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Abstract

Let Zéo’oo) be the point process formed by the positions of all particles alive at time ¢
in a branching Brownian motion with drift — and killed upon reaching 0. We assume
6 € [0,+/2) and study the asymptotic expansions of Zt(o’oo)(A) for intervals A C (0, c0)
under the assumption that > ;- | k(log k)1t py < oo for some large \. These results
extend and sharpen the results of Louidor and Saglietti [J. Stat. Phys, 2020] and that
of Kesten [Stochastic Process. Appl., 1978].
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1 Introduction and main results

1.1 Introduction

A branching Brownian motion with drift is a continuous-time Markov process defined
as follows: At time 0, there is a particle at site  and it moves according to a Brownian
motion with drift —f, where 6§ € R. After an exponential time of parameter 1 independent
of the movement, this particle dies and splits into k£ offspring with probability pi;. Each
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Asymptotic expansion for branching killed BM

of the offspring independently repeats its parent’s behavior from the death-place of its
parent. This procedure goes on. We use IP,, and [E, to denote the law of this process and
the corresponding expectation operator. Let N(t) be the set of particles alive at time ¢
and for each u € N(t), we will use X, (¢) to denote the position of the particle. For s < ¢
and u € N(t), we will also use X, (s) to denote the position of the ancestor of u at time s.

Suppose now that z > 0 and that, once a particle hits (—oo, 0], we remove it (along
with all its possible descendants) from the system. The resulting branching system
is called a branching killed Brownian motion with drift. Let Zt(o’oo) denote the point
process formed by the positions of all the particles alive at time ¢ in the branching killed
Brownian motion with drift, i.e.,

0,
2,99 = Z Limin, <, X ()>0}0X,, (¢)-
u€N((t)

We will use (F; : t > 0) to denote the natural filtration of branching Brownian motion.

Assume that
o0
Z k}pk = 2.
k=0

Kesten [18] proved that for any 6 € R, there exists a constant C = C(x,0) > 0 such that

Cr32e= 2" g0,
E, (Z§°’°°)((0, oo))) ~ 3 Ct2e 0 =0,
Cet, 0 < 0.

Consequently, when 6 > V2, the branching killed Brownian motion with drift will die
out with probability 1. It was proved in [18] that, when 6 < /2 and >_;- | k?p;, < oo, the
branching killed Brownian motion with drift will survive with positive probability. In
[18], Kesten also stated, without proof, that under the assumption Ziio kak < o0, there
exists a random variable W (#) such that

P, (W(a) > 0]2{%°((0,0)) > 0, Vt > 0) —1 (1.1)

and that

(i) if 6 € [0, \/5) then P, -a.s., simultaneously for all intervals A C (0,00) (finite or
infinite), it holds that
0,00
z{(A)

—2t 2 Y W), (1.2)
]EI (Zg(),oo) (A))

(ii) if 6 < 0, then IP,-a.s.,

et Z29°9((0, 00)) =X W(6).

In [22], Louidor and Saglietti proved that (1.1) and (1.2) hold for the case 6 € (0, ﬂ)

The purpose of this paper is to extend and sharpen the main result of [22]: We weaken
the moment condition from Y ;° | k%p), < 0o to So5e, klog' ™ kp < oo for some A > 0
and, for any a > 0, give asymptotic expansions of arbitrary order for

2,")((a, 0))

+-3/20(1-5)t
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under this weaker assumption. We emphasize here that we do not use the results of [22]
in this paper and that, as a consequence of Theorem 1.1 below, we give another proof of
(1.2) under the weaker condition. We also include the case ¢ = 0. It is natural to study
similar problems for the case § < 0. We believe things might be different in this case
and we plan to tackle this in a future work.

Branching killed Brownian motions with drift have been studied in quite a few papers.
The case 6 > +/2 has been studied in [2, 3, 4, 5, 6, 13, 20, 21, 24] and the references
therein. Since the process will die out in finite time in the case 6 > V2, the limiting
behavior in this case is quite different from the case 6 < /2. In the case 6 < /2, Harris
et. al. [14] proved the existence and the uniqueness of the traveling-wave solution for
one-sided F-KPP equation. Harris et. al. [14] also gave a strong law of large numbers for
the Lyapunov exponent of Zt(o’oo) ((A\t,0)) and proved a strong law of large numbers and
a large deviation principle for the right-most position R;. The weak convergence for the
extremal process was recently proved by Yang and Zhu [28].

There are also many related researches on asymptotic expansions for supercritical
branching random walks and branching Wiener processes. Kaplan and Asmussen [16, 17]
dealt with branching random walks, they proved that, under the assumption that the
step of the random walk has mean 0 and variance 1, for any b € R, almost surely,

b
lim ¥Zn((—oo, V/nb)) = WOO/ \/%e_mzﬂdm, (1.3)
oo V2T

w1 B(Z,(R))
and that, under the additional assumption that the step of the random walk has finite
3rd moment, for any a < b,

lim. %Z”((a,b)) = (b—a)Wa, (1.4)
where W, is a martingale limit. Subsequently, quite a few papers studied asymptotic
behaviors of the type (1.3) and (1.4) for general branching random walks, for example,
see [7, 8, 9, 10, 26] and the references therein. To the best of our knowledge no one
has been able to establish the asymptotic expansions of Z,, ((—oo, v/nb]) and Z,((a, b)) for
general branching random walks yet. See [10, Conjecture 2.7]. Asymptotic expansions
have been established in the special case of branching Wiener processes or branching
lattice random walks in [11, 12]. In the continuous-time setting, Kang [15] proved a
strong law of large numbers for branching Brownian motions.

1.2 Main results

We will assume that

Zk‘(log ]f)l'Mp;C < 0, (1.5)
k=1
for some A > 0. Let Hj, be the k-th order Hermite polynomial: Hy(x) := 1 and for k > 1,

[k/2] ;
, B
Hi(@) =) g g™ -

J=0

It is well known that, if {(B;)¢>0,1lo} is a standard Brownian motion (throughout this
paper, we use II, to denote both the law of a standard Brownian motion starting from
x and the corresponding expectation), then, for any k£ > 1, {t"’/sz(Bt/\/i),a(Bs 15 <
t), Mo} is a martingale. Throughout this paper N = {0,1,2---}. Now for 6 € [0,/2) and
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k € IN, we define
Mt(2k+1,9)

2 X Xu(t
LY 1{mins<tXu(s)>0}eexu(t)t(2k+1)/2H2k+1< \/9) t>0.  (1.6)
uw€EN (t)

We will prove later (see Proposition 3.1) that, for any > 0, ¥ € IN and 6 € [0,1/2),
Mt(2k+1’9) is a martingale, and if (1.5) holds for some large A, then Mt(%ﬂ’e) converges
to a limit M2 P, -almost surely and in L!(P,).

Theorem 1.1. Assume the drift 0 is in (0,+/2). For any given m € IN, if (1.5) holds for
some )\ > 6m + 6, then for any x > 0, P, -almost surely, simultaneously for all intervals
A C (0,00), ast — oo,

Z(O’Oo)(A)
t— 3/2 —)t

(2k+1,0)
H2e+2 Mss / 20—2k+1_—0 -
“d t=").
\[Z Z(2k+1)(2€—2k+1)! L e dzto(t™™)

Note that, from Theorem 1.1, one can immediately get the asymptotic expansion of

0,00
7% ((a,b))
t—3/26(1—%)t

for any finite interval (a,b) C (0, 00). For the case 6 = 0, the result is a little bit different.
For finite intervals, the normalization function is the same as in Theorem 1.1. For infinite
intervals, the normalization function is different.
Theorem 1.2. Assume that the drift 6 is 0. For any given m € N, if (1.5) holds for some
A > 6m + 6, then

(i) for any x > 0, P, -almost surely, simultaneously for all bounded intervals A C (0, c0),
ast — oo,

7% (4)
$+—3/2¢t

m H2[+2 4 (2k+1 0)
2(—2k+1d t—m .
\/> Z 2k 1 1) 2@—2k+1)!/f 2 olt™);

O

(ii) for any « > 0, IPw-aImost surely, simultaneously for all A = (a,0) and A = [a, c0)
witha > 0, ast — oo,

O OO) \/7 Hze MEFO) 20—2k
-~ ™).
= 1/2et Z k < (211 Do o)

Remark 1.3. Note that we only dealt with the case that the branching rate is 1 and the
mean number of offspring is 2 in the two theorems above. In the general case when the
branching rate is § > 0 and the mean number of offspring is ;x > 1, one can use the same
argument to prove the following counterpart of Theorem 1.1: Let 6 € (0, /28(u — 1)).
For any given m € N, if (1.5) holds for some A > 6m + 6, then for any = > 0, IP,-almost
surely, simultaneously for all intervals A C (0,00), as t — oo,

0,00
7% (4)
+-3/2¢(B(n—1)— %)t

¢ (2k+1,6)
Hze+2 Moo / 20—2k+1_—62 -
d ﬁ m
Vx Z Z k+ D2l —2k+ 1)1 ), ° e dz +ot™™),

k:O
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with Méﬁkﬂﬂ) given by

M£k+1’0)
— Jim e (G-t ‘ OXu(0) (k1) Xu(®)
: tli>1r0106 Z 1{mln59xu(s)>0}e t H2k+1 ( \/i . 1.7)

u€EN(t)

The counterpart of Theorem 1.2 in the general case is as follows: For any given
m € NN, if (1.5) holds for some A > 6m + 6, then

(i) for any « > 0, P,-almost surely, simultaneously for all bounded intervals A C (0, c0),
ast — oo,

7,77 (A)
t—3/2eB(p—1)t

1 (2k+1,0)
H25+2 Mz / 20—2k+1 -
d t™™);
\[z ' k)2l —2k+ 1)1 /,° 24 o(t™™);

k:O

(ii) for any = > 0, P,-almost surely, simultaneously for all A = (a,00) and A = [a, o0)
witha >0, as t — oo,

0 oo) ¢ (2k+1,0)
Hyy (0 M 20—2k -m
= 1/2eﬁ<u 1 \fz ' G —ae e

k:O

with M+ given in (1.7).

Remark 1.4. Note that if ;- k'™¢p; < oo for some ¢ > 0, then the conclusions of
Theorems 1.1 and 1.2 hold for all m € IN. Also, combining (1.2), Theorems 1.1 and 1.2,
we easily see that for any z > 0 and 0 € [0,/2), IP,-almost surely,

(170)
wi(o) = Moo(l DN 193: ME?.
E,(ME?)  we

Our moment condition A > 6m + 6 is not optimal. It is an interesting question to find the
optimal moment condition. We do not explore this in the present paper.

Remark 1.5. M9 is a non-negative martingale. It was proved in [22] that, when
0 € (0, \/5) the limit Méé’o) is almost surely strictly positive on the survival event. When
k > 1, the martingales MéZ’““’G) are not non-negative. We did not try to determine
whether the limit Mégkﬂﬂ) is almost surely non-zero on the survival event.

Our strategy for proving these Theorems 1.1 and 1.2 is as follows. We will choose
appropriate x > 1 depending on the order m of the expansion and define

1
K

n=, ne&lN.

Tn :

We first study the asymptotic expansion along {r,, : n € IN}, which is given by Proposition
3.4, and then control the behavior for ¢ € (r,,r,+1), see Lemma 3.6 below.

More precisely, in the proof of Lemma 3.2, for a particle v alive at time r,,, we let
Gy, be the event that, for all v < u with death time d, € (\/7,7,), the number O, of
offspring of v is no bigger than eV for some small ¢, and then use G, to define the

process Z,SS,*“)’G in (3.16). For any interval A C (0, 00), we use the first moment method
to show that Z{° (4) ~ Z (0:29).%( 4) and then use the /-th moment method to prove that
70 (4) » B, (Z(O ) |}'\/ﬁ) here ¢ € (1,(2 A (2/6?)) is chosen to ensure the
decay of the /-th moment. Lemma 3.3 is a generalization of Lemma 3.2. In Lemma 3.3 we
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show that one can find a Q with P,(Q) = 1 such that Z\>*(4) ~ E, (ZT(S’OO)(A)U-"\/H)

for all w € € and all intervals A C (0,00). The key idea in this part is that for each n, we
compare the quantities with the corresponding quantities associated with partitions of
mesh size 1/[r"*¢] for some € > 0, and use these comparisons to prove a uniformly result.
Once Lemma 3.3 is proved, Proposition 3.4 follows directly by standard computation.

