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Consider a critical branching Lévy process {X;,# > 0} with branching rate g > 0, offspring distribution {py, : k >
0} and spatial motion {&;,Px}. For any ¢ > 0, let N; be the collection of particles alive at time #, and, for any
u € Ny, let X,,(¢) be the position of u at time ¢. We study the tail probability of the maximal displacement M :=
SUP; >0 SUPy e N, Xu(t) under the assumption limp, 0o 7 237 p = & € (0,00) for some a € (1,2), Eo(¢1) = 0 and
80((§r)r) € (0,00) for some r > 2a//(a — 1). Our main result is a generalization of the main result of Sawyer and
Fleischman (1979) for branching Brownian motions and that of Lalley and Shao (2015) for branching random
walks, both of these results are proved under the assumption ZZOZO K3 Di < 0.

Keywords: Branching Lévy process; critical branching process; Feynman-Kac representation

1. Introduction and notation

1.1. Introduction

Consider a system, in which at time n = 0, there is a particle at 0 € R. At time n = 1, this particle dies
and gives birth to a collection of particles whose configuration relative to their parent is given by a copy
of a point process L. At time n = 2, the individuals alive at time 1 repeat their parent’s behavior and the
process goes on. We will use N,, to denote the set of particles alive at time n and for u € N,;, the position
of u is denoted by X,,(n). Define random measures X, := 3., en,, Ox,,(n)»7 = 0. Then {X;;,n > 0} is a
Markov process, and called a branching random walk (BRW). We denote the law of the BRW by P.

Now we consider the special case £ = Zf: | 0x;, where B is a non-negative integer valued random
variable with P(B = k) = p; and X}, X, ... are iid Z-valued random variables independent of B with
common distribution {ug, k € Z}. We say that this process is critical if

E(B) = kak =1.
k=0

Since the total mass of the branching random walk is a Galton-Waston process, a critical branching ran-
dom walk must become extinct in finite time, which implies that the following maximal displacement
M is a finite random variable:

M :=sup sup X,(n) (1.1)

neNueN,
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with the convention sup,, ¢, X, (n) = —c0 if N, = @. Lalley and Shao (2015) proved that if

SiEp<en Ym0, YK <oo (1.2)
k=0

keZ keZ

for some € > 0, then

2
lim x’P(M > x) = 612,
X—+00 los

where 12 := Yy ez k> g and 02 := PN k%py — 1.

Now we turn to the continuous time and space case: branching Lévy processes in the sense of Kypri-
anou (1999). Let (&, Py ) be a Lévy process with & = x. A branching Lévy process is defined as follows:
initially there is a particle at x € R and it moves according to (&;,Py). After an exponential time with
parameter 8 > 0, independent of the motion, it dies and produces k offsprings with probability py,
k > 0. The offsprings move independently according to ¢ from the place where they are born and obey
the same branching mechanism as their parent. Denote the law by P, and P := Py. In this paper we
focus on the critical case, i.e., we always assume that {py : k > 0} satisfies 3.)"_ kpy = 1.

Similarly, we define the maximal position by

M :=sup sup X,(1),
t>0 ueN;

where M, is the set of particles alive at time ¢ and X,,(¢) is the position of u € N;. When the spatial mo-
tion £ is a standard Brownian motion, Sawyer and Fleischman (1979) proved that under the assumption

Z]o::o k3pk <00,
6
lim x°P(M >x)=— (1.3)
X—+00 o

with 02 = PIFAIN k%pi — 1. Profeta (2024) extended (1.3) to the case when & is a spectrally negative
Lévy process and ;7 k3py < co. When the spatial motion is a y-stable process with index y € (0,2),
IR k3py < co and B = 1, Lalley and Shao (2016) and Profeta (2022) proved that

lim x’P(M > x) =«,

xX—+00

where « is an explicit constant depending on the normalization of ¢ and on the offspring distribution.
For results where the spatial motion is a general spectrally negative Lévy process, see Profeta (2024).

1.2. Main result

The main goal of this paper is to study the tail probability of M when the offspring distribution {py, :
k > 0} is in the domain of attraction of an a-stable distribution with index a € (1,2) and the spatial
motion has lighter tails. Suppose that there exist constants x > 0 and @ € (1,2) such that

(]

lim n® Zpk =K. (1.4)

n—oo
k=n
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We denote x* := max(x,0) and x~ := max (—x,0). Assume that

Eo(€1)=0, 7 :=En(é}) € (0,00). (15)
Our main result is as follows:
Theorem 1.1. If
T 2(1
&0 ((£])") <eo forsomer>—, (1.6)
o —

then

(@ + n? a-l
Br(a—1I2-a) ’

lim xaTP (M > x) = (1.7)
X—00

where I'(z) := /Om t*~Le ! dt is the Gamma function.

Note that % > 4, so (1.6) requires finiteness of at least the 4th moment of the positive part of &;.
Also, if the Lévy process is spectrally negative, then (1.6) automatically holds by (Sato, 1999, Theorem
25.3) (or see (2.4) below). Therefore, only (1.5) is needed for the spectrally negative case. This is also
discussed in (Profeta, 2024, Theorem 3).

