arXiv:2305.09988v2 [math.PR] 26 May 2023

Double jump in the maximum of two-type reducible branching
Brownian motion*

Heng Ma Yan-Xia Ren'!

Abstract

Consider a two-type reducible branching Brownian motion in which particles’ diffusion coeffi-
cients and branching rates are influenced by their types. Here reducible means that type 1 particles
can produce particles of type 1 and type 2, but type 2 particles can only produce particles of type
2. The maximum of this process is determined by two parameters: the ratio of the diffusion coef-
ficients and the ratio of the branching rates for particles of different types. Belloum and Mallein
[Electron. J. Probab. 26(20121), no. 61] identified three phases of the maximum and the extremal
process, corresponding to three regions in the parameter space.

We investigate how the extremal process behaves asymptotically when the parameters lie on the
boundaries between these regions. An interesting consequence is that a double jump occurs in the
maximum when the parameters cross the boundary of the so called anomalous spreading region,
while only single jump occurs when the parameters cross the boundary between the remaining two
regions.

MSC2020 Subject Classifications: Primary 60J80; 60G55, Secondary 60G70; 92D25.

Keywords and Phrases: branching Brownian motion; double jump; extremal process; reducible
branching process; Brownian motion.

1 Introduction

Over the last few years, many people have studied the extreme values of the so-called log-corrected
fields, which form a large universality class for the distributions of extreme values of correlated stochas-
tic processes. One of the simple model in this class is the branching Brownian motion (BBM), which
can be described as follows. Initially we have a particle moving as a standard Brownian motion. At
rate 1 it splits into two particles. These particles behave independently of each other, continue move
and split, subject to the same rule.

Due to the presence of a tree structure and Brownian trajectories, many precise results for the
extreme value of BBM were obtained. Bramson [26] 27] gave the correct order of the maximum
for BBM and the convergence in law of the centered maximum. Lalley and Sellke [39] obtained a
probabilistic representation of the limit distribution. A remarkable contribution for the extreme value
statistics is the construction of the limiting extremal process for BBM, obtained in Arguin, Bovier
and Kistler [9], as well as in Aidékon, Berestycki, Brunet and Shi [3]. With motivation from disorder
system [24, 25], serval works studied the extreme value for variable speed BBMs see, for examples,
[211 22] 33, [43]. Many results on BBM were extended to branching random walks [2, 42], and other
log-corrected fields, such as 2-dimensional discrete Gaussian free fields [18| 19, 28] 29], log-correlated
Gaussian fields on d-dimensional boxes [I, [30, 40], and high-values of the Riemann zeta-function
[0, [7, 10]. For recent reviews see, e.g. [5l [11].
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This article concerns the extreme values of a multi-type branching Brownian motion, in which
particles of different types have different branching mechanisms and diffusion coefficients. Just like
in the case of Markov chains, we say a multi-type branching Brownian motion is reducible if particles
of some type i can not give birth to particles of some type j; and otherwise call it irreducible. For
irreducible multi-type BBMs (with a common diffusion coefficient for all types), the spreading speed
was given by Ren and Yang [47], and recently Hou, Ren and Song [36] obtained the precise order of
the maximum and the limiting extremal process. For reducible multi-type branching random walks
(BRWs), Biggins [16} [17] studied the leading coefficient of the maximum and found that in some cases
the processes exhibit the so-called anomalous spreading phenomenon. More precisely, the leading
coefficient of the maximum for a multi-type BRW is larger than that of a BRW consisting only of
particles of a single type. Holzer [34, [35] extended results of Biggins to the BBM setting, by studying
the associated system of F-KPP equations.

Belloum and Mallein [I3] studied the extremal process of a two-type reducible BBM and obtained
in particular the precise order of the maximum. One can construct this process by first running a BBM
with branching rate # and diffusion coefficient o (type 1 BBM), and then adding standard BBMs
(type 2 BBMs) along each (3, 02) BBM path according to a Poisson process. There are three different
regimes: type 1/type 2 domination, and anomalous spreading, corresponding to the parameters (3, o?)
belong three different sets 67,671, 6111 (see Figure . However when the parameters (3, 02) are on
the boundaries between these three sets, the precise order of the maximum and the behavior of
extremal process are not clear, except the common intersection of these boundaries which was studied
by Belloum [12].

In this article, we study the asymptotic behavior of extremal particles in the two-type reducible
BBM above when the parameters (3,0?) lie on the boundaries between 67,677, 6177. We show that
the extremal process converges in law towards a decorated Poisson point process and give the precise
order of the maximum. Combined with the main results in [12] 13], the phase diagram of the two-type
reducible BBM is now complete and clear. As an interesting by-product, a double jump occurs in
the maximum of the two-type reducible BBM when the parameters (3,02) cross the boundary of
the anomalous spreading region %rrr, and only single jump occurs when the parameters cross the
boundary between 67, 6r;.

1.1 Standard branching Brownian motion

Let {(Xy(t),u € N¢)t>0, P} be a standard BBM, where N; is the set of all particles alive at time ¢, and
Xy (t) denotes the position of individual u € N;. Let M; = maxy,en, Xy (t) be the maximal displacement
among all the particles alive at time ¢. Bramson [26], 27] obtained an explicit asymptotic formula of M;:
If let my := V2t — % logt, then (My —my : t > 0) converges weakly, and the cumulative distribution
function of the limit distribution is the unique (up to transition) solution of a certain ODE. Lalley
and Sellke [39] improved this result and they proved that M; —m; converges weakly to a random shift

of the Gumbel distribution. Specifically, they showed that for some constant C,,
lim P(M; — m; < ) = Elexp{—C\Zooe V1], (1.1)
t—o00
where Z, is the almost sure limit of the so-called derivative martingale (Z;)¢~o defined by Z; =
> ueN, (V2t — Xu(1)) eV2Xu()=2t The name “derivative martingale” comes from the fact that Z; =
(1422
_a%|,\:\/§Wt()‘)a where Wi () := >~ cn, ) <1+ 2 >t is called the additive martingale for BBM.

After the maximum of the process was known, many researches focus on the full extreme value
statistics for BBM, which can be encoded by the following point process, called extremal process

(c;t = Z 5Xu(t)_mt'

u€Ny



It was proved independently by Arguin, Bovier, Kistler [9], and Aidékon, Berestycki, Brunet, Shi [3]
that & converges in law to a random shifted decorated Poisson point process (DPPP for short) defined
as follows.

A DPPP €& is determined by an intensity measure g and a decoration process ©, where p is
a (random) measure on R and © is the law of a random point process on R. Conditioned on g,
sampling a Poisson point process ), §,, with intensity y, and an independent family of i.i.d. point

processes (Z; Ogi 1> O) with law ©, then the point measure & ~ DPPP(u,®) can be constructed
J

as€=3, 5xi+d§.
Using this notation, the main result in [3] and [9] is that
Jim 3" 6x, (6-m, = DPPP (ﬁc*zooe*ﬁz dx,@ﬁ) in law. (1.2)
’LLGNt
The decoration law V2 belongs to the family (@9, 0> \/Q), defined as the limits of the “gap pro-
cesses” conditioned on M; > ot :

D0(-) = lm P [ Y dx,9-m, € [ My >0t | . (1.3)

t—o00
u€ENy

Bovier and Hartung [21] used these point processes as the decorations in the extremal processes of 2-
speed BBMs. See also [14] for an alternative representation using the spine decomposition techniques.

1.2 Two-type reducible branching Brownian motion

Now we give the definition of a two-type reducible branching Brownian motion, which is the model
we are going to study in this paper. The difference between our two-type reducible BBM and the
standard BBM is that in our two-type BBM, each particle now has a type and the branching and
movement depend on the type. Specifically, type 1 particles move according to a Brownian motion
with diffusion coefficient 2. They branch at rate 3 into two children of type 1 and give birth to
particles of type 2 at rate a. Type 2 particles move according to a standard Brownian motion and
branch at rate 1 into 2 children of type 2, but can not give birth to offspring of type 1. We use V;
to represent all particles alive at time ¢, as well as N} and N? for particles of type 1 and type 2 alive
at time ¢ respectively. For u € Ny and s < t, let X, (s) be the position of the ancestor at time s of
particle u. So we write {(Xy(t),u € Ni)i>0,P} for a two-type reducible BBM and M, := max Xu(t)

for its maximum.

As mentioned at the beginning of the paper, Biggins [16] [I7] found that anomalous spreading
may occur for multi-type reducible BRWs. Belloum and Mallein [I3] studied more details on the
precise order of maximum and extremal process for this two-type BBM. Especially in the case when
anomalous spreading occurs, they showed that the extremal process, formed by type 2 particles at
time ¢, converge towards a DPPP.

To describe the limiting extremal process in the form of , we introduce the additive and
derivative martingales of type 1 particles. Note that particles {X,(t) : u € N} of type 1 alone have
the same law as the BBM with branching rate 8 and diffusion coefficient o2, which is denoted by

(xﬁ"’z (t) : u € Ny)¢>o (So the standard BBM X = Xb1) Using the scaling property of Brownian

motion, we have
(xgﬂz( yiueN ) faw <;BXu(ﬁt) te Nﬁt> .