Although the focus of [17] was (1.3) and (1.4) for branching random walks, the
method and idea used in [17] were guidelines in the study of asymptotic expansion
of branching random walks (for example, see [9, 11]) and branching random walks in
random environment (for example, see [8, 10]). The technique of [17] was improved
and generalized in the literatures (see, for instance, [8, 9, 10, 11] and the references
therein). The main idea of the present paper is also inspired by [17], but we have to
make some modifications. Take one of the work, [8], as a comparison. In [8, beginning
of the proof of Lemma 5.1], Gao and Liu defined a quantity X, ,, containing both of the
jumping size and the population size, and truncated it appropriately. In our case, we
do not mix the population size and the spatial motion together, and we use a different
truncation. In (3.16), our choice for the truncation is to control the the offspring sizes
of those ancestors of particles alive at time r,, with death time in (,/r,,,7,), which is an
effective way of separating the genealogy and the spatial motion. This truncation method
has been used to study the limit behaviors of the derivative martingale of branching
Brownian motions in [23].

To control the behaviors for ¢ € (r,,r,+1), we first give a lower bound of Zt(o’oo)(A)
(see Lemma 3.5), then prove Lemma 3.6 by finding an upper bound of Z§°’°°)((0, 00)).
The idea comes from Kang [15], but we need to make some modifications. Since the
number of the particles grows exponentially, we can not just choose the same r,, = nd for
some § > 0 as in [15] to get the convergence rate of order r,'. We select particles alive at
time r,, that do not split during the small time (r,,,7,+1) and show that the fluctuations of
these particles are relative small. Then we can show that simultaneously for all intervals
J C (0,00), 2% (1) &~ Z0° () for all t € (rp, rns1).

Once we have Proposition 3.4 and Lemma 3.6, the proofs of Theorems 1.1 and 1.2
are straight-forward.

2 Preliminaries
2.1 Spine decomposition

Recall that (F;) is the natural filtration of our branching Brownian motion. Define

dP, o ZuEN(t) 1
dP, |, et ’

(2.1)

then, under P, the branching Brownian motion has the following spine decomposi-
tion(see [19], or [25] for a more general case):

(i) there is an initial marked particle at x € R which moves according to standard
Brownian motion with drift —6;

(ii) the branching rate of this marked particle is 2;

(iii) when the marked particle dies at site ¥, it gives birth to L children with Pz(f =
k’) = kpk-/Q;

(iv) one of these children is uniformly selected and marked, and the marked child
evolves as its parent and the other children evolve with law IP,, where P, denotes
the law of a branching Brownian motion starting at y, and all the children evolve
independently.

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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We use & and X¢(t) to denote the marked particle at time ¢ and the position of this
marked particle respectively. We also use d; to denote the i-th splitting time of the
spine and O; to denote the number of children produced by the spine at time d;. By [25,
Theorem 2.11], we can get that for u € N(¢),

1
ZuEN(t) 1 .

Using (2.2), we get the following many-to-one formula:

P, (& =ulF) = (2.2)

Lemma 2.1. For any z € R, ¢t > 0 and u € N(t), let I'(u,t) be a non-negative F;-
measurable random variable. Then

Bo( Y D(wt) =B (D 1).

u€N(t)

Proof. Combining (2.1) and (2.2), we get

IEI( 3 r(u7t)) :etEm< 3 M):etEm( 3y F(u,t)Pz(ft:u’}}))
)

uEN(t uEN(t) Z”EN(t) 1 uEN(t)
=B (Bo Y Lem T 0)|F)) = B (T t) 3 Ligmuy) = €' B (N6 1)) . O
u€EN (t) u€EN(t)

2.2 Some useful facts

We will use the notation f(z) < g(z),Vz € E, to denote that there exists some constant
C independent of z such that f(x) < Cg(z) for all « € E. For any subset A of [0, c0), we
define sup A :=sup{y : y € A}.

Lemma 2.2. (i) Let ¢ € [1,2]. Then for any finite family of independent centered random
variables {X; :i = 1,...,n} with E|X;|* < 0o for alli = 1,...,n, it holds that

E| zn:Xi]e < 2§TL:E\XZ-|Z.
i=1 i=1

(ii) For any { € [1,2] and any random variable X with E|X|* < oo,
E|X - EX|' SE[X| < (EX?)!2.
Proof. For (i), see [27, Theorem 2]. (ii) follows easily from Jensen’s inequality. O

We will use I1;? to denote both the law of a Brownian motion with drift —@ start-
ing from z and the corresponding expectation. Let ¢(z) := —‘-e~* /2 and ®(z) :=

x m
S o) dy.
Lemma 2.3. (i) Let (B;,11]) be a 3-dimensional Bessel process with transition density

—(y—x)?/(2t) _
1 _ ye —2zy/t) _ Yy ( (y l’) (y+x)>
z,y) =1 —— (1 —e =1 — — .
pt( y) {y>0} T T’]Tt ( ) {y>0}1'\/£ d) \/Z (b ﬁ
Then for any 0 € [0,/2), we have

drrf BBt
— = —————1{min,, B,>0}-
dee o (Bus<t) T { <t }
(ii) For any t,xz,y > 0,
2 2
T Y —w—y)?/t) o Y
pt (l‘vy) 5 t3/26 S t3/2-
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Proof. (ii) follows from the inequality 1 —e~* < x,z > 0. For (i), note that under II,, both

By 02
—0(By—x)— %t
?1{min,9§,Bs>0} and e YBimo)=3

are mean 1 non-negative martingales and that we have the following change-of-measure:

dIt B d,’

T
= —l{min., B.>0} and

_ o 0(Bi—2) -Gt
dIl, o(Bs:s<t) T dIL,

o(Bs:s<t)

Therefore, (i) follows from

y dri;?
o(Bs:s<t) dIL,

Lemma 2.4. (i) Let 6 € (0,/2). For any x,t > 0 and Borel set A C (0,00), it holds that

2 2
I, ° <m<1? Bs >0,B; € A) =4/ ;xeext_‘gme_%t (/ ye %dy + EA(a?,t)) , (2.3)
s< A
with € 4(x,t) satisfying
1 2
lea(z,t)] < C (1 A (“t))

for some constant Cy depending on @ only. In particular, for any fixed 6 € (0,/2),

dInf

T

At
dri;?

-1 2
Btee(Bt—w)Jr%t
= 1{minsst B;>0}-
o(Bs:s<t) z

o(Bs:s<t) a dIL,

2
I ° (Izl<llt1 Bs>0,B; € A) < :cegxt_?’/ge_%t(l{sup A=oo} +(sup A)|A|1{SupA<oo}) . (2.4)

where |A| represents the Lebesgue measure of A.
(ii) For any Borel set A C (0,00) and x,¢ > 0, it holds that

I, (min B, > 0, B; € A) S at ™y aoe) + 2t~/ A0 A) L fsup a<oc)-
(iii) For any x,t > 0, 6 € [0,/2) and Borel set A C (0, 0), it holds that
% (B, € A) < Ire= 5,

Proof. (i) For (2.3), see [22, Lemma 3.1]. Now we prove (2.4). According to Lemma 2.3,
it holds that

_ . o 82 1 _
er(rgl;lBs >0,B; € A) = gefem 2] <Bt€ OBtl{BteA}>

02 1 . 2
:acee“e_%t/ fe_eypz(x,y)dySmeaxe_%tt_?’m/ ye_eydy7
AY A

as desired.
(ii) When sup A = oo, by the reflection principle for Brownian motion, we have
z 1 2 T
I (minBs > 0) =Mo(|B:| < z) = 2/ eV /gy < =
x s<t 0(| t| ) 0 \/T?Tt ) \/i

When sup A < oo, by Lemma 2.3,
) 1a(By) 1 x x|A|sup A
— 17" [ A ) ) i i el B o
H;c(?gl?Bs >0,B; GA) —xﬂx( B, —z/Aypt(x,y)dyﬁ 1372 Aydyi 1372
(iii) By Girsanov’s theorem,

2
9 ¢

2
% (B, € A) <IL.° (B, > 0) = 1L, (e—"(Bt—z)—%tl{Bpo}) < efre= T,

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Lemma 2.5. (i) Forany k > 1 andz € R,
|Hi(2)] < 2VEle” /4.

Consequently, it holds that

sup |o(y) Hi (v)] < g\/Hsup e/ = \/5\/5
yeR m yeR '/T
(ii) For any k € IN, there exists a constant C'(k) such that for all z € R,
|Hop1(2)] < O (k)| (|2[** + 1)
Proof. For (i), see [11, (4.1)]; (ii) follows from the definition of Hayy1(x). O

Lemma 2.6. For (p,b,x) € (—1,1) xR xR, uniformly on compact subsets of (—1,1) x RxR,
it holds that

b— px >
P (ﬁ) = 0(b) = 6(6) Y O Hiema () Hi(2).

Proof. See[11, Lemma 4.2.]. O

Recall that r,, = n'/*. Applying Lemma 2.6 with p = r;1/4, b= rrfl/

we get that for any z,y € R,
> z—y _ 3 z 8 z i 1 1 I z SR/ Y
)\ Vin) g R ) TG
Noting that, for any & € IN, Hy;, is an even function and Hsy1 is an odd function, we get
that
ol 2ty o 2=y
T'n —+/Tn n —4/Tn

(oo}
z 1 1 >
= (2k+1)/4 Y
=% (W) Z (2k + 1)! - (2k+1)/2 Mo <\/ﬁ) "n Hains (,,711/4) ' (2.5)

k=0

2 —1/4
zandx:rn/y,

Lemma 2.7. For any given m € IN and x > 1, let K > 0 be a fixed constant and J be an

integer such that J > 2m + £2=1. Then for any y, z € R, it holds that

o L) o=t
Tn — v/Tn P
J
=0 <\/a)kzo (2k + 1)! T7(l2k+1)/2 Hoy, <\/ﬁ>

with
z€R, |yl < \/K«/rnlogn} 3 0.

Proof. By Lemma 2.5 (i), forall k > 1, z € R and |y| < /K /r,, logn,

T'n

2m+1)/2 .

T;2m+1)/2 1 - - 1)1 y
e () ()| vt (/)’
(2m—+1)/2
cAm L ey o 4 1 o
= T%2k+1)/4 Vor = \/ﬂn@k—l—4m)/(4n)
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Combining this with (2.5), we get that (2.6) holds with

2m—+1)/2
riEm D/ sup |Em.y.zn]
z€R,|y|<\/K\/Ty logn

oo

8 1 K/4 1 K/4
<
= NeT k;1 nCh—1—dm)/(r) * N R —1—4m)/(r) "

which tends to 0 is since J > 2m + ££=1, O

Taking derivative with respect to z in Lemma 2.6, and using the facts that

(;L;‘I’(x) = (-D)"'Hy_1(2)¢(x), Hp(z)=kHe1(2), k>1, (2.7)
we get that
= < b ) = ¢(b) + ¢(b) i éHk(b)Hk(-f)- (2.8)
i\ 20
Taking p = r;1/4, b= rﬁlﬂz and z = rﬁl/4y in (2.8), we get that for any z,y € R,

Vi, 22y
Tn—m Tn_\/ﬁ
z =1 1 z Y
=+(=) (1 #3 gtie (z) i (/)) ' 29)

Noting that, for any k£ € IN, Hy;, is an even function and Hsi4; is an odd function, we
deduce from (2.9) that

NG zZ—y B z+y
7‘n—\/ﬁ (d)( rn_\/ﬁ> ¢< Tn — rn))

z = 1 1 z Y
_ (2k+1) /4 Yy
2¢<\/ﬁ) E (2k+1>!r7(l2k+1)/2H2k+1 <\/ﬁ> Ty Hopt (7"711/4) :

k=0

Using an argument similar to that leading to Lemma 2.7, we also have the following
lemma. We omit the proof.

Lemma 2.8. For any given m € IN and « > 1, let K > 0 be a fixed constant and J be an
integer such that J > 2m + £&EL. Then for any y, z € R, it holds that

Vi s z—y _ 4 z+y
T'n — \/ﬁ T —/Tn Tn — \/ﬁ
J
7’7(712k+1)/4H2k+1 < 1@//4) +Emuyznk

z 1 1 z
=2¢ ( ) Hop ( > —
) 2 e e

with

Tn

™t sup {|€m7y,z7n7,{ :z€R, |yl </ Ky logn} "3,

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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3 Proofs of the main results

3.1 Convergence rate for the martingales

Proposition 3.1. Suppose 2 > 0 and 0 € [0,/2). (i) For any k € IN, {Mt(2k+1’9),t >0; P, }
is a martingale. (ii) If (1.5) holds for some A\ > k, then Mt(%H’G) converges to a limit
MO P _as. and in LY(P,). Moreover, for anyn € (0,\ — k), ast — oo,

Mt(2k+1,6) o Mcgkﬂ,a) — 0<t—(A—k)—&-n>7 P,-a.s.