Our argument of proving the above main result is an adaptation of that of Lalley and Shao (2015).
Our assumption (1.4) on the branching mechanism is weaker than the assumption (1.2) in Lalley and
Shao (2015). Under our assumption that the positive part of the spatial motion has finite moments
of order r > 2a/(a — 1), the weaker assumption above on the branching mechanism does not cause
too much trouble. The assumption (1.4) only changes the behavior of f, defined in (2.9) below, from
f(v)=Cv(1 +o(1)) to f(v) = Cv*~ (1 + o(1)) for some constant C > 0.

We end this section by giving a brief sketch of the proof of Theorem 1.1. Define v(x) := P(M >
x),x € R. We first give a Feynman-Kac formula for v(x), see Lemma 2.3 below. Then we prove that
there exists a sequence {x; € [0,00)} with limy_,, xx = +0c0 such that for all y > 0, the following limit
exists:

v (xk + yv(xk)_aT_l)
v(xk)

and ¢ is the unique bounded solution to the following problem:

SO =CON". 3>
{ #(0) = 1, (1.8)

with C being some positive constant. In Lalley and Shao (2015), ¢(y) is defined as the limit of
V0o +yv(e) %)
v(xg)

B(y) = Jim

k)

as k — oo. The above problem is replaced by

{ ") =% @7, y>0,
B0 =1,

-2
and the explicit solution is given by (‘/%l y+ 1) , which plays an important role and leads to the limit

behavior (1.3). In our case, the solution to (1.8) is (Ay + 1)_% with some constant 6 > 0 (see the proof
of Corollary 3.5), which leads to the limit behavior (1.7).
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2. Preliminaries

Set & := —¢&. Consider a branching Lévy process {X,(t),u € N;,t > 0} with spatial motion &, branching
rate 8 > 0 and offspring distribution {py : k > 0}. Then

]P’(M<x):P(inf inf Yu(z)>—x) :]P’x(inf inf X,(t)>0], .1

t>0ueN; t>0ueN;

with the convention inf, ¢y, X, (1) = +00 when N; = @. Recall that v(x) = P(M > x). Since under P,
the initial ancestor is located at 0, we have v(x) = P(M > x) =1 for x < 0. Also, v(x) is left-continuous
since v(x) =1 —P(M < x). Define

?y:zinf{t>0:é?;5y}'

2.1. Moment for overshoot of Lévy process

For integer-valued random walks, the following result can be found in (Lalley and Shao, 2015, Lemma
10). We now prove that it also holds for some Lévy processes.

Lemma 2.1. Let & be a Lévy process, which satisfies Eo(&1) = 0 and is not spectrally positive. If
Eo((£7)") < o0 for some r > 2, then

7,

r=2
sup Ex ( ) < 00. 2.2)
x>0

Proof. By the Lévy-Khintchine formula, Eo(ei?) = e¥0) where

V2
Y(i6) = —iy6 + 792 + /

(1 — 0% +i93d{|x|e(0,l]}) (dx)
x#0

with 7 being the Lévy measure. _
@) If 7({|x| > 1}) = 0, then Ep((§])*) < oo for all s > 0. Since ¢ oscillates and 7 < co Py a.s., we get

&

r-2

sup Ex ( ) <1l <oo.
x>0

(i) If 7({|x| > 1}) > 0, let o, be the n-th time that & has a jump of magnitude larger than 1, and
put o =0, then {0, — 0,—,n 2 1} are iid exponential random variables with parameter 7({|x| > 1}).
Similar to (Doney and Maller, 2002, p.208), for j > 1, define Wj = &5, — — ;| and Vj = &5, — Eorj—-
Then {W; : j > 1} and {V; : j > 1} are both iid families of random variables and independent of each
other. Let the random walk Z = (Z,,n > 0) be defined by

n
Zn3=gzrn=Z(Wj+Vj)+a) fOl’nZl,
j=1

and Zyp = %:,0 = x under P . Furthermore,

m(dx)

Po(V) edx) = m1{|x|>l}

(2.3)
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and W 4 g?él) where g7<l> is a Lévy process with

2
08" = exp i e—v—ez—/ 1 — e 4+iox1 d
&Eo (e I ) exp{n/ 7 |x|€(0’1]( e +i0x {|x|€(0,1]}) m(dx)

and e is an independent exponential random variable with parameter 7({|x| > 1}). Therefore, by (2.3)
and (Sato, 1999, Theorem 25.3) with g(x) = max(-x, 1),

&((&) ) <o = /(_OO @< = g (()) <e e

Using &g (|W1]*) < oo for all s > 0, we infer
~ r
80((51‘) )<c>o = &((z)") <. (2.5)
By (Doney and Maller, 2002, p.209), for all z > 1 and x > 0,

P (|

>2) <P (|25]> <),

where 7 := inf{n : Z,, < 0}. Then we get

— r=2 o —
supEyx (f?o ) =(r-2) sup/ 3P, ( &> z) dz
x>0 x>0J0
<224 (= 2)sup / <P (125, > 2) de, (2.6)
x>02

where in the last inequality we used the fact that (r — 2) f02 Z"73dz = 2"72. On the other hand, define
Ty :=min{n>0:2Z,<Zy}, Tx:=inf{n>Ty_1:Z,<Zg_,}, k=1,
So:=2yp, Sp:= ZTn» n>1,

then S; — Sp, 82 — 1,83 — Sa,. .., are iid with E,(|S; — So|"™!) < oo if 80((21‘)r) < oo (see (Doney,
1980, Corollary 1)). Note that for z > 1,

