾𝑛 + 𝑏
)
√

𝑛
(

𝑊𝑛 −𝑊
𝑛,𝛾𝑛
𝑛

) P
⟶ 0.

Since P(|𝐽𝑛| > 𝜀
|

|

|

𝑛) is bounded, the second assertion in (ii) now follows from the bounded convergence theorem. Now we assume
𝑎 > 1. Without loss of generality, we assume 𝑏 ≥ 0. It suffices to prove the second result since the first one holds by taking
𝐽𝑛 =

(

𝛾𝑛 + 𝑏
)√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

. Using the same argument as in (i) gives

P
(

|

|

𝐽𝑛|| > 𝜀
)

≤ 𝛿 + 1
𝜀
E
(

E
(

|

|

𝐽𝑛||
|

|

|


⌈𝑎𝑛⌉

)

1{
min𝑗≤⌈𝑎𝑛⌉ min𝑥∈ (⌈𝑎𝑛⌉) 𝑉 (𝑥𝑗 )≥−𝐿

}

)

≤ 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

E
(

(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

1{
min𝑗≤⌈𝑎𝑛⌉ min𝑥∈ (⌈𝑎𝑛⌉) 𝑉 (𝑥𝑗 )≥−𝐿

}

)

≤ 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

E
(

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{min𝑗∈[𝑛,⌈𝑎𝑛⌉]∩Z 𝑉 (𝑥𝑗 )<𝛾𝑛

}1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )≥−𝐿}

)

= 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

𝐏𝐿
(

min
𝑛≤𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 < 𝛾𝑛 + 𝐿, min
𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 ≥ 0
)

. (4.19)

et 𝑓𝑘(𝑆𝑘) ∶= 𝐏𝑆𝑘
(

min𝑗≤⌈𝑎𝑛⌉−𝑘 𝑆𝑗 ≥ 0
)

. By Lemma 3.1(i), we know that 𝑓𝑘(𝑆𝑘) ≲ (1 + 𝑆𝑘)(⌈𝑎𝑛⌉ − 𝑘)−1∕2. By Lemma 3.1 (ii), we have

𝐏𝐿
(

min
𝑛≤𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 < 𝛾𝑛 + 𝐿, min
𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 ≥ 0
)

≤
⌈𝑎𝑛⌉
∑

𝑘=𝑛
𝐏𝐿

(

𝑆𝑘 < 𝛾𝑛 + 𝐿, min
𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 ≥ 0
)

≤
⌈𝑎𝑛⌉−[

√

𝑛]
∑

𝑘=𝑛
𝐄𝐿

(

𝑓𝑘(𝑆𝑘)1{𝑆𝑘<𝛾𝑛+𝐿}1
{

min𝑗≤𝑘 𝑆𝑗≥0
}

)

+
⌈𝑎𝑛⌉
∑

𝑘=⌈𝑎𝑛⌉−[
√

𝑛]+1

𝐏𝐿
(

𝑆𝑘 < 𝛾𝑛 + 𝐿,min
𝑗≤𝑘

𝑆𝑗 ≥ 0
)

≲ (1 + 𝛾𝑛 + 𝐿)
⌈𝑎𝑛⌉−[

√

𝑛]
∑

𝑘=𝑛

1
√

⌈𝑎𝑛⌉ − 𝑘
𝐏𝐿

(

𝑆𝑘 < 𝛾𝑛 + 𝐿,min
𝑗≤𝑘

𝑆𝑗 ≥ 0
)

+
√

𝑛
(1 + 𝛾𝑛 + 𝐿)2(1 + 𝐿)

√

(

⌈𝑎𝑛⌉ − [
√

𝑛] + 1
)3

≲
(1 + 𝛾𝑛 + 𝐿)
√

[
√

𝑛]
⋅ ⌈𝑎𝑛⌉ ⋅

(1 + 𝛾𝑛 + 𝐿)2(1 + 𝐿)
√

𝑛3
+
√

𝑛
(1 + 𝛾𝑛 + 𝐿)2(1 + 𝐿)

√

(

⌈𝑎𝑛⌉ − [
√

𝑛] + 1
)3

=∶ 𝑏𝑛.

Using 𝛾𝑛 → ∞ as 𝑛→ ∞, we can easily get 𝑛3∕4𝑏𝑛∕
(

𝛾3𝑛
)

≲ 1. Combining this with (4.19), we get that as 𝑛→ ∞,

P
(

|

|

𝐽𝑛|| > 𝜀
)

≲ 𝛿 +

(

𝛾𝑛 + 𝑏
)√

𝑛
𝜀

𝑏𝑛 ≲ 𝛿 +
𝛾4𝑛
𝑛1∕4

.

Note that by the third condition of (4.2), lim𝑛→∞
𝛾4𝑛
𝑛1∕4

= 0. Letting 𝑛→ ∞ first and then 𝛿 → 0, we get the desired result. □

Recall that 𝑐∗ and 𝛼∗ are the constants in (3.4) and (3.7) and 𝓁(𝑦) = 𝑐∗𝑦 + 𝛼∗.

roposition 4.3. For any 𝑎 ≥ 1, under P,

lim
√

𝑛 ||𝐷⌈𝑎𝑛⌉,𝛾𝑛 −
(

𝑐∗𝐷 −
(

𝑐∗𝛾 − 𝛼∗
)

𝑊
)

|

| = 0 in probability.
16

𝑛→∞ |

∞ ⌈𝑎𝑛⌉ 𝑛 ⌈𝑎𝑛⌉
|
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B

C

P

T

U

w

Proof. Define �̃�𝛾𝑛
𝑚 ∶=

∑

𝑥∈ (𝑚) 𝓁
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥) = 𝑐∗𝐷𝑚 −
(

𝑐∗𝛾𝑛 − 𝛼∗
)

𝑊𝑚. Note that
√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ − �̃�𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

≤
√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

+
√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ − �̃�𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

.

y Lemma 4.1 (ii), lim𝑛→∞
√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ −𝐷⌈𝑎𝑛⌉,𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

= 0 in probability with respect to P. On the set
{

min
|𝑥|=⌈𝑎𝑛⌉ 𝑉 (𝑥) > 0

}

, we have
√

𝑛||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ − �̃�𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

=
√

𝑛||
|

∑

𝑥∈ (⌈𝑎𝑛⌉)
𝓁
(

𝑉 (𝑥) − 𝛾𝑛
)

𝑒−𝑉 (𝑥)1{𝑉 (𝑥)<𝛾𝑛}
|

|

|

≤
(

𝑐∗𝛾𝑛 + 𝛼∗
)
√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉

)

.

ombining Lemma 4.2(i) with the fact that lim𝑚→∞ P
(

min𝑥∈ (𝑚) 𝑉 (𝑥) > 0
)

= 1, we immediately get that lim𝑛→∞
√

𝑛 ||
|

𝐷⌈𝑎𝑛⌉,𝛾𝑛
⌈𝑎𝑛⌉ − �̃�𝛾𝑛

⌈𝑎𝑛⌉
|

|

|

=
0 in probability with respect to P. Now the desired conclusion follows. □

4.2. Approximation of the martingales via weighted number of particles

Recall that 𝛾𝑛 is defined in (4.1). For any 𝑛 ∈ N and 𝑎 ≥ 1, we define

𝑁⌈𝑎𝑛⌉,𝛾𝑛 ∶=
∞
∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛

}.

Lemma 4.4. For every 𝑎 ≥ 1, under P,

lim
𝑛→∞

√

𝑛𝛽𝑛
|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

|

|

|

|

= 0, in probability.

roof. Recall that ⌈𝑎𝑛⌉,𝛾𝑛 is defined in (4.6). Define

⌈𝑎𝑛⌉,𝛾𝑛
𝜅 ∶=

{

𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 ∶ ∀⌈𝑎𝑛⌉ + 1 ≤ 𝑗 ≤ |𝑥|,
∑

𝑢∈𝛺(𝑥𝑗 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑥𝑗−1)
)

+

)

𝑒−
(

𝑉 (𝑢)−𝑉 (𝑥𝑗−1)
)

≤ 𝜅𝑒
(

𝑉 (𝑥𝑗−1)−𝛾𝑛
)

∕2
}

, (4.20)

𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅 ∶=

∞
∑

𝓁=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛

}1{
𝑥∈⌈𝑎𝑛⌉,𝛾𝑛

𝜅
}.

hen by Lemma 3.4 with 𝑞 = 1 + 𝛼, for any 𝜀 > 0, we have

P
(

√

𝑛𝛽𝑛
|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

|

|

|

|

> 3𝜀||
|


⌈𝑎𝑛⌉

)

≤
2
√

𝑛𝛽𝑛
𝜀

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 −𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅

|

|

|


⌈𝑎𝑛⌉

)

+

(
√

𝑛𝛽𝑛
𝜀

)1+𝛼

E
(

|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅 − E

(

𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑎𝑛⌉

)

. (4.21)

sing Lemma 3.7 (ii) and the Markov property, we get

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 −𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅

|

|

|


⌈𝑎𝑛⌉

)

= E
( ∞

∑

𝓁=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛

}1{
𝑥∉⌈𝑎𝑛⌉,𝛾𝑛

𝜅
}

|

|

|

|


⌈𝑎𝑛⌉

)

≤ E
( ∞

∑

𝓁=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)1{min

⌈𝑎𝑛⌉≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛
}1{

𝑥∉⌈𝑎𝑛⌉,𝛾𝑛
𝜅

}

|

|

|

|


⌈𝑎𝑛⌉

)

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}E

(

𝑁𝑧
[1,∞) −𝑁

𝑧
[1,∞),𝜅

)

|

|

|𝑧=𝑉 (𝑢)−𝛾𝑛
≲
𝑔(𝜅)
log 𝜅

𝑊
⌈𝑎𝑛⌉, (4.22)

here 𝑔 is the function in Lemma 3.7 (ii). It follows from [13, Theorem 2] that, for any random variables 𝑋1,… , 𝑋𝑚 with finite
(1 + 𝛼)-moment satisfying E(𝑋𝑗+1|𝑋1 + ⋯𝑋𝑗 ) = 0 for all 𝑗 = 1,… , 𝑚 − 1, we have E

(

|

|

∑

𝑖𝑋𝑖
|

|

1+𝛼
)

≤ 2
∑

𝑖 E
(

|𝑋𝑖|
1+𝛼). Note that, by

the branching property, 𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅 =

∑

𝑢∈ (⌈𝑎𝑛⌉)𝐻(𝑢) with {𝐻(𝑢) ∶ 𝑢 ∈  (⌈𝑎𝑛⌉)} being independent random variables conditioned on

⌈𝑎𝑛⌉. More precisely, for 𝑢 ∈  (⌈𝑎𝑛⌉),

𝐻(𝑢) =
∞
∑ ∑

𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛
}1{

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝜅

}.
17

𝓁=⌈𝑎𝑛⌉+1 𝑥∈ (𝓁),𝑥>𝑢
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Using these two observations, the branching property, the trivial inequality E
(

|𝑋 − E𝑋|

1+𝛼) ≤ 21+𝛼E(|𝑋|

1+𝛼) and Lemma 3.8, we
et

E
(

|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅 − E

(

𝑁⌈𝑎𝑛⌉,𝛾𝑛
𝜅

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑎𝑛⌉

)