Proof. (i) We will use v < u to denote that v is an ancestor of © and v < u to denote v = u
or v < u. By the Markov property and Lemma 2.1, for any ¢,s > 0,

E, (Msiliﬂ 0)|]_—) — o~ (=) (t+s) Z l{minTSth(r)>0}(t+5)(2k+1)/2

’UEN(t)
Xu(t+s
X Ex, Z 1{minr<sXv(t+v")>0}eexu(HS)H%+1 < ) ‘}—t
UEN (t+s)w<u v
C(1- (s
—¢ (1 2 )(t+s) Z ]-{mianth(T)>0}
vEN(t)
s ) . Xe(s
x ¢*Ex, (0 (1{minrgsXE(T)>O}€9X5(a)(t 48D, (%))
(19 (s
= e DD N 1 msor Fls t, X (8): (3.1)
vEN(t)

Note that X¢(s) under P, is a standard Brownian motion with drift —6. It follows from
Lemma 2.3 (i) that

F(s,t, Xo(t)) = 0= 55 X, (1) 11"

(t+ 8)(2k+1)/2
Xo(t) <

e (7))
Bs 2k+1 \/m

o (2k+1)/2
— =Sy, (¢ exvm/ (t+5) " ( y )
e v(t)e ; ” 2k+1 N

k() (5

00 y—X, (1) _ y+Xo (1)
_ e(k%)seexv(t)/ (t+$)(2k+1)/2H2k+1 ( > ‘15( Vs ) ¢( Vs )d '
0

Yy
Vi+s

Using the fact that Hax1(+) is an odd function and that ¢(-) is an even function, we have

o0 ) is(t)
F(s,t, X, (1) = e!! §)360Xv(t)/ (tJrs)(%H)/QszJrl( - > ( p )dy

Vi+s Vs
s o Vt+s Vi+ sz — X, (t
= BN [ (g B () NE ¢( NE ())d%

where for the last equality we used the change of variables z = y/v/t +s. Taking

p=+/t/(s+1),b=z2=X,(t)/Vin (2.8), we see that

NG Vi — X, (t | X, (t
o (V) — o ot e (240,
NG NG — 0 (t+s)t Vit
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Combining these with Lemma 2.5(i) and the fact qﬁ(z)eZQ/4 < 6*22/4, we can easily get
that for any s,t > 0,y € R, the series

. t/2 1

Y
Hop 11 (2) ¢(2) ; WWHZ(Z)HZ (\/i)

is uniformly convergent in z € R. Now applying the property ffooo H,(2)H,(2)p(z)dz =
Om,nn!, we get

F(s,t, X,(t))

00 t(2k+1)/2 fr (Z) (b(z) X (ﬁ)
= (1——)5 60X, (t) ¢ (2k+1)/2 2k+1 H " X0\,
- /—oo( ) (2k + 1)! (t + 5)2k+1)/2 2k+1(2) Hapq1 G z

(-5 0X, (1) 4(2k+1)/2 (Xv(t)>
—e 7 )% t H .
2k+1 \/i

Plugging this into (3.1), we get (i).

(ii) Suppose (1.5) holds for some A > k. If the first assertion of (ii) holds along ¢t =
n € IN, then it is valid along all ¢ since fort € (n,n+1), Mt(zk“’e) =, (anflﬂ ) |]-')

E. (M (2k+1,6) |]-"t> In the following we use two steps to prove the assertion of (ii) holds
for the caset =n € IN.

Step 1: In this step, we will define a truncated process M,(L%ff 19.B) and give first
moment estimate for M (219 _ p(2k+1.0.8) 1 op d,, O, denote the death time and the

n+1 n+1
number of offspring of v respectively. For u € N(n + 1), let B,, ,, be the event that, for all

v < u with d,, € (n,n+ 1), it holds that O, < e“”, where ¢y > 0 is a small constant to be
determined later. Define

MEEFLOB) == ) (n+1)
Xu(n+1)
X Z l{min5<n+1 Xu(s)>0}60X“(n+1)(n + 1)(2k+1)/2H2k+1 (% 1Bn1u.
u€N(n+1) ntl

By the branching property, it holds that

2k+1,0 2k+1,0,B) —(1-2Y(n
ML 0P| < (-0

Xu(n+1)
X Z l{miﬂs<n+1 Xu(s)>0}€9X“(n+1)(Tl + 1)(2k+1)/2 H2k+1 ( ——— > 1Bﬁ‘u
wEN (n+1) n+l

—(1— 9%\

— o~ (1=F)(n+1) Z Lmin, <, X, (s)>0}
vEN(n)
n i Xy(n+1
% Z 1{min5§1 Xu(n+s)>0}€9X“'( +1)(n + 1)(2k+1)/2 Hopyq (\/Ezﬁ )> ’ 1ge .

u€N (n+1):v<u

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Using the Markov property first and then Lemma 2.5(ii), we get that
E (‘M(Qk—&-lﬂ) . M(2k+1,9,3)‘ ’]__ )

n+1 n+l
—(1=22Y(n
<e (1=F)(n+1) Z 1{min5§an(5)>0}
vEN(n)
Xu(1)
X Ex,(n) Z Lmin,<; X’u(8)>0}60Xu(1)(n+1)(2]““)/2 H2k+1< > 1D
uEN(l) \/m
—(1—2Y(n
< e~ (1= (n1) Z Limin, <, X, (s)>0}
vEN(n)

XEx,m | Y. Lminees Xu (0503 Xu (D)@ (X (1) + (n+ 1)*) 1pe |,
u€EN(1)

where for u € N(1), D,,,, denotes the event that, for all w < u with d,, < 1, it holds that
O, < e®™. Recall that d; is the ¢-th splitting time of the spine and O, is the number of
children produced by the spine at time d;. Define D, ¢, to be the event that, for all i with
d; < 1, it holds that O; < e°", By Lemma 2.1,

E, (‘M(2k+1,9) _ M(2k+1,9,3)’ ‘]_.n>

n+1 n+1
2
S 67(17%)(n+1) Z l{minsgn X,(s)>0}
vEN(n)
X eEXv(n) (1{mins§1 X§(8)>0}X5(1)66X5(1) (X§(1)2k + (n + 1)k) 1Drczr,£1>
VIV
=: 61 (1-%)(n+1) Z 1{min5§n Xv(s)>0}R(Xv(n))' (32)
vEN(n)

Conditioned on the motion X¢, {d; : ¢« > 1} are the atoms of a Poisson poin process
with rate 2 and {O; : i € N} are iid copies of L with law P, (L = ¢) = {p,/2 which are
independent of {d; : ¢ € IN}. Therefore, D, ¢, is independent of X,(¢). Together with
Lemma 2.3 (i), we get that

R(Xu(n)) = EXU(TL) (1{min5§1 X§(8)>0}X5(1)66X€(1) (Xf(1)2k + (’I’L + l)k)> EXv(n) (lDC )

n,§1

o2 .
<e X'U(n)eexv( )H;v(n) (B%k + (TL + 1)k) EXv(n) Z 1{Oi>ecoﬂ}
i:d; <1

2 ~
= 26*%Xv(n)eexv<”>ngv(n) (B + (n+ 1)F) Py (L > em). (3.3)
Noticing that (B;,1I]) is a 3-dimensional Bessel process, we easily see that

I (B + (0 + D)) <TE((B1+9) + (n+DF) [ ) S (X)) +0F. (3.4)

v

Noting that (1.5) implies Ew(logf’\ f) < 00, using (3.3) and (3.4), we obtain that

R(Xo(m) S e T Xo(n)e? 0 (X, ()% +n*) .

ISR ESY
Plugging this inequality into (3.2), we conclude that
E, ( MpRL0) M(2k+1,a,B>‘ ‘fn)

n+1 n+1
e=(1=%)n 09X (n) % |k
S 2 L, %0500 Xo ()™ (X, (n)* +0")
vEN(n)
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Taking expectation with respect to P, applying Lemma 2.1 first and then Lemma 2.3 (i),
we get that

E, (‘M(2k+1 ,0) M(2k+1 0,B) D

n+1 n+1
< 6_(1_7)71 0X,(n) 2k k
S WEx( Z Lming<, X, (s)>0} Xo(n)e" " (Xy(n))** +n ))
vEN(n)
92
ez " n
= b (l{mins@ Xe(2)>01€” M Xe (n) ((Xe(n))?* + "k))
ze™ ok | oky o 2T h .k
:n1+)\H$((Bn) +n)— 1+)\H ((Bn+x) +n)
nk
S nl'*‘)‘ — 10 (Bo)™ +n¥) = — 11 (B +1). (3.5)

where in the last equality, we used the fact that (B, HT) (VtBy, 11 )
Step 2: In this step, we will give an upper bound for the /-th moment of M,(L%f;r 16.8) _

E, (M,(ff;r 1.6:B) |]-'n) for appropriate ¢ € (1,2). Combining this with Step 1 will yield the
first result of (ii). For v € N(n), set

" Xuyn+1
Jn,v = Z ]-{minsgl X“,(n+s)>0}egxu( +1)(TL+ 1)(2k+1)/2H2k+1 <\/51T1)) 1Bn7u~
u€N (n+1):w<u

By the branching property, {J,, , : v € N(n)} are independent conditioned on F,,. Thus,
for any fixed 1 < ¢ < min{2/62,2} with (¢ —1)26%/2 < (¢ — 1)(1 — —) by Lemma 2.2,

e (Mo -k, (w2177,
4

= e_z(l_%)(n+1)Ew Z 1{min5§n X, (s)>0} (Jn,v - E, (Jn,v|]:n)) ‘]:n
vEN(n)

S U 2 I S PV (}JM — By (Juo| F)|f ]]-'n)

vEN (n)

S e =500 S oy (Ba ()] Fa) 2 (3.6)
vEN(n)

Define

Tii= 20 Mminy xu(sope”Mn + 1B/ Do

uw€eN(1)

By the Markov property and Lemma 2.1,

By ((Jn,0)*|Fn) < Ex,m) ((J3)%)

*

Xu(l)(n+1)(2k+1)/2 Do

Xu(1)
=E n 1 min s f H. 1
o | D2 Hmine Xu(9)>0)€ b1 ( 1 1)

u€eN (1)

Xe(1)

0 3 *
=eEx, (n) (1{mins<1X5(s)>0}e X (n + 1) D2 Hyp g (W) D, gl‘]n) - 8.7
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Conditioned on {X¢,d;, O; : i > 1}, by the Markov property, on the event D,, ¢,, we have
Ex,(n) (/3| Xe. i, 0 i 2 1)

= D Lminse, Xg(s)>0}(0i_1)EX5(di)< D Lminae. Xu ()0}

i:d; <1 u€EN(z)
1D"74xu> ’z:lfdi

X Exé(di) Z 1{min5§z Xu(s)>0}€0X“(Z) (n + 1)(2k+1)/2
u€EN(z)

con . 17(11'
<e E 1{m1ﬂs§di Xg(s)>0}e
i:digl

% Exg(di) <1{min5<z Xs(s)>o}€9X§(Z)(” + 1)(2k+1)/2

~ BHX“(Z)(TL—F 1)(2k+1)/2

< Z Limin,<q, X¢(s)>04(0i — 1)
i:d; <1

Hoy, Xu(z) |
+1 Vntl z=1—d;

IE T

=: gfon Z Lmin, <, Xe(s)>03€" " Fo(Xe(di), 1 — dy), (3.8)
i:digl

where in the last inequality we used the fact that O; — 1 < e“™ on D,, ¢, and Lemma 2.1.
Using Lemma 2.5(ii) in the first inequality, Lemma 2.3 (i) in the first equality and an
argument similar to that leading to (3.4) in the second inequality, we get

Ful(Xe(di), 1= di) S By (Tmin.c. xe(r>01 " €O Xe(2) (Xe(2)™ + (n+ 1)) [,y

)02 (1, :
= Xe(dy)eXe@em 7 Ol (B + (n+ DY) |,

< Xe(di)e? e (Xe(dy))?* +n") sup II((B.)** +1)
z€(0,1)

< Xe(di)e® et (Xe(di))™* +n*) . (3.9)
Combining (3.8) and (3.9), we obtain that

Ex, () (/1| X di, 05 i > 1)

S e Z Limin, g, Xe(sys0pe' TV Xe(d;)ef X ) ((Xe(dy))?F + nP)
i:digl

Seor Y Umin, <, Xe(s)>0y Xe(di)e? D) (X (di))*F +nF) . (3.10)
i:d; <1

Plugging (3.10) into (3.7),

)

E:c ((Jn,v)2|fn) 5 econEXv(n) (1{mins<1 Xg(s)>0}69X£(1)(n + 1)(2k+1)/2
1
X/O Lmin, <, Xe(s)>0} Xe (r)e? X0 (Xe(r))?F 4 nP) dT)
S e“"Ex, (n) (1{mins<1 Xe(0)503€" X W Xe (1) (Xe (1)) + (n + 1)F)

1
X /0 Limin, <, Xe(s)503 Xe ()P (Xe(r)?* + nF) dr>, (3.11)

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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where the last inequality follows by Lemma 2.5(ii). Using Lemma 2.3, we can continue
the estimate (3.11) and get

EI ((Jn,v)2|]:n)
1
< Xv(n)eQXv(n)econH‘Txv(n) ( ((Bl>2k + (n + 1)k) /0 BreéBr ((BT)QIC + nk) d?“)

< Xv(n)eva(n)ecoan( ((Bl + y)2k + (n + 1)k)

1
x / (By +y)e’r (B, +y)** +n") dT) ’y:X, (n)
; .