P (IZ;OI > z) = i P (Sk > 0,Sk41 < —2)
k=0

[x] { o0
sZ(ZPx(Ske[afH)) Po(IS11>z+0). @.7)

=0 \k=0

Define renewal function U(y) := 3" %o {—Sk < y}. y € R. By renewal theory, we know that U is
subadditive on R, and U(1) < oo if and only if P, {S; = 0} < 1, which is the case here. Thus,

D P AScelbl+ 1))=Y Pofx—t-1<=-S <x—0}
k=0 k=0

=Ux-0-Ulx-€-1)<U(1) < co. (2.8)
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Combining (2.6), (2.7) and (2.8), we get that

&y

) [x]

r=2

) <224+ (r-2)U(1) sup/ 73 Z Po(1S1] > z+ ) dz
2 =0

x>0

sup8x(

x>0

gzr*2+(r—z)u(1)/ ZH/ Po(IS1] > z+ £ —1)dedz
2 0

<224 (r - 2U(1) /2 380 (111115, oety) d2
<22+ UMENISII(IS1] + 1)72) < o0,

which completes the proof of the lemma. O

Remark 2.2. Combining (2.5) and (Chow and Lai, 1979, Theorem 1), we see that

r—1
< 00,

&,

50((5f)r)<°° = 50(|Z?o|r_])<°° = 50(

Also, (Chow, 1986, Theorem 1) provides necessary and sufficient conditions for 80(|§7;0 |"~1) < c0. But
here we need the supremum over all starting points x € (0,00) to be finite, see (2.2). Lemma 2.1 gives a
sufficient condition for (2.2). We will not explore the converse implication here.

2.2. Feynman-Kac representation for v(x)

Define a function f : [0,1] — R by

[ _ k_ _
f(v):=ﬁz"=°pk(1 W -a V), v e (1], 2.9

1%

and f(0) := f(0+) = 0. Since for any nonnegative integer-valued random variable X with EX = 1,
EsX > s for all s € [0,1], we get £(v) >0 for v € [0,1]. Also, define

F(v) = ! (1 - Zpk(l - v)k) , ve(o1].
v k=0
Note that B(F(v) — 1) = —f(v). Recall that v(x) = P(M > x).

Lemma 2.3. Forany0<y<x,

v(x) = Es (exp{—/oTy f(v(&)) ds} (5)) -
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Proof. Put u(x) =1 - v(x). Since the first branching time is an independent exponential random vari-
able of parameter 8, by Fubini’s theorem, we have

e S s ~\k
u(x) =Py (ggulénlgt Xu(t)>0) = /0 Be P ;pkn‘lx(l{a»}(w(&)) )ds

/?0 ,Be*ﬁs ipk (u(gv))k ds) .
0 k=0

According to (Dynkin, 2001, Lemma 4.1), we have

/0?0 u(&g)ds

-

u(x) + BEx =pEx

IS (u@)' ds) ,
0 J=0

which is equivalent to

v(x)=1-pBEy

70 X N\ k —
[ (1-v@) - (1-v@) ds)
0 =0
—1-a [ e@Ew@Eas),
( /0 FO@E) s)
which in turn can be written as
v(x)+ En ( / ' f(v(%))v(ri)ds) - 1.
0

Therefore, v is a solution of the equation: v(x) + Ex( fo?o c(&)v(&s)ds) = 1 in (0,00) with ¢(x) :=
f(v(x)) = 0. Successively iterating the equation above, we get

(x) = Ex (exp {—/0?0 f (v (2)) ds}) .

The desired result follows by conditioning on ¥z, and applying the strong Markov property of E d

2.3. An invariance principle for Lévy process
The following invariance principle is given in (Skorokhod, 1957, Theorem 2.7)

Lemma 2.4. Suppose that E, is a Lévy process with 80(51) =0,7% = 80(512) € (0,00). Then the pro-
cesses
Ent
nvn’

converge weakly to a standard Brownian motion {By,t > 0} in the Ji-topology as n — oo.

t €[0,00)
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3. Proof of the main result

Lemma 3.1. Under the assumption (1.4), the function f defined in (2.9) satisfies that

i JO) _ prC—a)

v—0+ pa-l a-1

Proof. Let L be a random variable with distribution equal to the offspring distribution {py;k > 0}.
It follows from (Bingham, Goldie and Teugels, 1989, Theorem 8.1.6) that P(L > x) YR ymac g

equivalent to E(e L) — 1+ E(L)s S22 g C-a) —sLy_ =sE(L) S0

a-1
s _rg_—?) c. Therefore, letting 1 — v = e™%, (1.4) is equivalent to

¢, which is in turn equivalent to E(e

vi(v) _ prI2-a)

v—0+ (=In(1 = v))@ - a-—1

s

a

which completes the proof of the lemma since lim,, o (_m("li_v»a =1. O

For any fixed y > 0, the function

v (x + yv(x)_”;] )

v(x)

[0,00) 5 x

is bounded between 0 and 1. Therefore, by a diagonalization argument, we can find a subsequence
{xr €[0,00)} with limy_, X = 400 such that for all y > 0,y € Q, the following limits exist:

v (Xk + yV(Xk)_%)

v(xy)

¢(y) = khlfl, (3.1

Using the fact that v(x) is decreasing, we see that ¢(0) = 1 and ¢(y) € [0,1] for any y € Q N [0, 0).