= E
(

|

|

|

|

∑

𝑢∈ (⌈𝑎𝑛⌉)

(

𝐻(𝑢) − E
(

𝐻(𝑢)||
|


⌈𝑎𝑛⌉

))

|

|

|

|

1+𝛼
|

|

|


⌈𝑎𝑛⌉

)

≲
∑

𝑢∈ (⌈𝑎𝑛⌉)
E
(

|

|

|

|

𝐻(𝑢) − E
(

𝐻(𝑢)||
|


⌈𝑎𝑛⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑎𝑛⌉

)

≲
∑

𝑢∈ (⌈𝑎𝑛⌉)
E
(

|𝐻(𝑢)|1+𝛼 ||
|


⌈𝑎𝑛⌉

)

≲
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−(1+𝛼)𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}E

((

𝑁𝑧
[1,∞),𝜅

)1+𝛼)
|

|

|𝑧=𝑉 (𝑢)−𝛾𝑛

≲ 𝜅𝛼
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−(1+𝛼)𝑉 (𝑢)𝑒𝛼(𝑉 (𝑢)−𝛾𝑛) = 𝜅𝛼𝑒−𝛼𝛾𝑛𝑊

⌈𝑎𝑛⌉. (4.23)

ombining (4.21), (4.22) and (4.23), taking 𝜅 = 𝑒𝛽𝑛∕2 and using the definition of 𝛾𝑛, we get

P
(

√

𝑛𝛽𝑛
|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

|

|

|

|

> 3𝜀||
|


⌈𝑎𝑛⌉

)

≲
√

𝑛𝑊
⌈𝑎𝑛⌉

( 𝑔
(

𝑒𝛽𝑛∕2
)

𝜀
+
𝛽1+𝛼𝑛 𝑒−𝛼𝛽𝑛∕2

𝜀1+𝛼

)

. (4.24)

etting 𝑛 → ∞, and combining (1.2), (4.2) and the fact that lim𝑧→∞ 𝑔(𝑧) = 0, we get the desired conclusion. □

Recall the definition of ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 in (4.7). Define

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ∶=

∞
∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛

}. (4.25)

roposition 4.5. For any 𝑎 ≥ 1, under P, it holds that

lim
𝑛→∞

√

𝑛𝛽𝑛
|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −𝑊

⌈𝑎𝑛⌉
|

|

|

= 0, in probability.

roof. By the branching property and Lemma 3.7(i), we have

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

= E
( ∞

∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛

}

|

|

|


⌈𝑎𝑛⌉

)

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}E
(

𝑁𝑧
[1,∞)

)

|

|

|𝑧=𝑉 (𝑢)−𝛾𝑛

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

} = 𝑊 𝑛,𝛾𝑛
⌈𝑎𝑛⌉ . (4.26)

hen we have
√

𝑛𝛽𝑛
|

|

|

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −𝑊

⌈𝑎𝑛⌉
|

|

|

≤
√

𝑛𝛽𝑛
|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|

+
√

𝑛𝛽𝑛
|

|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

|

|

|

|

+
√

𝑛𝛽𝑛
|

|

|

𝑊 𝑛,𝛾𝑛
⌈𝑎𝑛⌉ −𝑊⌈𝑎𝑛⌉

|

|

|

.

t follows from Lemma 4.2 and Lemma 4.4 that the second and third terms on the right hand side of the above inequality converge
o 0 in probability as 𝑛 → ∞. To prove the desired result, we only need to prove

lim
𝑛→∞

√

𝑛𝛽𝑛
|

|

|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|

= 0, in probability. (4.27)

Recall that (𝑆𝑛,𝐏𝑦) is the random walk defined in (3.1) with 𝑆0 = 𝑦. By the Markov property and (3.1), we have

E
(

√

𝑛𝛽𝑛
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

)

|

|

|


⌈𝑎𝑛⌉

)

=
√

𝑛𝛽𝑛E
( ∞

∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝑉 (𝑥)<𝛾𝑛−𝛽𝑛∕2

}

|

|

|


⌈𝑎𝑛⌉

)

≤
√

𝑛𝛽𝑛
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}

∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘 < −𝛽𝑛∕2
)

|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛
. (4.28)

or 𝑘 ≥ 2, 𝑈𝑘 ∶= 𝑆𝑘 − 𝑆𝑘−1 is independent to 𝑆1,… , 𝑆𝑘−1 and has the same law as 𝑆1 − 𝑆0. Thus for all 𝑦 ≥ 0,
∞
∑

𝐏𝑦
(

min 𝑆𝑗 ≥ 0, 𝑆𝑘 < −𝛽𝑛∕2
)

= 𝐄𝑦
(

∞
∑

𝐏𝑦
(

min 𝑆𝑗 ≥ 0, 𝑆𝑘−1 < −𝑢𝑘 − 𝛽𝑛∕2
)

|

|

|𝑢 =𝑈

)

18

𝑘=1 𝑗≤𝑘−1 𝑘=1 𝑗≤𝑘−1 𝑘 𝑘
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B

T

N

H

C

w

C
a

L

P

= 𝐄𝑦
(

∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘−1 < −𝑢 − 𝛽𝑛∕2
)

|

|

|𝑢=𝑆1−𝑦

)

.

y Lemma 3.1 (iii), we see that
∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘−1 < −𝑢 − 𝛽𝑛∕2
)

≲ (1 − 𝑢 − 𝛽𝑛∕2)21{−𝑢−𝛽𝑛∕2>0}.

herefore, using the fact that (𝑆1 − 𝑦,𝐏𝑦)
d
= (𝑆1,𝐏), we obtain

∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘 < −𝛽𝑛∕2
)

≲ 𝐄
((

1 − 𝑆1 − 𝛽𝑛∕2
)2 1{𝑆1<−𝛽𝑛∕2}

)

.

ote that for 𝑢 < −𝛽𝑛∕2 and 𝛽𝑛∕2 > 1,
(

1 − 𝑢 − 𝛽𝑛∕2
)2 ≤ 2

(

𝑢2 +
(

𝛽𝑛∕2 − 1
)2) ≤ 4𝑢2.

ence, for all 𝑦 ≥ 0 and 𝑛 ≥ 1,
∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘 < −𝛽𝑛∕2
)

≲ 4𝐄
(

𝑆2
11{𝑆1<−𝛽𝑛∕2}

)

≲ 1
𝛽𝑛

𝐄
((

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

. (4.29)

ombining (4.28) and (4.29), we obtain

E
(

√

𝑛𝛽𝑛
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

)

|

|

|


⌈𝑎𝑛⌉

)

≲
√

𝑛𝑊
⌈𝑎𝑛⌉𝐄

(

(

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

,

hich implies (4.27). The proof is complete. □

orollary 4.6. Let 𝑚 ≥ 1, 1 ≤ 𝑎1 < ⋯ < 𝑎𝑚 < 𝑎𝑚+1 = ∞ and (𝑧𝑛)𝑛∈N ∈ (C𝑚)N, here 𝑧𝑛 = (𝑧𝑛1, 𝑧
𝑛
2,… , 𝑧𝑛𝑚). Assume that for all 1 ≤ 𝑘 ≤ 𝑚

nd 𝑛 ≥ 0, Re
(

𝑧𝑛𝑘
)

≤ 0 and 𝑧𝑛 converges to some 𝑧 = (𝑧1,… , 𝑧𝑚) ∈ C𝑚. Then under P,

lim
𝑛→∞

E
(

exp
{ 𝑚
∑

𝑘=1
𝑧𝑛𝑘
√

𝑛
(

�̃�⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̃�⌈𝑎𝑘+1𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

}

|

|

|

|

𝑛
)

= exp
{
√

2
𝜋𝜎2

𝐷∞

𝑚
∑

𝑘=1
𝑧𝑘

(

1
√

𝑎𝑘
− 1

√

𝑎𝑘+1

)}

, in probability.

Proof. Using (1.2) and Proposition 4.5, we have that, for all 1 ≤ 𝑎 < 𝑏 ≤ ∞,

lim
𝑛→∞

|

|

|

|

√

𝑛
(

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̃�⌈𝑏𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

−
√

2
𝜋𝜎2

𝐷𝑛

(

1
√

𝑎
− 1

√

𝑏

)

|

|

|

|

= 0, in probability.

Noticing that �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ≥ �̃�⌈𝑏𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 and Re
(

𝑧𝑛𝑘
)

≤ 0, using [11, Remark A.3], it suffices to prove that

lim
𝑛→∞

E
(

exp
{ 𝑚
∑

𝑘=1
𝑧𝑛𝑘

√

2
𝜋𝜎2

𝐷𝑛

(

1
√

𝑎𝑘
− 1

√

𝑎𝑘+1

)

}

|

|

|

|

𝑛
)

= exp
{
√

2
𝜋𝜎2

𝐷∞

𝑚
∑

𝑘=1
𝑧𝑘

(

1
√

𝑎𝑘
− 1

√

𝑎𝑘+1

)}

, in probability.

Since 𝐷𝑛 ∈ 𝑛 and lim𝑛→∞𝐷𝑛 = 𝐷∞, the equality above is trivial. □

Define

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ∶=

∞
∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑐∗𝑒−𝑉 (𝑥)

(

𝑉 (𝑥) −
log 𝑛
2

)

1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛
}1{𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛}. (4.30)

emma 4.7. For any 𝑎 ≥ 1, under P, it holds that

lim
𝑛→∞

√

𝑛 ||
|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −

(

𝑐∗𝛽𝑛 − 𝛼∗
)

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|

= 0, in probability.

roof. Note that
√

𝑛 ||
|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −

(

𝑐∗𝛽𝑛 − 𝛼∗
)

�̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|

≤
√

𝑛
|

|

|

|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − E

(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

+
√

𝑛
|

|E
(

�̂�⌈𝑎𝑛⌉,𝛾𝑛 |
|

)

−
(

𝑐∗𝛽 − 𝛼∗
)

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

)

|

|

19

|

|

𝑔𝑜𝑜𝑑
|

⌈𝑎𝑛⌉ 𝑛
|

⌈𝑎𝑛⌉ |

|
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+
(

𝑐∗𝛽𝑛 − 𝛼∗
)
√

𝑛
|

|

|

|

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

−𝑁⌈𝑎𝑛⌉,𝛾𝑛
|

|

|

|

+
(

𝑐∗𝛽𝑛 − 𝛼∗
)
√

𝑛 ||
|

𝑁⌈𝑎𝑛⌉,𝛾𝑛 − �̃�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|

=∶ 𝐼𝑛 + 𝐼𝐼𝑛 + 𝐼𝐼𝐼𝑛 + 𝐼𝑉𝑛.