So the corresponding derivative martingale of type 1 individuals and its limit are given by

Z" = 3" (vt — X, (1)) X402 anq Z(0D) = lim A (1.4)
uENt1



The corresponding additive martingales of type 1 individuals and its limit are given by

20_2
= Z AXu)=(CF=+B) apd W) = tl_i)m Wt(I)()\), for A € R. (1.5)
uEN}

Divide the parameter space (6, 02) € Ri into three regions (see Figure :
1 p
Cr = {(ﬁ702) o > 51{B<1}+ 25 — 1{5>1}}
Crr = {(5702) ro? < El{ﬁgl} +(2 - ﬂ)l{ﬁ>1}} ,

%]1[:{(5,02) :02+5>2and02< 26IB—1}'

The main results in [I3] are as follows. Recall the constant C, in (1.1)), (1.2)), and the decorations

@@)pzﬁ in . Let v := \/2B7 and 6 := \/W_

o If (ﬂ, 02) € 67, then M; = vt — 23—9 logt + Op(1). For some constant C' and some decoration law
D, we have

. I —0 .
Jim > Gy 6 a4 3 10ge = DPPP (0020~ dz, D) in Taw.
uEN}

o If (8,0%) € €1, then M; = V2t — logt + Op(1). There is some random variable Z,, (see
Lemma such that

tlgglo Z 5Xu(t)—\/§t+%logt = DPPP (\/50*20067\/26 dx,@ﬁ) in law,
uEN?

o If (B,az) € %111, then M, = v*t + Op(1), where v* = B max(v,v/2). For
2(1-02)(B-1)

0=1 and € = 29%) (where C(6*) is defined in Lemma (ii)), we have

0" =\/21=; 2(8—1)

. L= * I) (p*\,—0*x 0* .
lim Z];Q 5x,(t)—v+t = DPPP (9 cwd(0%)e™"" dz, D ) in law.
uc Ny

Moreover, Belloum [I2] showed that

e If (8,0%) = (1,1), then M; = V2t — 2\% logt+ Op(1). The extremal process

t—o00
uEN

lim D7 Gy - yare L toge = DPPP (V2C.20eV? dz, 9) in law.

The above results were explained by Belloum and Mallein [13] as follows: If (5,02) € Cryr, the
leading coefficient v* is larger than max (\/5, U), and the extremal process is given by a mixture of
the long-time behavior of the processes of particles of type 1 and 2. If (ﬂ, 02) € C; for i = 1,2, the
order of M, is the same as a single BBM of particles of type 7, and the extremal process is dominated
by the long-time behavior of particles of type i.

The aim of this article is to obtain the asymptotic behavior of the maximum and the extremal
process of the two-type branching process when parameters (3,02) are on the boundaries between
C1,611,6111, except the point (1,1). In this cases there were some conjectures in [I3, Section 2,4].
Our main results confirm that the conjectures are true with some coefficients being corrected and we
also give the result for the case for which there was no conjecture.



1.3 Main results

In the statements of our theorems, we continue to use the notation introduced earlier: the constant
C, in (L.2) and decorations (D¢ : p > v/2) in (L.3)), the derivative martingale 7 and additive

martingales Wg)()\) in (1.4) and (1.5)). Denote by

Brr =061 Noerr\{(1,1)} = {(6,0‘2) : 50‘2 =1,6< 1};
gé)][,[[[ = 0%I1 08%111\{(1, 1)} = {(ﬁ,0'2) : B +O’2 =2,0> 1};
1 1

@[7[[[ = 8%(\8%11\{(1,1)} = {(5,02) : E + ﬁ =1,0< 1} .

T _B=0®
V2t — 55 logt NI
2v2 °©

1 B

Figure 1: Phase diagram for the maximum of two type reducible BBM

Theorem 1.1 (Boundary between 677, ¢117). Assume that (8,0°) € Brrirr. Let

=2t — \flogt

Then for the constant C' = % > 0, we have

Jim 3 Oty mzd =l D by 20 = DPPP (V2CWLD(V2)e V% dz, ©Y2) i law.
ue Ny ueN

Theorem confirms Conjecture 2.2 of Belloum and Mallein [I3] with the constant before logt
being corrected as 2—\1@, and the random variable Z there taken to be Wéi)(ﬁ)
Throughout this paper, we set

2002 and 0 :=/28/02.
Theorem 1.2 (Boundary between 67, €1r7). Assume that (3,02) € Brrr- Let

13

=t — 71 t.
mt =7 2 og
Then we have
Jim 7 Gy e = Jim D Gy 0 = DPPP (90206 de, ) in law
u€N; ueNE

with C = \/ﬂ‘;c (where C(0) is defined in Lemma (ii)).
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Figure 2: Coefficients for term ¢ and logt as function of (3, 0?)

Theorem [1.2] conﬁrms Conjecture 2.1 of Belloum and Mallein [I3] with the coefficient before log ¢
being corrected as 29 and the decoration law D there taken to be Y.

Theorem 1.3 (Boundary between %7, €11). Assume that (§,02) € Brr- Let

mi’z =my = V2t — flogt

For some random variable Z. (defined in Lemma , we have

. o _ 5 o VZ\ .
tlgélo Z 5Xu(t)—m§’2 = tlgglo Z 5Xu(t)—mt1’2 = DPPP (\@C*Zooe dz,® > in law.
uE N uENt2

Remark 1.4. Combining Theorems and results in [I3] 12], we can observe a double
jump in the maximum max,cy, X (t) when the parameters (3, 02) cross the boundary of anomalous
spreading region 67y;. The leading order varies continuously but the logarithmic correction changes

from — 2\[ logt to — 2{ logt then to 0; or from —23—9 logt to —% logt then to 0. See Figure|2| Such
a phase transition reminds us of the study of time inhomogeneous BRW [BQH in which a constant
multiplying the logarithmic correction changes from —3 to -3 then to —3. Also in a more general

setting of [32], phase transitions becomes a little bit more complex and a double jump can occur as well
(see [44]). A more interesting problem is to make the logarithmic correction smoothly interpolates
from 1 to 6, which is done for variable speed BBM in [23] (see also [37]). For two-type reducible
BBMs, we ask a similar question as follows.

Question 1. Can we let the parameters (8;,07) depend on the time horizon ¢, in order that the
logarlthmm correction for the order of the maximum at time ¢ smoothly interpolates _Tﬁ logt to

2\[ logt then to 0 or from —3; 3 logt to —2—19 logt then to 07

Remark 1.5. When (8,02) € Br11, the localization of paths of extremal particles is the same as
the case (83,0%) € €11 (see Lemma [5.1). So when (3,02) crosses the boundary between 47, €y, the
maximum of the process only experience one jump: the subleading coefficient changes from — 5 \3/5 to
3

—3.

Remark 1.6. Our results Theorems can be strengthened as the joint convergence of the
extremal processes and its maximum (&, max &) to DPPPs and its maximum (£, max E). Since by
[14, Lemma 4.4], these assertions are both equivalent to convergence of Laplace functional E[e™(#€t)]
with certain test functions ¢ € T introduced below.




Notation convention. Let 7 be the set of functions ¢ € C;" (R) such that inf supp(p) > —oc and
for some a € R, p(x) = some positive constant for all x > a. T will serve as test functions in the
Laplace functional (see [14, Lemma 4.4]). For two quantities f and g, we write f ~ ¢ if lim f/g = 1.
We write f < g if there exists a constant C' > 0 such that f < Cg. We write f <) g to stress that the
constant C' depends on parameter A\. We use the standard notation O(f) to denote a non-negative
quantity such that there exists constant c;,ce > 0 such that ¢ f < O(f) < eof.

1.4 Heuristics

We restate the optimization problem introduced in [I3], Section 2.1] (see also Biggins [16]). First, we
introduce the following definition:

Definition 1.7. If u € N2, we denote by T, the time at which the oldest ancestor of type 2 of u was
born. We say T, is the type transformation time of wu.

For p € [0,1], let Ny 45(t) be the expected number of type 2 particles at time ¢ who has speed a
before time T, &~ pt and speed b after time pt. Note that these particles are at level [pa + (1 — p)blt.

a2
First-moment computations yield that there are around e(’g _ﬁﬁ o)
<1fﬁ)(1fp)t+o(t)
at level apt, and a type 2 particle has probability e\” 2
b(1 — p)t at time (1 — p)t. Hence we get N q(t) = exp {[(,8 - %)p + (1 - %)(1 —p)lt+ o(t)}. In
order to get the maximum, we just maximize pa + (1 — p)b among all the parameter p, a,b such that
(5 — %) p >0 and N, ,(t) > 1. This turns to the following optimization problem:

type 1 particles at time pt

of having a descendant at level

a? a? b2
v*:max{pa+<1—p>b:pe[0,11,(5—202>pzo, (ﬁ—%Q)pm—z)(l—p)zo}.

Write (p*,a*,b*) for the maximizer of the problem above. If (8,0?) € %7, then p* = 1,a* = v, and

v* = w; if (5,02) € %1, then p* = 0,b* = /2 and v* = V/2; if (5,02) € €11, then p* = %,

b* = \/21’8:012, a* = o%b*, and v* = 2([3_—‘72 Also if (8,0?) = (1,1), then p* can be arbitrary in

1-02)(B-1)
[0,1], a* =b* = V2 and v* = V2.