Moreover, for non-negative rational numbers y; < y,, it holds that ¢(y;) > ¢(y»). Therefore, for any
y > 0, we can define

#(y):= sup #(z)= lim ¢(y). (3.2)
z€Q,zly

z€Q,z>y

Proposition 3.2. The function ¢(y) is a continuous decreasing function in [0, c0) and

v (xk + yv(xk)_%)

¢(y) = lim , forally>0. (3.3)
k—eo v(xk)
Moreover, for any K > 0, we have uniformly for y € [0,K],
a-1
N
lim =1. (3.4)

k=0 P(y)v(xi)
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Proof. Fix two non-negative rational numbers y; < y,. By Lemma 3.1, there exists a constant C; > 0

such that f(v) < Cv@forall v e [0,1]. Set z;(k) = yiv(xk)‘%, It follows from Lemma 2.3 that
. ovi(xg + 20k
¢(y1) = ¢(y2) = lim v+ o)
k—o0 v(xg)

. ?karzl(k) ~ v (gkaJer(k))
= kllngogxwzz(k) eXp {_/0 f (v (fs)) ds} W

. Toxp+21 (k) ~\\a-1 v (xg + z1(k))
> h]r::s:ip axk+zz(k) (exp {—Cl ‘/() (V (-fs)) dS}) W, (3.5)

where in the last inequality, we used the fact that v is decreasing and that g%k < xg + z1(k). Since

+z1(k)
&s 2 xp +21(k) = xy for s € (0,7, 4, (x)) and v is decreasing, by (3.5), we have

$01) 2 902) 2 GO lmsup Exy 0 (exp | ~C1 (v (o) Ty 0
= gL limsup o (exp {=C1 ()" Ty} (3.6)

Seta:=y; — y; > 0,my := (v (xx))" @~ V. Since for ¢ > 0,

_ i = infy <, &,
7)0 (nlle_anlt/z > t) = 7)0 (nkl/zsllglf;k rfs > —a) = 7)() (ss+/§nks > —a) ,
¢ = n
k

it follows from Lemma 2.4 that

. e . s
lim Py |n'T 1o >t] = lim Py |inf 2 > —a
—an, k—o0 s<t nl/z

k— o0
k
— : _ BM
=P (ng B, > —a) - P, (T_m]_, > z) : 3.7)
where Tlf M is the first time that a standard Brownian motion hits 5. Combining (3.6) and (3.7),
. _BM Y, ropptimmil
(1) = ¢(y2) = ¢(y1)Eo (GXP{ CIT(yl_yz)n—l}) =e T (). (3.8)

By the definition of ¢ in (3.2), we see that (3.8) holds for all non-negative real numbers y; < y,. This
implies that ¢ is continuous. Besides, for any y > 0, we can fix two non-negative rational numbers
y¥1 £y < y2. Then by the monotonicity of v,

v (Xk + sz(Xk)_%) v (Xk + yV(Xk)_QT_l)
< liminf

V(xk) k—o0 V(.X'k)

#(y2) = lim

_a-1 _a-1
v (xk +yv(xg)” 2 ) v (xk +yv(xg)” 2 )
< limsup < lim

ko0 v(x) koo v(x)

=é(y1)s

which implies (3.3) by letting y; Ty and y, | y.
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Finally we prove the uniform convergence. For any € > 0, we can find yo=0<y; <...<yn, =K
such that

sup |p(yi) = p(yi-1)l <

€
l<i<m 2
Now we can find a common N such that for all 0 <i < m, when k > N,

Em—

v(xg)

- o[ <5

Therefore, forany i =1,...,mand y € [y;_1,y;], when k > N,

v (xk + )’iV(xk)_%) v (xk + yV(xk)_%)

v(xg) - v(x)

B3 — € < i) =€ < $) — 5 <

_a-1
V(xk+)’i—lv(xk) 2)

< <S4+ plyin) <€+ 9() < €+ 9(y). (39)
V() 2

Noticing that ¢(0) = 1 and ¢(K) > 0 which holds by (3.8) with y; = 0,y, = K, by (3.9), we obtain the
desired result (3.4). ]

Given Lemma 2.4 and Proposition 3.2, the following result seems trivial, but we will give a proof.
Recall that ng = v(xx) @D and 5 = 480(%2).

Lemma 3.3. Forany 60 >0,y >0and z >y, it holds that

e _12% _a-l a-1
. g Toyyag |V ((”k Enps + Z) v(xg)T T+ xk)
lim &gp|exp -0 / ds

k—co 0 v(xk)

wBM
=& (exp{—e / T (p(nBs +2)*! ds}), (3.10)
0

where TBM s the first time that a standard Brownian motion hits —y /1.