t follows from Lemma 4.4 and (4.27) that 𝐼𝐼𝐼𝑛 and 𝐼𝑉𝑛 tend to 0 in probability as 𝑛→ ∞.
We first show that lim𝑛→∞ 𝐼𝑛 = 0 in probability. Define

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑,𝜅 ∶=

∞
∑

𝓁=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝓁)
𝑐∗𝑒−𝑉 (𝑥)

(

𝑉 (𝑥) −
log 𝑛
2

)

× 1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛
}1{𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛}1

{

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝜅

},

where ⌈𝑎𝑛⌉,𝛾𝑛
𝜅 is defined in (4.20). By Lemma 3.4, we get that, for any 𝜀 > 0,

P
(

√

𝑛
|

|

|

|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − E

(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

> 3𝜀||
|


⌈𝑎𝑛⌉

)

≤
2
√

𝑛
𝜀

E
(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑,𝜅
|

|

|


⌈𝑎𝑛⌉

)

+

(
√

𝑛
𝜀

)1+𝛼

E
(

|

|

|

|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑,𝜅 − E

(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑,𝜅

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑎𝑛⌉

)

.

y an argument similar to that leading to (4.24), taking 𝜅 = 𝑒𝛽𝑛∕2 and using Lemma 3.9, we can get

P
(

√

𝑛
|

|

|

|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − E

(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|


⌈𝑎𝑛⌉

)

|

|

|

|

> 3𝜀||
|


⌈𝑎𝑛⌉

)

≲
√

𝑛𝑊
⌈𝑎𝑛⌉

( 𝑔
(

𝑒𝛽𝑛∕2
)

𝜀
+
𝛽1+𝛼𝑛 𝑒−𝛼𝛽𝑛∕2

𝜀1+𝛼

)

.

Combining this with (1.2), (4.2) and the fact lim𝑧→∞ 𝑔(𝑧) = 0, we immediately get lim𝑛→∞ 𝐼𝑛 = 0 in probability.
Therefore, it remains to prove that lim𝑛→∞ 𝐼𝐼𝑛 = 0 in probability. By the branching property, we have

E
(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|


⌈𝑎𝑛⌉

)

= 𝑐∗
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}

×
∞
∑

𝑘=1
E
(

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥) (𝑉 (𝑥) + 𝛽𝑛 + 𝑦

)

1{min𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥−𝑦
}1{−𝑦−𝛽𝑛∕2≤𝑉 (𝑥)<−𝑦}

)

|

|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛

= 𝑐∗
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}

×
∞
∑

𝑘=1
𝐄𝑉 (𝑢)−𝛾𝑛

(

(

𝑆𝑘 + 𝛽𝑛
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{−𝛽𝑛∕2≤𝑆𝑘<0}

)

. (4.31)

or 𝑦 ≥ 0, 𝑛 ≥ 1, define

𝛬𝑛(𝑦) ∶=
∞
∑

𝑘=1
𝐄𝑦

(

(

𝑆𝑘 + 𝛽𝑛
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘<−𝛽𝑛∕2}

)

.

y (4.29), we have

𝛬𝑛(𝑦) ≤ 𝛽𝑛
∞
∑

𝑘=1
𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘 < −𝛽𝑛∕2
)

≲ 𝐄
(

(

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

.

n the other hand, we have

−𝛬𝑛(𝑦) ≤
∞
∑

𝑘=1
𝐄𝑦

(

(

−𝑆𝑘
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘<−𝛽𝑛∕2}

)

=
∞
∑

𝑘=1
𝐄𝑦

(

(

−𝑆𝑘
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘−1<−𝑈𝑘−𝛽𝑛∕2}

)

≤
∞
∑

𝑘=1
𝐄𝑦

(

(

−𝑈𝑘
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘−1<−𝑈𝑘−𝛽𝑛∕2}

)

,

here 𝑈𝑘 = 𝑆𝑘 − 𝑆𝑘−1, and in the last inequality we used the fact that −𝑆𝑘 ≤ −𝑈𝑘 on the set {𝑆𝑘−1 ≥ 0}. By Lemma 3.1 (iii), we
ave

∞
∑

𝑘=1
𝐄𝑦

((

−𝑈𝑘
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘−1<−𝑈𝑘−𝛽𝑛∕2}

)

= 𝐄
(

(

−𝑈1
)

1{−𝑈1>𝛽𝑛∕2}

∞
∑

𝐄𝑦
(

min 𝑆𝑗 ≥ 0, 𝑆𝑘−1 < −𝑢1 − 𝛽𝑛∕2
)

|

|

|𝑢 =𝑈

)

20

𝑘=1 𝑗≤𝑘−1 1 1
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B

F

R

C

L

P

≲ 𝐄
((

−𝑈1
) (

1 − 𝑈1 − 𝛽𝑛∕2
)2 1{−𝑈1>𝛽𝑛∕2}

)

≲ 𝐄
((

−𝑈1
)3 1{−𝑈1>𝛽𝑛∕2}

)

= 𝐄
((

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

.

Therefore, for all 𝑦 ≥ 0, 𝑛 ≥ 1,
|

|

𝛬𝑛(𝑦)|| ≲ 𝐄
((

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

.

Combining this inequality and the definition of 𝛬𝑛, we get

𝑐∗
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}

|

|

|

|

∞
∑

𝑘=1
𝐄𝑉 (𝑢)−𝛾𝑛

(

(

𝑆𝑘 + 𝛽𝑛
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘<−𝛽𝑛∕2}

)

|

|

|

|

= 𝑐∗
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

} |

|

𝛬𝑛(𝑉 (𝑢) − 𝛾𝑛)||

≲ 𝐄
((

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

𝑊
⌈𝑎𝑛⌉. (4.32)

y (3.6), we see that 𝑅(𝑦) = 𝑐∗𝑦 − 𝑐∗𝐄𝑦
(

𝑆𝜏−0
)

for 𝑦 ≥ 0. Thus

𝑐∗
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}

∞
∑

𝑘=1
𝐄𝑉 (𝑢)−𝛾𝑛

((

𝑆𝑘 + 𝛽𝑛
)

1{min𝑗≤𝑘−1 𝑆𝑗≥0
}1{𝑆𝑘<0}

)

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}𝑐∗𝐄𝑉 (𝑢)−𝛾𝑛

(

𝑆𝜏−0 + 𝛽𝑛
)

=
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}

(

𝑐∗𝛽𝑛 + 𝑐∗
(

𝑉 (𝑢) − 𝛾𝑛
)

− 𝑅
(

𝑉 (𝑢) − 𝛾𝑛
))

. (4.33)

or any 𝜀 > 0, let 𝐾 be large enough such that |𝑅(𝑦) − (𝑐∗𝑦 + 𝛼∗)| < 𝜀 for 𝑦 > 𝐾. Therefore, when 𝑉 (𝑢) − 𝛾𝑛 > 𝐾, we have
|

|

|

(

𝑐∗𝛽𝑛 + 𝑐∗
(

𝑉 (𝑢) − 𝛾𝑛
)

− 𝑅
(

𝑉 (𝑢) − 𝛾𝑛
))

−
(

𝑐∗𝛽𝑛 − 𝛼∗
)

|

|

|

< 𝜀.

ecall that by (4.26),
(

𝑐∗𝛽𝑛 − 𝛼∗
)

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

=
(

𝑐∗𝛽𝑛 − 𝛼∗
)

∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}.

ombining this with (4.31), (4.32) and (4.33), we get

𝐼𝐼𝑛 =
√

𝑛
|

|

|

|

E
(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑

|

|

|


⌈𝑎𝑛⌉

)

−
(

𝑐∗𝛽𝑛 − 𝛼∗
)

E
(

𝑁⌈𝑎𝑛⌉,𝛾𝑛 |
|

|


⌈𝑎𝑛⌉

)

|

|

|

|

≲ 𝐄
(

(

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

√

𝑛𝑊
⌈𝑎𝑛⌉ + 𝜀

√

𝑛
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}1{𝑉 (𝑢)>𝛾𝑛+𝐾}

+ sup
𝑦∈[0,𝐾]

(

|

|

𝑅(𝑦) − (𝑐∗𝑦 + 𝛼∗)|
|

)
√

𝑛
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}1{𝑉 (𝑢)≤𝛾𝑛+𝐾}. (4.34)

et 𝐿 and 𝛿 be the constants in (4.14). Then for any 𝜃 > 0,

P
(

√

𝑛
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥𝛾𝑛

}1{𝑉 (𝑢)≤𝛾𝑛+𝐾} > 𝜃
)

≤ 𝛿 + P
(

√

𝑛
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥−𝐿

}1{𝑉 (𝑢)≤𝛾𝑛+𝐾} > 𝜃
)

≤ 𝛿 +

√

𝑛
𝜃

E
(

∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{min𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑢𝑗 )≥−𝐿

}1{𝑉 (𝑢)≤𝛾𝑛+𝐾}

)

= 𝛿 +

√

𝑛
𝜃

𝐏
(

min
𝑗≤⌈𝑎𝑛⌉

𝑆𝑗 ≥ −𝐿,𝑆
⌈𝑎𝑛⌉ ≤ 𝛾𝑛 +𝐾

)

≲ 𝛿 +

√

𝑛
𝜃

(𝛾𝑛 + 𝐿 +𝐾)2(𝐿 + 1)
√

⌈𝑎𝑛⌉3
, (4.35)

where in the last line we used Lemma 3.1 (ii). Letting 𝑛 → ∞ first and then 𝛿 → 0 in (4.35), we get that the third term on the
right-side hand of (4.34) converges to 0 in probability as 𝑛 → ∞. Note that the second term on the right-side hand is bounded by
𝜀
√

𝑛𝑊
⌈𝑎𝑛⌉, so letting 𝑛 → ∞ first and then 𝜀 → 0 in (4.34), by (1.2), we get that lim𝑛→∞ 𝐼𝐼𝑛 = 0 in probability. The proof is now

complete. □

Corollary 4.8. For any 𝑎 ≥ 1, under P,

lim
𝑛→∞

√

𝑛||
|

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −

(

𝑐∗𝛽𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉

|

|

|

= 0, in probability.
21

roof. This is a direct consequence of Proposition 4.5 and Lemma 4.7. □
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P

w

B
a
t

B

T

4.3. Limit behavior of 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

roposition 4.9. For any 𝑎 ≥ 1, under P,

lim
𝑛→∞

√

𝑛𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 = 0, in probability.