When (3,02) € Brr 11, the maximizer p* = 0, v* = b* = V2, and a* can be arbitrary. Hence
each individual u € N? near the maximal position should satisfy p* = T, /t ~ 0. But now the order
of T, really matters, and if T), > 1, a* should be /202 predicted by the formula for the case ;.
When (8, 0?) € Br 111, the maximizer p* = 1, v* = a* = v, and b* can be arbitrary. We can deduce
that each individual u € N? near the maximal position satisfies p* = T, /t ~ 1. The order of t — T}, is
also important, and if t — T,, > 1, b* should be /28 /02 predicted by the formula for the case €7;;.
Similar problems occur when we consider the boundary %7 ;7. The following computations, based on
a finer analysis, provide more insights for localization of paths of extremal particles.

The case (3,0?) € Brrrrr-  As the computation above, the expected number of particles of type 1
(8- 25)s+0(log )

T 202

at time s = o(t) at level As is roughly e . A typical particle of type 2 has probability

2
(2—v2N)s— A" 2 Lo

of e~ og?t) having a descendant at level v/2t — As at time ¢ — s. Hence there are

around

2 —\)2 g2
exp{{ﬁ—;zﬂ—@—ﬁ)\) s—(\/i2 a) t_s+0(logt)} (1.6)

particles of type 2 at level v/2t at time t. In order that the quantity in (I.6)) is not zero as t — oo,
first we have to ensure that 8 — 2% (2 -2\ = —ﬁ()\ —/20%)2 > 0 (here we used 3 + 0% = 2),

202
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which forces A = v/202. Secondly we have to ensure that % is bounded, i.e., s = O(v/t). In other

words, the extremal particle u € N? should satisfy T, = O(v/t) and X, (T,) =~ v20*T,.

The case (3,0%) € %;111. The expected number of type 1 particles at time s = t — o(t) at level
ba(t)— L% +O(log 1)

vs—a(t) (where a(t) will be determined later) is roughly e
_ [(L_n(t $)+va(t)+ 2‘?95)} +0(logt)

A typical particle of type

2 has the probability of e
at time ¢t — s. Hence there are around

exp { [(“22 - 1) (t—s)+ “(;8)2 + Q(C;(t_);] + (0 —v)a(t) + O(logt)} (1.7)

having a descendant at level v(t — s) + a(t)

particles of type 2 at level vt at time ¢. In order that the quantity in ((1.7)) is not zero as ¢t — oo, using

the prior knowledge s ~ t, first we have to ensure that a(t) has the same order as ¢t — s or at(f);, and
we get a(t) = O(t — s). We also need to ensure that a(;f = O(1), thus implies a(t) =t — s = O(V/1).

So, letting a(t) = av/t and t — s = \/t, we can rewrite (1.7) as

exp{(ea— W +>\> \/£+0(1ogt)}.

We now have to ensure fa — (“+)‘v)2 +A=—5[a— (0 —v)A]> > 0 (here we used % + % = 2). This

forces a = (# — v)A and hence a( ) = avt = (§ —v)(t — s). In other words, the extremal particle
u € N? should satisfy T, = t — ©(v/t) and X, (T},) ~ vT, — (6 —v)(t — T,,).

The case (3,0?%) € PBrrr We do the same computation as in the case (B,02) € Br i1, and get
(1.7). However, when S0? =1 and 8 < 1, we have v = /2 and § = /23, and then (1.7)) becomes

2 2
exp {— {\/5(1 — Ba(t) + a(2ts) + Q(Ctt(t_) s)] + O(log t)} . (1.8)
In order that tends to a nonzero limit, we need a(t) = O(logt). This is very different from
the case (3,02) = (1,1) in [12], for which case we can get a(t) = O(y/t) (now s is of order t). Now
the simple first moment computations can not tell us more. However, we can still make a guess.
Notice that the extremal particle v € N? are also extremal (up to O(logt)) at time T,. This fact
reminds us of the decreasing variances case in [32]: The maximum at time ¢ is the highest value
among the descendants of the maximal particle at time ¢/2. So we guess that max,en, Xu(t) =

maxTue[07t]{\/§Tu — 23—6, log Ty, +V2(t —T,) — 2\[ log(t —T,)}. As 6 < /2, we should choose T}, small.
So we expect Ty, = O(1) and max,en, X, (t) should be v/2t — f log t.

2 Preliminary results

2.1 Brownian motions estimates

We always use {(B¢)t>0; P} to denote a standard Brownian motion (BM) starting from the origin.
Here is a useful upper bound for the probability that a Brownian bridge is below a line, see [20
Lemma 2] for a proof.

Lemma 2.1. Consider a line segment with endpoints (0,x1), (t,x2) with x1,z2 > 0. We have

2zyzg 2z
B S 1 2.

P<B <tx2+ ml,VSE[Ot]‘Bt—O>:1—6_ ;
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As a corollary, we also have an estimate for the probability that a BM stays below a line and ends
up in a finite interval. For all K > 1 and y > 0 we have

K 1
P(B,< K.s<tB—Kel[-y—1-y)<ciWtl

<CH (2.1)

In fact, the desired probability is less than the product of P(B; — K +y € [-1,0]) < ﬁ and
max (o] P(Bs < K, Vs € [0,t] |By = K —y—2) <2K(y + 1)/t by Lemma

Later in the proof of Lemma [£.1] we will use a slight modification of Lemma [2.1] as follows. For
completeness, we give its proof in the appendix A.

Lemma 2.2. Let m; = vt — wy, where wy = O(logt). Assume that 0> < 1. Fiz K > 0 and z € R.
Then for sufficiently large t and s € [t — /tlogt, ],

t— s+ wy + |z
; .

P (0B, <wvr+ K,Vr < s|loBs+ B — Bs = m + ) Sk 8,0 (2.2)

2.2 Branching Brownian motions estimates

We always use {(Xﬁ’o2 (t) : u € N¢)e>0, P} to denote a BBM starting from one particle at the origin
with branching rate 3 and diffusion coefficient o2. For the BBM, there is an upper envelope through
which particles find it difficult to pass. In fact, letting a; = 23—9 log(t + 1), for some constant C' > 0
and for all t > 0, K > 0,

P (33 <t,u € Ng: Xﬁ"’?(s) >vs—ap+ap—s + K) < O(K +1)e K, (2.3)
see [13, (6.1)] (or [45, Lemma 3.1]). In particular, we have
P (Els <t,u € Ng: Xg’(’Q(s) > vs + K) < CO(K +1)e K, (2.4)

We collect several results for the standard BBM (X, (t) : u € N¢)s>o, (i-e., 8 = 02 = 1) that will
be used frequently. Recall that M; = maxyen, Xy (t). The following estimate of the upper tail of M,
was proved in [8, Corollary 10]

Lemma 2.3. Forx > 1 and t > t, (fort, a numerical constant),

3 x? 3 logt
P(M,>V2t———1o t—l—:v) <p-x-ex (—\/ﬁx—+x>
< t Ve P P 2t 22 t

for some constant p > 0.

As a consequence of Lemma [2.3] we have

P<Mt2\/§t—3logt+x) Sp-xexp(—\/ﬁzn—{-l), (2.5)
22
for all x > 1 and ¢ > %, since —g—j + %ﬁxlngt <1, for all ¢ > 100 and x > 1.

The following estimates for the Laplace functionals of standard BBMs can be found in [12, Corol-
lary 2.9] and [I3] Corollary 2.9]. Omne can also obtain the same results from the large deviations
probability P(M; > pt + 2) with p > /2 and the conditioned convergence of the gap processes (I.3)).

Lemma 2.4. Let o € T, R >0 and p > /2. Then the following assertions hold.



(i) For x € [~RVt,—£\/1] uniformly

— 7;2
— E (& Duen HleXul0- ﬁt>):m(so>(t?fz)em%(l+o<1>>7

as t — oo, where v 5(¢) = \@C*/e—ﬁz (1 _E (6—(1)\/5,so(.+z)>)> dz.

(i) For x € [—Rv/t, —%\/ﬂ uniformly

6(1_p2/2)t pr—2
NV 7 (140(1)),

as t — oo, where v,(p) = (3/(2@/6—/)2 <1 _ E(€—<©P,so(~+z)))> dz.
™

1= B (o7 Zuen #0070 — o ()

2.3 Choosing an individual according to Gibbs measure

For a standard BBM {(X,(¢) : u € Ny), P}, it is well known that the additive martingale

w0 ()

u€Ny

converges almost surely and in L' to a non-degenerate random variable W4, (1) when n € (0,/2).
And, when 7 = /2, the non-negative martingale W;(n) converges to zero with probability one (see
e.g. [38]). Conditioned on BBM at time ¢, we randomly choose a particle u € N; with probability

enXu(t)
ZuEN emXu(®)?
martlngale is the normalized partition function of the Gibbs measure.

Firstly we state a law of large number theorem for the particle chosen according to the Gibbs
measure. This result is not new. Since we didn’t find a reference, we offer a simple proof in Section
[6] for completeness.

which is the so called Gibbs measure at inverse temperature 7. Hence the additive

Proposition 2.5. Let f be a bounded continuous function on R. Suppose n € (0,/2). Define

=Yg <Xu t)> enXu(t)—<§+1)t.

u€Ny

Then
lim W] (n) = f(mWa(n) in L'(P).