-y/n

Proof. For simplicity, we set

k) ._ 1= Zh) _ S
T : I’lk T—y\/n_»’ s - \/n_k

Step 1: In this step, we prove that for any 7', A > 0,

7z AT ) -1
P _HA (¢ (fs +Z)) ds l{supse[o,r] &P <ay

lim &
k—oc0
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=&y

ngfl_I/\T |
exp § —0 /0 Y (@MBs + )ALy sup,qor Be<A} | - 3.1

For any integer N > 1, define #; :=Ti/N,1 <i < N. Since ¢ is decreasing, it holds that
7T _ N o -
& a-1 i k a-1
o) e [ (ol ) e
i=1 7ti-1

a-1
) l{ti <;(k)}ds

a-1
) l{li <;(k) } . (312)

Note that
M _ = ! s 7 _ | e 7R
(i <7} = Foar > ma = { ot & > i) = 1f 87> )
by the definition of 7%) and fﬁ’”. Also, observe that the functionals

weD[0,T]— sup w(s)eR, i=1,...,N,

s€ltjo1,]

are continuous with respect to the Ji-topology. Therefore, taking two sequences of bounded continuous
functions he(x) T 1y, +o00)(x) and je(x) | 1(—co,4)(x), by Lemma 2.4 and (3.12), using the Lebesgue
dominated convergence theorem, we get that

N
T
limsup &y | expq—0— Z (¢( sup ?5") +z

k—co N i=1 seltioy,ti]

a-1
Lrczoy 1 Z0)
L {SUPSE[O,T]‘ES <A}

N
. T (k)
<limsup&p|exp—-0— ¢| sup +z
( N Z sel §

k—oo i=1 ti-1,ti]

a-1
he(inf ) b je( sup EY)
§<ti 5€[0,T]

i=1 s€[ti1,ti] s€[0,T]

N a-1
T . .
=& (exp _gﬁ Z (¢ (77 sup B+ Z)) he(n ;22 Bg) ¢ je(n sup Bs)) .

Then letting £ — +o0, by the monotone convergence theorem, we get

AT 0 a-1
h/in_fipao exp —9/0 ((;3 (fs +z)) ds 1{Supse[0,T]g(sk)<A}

N a—-1
T
< &p|exp —HN Z (¢ (77 Ye[sup By + z)) l{zi<TBM } oy supgeo.ry Bs <A} |- (3.13)

i=1 ti-1,ti] —yn!
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Letting N — +o0 in (3.13), we get
limsup &g

AT
k— 00 P _9‘/0‘ (¢ (f& * Z) ) ds 1{Supse[0,T] g.(sk)<A}

Tfy‘/{]/\T |
< &o|exp _GA (¢p(Bs +2))*" " ds 1{nsups€[0’T]Bs<A} .

Using a similar argument, we can get

AT —1
_ ,_(k) )(l
nfoo [ (0@ ) a1y )

Ti%]/\T |
> &olexp =0 [ @B+ )5 an, o<l

liminf &
iminféo

Combining the two displays above, we get the desired conclusion of this step.
Step 2: In this step, we prove that for any 7, A > 0,

TRAT ® (50 a-1
Jim So | exp _9/0 (¢ (fs +Z)) B supyo, 1 890<a)

=& | exp _9‘/0‘ . (p(nBs +2))* " ds 1{nsupse[0’T]BS<A} > (3.14)

where

a-1

v (zv(xk)_ 2 +xk)

v(xy)

$M ()=

Note that on set {supcjo 7] 5“ < A}, for any s < 7% A T, it holds that gk) +ze(z-y,A+z)C
[0, A + z]. It follows from Proposition 3.2 that, for any & > 0, there exists K such that for any £ > K and
se7Tk A T,

1

- (o () < (00 89+

Therefore, by (3.11),

a-1

g(1+8)(¢(§§">+z))“_1.

FWAT " a-1
sncafoef-o [ o0 34 ) o )
FEAT a-1
< lerr;o &Eo | exp {—9(1 - s)/o (¢ (é?gk) + Z)) ds} 1{SUP5€[0,T]§I{><A})

-y/n

BM AT |
=&y |exp < —o(1 —s)/o (p(nBs + 7)) " ds I{USUPse[o,T] By<A} | - (3.15)
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Letting € | 0, we get

A{k)/\T

=
limsup &g |exp { —6 /
k—o0 0

(¢(k) (gk) + Z) )“‘1 ds} 1{Sups€[0ﬂgk><A})
BM T

/n —
<& (CXP {_0‘/0 o ((}5(7735 + Z))d : ds} 1{nsupSE[0’TJ BS<A}) .

Using a similar argument, we can get
liminf &gy (exp {—6/
k—o0 0

k) (Fk) a-l
(¢ (fs +Z)) ds l{supsE[O,Tlgk)<A}
BM AT

-y/n _
exp {_GA (p(nBs +2))* ! ds} Ly SUPsefo,T] Bs <A}) :

T®AT

> &

Combining the two displays above, we get the desired conclusion of this step.
Step 3: In this step, we prove (3.10). Noting that

BN AT
y/n -
€xp {_HA (p(nBs +2))* ! ds} 1 SUPef0,7] Bs <A})

=& (exp {—9 /0 i (6B +2))* " ds}) ,

it suffices to prove that

lim lim &g

T—00 A—>oo

hm lim sup limsup |&g

TR AT ® 0 a-1
T>o A 00 kooo exp _H‘A (¢ (fs +Z)) ds 1{Supse[0,T]gsk)<A}

o R A

The proof for (3.16) is standard so we omit the details here. This implies the desired result. O

#K)
' =0. (3.16)

