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Abstract

Let N (¢) be the collection of particles alive at time ¢ in a branching Brownian motion
in RY, and for u € N (¢), let X,,(¢) be the position of particle u at time ¢. For 6 € R4,
we define the additive measures of the branching Brownian motion by

(14182 —o.
©f (dx) == eI+ 2 Z e 0D s 5 1yror)(dX),
ueN(t)
here ||6|is the Euclidean norm of 6.

In this paper, under some conditions on the offspring distribution, we give asymptotic
expansions of arbitrary order for Mf ((a, b]) and p.f ((—o0, a]) forf e R? with 1ol <
V2, where (a,b] := (a1, b1] X -+ x (aq, bg] and (—o0, a] := (—00,a;] x --- X
(=00, aq] fora = (ay,---,aq)andb = (by, - - - , bg). These expansions sharpen the
asymptotic results of Asmussen and Kaplan (Stoch Process Appl 4(1):1-13, 1976) and
Kang (J Korean Math Soc 36(1): 139-157, 1999) and are analogs of the expansions
in Gao and Liu (Sci China Math 64(12):2759-2774, 2021) and Révész et al. (J Appl
Probab 42(4):1081-1094, 2005) for branching Wiener processes (a particular class of
branching random walks) corresponding to 6 = 0.
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1 Introduction and Main Results
1.1 Introduction

A branching random walk in R? is a discrete-time Markov process which can be
defined as follows: At time 0, there is a particle at 0 € RY; at time 1, this particle
is replaced by a random number of particles distributed according to a point process
L; at time 2, each individual, of generation 1, if located at x € RY, is replaced by a
point process X + Ly, where Ly is an independent copy of L. This procedure goes
on. We use Z, to denote the point process formed by the positions of the particles of
generation n. (Z,)>o is called a branching random walk.
Foranyn e Nand 0 € R4, define

W, (0) = / e %7, (dx),

m(0)"

where m(0) := E (f e %7, (dx)). It is well known that, for any 6 € RY, (W, ©@))n>0
is a martingale. (W, (60)),>0 is called the additive martingale of the branching random
walk. The additive martingale is a fundamental tool for studying various asymptotic
behaviors of branching random walks, see [23] for some of its applications. Biggins [6]
used the L? convergence of the additive martingale to study the asymptotic behavior
of Z,(nc + I) for fixed ¢ and bounded interval /. To describe Biggins’ result, we
introduce the following additive measure uf’e of the branching random walk, which
is a shifted version of the measure introduced before Theorem 4 in [6]:

nZ0A) = m@)™" f eIV 4(y — con)Z,(dy), A € B(RY), (1.1)

with (cp); := m(®)"'E (f xie 9%Z7, (dx)). In the case 6 = 0, the additive measure
above reduces to the normalization of Z,. The additive measures appear as Gibbs
measures in the study of directed polymers on trees in random environment, see Derrida
and Spohn [9]. Theorem 4 in [6] implies that, in the weak disorder regime (i.e.,
—logm(0) < —6 - Vvm(0)/m(6)), if there exists y > 1 such that E(W{(0)?) < oo,
then forx € R? and h > 0,asn — oo,

(2h)* W (6)

dj2, 7.0 I

(1.2)
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where Woo (9) := limy_ 00 Wy (8), I, = [—h, h]¢ and
(i =mOB( [ (5 = @) = @) Z1@). i € (1nd)

From (1.2), we see that the limit of nd/ zuf‘e (x + Ij) is proportional to the volume
of I, and the proportion is a multiple of the limit W, (0) of the additive martingale
with parameter 6. The limit result (1.2) also tells us that uf’e(x + I5) decays to 0
at the rate n=4/2. In the case d = 1, Pain proved that, see [19, (1.14)], in the weak
disorder regime, if there exists y > 1 such that E(W(0)") < oo, then for any b € R,
asn — 090,

1z ((—00, bEg/nl) — Woo(0)®(h)  in probability, (1.3)

where ®(b) := \/427 ffw e_zz/zdz. The limit result (1.2) is a local limit theorem for

the additive measure ,u,%’e, and (1.3) is a central limit type theorem for ,u,% 9

Forthe case 8 = 0, there are many further asymptotic results. In the case whend = 1
and the point process L is given by £ = ZZB:] 8x,, where X; are iid with common
distribution G and B is an independent N-valued random variable with P(B = k) = py
and pu = Zk kpr > 1, Asmussen and Kaplan [2, 3] proved in 1976 that if G has
mean 0, variance 1 and 2130:2 k(log k)H'E pr < oo for some ¢ > 0, then conditioned
on survival, for any b € R,

12 0((—00, b/n]) =3 Wao (0)D(b), ass. (1.4)

They also proved that if G has finite 3rd moment and > - , k(log k)3/7+¢ pr < oo for
some ¢ > 0, then, for any a < b € R, conditioned on survival,

V2mnpZ0(la, b)) =3 (b — a)Wao(0),  ass. (1.5)

Of course, (1.4) and (1.5) are special cases of (1.3) and (1.2), respectively. A natural
and important next step is to study the convergence rates in these two limits above.
Gao and Liu [13] gave first and second-order expansions of /Lf’o((—oo, by/n)). A
third-order expansion was proved by Gao and Liu [12, 14], where branching random
walks in (time) random environment were studied. They also conjectured the form of
asymptotic expansion of arbitrary order for uf’o((—oo, b./n)). For general branching
random walks, results similar to (1.4) and (1.5) were proved in Biggins [5].

When the point process L is given by £ = ZiB:l dx; where X1, X», ... are inde-
pendent d-dimensional standard normal random variables and B is an independent
N-valued random variable with P(B = k) = py and u := Y kpr > 1, Z, is
called a supercritical branching Wiener process. Révész [21] first proved the analogs
of (1.4) and (1.5) for branching Wiener processes, and then, Chen [8] studied the cor-
responding convergence rates. Gao and Liu [11] proved that, for each m € N, when
Z,fil k(log k)lﬂpk < oo for some A > 3max{(m + 1), dm}, there exist random

@ Springer



3358 Journal of Theoretical Probability (2024) 37:3355-3394

variables {Va, |a| < m} such that for each t € R?,

Va 4+ 0o(n™"?), as.,

| (=Dt D@ (t)
—Znl(00, b = @a(OVo + >0 3T

=1 la|=¢
(1.6)

where for a = (ay,...,aq), |2l = a; + ... + a4, a! = ai!---aq!, P4(t) is
the distribution function of a d-dimensional standard normal random vector and
D3 (t) = 8[‘11‘ ...8,‘;" @4 (t). For the local limit theorem (1.5), Révész, Rosen and
Shi [22] proved that when Z,fil k2 Pk < 00, for any bounded Borel set A C RY,

1 (=1t 1 _
Q) —7,(A) =) ) D o 2 CEDP My (A)Vaap + 0™,
H =0 la|=¢C " b<2a
a.s., (1.7)
where b < 2a means that b; < 2q; forall1 < i < d, C;’a = Cé’;l -~-C2bgd,

C,’; = #Lk), and Mp(A) := fA xf' . ~xsddx1...dxd. The two results above give the
asymptotic expansions of %Zn((—oo, ty/n]) and (Znn)d/zﬁzn (A) (with A being a
bounded Borel sets of R?) up to arbitrary order.

For the lattice case, analogs of (1.4) and (1.5) can be found in [10, 16], and an
asymptotic expansion similar to (1.7) for Z,, ({k}) was given by Griibel and Kabluchko
[16].

In this paper, we are concerned with branching Brownian motions in R¢. A branch-
ing Brownian motion in R is a continuous-time Markov process defined as follows:
Initially, there is a particle at 0 € R?, it moves according to a d-dimensional standard
Brownian motion and its lifetime is an exponential random variable of parameter 1,
independent of the spatial motion. At the end of its lifetime, it produces k offspring
with probability pi for k € N and the offspring move independently according to a
d-dimensional standard Brownian motion from the death location of their parent and
repeat their parent’s behavior independently. This procedure goes on. Let N () be the
set of particles alive at time ¢ and for u € N(¢), we use X;,(¢) to denote the position
of particle u at time ¢. Define

Z; = Z 8%, (1)

ueN (1)

(Z:)s>0 is called a branching Brownian motion. We will use PP to denote the law of
branching Brownian motion and E to denote the corresponding expectation. We will
use (B;);>0 to denote a standard Brownian motion in R?. For x € R?, we will use Py
to the law of Brownian motion starting from x and use Ex to denote the corresponding
expectation. For x € R, we will also use P, and E, to denote, respectively, the law and
the corresponding expectation of a 1-dimensional standard Brownian motion started

@ Springer



Journal of Theoretical Probability (2024) 37:3355-3394 3359

at x. For convenience, we write P for Py or Py, and E for E¢y or Ey. Without loss of
generality, we assume that

o0
> kpe=2.
k=0

This assumption is not essential and is assumed for convenience. For the general case,
see the discussion in Remark 1.6. For 6 = (01, ..., 0;) € R4,

2
W,(0) := e~ 1150 Y et
ueN(t)

is a nonnegative martingale and is called the additive martingale of the branching
Brownian motion, here ||| is the Euclidean norm of 6. When 6 is the zero vector,
W, (0) reduces to e~'Z,(R?). The additive martingale is very useful in studying
the asymptotic behaviors of branching Brownian motions. For instance, in the case
d = 1, ithas been used to study the maximal position of branching Brownian motions.
It was also used to give a probabilistic representation for the traveling wave solution
of the KPP equation, see [18]. The limit of the additive martingale is related to the
limit behavior of the number of particles whose speed is larger than 6, see [15].
The additive martingale and its limit also appear in the study of extremal processes of
some inhomogeneous branching Brownian motions and reducible branching Brownian
motions, see, for instance, [4, 7] and the references therein. It is well known that (for
d =1, see Kyprianou [18]), for each 6 € R, W, (6) converges to a non-trivial limit
Woo(6) if and only if [|6]| < +/2 and