This law of large number holds since the Gibbs measure is supported on the particles at position
around nt for n € (0,v/2). One may further ask the fluctuations of X, (t) — nt. Indeed a central limit
theorem (CLT) holds (see [46} (1.14)]): for n € (0, \/5) and for each bounded continuous function f,

i () ) [

u€ENy

P-a.s.

In the critical case = v/2, the l1m1t1ng distribution in the CLT is no longer Gaussian, but the

Rayleigh distribution pu(dz) = ze~ = I.>0ydz. Madaule [41, Theorem 1.2] showed that for every
bounded continuous function F,

- V2t = Xu(t) \ _ava-xa) _ \/5
tllglo Vit ; F (ﬁ e =\ =z Zoo(F, ) (2.6)

10



in probability, where (F ) fo . In fact, Madaule’s result is a Donsker-type theorem for
BRWs. A simple proof of . can be found in [43, Theorem B.1].

The following proposition gives a natural generalization of . We didn’t find such a result in
the literature and to our knowledge, it is new.

Proposition 2.6. Let G be a non-negative bounded measurable function with compact support. Sup-
pose Fy(z) = G(th” ), where Ty and hy satisfy that for some € > 0 and for large t, t~ 3t <r <¥F<oo
and ry + yhy = O(ry) uniformly for y € supp(G). Define

W (V2 ZFt<ft\/% U) —V2(V2t-Xu (1))

M\

Then we have

t 2
tli>rrolo <Et\7[/fl> Wit (V2) = \/;Zoo in probability.

Taking ry = X\ and hy = =/, and denoting Fyy := G((z — Nt'/4), for any finite interval I C (0, 00)
with strictly positive endpoints we have

2
Jim t3/4/Wft’A(\/§) d\ = \/>,u(I) / G(y)dy Zso in probability. (2.7)
o0 I d R

Remark 2.7. To make Proposition easier to understand, we choose the function G to be the
indicator function 1y, . Letting hy = 1 and r = A > 0, Proposition gives the CLT (12.6)):

2
\[ Z ft Xu )) {\ﬁthu(t)E[()\+a)\ﬁ,(/\+b)\/ﬂ} = [1 + OP(]')]/‘L([)\ + a, >\ + b])\/;Zoo

uEN
Letting hy = t~%/2 and r; = A > 0, Proposition yields that
Xy (b—a), 22 [2
Vi Z V2= ))1{\/§t—Xu(t)€[>\\/f+a,)\\/Z+b]} = [1+op(1)] Vi Aem [ Zoo

T
u€Ny

This can be thought of a local limit theorem (LLT) result for the position of a particle sampled
according to the Gibbs measure with parameter n = v/2. (See also [I5, Theorem 4] for a LLT result
in the case n < v/2.) Letting hy = t—Y%* and r, = A > 0, we get

Xu( (b—a), _22 |2
Vi Z e Va2 ))1{ﬂt—Xu(t)e[/\\/i+at1/4,>\\/i+bt1/4]} =[1+ OP(l)]W)\e 2 \/;ZOO7
UENt
which can be regarded as a result between CLT and LLT.
Remark 2.8. Formally, applying Proposition to the function zFy(z), we have
Z F, Va2t - V2 = Xult) (V2t — X, (t))e ~V2(V2Xu()) 5 7 in probability,
O P G

where i(dz) = \/gz2e_22/21{z>0} dz. A rigorous proof can be achieved by slightly modifying the

proof of Proposition

11



Remark 2.9. In the proof of Proposition (and proof of [41, Theorem 1.2]), we use the
powerful method developed in [4]. For the CLT case (i.e., 7 = ©(1) = h;), it’s easy to get an O(1)
upper bound for the 2nd moment () in (6.8)), and then easily show that As(t) in is negligible.
But this is not the case if hy = o(1) or 7, = o(1). Especially we will apply Proposition with
hy = ©(t~1/*). To overcome this difficulty, we upper bound the p-th moment I,(t) in (pe(l,2)
is carefully chosen) instead of the 2nd moment. We also need to carefully choose parameters in the
good event Gy in @ Combining these two things, we employ a bootstrap argument - ) to
show that Ap(t) in (]G__]Z[) is negligible. Here our assumptions on r; and h; are near optimal, since

for hy <r, = o(lfﬁt), 1) implies that -2 ‘[> W/t (1/2) — 0 in probability. Our arguments do fail if

logt < riv/t < t€ for all € > 0.

2.4 Many-to-one lemmas for two-type BBMs

Let {(Xu(t),u € N¢),P} be a two-type reducible BBM. Recall that for a type 2 particle u, T, is the
time at which the oldest ancestor of type 2 of u was born. Let b, be the time when u was born. We
write

B:{UEUtZONE, Tu:bu}

for the set of particles of type 2 that are born from a particle of type 1. The following useful many-
to-one lemmas were proved in [13, Proposition 4.1 and Corollary 4.3].

Lemma 2.10. Let f be a non-negative measurable function f. Then

(i) E( > F((Xuls),s < 1), T)) :a/oteB”(tS)E<f((UBu/\s+(Bu—Bu/\s),ugt),s)>ds.

uEN?

(ii) E (Zf i <Tu)> :a/OOOeBtE(f (Bs,s < t))dt.

ueB

(iii) E[exp( drx s<T)>} = [exp(—a/ > 1— el 5)5<t)dt>}

ueB uEN1

3 Boundary between %7; and %5

In this section we always assume that (3,02%) € Brri, ie., B> 1, 02 =2 — 3 < 1 and recall that
2,3
m;” = /2t — TIOgt

Lemma 3.1. For any A > 0, we have

1
lim limsup P <3u eEN2:T, ¢ [Eﬂ’ RVE], Xu(t) > m2® — A> =0.

R—0o0  t—oo

We are going to show Theorem postponing the proof of Lemma [3.1]in the end of this section.

Proof of Theorem[1.1]. In this proof, we set & = ZueNE dyx, 2 and for fixed R > 0, let

(t)—

SR
gt = Z 1{Tue[%\/Z,R\/f]}(SXu(t)—mf’g"

ueEN?

Thanks to Lemma gtR is very close to ft More precisely, for all ¢ € T, we have,

’E( t’ﬂ">> E(e_<a’¢>>’§P<3u€N2 X()>mt —A,Tugé[]l%\/i,R\/i]),

12



where A is chosen such that supp(yp) C [—A, 0c0). Thus applying Lemma we have

lim limsup ‘E (ef<§tR"p>) —E (ef<gt"">) ‘ =0. (3.1)

R—o0  t0

Hence in order to study the asymptotic behavior of E (e_ <5’f"’°>) , we only need to study the convergence

of éA'tR as t and then R goes to infinity. R
Fix R > 0 and ¢ € T. Observe that we can rewrite (7, ¢) as

u€eB wWenN? ¥ (Xu’ (t) - Xu(Tu) - \/§(t - Tu) + Xu(T ) \fT +—= lOg t)
anfﬁ,m] 2 el \/5

where v/ = v means that v’ is a descendant of u. Using the branching property first and then Lemma
2.10(iii), we have

E(e‘(@R7s@>>:E( Il f0-TnXu(Tw) - V2T, + flogt)>

ueB

R\[[l‘[R\[] 1
_E(exp{—a/R gl u(s) — fs+mlogt)d}>,

where F(r,z) =1 — f(r,a) =1 — E (exp{— Y en, ¢(Xu(r) — v2r + 2)}). Additionally, as the speed
v = /2B02 of the BBM of type 1 is less than /2, we have, for all s € [%\/f, Rvt] and v € N},
V2s — Xu(s) = ©(s). Then applying part (i) of Lemma [2.4] we have, uniformly for s € [/, RV,

F (t — 5, Xu(s) — V2s + 2\1/§logt>

(\/55 — XU(S)) eﬁ(Xu(S)*\/iS)e* (Xu(s)2;\/§s)2

= (14 o(1))r () = ,

as t — 0o, where the o(1) term is deterministic. Thus E (e*<5tR :<P>>

RVt _ w(s)—v3s)?
_ E<exp{ — (14 0(1))ay5(p) X / 3 (V28 = Xu(5))_/3(x0(5)-vEs) , — Cule)-v20? ds})

1 t
rVi ueN}

_ E<exp{ — (14 o(1))ary 5 (0) /:W()\, W0 dA}), (3.2)

where ) i
w(t
_ Z A (\/5_ Xz;(ﬂ) o5 (V2= 7u10)2 V(X () —V21)
uEN}
Recall that ({Xu(t)},eny,P) has the same distribution as ({f u(Bt) bueng,, P). Applying Propo-
sition we have, for each A > 0,

lm W 1) = V2A(L - o2)e~ =P (D (\/2) in L'(P),
—00

Then by the dominated convergence theorem, we have, as ¢t — oo,

E W()\ A1) dA — f/ o2)e” =Xy (\/2) d)

1/R

< / E ‘W(A, A1) —V2A(1 — ag)e‘(l“’Q)WWCE({)(\@)‘ dx — 0.
1/R

13



Here dominated functions exist since EDV(A, A\V1)], E[V2A(1 — 02)6_(1_02)2>‘2W<§<{)(\/§)] are both
bouned by max;>o ze /2, Letting t — oo in (3.2)), we have

lim E( (& ,¢>> :E(exp{ — ay5e)WD (V2 / V2A(1 — o2)e~(1-7°)*N dA}).

t—o00

Then letting R — oo, combining (3.1]), we obtain

- - ()
. &\ _ . _(ER VY _ _aWs (V2)
i () = it B () <o { - ST aata} ).
which is the Laplace functional of DPPP ac* f ow D) (V2)eV2e dx,@ﬂ). Using [14, Lemma
4.4], we complete the proof of Theorem O

Now it suffices to show Lemma First we give prior estimates for the type transformation times
T, for particles u € N; 2 with posmons higher than m2 3

Lemma 3.2. For any A > 0 we have

limsup[F’(ElueNtQ:Tu > Vilogt, Xu(t) >m§3—A) = 0. (3.3)
t—ro0
Proof. Let Y;A =D e N2 1 (Tu>vlog £,Xu () >m>5 — A} By Markov’s inequality, the probability in (3.3])
is bounded by E (Y;!). It suffices to show that E (Y,;4) — 0 as t — oo.