Proposition 3.4. The function ¢ defined in (3.1) satisfies the equation

2 - TFV]V{I
$(y) =Ep [exp {—M / BBy + ) ds}) , y>0.
a—-1 0

Proof. Fix a constant p > 0 and set z := x; + v(xk)_%+p. For y > 0, by Lemma 2.3, we have

v + yv(ox)” 2 +v(xg)” K +p) _ v(zk +yv(xk)_%)

v(xg) v(xk)

7, N v(é&.,
=8 S eXp{‘/O f(V(fx))ds} E(xk))
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=& a-1 exp{—/:of (v (g—TS + zk)) ds} M . (3.17)

y(xg) 2 v(xg)

We first show that

Y (;‘;;0 + Zk)
lim & a1 ||——=—1]|=0. 3.18
kl_)l’l’olo yv(x”iT] V()Ck) ( )
Indeed, on the event
A= {é??(ﬁzk Zxk},
by the inequality v(xg) > v (g?;o + zk) > v(zx ), we have
v(& +a) Era) e
=l - —=<1- ,
v(xg) v(xg) v(xk)
and on A€, we have
v (%0 + Zk) 2
-1 < .
v(xk) v(xk)
Therefore,
v (gfo + Zk) 2 v(zk)
et || ———— —1|| < —& et (A)+1 - —K2 3.19
S | ey 2o v AT G

By Markov’s inequality, for any r > 2, we have

1
a1 (AS) < E
v Syt (4

&y

r=2 a—
a-1 (V()Ck))<Tl_p) (=21 .
yv(xe) 2

Since r > 2a/(a — 1), we can find a sufficiently small p > 0 such that (“T‘l - p) (r —2) > 1. Therefore,
by Lemma 2.1, we have

li a-1 (A€)=0. 3.20
kl—>nolo v(xk) yv(xr)” 21( ) ( )

Since limy o, v(zx)/v(xx) = 1 by Proposition 3.2, we immediately get (3.18) by combining (3.19) and
(3.20).

Letting k — oo, the left-hand side of (3.17) converges to ¢(y) according to Proposition 3.2. For the
right-hand side of (3.17), combining (3.18) and the trivial inequality |E(e~1XY) - E(e~1X1)| < E(]Y —1]),
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we get that

o(y) = khngo Syv(Xk)fanl (exp {— /0?0 f (v (Es + Zk)) ds}) . (3.21)

Using Lemma 3.1 and the fact that sup, z v ('g} + zk) < v(zx) — 0, we get that for any & > 0, there
exists N such that for all k > N and s € (0,7p),

'[%Ia)(l -&) (v (Es + xp + sv(Xk)_%))a_l <f (V (Es + Zk))

ﬂKLla)( +8)(V (gs+xk))a_1.

Plugging this into (3.21), we get that

() <

o BkL(2 — @) 7 ~ _az1y\ o7t
hknl)lo[.}fayv(xk)—% (exp {—T(l — 8) A (V (é‘:s + X + SV(xk) 2 )) ds .

Note that for n; = v(xk)‘("—l),

SyV(xk)_aTil (exp {_%(1 - ) /0‘?0 (V (gs + Xk + a&‘v(xk)_aTil))Q_l ds})
xp{ ﬁKF(Z a)(l - )/ §s+(y+8)v(xk) at +xk))a_lds})

=&y (exp :—@(1 —&)

=&y

-1

X/Onkl%‘yW (V(( _1/2§nm+y+8) p()” T +xk)/v(xk)) —lds}).

By Lemma 3.3,

re- _ a-1
kli_)rr;&yv(x’&)f% (exp{ prlz —a) ( 0/) )/ fv + xg +ev(xg)” ot )) ds})
BM
Ir'2- Ty
exp {—%(1 - 8)/0 " (@B +y + )" dS}) :
Therefore, we conclude that

exp{ A=) - )/ T g, +y+s>>“1ds})

:80

#(y) < Eo
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Let £ | 0, we obtain that

#(y) <&

exp {—W /0 @By + ) d}) .

Similarly, we also have

#(y) = Eo

2- TFyA/{i
exp{—ﬁ—ldc; = (¢(nBs+y))“_ldS})-

Combining the two displays above, we arrive at the desired result. O

Corollary 3.5. It holds that

$(y) = (By + 1) a7,

where

(BKF(2 —a)a- 1)) 172
0= .
n*(a+1)

Proof. Combining Proposition 3.4 with the scaling property of Brownian motion, we get that, for any

y>0,
BkI(2 — @) o e
exp {_W A (¢(Bs)) lds}) :

By the strong Markov property, for any n > 0 and y € (0,n),

&(y) =8y

o) =8s (@-Dn* Jo

exp {—M o (¢(Bs) ™! dS} ¢ (BT(g’%)) ,

where ‘r(’g]"f) :=inf{s > 0: By ¢ (0,n)}. By (Chung and Zhao, 1995, Proposition 9.10), ¢ is solution of

167(y) = B8 (4(3))* in (0,) with boundary condition ¢(0) = limy o+ ¢(y) = 1. By the arbitrari-

ness of n, ¢ is a bounded solution of the following problem:

Lo (0 = BT (9(v)", v >0.
6(0)=1.