> k(logk) pi < oo. (1.8)
k=1

From now on, we will only consider 6 € R? with |6 < +/2. For any set A C R
anda € R, we use |A| to denote the Lebesgue measure of A and aA := {ax : x € A}
Asmussen and Kaplan [3, Part 5] proved that when d = 1, under the assumption
Z,fil kzpk < 00, for any Borel set B with [0B| = 0, as t — oo,

Wa(0) [
7, (J?B) N \/%) /B ¢4z, P-as. (1.9)

and that for any bounded Borel set B with [0B| = 0, as t — o0,

V2rwte ' Z, (B) —> |B|Wx(0), P-as. (1.10)
Kang[17, Theorem 1] weakened the moment condition and proved that (1.9) holds with
B = (—o00, b] under condition (1.8). The results (1.9) and (1.10) are the counterparts

of (1.4) and (1.5) for branching Brownian motions.
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Similar to (1.1), we define the additive measure ulg of branching Brownian motion
as

(14 lo1? 9.
pf (dx) = e IT0 N e XD ) 4oy (dx).
ueN(t)

The normalized random probability measure ut@ (RY)~! M? appears as the Gibbs mea-
sure of a directed polymer on trees in random environment, see Derrida and Spohn
[9]. The goal of this paper is to sharpen the results in (1.9) and (1.10) and establish
asymptotic expansions of the additive measure pL(:) in the subcritical case |6 < /2,
see Theorems 1.1 and 1.2. These expansions sharpen the asymptotic results of [3, Part
5] and [17] mentioned above. The asymptotic expansions of [11, 22] are for the addi-
tive measure uf Oof branching Wiener processes, while the asymptotic expansions of
Theorems 1.1 and 1.2 are for the additive measure 1 of branching Brownian motions
with 6 not necessarily 0.

One might expect that the asymptotic expansions for branching Wiener processes,
when considered along {f, = nd, n € N}, can be used to get the expansions of this
paper by letting § — 0. However, it seems that this idea does not work due to two
reasons. One of the reasons is that values along {nd, n € N} are not good enough
to control the behavior between the time intervals [, f,+1]. Another reason is that
{Z,s : n € N} is not a branching Wiener process since in Zg = ZuEN(B) 8x,(s), for
u,v € N@),u # v, X, (8) and X, (8) are not independent.

1.2 Notation

We list here some notation that will be used repeatedly below. Throughout this paper,
N = {0, 1, ...}. Recall that N(¢) is the set of the particles alive at time ¢ and that for
u € N(t), X, (¢) is the position of u. For u € N(t), we use d, and O, to denote the
death time and the offspring number of u, respectively. For v and u, we willuse v < u
to denote that v is an ancestor of #. The notation v < u means that v = u orv < u.
Fora = (a1, ...,aq) € R?, define (@); := a; and (—o0,a] = (—00,a1] X
- X (—00,aq]. Fora,b € R, we use a < b (a < b) to denote that (@; < (b);
((@; < (b)j ) forall 1 < j < d.Fora,b € R? with a < b, define (a,b] :=
(a1, b1]x - - - x (ag, bg]. The definition of [a, b] is similar. Fork = (ky, ..., kg) € N9,
set |k| := k1 + ... + kg and k! := ky!---k4!. For a function f on RY, x € R and

k € N9, let DX f(x) := 8,’2 ...ijf(x). We also use the notation ¢ (y) := ﬁe’yz/z

and ®;(x) = ]_[;l:] fféo ¢ (z)dz. Sometimes we write ®(y) for ®;(y). For two
functions f and g, we will use f < g to denote that there exists a constant C such
that f(x) < Cg(x) for all x in the common domain of definition of f and g.
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1.3 Main Results

We will assume that

o0
> k(logh)' ™ py < o0 (1.11)
k=1

for appropriate A > 0. Let Hy be the k-th-order Hermite polynomial: Hy(x) := 1 and
fork > 1,

[k/2] i
_ KD
Hex) := 2(:) 2k — 2
J:

It is well known that if {(B;);>0, P} is a standard Brownian motion in R, then for any
k>0, {tk/sz(Bt/ﬁ), o(Bs : s <1t), P}is a martingale. Since the spine of the
branching Brownian motion is a Brownian motion, we can use the martingales above
and the many-to-one formula in Lemma 2.1 to construct martingales for branching
Brownian motions. This motivates the definition of the following martingales:

Now fork € N¥ and 6 € R? with ||6] < ~/2, we define

d
&0 . —a+lely —0:X, (1), Kl/2 Xu(0); + 0t
M = e 2 E e t HijT, t>0.
UeN(t) j=1

Note that M, ©.6) = W,(6). We will prove in Proposition 2.6 that {M, (k.9) ,t>0; P}
is a martingale, and if (1.11) holds for A large enough, M,( will converge almost
surely and in L' to a limit Mc()l.f ‘) Here are the main results of this paper:

Theorem 1.1 Suppose 6 € RY with ||0] < V2. For any given m € N, if (1.11) holds
for some A > max {(3m + 8,d(3m + 5)}, then for any b € R?, P-almost surely, as
s — 00,

—1)kl
W (Coobysl) = 0 S Db M o)

k! slkl/2
k:k|<m

Vi k
Z( 1) )3 D id(b)M(k0)+ os™™?).  (1.12)

$0/2
K:|k|=¢

Theorem 1.2 Suppose 6 € RY with ||0] < V2. For any given m € N, if (1.11) holds
for some A > max{d(3m + 5),3m + 3d + 8}, then for any a,b € R¢ witha < b,
P-almost surely, as s — 00,

s 18 ((a, b])
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m 14 (k,0) k 1
=Z#Z(—1)j Z M::, Z pk+it+ d>d(0)/ bjnzjdzl dzg
=0 '— [a

K:|k|= T ilil=e—j
Fo(s™™/?), (1.13)

where 1 := (1, ..., 1).

Remark 1.3 Theorems 1.1 and 1.2 give asymptotic expansions, up to arbitrary order,
of Mf ((—oo, bﬁ]) and s4/? 9((a b]), respectively. They give much more precise
information than (1.9) and (1.10). Whend = 1,6 = 0 and m = 0, Theorem 1.1 is
exactly (1.9), and Theorem 1.2 is exactly (1.10).

Remark 1.4 Taking 6 = 0 and s = nd, n € N, with § being a positive constant, in
(1.12), we see that it is consistent with (1.6). The asymptotic expansion (1.13) is also
consistent with (1.7). In fact, combining the definition of Hy and (2.5), we see that
ddZ;ZCD(x)| = O0forall £ > 1. Let m = 2m’ with m’" > 1. Then for each odd
number £ = 2(’ + 1 with0 < ¢/ <m’ — 1 and any (K, i) such that |k + i| = ¢, there
must be some iy € N such that (k + i);, is odd, which implies that

d(k+i)i0+1

_ k+i+1 _
LEmg T Wl =0 = Desm =o.

Therefore, for m = 2m’, (1.13) can be written as

s 18 ((a, b])

m’ (k,0) k 1
B IO NEID S pcaue U H
=0" j=0

Klkl=j  ilil=20—j [a.b] ;

+ o(s_’”/).

Remark 1.5 We briefly explain here how the martingale limits Mél.f’e) appear in The-
orem 1.1. The reason for their appearance in Theorem 1.2 is similar. Using the
branching property, one can show that, under (1.11), for a certain sequence (r,),>1

of positive reals with r, 1 oo and s € [ry,7ug1), E (,uf ((—00, by/s1) ‘]—"ﬁ)
is a good approximation of ,u,f ((—oo, bﬁ]), see Lemma 3.2. The quantity
E (M? ((—oo, bﬁ]) |]—' ﬁ) can be written as a sum involving the normal distribution
function &, see (3.8). Combining this with the Taylor expansions (involving Hermite

polynomials) of the normal distribution in Lemmas 2.3 and 2.4, the martingales M, ,(k’g)

appear naturally.

Remark 1.6 Note that we only dealt with the case when the branching rate is 1 and the
mean number of offspring is 2 in the two theorems above. In the general case when
the branching rate is 8 > 0 and the mean number of offspring is ;. > 1, one can
use the same argument to prove the following counterpart of Theorem 1.1: Suppose
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0 € R? with |0] < /2B(w — 1). For any given m € N, if (1.11) holds for some
A >max{3m+8,d(3m +5)}, then forany b € R4, P-almost surely, as s — 00,

—(B(u—1) le1% _p.
u° (=00, by/s]) i=e Bn—D+105 ) Z e 9Xu(l>1(7oo,bﬁ] X, () + 01)

ueN(t)
m ¢ Kk
(=1 D*®4(b) _
= Z $0/2 Z k! MED +o(s™?),
=0 k:k|=¢ ’

with Mél.f‘g) given by

MO

d
— lim e—(ﬂ(u—1)+—”92”2)t Z e—e-x,,(z)t\k\/zl_[Hk(m—f—}_@jt)_ (1.14)
—00 . J \/;
ueN(t) j=1

In the general case, the counterpart of Theorem 1.2 is as follows: Suppose 8 € R?¢
with [|0]] < ~/2B(u — 1). For any given m € N, if (1.11) holds for some A >
max{d(3m +5),3m + 3d + 8}, then forany a, b € R? witha < b, P-almost surely,
as s — 00,

(BT le1* _p.
59210 ((a, b)) = e~ P=D+T0)1 Z e XD by Xu(t) +61)
ueN(t)

- ¢ . (k.6) Ktit1 d
I N D D I e e

=0 =0 kkl=j  ilil=t—j abl

with M9 given in (1.14).