Proof. Set 𝑌𝑛 ∶=
√

𝑛
(

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 ∧ 1

)

> 0. We only need to prove that lim𝑛→∞ 𝑌𝑛 = 0 in probability. We claim that (1.3) implies that

E
(

𝐷∞ ∧ 𝑦
)

≲
(

1 + log+ 𝑦
)

, 𝑦 ≥ 0. (4.36)

Indeed, (1.3) implies that E
(

𝐷∞1{𝐷∞≤𝑦}
)

−log+ 𝑦 ≲ 1, 𝑦 ≥ 0. (1.3) also implies (see [5, Theorem 2.2]) that lim𝑦→+∞ 𝑦P
(

𝐷∞ > 𝑦
)

= 1,
which means 𝑦P

(

𝐷∞ > 𝑦
)

≲ 1, 𝑦 ≥ 0. Therefore, for all 𝑦 ≥ 0,

E
(

𝐷∞ ∧ 𝑦
)

= E
(

𝐷∞1{𝐷∞≤𝑦}
)

+ 𝑦P
(

𝐷∞ > 𝑦
)

≲ 1 + log+ 𝑦.

Since 𝑉 (𝑥) < 𝛾𝑛 for all 𝑥 ∈ ⌈𝑎𝑛⌉,𝛾𝑛 , we have

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 ∧ 1 ≤

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑐∗𝑒−𝑉 (𝑥)
(

𝐷∞(𝑥) ∧
(

(

𝑐∗
)−1 𝑒𝑉 (𝑥)

))

≤
∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑐∗𝑒−𝑉 (𝑥)
(

𝐷∞(𝑥) ∧
(

(

𝑐∗
)−1 𝑒𝛾𝑛

))

.

It follows from (4.36) that

E
(

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 ∧ 1||

|

⌈𝑎𝑛⌉,𝛾𝑛

)

≤
∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑐∗𝑒−𝑉 (𝑥)E
(

𝐷∞(𝑥) ∧
(

(

𝑐∗
)−1 𝑒𝛾𝑛

)

|

|

|

⌈𝑎𝑛⌉,𝛾𝑛

)

≲ 𝛾𝑛
∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑒−𝑉 (𝑥). (4.37)

By the branching property and the definition of ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑 , we have

E
(

∑

𝑥∈⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

𝑒−𝑉 (𝑥)|
|

|


⌈𝑎𝑛⌉

)

=
∑

𝑥∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤⌈𝑎𝑛⌉ 𝑉 (𝑥𝑗 )<𝛾𝑛

}

+ E
( ∞

∑

𝑘=⌈𝑎𝑛⌉+1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min𝑛≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝛾𝑛

}1{𝑉 (𝑥)<𝛾𝑛−𝛽𝑛∕2}
|

|

|


⌈𝑎𝑛⌉

)

≤
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

+
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}

× E
( ∞
∑

𝑘=1

∑

𝑥∈ (𝑘)
𝑒−𝑉 (𝑥)1{min0≤𝑗≤𝑘−1 𝑉 (𝑥𝑗 )≥𝑦

}1{𝑉 (𝑥)<𝑦−𝛽𝑛∕2}

)

|

|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛

=
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

+
∑

𝑢∈ (⌈𝑎𝑛⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥𝛾𝑛}

∞
∑

𝑘=1
𝐏
(

min
0≤𝑗≤𝑘−1

𝑆𝑗 ≥ 𝑦, 𝑆𝑘 < 𝑦 − 𝛽𝑛∕2
)

|

|

|

|𝑦=𝑉 (𝑢)−𝛾𝑛
,

here 𝑊 𝑛,𝛾𝑛
⌈𝑎𝑛⌉ is defined in (4.18). By (4.29) and (4.37), we have

E
(

𝑌𝑛
|

|

|


⌈𝑎𝑛⌉

)

≲ 𝛾𝑛
√

𝑛
(

𝑊
⌈𝑎𝑛⌉ −𝑊

𝑛,𝛾𝑛
⌈𝑎𝑛⌉

)

+
𝛾𝑛
𝛽𝑛

√

𝑛𝑊
⌈𝑎𝑛⌉𝐄

(

(

−𝑆1
)3 1{𝑆1<−𝛽𝑛∕2}

)

. (4.38)

y Lemma 4.2, the first term on the right hand side above converges to 0 in probability. Combining the second condition in (1.2)
nd (4.2), we get that the second term on the right hand side above also converges to 0 in probability. Thus E

(

𝑌𝑛
|

|

|


⌈𝑎𝑛⌉

)

converges
o 0 in probability. Finally, applying Jensen’s inequality, we have

E
(

𝑒−𝑌𝑛
)

= E
(

E
(

𝑒−𝑌𝑛 ||
|


⌈𝑎𝑛⌉

))

≥ E
(

exp
{

−E
(

𝑌𝑛
|

|

|


⌈𝑎𝑛⌉

)})

.

y the bounded convergence theorem, we get that

1 ≥ lim sup
𝑛→∞

E
(

𝑒−𝑌𝑛
)

≥ lim inf
𝑛→∞

E
(

𝑒−𝑌𝑛
)

≥ lim
𝑛→∞

E
(

exp
{

−E
(

𝑌𝑛
|

|

|


⌈𝑎𝑛⌉

)})

= 1.

herefore, for any 𝜀 > 0,

lim sup
𝑛→∞

P
(

𝑌𝑛 > 𝜀
)

= lim sup
𝑛→∞

P
(

1 − 𝑒−𝑌𝑛 > 1 − 𝑒−𝜀
)

≤ 1
1 − 𝑒−𝜀

lim
𝑛→∞

E
(

1 − 𝑒−𝑌𝑛
)

= 0,

which implies that lim 𝑌 = 0 in probability. □
22

𝑛→∞ 𝑛
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P

P

d

w

4.4. Convergence in distribution for
√

𝑛
(

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

Recall that 𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 and �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 are defined in (4.8) and (4.25) respectively.

roposition 4.10. Let
(

𝑋𝑡
)

𝑡≥0 be the 1-stable Lévy process with characteristic function given by (1.5). For any 𝑚 ≥ 1, 1 ≤ 𝑎1 < ⋯ < 𝑎𝑚
and 𝜆 ∈ R𝑚, under P,

lim
𝑚→∞

E
(

exp
{

i
𝑚
∑

𝑘=1
𝜆𝑘

√

𝑛
(

𝐹 ⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑘𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

}

|

|

|

|

𝑛
)

= E
(

exp
{

i
𝑚
∑

𝑘=1
𝑐∗𝜆𝑘𝑋𝑎−1∕2𝑘 𝐷∞

}

|

|

|

|

𝐷∞

)

, in probability.

roof. Let 𝜆∗𝑘 ∶= 𝜆1 +⋯ + 𝜆𝑘 and 𝑎𝑚+1 = ∞, by the definitions of 𝐹 ⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 and �̂�⌈𝑎𝑘𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑 in (4.8) and (4.30), we have
𝑚
∑

𝑘=1
𝜆𝑘

√

𝑛
(

𝐹 ⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑘𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

=
𝑚
∑

𝑘=1
𝜆𝑘

√

𝑛
( ∞

∑

𝓁=⌈𝑎𝑘𝑛⌉+1

∑

𝑥∈ (𝓁)
𝑒−𝑉 (𝑥)

× 1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛
}𝑐∗

(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

))

=
𝑚
∑

𝑘=1

⌈𝑎𝑘+1𝑛⌉
∑

𝓁=⌈𝑎𝑘𝑛⌉+1

∑

𝑥∈ (𝓁)
1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛

}

× 𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

.

Define 𝛹𝐷∞
(𝜆) ∶= E(𝑒i𝜆𝐷∞ ). For each 𝐾 ∈ N, define 𝑎′𝑘 ∶= 𝑎𝑘 for 𝑘 = 1,… , 𝑚 and 𝑎′𝑚+1 ∶= 𝑎𝑚 + 𝐾. Also, for 𝑛,𝓁 ∈ N with 𝑛 < 𝓁,

efine 𝛤 (𝓁) ∶= {𝑥 ∈  (𝓁) ∶ min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 ) ≥ 𝛾𝑛, 𝛾𝑛 − 𝛽𝑛∕2 ≤ 𝑉 (𝑥) < 𝛾𝑛} for simplicity. We first calculate

E
(

exp

{

i
𝑚
∑

𝑘=1

⌈𝑎′𝑘+1𝑛⌉
∑

𝓁=⌈𝑎′𝑘𝑛⌉+1

∑

𝑥∈𝛤 (𝓁)
𝑐∗𝜆∗𝑘

√

𝑛𝑒−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝑛
)

=∶ E
(

exp

{

i
𝐵
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝑛
)

,

here 𝐴 = ⌈𝑎′1𝑛⌉ + 1, 𝐵 = ⌈𝑎′𝑚+1𝑛⌉ and 𝜆𝑛,𝓁 = 𝑐∗𝜆∗𝑘
√

𝑛 for ⌈𝑎′𝑘𝑛⌉ + 1 ≤ 𝓁 ≤ ⌈𝑎′𝑘+1𝑛⌉. Note that for every 𝓁 ∈ [𝐴,𝐵], if there is an
𝑥 ∈ 𝛤 (𝓁), then 𝑥𝑗 ∉ 𝛤 (𝑗) for all 𝑗 ∈ [𝐴,𝓁−1]. Therefore, by the branching property, conditioned on 𝐵 , {𝐷∞(𝑥), 𝑥 ∈ 𝛤 (𝓁),𝓁 ∈ [𝐴,𝐵]}
are mutually independent, which implies that

E
(

exp

{

i
𝐵
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝐵
)

= E
(

exp

{

i
𝐵−1
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝐵
)

×
∏

𝑥∈𝛤 (𝐵)
𝑒−i𝜆𝑛,𝐵𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵𝑒−𝑉 (𝑥))

= E
(

exp

{

i
𝐵−1
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

×
∏

𝑥∈𝛤 (𝐵)
𝑒−i𝜆𝑛,𝐵𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵𝑒−𝑉 (𝑥))

|

|

|

|

𝐵
)

.

Using the fact that 𝑥 ∈ 𝛤 (𝐵) implies 𝑥𝐵−1 ∉ 𝛤 (𝐵 − 1), we have
∏

𝑥∈𝛤 (𝐵)
𝑒−i𝜆𝑛,𝐵𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵𝑒−𝑉 (𝑥))

=
∏

𝑥∈ (𝐵−1)⧵𝛤 (𝐵−1)

∏

𝑢∈ (𝐵)∶𝑢>𝑥
𝑒−i𝜆𝑛,𝐵𝑒

−𝑉 (𝑢)(𝑉 (𝑢)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵𝑒−𝑉 (𝑢)).