Using Lemma [2.10(i) and then the tail probability of Gaussian random variable ([ eV 2dy <
Le=7%/2 for 2 > 0), we have

B () =a [

efett=sp (UBS 4 (B — By) > m>® — A) ds

\/flogt
2,3 .2
t / . (mym-A)
Sa / efot(i=9) Y2 ;3+t — 2T s
Vitlogt my A

2 tlogt

t _ —
§A7a”37a.2 t_1/2/ eBer(t s) (0Zs+t=s) g2(02s+t—5) (s.
Vitlogt

1
(o2u+1—u)"

E(YA)<t1/2 1 exp <t (u)—l—lo—gt du < t2t37 1 et dy,
b TR 2(c%u+1-—u) - logt '

NG Vit

Set ¢ :u+— fu+ (1 —u)— Making a change of variable s = ut, we have

—o2)?
Since ¢'(u) = f—1— m < 0and ¢"(u) = —% < 0, ¢ is concave, and takes maximum

©(0) = 0 at point u = 0. By Taylor’s expansion, there exists a constant § > 0 (depending only on ¢?)
such that ¢(u) < —du? for all u € [0,1]. Thus

1 [e'e)
1,1 8502 _1_ _ 522 t
E(YtA) §t2+2a2/ e 0u tdugt%?/ e 0% 4 22X 0,
—l(i%t logt

which gives the desired result. O
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Proof of Lemma[3d Fix A, K,t >0 and R > 1. Set I := [0, £vt) U (RV/t,V/tlogt], and
V(A R K) = Y g crmy Hixu (ol <ot Ky L agp sty
ueB

where M} is the maximal position of the descendants at time ¢ of the individual w. In other words,
Yi(A, R, K) is the number of type 2 particles that are born from a type 1 particle during the time
interval I/* and have a descendant at time ¢ above mt — A. By Markov’s inequality,

P(EIUENE:TU¢[ \[R\[] u(t) > m3—A>
<P (Is <t,u€ N} :|Xu(s)| > vs+ K)
—HP’(HueNf:Tuzx/Zlogt,Xu()>m?3 A>+E(Y;(A,R,K)).

By (2.4) and Lemma it suffices to show that lim limsupE (Y;(4, R, K)) = 0.

R—o0  t—0

Let Fy(r,z) := Pz + M, > mt — A), where M, = max Xu(r). Applying the branching property
ueNy
and Lemma [2.10(i), we have

E(Yi(A R, K)) =E (Z 1{TueItR}1{\Xu(Tu)|SvTu+K}Ft (t = Tu, Xu(Tu))>
ueB

=« /R P E (Ft (t — s,0By) 1{\JBS|§115+K}) ds (3.4)
It

=« /R E (efGUBSFt (t —s,0Bs + Us)> 1{72U87KS0’BSS+K} ds,
I

where in the last equality we replaced 0Bs by 0Bs + vs by Girsanov’s theorem. Moreover, since
logt —log(t — s) = o(1) for s < v/tlogt, we have for large t,

1
Ft(t—s,vs+z):P<Mt_s>\/§t—mlogt—A—vs—z)

3 1
<P (Mg >V2(t—s)— ——=log(t —s) + (V2 —v)s+ —1lo tzZA).
<P (Moo= VBt - 9) - s tostt = 9) + (V2 0+ o
For z € [-2vs — K, K] and s < /tlogt, wehave1<(\/i—v)s—l—flogt—z—2A<\flogtforlarge
t. Applying Lemma we have
logt V2—v)2s?
F(t—S,U8+Z) §A”870.2 We_ﬁ(ﬁ_v)s+ﬂz6_( 22t) , (35)

_ve- v)

where we used the fact that —ﬁ [(\@ U)8+ 7 logt z— ZA] s* for large t. Replacing

z by 0Bs in (3.5)) and then substituting (3.5 into , we obtain

logt B V2—v)2s2
E(Yi(A,R.K)) NMW/ - <s—|— og +|a \ (0—/2)0Bs— xf(\/iv)s> o Y
R

t
t
1 Bs — —V2)o? VZ—v)2s?
:/ (5T ogt+ o (0 — V2)o%s| O
IR t
logt + E|B v)222
5/ <)\+ g | ,\\f|> %d/\,
[0,%)U(R,log t] Vi

where in the equality we used the Girsanov’s theorem and the fact that £(6 — v/2)%0% = v2(v/2 — v)
when 3+ 02 = 2, and in the last < we made a change of variable s = v/tA. Then the desired results
follows from a simple computation. O
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4 Boundary between %; and %;;;

In this section we always assume that (3,02) € Briir, ie., > 1, % + 0—12 = 2. Recall that mg’B =

vt — %logt, where v = /2802 and 0 = /23/02.
Firstly, we describe the paths of extremal particles. It turns out that for a type 2 particle u € N7

above level m% 3 at time t, it’s type transformation time 7}, should be s = t — ©(v/t), and it’s position

x at time s should belong to the set
Fft = {x:]0(z;s,t)| < RVEt—s} , where 0(z;s,t) =2 —vs+ (6 —v)(t —s).

Lemma 4.1. For any A > 0, we have

1
lim limsupP (E!u e N2:t—T, ¢ [=Vt RVE], X,(t) > m}* A> =0, (4.1)
R—o0 t—00 R
and
lim limsup P <E|u e N?: Xu(t) >m® — A, X, (T,) ¢ FT t) =0. (4.2)
R—oo {00

We will postpone the proof of Lemma to the end of this section and show Theorem first.
For simplicity, let Qff = {(s,2) : t — s € [5Vt, RVt],z € rk

Proof of Theorem[1.2 In this proof, we set & = EueNE Oy 1,3, and for R > 0,
u t

(t)—m

oR .
HEDY Leer, xu () e} Ox, (1) —m?

uEN?
Take A > 0 satisfying supp(p) C [-A, 00). For all ¢ € T, we have
’E ( é »so>) E (e*@@)] <P (au € N2, Xu(t) > m"® — A, (Ty, Xu(T))) ¢ Qﬁ) .
Thus by Lemma [£.1] we have
lim limsup ‘E ( & "p>) E <€7<‘§’<‘0>> ‘ =0. (4.3)

R—o0  t—00

We now show the convergence of aR first as ¢t and then R goes to oo. Recall that v’ = u means
that v/ is a descendant of u. We rewrite ([, ¢) as

1
Z(Tu,xufm)eﬂﬁ 2 i (Xur(t) = Xu(Tu) = 0(t = Tu) + 0(Xu(Tu); T, t) + o

Let f(r,z) := E (exp{— Y en, ¢(Xu(r) —0r 4+ x)}) and F := 1 — f. Using the branching property
first and then applying Lemma [2.10[iii), we have

E (e_<§th<P>> :E[H “EB))€Q§f< — T, 8(Xou(Ty); Ty t) + %logt)]

(Tuyxu(Tu
1
<t —5,0(Xy(s);s,t) + 20 logt> 1{Xu(s)eF§t} ds}).

oo [

Additionally, by Lemma (ii), uniformly in s € t — [%\/E, R+t and in X,(s) € th, the function
F(t—s,0(Xy(s);s,t) + 55logt)

ueN]

—(Z—1)(t—s) [Xu(5)=v(5)+(0—v) (t—5)+ 5 log ]2
~ () S X&) —u()F (0= v) () + 35 log ] DR
Vt—s
t B _ [Xu(s)=v(s)+(8—v) (t=5)]?
~ 79(¢p) Xu(s)v(s)le 2(-9) as t — oo

t—s ’
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where in the last “~” we used the fact that 6% — fv — (% -1) = % — 28+ 1 = 0. Therefore, by

making a change of variable r =t — s, we have E (e_<§tR’“">>

R\/> t—r)—v(t—"r —v)T 2
:E<exp{ (14 o(1)aye(p / f Z X (t=r)—u(t=r)]  — Bulmni o] dr})

ueN}
Xy (t—r)erf

t—nr,t

:E<exp{—(1—|—o Yaye (i / WWG(t—r,\7t,r,\7t)d)\}>, (4.4)

where in ([£4) we substitute r by ry; = AV, and

— — — 232
_ Z 679[vt7Xu(t)]G <Ut Xu(i)/» (0 U)T> : G(x) = @771{|$‘§R}.
uEN} '

Recall that ({Xu(f)},eny,P) has the same distribution as ({\F u(Bt) bueng,, P). Applying Propo-
sition we have, for fixed A > 0 and r); = M,

2(0—v), =y 22
li WE(t — i, =z 2 \e a2 / 51 d
A, (t=7maemae) = Zad\[ =5 Ae € Miai<ry dy

in probability, and the integral of ﬁWG(t — Tt ) With respect to A over the interval [1/R, R]
converges in probability to the integral of right hand side. By (4.4) and the dominated convergence

theorem, we have lim E (6_@3’@) =

t—o00

— ’U (0— ’U) A2 7&
E( exp< — ayg(p / 202 d)\/e > 1g<rydy ¢ )
R

Letting R — oo, combining (4.3)), we have

lim E (e*@w) — lim lim E (e*@RW) = E(exp{ ()2 (I)a(e—v)}>’

t—o00 R—oot—00

which is the Laplace functional of DPPP (\/ﬁ;?l(@) )QZég)e_ex dz ©9> Using [14, Lemma 4.4], we

complete the proof of Theorem O

Before proving Lemma we show a weaker result first.