S e (X(n) + 1220 (X, (n) + k). (3.12)

Combining (3.6) and (3.12), we have

)4
2k+1,0,B 2k+1,6,B
B, (| — e, (M0 7,)
ge—é(l—%)(n-&-l)eco@n/Q Z 1{Xv(n)>0}(Xy(n)+1)£€€0X“(n) ((Xv(n))2k+nk)€
vEN(n)
2
Sefé(lf%)necofn/Q Z (|Xv(n)|+1)€669Xv(n) ((Xv(n))2k+nk)f'
vEN(n)

Taking expectation with respect to P, and applying Lemma 2.1, we conclude that
[
(2k+1,0,B 2k+1,0,B)
(’Mnﬂ DB, (M) )
2
S e —(1-4 )n coln/2 "B, ((‘Xg(n” + 1)Ee£6X§(n) ((Xg(n))% + nk)e)

_ e—é(l—%)necoén/QenH;Q ((|Bn| + l)éeéaBn ((Bn)Zk + nk)e)

:eexef(ffl)(lf—)n coln/2[] ((|B |+1)£e(4*1)93" ((Bn)2k+nk)€)

(- 1) 02 £
— O, —(-1)(1-% 2\n pcotn /2, =2 56571)0 (('Bn| 4 1)4 ((Bn)2k _|_nk) )

(—1)(1-°2 (=262 _
S e (-1)(1-% )necofn/Qe 5 nn2kl+f —. n2kl+€€ clfn’ (3.13)

where in the second and third equalities we used the change-of-measure jgwy

o(Bs:s<t) =
2
e"Br=2)=%t for ) = — and n = (£ — 1)0 respectively. Let ¢y > 0 be sufficiently small so

that col/2 < (£ —1)(1 — %) — (£ —1)2602 /2 with (6% /2 < 1, which implies that ¢; > 0. Thus,
using the inequality:

E(|X —B(X|F)) < E(X - Y)) + E(Y -~ E(V|F)]) +E (| (X - Y|F)|)
<OW(X -Y)+E(Y —EY|F)H", (3.14)
(3.5) and (3.13), we get

2k+1,0
ZE (’M7(l+1+ ) (2k+10)D

2k+1,0 2k+1,0,B
<2 B (MY - a0 ) 4
n=1

00 ’I’Lk 00

< 2k+1_—cin

S E FYES + E n e ,
n=1 n=1

N 1/¢
>k (| o < (w27 )

n=1
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which is finite since A > k. Therefore, M7(l2k+1’9) converges to a limit Mégkﬂ’é)) P, -a.s.
and in LY(P,).

Step 3: In this step, we prove the second assertion of (ii). For any n € (0, A — k), by
(3.5) and (3.13),

oo oo k oo

A—k—n (2k+1,0) (2k+1,0) A—k—n 1 A—k—n, 2k+1_—cin
g n E, (‘M,H_l - My S g n W—i— E n n-" e < oo0.
n=1 n=1 n=1

Thus, n* %7 (M,S%H’e) - M£k+1’9)> "% 0,P,-a.s. (see for example [1, Lemma 2]).

For s € [n,n + 1], by Doob’s inequality, for any ¢ > 0,

Z]Px <n,\kn sup ‘M§2k+1,9) _ MT(L2k+170)| . s)
n=1

n<s<n+1

1 oo
< . anfkanm (‘Mgc;rl,«% _ Mr(l2k+1,9)‘) < 0,
n=1

n—,oo

which implies that 72 ~* =" sup,, < <, 11 ‘Ms@’““’e) ~ MEFHLO| "2 0 p 4 5. Therefore,

we have PP,-almost surely,

N ‘M§2k+1,6) _ Mégk+1,9)‘ <(n+ 1))\7k7n sup ‘M£2k+1,0) _ M7(12k+1.,0)

n<s<n+1 n<s<n+1
¥ (n 4 1)k ’MT(L%H,e) _ ML) | n2%e
which completes the proof of (ii). O

3.2 Asymptotic expansions along discrete time

Lemma 3.2. Assume = > 0 and € [0,+/2). Let {A,} be a family of Borel subsets of
(0, 00) such that

either supsup A4, < oo or infsup4, = .
n n

For any given m € IN and x > 1, if (1.5) holds for some \ > 2m + 2k + 1, then

]-'r)

282 (An) — Bs (20 (4)
lim 7’

2
n— o0 T;bee(l—%)rn

=0, P,-as. (3.15)

where

b 3/2, 6 =0 and sup, sup A, < oo orf € (0,v2);
" |1/2, 6=0and inf,sup A, = .
In particular, for any Borel set A C (0,00), as n — oo,

79 (A) - E, (Zﬁg"”)(A)‘fm)

_ 02
n b96(1*7)7‘n

m

Tn

— 0, P.-a.s.

Proof. Suppose m € N, x > 1 and that (1.5) holds for some A > 2m + 2x + 1. We divide
the proof into three steps. In Step 1, we define a truncated process Z,(,S’OO)’G(A”) and
give a first-moment estimate for Z\°(4,,) — Z{°°%(4,,), see (3.23) below. In Step

2, we bound the /-th moment of Zﬁg’“)’G(An) - B, (Z£2’°°>’G(An) ’J:\/r) for appropriate
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¢ € (1,2), see (3.29) below; In Step 3, we combine the results obtained in Step 1 and
Step 2 to get the assertion of the proposition.

Step 1: Recall that v < v and v < v mean that v is an ancestor of « and that v = u
or v < u respectively. For v € N(r,,), define G, ,, to be the event that, for all v < u with
death time d, € (\/7,7y), it holds that O, < eV where ¢y > 0 is a small constant to
be determined later. Define

Zy(»g’oo)’G(An) = Z 1{min5§T" Xu(s)>0}1An (Xu(rn))lGn,u- (316)
wEN (1)

By the branching property, it holds that
Z(O,oo),G(An)

Tn

= Z l{minsgm X, (s)>0} Z l{minm<sgrn Xu(s)>0}1An, (Xu(rn))lGnu

vEN ({/Tn) wEN (ry):w<u
(3.17)
Therefore, by the Markov property,
rtbe (0,00) (0,00),G
WE.% (Zrn’ (An) — VAN (An)}]:m)
ell=2 )
TTT/-i-be
= 7(1_%%1 Z 1{min5§ﬁXv(s)>0}
€ vEN (\/Tr)
X EXv(\/Tn) Z :[{mirlsgrn,\/mXu(s)>0}lA71 (Xu(rn -V 7"n)) 1D$1Yu
UEN (1 —+/Tr)
erere
= g > Lmin,< e X, (9)50) T (KXo (V70), 70 = /Tn), (3.18)
€ VEN (/)

where for u € N(r, —/T), Dy, denotes the event that, for all w < u with d,, < r, —/Ts,
it holds that O,, < e®V™ . Recall that d; is the i-th splitting time of the spine and O; is
the number of children produced by the spine at time d;. Define D, ¢, o Lo be the
event that, for all ¢ with d; < r, — /7y, it holds that 0; < e“oVin, By Lemma 2.1, we get
that

TAn (X’U(\/E)7T’n - \/ﬁ)
= ET"_WEXU(W) (1{minsgrn—ﬂxé(s)>0} ]-An (XE(TTL - ﬁ))lDi,57,n7m) ' (3.19)

Note that given X, {d,; : i > 1} are the atoms for a Poisson point process with rate 2,
{O; : i > 1} are iid with common law L given by P, (L = k) = kp;/2, and that {d; : i > 1}
and {O; : i > 1} are independent. By (1.5), we conclude that

Ex.vm (1D2‘5T e 1 Kels) s > 0) < Ex,(vm) Y. Loseovmy|[Xe(s) 1520
e irdi <rn—/Tm
- E, (1og1+“ L) )
_ co\/Tn
- 2/0 P, (i) (L > eV ) ds < 2, o g S o7 (3.20)
Plugging (3.20) into (3.19), we get
TAn (Xv(\/ Tn); n — V rn)

en—VTn ]

'[‘n ='n n
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Since, under Px (), X¢(t) is a standard Brownian motion with drift —¢. By Lemma
2.4 (i) and (ii) with A = A,,, we get that

Px.(vm) <S<37{11%X€(5) >0, X,y € An)

< X)) Xy (et VT

~ ~ (3.22)
(rn - \/ﬁ)b"e%(r”_m) r,?fe%("'n—\/ﬁ)

Combining (3.18), (3.21) and (3.22), we get that

,,,m+bg
nizEm (Zﬁo,oo) (An) _ Z7EO7OO)’G(An)‘f\/ﬁ)
-, " n '
< e Z 1 eV X (/)Xo (V)
~ T 92, ming< s X, (s)>0 — .
e1=%)rn N {mina <y Xo (9020} =172 7 o (2 (r,— /)

1 _ 1,& Tr 0X, Tn
- ()\—1—2m)/2e v Z 1{mins§MX1,(s)>O}Xv(vTn)e (vrm)
"n veN (V)
1

— (1,0)
- T(A7172m)/2M [

with M\(/lrﬁ) given in (1.6). Now taking expectation with respect to P, we get that

m—+bg 1
b B, (20 (An) - 20°06(4,)) <

2 ST T o
6(1_%)T" TT(lA 1-2m)/2

r

(3.23)

Step 2: By (3.17) and the branching property,

0,0),G 0,00),G .
Z0°906(4,) — B, (Zﬁn ) (An)|}"\/ﬁ) = Y i x50} Kn
vEN (\/T7)

where conditioned on F s, {Kn.:v € N(/r,)} are centered independent random
variables defined by

Kn,v = Z 1{minm<55,ﬂn Xu(8)>0}1An (XU(TTL))]'Gn,u

wEN (ry):v<u

.F\/ﬁ

- E, > mingeser, Xu(o>0p 1A, (Xu(m) e,

UWEN (ry,):v<u

Thus, by Lemma 2.2, for any fixed ¢ with 1 < ¢ < min{2,2/6?} and (¢ — 1)9—22 <1-— %,

E, ( 207G (A4,) — By (2006 (4,) | F s ) ‘é ‘J—' r)

4
<2 Z 1{mins§mXU(s)>O}E1 (|K’ﬂ,v| ‘]:\/ﬁ) 5 Z Mn,v; (3.24)
vEN(y/Tn) VEN(\/Tr)

where for each v € N(\/,),

¢
Mn,v = EXU(\/TTL) Z 1{mins§r7l—ﬂxvt(5)>0} 1An (Xu(rn - \/Tn)) ]-Dn,u
UEN (T —+/Tn)
EJP 30 (2025), paper 28. https://www.imstat.org/ejp
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Set Vi 1= 3 e N(ru—yim) Lminue,, - r Xu(s)>0} 14, (Xu(rn — /™)) 1p, .. By Lemma 2.1
and the fact that 4,, C (0,00),V,, < ZuGN(TFF) 1(0,00) (Xu(rn — /Tn)), we have