Therefore, again by the Markov property and the branching property, conditioned on 𝐵−1, {𝐷∞(𝑥) ∶ 𝑥 ∈ 𝛤 (𝓁),𝓁 ∈ [𝐴,𝐵 − 1]} are
independent and also independent of the 𝜎-field generated by {𝑢 ∈ T, 𝑢𝐵 ∈  (𝐵)}, which implies that

E
(

exp

{

i
𝐵
∑ ∑

𝜆𝑛,𝓁𝑒
−𝑉 (𝑥)

(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

𝐵−1
)

23

𝓁=𝐴 𝑥∈𝛤 (𝓁) |
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I

B

L

I

T

R

A

l

= E
(

exp

{

i
𝐵−2
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝐵−1
)

×
∏

𝑥∈𝛤 (𝐵−1)
𝑒−i𝜆𝑛,𝐵−1𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵−1𝑒−𝑉 (𝑥))

× E
(

∏

𝑥∈ (𝐵−1)⧵𝛤 (𝐵−1)

∏

𝑢∈ (𝐵)∶𝑢>𝑥
𝑒−i𝜆𝑛,𝐵𝑒

−𝑉 (𝑢)(𝑉 (𝑢)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝐵𝑒−𝑉 (𝑢))

|

|

|

|

𝐵−1
)

= E
(

exp

{

i
𝐵−2
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝐵−1
)

× E
( 𝐵

∏

𝓁=𝐵−1

∏

𝑥∈𝛤 (𝓁)
𝑒−i𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝓁𝑒−𝑉 (𝑥))

|

|

|

|

𝐵−1
)

.

terating the above equation and using the fact that 𝑛 ⊂ 𝐴, we finally get that

E
(

exp

{

i
𝐵
∑

𝓁=𝐴

∑

𝑥∈𝛤 (𝓁)
𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)
(

𝐷∞(𝑥) − 𝑉 (𝑥) +
log 𝑛
2

)

}

|

|

|

|

𝑛
)

= E
( 𝐵
∏

𝓁=𝐴

∏

𝑥∈𝛤 (𝓁)
𝑒−i𝜆𝑛,𝓁𝑒

−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝜆𝑛,𝓁𝑒−𝑉 (𝑥))

|

|

|

|

𝑛
)

= E
( 𝑚
∏

𝑘=1

⌈𝑎′𝑘+1𝑛⌉
∏

𝓁=⌈𝑎′𝑘𝑛+1⌉

∏

𝑥∈𝛤 (𝓁)
𝑒−i𝜆

∗
𝑘𝑐

∗√𝑛𝑒−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞
(𝑐∗𝜆∗𝑘

√

𝑛𝑒−𝑉 (𝑥))
|

|

|

|

𝑛
)

. (4.39)

y [11, (1.12)] and [11, Lemma 2.3], there exist continuous functions 𝜂, 𝑞 ∶ R → C with 𝜂(0) = 𝑞(0) = 0 such that

𝑒−i𝜆
∗
𝑘𝑐

∗√𝑛𝑒−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝛹𝐷∞

(

𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
)

= 𝑒−i𝜆
∗
𝑘𝑐

∗√𝑛𝑒−𝑉 (𝑥)(𝑉 (𝑥)−log 𝑛∕2)𝜓𝜋∕2,𝑐0+1−𝛾
(

𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
)

𝑒𝑐
∗𝜆∗𝑘

√

𝑛𝑒−𝑉 (𝑥)𝜂
(

𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
)

=∶ exp
{

−
√

𝑛𝑒−𝑉 (𝑥)𝜓𝜋∕2,𝑐0+1−𝛾
(

𝑐∗𝜆∗𝑘
)

+ 𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)𝑞
(

𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
)}

,

where 𝑐0 is the constant in (1.3). Define

𝑅𝑛 ∶= −
𝑚
∑

𝑘=1

√

𝑛
(

�̃�⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̃�⌈𝑎𝑘+1𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

𝜓𝜋∕2,𝑐0+1−𝛾 (𝑐
∗𝜆∗𝑘),

𝑍𝑛 ∶=
𝑚
∑

𝑘=1

⌈𝑎𝑘+1𝑛⌉
∑

𝓁=⌈𝑎𝑘𝑛⌉+1

∑

𝑥∈ (𝓁)
1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛

}𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)𝑞
(

𝑐∗𝜆∗𝑘
√

𝑛𝑒−𝑉 (𝑥)
)

.

etting 𝐾 → ∞ in (4.39), we get

E
(

exp
{

i
𝑚
∑

𝑘=1
𝜆𝑘

√

𝑛
(

𝐹 ⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑘𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

}

|

|

|

|

𝑛
)

= E
(

exp
{

𝑅𝑛 +𝑍𝑛
}

|

|

|

𝑛
)

.

We claim that
|

|

|

E
(

exp
{

𝑅𝑛 +𝑍𝑛
}

|

|

|

𝑛
)

− E
(

exp
{

𝑅𝑛
}

|

|

|

𝑛
)

|

|

|

→ 0 in probability. (4.40)

ndeed, for any 𝜀 ∈ (0, 1) and any complex number 𝑧 = 𝑎 + i𝑏 with |𝑧| ≤ 𝜀, we have |𝑎|, |𝑏| ≤ 𝜀, which implies that
|

|

|

𝑒𝑧 − 1||
|

≤ |

|

|

𝑒𝑎+i𝑏 − 𝑒i𝑏||
|

+ |

|

|

𝑒i𝑏 − 1||
|

≲ 𝜀.

hus, we get that, for any 𝜀 > 0,
|

|

|

E
(

exp
{

𝑅𝑛 +𝑍𝑛
}

|

|

|

𝑛
)

− E
(

exp
{

𝑅𝑛
}

|

|

|

𝑛
)

|

|

|

≲ P
(

|

|

𝑍𝑛|| > 𝜀
|

|

|

𝑛
)

+ 𝜀. (4.41)

ecalling that �̃�⌈𝑎1𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 is defined in (4.25) with 𝑎 = 𝑎1, we see that, for any fixed 𝜆1,… , 𝜆𝑚, we have

|

|

𝑍𝑛|| ≲ max
1≤𝑘0≤𝑚

max
𝑦∈[𝛽𝑛∕2,𝛽𝑛)

|

|

|

|

𝑞
(

𝑐∗𝜆∗𝑘0𝑒
−𝑦
)

|

|

|

|

𝑚
∑

𝑘=1

⌈𝑎𝑘+1𝑛⌉
∑

𝓁=⌈𝑎𝑘𝑛⌉+1

∑

𝑥∈ (𝓁)

1{min𝑛≤𝑗≤𝓁−1 𝑉 (𝑥𝑗 )≥𝛾𝑛 ,𝛾𝑛−𝛽𝑛∕2≤𝑉 (𝑥)<𝛾𝑛
}

√

𝑛𝑒−𝑉 (𝑥)

≲ max
1≤𝑘0≤𝑚

max
𝑦∈[𝛽𝑛∕2,𝛽𝑛)

|

|

|

|

𝑞
(

𝑐∗𝜆∗𝑘0𝑒
−𝑦
)

|

|

|

|

√

𝑛�̃�⌈𝑎1𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 .

pplying Corollary 4.6 with 𝑚 = 1 and 𝑧𝑛 = i𝑎 with 𝑎 ∈ R, we see that
(

√

𝑛�̃�⌈𝑎1𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 ,P(⋅|𝑛)

)

converges in distribution. Since

im 𝑞(𝑧) = 0, we have lim P
(

|𝑍 | > 𝜀||
)

= 0. Letting 𝑛→ ∞ first and then 𝜀 → 0 in (4.41), we get (4.40).
24

𝑧→0 𝑛→∞ | 𝑛|
|

𝑛
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Combining (4.40) and Corollary 4.6, we get

lim
𝑛→∞

E
(

exp
{

i
𝑚
∑

𝑘=1
𝜆𝑘

√

𝑛
(

𝐹 ⌈𝑎𝑘𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑘𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

}

|

|

|

|

𝑛
)

= exp
{
√

2
𝜋𝜎2

𝐷∞

𝑚
∑

𝑘=1
𝜓𝜋∕2,𝑐0+1−𝛾 (𝑐

∗𝜆∗𝑘)
(

1
√

𝑎𝑘
− 1

√

𝑎𝑘+1

)}

, in probability.

A standard computation yields

E
(

exp
{

i
𝑚
∑

𝑘=1
𝑐∗𝜆𝑘𝑋𝑎−1∕2𝑘 𝐷∞

}

|

|

|

|

𝐷∞

)

=
𝑚
∏

𝑘=1
E
(

exp
{

i𝑐∗𝜆∗𝑘
(

𝑋𝑎−1∕2𝑘+1 𝐷∞
−𝑋𝑎−1∕2𝑘 𝐷∞

)

}

|

|

|

|

𝐷∞

)

= exp
{ 𝑚
∑

𝑘=1
𝐷∞

(

1
√

𝑎𝑘
− 1

√

𝑎𝑘+1

)

𝜓√

𝜋∕2𝜎2 ,(𝑐0+1−𝛾)
√

2∕𝜋𝜎2 (𝑐
∗𝜆∗𝑘)

}

.

This implies the desired result since

𝜓√

𝜋∕2𝜎2 ,(𝑐0+1−𝛾)
√

2∕𝜋𝜎2 (𝜆) =
√

2
𝜋𝜎2

𝜓𝜋∕2,𝑐0+1−𝛾 (𝜆), 𝜆 ∈ R. □

Proof of Theorem 2.1. By (4.8), we get that

√

𝑛
(

𝐷∞ −𝐷
⌈𝑎𝑛⌉ +

log 𝑛
2

𝑊
⌈𝑎𝑛⌉

)

=

√

𝑛
𝑐∗

(

𝐷⌈𝑎𝑛⌉,𝛾𝑛
∞ −

(

𝑐∗𝐷
⌈𝑎𝑛⌉ −

(

𝑐∗𝛾𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑛⌉

)

)

+

√

𝑛
𝑐∗

(

�̂�⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 −

(

𝑐∗𝛽𝑛 − 𝛼∗
)

𝑊
⌈𝑎𝑘𝑛⌉

)

+

√

𝑛
𝑐∗

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑏𝑎𝑑

+

√

𝑛
𝑐∗

(

𝐹 ⌈𝑎𝑛⌉,𝛾𝑛
𝑔𝑜𝑜𝑑 − �̂�⌈𝑎𝑛⌉,𝛾𝑛

𝑔𝑜𝑜𝑑

)

.

t follows from Proposition 4.3, Corollary 4.8 and Proposition 4.9 that the first three terms on the right hand side of the display
bove converge to 0 in probability as 𝑛→ ∞. Now the conclusion of Theorem 2.1 follows from Proposition 4.10. □

. Proof of Proposition 2.2

Recall that 𝛼 ∈ (0, 1] is the constant in (A5). Fix an 𝑟 ∈ (0, 1) such that
1 + 𝛼
2

< 𝑟
2
(1 − 𝛼) + 𝛼

(

(1 + 𝑟) ∧
( 3
2

))

,

hich is equivalent to

𝑟 > max
{1 − 𝛼
1 + 𝛼

, 1 − 2𝛼
1 − 𝛼

}

.

y the definition (4.18) of 𝑊 𝑛,𝛾𝑛
𝑚 , we have

𝑊 ⌈𝑛𝑟⌉,0
𝑛 =

∑

𝑥∈ (𝑛)
𝑒−𝑉 (𝑥)1{min𝑗∈[𝑛𝑟,𝑛]∩Z 𝑉 (𝑥𝑗 )≥0

}.

ote that min𝑥∈ (𝑛) 𝑉 (𝑥) → +∞,P-a.s., so

lim
𝑛→∞

P
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛 ≠ 𝑊𝑛

)

= 0. (5.1)

s preparation for the proof of Proposition 2.2, we prove a few lemmas first.

emma 5.1. For any 𝛽 ∈
(

0, 12 (𝑟 ∧ (1 − 𝑟))
)

, it holds that

lim
𝑛→∞

𝑛𝛽
|

|

|

|

√

𝑛E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

−
√

2
𝜋𝜎2

𝛿𝑛𝐷⌈𝑛𝑟⌉
|

|

|

|

= 0, in probability.