Remark 1.7 One could also consider asymptotic expansions for the additive measure
uf’e for branching random walks. Using the tools established in [12], it is possible to
get fixed order expansions. However, getting asymptotic expansions of arbitrary order
may be difficult.

We end this section with a few words about the strategy of the proofs and the orga-
nization of the paper. In Sect.2, we introduce the spine decomposition and gather
some useful facts. We also study the convergence rate of the martingales M,(k’e)
and moments of the additive martingale W;(6). In Sect.3, we prove Theorems 1.1
and 1.2. To prove Theorem 1.1, we choose a sequence of discrete-time r, = n'/*
for some x > 1. To control the behavior of particles alive in (ry, r,+1), we need

rn+1 — rn — 0. This is the reason we do not choose r,, = né. We prove in Lemma
3.1 that 1f) (=00, by/Fal) & E [ 14§, (00, byal) |7 7, |, where ;s the o-field
generated by the branching Brownian motion up to time . To deal with s € (r;,, r;41),
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we adapt some ideas from [3, Lemma 8] and [17, paragraph below (13)]. We prove in

Lemma 3.2 that, for s € (ry, rut1), 18 ((—00, by/s]) ~ E [Mf ((—00, by/s]) |}'ﬁ]
We complete the proof of Theorem 1.1 by using a series of identities proved in [11].
The proof of Theorem 1.2 is similar.

2 Preliminaries
2.1 Spine Decomposition

Define

dp—*
dP |5

= W(0). 2.1

Then under P~¢, the evolution of our branching Brownian motion can be described
as follows (spine decomposition) (see [18] for the case d = 1 or see [20] for a more
general case):

(i) There is an initial marked particle at 0 € R? which moves according to the law of
a standard Brownian motion {B; — 61, Py};

(i1) The branching rate of this marked particle is 2;

(iii) When the marked particle dies at site y, it gives birth to L children with P~/ (L =
k) = kpi/2;

(iv) One of these children is uniformly selected and marked, and the marked child
evolves as its parent independently and the other children evolve independently
with law Py, where Py denotes the law of a branching Brownian motion starting
aty.

Let d; be the i-th splitting time of the spine and O; be the number of children produced
by the spine at time d;. According to the spine decomposition, it is easy to see that
{d; : i = 1} are the atoms for a Poisson point process with rate 2, {O; : i > 1} are
iid with common law L given by P_Q(z = k) = kpx/2, and that {d; : i > 1} and
{O; :i > 1} and X are independent. This fact will be used repeatedly.

We use &; and X¢ (¢) to denote the marked particle at time ¢ and the position of this
marked particle, respectively. By [20, Theorem 2.11], we have that, for u € N(z),

2
=0 Xu(0) o~ 1195 —0-X, (1)

—0 _ _ —
P (El = M’]:t) = ZueN(t) e—0Xu() — W, (0)

2.2)

Using (2.2), we can get the following many-to-one formula.

Lemma 2.1 Foranyt > Oandu € N(t), let I'(u, t) be a nonnegative F;-measurable
random variable. Then,

E( 3 F(u,t)) _ 1+ g0 (e‘)'xf(”r(gl,r)).

ueN (1)
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Proof Combining (2.1) and (2.2), we get

(X rn) -5 b

ueN(t) ueN (¢

2
= ]E_e( Z I'(u, t)e(l+w)tee'X“(t)P_9 (";z = M|}—t)>

ueN (1)
le)?
— e(l-‘rT)lE—@ (E—ﬁ( Z l{Et:u}F(uv [)EG.X”([)LE))
ueN(r)
2 2

ueN(r)

2.2 Some Useful Facts

In this subsection, we gather some useful facts that will be used later.

Lemma 2.2 (i) Let ¢ € [1, 2] be a fixed constant. Then for any finite family of inde-
pendent centered random variables {X; :i =1, ..., n} with E|Xl-|Z < 00 for all
i =1,...,n, it holds that

n n
EI> x| <2 Eixil
i=1 i=1

(ii) For any € € [1, 2] and any random variable X with E|X|* < oo,

E|X —EX|' <E|X|* < (BEXx)Y2.
Proof For (i), see [24, Theorem 2]. (ii) follows easily from Jensen’s inequality. O
Lemma 2.3 Forany p € (0, 1), b, x € R, it holds that

k

b — px Oo,o
Ol —=)=20b) —9® — Hy—1(b) Hi (x).
(m) () ¢()I§k!k1<)k(x>

Proof See[11, Lemma 4.2.]. O

To prove Theorem 1.1, we will define r,, := n% forsome k > 1.Fors € [ry, rp+1),
applying Lemma 2.3 with p = ,//r,/s andx = r,f]/4y, we get that forany b, y € R,

DI omy— o3 L (2
o \/S__ﬂ)_cb(b) ¢(b)k§ o o Hie (), Hk(r%). 2.3)
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Recall that (see [11, (4.1)]) forany k > 1 and x € R,
| Hi ()] < 2v/kle" /4, 2.4)

Lemma2.4 Fora givenm € N, letk = m +3 andr, = n'/. Let K > 0 be a
fixed constant and J be an integer such that J > 2m + Kk. For any b,y € R and
S € [rn, rn+1), it holds that

by/s —y L1 k/4 y
Pl —= ) =) - ———H_1(b Hi| == ' b.ss
<W) () - ¢ )Z}k!sm 1By k(r;/4)+em,},b,s

and that

sup {sm/2 |8m,y,b,s| DS € rns a1, Iyl = v K\/ﬁlogn,b € R} e 0.

Proof It follows from (2.4) that there exists a constant C such that forallb € R,n > 2,

s € [rn, rat1), Iy = K /rnlogn and k > m,

ki (46)

k/4 y K/4
(57| = € e
n

11
sm/zﬁm (¢ (b) | Hr—1(b)])

Combining this with (2.3), we get that for J > 2m + Kk, n > 2,5 € [ry, F'nt1),

beRand|y|l <. /K./r,logn,

)
sm/2 |8m,y,h,x’ <C Z n—(k—2m—KK)/(4K) 5 n—(]+1—2m—KK)/(4K).
k=J+1

Thus, the assertions of the lemma are valid. O

Now, we give a result of similar flavor which will be used to prove Theorem 1.2.
Taking derivative with respect to b in Lemma 2.3, and using the fact that

dk
o0 = (DT H_ 1 (0)g (), (2.5)

we get that

1 b— px > pk
¢ =¢b)+ ¢ () — Hy(b) Hi(x). (2.6)
s (\/1—,02) 2 g
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Now letting p = /\/Tn/s, b = z/+/s and x = r,,_l/4y in (2.6), we get that for any
z,y €R,

P )0 S e () )

k=1

The proof of the following result is similar to that of Lemma 2.4, and we omit the
details.

Lemma 2.5 Fora givenm € N, let k = m + 3 and r, = n'/*. Let K > 0 be a fixed
constant and J be an integer such that J > 2m + Kk. Foranya <b e R, y,z € R
and s € [ry, rp+1), it holds that

Sz
=)

J
=o( )+ gt ) () + ome

1
T'n

and that

sup [sm/2 |€m,y,z,s| DS €[y, ruy1), 2 €la,bl, |yl < N/K«/ﬁlogn} "Z0.

2.3 Convergence Rate for the Martingales

Proposition 2.6 For any 6 € R? with |0]] < v2 and k € N, (M*? 1 > 0; P}
is a martingale. If (1.11) holds for some X > |Kk|/2, then M,(k’e) converges to a limit
Mélé’e) P-a.s. and in L'. Moreover, foranyn € (0, A — |Kk|/2), ast — oo,

MED _ g0 _ o= OkDny g

Before presenting the proof, we first sketch the main idea of the proof. Both of
the existence of the limit Mélg’e) and the convergence rate of M,(k’g) — Mél.f‘e) rely

on the convergence of the series ) - | nkl/2HA—nR (‘Mé‘i?) — M,(,k’e) . Thus, our
main effort is to analyze the decay rate of E (‘M,(l]i?) — M,E“’“ D under (1.11). The

assumption (1.11) does not guarantee the finiteness of £th moment of |M,(,k’0) | for any
£ > 1. We appropriately truncate the number of offspring of particles born between
time n and time n 4 1. The sequence M,(,k’0>‘3 will have £th absolute moment for some
¢ e (1,2),and M,Ek’e)’B is also a good approximation for the martingale M,?"@). We
will get the desired result by combining the trivial inequalities (2.19) with the moment
estimate for |M*? — M&B| and | M &8¢,
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Proof of Proposition 2.6 Combining Lemma 2.1, the Markov property and the branch-
ing property, for any ¢, s > 0,

2
E( t(Jli_xe)iff>_ ) Z

UEN (1)
- Xy()j +6;+s)
xEx,o | Y e X0+ )|k|/21—[H ( )
vEN(s) VIts

(1+IIHH y Z = | K|/ Xe(s))j+6;(+s)
+5) | | H; .
X, (1) J
WeN () j=1 ( vits )

d
1 len? , B
D D [ § A ((’+S)k’/2ka(\/tS?))’ 7

ueN(t) j=1

where recall that (X¢ (s) + s, P~?) is a d-dimensional standard Brownian motion.
Since

((; + )k Hy, (

B
— ¢kif2 !
=ki2Hy, ,
(ﬁ)

we see that E, ((t + s)k /2Hk ( H_y)) = tkj/2ij (%) forallx e R,z,s > 0and
k; € N. Plugging this fact back to (2.7), we obtain that

) orm o <)

T

d
k.6 (14 le1% k2 (X (1)) +0;t k.0
(1) = 3 e, (S0
ueN(() j=1

which implies that M,(k’e) is a martingale.