My, =e™ " VEx (/) (1{minsg,,.n,ﬂX§(s)>O}1An (Xe(rn = /rn)) 1Dn,srn,ﬁvf_1)
-1

< e"”_mEx,,(ﬁ) Ipne, o HXe(ra—yim)>0} Z L x (rn =) >0}
UWEN (rp—+/Tn)

(3.25)

Given X¢,d; and O;, by the Markov property and the inequality (} ;- z;)? < Y ., a¥ for
all z; > 0 and p € (0,1), it holds that

-1
1{Dn . }Exv(\/ﬁ) Y LXutr— >0} | Xe,di, 050> 1
ST UEN (rn—/T7)
-1
< 1{DMT 7F} Z (0i = DEx, (4, Z Lix.(=)>0} ’z=rn—\/r7,—d,-
" " i:d; <rp—+/Tn ueEN(z)
-1
eVt Y Ex.ay | D Lixu=>0) [N (3.26)
i:di <rp—+/Tn uwEN (z)
where in the last inequality, we used the fact that, on the event D, ¢, ., O;—1 < eV

and the fact that E(|X|?) < E(|X])? for p € (0,1). Note that by Lemma 2.1 and Lemma
2.4 (iii),
2
B | Y0 Hxuwso | el %
u€EN (z)

Using the fact that d; are the atoms of a Poisson process with rate 2, taking expectation
with respect to Px () (-|X¢) in (3.26), we get that

-1
B | Upoe 3| 2 lxga-vmsor | [Xe
v WEN (rn—/T)
”'n,_\/ﬁ
g2eco\/ﬁ/ HU=1)Xe(5) ((1= L) (t=1)(rn—/Fn—5) g 5 (3.27)
0

Combining (3.25) and (3.27), noting that X 5(5) under P is a standard Brownian motion
with drift —6, and applying Lemma 2.4(iii), we conclude that

Mn,v
Tn—/Tn

eV Ex, (g (ec"ﬁl{m(rnm»o}/ e“’“—l)Xs(s)eﬂ—f)(f—l)(rn—ﬁ—5>ds>
0

N

Tn—+/Tn ,Co0/Tn " —0 — SsTT—0
=" Vg or/o HXU(\/H) (eG(f 1B ;! (Brn— > 0)>

w A=V E=D)(ra—/F=s) 4 5

Tn—/Tn 5 R
Tn—+/Tn ,C0/Tn —0 {08 — (P =T —5) (1= ) (U =1) (1, — /T — ¢
<e Wefvf/o M7 ey (€9080) e (V) ) D (V=) g
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Using elementary calculus in the last integral, we get
M, , < 639Xv(\/ﬁ)ef(1—§)(m—\/ﬁ)ecO\/ﬁ/ Ve o5t NA-Z2—(-1)% )ds
< tO0Xu (V) (1= 5 ) (rn—/7) yCo /T

Plugging this upper bound into (3.24), we obtain that

E(m+b9)
In g,
eé(l_%)rn

L
20°09(4,) - B, (2990417 )| |7

rp ") 0L (/) b (1~ ) (rn — Y%
S——— Y LTIy oy
N (1=,
€ vEN({/Tn)
£(m+b T
I ) (3.28)

él—ﬁ Tn
R SV i

Taking expectation in (3.28) with respect to PP, and using Lemma 2.1, we get

Tﬁ(m+b9) ¢
— B (‘ZT(O 1G(4,) ~ E, (ZSS’OO)’G(An)\}'\/ﬁ)‘ )

(1= S ),
L(m4bg) Tn L(m+be) Th

< Tn 926 OFE Z X () | = I 926 Ore\/ﬁEI (e%xs(\/ﬁ))
A=)V veN (o) e!(I=F)VTn

_ Tﬁ(mm)eeew(((efl)(lf@)fcwm. (3.29)

Step 3: Fix ¢g € (0, (¢ — 1)(1 — &%) and set ¢; := (¢ — 1)(1 — &£) — ¢)/¢ > 0. Using
(3.14) with X = 7{°°(4,,) and Y = 7{°>*)%(A4,,), we have

B, (—
rn —by (17—)7’,1

ngg’oo)(An) - E, (Zﬁgoo)(An)p:\/ﬁ) ’)

Tm+b9
<2, (Z0)(A,) — 29 C(4,)
=~ 6(1_£)T“ x Tn n Tn n
/(m+b9) Y, 1/¢
+ ( (o) <‘Z§goo - E, (Z;S,oo>,G(An)|fm)‘ >>
1 + (m+bg) ,—c1y/Trn _ 1 + (m+bg)/k 7c1n1/(2")
N OTam) 2 ™n € = pO0—1—2m)/ze) T € ’

where in the last inequality, we used (3.23) and (3.29). Since A > 2m + 2k + 1, we
conclude that for any ¢ > 0,

Z (be(l—) 210 (An) = B (2020 (A0)| F s )| >€> (3.30)
n—1 e n
m+bg) /K —cin'/ (2%
N Z ( O—1— 2m)/(2,@) +nlmb)/reme > < 00,
which completes the proof of the Lemma. O

Applying Lemma 3.2 with A,, = A being a subinterval of (0,c0), we see that (3.15)
holds for any fixed interval A. It is not clear that (3.15) holds simultaneously for all
intervals A. In the next lemma we prove a slightly stronger result.
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Lemma 3.3. Assume z > 0 and # € [0,+/2). For any given m € IN and k > 1, suppose
that (1.5) holds for some A\ > 2m + 2 + 1. Then there exists Q = Q(x,0,m, k,\) with
IPI(Q) = 1 such that for any w € ) and any interval A C (0, 00), it holds that
280 (4) - B, (219 ()| F )
lim "

L _pA
n—00 Tn b 6(1_7)7‘"

=0, (3.31)

where

pA 3/2, 0=0and sup A < oo orf € (0,v/2);

4= (3.32)
1/2, =0 and sup A = occ.

Proof. Step 1: Fix m € N, k > 1 and ¢ > 0. For any £k € IN and n > 1, define
al™ =k +i/[rmte), Bi(n) := (0™, 00) and Bi(n) := [0\, 00) for 0 < i < 2[r™*<]. In this
step, we are going to prove that, for any fixed k € IN,

0,00 0,00
I o SHPo<i <ot Zr(n )(Bl(n)) I, (Z( ) ’}_\/ﬁ)‘ 0o P
nLH;or (7, 1/21 +7,_3/ 1 )6( - 2 )771 o & 885
n 6=0 T Tn 0€(0,v2)
(3.33)
0,00 0,00
1 msup0<l<2[r7n+e] Z( )(B,(n)) — ]EI (Z( ) "Fr)’ O ]P
nose (rn V2o + Y1 Yell— &y T sy
n 6=0 n 0€(0,V/2)
(3.34)
0, c 0,
S icap | 207 (Bi(n)°) — Eo (28070 (Bin)) | F )|
nl;rrgor a2, 0 ), =0, P;-a.s.
n
(3.35)
and
. o SWPo<i<o e Zﬁ:’m)(gi(”)c) - E, (nggyoo)(gi(”)c) fﬁ)‘
S 32,12, =0, Po-as.
(3.36)

We only prove (3.33). The proofs of (3.34), (3.35) and (3.36) are similar. Recall the
definition of ZT(S’OC)’G in (3.16) and the fact that B;(n) C (k, c0), we see that

sup (2099 (By(m) — 210 C(B,(n)))

0<i<2[rmTe)

sup Y Lpmineer, X503 18,0 (Xu(ra) s,
0<i<2[r* ) e N ()

< Z Lmin,<,,, X.(5)>0} Lk,00) (Xu(rn))1Ge
wEN (14,)

= Z{9>)([k, 00)) — Z{>VC [k, 0)).
Therefore, by (3.23) with A,, = [k, c0), we have

m+1/2 m+3/2
Tn lg—o +7n 196(0’\/§)E (

(17*)""71

sup (Z00°)(B,(n)) - ZﬁSmW(&(n))))

0<i<2[rmte]
1
~ TT(lA—l—Qm)/Q'
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On the other hand, for any fixed ¢ with 1 < ¢ < min{2,2/6} and (¢ — 1)% <1- %, it
naturally holds that
e)

28295 ) - . (200 B0\ )| )

20506 B, w) = B (2007 (Bi()| 7 )

1
Sy B | sup
ef1=3)m o<i<2[ry
2fr7 ]

1
< — E,
B e£(1_§)7‘n Z (

=0

S e (D=5 eV (gfpmte] 1 1)

where the last inequality follows from (3.29). Using a similar argument leading to (3.30),
we get (3.33).
Step 2: In this step, we prove that

0,00 n n
. SUPg < <oprm+] La (ZT('n )([a’z(' )aaz('+)1])‘f\/ﬁ)
lim "

_ 02
n—00 ,rng/ze(lfT)rn

=0, P,as. (3.37)

Using the Markov property and Lemma 2.1, we see that

0, m
SUPG < opmte] Ea (Zﬁ oo)([ 507 51)1 ‘-R/ﬁ)
r 2/ 2e(1= 5 )rn
]-{ming 7 Xo(s)>0} 0,00 n n
= sup Z =y Ex,(/m) (Zﬁn’_ )r,,,([a(' )7az('+)1]))

) e =3/2 (1-2)r, v
0<i<2lr ] yen(yrm)  Tn el )rn

l{minsgm X, (s)>0}

= sup — .
0§i<2[7‘:,7,”+€]v€N(\/rn) Tn3/26(1_97)7'n
— " _9
VI e (1{mins§r7rm Bs>0}1[a5n>,a51>1](anm)) :

Combining the above inequality, Lemma 2.4 and the fact that 051)1 < k + 2, we see that

0,00 n n
m > Po<i<arrte] I, (ngn )([@5 ) §+)1 ‘ﬁ/r‘)

r

n 7,;3/26(1—%)%
(k+2)rm 32 -2y 60X, (V7
S gt T S e x50 X (Vi)
n n n vEN (/)
< B2y oy,

re

which implies (3.37).
Step 3: In this step, we prove (3.31). For any k£ € IN, there exists Q. with ]Pz(Qk) =1
such that (3.33), (3.34), (3.35), (3.36) and (3.37) hold for all w € ;. Now define

0= ) (3.38)

kelN

then ]PI(SA)) = 1. We first deal with the case of all A = (a,00) with a¢ > 0. Suppose that
€ (k,k + 1] for some k € N, then for each n € N, there exists 0 < i < [r/"¢] such that
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€ (a{™,af}}]. Thus,

20 (A) ~ B, (2070 A)|F ) < 200 (Bilw) — Bx (2807 (Bisa ()| o)

< sup Zﬁg’oo)(l?i(n)) —E, (Z(O °°) ’f\/ﬁ)‘

0<i<2[r ]

+ sup E, (Zﬁg’oo)([agn), 5_7_)1 ‘}"\/ﬁ) .