Proof. By the branching property, we have
√

𝑛E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

−
√

2
𝜋𝜎2

𝛿𝑛𝐷⌈𝑛𝑟⌉

=
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

(

√

𝑛𝐏𝑉 (𝑥)

(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

−
√

2
𝜋𝜎2

𝛿𝑛𝑉 (𝑥)
)

.

It follows from [8, Lemma 2.2] that, for any 𝑦 ≥ 0 and positive integer 𝑛 with 𝑛 − ⌈𝑛𝑟⌉ > 1,
|

|

|

𝐏𝑦
(

min
𝑟
𝑆𝑗 ≥ 0

)

− 𝑅(𝑦)𝐏
(

min
𝑟
𝑆𝑗 ≥ 0

)

|

|

|

≲
1 + 𝑦
√

𝑅(𝑦)𝐏
(

min
𝑟
𝑆𝑗 ≥ 0

)

.

25

𝑗≤𝑛−⌈𝑛 ⌉ 𝑗≤𝑛−⌈𝑛 ⌉ 𝑛 𝑗≤𝑛−⌈𝑛 ⌉
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Combining Lemma 3.1(i) with the facts that 𝑛 − ⌈𝑛𝑟⌉ ≍ 𝑛 and |𝑅(𝑦) − 𝑐∗𝑦| ≲ 1, 𝑦 ≥ 0, we get that for all 𝑦 ≥ 0 and large 𝑛,
|

|

|

√

𝑛𝐏𝑦
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

− 𝑐∗𝑦
√

𝑛𝐏
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

|

|

|

≲
√

𝑛
(1 + 𝑦)2

√

𝑛 − ⌈𝑛𝑟⌉
𝐏
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

+
√

𝑛𝐏
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

≲
(1 + 𝑦)2
√

𝑛
+ 1.

ecall that 𝜏−0 ∶= inf
{

𝓁 ≥ 0 ∶ 𝑆𝓁 < 0
}

. Then by [8, (2.18)],

|

|

|

𝐏
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

− 𝐏
(

min
𝑗≤𝑛

𝑆𝑗 ≥ 0
)

|

|

|

= 𝐏
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0, min
𝑛−⌈𝑛𝑟⌉+1≤𝑗≤𝑛

𝑆𝑗 < 0
)

=
𝑛
∑

𝓁=𝑛−⌈𝑛𝑟⌉+1
𝐏
(

𝜏−0 = 𝓁
)

≲
𝑛
∑

𝓁=𝑛−⌈𝑛𝑟⌉+1

1
𝓁3∕2

≤ ∫

𝑛

𝑛−⌈𝑛𝑟⌉

1
𝑥3∕2

d𝑥

=
( 1
√

𝑛 − ⌈𝑛𝑟⌉
− 1

√

𝑛

)

≲ 𝑛𝑟

𝑛3∕2
.

Combining the two displays above with (2.1), we get that for all 𝑦 ≥ 0 and large 𝑛,

|

|

|

√

𝑛𝐏𝑦
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉

𝑆𝑗 ≥ 0
)

−
√

2
𝜋𝜎2

𝛿𝑛𝑦
|

|

|

≲
(1 + 𝑦)2
√

𝑛
+ 1 +

𝑦
𝑛1−𝑟

,

hich implies that

|

|

|

√

𝑛E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

−
√

2
𝜋𝜎2

𝛿𝑛𝐷⌈𝑛𝑟⌉
|

|

|

≲
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

( (1 + 𝑉 (𝑥))2
√

𝑛
+ 1 +

𝑉 (𝑥)
𝑛1−𝑟

)

.

y (1.2), we have

lim
𝑛→∞

√

⌈𝑛𝑟⌉
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥) →

√

2
𝜋𝜎2

𝐷∞ in probability. (5.2)

ince lim𝑛→∞𝐷𝑛 = 𝐷∞ almost surely and 𝐷∞ is non-negative, we have

lim
𝑛→∞

∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑉 (𝑥)𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0} = 𝐷∞, almost surely. (5.3)

ince 𝛽 ∈ (0, 12 ((1 − 𝑟) ∧ 𝑟)), using the two displays above, we get that for any 𝜀 > 0,

lim
𝑛→∞

P
(

𝑛𝛽
|

|

|

|

∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

(

1 +
𝑉 (𝑥)
𝑛1−𝑟

)

|

|

|

|

> 𝜀
)

= 0.

or any 𝛿 > 0, let 𝐿 satisfy (4.14). Then for any 𝜀 > 0,

P
(

𝑛𝛽
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

(1 + 𝑉 (𝑥))2
√

𝑛
> 𝜀

)

≤ 𝛿 + P
(

𝑛𝛽
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

(1 + 𝑉 (𝑥))2
√

𝑛
1{min𝑗≤⌈𝑛𝑟⌉ 𝑉 (𝑥𝑗 )≥−𝐿} > 𝜀

)

≤ 𝛿 + 1
𝜀
𝑛𝛽−

1
2 E

(

∑

𝑥∈ (⌈𝑛𝑟⌉)
(1 + 𝑉 (𝑥))2 𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}1{min𝑗≤⌈𝑛𝑟⌉ 𝑉 (𝑥𝑗 )≥−𝐿}

)

= 𝛿 + 1
𝜀
𝑛𝛽−

1
2 𝐄

(

(1 + 𝑆
⌈𝑛𝑟⌉)21{𝑆

⌈𝑛𝑟⌉≥0}1
{

min𝑗≤⌈𝑛𝑟⌉ 𝑆𝑗≥−𝐿
}

)

≲ 𝛿 + 1
𝜀
𝑛𝛽−

1
2
(

(1 + 𝐿)2 + (1 + 𝐿)
√

⌈𝑛𝑟⌉
)

,

here in the last inequality we used Lemma 3.2. Letting 𝑛→ ∞ first, and then 𝛿 → 0, we get

lim
𝑛→∞

P
(

𝑛𝛽
∑

𝑥∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥0}

(1 + 𝑉 (𝑥))2
√

𝑛
> 𝜀

)

= 0.

This completes the proof. □

For 𝑚 < 𝑛, define

𝑚,0 ∶=
{

𝑥 ∈  (𝑛) ∶ for all 𝑗 = 𝑚 + 1,… , 𝑛,
26

𝑛,1
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L

S

∑

𝑢∈𝛺(𝑥𝑗 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑥𝑗−1)
)

+

)

𝑒−
(

𝑉 (𝑢)−𝑉 (𝑥𝑗−1)
)

≤ 𝑒𝑉 (𝑥𝑗−1)∕2
}

,

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 =

∑

𝑥∈ (𝑛)
𝑒−𝑉 (𝑥)1{min𝑗∈[𝑛𝑟,𝑛]∩Z 𝑉 (𝑥𝑗 )≥0

}1{
𝑥∈⌈𝑛𝑟⌉,0

𝑛,1

}. (5.4)

emma 5.2. For large 𝑛,

E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛 −𝑊 ⌈𝑛𝑟⌉,0

𝑛,1
|

|

|


⌈𝑛𝑟⌉

)

≲
∑

𝑢∈ (⌈𝑛𝑟⌉)

( 1
√

𝑛
+
𝑉 (𝑢)
𝑛

)

𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥0}.

Proof. By (3.2) and the branching property, we have

E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛 −𝑊 ⌈𝑛𝑟⌉,0

𝑛,1
|

|

|


⌈𝑛𝑟⌉

)

=
∑

𝑢∈ (⌈𝑛𝑟⌉)
1{𝑉 (𝑢)≥0}E𝑦

(

∑

𝑥∈ (𝑛−⌈𝑛𝑟⌉−1)
𝑒−𝑉 (𝑥)1{min𝑗≤𝑛−⌈𝑛𝑟⌉ 𝑉 (𝑥𝑗 )≥0

}1{
𝑥∉0,0

𝑛−⌈𝑛𝑟⌉−1,1

}

)

𝑦=𝑉 (𝑢)

≤
∑

𝑢∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥0}

𝑛−⌈𝑛𝑟⌉−1
∑

𝓁=1
Q
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉−1

𝑉 (𝑤𝑗 ) ≥ −𝑦,

∑

𝑢∈𝛺(𝑤𝓁 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝓁−1)
)

+

)

𝑒−(𝑉 (𝑢)−𝑉 (𝑤𝓁−1)) > 𝑒(𝑉 (𝑤𝓁−1)+𝑦)∕2
)

|

|

|

|𝑦=𝑉 (𝑢)
. (5.5)

uppose 𝑛 is large so that 𝑛 − ⌈𝑛𝑟⌉ > 1. For any positive integer 𝓁 ≤ 𝑛 − ⌈𝑛𝑟⌉ − 1, conditioned on 𝓁 , by Lemma 3.1(i), we have

Q
(

min
𝑗≤𝑛−⌈𝑛𝑟⌉−1

𝑉 (𝑤𝑗 ) ≥ −𝑦,
∑

𝑢∈𝛺(𝑤𝓁 )

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝓁−1)
)

+

)

𝑒−(𝑉 (𝑢)−𝑉 (𝑤𝓁−1)) > 𝑒(𝑉 (𝑤𝓁−1)+𝑦)∕2
)

≲
(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

EQ

(

(

1 + 𝑉 (𝑤𝓁) + 𝑦
)

1{min𝑗≤𝓁 𝑉 (𝑤𝑗 )≥−𝑦}

× 1
{
∑

𝑢∈𝛺(𝑤𝓁 )∪{𝑤𝓁}
(

1+(𝑉 (𝑢)−𝑉 (𝑤𝓁−1))+
)

𝑒−(𝑉 (𝑢)−𝑉 (𝑤𝓁−1))>𝑒(𝑉 (𝑤𝓁−1)+𝑦)∕2}

)

=∶
(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

EQ(𝐽𝓁). (5.6)

Conditioned on 𝓁−1, we get that, given 𝑉 (𝑤𝓁−1) = 𝑧,

EQ(𝐽𝓁
|

|

|

𝑉 (𝑤𝓁−1) = 𝑧)

= EQ

(

(

1 + 𝑉 (𝑤1) + 𝑧 + 𝑦
)

1{𝑉 (𝑤1)≥−𝑦−𝑧}1{
∑

𝑥∈ (1)(1+(𝑉 (𝑢))+)𝑒−𝑉 (𝑢)>𝑒(𝑧+𝑦)∕2}

)

= E
(

∑

𝑥∈ (1)
(1 + 𝑉 (𝑥) + 𝑧 + 𝑦) 𝑒−𝑉 (𝑥)1{𝑉 (𝑥)≥−𝑦−𝑧}1{𝑧+𝑦<2 log+

(

𝑊1+𝑊1
)}

)

≤ E
(

(

𝑊1

(

1 + 2 log+
(

𝑊1 +𝑊1

))

+𝑊1

)

1{
𝑧+𝑦<2 log+

(

𝑊1+𝑊1
)}

)

.