Now, we fix k € N¢ and assume (1.11) holds for some A > |k|/2. We first look at
the case when ¢+ — oo along integers. Let r = n € N. Recall that N (n + 1) is the set
of particles alive at time n + 1. For u € N(n + 1), define B, , to be the event that,
for all v < u with d, € (n,n + 1), it holds that O, < ¢, where ¢y > 0 is a small
constant to be determined later. Set

&8 . e—(1+%)<n+1)

n+1
d
Xy(n+1);, +0;(n+1
D I | E G e I
ueN (n+1) J=1 "
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Since |Hy(x)| < |x|*+1forallx € Rand (|x|+ [yD* < x|k +|y|F forallx, y € R,
we have

X +z

Jn+1

(4 D2 H (S )| S Gl 12D+ o D2 S b 1 42,

which implies that for all j € {1, ..., d},

(n+ 1)kf/2‘ij((Xu(n+ D) +0j(n+ 1))\

vn+1
SIXu () +0inh 40k 41X+ 1) — X)), + 6,15, (2.8)

Therefore,

(k.0) (k.0),B ey
‘Mn+1 — M, ‘Se (I+55) @+

d
Xyn+1); +6;n+1
« Z €—9~Xu(n+l)‘(n + 1)/kl/2 1_[ Hk_;<( u( ))j i ))’1(3’1’“)6

ueN(n+1) j=1 A/n + 1
< o1 ) I K Y DX
ueN (n) veNn+1)u<v
d
x TT (10%u ) + 051 +nbi72 41Xy 01+ 1) = Ku); + 6,1 ) 1z, e
u J J v J u J J (Bn,v)€-
j=1

By the branching property and the Markov property, we get that

612 1612
(e L e D M

ueNn)

><E< > e‘“"“)]i[ (!(Xv(l))j +6;] +yj)1<Dn,v)f)

veN(l) j=1

k; ki/2
¥ =1 (1)) j+0; [T 451

o Y e R (y)
ueN (n)

s (2.9)

¥ =1 (1)) j+0;n 1T +nk7

where, for v € N(1), D, , denotes the event that, for all w < v, it holds that
Oy < ", Recall that d; is the i-th splitting time of the spine and O; is the number
of children produced by the spine at time d;. Note that D,, ¢, is the event that, for all i
with d; < 1, it holds that O; < ¢“". By Lemma 2.1,

Fo) =E( [T (1)) +6;[Y + 5 ) pye) -
j=1
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Using the independence of {d; : i > 1}, {O; : i > 1} and X, we have that Dy, ¢, is
independent of X, which implies that for y; > 1,

(BB + ;) B (D5 )

d
F(y) =
j=1

d

= TT(EABIS) + 3, ) E( D Tio,me0m)
j= id; <1

T15_1 v

ST @ > e < =55

1

1
d
(2.10)

J

where in the first equality, we also used the fact that {Xg(¢) + 0t,P7% is a
d-dimensional standard Brownian motion, and in the last inequality, we used
E-? (logf)‘ Z) < 00 (which follows from (1.11)) and Markov’s inequality. By (2.9)
and (2.10), we have

(k,0) (k,0),B
E(jaf? w07 |7)

|(Xu(n))] + 9j7l|k-f + nkj/z)
PYES) :

d
Se—(1+%)n Z e—e.xu(n)l—[j=1(

ueN(n)

Taking expectation with respect to P, by Lemma 2.1, we obtain that

d
1 nlkl/2
(k,0) k,0),B kj k;i/2
E(Mn+l _Mn+1 DS Y | |E(|Bn| /-l-l’l-// )Sm (2.11)
Jj=1

nl
On the other hand, by the branching property,

k6B _ a4l —0.
M’§+1) —=¢ (+5-)n Z e 0-Xy (n) Tt
ueN (n)

where

Jou = e*(1+%) Z o0 Xy (1) =Xy ()

veNn+1)u<v

d . .
x (n+ 1kI2 l—[ ij((Xv(n + iij"i‘l@/(n + 1)>an,v

j=1

are independent given F,. For any fixed 1 < ¢ < min{2/]|0|?, 2}, applying
Lemma 2.2 (i) to the finite family {J, , — E(J,.4 |.7-"n) :u € N(n)} and Lemma 2.2
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(ii) to Jy 4, together with (2.8), we get that

L
k,0),B (k,0),B
E(|mi?? —B(m 0\ 7) ] |7)
< e—f(lﬁ-%)n Z e—£0~Xu(n) (Mn u)é/z , (212)

ueN (n)

where M, , is given by

2 2
My = E(efz(”@)( > e XMy, 1)IDM> )

veN(1)

V=1 () j+6;n1 T 40"
. i
ith $y(y, r) = | I?——l (|(Xv(r))j +9jr| ! +yj). Set

lo)?
Ty = Suw(y. Dip, e 1720 3" e 0%Wg,y Hip, .
veN(1)

By Lemma 2.1, we have

2
M,,A,u:e*““[’%)la( 3 e*‘)‘xw“)Tn,w)
weN(1)

k; ki/2
¥ =1(Xu (1)) j 46" 40"/

=E (T
(Tn) 3 =1 (1)) j 4017 ki

_ (14 ler? _p.
E 9(10,,,51 Ser (v, De” 27 37 e Xg gy, l)lD,,.u>
veN(1)

¥ =X () j 46l 403

_ (14 e 0.
<E 9(11),,.51 Sy (y, De” 720 E e %W, (y, 1))
veN (1)

.o@a3
¥y =1 ()40 i 2 (2.13)

For each i with d; < 1, we use N; (1 —d;) to denote the set of particles whose most
recent common ancestor is &g, _,. By spine decomposition, we have that

Yoo tWs iy = "XVs iy, 0+ Y Y e Us .

veN(1) i:di<1veN;(1-d;)\{§1}

By definition, we have O; < e“" ontheevent D,, ¢, . Note that E( ]_[?:1 < | (By)j +z; |kj

+ yj)> < ]_[(ji-:l(lzjlkf + ;) forall s € (0,1),z; € Rand y; > 1. Using these and
the branching property, we get

2
e IHEOR (3 e X,y 1[g)

veN(1)
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2 2
— ef<1+@>eft9xg<1>5‘51 5. 1)+ Z (0; — 1)e7(1+@)d,~670~X5(d,~)
i:di<l

< B( ﬁ (1B1-a); +2,7 +3;))
j=1

72;j=Xe(d;)) j+0;d;

d
< eI g (y, 1) 4o 3 OXe@ [ (yj + | (Xe(di)j +6,d; |kj)

idi<l1 Jj=1
_ e_g.xs(l)sél (y, 1) 4 eon Z o0 Xe (di)SEdl- (v, dp), (2.14)
iddi<l1

where G is the o-field generated by all information along the spine, and in the first
equality we also used Lemma 2.1. Plugging (2.14) into (2.13), noting that X and d;
are independent, we get that

_ (1l —0.
(10, St v, De”HE) 3 0%, 3, 1) [Xe )
veN(l)

< e@.Xs(l)S‘é1 (y, 1)2 + St (. l)econE—é‘( Z e—O-Xs(di)Sgdi (y. d,-)|Xg>
iwdi<l
1

= 9XeWg (y, 1)? + 28, (y, 1)e" /0 e X g, (y, 5)ds

d

2
e[ {(yj +sup [ (Xe () + st\"") ellflsups<s '(Xf“”f””'} . @19)
=1 s<l1

Since {X¢(s) + Os, ]P’_e} is a d-dimensional standard Brownian motion, combining
with (2.13) and (2.15), we conclude that

d
2
M <eCO"HE( -+ sup | (B, .k_,-) eH@IISHPKlI(B:)j\)
B i (s s<1f|( il Vi =X () ;400" 40/

d
2
S TT(10%u0m), + 05m1%7 4+ ni/2) " econ. 2.16)
Jj=1

Plugging (2.16) into (2.12), we conclude that

4
(k,0),B (k,0),B
B(|m&" - EMED |7 |7)
16)2 d ¢
,S eco@n/26—2(1+T)n Z e_ee‘xu(") 1_[ (|(Xu(n))j + anlkl + nkj/z)
ueN (n) j=1

— o (=DA=1612E/2)~cot/2)n ,~(1+L2 |01 /2)n
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d
Y O T (1K) + 6yl 40572 @.17)

ueN(n) j=1
Choose ¢ > 0 small so that cp€/2 < (£ —1)(1 —||0]|>€/2) and set ¢ := (£ — 1)(1 —

|6 ||2£/2) —co?/2 > 0. Taking expectation with respect to P in (2.17), by Lemma 2.1
with 6 replaced to £60, we get that
)

d o omE (a2
S e TTE (1B, = € = Dol +nhi72) 5(,!1“) S
j=1

(k,0),B (k,0),B
(e

Note that if X is a random variable with finite expectation and Y is a random variable
with finite £-th moment, then

E(X -EX|F)D) <E(X-Y|)+E(Y —EXI|F)) —i—E(]E (X — Y]F)])
<2E(X —Y)+E <|Y - E(Y|f)|€)w : (2.19)

Combining this with (2.11), (2.18) and the fact that M{*” = E (M| 7, ), we et
that

(k.0) k.0 k0 _ 3 r(k6).B
Bl - as0l) = 2 (- m))

n+l1

o\ 1€ [kl/2
(k.0),B (k.0),B n
(D

e (2.20)

Since A > |k|/2, we have Zf;ozl E (‘M,?i’f) — M,?"@)D < 00, which implies that

M,(,k’0> converges to a limit Mél.f’e) P-almost surely and in L!. Therefore, M,(lk’g) =

E (Mg';mf,,), n> 1.