By (Chung and Zhao, 1995, Proposition 9.19), the bounded solution to the above problem is unique. It
is easy to check that ¢(y) = (0y + 1)_% solves the above equation. Then the result follows. O

Proof of Theorem 1.1. By Corollary 3.5, the limit ¢ is independent of {x; }, which implies that for all
y 20,

a-1
5 v (x + yv(x)_T)
Oy+1) a1 = li
6y +1) x-5beo v(x)

(3.22)
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Set w(x) = x2/@@=Dy(x). Then w is left-continuous and that (3.22) is equivalent to

lim W(X(Hyw(x)_%l)), (0y + 1)¥@D

X+ w(x) (1 + yw(x)_%)z/(a_l) o

(3.23)

Put A :=liminf,_,, w(x), and B :=limsup,_,, w(x). Then 0 < A < B < co.

Step 1: In this step, we prove B > 0 and A < co. Assume that B = 0. In this case, for k € N, define
by :=sup{x : w(x) > k~1}, then by — +oco and w(by) — 0. Taking x = by and y = 1 in (3.23), we obtain
that

w(bk (1 +w(bk)‘%)) . (6 + 1)2/(@=D

(1 +W(bk)—“T’1)2/(a—1) =1.

i
koo w(br)

Noticing that, by the definition of by, w (bk (1 + w(bk)_%)) < k™. Also, for any & > 0, there ex-

ists 0z > 0 such that w(b; — §5) > k~1. Since w is left-continuous and that we can choose §, with
limg_04 0z =0, we see that w(by) > k~'. Therefore,

_a-l
w (bk (1 +w(b)” 2 )) (6 + 1)/(@=1) 3 (0 + 1)2/(@=D Kksco

ﬂo
a— 2/( _l) - a— 2/( _1) ’
wibx) (14w )7 (1w F)

which is a contradiction. The proof of A < co is similar.
Step 2: In this step, we prove A < §~2/(2~1) < B. By the definition of B, there exists ¢ — +co such
that w(cy) — B. Taking x = ¢ and y = 1 in (3.23), we get that

a-1
w (Ck (1 +w(ck) 2 )) (6 + 1)@
lim B . e -
k—+0c0 (1 +B_%)

(3.24)

Since lim supy_, o, W (Ck (1 + w(ck)%)) < B, (3.24) implies that

2/(a-1)
| < @+1)

= (1 55 ) 2/(a—1)
+ 2

= B2

The proof of A < §72/(@=1 is similar.

Step 3: In this step we show that A = B, which leads to the conclusion of the theorem. Other-
wise, we can assume B > 0~2/(@=1) without loss of generality. Let A; and By be two fixed constants
such that 72/(@~D) < A; < B; < B. Since w is left-continuous and liminfy_ w(x) < A] < B; <
limsup,._, ., w(x), the following sequences are well-defined:

ap:=inf{x >0:w(x) <A}, dj:=inf{x>a;:w(x)> B},
ap :=inf{x > dp_1 :w(x) < A1}, di :=inf{x > a; : w(x)> B},

ay, = sup{x € [ay,dy) : w(x) < A}
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Note that ay T oo and dj T co. Besides, using the left-continuity of w, we see that for every k,w(a;) <

Aj. Taking x = a; in (3.23), by (3.4) and noticing that ¢(y) = (6y + 1)_%, we get that for any K > 0
and any € > 0 with (1 + £)A| < By, there exists N such that

_a-l
w (a,’: (1 +yw(a;)” 2 )) @y + 1)2/(@=1)

sup " — _
yel0.K] w(ay) (1 ‘o (az)_aT_l)Z/m D

Il<e, k>N. (3.25)

—(a-1)/2

Since Ay > 072(@D — 4]

< 6, by (3.25), we see that when k > N, for all y € [0,K],

i 2/ (-1
(1+yw(az)‘ zl) fla=l)

* -2l *
w (ak (1 +yw(a,)” 2 )) <(l+e¢) @y 1 12faD w(ay)
_ 2/(a-1)
2/(a-1) ozt
(W(GZ) 2 +y) (Al2 +y)
=(1+¢) 6y + 2D <(l+¢) 6+ DD
_a-l 2/(a-1)
(1 +yA ? )
=(1+¢) @y + 12/ A1 <(1+e)A; < By, (3.26)
which implies that for any k > N,
* wy—azl *
fai (14 yw(@)™") 1y € [0.K1} < [} di) (3.27)

by the definition of di. On the other hand, for any K > ¢ > 0, set

_a-1 2/(071)
(1+yA1 2 )

Cs:= su <1.
O ok @y + D@D

Taking ¢ sufficiently small such that (1 + £)Cs < 1, by (3.26), when k > N, we have

sup w (a;; (1 +yw(a;)—“T”)) <(1+8)CsA; <A, (3.28)
y€l6.K]

Therefore, by the left-continuity of w and the definitions of ag, dk,a;, for any k > N, there exists my > k
such that

* sy— 2L *
{ak (1 +yw(ag)” 2 ) = [6,K]} C [amy -, ]- (3.29)
Moreover, for y = K,
a, (1 + KW(GZ)_%) > Ay 2 ey > dy,

which contradicts (3.27). This completes the proof of the theorem. O



648 Hou, Jiang, Ren and Song
Acknowledgements

We thank the referees for many helpful suggestions, particularly for suggesting the strengthened version
of Lemma 2.1 and its streamlined proof. Part of the research of this paper was carried out while the
fourth-named author was visiting Jiangsu Normal University, where he was partially supported by a
grant from the Natural Science Foundation of China (11931004, Yingchao Xie).