Therefore,

EQ(𝐽𝓁) ≤ E
(

(

𝑊1

(

1 + 2 log+
(

𝑊1 +𝑊1

))

+𝑊1

)

× 𝐏
(

min
𝑗≤𝓁−1

𝑆𝑗 ≥ −𝑦, 𝑆𝓁−1 + 𝑦 < 2 log+
(

𝑚1
)

)

|

|

|

|𝑚1=𝑊1+𝑊1

)

=∶ E
(

𝑊 𝐏
(

min
𝑗≤𝓁−1

𝑆𝑗 ≥ −𝑦, 𝑆𝓁−1 + 𝑦 < 2 log+
(

𝑚1
)

)

|

|

|

|𝑚1=𝑊1+𝑊1

)

,

where 𝑊 ∶= 𝑊1
(

1 + 2 log+
(

𝑊1 +𝑊1
))

+𝑊1. Thus, if 𝑘𝑛 is the integer such that 2𝑘𝑛 ≤ 𝑛 − ⌈𝑛𝑟⌉ − 1 < 2𝑘𝑛 + 1, then by Lemma 3.1
(ii)(iii), we have

𝑛−⌈𝑛𝑟⌉−1
∑

𝓁=1

(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

EQ(𝐽𝓁)

≤ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘𝑛
E
(

𝑊
𝑘𝑛
∑

𝓁=1
𝐏
(

min
𝑗≤𝓁−1

𝑆𝑗 ≥ −𝑦, 𝑆𝓁−1 + 𝑦 < 2 log+
(

𝑚1
)

)

|

|

|

|𝑚1=𝑊1+𝑊1

)

+
𝑛−⌈𝑛𝑟⌉−1
∑

(

1 ∧ 1
√

𝑟

)

E
(

𝑊
(𝑦 + 1)

(

1 + 2 log+
(

𝑊1 +𝑊1

))2

(𝓁 − 1)3∕2

)

27

𝓁=𝑘𝑛+1 𝑛 − ⌈𝑛 ⌉ − 1 − 𝓁
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w

I

L

w

P

R

F

≲
(

1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘𝑛
+ (𝑦 + 1)

𝑛−⌈𝑛𝑟⌉−1
∑

𝓁=𝑘𝑛+1

(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

1
(𝓁 − 1)3∕2

)

𝐹 (1), (5.7)

ith 𝐹 (1) given by

𝐹 (1) ∶= E
(

(

𝑊1
(

1 + 2 log+
(

𝑊1 +𝑊1
))

+𝑊1

)(

1 + 2 log+
(

𝑊1 +𝑊1
)

)2
)

< ∞.

f 𝑛 is large enough, we have
𝑛−⌈𝑛𝑟⌉−1
∑

𝓁=𝑘𝑛+1

(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

1
(𝓁 − 1)3∕2

≤ 1
(𝑛 − ⌈𝑛𝑟⌉ − 1)3∕2

+
𝑛−⌈𝑛𝑟⌉−2
∑

𝓁=𝑘𝑛+1

1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

1
(𝓁 − 1)3∕2

≲ 1
𝑛
+
𝑛−⌈𝑛𝑟⌉−2
∑

𝓁=𝑘𝑛+1
∫

𝓁+1

𝓁

1
√

(𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑥)(𝑥 − 2)3∕2
d𝑥

= 1
𝑛
+ 1
𝑛 ∫

𝑛−1(𝑛−⌈𝑛𝑟⌉−2)

𝑛−1(𝑘𝑛+1)

1
√

(𝑛−1(𝑛 − ⌈𝑛𝑟⌉ − 1) − 𝑥)(𝑥 − 2𝑛−1)3∕2
d𝑥 ≲ 1

𝑛
.

This implies that for 𝑛 large enough,

1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘𝑛
+ (𝑦 + 1)

𝑛−⌈𝑛𝑟⌉−1
∑

𝓁=𝑘𝑛+1

(

1 ∧ 1
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝓁

)

1
(𝓁 − 1)3∕2

≲ 1
√

𝑛
+
𝑦
𝑛
.

Combining this with (5.5), (5.6) and (5.7), we get the desired result. □

Recall that 𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 is defined in (5.4).

emma 5.3. For large 𝑛,

E
(

|

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑛𝑟⌉

)

≲
∑

𝑢∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑢)

(

(

1
𝑛
+ 𝑉 (𝑢)

(log 𝑛)2

𝑛3∕2

)

+
(

1
𝑛
+ 𝑉 (𝑢)

(log 𝑛)2

𝑛3∕2

)𝛼)

1{𝑉 (𝑢)≥0}

≲ 𝑈
⌈𝑛𝑟⌉ +𝑊 1−𝛼

⌈𝑛𝑟⌉𝑈
𝛼
⌈𝑛𝑟⌉

ith

𝑈
⌈𝑛𝑟⌉ ∶=

∑

𝑢∈ (⌈𝑛𝑟⌉)
𝑒−𝑉 (𝑢)

( 1
𝑛
+ 𝑉 (𝑢)

(log 𝑛)2

𝑛3∕2
)

1{𝑉 (𝑢)≥0}.

roof. By the branching property,

E
(

|

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑛𝑟⌉

)

≲
∑

𝑢∈ (⌈𝑛𝑟⌉)
1{𝑉 (𝑢)≥0}E𝑦

((

∑

𝑥∈ (𝑛−⌈𝑛𝑟⌉−1)
𝑒−𝑉 (𝑥)1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑥𝑗 )≥0

}1{
𝑥∈0,0

𝑛−⌈𝑛𝑟⌉−1,1

}

)1+𝛼)
|

|

|

|𝑦=𝑉 (𝑢)

=∶
∑

𝑢∈ (⌈𝑛𝑟⌉)
1{𝑉 (𝑢)≥0}E𝑦

(

𝛤 1+𝛼) |
|

|𝑦=𝑉 (𝑢)
.

ecalling the definition of Q𝑦 in beginning of Section 3.1, we similarly have

E𝑦
(

𝛤 1+𝛼) = 𝑒−𝑦EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}𝛤 𝛼
)

.

or 𝑢 < 𝑥, define 𝑉 (𝑥; 𝑢) ∶= 𝑉 (𝑥) − 𝑉 (𝑢). Recall that  (𝑢, 𝑚) ∶=
{

𝑥 ∈  (|𝑢| + 𝑚) ∶ 𝑥 > 𝑢
}

. By the spine decomposition, we have

𝛤 =
∑

𝑥∈ (𝑛−⌈𝑛𝑟⌉−1)
𝑒−𝑉 (𝑥)1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑥𝑗 )≥0

}1{
𝑥∈0,0

𝑛−⌈𝑛𝑟⌉−1

}

≤ 𝑒−𝑉 (𝑤𝑛−⌈𝑛𝑟⌉−1) +
𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)

∑

𝑥∈ (𝑢,𝑛−⌈𝑛𝑟⌉−1−𝑘)
𝑒−𝑉 (𝑥;𝑢)1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1−𝑘 𝑉 (𝑥𝑗 ;𝑢)≥−𝑉 (𝑢)}

=∶ 𝑒−𝑉 (𝑤𝑛−⌈𝑛𝑟⌉−1) +
𝑛−⌈𝑛𝑟⌉−1
∑ ∑

𝑒−𝑉 (𝑢)𝐻(𝑢),
28

𝑘=1 𝑢∈𝛺(𝑤𝑘)
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B

T

F

where 𝐻(𝑢) ∶=
∑

𝑥∈ (𝑢,𝑛−⌈𝑛𝑟⌉−1−𝑘) 𝑒
−𝑉 (𝑥;𝑢)1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1−𝑘 𝑉 (𝑥𝑗 ;𝑘)≥−𝑉 (𝑢)}. Therefore, using the inequality E(|𝑋|

𝛼) ≤ (E(|𝑋|))𝛼 , we get

EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}𝛤 𝛼
)

≤ EQ𝑦

(

𝑒−𝛼𝑉 (𝑤𝑛−⌈𝑛𝑟⌉−1)1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑥𝑗 )≥0
}

)

+
(

EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)𝐻(𝑢)

))𝛼

y the branching property and Lemma 3.1(i), we have

EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)𝐻(𝑢)

)

= EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

×
𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)𝐏

(

min
𝑗≤𝑛−⌈𝑛𝑟⌉−1−𝑘

𝑆𝑗 ≥ −𝑧
)

|

|

|𝑧=𝑉 (𝑢)

)

≲ EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

×
𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)

(

1 ∧
(1 + 𝑉 (𝑢))

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

))

.

Since

1 ∧
(1 + 𝑉 (𝑢))

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
≤ 1 ∧

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝑘−1)
)

+ + 𝑉 (𝑤𝑘−1)
)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

≤ 1 ∧

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝑘−1)
)

+

)

(

1 + 𝑉 (𝑤𝑘−1)
)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

≤
(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝑘−1)
)

+

)

(

1 ∧
(1 + 𝑉 (𝑤𝑘−1))

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

)

,

and, on the set
{

𝑤 ∈ 0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

, it holds that
∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)

(

1 +
(

𝑉 (𝑢) − 𝑉 (𝑤𝑘−1)
)

+

)

≤ 𝑒−𝑉 (𝑤𝑘−1)∕2.