Lemma 4.2. For any A > 0 we have

lim sup P (Elu € N?:T, <t—+tlogt, X,(t) > m}g A) =0.
t—o0
Proof. For A > 0, we compute the mean of Y;* := ZueNE 1{T <t/ logt, Xu () >ml B A} Applying
u> u Zmy
Lemma [2.10(i) and Gaussian tail bounds, we have

t \/logt
E (V) = a/ i (ng + (B; — Bs) > m;” — A) ds
0

t—Zlogt 25 1t 5 — (my3-4)2
< / Pet(t-s) VOIS HE =8 —orhy
0

2(c4s+t—s
3 ( ) ds
m;” — A

~

2,2

t _ _ vt vtlogt
SatV? / LTI AT e .,
Vitlogt
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Set o : A= B(1 =)+ A — % Making a change of variable u = t\, we get

1
E (V) Sat2tae Agt e .,
NG

2
52 1 .
As ' (\)=1—-p5+ 0o 2702+11 ST < 0and ¢"(u) = —fo 22_517002))/\) < 0, ¢ is concave, and takes

maximum ¢(0) = 0 at point A = 0. By Taylor’s expansion, there is a constant § > 0 (depending only
on 02) such that ¢(\) < =52 for all A € [0,1]. Hence

[o.@]
—_5\2 _v_ _ 5.2 t—
e‘”‘td)\gteﬂ/ e 9% dz =% 0,
logt

which gives the desired result. O

Proof of Lemmal[{.1 Step 1. We first prove (4.1)). As shown in the proof of Lemma it suffices
to bound the mean of

Y%(Aa K, R) = Z 1{t*Tu€ItR}1{Xu(T)SU7"+K7V7'§Tu}1{Xu(t)2mt1’37A}’
uEN?

where 4, R, K > 0 and If := [0, £/t) U (RVt,V/tlogt]. Applying Lemma [2.10(i), we have

_ By+B;— B, >m,” — A
EIV(A K. R — Pstt=s)p( OPs T Dt — Ds = 1My ’
[Yi(4, K, R)] Q/HR@’ 0B, <vr+K,\¥r<s @

_ OoeﬂS‘F(t_S)P oB, <vr+ K,
~JerrJoa Vr <s

025+t s)

0B, +Bt B, ) J(imzdsdx
. dsdz

=m;” Vit
ml‘3 x 2
/ / U+ logt + |.CU‘ ,B t—u) e_ 2(0(2ti(1t;2)u) dj (4 5)
IF t Vit

where in the third line we used Lemma [2.2] and we substitute ¢ — s by u in the integral. Note that
ﬁ(mtl’3+a:)2 > 21 [v*? —2vt(o5 logt — )] = (Bt — & logt+60z). Then uniformly in u € [0, v/tlogt],

we have 1 — ‘(’zt o = O(h\)/g;), and hence
B B (m;? + x)? e B (m? + z)? ot
Bt —u) +u 2(02t + (1 — 02)u) flt—u)+u 202t o?t+ (1 —o?)u
1 (1—0%)u
<—-(pB-1 -1 — 10 —o(1 1). 4.
< (9~ Du+ glogt + 51— G TN 0 o] + o) (16)

Substituting (4.6]) into (4.5]), we have

o) (1—0o )t — “
E[Y,:(A,K,R)]g/ dxeem/ utlogt + |2 e u-(B-1u 4
—A IR

t

2

[ [ B
—A IR t
where in the equahty we used the fact % fu—(f—1u= % which follows from
the assumption - =+ B = 2. Making a change of variable u = A1, we get
o (B=1)(1-02)x2
E[Y;(A, K, R)] 5/ dz eex/zf Aitlogt + ol ~GEREE g5,
—A [0 %) (R,00) \/7E
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By the dominated convergence theorem, we get lim limsup E[Y;(A, K, R)] = 0 as desired.

R—o0  t—oo

Setp 2. Now we prove (4.2) by showing that for fixed A, K, e > 0, the expectation of

VAK€ B) = ) Lo eleie il X <or K<} O T0R0E, ) xuzmb - a)
uEN?

vanishes as first ¢ — oo then R — oco. Thanks to Lemma [2.10(1),

t—e\/f

0By + B; — By > m;” — A,
) ds (4.7)

eﬁs+(t_s)P< |oBs —vs — (0 —v)(t — s)| > Ryt — s,

E[Y;(A, K e, R)| = a/
oB, <vr+ K,Vr <s

t—1/t
€

Then conditioned on 0Bs = vs — (§ — v)(t — s) + x, by the Markov property, and noting that

mp —[vs — (0 —v)(t —5) +a] = 0(t — 5) — & — 2 logt,

UBs—i-Bt—Bszm%’?’—A,
P( |oBs —vs — (0 —v)(t — s)| > RVt — s, >

oB, <vr+ K,Vr <s
< / d—xe_WP(Bt >9(t—s)—x—ilogt—A)
~ NZ o 20

|z|>R\t—s
< (0—v)(t—s)+K

X P(oB, <vu+ K,Vu < sloBs =vs — (6 —v)(t — s) + x)

2
—Bs+(% —0v)(t—s) . o2 (atlogtiay2
e 2 t— s+ |x| _w-—ne-—s-n? _t5s
S 7—’_“6 2025 e 2t=s)  dz, (4.8)
Vi—s 2> Ryi=s t

where the last inequality follows from the following three items:

o exp {_(US*(H*;;gtsfs)er)Q} = BP0V (t=5) o —b o) {_((efv)z(;ss)fxf}‘

e Gaussian tail bounds yield that for s € [t — e '/t t — ev/t] and @ < (0 — v)(t — 5) + K,

1 2 logt | 4)2
o8t vi e_g(t_s)eexeXP{_ L }

P(Bt_5>9(t_5)_$_70_ )SA\/m Q(t—S)

e Lemma [2.1|implies that for s € [t — e 'V/t,t —ev/t] and z < (0 — v)(t — 5) + K,

P(oBy, <vu+ K,Vu <sloBs=vs— (0 —v)(t—s)+z) S (t— s+ |z])/t.

Substituting (4.8]) into (4.7]), noting that % —0v+1= % —26+1 = 0 and making change of variables
t—s=Mty=z/Vt—s, we get

t—E\/E

logt 2
t— s+ |x| _-ni-s9)-n2 E+t55+4H7  qgp
BYi(A KRS [ asf b st fa] -emfpnme S
t—e=1vi  Jiz|>Ryi=s t t—s

et 1/441/2 [(B—v)A—yAl /24— 1/4)2 log t/(20)+A \ 2
_ / a\ / AW NPyl 5500 b (i) gy,
c y[>R Vit

— _(0—v)%22
Letting t — oo, we have limsup E[Y;(4, K¢, R)] < [ " T d) f|y|>R e=3Y’ dy by the domi-
t—o0
nated convergence theorem. Then letting R — oo, the desired result follows. O
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5 Boundary between %; and %;;

In this section we always assume that (8,02%) € %1, ie., 8 < 1 and Bo? = 1. Recall that mt =
=2t — logt As we have remarked, the driven mechanism of the asymptotic behavior of the

extremal partlcles in this setting is the same as the case (3,02) € €7;. The outline of the proof is
very similar to that of [13, Theorem 1.2], but more careful estimations are needed.
Firstly we show that each particle u € N2 above level mt1 2 at time ¢ should satisfy T,, = O(1).

Lemma 5.1. For any A > 0, we have

lim hmsupIP’(ﬂuEN Ty >RX()>m%2 A)zO.

R—o0 500

We postpone the proof of Lemma [5.1]in the end of this section. Lemma implies that we can
approximate & := ZueN,? Sx. (t)—m? by 8 ZueNE 1{Tu§R}6X“(t)_ml,2. Indeed we have

t

lim limsup ‘E ( & ’50>> E (ef<gt"p>)‘ =0.

R—o0  t—c0

By the results in [3, 9], a simple computation gives the convergence of é;R as t to co. We only restate
the results here, see [I3] Lemma 5.2] for a proof.