Fors € (n,n+1), Ms(k’e) =E <Mr(lli’19)|‘7-}> =E (Mél.f’e)|}"s), thus the second
assertion of the proposition is valid.

Now, we prove the last assertion of the proposition. For any 1 € (0, A — |Kk|/2), by
(2.20),

oo o0

kl/2 A ®k6) _ 1r(0) !
n~ K2R (‘Mn+l — M, D S pltn =%
n=1 n=1
which implies that
o0
ZnA—IkI/Z—n (Mr(zlil) - M,Ek’e)) converges a.s.
n=1
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Thus, n*~kl/2=1 M,(Lk’g) — Mél.f’e) e 0, P-a.s. (see, for example, [1, Lemma 2]).

For s € [n, n 4 1], by Doob’s inequality, for any ¢ > 0,

M2

P(Ylilkl/z*‘xiﬂ sup ‘Ms(k’g) — M,gk’g) > 8)

1 n<s<n-+l1

3
I

o0

—[k|/2+2— (k.0) k.0
nIkl/ ”El(‘Mn 1 — M ))<oo.
=1

IA

1
&
n

— — n—o0
Therefore, n~¥/2**=ngup _ _ ‘M§""’> —M,(,k’e)‘ —> 0,P-as. Hence,

P-almost surely,

sup s~ IKI/2H—n ‘Mgk,e) _ Mélé,e)’

n<s<n+l
< (1) K2 gy ‘Ms(k,(-))_Mr(lk,G)‘ (1)Kl ‘M’(Zk,e)_M(()lé,(-))
n<s<n+l
%o,

which completes the proof of the last assertion of the proposition.

2.4 Moment Estimate for the Additive Martingale

In this subsection, we give an upper bound for W;(0) which will be used later.

Lemma 2.7 Suppose 6 € R? with ||0]| < /2. If (1.11) holds for some % > 0, then
there exists a constant Cy ), such that for all t > 0,

E ((Wi(0) + D log ™ (W(0) + 1)) = Canlt + 1.

Proof Since EW;(0) = 1, it suffices to prove that there exists a constant Cy j such
that forall r > 0, E (W,(@) logrLA (W,(Q))) < Cp(t + 1). By using a projection
argument, we can easily reduce to the one dimensional case. Indeed, for eacht > 0
and u € N(t), define Y, (¢) := 6 - X,,(¢)/]|0]] when 6 # 0 and for Y, () = (X, (1))
when 6 = 0, then {Y, () : u € N(t)};>0 is a 1-dimensional branching Brownian
motion with branching rate 8 = 1 and offspring distribution { py }. Moreover, for each

2
6 € RY, W,(0) = e_(l+%)’ ZueN([) e 191 S0 we will only deal with the

case d = 1. By (2.1), we have E ((Wt ©)) logh+ (W, (9))) —E* (1og‘+“(wt (9))).
Using the spine decomposition, we have

0;—1
2 2 ..
W, (6) — o+ =0Xe0) 4 Z o~ (1 5)d; ,—6Xe(di) Z th;jd,"
i:d; <t j=1
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where d;, O; are the i-th fission time and the number of offspring of the spine at time d;,

respectively. Given all the information G about the spine, (W d ) j>1 are independent
with the same law as W;_g4, (9) under P.

Using elementary analysis, one can easily show that there exists A = A, > 1 such
that for any x, y > A,

log! ™ (x + y) < log™ (x) +log™ (). (2.21)
We set

Ky = e*(l+%)t679Xg(t)

K> = Z e Ut Z)d'e_exé‘(d) Z Wl ’ 1 02 o1
(H—T)die_exs(di)zj‘il WL Vi <A}

i:di<t t—d;
<A Z 1,
idi<t
0;—1
K= Z —(1+ 2)d —0Xe(d;) Z l] 1
3 W,” {—<1+7)d o X S0 i g}
id;i<t j=1 t—d;

Note that logh ™ (x + y +2) < log™ (3x) +1log! ™ (3y) —I—logl'H‘ (32), loght*(xy) <
(log, x +log, y)'™ < logh™ (x) + log™(y) and logi™ (x) < x. By (2.21), we
have

log!™ (W, (0)) = log{™ (K1 + K2 + K3)

< log™ (3K 1) + logh™* (3K2) + loght*(3K3)
0;—1

<1 +10g1+A(K1)+< Z ) Z logl+k( —(1+ z)d,e—é)Xg(d,) Z Wi )
id; <t id;<t =1
2
S 1T+1ogh (K + (Y0 1+ loght (e -0Xe@)))
iwdi<t
0"71 PR
+ Z log! ™ ( Z W;’_’di). 2.22)
id;<t j=I1

Puty := 1—6%/2 > 0. Recalling that { X« () +01, P~%} is a standard Brownian motion
and {d; : i > 1} are the atoms of a Poisson point process with rate 2 independent of
X¢, we have

E- (1og1“(1<1)+( > 1 4loghtt (e—(1+%>dfe—ex§<di>)))

i:di<t

=E" (logIH(Kl)—i-Z/ (1 +logh** (e *<‘+%>5‘e*@xs@>)ds))
0
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t
< E(( 0B, — yn)l™ + / (1+ (-8B, — ys)f*)ds) <t+1, (2.23)
0
where the last inequality follows from the following estimate:

1+2
E((—0B, —ys)}™) =sTE((101B1 — yv5) T Loy, vm)
< sUIP2VE((011B1) P S 1.

For the last term on the right-hand side of (2.22), conditioned on {d;, O; : i > 1}, we
get

0;—1
_9<Zlog1+x ZW”, |d,,0,,l>1)
id; <t
< logt ™ (0 — 1) + Z E~- (loglﬂ( max W'/ )|d,, 0;,i > 1)
idi<t id; <t j=0i-1
(2.24)
Note that
E~ (log”)‘( max W |d,, 0;,i > 1)
Jj<0;—1
:(1—{—)»)/ yk]P’_a max W “a > ¢’ d,,O,,z>l>d
0 J<0,
o0
=(1+A)/ y* 1_[ (1-P '_j_>e |d,,0,,z>1))>dy
0 - l
> 0i—1
5/ V(1= (1=e)7)dy, (2.25)
0

where in the inequality we used Markov’s inequality. When O; — 1 > ¢¥/? (which is
equivalent to y < 21log(0; — 1)), we have y* (1 (1—e y) ) < log*(0; — 1);

when O; — 1 < e/, by the inequality (1 — x)" > 1 — nx, we get
Y= (1~ eiy)oﬁl ) < ¥M(0; — De™ < yre /2,
Thus, by (2.25),

E(loght (. max W, Wiz 011 = 1) Slogh™(0; = D + 1.
J=

Note that condition (1.11) implies that E~ 4 logIH(O,- —1) = % Z,fiz k logl‘M (k —
1) pr < oo. Plugging this back to (2.24) and taking expectation with respect to P9,
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we conclude that

-6 1 x j
B (X o (12 w)
idi <t j=1
< E*Q( (loght(0; — 1) + 1)) <+l (2.26)
idi<t
Combining (2.22), (2.23) and (2.26), we get the desired result. O

3 Proof of the Main Results

Let k > 1 be fixed. Define

Lemma 3.1 Forany given o, § >0and § € (0, 1], assume that (1.11) holds for A with
A —a > k(14 pB).
(i) For each n, let a, < n? and {(Ypu:uce N(r‘s)} be a family of random variables

such that & ( 1 }.7: a) = 0, and conditioned on F, 7o You u € N(r‘s) are indepen-

dent. If |Yn.u| < Wa, (0 u) + 1 for all n and u € N(r?), with (Wan ©: ), IP’(-]]-};;))
being a copy of W, (0), then

_ 1612 .6 —0. 3 n—00
@ =1+, Z e ex“(r")Yn,u — 0, a.s.
ueN(rﬁ)

(ii) Consequently, if .\ — o > «k + 1, then for any sequence {A,} of Borel sets in
RY,

n—0oo
— 0, a.s.

ot A —E[wl, a0 |7,]

Proof (i) Define

Yo = Yol Vi =You—E(Vuul 7).