Funding

The research of this project is supported in part by the National Key R&D Program of China
(No. 2020YFA0712900). The third-named author was supported by NSFC (Grant Nos. 12071011
and 12231002) and The Fundamental Research Funds for the Central Universities, Peking Univer-
sity LMEQF. The fourth-named author was supported in part by a grant from the Simons Foundation
(#960480, Renming Song).

References

Bingham, N.H., Goldie, C.M. and Teugels, J.L. (1989). Regular Variation. Encyclopedia of Mathematics and Its
Applications 27. Cambridge: Cambridge Univ. Press. MR1015093

Chow, Y.S. (1986). On moments of ladder height variables. Adv. in Appl. Math. 7 46-54. MR0834219 https://doi.
org/10.1016/0196-8858(86)90005-9

Chow, Y.S. and Lai, T.L. (1979). Moments of ladder variables for driftless random walks. Z. Wahrsch. Verw.
Gebiete 48 253-257. MR0537671 https://doi.org/10.1007/BF00537523

Chung, K.L. and Zhao, Z.X. (1995). From Brownian Motion to Schrodinger’s Equation. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 312. Berlin: Springer.
MR 1329992 https://doi.org/10.1007/978-3-642-57856-4

Doney, R.A. (1980). Moments of ladder heights in random walks. J. Appl. Probab. 17 248-252. MR0557453
https://doi.org/10.2307/3212942

Doney, R.A. and Maller, R.A. (2002). Stability of the overshoot for Lévy processes. Ann. Probab. 30 188-212.
MR 1894105 https://doi.org/10.1214/a0p/1020107765

Dynkin, E.B. (2001). Branching exit Markov systems and superprocesses. Ann. Probab. 29 1833-1858.
MR 1880244 https://doi.org/10.1214/a0p/1015345774

Kyprianou, A.E. (1999). A note on branching Lévy processes. Stochastic Process. Appl. 82 1-14. MR1695066
https://doi.org/10.1016/S0304-4149(99)00010-1

Lalley, S.P. and Shao, Y. (2015). On the maximal displacement of critical branching random walk. Probab. Theory
Related Fields 162 71-96. MR3350041 https://doi.org/10.1007/s00440-014-0566-8

Lalley, S.P. and Shao, Y. (2016). Maximal displacement of critical branching symmetric stable processes. Ann.
Inst. Henri Poincaré Probab. Stat. 52 1161-1177. MR3531704 https://doi.org/10.1214/15-AIHP677

Profeta, C. (2022). Extreme values of critical and subcritical branching stable processes with positive jumps. ALEA
Lat. Am. J. Probab. Math. Stat. 19 1421-1433. MR4517728

Profeta, C. (2024). Maximal displacement of spectrally negative branching Lévy processes. Bernoulli 30 961-982.
MR4699541 https://doi.org/10.3150/23-bej1620

Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced Mathemat-
ics 68. Cambridge: Cambridge Univ. Press. MR1739520

Sawyer, S. and Fleischman, J. (1979). Maximum geographic range of a mutant allele considered as a subtype of
a Brownian branching random field. Proc. Natl. Acad. Sci. USA 76 872—-875. https://doi.org/10.1073/pnas.76.2.
872

Skorohod, A.V. (1957). Limit theorems for stochastic processes with independent increments. Teor. Veroyatn.
Primen. 2 145-177. MR0094842

Received October 2023 and revised February 2024


https://mathscinet.ams.org/mathscinet-getitem?mr=1015093
https://mathscinet.ams.org/mathscinet-getitem?mr=0834219
https://doi.org/10.1016/0196-8858(86)90005-9
https://doi.org/10.1016/0196-8858(86)90005-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0537671
https://doi.org/10.1007/BF00537523
https://mathscinet.ams.org/mathscinet-getitem?mr=1329992
https://doi.org/10.1007/978-3-642-57856-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0557453
https://doi.org/10.2307/3212942
https://mathscinet.ams.org/mathscinet-getitem?mr=1894105
https://doi.org/10.1214/aop/1020107765
https://mathscinet.ams.org/mathscinet-getitem?mr=1880244
https://doi.org/10.1214/aop/1015345774
https://mathscinet.ams.org/mathscinet-getitem?mr=1695066
https://doi.org/10.1016/S0304-4149(99)00010-1
https://mathscinet.ams.org/mathscinet-getitem?mr=3350041
https://doi.org/10.1007/s00440-014-0566-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3531704
https://doi.org/10.1214/15-AIHP677
https://mathscinet.ams.org/mathscinet-getitem?mr=4517728
https://mathscinet.ams.org/mathscinet-getitem?mr=4699541
https://doi.org/10.3150/23-bej1620
https://mathscinet.ams.org/mathscinet-getitem?mr=1739520
https://doi.org/10.1073/pnas.76.2.872
https://doi.org/10.1073/pnas.76.2.872
https://mathscinet.ams.org/mathscinet-getitem?mr=0094842

	Introduction and notation
	Introduction
	Main result

	Preliminaries
	Moment for overshoot of Lévy process
	Feynman-Kac representation for v(x)
	An invariance principle for Lévy process

	Proof of the main result
	Acknowledgements
	Funding
	References