Lemma 5.2. For any ¢ € T, we have limy_,o (ER, 0) = (EB ) in law, where
EE — DPPP (C*ZR\@e_‘/ix du, @ﬁ) .

Here Zg is defined as follows. Firstly, for each u € B, the convergence of derivative martingale for
the standard BBM and the branching property implies the convergence of

zZ = > (\/it - Xu’(t)) V(X () —V21),
uEN?
u'=u

Let Z(gg) = litm inf Zt(u). Then Zp := > ueB 1{Tu<R}Z§g). The main ingredient is to show that 522
—00 =

converges in law as R — oo, which is done as follows.

Lemma 5.3. For all p € T, we have limR_mo(SAOIz, @) = (Exo, ) in law, where
EF — DPPP (C*Zoo\/ie*ﬂx da, :Dﬁ> ,

and Zso 1= Rlim ZrR = en 7% < 00 as..
—00

Proof. As shown in the proof of [13, Lemma 5.3], it is sufficient to prove that

Y = Z <1 + (\/§Tu - Xu(Tu)>+> eV 2Xu(Tu)—2T, < oo P-as.

ueB

We claim that it is enough to show that for each K € N,

Y = Z (1+ [\/iTu - Xu(Tu)]-y)e\/iX“(T“)*QT” < oo P-a.s.

ueB
Xu(s) <V2s+0K,s<Ty,
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In fact, as B0? = 1, by ([2.4) we have P (UKGN{Vt >0,u € N X, (t) < \/it—l—oK}) = 1. Then for

almost every realization w, we can find K = K(w) € N large enough so that
X, (t) < V2t + 0K, Yt >0,u e NL.

As a consequence we have Y (w) = Y (,)(w) < oo for almost all w.
Next we compute E(Y) for fixed K € N. Applying Lemma [2.10((ii), we have

E(Yk) = Oz/o "B (1{oBu§\/§u+aK,u§s}[l + (\/55 - O'BS)+]€\/§(UBS_\/§S)) ds.

By Girsanov’s theorem, we replace (0B, — ﬂu)ugs by (0By)u<s (noting Bo? = 1) and get

]E(YK) < a/ E (1{BuSK,u§s}(1 + U|Bs‘)e\/§(gi\/§)38) ds
0

Sa/o E Z1{BugK,ugs;Bs—Ke[fnq,fn}}(1+\le)eﬁ(gﬂ/gws ds.
n>0

Thanks to the Brownian estimate (2.1) and noticing that o = ﬁ > /B, we have

o K
< N 2_V2(oc—/B)(K—n)
E(Yk) Na/o (1437 n§>0(1+K+n) e ds < oo,

which implies Yx < oo, P-a.s. We complete the proof. ]
Now it suffices to show Lemma In the proof we write e(t) = (logt)3.

Proof of Lemma[5.1 The proof consists of two step. Firstly we show that
lim sup P (Elu € N?:T, >t —e(t), Xu(t) >mp? — A) =0; (5.1)
t—00

and secondly, we prove

lim lim sup P (Elu € N2:T, € [R,t —e(t)], Xu(t) > m}? — A) ~0. (5.2)

R—00  t—o0

Step 1 (Proof of (5.1)). Recall that a; = 2 log(t + 1), t > 0. As shown in the proof of Lemma
thanks to the inequality (2.3, it suffices to show that for each K > 1, the mean of

Yi(K) = Z 1{Xu(t)2mt1’2—A}1{Tu>t*5(t)}1{Xu(r)§\/§r—at+at,T+K,rgTu}
uENt2

vanishes as ¢ — co. Applying Lemma [2.10{i) and the Markov property for Brownian motion,

1,2
eBstt—sp oBs+ By — Bs >my" — A ds
B, < ﬂr—at+at,r+K,r <s

B =a [

t—e(t)

t
3
_ B _ _ _°
_a/t_a(t)e SE <F(t s, 0By V2s + W) logt—i—A)l{aBTSﬁr—at—i—atT—&—K,rfs}) ds,

where F(r,z) = e"P(B, > v/2r —z). By Markov’s inequality, F(r,z) < V22 By Girsanov’s theorem,
we replace 0 Bs — v/2s by 0B, and then the integral above equals to

' 3
E(eVPBip(t —s5,0Bs + ——logt+ A)liop <a —u m>ds.
Z—a(t) < ( 2\/§ & ) {oBr<at r—at+K,r<s}
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Thus
t

E <€ﬁ<o—\/ﬁ>

E[E(K)] SAP‘ t3/2/ BSl{O—BTSatf’!‘_atJ'_K)TSS}) ds.

t—e(t)

By inequality (6.3) in [I3] with A = v/2 — @ (or making a change of measure to Bessel-3 process), we
have

3(+/2-6)
_ _ t—s+1 26 _3
E (eﬂw VDB <ar +K7TSS}) < CelV2-0)K (t—I—l) (s+1)7%.
Since now 6 < v/2, a simple computation yields
Lot N
E[Y:(K)] Saaxk t3/2/ (_H) (s+1)"2ds =X 0.
o t—e(t) t+1

Step 2 (Proof of (5.2))). Asin Step 1, it suffices to show that for each A, R, K > 0, the expectation
of

V(AR K) =) Lirielri—c Lnrpsm! 2 Ay L X0 (r)<vErto kr<Tu)
ueB

converges to 0 as first t — co then R — co. Let Fi(r,z) := P(z + M, > m;”> — A), where M, is the
maximum at time r of a standard BBM. By the branching Markov property, Lemma i), and
Girsanov’s theorem

E[Y;(A, R, K)] =E [Z 1{TUE[R,t—s(t)}}1{Xu(r)§ﬂr+gK7r§Tu}Ft(t - Tm Xu(Tu))
ueB

t—e(t) 8s
= O[/}{ (& E |:Ft(t - S,O‘Bs)l{Brgmr_,’_ngs}} dS

t—e(t)
a/ E [efv 2BBSFt(t —s,0Bs + ﬁS)l{BTSK,TSs}} ds.
R

Applying (2.5, we have for all s <t —e(t) and = € R,

1,2 3 t—s
Ft(t—S,.’E):P<MtSthS+\/§S+2\/§10gt—A—I')

3
t 2 t
514 (ts) (1 + |\/§3 — l'| + IOg t—5> e_ﬂ(ﬁs_x),

We now get upper bound the expectation:

t—e(t) /¢ \ 2
B4, R, K)] Saa [ <> E[<1+]BS|+logt_S

\/50'* Bs
R t—s >6 o M-

SK,rgs}] ds.
Applying (2.1)), we have
t _
P [(1 + | Bs| + log t—s> V2o \/B)le{BTSK,rgs}:|

t
T ¢ Va(o—vB)(K—n) CKN (1 +log 75)
n>0
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Thus

ds

t==(t) / ¢ \32 (1+log )
B AR Sopan [ (155)

</t/2 / ) (t_8>3 (H;i;s) ds =: (I) + (I1).

For (I), since +- < 2 when s € [R,t/2], we have

t/2 3 (1+log /& o0
/ < t >2( gt—s)dsgloo/ s

R t—s §3/2 R g3/2

For (II), making a change of variable t — s = At, we have

t—() / ¢+ \3 (1+1lo 1/2 1 1
/ < > ( 3g2ts / 32<1+log )32d)\
t/2 t—s S/ \[ (t)/t>\/ )\ (1*)\)/

< 1+logt 121 L Ltlogt |t imeo

& oV e 2T Ve e

We now complete the proof. O

6 Spine decomposition and Proofs of Propositions and

6.1 Proof of Proposition
Proof. Tt is well-known that, for 1 € [0,/2), the additive martingale
n=> eXu(t)—(n?/2+1)t
uEN

is uniformly integrable and converges to a non-trivial limit W, (n) as t — oo. Moreover, using this
martingale to make a change of measure, we get a “spine decomposition” of the BBM (see for example
[38]): Let F; be the o-algebra generated by the BBM up to time ¢, i.e., Fr = o({Xu(s) : s < t,u € N¢}).
Let P be the probability measure such that

dP| 5, = W, (n) dP|z

We can identify distinguished genealogical lines of descent from the initial ancestor and shall be
referred to as a spine. More precisely, the process (X,(t) : u € N¢)¢>0 under P corresponds to the
law of a non-homogeneous branching diffusion with distinguished and randomized spine having the
following properties:

(i) the diffusion along the spine begins from the origin of space at time 0 and moves according to a
Brownian motion with drift n,

(ii) points of fission along the spine are independent of its motion and occur with rate 2,

(iii) at each fission time of the spine, the spine gives birth to 2 offspring, and the spine is chosen
randomly so that at each fission point, the next individual to represent the spine is chosen with
uniform probability from the two offsprings,

(iv) offspring of individuals on the spine which are not part of the spine initiate P-branching Brownian
motions at their space-time point of creation.
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We write & for the individual in spine at time ¢, then

X ()= (2 /24 1)t

/Is(gt = u|Ft) = W, (1) Liuen,}

Then write Z(t) := X¢,(t), i.e., Z¢ is the position of the individual on the spine at time ¢. We now
have, for every ¢ > 0 and measurable function f,