(Yol <ecsry’
where ¢, > 0 is a constant to be chosen later. Then for any & > 0,
o, —(1+ 1928 —0:X, (rd)
P(|r,e 27 Z e " Ypu >8.7-'r,§
ueN(rg)

ey _
< P[rem 050 30 XD (v, — V)
ueN(@rp)

> 5174)
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\IHH &
R T I DI ML)
ueN )
+1 162 = I+II+1II. (3.1
{r'?e_(H—T)ré ueN(r,‘;)e 9Xu(' )]E( n.u fg)‘ }

Using the inequality

|Yn,u - Yn,u| = |Yn,u|

al>ecriny =

(Wan (9 M) + 1) {Wan (9;“)+1>€C*r'(2}

and Markov’s inequality, we have

3

o> _
I< Erf,’e—(”T)’»‘f 3 et XR (IY,,,M ~ Yo ﬂg)
ueN(r,‘?)
o, —(1+192)8 ~0XD ((W. (0) + 1) 1
r e Z e ( l/ln( )+ ) {Wan(9)+l>ec*rﬁ}
ueN(r‘S)
neu
We —(I4+5- )r Z e Gxu(f )]E ((Wan(9)+ )logH»)\ (Wan(9)+1))
MEN(r,‘E)
o
< ra—nm —a 1) 3 e —0Xu(r) (32)
(C*Vn) ueN(r,‘E)

where in the last inequality we used Lemma 2.7. For 1 < ¢ < min{2/]|6|%, 2},
set b 1= L"DU-I017¢/2/2 ¢ (1,e) and c4 := Inb. Using Markov’s inequality,
Lemma 2.2 (ii) with X = 7, nats the conditional independence of ¥, , and the fact that
Voul < e @Dy, | < e (Wan(Q u) + 1), we have

nu’

3¢ 1625 5 ¢
= S_Krgle—Z(I+T)rnE<’ Z E_Q'X“(r")Yr/l,u‘

)

ueN(r,‘f)
< 3 ta NI —00-X,,(rd) 1ot
N 87rn e 2 n Z e n E(}Yn,u‘ |]:r2>
ueN(rﬁ)
3 i —e(14 1820 00X, (17 |¢
< Srlee Y e "nIE<|YM| |f,5)
8 n
ueN (r$)
3t~ 1y —0-X, (1)) jeur?
ST e 27" Z e utln e*"IE<Wan(9;u)+l|]-',a>
8 n
ueN (r9)
< r@ab—Zr,‘ze—(l—t—Llfnz )rgbr,’f Z E_ZG'X" rd) (3.3)
~ n 9 .
ueN(@rp)
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where in the last inequality, we used the identities E(Wan @;u) + 1|.7-'r3> =

—ea+1e2),0 o (142102 .
E(Wa, 0)+1) =2, ¢ 2 ) = p™ e T ), and e = b. Therefore,
by (3.3), we get

1S riep™s W, (€0). (3.4)

Now taking expectation with respect to P in (3.1), and using (3.2) and (3.4), we get
that

le)%
p(jree0+ om0 oxady, |5 )

ueN (rd)
a,p 2
rin ¢ _g ey, —0X, () — &
N(S))\_"_l'i_rab r"‘l‘]P) r,(fe 1+ Z)r’l Z e (rn)E(Yn,M|-7:rg>‘>§
ueN ()
3.5)
By Markov’s inequality and the fact that E <7n,u|fr3> =-E (Yn ul{‘y |>6L*,n} fs),

the third term on the right-hand side of (3.5) is bounded from above by
3 o _aalen?,s —0:X, (8
L (Y R, 7))

¢ ueN ()
3
< Sr ) T ((Way 0) + 1) 1ogh (1 + Wa, 0) S ri ) ™',

where in the last inequality we used Lemma 2.7. Plugging the upper bound above into
(3.5) and recalling r, = n% we get

o
o>
DB Y et |- )
n=1 ueN(rﬁ)
<i ryn® 4 plap=rd 4 —(GADS—a—kp)
~ (ra)x+1 n n ’
n=1

which is summable since A5 — @ > « (1 4+ B). This completes the proof of (i).
(ii) By the Markov property and Lemma 2.1,

E[1f, (A0 |7]

oy

1012 y,.s —0-X, (r)) p—
= R N KNP (X (ry — 1))+ 0ry +y € Ay) |
ueN(rp)

y=Xy (Fﬁ) :
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Since {Xg (1) + 01, P~} is a d-dimensional standard Brownian motion, we have

E [, (A | 7]

o2
= e—(1+T)rﬁ Z e—f).Xu(rﬁ)P (Br,,—r,‘i +y+ Grg € An) |y=XM(r5). 3.6)
ueN(r,‘z)

Therefore,
4 4 BRI —0-X,(r))
uh, (An) =B [, (A0) | Fg| = ™0+ 37 ey,
ueN(r,‘f)
where

g ety s —o. X,
Yy i= e~ 0+ 0—r) Z o0 (Xu(ra) X“(’"))l{xv(rn)wrneAn}

vEN (ry):u<v

—-P (Brn—r;z +y+or, € An) P

By the branching property, we see that, conditioned on F5, {Y, ., : u € N (r‘S )}isa
family of centered independent random variables. Furthermore it holds that

¥yl < =+ 0D T oK)

vEN (rp):u<v
=W, s0;u)+ 1L
Therefore, the second result is valid by (i) by taking 8 = 1/« and @, = r;, — r,f . O

Now, we treat the case s € [ry,, ry+1). Wewilltake § = 1/2, 8 = 1/kando = m/2
for m € N. Then, the condition A6 —« > k(1 + B) isequivalentto A > m +2(x + 1).

Lemma3.2 Forb € RY, let by := b./s or by := b. For any given m € N, assume
that k > m + 2 and that (1.11) holds for some . > m + 2(k + 1). Define ks := /r,
fors € [ru, rns1). Then for any b € RY,

§—>00

s"™2 | n? (00, bs]) — E[1f (00, bs]) [ Fi, ]| = 0, P-as.

Proof Step 1: In this step, we prove that almost surely,

sup "2 |E [ (o0, by]) |Fi, ] — E[u?, ((—00,by,1) |7, ]| = 0. 3.7)

I <S<rp+1

By the Markov property and Lemma 2.1, a similar argument as (3.6) yields that
E [ (=00, by]) | Fi, ]
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2
— 0+ Z X p (Bs—m by 40 < bs> ‘

UEN () y=Xu (V)
et Y X, (O X)) (3.8)
UEN (/) S =/
Thus, for s € [ry, ry+1), it holds that
s B [ (=00, by]) [ Fi, | — B [l ((—00. by, 1) | F, ]
2
< r;nﬁe—<1+W>m Y et
UeN (\/rn)
% ‘cbd(bs —Qﬁ— Xu(«/ﬁ)) . <Dd<br,, —Qﬁ— Xu(«/’?z))’
s = \/ﬁ 'm — ﬁ
2
TR DR IO
ueN ()

Let E(u,ry,0) := U?zl{l(Xu(ﬁ))j + 0j/tul > /rn}. Using Lemma 2.1, the
trivial upper-bound SUp,., <s<r,,, R, s) <2 and the fact that {X¢ (¢) + 01, P%}isa
d-dimensional standard Brownian motion, we have

o0
ey
erfl”_’{%e*(lJrT)\/r?E( Z e’Q‘X”(‘/m]E(u,rn,e) sup  R(u, s))

rp <s<r,
n=1 ueN(m n= n+l1

oo o0
1/4
< ZZr;”ﬁP (U‘;Zl {|(B1)j| > r,{/4}) < 2dE(e|(B1)'|) Zr:lﬁe*’" < 00,

n=1 n=1
which implies that P-almost surely,
2
r;::{%e—(l-i-@)\/ﬁ Z e_eixl’(ﬁ)lE(”’rn’@)R(u, s) S—O>O 0. (3.9)
ueN (/ry)
On the other hand, on the event E (u, r,, 0)¢ = ﬁf.:l{|(Xu(\/ﬁ))j +60,/rn| < T}
in the case by = b, using the trivial inequality
d 1 &
|®a(a) — Pq(b)| = @(aj) — 20| = —= ) laj—bjl,
;| J J | m ; J J

we get that, uniformly for s € [ry, ry+41),

1 1

=i =

R = (1)
=) (7=

j=1
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+ |Xu (/1)) + 6/l 1

1

o Js—ﬁ_wn—ﬁ)
< s = o
N\/s—\/;’»n\/rn—\/ﬁ(\/s—\/ﬁ-i-\/rn— rn) VS — rn\/rn n

S —nr1 — ).
n

N 1
S W(VIH»I — 1)+ rﬁi/g(rnJrl —m) S
n n

In the case by = b./s, uniformly for s € [y, rut1)

d
b.
R(M’S)SZ<|,| N
i V2 \/s — \/r,, — Jr
n [Xu (V) j + 0 /Tal 1 B 1 )
N2 \/s—\/r_ \/r,,— NG
< VSO =) = Vra(s — ) n f|JS — ru = rn =
~ \/s—ﬁ\/rn— N \/s_\/r_"\/r"_ N
1 |s(rp — J1rn) —ra(s — Jrn) 1
5_| - ﬁ - \/_"i 3/2(rn+1 rn)fs_(rnJrl_rn)«
I'n I'n n
Thus in both cases, we have that
/2 = T R ,
e EQurn.0)c Sup  R(u,s)
LlGN(\/E) Ip =S <rp41

~ n+] (rn+] - rn)Wﬁ(e) (3.10)

We claim that the right-hand side of (3.10) goes to 0 almost surely as s — oo. In fact

m/2 nl/'().

2 2 _
n+1 (rn+1 ) S r( m/ (rn+1 —1n) = n(2Hm/20 ((l’l + 1)1/K

By the mean value theorem, the right-hand side above is equal to
n(72+m)/(2/c)

1
p~ e < pm=20/C0) - for some v € [, n + 1].

Since k > m + 2 and lim,,_, oo W ﬁ(e) exists (due to the fact that W;(0) is a non-
negative martingale), the claim is valid. Combining this with (3.9) and (3.10), we get
3.7).