0<i<2[rme

Similarly, we also have the lower bound:

20 (4) ~ B, (210)(W)| F )

>—  sw |Z20%)Bin) — B, (20°0(Bin)|Fyr )|
o<i<alrpta !l " /
sup (Zﬁg <) (™, a{h) ’fm)

0<i<2[rt]

Therefore, combining (3.33), (3.37) and the definition of (AZ we conclude that (3.31) holds
forallw € Q and A = (a,00) with a > 0. The proofs of the other cases are similar with the
help of (3.34), (3.35) and (3.36) and we omit the details. The proof is now complete. O

Proposition 3.4. Let z > 0. For any givenm € N and x > 2m + 1, if (1.5) holds for some
A > 2m + 2k + 2, then (i) for any 0 € (0, \/5), x > 0, P,-almost surely, simultaneously for
all A= (a,00) and A = [a,00) witha > 0, as n — oo,

7199 4)

3/26(1_£)7.n

¢ (2k+1,6)
H25+2 Mz / 20-2k+1 0 -
zd my.
Vx Z Z kD2l 2k+ 1) ), ~° e dz A+ o(r,™);

k:O

(ii) for ¢ = 0 and any x > 0, IP,.-almost surely, simultaneously for all bounded intervals
A C (0,00), asn — oo,

240> (A)
o3/2

Tn e’'n

¢ (2k+1,0)
H2€+2 Moo / 20—2k+1
d —m
\fZ Z%H N2l 2k ), ” 2ol ™);

=0

(iii) for 6 = 0 and any = > 0, P,-almost surely, simultaneously for all A = (a,o0) and
A = [a,00) witha >0, asn — oo,

0 2k+1,0
Zﬁn OO) \/72 HQZ M( ) a2272/€ + o(T*m)
2, 0 (2k + 1)1(20 — 2K)! nJ-

Proof. First using Lemma 3.3 and then the Markov property, we get that for any w € 0
and any interval A C (0, 00),

(0,00)
z5>)(4) (r=m) + B <ZT" (A)‘}-V”)
=o(r,
r;bAe(lff)Tn r;bg&e(l*%)rn
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i Lming< mr Xo(s)>0} 0,00
=o(r,™) + Y _qu_ L AV (Zr(,,} )r,,L(A)>
veN(yr) Tn '€

Limin,< s X, (s)>0}
—m sSVTn
) + Z —bAe(l_ Vrn

veN(yr)  Tn

Tn—/Tn 10
€ rﬂxu(m) (1{minsgrn_\/rnBs>0}]-A(Brn—\/ﬁ,)) )

where bg‘ is defined in (3.32), and in the last equality we used Lemma 2.1. Let K :=
2m/k + 3 and fix a sufficiently small ¢ > 0 such that

2m +1

K(l—¢)> +2. (3.39)

Step 1: In this step, we prove that, for § € [0,1/2) and 2 > 0, P,-almost surely, for all
intervals A C (0, 00),

ZS?L’OO) (A) . O(T_m) i Z 1{min3SmXU(s)>O} 1
—bf 1=y, ™ —bf (1-92), {Xo (V) <VE ./ logn}
n ~ € 2 vEN({/Tr) T "€ 2o
x e VIR s (Vmincy, o 50y 14 (B, ) ) - (3.40)

Using Lemma 2.4 (i) (ii) first, and then Lemma 2.1, we get

o)

m 1{ming<ﬁX (s)>0}
Z Tn EL ( sup Z 7bA (lfﬁ) I{Xv(\/ﬁ)>\/ K./r, logn}
n=2 n

AC(()’OO)’UEN(\/H) Tn

X ern_mHX (V) (1{minsgrnts>0}1A<Brn\/ﬁ)))

> m 1{mins<ﬂX,,(s)>O}
WA = Tl TR
n= veN(yT)  Tn "
6<1f>(rn¢m>
(Tn - \/E)béq

X X ()X

i i
2, ru )
x By <1{mins<\/ﬁXs(8)>0}1{X5(\/ﬁ)> K\/ﬁlogn}Xf(\/ﬁ)e”f(m)). (3.41)

Recall that (X¢(¢), P,) is equal in law to a standard Brownian motion with drift —. By
Lemma 2.3 (i), recalling the choice of € in (3.39), the left-hand side of (3.41) is bounded
from above by

> rmrbg

P 1) (B >\ K logn>

n=2 (Tn - \/H) 0
[e's) b2

<z Y T’ Lt (0= (Bum) /v (3.42)

= by pK(l—e)/2°% ’ ’
n=2 (Tn - \/ﬁ)
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where in the last inequality we used the Markov inequality. Using Lemma 2.3 (ii), we get
1 (0= (B 2y ) RS EN
] (e v e P (. y)dy
o] 2
< 1=/ @yim) Yo —(a=y)*/ (V) gy
~Jo e

(o]
:/ (1= /2,20 = s =) 2q, < . (3.43)
0

Combining (3.42), (3.43) and the fact that 7, (r, — \/7,) ! < 1, we obtain

- m 1{minsgmxv(s)>0}
Z Tn ]Ex( Sup Z —bA (1_£) 1{X'u(\/ﬁ)>\/m}
n—>2 AC(0,00) vEN (V) rn fe )T

< VT (oo o0 (B, ) )

> m & nm/m

< . n -

~ ZQ nK(1—2)/2 ZQ SK-o/z <%
n= n—

which implies that P, -almost surely,

Limin, < m X, (s)>0}

osup Y —0p e {Xo(v7n)> /K /r Togn}
AC(0,00) veN(yF) Tn '€ 5 )Tn

X erni\/ﬁﬂ)_{ﬁ(\/ﬁ) (1{min5§m,mBs>0}1A(BTn—\/T7)) = 0,
and thus (3.40) holds.

Step 2: In this step, we prove (i) and (ii). Define By to be the collection of all
subintervals of (0, c0) if § > 0 and the collection of all bounded subintervals of (0, o) if
® = 0. Recall that b)' = 3/2 is defined in (3.32). Let Q, with P,(Q;) = 1 be such that
limy o0 Mt(l’e) exists and (3.40) holds for all w € ﬁl and all intervals A. In this case, let
J:=2m+2k+2>2m+ % By using Lemma 2.3 (i) in the first two equalities below,
Lemma 2.8 in the third, we get that for all w € ﬁl and all A € By,

25 (4)
7’;3/26(1_§)T”
1 ming — X, (8)>0
—m) + Z { s<\/Tn (s)>0}

0Xo(v/Tn)
n =32, (1- ) e Xo(Vra)e Lix, (v <y Evmioan)
vEN (\/Tr) n

It La(Br, )
Xo (V) Brn—\/ﬁeeB"‘"* —

=o(r

Hming< ymr Xu(s)>0} gy

_ —m s<.\/Tn v v( Tn)

=o(ra™)+ > O (< R Toem)
vEN (/) ez

. i <¢ <z—xv<¢m> _¢<z+xv<m>>>dz
A€\ fr, —\/rn Tn —/Tn Tn —/Tn

o ]-{mins<\/va(S)>0} 0X, (/T —0=
:O(Tn )_|_ Z (;_?ﬁ)\/r e ”(\/7)1{Xv(\/ﬁ)§\/m}/ Tn€
veN(yrm) € 2V i

J /
z 1 1 z XU( Tn)
X 2¢< > H2k+1< >T7(12k+1)/4H2k+1< + &m, 2, dZ,
( V) 2 T I Vi rl* o
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where the error term ¢, .. ,, satisfies that

m—+1 n— 00
T, ~Sup sup |5m,v,z,n| l{XU(\/rn)gx/Kw/rn logn} 0.

2>0 vEN (/)

2
Noticing that e~ (1= D eN () %+ is a non-negative martingale, and that [, e %*dz <
oo for any A € By, we see that for all w € ﬁl and A € By,

. Lmin,< g Xu()>0} gx. (r 0=
P Z 77£ e U(ﬁ)l{XU(\/E)S\/W}/ Tne |5m,v,z,n‘dz
e(1=5) v A
vEN (\/Tr)
< (0B Y nm) ( / eezdz)
vEN({/Tn) A
< thsup  sup  emenl Lix, (g < RymTommy 0 O-
2>0 veN(\/Fm) e h

Therefore, IP,-almost surely, for all A € By,
z5)(4)

2
o 2e(1=5)rn

—m l{mins<mX’u(5)>0} 0X T -0
=o(r,™)+ Y - v(ﬁ)l{xv(mxm}/r”e
vEN (/Tn) € : !

J

X2 — H. r(Zh+D/4 (v vVn)) 4z
¢ ( 7’") I;J (2k + 1)! T£2k+1)/2 2 (\/ 7‘71,) 2 7“71,,/4

J
—m 1{mins s Xo(s)>0} v Xv(\/rn)
=o(r,")+2) ) (f_ej)\ﬁrn T BEED My ( 1/ )
k=0 veN (/) e 2 ' Tn

z

x 1 e (= L LR
(X (v <K ratogn} [ Vi) 2k + 1)1 .CR-1)/2 2k+1 N

n

) dz. (3.44)

Now we show that we can drop the indicator function from the last line above. Define
By n to be By if 6 > 0 and to be the collection of all intervals A C (0, 00) with supA < N
if # = 0. Note that for all 0 < k < J, applying Lemma 2.5(ii) and the inequality

—0z z z —0z
sup / e "% ( ) Hoki1 ( )’dz < sup / e "*dz < 0
AeBo,n JA VTn VT A€eBg.n JA

first and then Lemma 2.1, we get that for any N > 0,

3 rmx( sup Y e RO X ()
_ ACBo. N 6(1*7)\/Tn
n=2 N WEN(V/T)

Xo(y/Tn
PO ( (f))‘
Tn

oo ()}

00 . 2k+1
< ZTZLEE< Z Umin < Xv(5)>0}GOX,,J(,/T")T%ijLl)/AL <‘Xv(\/7°n) I ‘Xv(\/rn)
T

LAY 1/4 1/4
= e M) e(1=5) v ry/ L1/

z 1 1
1 —0z
X {Xru(\/TT)>\/K\/ﬁlogn}/Ae ¢(ﬁ> <2k+1)!7“7(12k_1)/2

)

1
X @k-1)/2 1{Xfu(\/ﬁ)>\/K\/ﬁlogn}>

N Tnerv’™ ) 0 Xe (v/m)
B Z F(2E=1)/2 Es (1{mins<mxs(3)>0}xﬁ( el eV

n=2 Tn

< (Xelvrm)™ +ri2) 1{Xs<m>>\/m}>' (3.45)
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Recall the choice of € in (3.39). By Lemma 2.3, the right-hand side of (3.45) is equal to

m

22er9le ((Br—f—r )1{BM>\/W})

n=

- " 2 T(( 2k k/z) (1-e)(B rn>2/<2m>)
< Z L2021 K/2 ze 1l (( By + ¢ .
n=2"'n
oo m e8] 2
T Yy (a2 _ 2
< n Y ey /wm( —|—7’k/2> e(1=90?/(2v7) 4
~ Z;TSL%—W <1—s>K/2/o o/ Y Y
- n Tvkl/Q * 5 —(@r; Y4 —y)?/2 (, 2k (1—e)y?/2
= Z (2k 1)/2 (1 e)K/2 ye " ! (y + ]') € dy
n=2"T
nCmA1)/(2r)
Z — R / yze—(m /4 _y)2/2 (ka +1) 6(1—5)y2/2dy7 (3.46)
_ 0

which is finite. Hence, combining (3.45) and (3.46), we conclude that forall 0 < k < J,
almost surely for all A € By n,

T

m Z 1{m1ng<ﬁxv(9)>0} GXH(\/H)
e e(1-% )

o, (/)

1/4
T‘n/

H2k+1 (i) ’ dz ni))O 0.

Plugging this back to (3.44) and recalling the definition of the martingales in (1.6), we
obtain that almost surely for all A € By v,

02 z 1 1
X 1{X,,(\/Tn)>\/K\/rT,,logn}/A€ ® (ﬁ) (2k+1)!T£L2k—1)/2

254,
_3/2 (17£)T” _0( n )

@h+10) [ 62 1 1 z
—i—QZM ¢(\ﬁ) s (%71)/2}12“1 (\/r> dz.  (3.47)

Letting N — oo, we see that almost surely (3.47) holds for all A € By.
Forallm+1 < k < J =2m + 2k + 2, we have A\ > J > k. Therefore, for all
m+ 1<k <.J, by Lemma 2.5 (ii), Proposition 3.1(ii) and the fact that ¢(y)|Haor+1(v)| S

oW)lyl(jyl** +1) <

(2k+1 ) —0z 1 i
a7 \/ ¢( )<2k+1) @172 HQ’““(W)’CIZ
M(2k+1,9)‘
M e)’ / z dz:‘ VTo / ze%%dz = o(r;™).  (3.48)
(2k 02 frn rk A "

Combining (3.47) and (3.48), we get that

Ziw>)(A)
_3/26(1_£)"'n

(2k+1,0) 92 1 z
+2ZM / ¢< ) 2k +1)! Tézk—l)/gszH (ﬂ) dz.

Noticing that A > 2m, let  := (A — 2m)/2 < A — 2m. By Proposition 3.1(ii), similar to

= o)
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(3.48), forall 0 < k <m,

1 1
\ﬁ) 2k +1)! ,2F-1)/2

‘M(2k+1 ,0) _ M2k 9)’ / e %% (

’M 2k+1,0) M(2k+1,0)‘
VT °

z
Hopt (r) ’ dz
vV'in

ze %%dz = 0(@7<A7k)+"r*k) o(r;,™ry %)

n
n A

=o(r,™). (3.49)
Since A > 2m + 2k + 2, we have

2 GV
rp 2=

i 1 1 2
(2k+1,0) —0z _~
#23men [evo (2) oy e () 4

By (2.7) and Lemma 2.5(i), for any 0 < k£ < m and z > 0, there exists £ € (0,z) such that

2m—+1 dJ 7 2m+2 d2m+2
O ok () = 30 45 (OHaes) (O) 5 + osn gy (OHaki) ()
Jj=0

d2k+2+2]¢( ) 2]+1

— (—1)2H 2m+2

=(-1 JZO dz2kt2+2i (25 + 1) O(x )
- H2k+2]+2 a2t 2m42

_ s + O T m-+ ;
Z 7'(‘ (27 + 1)' ( )

where in the second equality we used the property that Hsp41(0) = 0. Therefore, taking
x = z/,/T, in the above equation,

0,00 m
& =o(r;™) — Z 2 1 N (2k+1,6)

3212, - — (2k + 1)! ;D72

B m H ) (0) 2j+1 <22m+2>
0z 2k+25+2
[ € +O0 | — dz
/A Z(2j+1)! o p {2012 pmtl
- 1 Hopr9512(0) - ok L
=o(r,™) 200) ko) [ 241,024
[Z; 2k +1)!(25 + 1)! PR+ o PR
4 2k+1,0
S RIED przL) s R
— (2k+1)!(20 =2k +1)! J, ’

£=0 k

which completes the proof of (i) and (ii).