We have

EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}1
{

𝑤∈0,0
𝑛−⌈𝑛𝑟⌉−1,1

}

×
𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1

∑

𝑢∈𝛺(𝑤𝑘)
𝑒−𝑉 (𝑢)

(

1 ∧
(1 + 𝑉 (𝑢))

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

)

)

≲ EQ𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑉 (𝑤𝑗 )≥0}

𝑛−⌈𝑛𝑟⌉−1
∑

𝑘=1
𝑒−𝑉 (𝑤𝑘−1)∕2

(

1 ∧
(1 + 𝑉 (𝑤𝑘−1))

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

))

.

herefore, by the arguments above, we conclude that

E𝑦
(

𝛤 1+𝛼) ≲ 𝑒−𝑦𝐄𝑦
(

𝑒−𝛼𝑆𝑛−⌈𝑛𝑟⌉−11{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0}

)

+ 𝑒−𝑦
(𝑛−⌈𝑛𝑟⌉−1

∑

𝑘=1
𝐄𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0}𝑒
−𝑆𝑘−1∕2

(

1 ∧
(1 + 𝑆𝑘−1)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

)))𝛼

∶= 𝑒−𝑦(𝐼 + 𝐼𝐼𝛼). (5.8)

By Lemma 3.1 (ii), for all 𝑦 ≥ 0 and large 𝑛, it holds that

𝐼 ≤ 1
𝑛
+ 𝐏𝑦

(

min
𝑗≤𝑛−⌈𝑛𝑟⌉−1

𝑆𝑗 ≥ 0, 𝑆𝑛−⌈𝑛𝑟⌉−1 ≤ 𝛼−1 log 𝑛
)

≲ 1
𝑛
+

(1 + 𝑦)(1 + 𝛼−1 log 𝑛)2

(𝑛 − ⌈𝑛𝑟⌉ − 1)3∕2
≲ 1
𝑛
+ 𝑦

(log 𝑛)2

𝑛3∕2
. (5.9)

or 𝐼𝐼 , we have

𝐼𝐼 ≤ 𝐄
(

𝑒−𝑆𝑛−⌈𝑛𝑟⌉−1∕21
)

+ 𝐄
(

𝑒−𝑆𝑛−⌈𝑛𝑟⌉−2∕21
)

29

𝑦 {min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0} 𝑦 {min𝑗≤𝑛−⌈𝑛𝑟⌉−2 𝑆𝑗≥0}
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F

s

O

T

C

C

+
𝑛−⌈𝑛𝑟⌉−3
∑

𝑘=1
𝐄𝑦

(

1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0}𝑒
−𝑆𝑘−1∕2

(1 + 𝑆𝑘−1)
√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

)

∶= 𝐼𝐼1 + 𝐼𝐼2 + 𝐼𝐼3. (5.10)

Applying Lemma 3.1 (ii) with 𝑘 = 𝑛 − ⌈𝑛𝑟⌉ − 1 or 𝑛 − ⌈𝑛𝑟⌉ − 2, we get

𝐄𝑦
(

𝑒−𝑆𝑘∕21{min𝑗≤𝑘 𝑆𝑗≥0}

)

≲ 1
𝑛
+

(1 + 𝑦)(1 + 2 log 𝑛)2

𝑘3∕2
≲ 1
𝑛
+ 𝑦

(log 𝑛)2

𝑛3∕2
.

Thus

𝐼𝐼1 ∨ 𝐼𝐼2 ≲
1
𝑛
+ 𝑦

(log 𝑛)2

𝑛3∕2
. (5.11)

or 𝐼𝐼3, we note that for, 𝑘 = 1,… , 𝑛 − ⌈𝑛𝑟⌉ − 3,

𝐄𝑦
(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0}

)

= 𝐄𝑦
(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑘−1 𝑆𝑗≥0}𝐏𝑆𝑘−1

(

min
𝑗≤𝑛−⌈𝑛𝑟⌉−𝑘

𝑆𝑗 ≥ 0
))

≲ 𝐄𝑦
(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)2

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑘−1 𝑆𝑗≥0}

)

.

Recall that 𝑘𝑛 is the integer such that 2𝑘𝑛 ≤ 𝑛 − ⌈𝑛𝑟⌉ − 1 < 2𝑘𝑛 + 1. Combining Lemma 3.1 (iv) with 𝜆 = 1
4 and the fact that

up𝑥>0
(

𝑒−𝑥∕2(1 + 𝑥)2
)

< ∞,

𝑘𝑛
∑

𝑘=1
𝐄𝑦

(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)

√

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑛−⌈𝑛𝑟⌉−1 𝑆𝑗≥0}

)

≲ 1
𝑛 − ⌈𝑛𝑟⌉ − 𝑘𝑛 − 1

∞
∑

𝑘=0
𝐄𝑦

(

𝑒−𝑆𝑘∕41{min𝑗≤𝑘 𝑆𝑗≥0}

)

≲ 1
𝑛
. (5.12)

n the other hand, for 𝑘𝑛 + 1 ≤ 𝑘 ≤ 𝑛 − ⌈𝑛𝑟⌉ − 3, by Lemma 3.1 (ii), we have

𝐄𝑦
(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)2

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑘−1 𝑆𝑗≥0}

)

=
∞
∑

𝓁=0
𝐄𝑦

(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)2

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑘−1 𝑆𝑗≥0}1{𝑆𝑘−1∈[𝓁,𝓁+1)}

)

≤ 1
𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

∞
∑

𝓁=0
𝑒−𝓁∕2(2 + 𝓁)2𝐏𝑦

(

min
𝑗≤𝑘−1

𝑆𝑗 ≥ 0, 𝑆𝑘−1 ∈ [𝓁,𝓁 + 1)
)

≲ 1
𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘

(𝑦 + 1)
(𝑘 − 1)3∕2

∞
∑

𝓁=0
𝑒−𝓁∕2(2 + 𝓁)2(𝓁 + 2) ≲

(1 + 𝑦)
(𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘) (𝑘 − 1)3∕2

.

his implies that

𝑛−⌈𝑛𝑟⌉−3
∑

𝑘=𝑘𝑛+1
𝐄𝑦

(

𝑒−𝑆𝑘−1∕2
(1 + 𝑆𝑘−1)2

𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘
1{min𝑗≤𝑘−1 𝑆𝑗≥0}

)

≲ (1 + 𝑦)
𝑛−⌈𝑛𝑟⌉−3
∑

𝑘=𝑘𝑛+1

1
(𝑛 − ⌈𝑛𝑟⌉ − 1 − 𝑘) (𝑘 − 1)3∕2

≤ (1 + 𝑦)∫

𝑛−⌈𝑛𝑟⌉−3

𝑘𝑛

d𝑥
(𝑛 − ⌈𝑛𝑟⌉ − 2 − 𝑥)(𝑥 − 1)3∕2

= (1 + 𝑦)

(

log
(

𝑛 − ⌈𝑛𝑟⌉ − 2 − 𝑘𝑛
)

(𝑘𝑛 − 1)3∕2
− 3

2 ∫

𝑛−⌈𝑛𝑟⌉−2

𝑘𝑛

log (𝑛 − ⌈𝑛𝑟⌉ − 2 − 𝑥) d𝑥
(𝑥 − 1)5∕2

)

≤ (1 + 𝑦)
log

(

𝑛 − ⌈𝑛𝑟⌉ − 2 − 𝑘𝑛
)

(𝑘𝑛 − 1)3∕2
≲ (1 + 𝑦)

(log 𝑛)2

𝑛3∕2
.

ombining this with (5.12), we get

𝐼𝐼3 ≲
1
𝑛
+ 𝑦

(log 𝑛)2

𝑛3∕2
. (5.13)

ombining (5.8), (5.9),(5.10), (5.11) and (5.13), we get the desired result. □
30



Stochastic Processes and their Applications 172 (2024) 104338H. Hou et al.

F

R

N

U

Lemma 5.4. Let 𝛽+ ∈ (0, 12 ((1 − 𝑟) ∧ 𝑟)) satisfy
(

𝛽+ + 1
2

)

(1 + 𝛼) < min
{

(1 + 𝑟) ∧
( 3
2

)

, 𝑟
2
(1 − 𝛼) + 𝛼(1 + 𝑟) ∧

( 3
2

)}

. (5.14)

or any 𝛽 ∈ (0, 𝛽+), it holds that

lim
𝑛→∞

P
(

|

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

|

> 3𝑛−𝛽−
1
2

)

= 0.

Proof. We only need to prove that

P
(

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

> 3𝑛−𝛽−
1
2
|

|

|


⌈𝑛𝑟⌉

)

→ 0 in probability. (5.15)

ecall that 𝛼 ∈ (0, 1] is given in (A5) and that 𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 is defined in (5.4). Then by Lemma 3.4,

P
(

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

> 3𝑛−𝛽−
1
2
|

|

|


⌈𝑛𝑟⌉

)

≲ 2𝑛𝛽+
1
2 E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛 −𝑊 ⌈𝑛𝑟⌉,0

𝑛,1
|

|

|


⌈𝑛𝑟⌉

)

+ 𝑛(𝛽+
1
2 )(1+𝛼)E

(

|

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛,1

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

|

1+𝛼
|

|

|


⌈𝑛𝑟⌉

)

. (5.16)

ow combining (5.16), Lemma 5.2 and Lemma 5.3, we get

P
(

|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

> 3𝑛−𝛽−
1
2
|

|

|


⌈𝑛𝑟⌉

)

≲ 𝑛𝛽𝑊
⌈𝑛𝑟⌉ + 𝑛

𝛽− 1
2

∑

𝑢∈ (⌈𝑛𝑟⌉)
𝑉 (𝑢)𝑒−𝑉 (𝑢)1{𝑉 (𝑢)≥0} + 𝑛

(𝛽+ 1
2 )(1+𝛼)

(

𝑈
⌈𝑛𝑟⌉ +𝑊 1−𝛼

⌈𝑛𝑟⌉𝑈
𝛼
⌈𝑛𝑟⌉

)

.

sing (5.2) and (5.3), we get that for any 𝜀 ∈ (0, (1 + 𝑟) ∧ ( 32 )), 𝑛
𝜀𝑈𝑛𝑟 → 0 in probability. Therefore, we have (5.15) and the proof is

complete. □

Proof of Proposition 2.2. Recall the definition (2.1) of 𝛿𝑛. Let 𝛽+ ∈ (0, 12 ((1 − 𝑟) ∧ 𝑟)) satisfy (5.14). If we can show that for any
𝛽 ∈ (0, 𝛽+),

lim
𝑛→∞

P
(

𝑛𝛽
|

|

|

|

√

𝑛𝑊𝑛 −
√

2
𝜋𝜎2

𝛿𝑛𝐷∞
|

|

|

|

≥ 5
)

= 0,

then the desired conclusion follows immediately. Note that

P
(

𝑛𝛽
|

|

|

|

√

𝑛𝑊𝑛 −
√

2
𝜋𝜎2

𝛿𝑛𝐷∞
|

|

|

|

≥ 5
)

≤ P
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛 ≠ 𝑊𝑛

)

+ P
(

𝑛𝛽+
1
2
|

|

|

𝑊 ⌈𝑛𝑟⌉,0
𝑛 − E

(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

|

|

|

> 3
)

+ P
(

(

sup
𝑘
𝛿𝑘
)

√

2
𝜋𝜎2

|𝐷∞ −𝐷
⌈𝑛𝑟⌉| > 𝑛

−𝛽
)

+ P
(

𝑛𝛽
|

|

|

|

√

𝑛E
(

𝑊 ⌈𝑛𝑟⌉,0
𝑛

|

|

|


⌈𝑛𝑟⌉

)

−
√

2
𝜋𝜎2

𝛿𝑛𝐷⌈𝑛𝑟⌉
|

|

|

|

> 1
)

.

Using (1.6) and (5.1), we know that the first and third term on the right hand side above tend to 0 as 𝑛→ ∞. Lemma 5.1 says that
the fourth term on the right hand side above tend to 0 as 𝑛→ ∞, and Lemma 5.4 says that the second term on the right hand side
above tend to 0 as 𝑛→ ∞. This completes the proof of Proposition 2.2. □
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