Step 2: In this step, we prove that

sup
T'n <S<Ip41

"2 |8 (=00, by]) — 1 ((—00, by, 1)| =570, P-as. (3.11)
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Once we get (3.11), we can combine (3.7) and Lemma 3.1 (ii) (with A,, = (=00, b;, ]
and § = 1/2) to get the assertion of the lemma.
To prove (3.11), we first prove that

liminf inf  s"/% (uf ((—o0,bs]) — uf ((—00,by,1)) =0, P-as. (3.12)

n—>00 rp<s<rpyi

Define ¢, := \/rn+1 — rn. For u € N(r,), let G, be the event that u does not split
before r, 11 and that maxge, r,, 1) 1Xu(s) — Xy (r) || < /7né&n- Then,

P(Gu|}—rﬂ) = e_(r"+l_r'l)P< max |IB,|| < «/E&z)

F<I'nt+1—"In

= e~ =P ((max B, | < 7).
r<
Recalling that 1 := (1, ..., 1), it holds that

lle)?
W (—oo,by]) = e (11570 3™ 0w
UeN (ry)

X Z 6*9'(Xv(5)*xu (rn)) 1{Xv (5)+05<b,}

veEN (s):u<v
> =+ 1 161 e
x ) e TN by e St 1611} 1
UEN ()
e NG el
ueN (rp)
X (X, () 4610 <y —en 1= 101 s = 1) (16, = P (Gu| P, ))
4 o=+ v 161 e T R
ueN (rp)
X (X, (1) 40 <y, —en 1= 100 1~V P (G| Fr, ) =2 T+ 11
(3.13)

For 7, we will apply Lemma 3.1 (i) witho =m /2,6 = 1,a, =0, 8 =0and
Yo = X, () +0ra by —n il 161 as1—r1) (16, — P (Gu| Fr,)) -

It is easy to see that |Y,, 4| < 2, rps1 — rp, — 0and (/rre, S Vn@=)/k — 0. Since
A >m—+ 2(k + 1), we have

sup  s"211"=5"0, P-as. (3.14)

Tn <S<Ip41
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If we can prove that

sup "2 11— pd ((=00,by,1)] =370, Pas., (3.15)

T'n <S<Ip41

then (3.12) will follow from (3.13), (3.14) and (3.15). Now, we prove (3.15). Since
Kk > m + 2, we have 1 (rpi1 — ) < pm1Hm+2/Q0 5 0. Thus,

S [1 =B (Gl F,)| < 31— =) 4 SR ((max B > )

2 2
< r;'zl(r,,g —rn)—i-r:ﬂle Vi 5.

~

Hence, using the fact that lim, . oc W, (6) = W (0) exists, we get

o>
/2B O I | 8 (=00, by, — en/Fl = 6]/ (1 — rn)ﬂ)'
< W, (0) (r,Tﬁ(rnH — )+ r;"ﬁe‘ﬁ) €0, Poas. (3.16)

Note that 0 < eI+ 4= 00V 11 < W, (9), 0+ S 0wi1—r) — | 4
O(rps1 — 1n) = 14 0(ry™?), and that el?IVFen = 1| + O( /iy /ragt = 1) =
1+ 0®m!'/=12) = 1 +0(r, ™) by the assumption that > m +2. Therefore, (3.16)
implies that

5§—>00

ST = 1, (=00, by, = e/l = 110 (gt = r)1])| =70, P-ass. (3.17)
Now, we put A, = (=00, by, [\ (=00, b, — &, /Fa 1 = 0]l (ra1 —r)1] C UI_ G,
where Cy, j i= {X = (x1, ..., Xa) : xj € (by,)j = &n/Fu = 101 (g1 — 1), (by,) 1}

Then by Lemma 2.1 and the inequality P (B, +ye Cn,j) < /T NN 1 =) e

NezT ’
obtain that
2
m’E [an (An) |fﬁ]
2
e SN o e Xl
ueN ({/rn)
x P70 (Xe(rn — /Tn) + ¥ + 0rn € An) ly=x, (/)
d
D B s RN SRR O
j=1 ueN (/ru)
x P (Brn—ﬁ +y+0m € Cn,j) ly=X. ()
m/2
r ena/Tn + 101 (rpg1 — 1,
W o) (en/Tn 4 10Nns1 =) s

27 (rn — /Tn)
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Here, the last assertion about the limit being O follows from the following argument:

2
" (/P + 1001t — ) <,
27 (rn — /Tn) ~

S n(m+17K)/(2K) 0.

— nm/(2K)\/(n + D/ — pl/k

Using Lemma 3.1 (ii), we immediately get that r,'qn/ 2 an (An) — 0, P-almost surely.
Then by (3.17), we conclude that (3.15) holds.
Applying similar arguments for the interval (by, +00), we can also get

liminf inf 5"/ (1 ((by, +00)) — ul ((by,, +00))) =0, P-as. (3.18)

n—>00 rp<s<rpyi

Using Proposition 2.6 with k = 0 and n = 2(k + 1), and the assumption A >
m+2(k + 1), we get

uf (RY) =l (RY)] = tim  sup 5" |Wy(0) — W,,0)|

—
=00, <s<rpy1

=0. (3.19)

lim sup s™/?
=00, <s<rpti

Now, we prove (3.11) follows from (3.12), (3.18) and (3.19). Indeed, for any ¢ > 0,
(3.12), (3.18) and (3.19) imply that one can find a random time N such that for all
n>Nandr, <s < ryt1,

s (1 (=00, b)) — uf (=00, by, 1)) > —e,

"2 (1 ((by, +00)) — ) ((by,. +00))) > —¢ and 5"/

8 ()1 ()

< €.

Thus,
12 (1 (—00, by 1) — 1, (00, by, 1))
= 5" (1§ (RY) = puf, (RY)) = 5™/ (uf (s, +00)) = if, (b, +00))) < 2e.
Hence, we have that whenn > N andr,, < s < 141,
$"2 | (=00, bel) — ), (=00, by, 1)| < 2z,

which implies (3.11). O

For any given m € N, we will take k := m + 3 in the remainder of this section. It
follows from Lemma 3.2 and (3.8) that if (1.11) holds for some A > m +2(k + 1) =
3m + 8, then P-almost surely for all s € [ry, r,+1) and by = b./s,

1§ (=00, by/s1) = E [ ((—o0, by/s1) [Fi, ] + o(s™"/%)
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N > e—e-xu<m>q,d<b~/_ — 0y — Xu(ﬁ))
UEN (\/7n) § = /Tn
+o(s™"?). (3.20)

Note that, for any a < b, (a, b] = 1_[] 1(a;, bj] can be expressed in terms ]_[ i1 Ej
where E; € {(—00,aj], (—00, bj]} using a ﬁnlte number of set theoretic operatlons

Thus, applying Lemma 3.2 to ]_[7»=1 E; and by (3.8), we get that if (1.11) holds for
some A > 3(m +d) + 8 = 3m + 3d + 8, then

1 ((a,b]) = ofs~ 2y 4 U e
ueN (/rn)
bj Y _ '
Xl_[;/g, 2 — 0P (xL,(\/m),)de. o
j=1 m aj s — \/E

d

Proof of Theorem 1.1 Let m € N and assume (1.11) holds for some A > max{3m +
8, dBm + 5)}. Recall that rp = n'/<and k = m + 3. Put K := m/k + 3

and F(u,ry,0) := {}(Xu(ﬁ))] +6; m| > /K /r,logn}. Combining
Lemma 2.1, sup,cpd CDd(z) = 1 and the fact that {(Xg(t) + 01);0,P~%} is a d-
dimensional standard Brownian motion, we get that

o0 2
Zr;"/ZIE(Hu@)m DS VI
n—2 ueN(/r)
(bﬁ — 0/ — Xu(ﬁ))>
S — /T

d
< in’”/(z") >p (I(Bm)j| >/ Kﬁlog")

n=2 j=1

x sup Dy

Tn =8 <In4l

—dan/(z")P (|(B1)1| > Klogn) Zn'"/@“ <00, (322)
n=2

where in the last inequality we used the fact that P(|(By) 1| > x) < e ¥/, Therefore,
P-almost surely,

2 a4l 6.
2 —(+55) Z e X o)

ueN(/ry)

b5 — 6. F — X .
X sup <I>d< VS =0 ”(m)”—"f’o. (3.23)
I <S<rp+1 s — A/ n
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Since A > 3m + 8, by (3.20) and (3.23), for any 6 € R? with [|0]| < +~/2,b € R? and
NS [rl’h rn+l)»

- —(141e2 0.
M? ((—Oo,b\/g]) :O(S m/2)+e (14 ) )\/E Z e Gxu(ﬁ)lF(u,rnﬁ)c

ueN (/ry)

S — /T

Put J := 6m + 10. Then, J > 2m + K« = 3m 4 3k = 6m + 9. By Lemma 2.4, we
get that for any 6 € R? with |0]| < ~/2,b € R? and s € [ry, Tn+l),

1§ (=00, by/s])
= o512y 4 e~ U+ R T R
UeN (/)

L1
(een—00) Y. 5
j k=1 """

Xy n)j + 0T
s Hia(by) (i) b (B Oy L)

o

LE@u,r,,6)
d

1

~

_ (1 le1? _o.
= o(s?) + ¢~V Z e X s g

ueN(/rn)

L1
(e -06nY. =
k=1"

Xu nl)j 0; n
» Hk—l(bj)(\/a)kﬂ Hk<( (W) + ,ﬁ)) (3.24)

1/4
}’n/

d

j=1

where & 5, = Em,y.b,s ly=0; rn+(Xu (i) ;. b=b;- To justify the last equality, we first
apply Lemma 2.4 to get that, for each u € N(,/r,), as s — oo, P-almost surely,

2
§M/2p=(+5) Z e Xu(Jrn
ueN (/rn)

< Wym(0) x s™?sup  sup  lemus il F.r,.00 = O
j<dueN(r)

)lF(u,rn,G)“ Em,u,s, j |

Then, note that by (2.4) and |Hy(x)] < Ix|¥ 4+ 1, on the event F(u,ry,0)¢ =

N {[Xu (W) + 6P| < VK i logn},

J
! : XM nl)j 0 n
1001 =00 00 3 i Hic 1) (Vi) i (\/r_r)ifﬁ i)
k=1 . n
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72