Step 3: In this step, we prove (iii). We only prove the case A = (a,00). The proof
of the case A = [a,00) is similar. Recall that when 6 = 0 and A = (a, ), by = 1/2. By
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(3.40) and Lemma 2.3 (i), almost surely for all a > 0,

0,00 '
Z87(@,%9)) _ oy 5 Ly xo0o0,

ri e T 120, (X, (v < VR Togn}
" VEN (V) n

x VL () (Lo, - g .50} L) (Br,— )

- Lmin,< e X, (s)>0}
SORDY = yo Lix, (< vRymTogn}
VEN (/) Tnoem

=o(r

X A ¢ y—Xo(Vr) | & y+ Xo(Vra) d
m a Tn — \/ﬁ Tn — \/ﬁ y
7m) + Z 1{mins§\/rnX,,(s)>O}

1
" —1/2_ jrn { X0 (V) <V K\/Ty logn}
vEN(/T7) Tn er

y <q, <a+Xv_(ﬁ)> e (a—Xv_m/r:)))

Put J :=2m + 2k + 1 > 2m + £2=1. By Lemma 2.7, it holds that

=o(r

B N@00) _ oy g L o0

1
rﬁl/zern n “1/2,, e {Xo (Vra) </ K/ logn}

VEN (/) I'n

J
a 1 1 a Xu(\/ﬁ)
(2k+1)/4 Xuly/Tn)
X <2¢ <\/ﬁ) Z (2k 4 1)! 7,7(l2k+1)/2 Hoyy, <\/ﬁ) AN Hoptq ( T1/4

k=0 n

+ 5m,v,a,n> .

where the error term ¢, 4 4., satisfies that

1 TL—)OOO
sup S0 el Lox, iy 50

p(2m+1)/2

Using the fact thate " )" _ ~() 1 is a non-negative martingale, we have

Z 1{minsg\/ﬁX,,J(s)>0}

"n —-1/2  frm 1{Xv(\/7"7n)§\/K\/ﬁ10g"} |5m,v,a,n|
vEN (\/Tn) Tn ever

n—oo
0

<[|evm Z 1 rﬁ?mﬂ)m sup  sup |Em1“va»”|1{Xv(\/ﬁ)§ K rlogn}
vEN (/) a>0veN (/)

Therefore, almost surely for all a > 0,

230> ((a, 0)) - Lmina< 7 X0(2)>0)
™ e vEN (\/Tr)

J
a 1 1 a Xu(\/ rn)
X § Hop [ —— | r@E+D/4 . ( . 3.50
o) < /Tn) = (Qk + 1)! Tfl 2k ( Tﬂ) T 2k+1 74111/4 ( )

Similar to the argument leading to (3.45), for each 0 < k < J, applying Lemma 2.5 first,
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then Lemma 2.1 and Lemma 2.3(i) at last, we also have that

e m 1{mins<va(5)>0}
S rE, (sup > =~ Lix, (> RV Togn)
n=1

420 heN (i)
a 1 a 2k+1)/4 Xu(V/Tn)
<o (i) o[ () et (Z22

S m 1{minsszv(S)>0}
<2 Em( D e Lix, (vmm)> RV Togn)
n=1 vEN (\/Tn)

X

1 k
< ) () + k) )
00 . 2k
= Z kg, <1{mins<ﬁXg(s)>0}1{xg(m)>\/m}Xf(\/ﬁ) ((Xf(\/ﬁ)) * Tﬁ/g) )

S

e

m—k 2k k/2
T n H; (1{Bﬁ>\/K\/rT,,logn} ((B\/ﬁ) +rn/ ) ) < o9,

n=1

where the last inequality follows from (3.46). Therefore, for 0 < k < J, P,-a.s.,

Z ]-{minSSMXu(S)>O}

(Slli%rn eV 1{Xu(\/ﬁ)>\/K\/ﬁlogn}
= VEN({/Tn)
a 1 a X (\/7“7) n— oo
Xx¢|—)—=|H x |2/, /Y T} =0
¢< T‘n) be 2k < Tn> Ty 2k+41 7"71,,/4
Plugging this back to (3.50), we finally get that
285 (a,00) _ Lmin, <z X, (5)>0)
o =o(m™) +2 Y v
Tn ern e
vEN({/Tn)
J
a 1 1 a Xu(\/Tn)
x —Hop, | —— | r(ZFHD/A | (“ n
¢ ( 7‘,,,) I;J 2k + 1) rk 2k (,/T"> 2k+1 rl/4
a J 1 1 a (2k )
=o(r.™) +2 — Hyp [ —— ) MO 3.51
O(Tn )+ (b( ,—rn>kz_o(2k+l)|rfl 2k< ,—rn) VT P ( )
where Mt(zkH’O) is given in (1.6). Using the same argument as (3.48) and (3.49), also

noting that A > J = 2m + 2k + 1, Proposition 3.1 (ii) and (3.51) imply that

m

212 ((a, 20))

a 1 1 a
) — -m +2 —H M(2k+1"0).
12 o(r,™) +2¢ <7n) /;) kg ik 2 (ﬁ) %

The remaining part is similar to the end of Step 2 we omit the details here. The proof of
(iii) is complete. O

3.3 From discrete time to continuous time

Lemma 3.5. Letz > 0 and 6 € [0, \/5). For any given m € N, if k > 2m+2 and (1.5) holds
for A\ > 2m + 2k + 2, then, P, -almost surely, simultaneously for all intervals J C (0, 00), it
holds that

Z(O,oo) . ZT(O,oo)
liminfr™  inf e ) » (J) > 0.

_ 2 -
n— o0 tE(rn Tnt1) Tn 3/26(17%)7“71
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Proof. Step 1: Define ¢,, := /r,+1 — ., by the mean value theorem,

n 1/k
Ve = fn1/" (04 )1/x — p1/e) FEE T oy g p(ont2/C) g,
K

(3.52)

For any n < |J|/2, define
Jy = {y € J : dist(y, J°) > n}.

For any v € N(r,), let G, be the event that u does not split before r,,.; and that
MaXge(r, sy [ Xul(8) — Xu(rn)| < \/Tnen. When n is large enough so that 7, := \/rpe, <
|J|/2, for w € N(r,), on the event G, for ¢t € (r,,r,+1), it must hold that

{Xu(rn) € Jy, } C{Xu(s) € J, Vs € (1, rns1)} C{Xu(t) € T} N{Xu(s) > 0,Vs € (ry,, ]}

Therefore, for ¢t € (r,,7,+1), by the branching property,

20
Y325
m—i—%
= (:T) D0 lmineer, X300 D Lminecror, Xo(ruto)>0) L{x, ()€}
e 27" WeN(rn) vEN(t)u<v
et
Z T 2 Z l{minsg,‘n Xu(s)>0}1{Xu(Tn)€J,m}1Gu = In + IIn~ (353)
6(1_7)7% wEN (ry,)

Here I, and I1,, are given by

m+%
Tn
=T Y Lminer, Xu>0 1 (Xutmed, ) (La, = Po (Gul 7))
€ 2 wEN (14,)
rmt
n
11, = m Z 1{min5§,.n Xu(s)>()}1{Xu(7"n)€=]7m]’]Pz (Gu‘}-rn) :
€ 2/ wEN (ry,)

We claim the following two limits hold:

n— oo

sup sup |I,|= sup |I,|] — 0, P,-as. (3.54)
JC(0,00) tE(Tn,Tn+1) JC(0,00)

and P, -almost surely for all interval J C (0, c0),

m+3 Z7E9L7OO) (J) n—oo

(0,50)
mtd 2y (T
+3Zn_J) il Rl (3.55)
e 2 n

sup I, —ry —
tE(Tn,"ny1) e1="%)rn

=II,—rn °Z

If (3.54) and (3.55) hold, then we complete the proof of the Lemma together with (3.53).
Step 2: In this step, we prove (3.55). Define

m-+ %

Tn
I, = TR Z ]-{min,gSTn Xu(s)>0}]-{Xu(7”n)EJ}IPz (Gu’frn) ’

6( z ) UEN (1y,)

We only prove the case J = (a,00). The other cases are similar. Suppose that a € (k, k+1].

Set A, :== J\ J,, = (a,a + n,], combining (3.52) and the fact that € := % —m > 0,

we see that there exists N € IN such that 7, < N[/"<]~". Recall the notation a\" and
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Bi(n) in the proof of Lemma 3.3. For each n, suppose that a € (a\",a{""™"] for some

1 < i < [rm*€], then we see that A, C (a\", agi)N] = Bixn(n)¢\ B;(n)¢, which implies that

m+3 285 (A
sup |IIanIIn|§rn+g sup #
a€(k,k+1] a€(k,k+1] e(I="7)n
(0,00) (72 c\ R c
< sup 73 Zr,, (Bi+NE721) \ Bi(n)°)
0<i<[rmte] 6(1_7)7‘71,
. Z(0700) E S\ _ Z(O,oo) E N F
<9 m S WPo<i<ofrte) |40 (Bi(n)°) e (Zr, 7 (Bi(n)©) N
= ary, 7’;3/26(1_%)7‘"
0,00 n n
. SUPg< ;<o te—1 P (Zﬁn )([az(‘ )7a§+)1])‘}-\/ﬁ)
+ N lim )" — 5 .
n— 00 r;3/26(1—%)rn

Combining (3.36), (3.37) and the construction of Qin (3.38), IP,-almost surely, for any
interval J = (a,00) with a € (k, k + 1],

\II, — I1I,| =5 0. (3.56)

Taking the intersection over k£ € IN of all the events such that (3.56) holds, we conclude
that P, -almost surely, simultaneously for all intervals J = (a, c0) with a > 0, (3.56) holds.
By the Markov property and the definition of G,,,

t<rp41—"n

P, (Gu|.7-"rn) = e*(r"“rlfr")l'la‘9 < max |Bi| < \/ﬁsn) .

Thus, we get that

m 7Z7EO7OO)
sup |III, —ry +32m ) 2('])
6(1_97)7"71

JC(0,00)

27(-0700)
< n ((0,00)) "/‘erl <1 _ ef(rn,+1frn)1—[89 ( max |Bt| < \/rng'n))

> 2 n
o 1/26(1_%)7.” t<rp4y1—rTn

S r;l;n,—‘,—l (1 _ e—(rn,+1—Tn,)H60 ( max |Bt‘ S /TnETL)) R (3.57)

t<rpy1—"n

where in the last inequality we used Proposition 3.4 (i) (iii) with m = 0. Note that under
the assumption x > 2m + 2,

ot (1 — e_("”“_"")ﬂae ( max |By| < WSn))

t<rn41—"n

< r;"“O(rnH —7Ty) —1—7",71”“1'[69 (t max |Bi| > \/rnsn>

Tn+1—Tn

t<rp41—"Tn

= O(n~(v=2=m)/Ky 4 pmtlpyy (I%l<alx |Bi| > \/Tn — O0\/Tns1 — rn) = o(1). (3.58)

< MmO (p(rt/R) 4 pm ( max  |By| > \/Fnen — 0(rni1 — m)

Hence, (3.55) follows according to (3.56), (3.57) and (3.58).
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Step 3: In this step, we prove (3.54). Noticing that

m+%
T'n
| < Py Z Limina<,, Xu(s)>0} 1 {X0 (r)ed,, 1Gg
€ 2 wEN (ry,)
ot
t o, Y Lpmineer, Xu(50) Lxutrnes,, 1 P (G2l Fr)
€ 2o uEN (ry,)
rer%
n C
S T 2 Lmine, X0 x>0y (lag = Pa (GI[F))
e 2o wEN (ry,)
3
o c (1) 4 972
T2 D Lmines, Xuo>0Pe (GOl Fr) = D + 2007,
e 7 /)T

wEN (ry)
Therefore, we conclude that

sup sup  |I,| < I 4212, (3.59)
JC(0,00) tE(Tn,Tn41)

On one hand, combining Proposition 3.4 (with m = 0), (3.58) and the fact that béo’oo) > %
we see that

7ﬂm-|—1-1—b§9°‘°°>
1P < Z“‘W Z Lmin,<,, X.(s)>01Pz (Go|Fr,)

UEN(T'n)

Z7(’0,oo)
= n ((0,20)) x <1 - ef(r"“*’"")ﬂag < max |Bg| < ﬁ&n))

0,
et 1=,

=30, P,-a.s. (3.60)

On the other hand, since, given F,. , {G, : u € N(r,)} are independent, we have

2m—+3
"n

V) =
Fr = Pl
62(17%)7‘”

X Z 1{mins§T.n Xu(s)>0}1{Xu(rn)€(0,oo)}Ea: ((1Gu - IPI (Gu|]:n))2 ‘]:Tn)

i

UEN (ry,)
,],,721m+3
<A—"— > Lmingey, Xu(9)50) H{Xu(ra)€(0,00))
62(177)7””
wEN (ry,)

2™ 200, 00))

2 2 N
=) /2,05,

el
Now taking expectation with respect to P, by Lemma 2.1 and Lemma 2.4(i)(ii), for any
e>0,

2m+3 (zﬁfj’”)((o, 00)))

(1)‘ ) < ’ <1>’ < n
Z]Pz (‘In > 9 — 62 T;]Ez In ~ Z (17%)7”_” T’;l/Qe(l,%)rn

— n=2 €
00 2m+3 . 00 2m+32
B Z rn 2 emPg (ming<,, Xe(s) > 0) < Z rno o ° - (3.61)
a (1— 2y —1/2 (1 2y, ~ (1- )y 0 )
n=2 € 2/ T'n € 2/ n—1 € 2 /Tn

Thus, (3.54) follows directly by (3.59), (3.60) and (3.61). This completes the proof of the
lemma. O
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Lemma 3.6. Let « > 0 and 0 € [0,+/2). For any m € N, suppose that x > 2m + 2 and
(1.5) holds with \ > 2m + 2k + 2, then P, -almost surely, simultaneously for all intervals
A C (0,00),

0,00 0,00
2{"(4) = 20| e
r;3/2e(1_§),’.n .

m
T, sup

te(rn,Tnt1)
Proof. Suppose x > 0, m € IN, and that x > 2m + 2 and (1.5) holds with A > 2m + 2x + 2.
Fix 0 € [0,/2). Note that if

liminfz,, >0, liminfy, >0, liminfz, > 0and limsup(z, + y, + 2z,) <0,
n—oo n—oo

n— o0 n—0o0

then lim,, oo z,, = limy, o0 Y = lim, o 2, = 0. Applying Lemma 3.5 with J = (a,d),
[b,00) and (0, a], we see that to prove Lemma 3.6, only need to prove that

2,((0,00)) = 257 ((0,00)) _

limsupry’ _ sup - a.s.
n—oo tE(Th Tn41) T;d/ze(lf%)rn
For any t € (ry, rn+1), by the branching property, we see that
0,00 0,
" 2{%((0,00) = Z5 ™ ((0,00))
T'n sup 73/2 g
te(rn,rnr1) ro > fe(l=5)rn
m+32
Ty 2
< m Z 1{minsgm Xu(s)>0} sup ( Z 1— 1) (3.62)
e 27" WEN (1) tE(TryTnt1) vEN Dy

To drop the “sup” above, we modify the branching particle system such that when a
particle dies in (r,,r,+1) and it splits into L offspring, we modify the number of the
offspring with L + 1. For t € (r,,7+1), we use N(t) to denote the set of the particles
alive at time ¢ in the modified process. It is obvious that the mean of the number in the
modified process is equal to >~ ,(k + 1)p;, = 3 and that for each u € N(r,),

sup ( 3 1—1)§ sup ( 3 1—1):( 3 1)—1.

tE(rn Tn+1) vEN (t):u<v tE(Tn Tnt1) veﬁ(t):ugv ueﬁ(rn+1)m§”
Define
Tm+%
=~ n
Zn+1 = (17£)T z : l{minsgrn Xu(5)>0} Z 1.
€ 2 UEN (14,) veﬁ(rn+1):u§v

We claim that P, almost surely,
Zns1 — B, (Znﬂ\frn) 0. (3.63)
If the claim is true, then

0,00
~ Srar—r)m e ((0,00))

Zn+1—EI (ZnJrl‘Frn) :Zn+1—€ Tn 372 (lfﬁ)r — 0.
rn CellT )

Using this and (3.62), we get

0,00 0,00 0,00
o Ze0.00) = ZENO0,) _ p et 207 (0,00))
Y te(rnirain) rﬁ?’/ze(l’%)r" B 1= )7
- - . . Zﬁﬂm) 0,00
= nt+l — ]Ex (ZTL+1|‘FT‘”> +Tn +1(€2( n+1 n) _ 1)% — 07
rn e 3 /T
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where for the last limit, we used Proposition 3.4 (i) (iii) with m = 0 and the fact that
rmt(e20rmi1=m) — 1) = pm+10(r, 1 —7,) = o(1) under the assumption x > 2m + 2. Thus
the assertion of the lemma is valid.

Now we prove the claim (3.63). We consider another branching Brownian motion
with underlying motion according to a standard Brownian motion with drift —¢, with

branching rate equal to 1 and with offspring distribution according to P, (L = k+1) = pi
for all £ € IN, then we may define another change-of-measure

. Zueﬁ(t) 1

e2t ’

dP,
dp,

7
then a similar formula as Lemma 2.1 can be established:

For any ¢t > 0 and u € N(t), let I'(u,t) be a non-negative F;-measurable random
variable. Then

lEx( 3 F(u,t)) — 2B, (D(&,1)). (3.64)

weN(t)

For w € N(t) with ¢t € (rp,rns1), let Jy, 0., denote the death time and the number of
offspring of w respectively. For v € N(r,4;), define B, , to be the event that, for all
w < v with d,, € (ry,Tp41), it holds that O,, < e®", where 0 < ¢g < 1 — % is fixed. Define

7B ._ _'n -
L = e(l—ﬁ)rn Z 1{mi“‘s§m Xu(s)>0} Z 1Bn,1).

u€EN (1n) VEN (rp41)u<v

Now for v € N (Ppne1 — Tn), l~)nﬂ, denotes the event that, for all w < v, it holds that
Oy < e®". Let d; be the i-th splitting time of the spine and O; be the number of children
produced by the spine at time d;. Define D, to be the event that, for all ¢ with

d; < Tp41 — Ty, it holds that 51- < e“", Then by the branching property, the Markov
property and (3.64), we have

Erni1—rn

b (o 72017
m+%

T'n
- 6(1—%)7“" Z l{minsﬁrn XU(S)>0}]EX“(T7L)( Z 15%,1/)

U’EN(T”) UEN(T,L+1—T,—L)

Z Lmin.<,, Xu(s)>O}EXu(rn) (15C )

n,&p

WEN (ry) n4l1-Tn

3

m+5
— 62(7"714»1_7"71) ™n

e(l_%)rn
Noticing that (1.5) implies Em(log}:”\ 0) = ]T]O(logf’\ 01) < oo, we obtain

Ew (‘Zn-‘rl - Zf_t,-l’ |‘Fln)

m+%
" ~
S o >~ Humine,, Xu<s>>0}EXu<rn>< D> 1{6i>e00”})
“EN(Tn) 1:d; <Tp41—Tn
m+%
< Tn Z 1 . Tn4+1 — Tn
~ e(l_g)"'n {mlnsgrn Xu(s)>0} nlJr)\
wEN (ry)

Now taking expectation with respect to P, using Lemma 2.1 and Lemma 2.4(i) (ii), we

EJP 30 (2025), paper 28. https://www.imstat.org/ejp
Page 36/40


https://doi.org/10.1214/25-EJP1289
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Asymptotic expansion for branching killed BM

get that

3

mT3
= _ ~B < Tn+1 —Tn Tn - .
E, ( Zpsa Zn+1D ST a2 Py | min Xe(s) > 0

Tn+1 — T
< xe‘%%r;ﬁ“. (3.65)

Similarly, by the branching property and the Markov property,

~5 ~ 2 ,r%m-i-?)
E, <‘Zn+1 - E; (Zn+1’]:7“n)‘ |-FTn> = o2y Z ]-{minssm Xu(s)>0}
62(1 2 )Tn uEN(Tn,)
2
x ]EX’M(TTI) <( Z 151@,2} - ]EXu(T")( Z 15"*”)) )
UEN(TnJrl_Tn) UEN(T'rL+1—Tvz)

T72Lm+3 2

< o162\ Z 1{minsgrn Xu(s)>0}]EXu(""n) (( Z 15n,v) ) (3.66)
82(1 5 )"'n -
u€N (14,) VEN(rrnt1—"n)

By (3.64), we see that

2 ~
2(rn41—"Tn ~ ~
Exu(m(( > 113m) ) = e )Exu<rn>(1pn,grn+1,m > 1Dm)

veﬁ(rn,+1—7'n) UEJ\~/'(7'n+1—7'n)

<SEx, ) (115%\ 3 1).

ntl1—"n _
’UEN(Tn+1 _Tﬂ.)

On the set Bn,érnﬁ—rn' we have
EX’u(Tn)( Z 1|JZ7 62 : 7’ Z 1) - Z (61 - 1) 62(r"+lirnidi)
VEN (Tpi1—7n) d:di <Tya1—Tm

S econ Z 17

t:d; <rp41—7Tn

which implies that

EXu(rn) (15

Z 1) < econﬁxu(rn)< Z 1) < e (rpp1 — Th)-

nEr o
+1 n ~ ~
VEN (rnt1—"n) i:d; <rp41—7Tn

Therefore, plugging this upper bound back to (3.66), we have
2m—+3 con

2 —

7 ~B n € (rn-i-l 7’")

E, (‘Zn-i-l — I, (Zn+1|f7'n>‘ ’}—m> S 62(1_%)” %(: )1{minsg,‘n Xy (s)>0}-
ue Tn

Taking expectation with respect to IP,, using Lemma 2.1 and Lemma 2.4(i), we conclude
that

2 2m+3 ,con _
7B ~B TR e (T — 1) .
e ( Intr ~ Bo (Z”+1|]:’”")) ) s 2=, B (1{“““5971 X6(5)>0})
2m—+3 con _
<In_ € (7;”“ ). (3.67)
~ (1=%)r
e 2 n

First using (3.14) with X = ZnH,Y = Zf”“ and ¢ = 2, and then (3.65) and (3.67), we
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get that

WE

ARSI

B o\ 1/2
(‘ n+1l — n+1D ZE ( e Ez (Z’f+1|f7'n)‘ >
— [ Tnt1 —Tn pmt remtSecon (r, y — 1)\ 7
Z n1+A n + e 7

3
I
=

M

2/\

6(17 5 )Tn

which is finite since for A > 0 and k > 2m + 2, (1,41 — 7)) = O(n(m=r+2)/%) = o(1)
and Y7 | —% < co. Then we finished the proof of the claim (3.63). O

Proof of Theorem 1.1. For any A > 6m + 6, we can find an appropriate « satisfying
the conditions of Proposition 3.4 and Lemma 3.6. For instance, we can take x :=
2m+2+ (A —6m —6)/4 > 2m + 2, then

A=4(k—2m—2)+6m+6>6m—+6+2(k—2m —2) =2m+ 2x + 2.

For any ¢ € [0,m], since k > 2m + 2, we have

¢ [t m
R / y~ O Ry < —p s — o), (3.68)
K Jy K
For t € (ry,7n+1), by Lemma 3.6 and (3.68), we get that forany a > 0 and ¢ € (7, 7p+1),
7% ((a,00)) _ ™ U= 700 ((a,00))
-3/20-5)t 732 0=y 32,0,

(0,00)
= (L+o(r,™)) - (0 (rn™) + W)

— 7]
/rn 3/26(1—7)7‘71,

2,2 ((a, 0))

=o(r; ™)+ .
(n ) T;3/26(1_%)rn

By (3.68), we have
1 1

I
t Ty

= o(1).

Combining the above with Proposition 3.4(i), we get the assertion of Theorem 1.1. O

m
rt sup
te(rn,Tnt1)

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1 and we omit the
details. O
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