Nz Xu (V1)) (logn)

<1+Z k/2 ( +‘ /A ) 1+ I S
k=1"Tn n

Combining the two displays above, we get that, on the event F(u, r,,, 0)¢,

d
oa(PEIEE) - [T o)

<ZH|QU€||8mus1|<dsup sup  lem,u.s.jls

j=10£) J=d ueN(/ry)

which implies (3.24).
Let ¢ € (0, 1) be small enough so that K(1 — &) > m/k + 2. Forany k € N with

1 < |K| < J, using the inequality |Hx(x)| < 1+ |x|¥ first and then Lemma 2.1, we
get

o0
ey
3 r;n/2E(e—<1+T>ﬁ 3 e 0

n=2 ueN (/i)
d ki/2
(V)2 () + 0
X sup ‘ij< 7 ))
In<§<rpt1 izl ski v
o /2 d (B ¢
Sy (4|22 )
,; ,Zl H(Bﬁ)f">~/’<~/mogn}gr5z/4 T

d oo d
=20 3V (g - e [T (141801 )
j=1n=2 =1

oo
<E ((1 + B |J> e(l—e)|Bl|2/2) 3 @/, = (1=K /2
n=2

o0
S WAEDIE) oo, (3.25)
n=2

Thus, we have that P-almost surely,

/2,1 ”9" —0-Xy (7
nll)rréo rm A+5-) Z e (mlF(u,rn,G)
ueN ()
d ki /2
D P AN R I NI
X sup l—[ ki ( Iz ) :

=1

I'p =S <Ip41 j
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Consequently, for s € [ry,, ry+1), as n — 00,

2
ef(]Jr@)*/a Z eie‘X“(m)lF(u,rnﬁ)
ueN (/rn)

! Xu(/Tn))j +0;
(D(b] ¢(b])ZkV k/ZHk l(b]) (f)k/Z (( (\/7)3;4 \/_>‘

d
<[1
j=1

||6u iy
—(+1805y Z eex”(‘/r_")lmu,rn,e)

ueN (/rn)
d J k k
=D* 1 d k2 g Xy (1)) j + 0/
) Hl 2 g PN (Vi) i I/ ")
j=1"k= J
DXd (b 2
k<J1 ’ ueN (/rn)
ki/2
< () S AN IR NG
x jl_[:l skil? J( r 74 )
= o(s™"/?).

Now combining the above limit and (3.24), we may drop the indicator function in
(3.24) to get

1 (=00, by/s1) = o(s /%) + O+ > e R

ueN (/)
lej[(q)(bj) +§ (—kl!)" kl/z d<ib"k¢(b ) (V) ((X (ﬁ?fie JE))
— o(s ) 4 0D 3 R
ueN (Jry)
: li[ <i : kl!)k k1/2 dfﬂ(b ) (Vi) B (<X (m?f@ ﬁ)>

j=1 k=0
—_DHlkl q
_ —m/2 ( 1) k (k (9)
=0+ Y. DA ea M
kk<J1

Since A > |J1|/2 = d(3m+35), it follows from Proposition 2.6 that for any k € N¢
withm + 1 < |k| < |J1], s—lkl/2M$‘rf> = 0(s~™/?). Thus,

—Dlkl 1
K (oo bvs) = D) % \k|/2Dk¢d(b)M(k9)+0(S_’”/2).
k:|k|<m :
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Take n > 0 sufficient small so that 1 > 37’" + n. Then by Proposition 2.6, for any
k € N? with 0 < [k| < m,

M(k@) MED = 0(,n—(x—\k\/2)/2+n/2):0(,n—m/zrgz/z—(x—m/2>/2+n/2)

_ o(rn—m/Z

),

which implies that as s — oo,

(GO
1% ((—00, by/s1) = Z 0 ‘Wchb bYMED 1 o(s7/%), P-as.
k:|k|<m :

Therefore, the assertion of the theorem is valid under the assumption A >
max {3m + 8,d(Bm + 5)}.

Proof of Theorem 1.2 Let m € N and assume (1.11) holds for some A > max{d(3m +
5),3m + 3d + 8} Recall that r, = n'/% and xk = m + 3. Put K := m/k + 3,

F(u,ry,0):= UA X (V) j + 0 /Fa| > \/Togn} and define

Ysnu:=e et Xu(ﬁ)

[ —0j/rn — (X(«/ﬁ)),)Z
,ws— “ Vo=

Since A > 3m + 3d + 8, by (3.21), for any § € R? with ||| < +/2, any a, b € R?
witha < b and s € [ry, r,+1), P-almost surely, as s — oo,

54219 ((a, b) _ Y > Youu o). (3.26)
ueN(/ry)

Noticing that

d —
0< sup Ysnu < 679~Xu(\/a) l_[ (bj ~ a]) ot S/ e—9~Xu(ﬁ)’
Tn <S<Ip41 j=1 'n _\/rn

and using (3.22), we get

o
N (1 e
SorPE( s VT Sy )

Fn =S <rp+1 MEN(ﬁ)
oo

n=2
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Therefore, P-almost surely,

2
Sm/2€—(l+@)\/ﬁ Z Ys n, ulF(u n,0) 313)0 0
ueN (Jry)
By (3'26)9 for NS [r}’h r}’l+1)7
1612
s7uf (@, b)) = eIV N Y E e o7 (3.27)
ueN(/rn)

Using Lemma 2.5, on the event F (u, ry,, 0)¢, for J = 6m + 10,

/h’ zj —0jrn — Xy (ﬂ));)z
VS — Tn Ja s—ﬁ J

. J _
:/: ¢(%) (Z%%ﬂ <Z7]) 1Ay ((X (J_)2;4+91J—))

+8m,u,s,j =
J b . |
N g%ﬁ%(/;j]‘b(%)lfk(%)dz,) Pk <(X («/ﬁ)3;4+9 f>
+ Emus,

where, as n — 00,

m/2 1 0
Fpii  Sup  sup  sup |emus, i1 F.r,.00 — 0.

Se[rn,rnJr])l.fdMEN(\/rn)

Therefore, using (3.27) and an argument similar to that leading to (3.24), we get

$20 (a, b]) = o(s~?) + &=+ 40 o Y 0

ueN (/rn)
d J i . .
1 s |

j=1 k=0 J

(3.28)

By Lemma 2.1 and (3.25) and the fact that ‘fab ) (i)

= (L) dz’ < |b—al, we

NG
have that for any k € N¢ with 0 < |k| < J,

o0

llo)1%
SHPE sup [ OHEOVE Y X )
e InS<8§<rp4l ueN (/rn)
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ke/2
([ 038 (3 ) Mo (et o

=

1

B )
m/2 —Ik|/4 B 7 ﬁ)‘)
Tn'Tn E<1{ B ) 1=K rnlogn}}H‘ka( 173

o0

2m—|k|)/ (4
Z ko K)E(1{|(Bl>,,-\>ﬁmogn} H (1 + KBI)@'J)) < .
n=2 (=1

A
Mg -

3
||
)

N
T M&

Thus, P-almost surely, as s — oo,

o>
lim r,T/z sup eIV Z G_Q'X”(ﬁ)lﬂu,rn,@)
n—00 I <8 <Fp41 ueN (Jrm)
d k
T oo L S
=1 ag \/E ‘ \/E ske/2 ‘ ri/4

Therefore, by (3.28), since A > 3m + 3d + 8,

P8 (@, b) = o(s~™2) 4 eI+ EIVE Y e X

ueN (/rn)
TIs bj : _ :
’ /1:[1 ikgoésk%(/aj ¢(%)H"(%)d?i)rﬁ/4 ((X (N/’_)Bj@ «/_>}
b;
=o(s™™?) + k;ksujlj[l ésk:/z (/‘;/ ¢(3_)Hk (I)de>M%)_

Since A > max{d (3m +5), 3m + 3d + 8}, using Proposition 2.6 and argument similar
to that used in the proof of Theorem 1.1, we get that

592118 ((a, b))

—oore T[] o) (e o)

mo D)
pr) =) 97O i 4 om, (3.30)

@ Springer



Journal of Theoretical Probability (2024) 37:3355-3394 3393

Note that ¢® (x) = (—=1)¥ H;(x)¢ (x) and that, for each 1 < k < m,

¢ Hp(x) = (=D} Y x4 o(x™). (3.31)

J=0

A
jl

Note that for all k with |k| < m and all i with i < m1, it holds that s —/kl/2g—1il/2 =
o(s™

IE Y (i Ji k.0
1:[ G (/a] ¢($)ij($)dz,~)1ugo, )

k|<m
ki g .0) d_ - plj+in) ()5
s (1) = ;
o(s ) + ) %: T2 / Zl RIE dzy...dzyg
Kl=m 1l<m
o Z (—1) Kl &0 / H?:l ¢(k.f+i./)(())z’]!' .
= 0o\S i .
k:|k|<m k'S|k|/2 bl i |l+k\<m i!s‘l‘/z ! o
Therefore, by (3.29), we conclude that
sl ((a. b])
(—1) kI pr &0 1‘[‘1?21 ¢(k.f+i./)(())zljf .
Z TRKZ RE dzy...dzg + o(s )
k:|k|<m abl; |l+k\<m :
m I4 (k,0) (kj+ij)
1 . Mo 1_[ i=1 ¢ 7(0)
= ZWZ(—I)J > 0 P — Hz’dzl dzg
=0 =0 klki=j o ifi=t—j [a.b] ;
+o(s™™?).
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