()i 5 () i

uEN
_ Z f <Xu(t)> e77Xu(t)_(772/2—f—1)t _ Wtf(n)'
= t Wi(n) Wi (n)

Since under P, Z is a Brownian motion with drift 5, and the function  — f (x) is bounded continuous,

f(@) converges to f(n) in Ll(/ls). Thanks to the Jensen’s inequality we have

Pt %é;; = }EEOE [f <Eit)> ’ft} — f(n) in L*(P),

Thus
e [0~ sowicn] =E[| WD g o

yielding the desired result. O

6.2 Proof of Proposition [2.6

The proof is inspired by [4]. Fix an arbitrarily K > 0. Define the truncated derivative martingale
DEK) as the following;:

K _ _
DI 1= 3 (V2t — Xy (t) + K)e VRVAXOI 5 s kevasty (6.1)

UENt

It’s well-known that (D§K))t>0 is a L'-martingale and tli)m DgK) = Z on the event {X,(t) <

V2U+ K, ¥t > 0,u € N}, whose probability tends to 1 when K — oco. Moreover, using this martingale
to do a change of measure, we can also get a “spine decomposition” of the BBM (see for example
[38]): Let F; be the o-algebra generated by the branching Brownian motion up to time t. Let Q)
be the probability measure such that

(K)

D
dQW)| £, = ;( -dP|z,. (6.2)

Similar to the spine decomposition in Subsection we can identify distinguished genealogical lines
of descent from the initial ancestor each of which shall be referred to as a spine. Denoting by & the
individual belonging to the spine, and by Z(t) = X¢,(t) the position of this individual. The process
(Xu(t) : u € Ny)i>o under Q) has similar properties as in Subsection with (i) changed to (i’)
below and other items (ii) to (iv) unchanged:

(i’) The spatial motion (Z(t))¢>0 of the spine is such that Ry (t) := v/2t — Z(t) + K is a 3-dim Bessel
process started at K.
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For any ¢t > 0 and any u € N¢, we have

\/§t —Xu(t)+ K e—ﬂ(\@t—xu(t))
Q)& = ulFy) = ( 3 D(K)) L Vas—xu(s)>— K, vs<ty- (6.3)
t

Throughout this section, we use (Rt,Pg’eS) to denote a Bessel-3 process starting from x. The
expectation with respect to PP is denoted as EB®. We truncate W/ (1/2) as in (6.1)), that is to say,
we define

K),F, V2t =X, () _ _
Wi : t(\f?) = Z Fi (ﬁ € valvat Xu(t))1{\/§S—XU(S)Z—K,VS§1€}'
u€eNy

Proposition 6.1. For each fired K € N and A > 0,

Vi witve) 2

<Ft7 M> DgK) Q

Equ) —0, ast— oo (6.4)

Proposition [2.6]is an easy consequence of Proposition [6.1

Proof of Proposition [2.6 admitting Proposition[6.1 (i) Applying (6.2) and (6.4), we have

Ve W (3) - |/ 2D Vi WiOrWe)
W, (V2) — 4/ =D | = KE : —4/= :
<Ft7 M> ! (\f) m ! QU <Ft7 M) DgK) g -0
Since DEK) is a L'(P) martingale, writing D) = limy DEK), we have DEK) — DY in L*(P). Com-
bined with the equation above, we have
Vit (K \/5
E Wi (v2) — /| D) : :
e - 2o (0

On the event {X,(t) < v2t+ K,¥ t > 0,u € Ny}, which has high probability when K is large (see
(2.4)), we have Wt(K)’Ft(\/ﬁ) = W (/2) and DY) = Z.. Therefore, %Wf’f(\/ﬁ) converges to
\/gzoo in probability P as t — oc.

(ii) We now prove (2.7). Note that for F;\ = G((z — \)t'/4), (F,\, ) ~ Cxt~Y/* uniformly in
A € I, where C) = )\e_g [ G(y) dy, thus

E‘/ti”/‘*wft*(\/i)—\ﬁcmgf) dA‘ g/E
I m I

as t — oo, where the convergence follows from (6.5)) and the dominated convergence theorem. In fact,
(6.7) below implies that E { < F\fw WéK )ﬂ(ﬂ)} <1 for all A € I and for large ¢, which guarantees the
existence of a dominating function. Then the argument in the end of (i) yields that we can remove

the truncation in WgK)’Ft(\/i) and Dgf ) and get the desired convergence in probability result. O

£3/4W] A (V/2) — fcmf,ﬁ?' dx — 0
T

The remaining part is devoted to proving Proposition To simplify notation, WgK)’Ft(ﬂ) is

abbreviated as WISK)’F for the remainder of this section, and the parameter K is always fixed.

Lemma 6.2. For each t > 0, we have

D) = Equo) [RKl(t) F, <RK(3% K> \]—“t] : (6.6)




Proof. Recall that Ry (t) = v/2t — Z(t) + K. By (6.3), we have

1 Rk () _K> ] _ (K)ie, _ F([vV2t = Xu(1)]/ V1)
Equo [RK(t) f < NG 17i] = u%\% @l = ul A V2t — X (t) + K
V2= Xu(t) | va(va—x.(0) _wr
Dt ueth Fy ( Vi L Vas—xu(s) 2 Kvs<t) = DA M

Lemma 6.3. (1)

Vi W e | V2 R — K 2
lim E = lim Ez*® —F(——— )| =4/— .
PR | R pf | T B AT A Gy | ENERC
(2) Forp € [1,2], define
Ve Wt
I(t):=E . .
Then (i) I,(t) < (r2he)'P, (i3) If for some p € (1,2], limsup I,(t) < % then ) holds.
t—00
Proof. Noticing that (Rx (t), Q%)) is a Bessel-3 process starting from K, by (6.6)), we have
\/i W§K)7F Bes \/i 1 Ry — K
Equw | o —q | = E& —F, . (6.9)
(Ft, 1) D (Fy p) Ry Vit
Since x — P is convex, by Jensen’s inequality,
powe i1 ~K\1"
Equo) VB W, < EBes Vi L (B . (6.10)
<Fta /’L> D(K) <Ft7 H> Rt \/i
Recall that Fy(z) = G([z — r¢h; !). Simple computation yields that
> z—r _ 22 _ (retyhp?
(Fy,p) = / G < - t> ze” 2 dz = ht/ G(y)(rt + yhe)e™ T dy = O(r¢hy). (6.11)
0 t R

We claim that, for p € [1,2] and any ¢, > 0,

EBe ([gﬂ (Rtﬁ >] ) \fht/a V(o + yhe)2 e 4y — 042 TR (6.12)

uniformly for u € (O,t%_eo}. Then taking p = 1 in (6.12) and combining , (6.11)), we get (6.7)).
Taking p € (1,2] in (6.19) and using (.10), (B.11), we get 1(t) < (r2hi)'".

Now we show the claim. Suppose G is supported on [—A, A] for some constant A > 0. First recall
that

2zz
2 z—x 1 - s
PmBeS(Rs € dz) — \/;226 ( 23) 2'%'2\[ dz, for xz,z>0. (613)

Using the scaling property for Bessel process, the left-hand side in (6.12]) equals

1 P
Bes | _~ _
By [Rf;Ft (7 - /1) }
|z—ri— K/ V1| < Ahy ht 2zu/\f

Cuye] — —2zyu/\/£
G p 2—p Q(Zy \[)2 d ,
\/>/ S 2z,u/\/t Y
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where in the last equality, we substituted z by z, = r, + K/ V't + yh;. By the dominated convergence
theorem, we get that, for any ¢y > 0,

A —2zyU
/ Gyypo2re 3G L= e v
_A 4 22yu/\/f

uniformly for u € (0, t%*O] as t — oo, and (6.12]) follows.
Finally, we show that if for some p € (1,2], limsup I(t) < (%)g, then (6.4]) holds. Indeed, by

t—00

PO . . . . . _/2\B 2\ P
Jensen’s inequality and (6.7), we have htrgggflp(t) > llgglffl(t)p = (£)2. Thus Iy(t) — (2)2.

™

(re+yhy)?
2

A
dy ~ / Gy (e + yhe)> e dy
—A

(K),F
Applying [31] Exercise 3.2.16], we get that ﬁwégim converges in probability to \/% Moreover,
(K),F

since Ip,(t) is bounded in ¢, by [31, Theorem 4.6.2], (T%WST) are uniformly integrable in t. Hence
’ t

it converges in L! by [31, Theorem 4.6.3]. O

The naive bound I,(t) < (rZh:)' P in part (2)(i) of Lemma is not good enough. As pointed in

part (2)(ii), in order to show Proposition |6.1, we need that limsup I,,(t) < (%)% To this end, we are

t—o00

going to to compute the p-th moment on a good typical event, as Aidékon and Shi did in [4].
Let Gy be a good event to be defined in (6.15) below such that Q) (Gy) — 1 as t — co. Thanks

to (6.6, we can rewrite I,,(t) as

N wEOFNTE Ri(t) - K
B

t

(K),F

We expect that if we integrate (WS(K> )p_lRKl(t) F (RKE%_K) on the good event Gy, part (ii) of the
Lemma [6.3 holds, i.e., as t — oo, t

s () o | ()l ()] 2)

t

Then we show that error term

P (K),F\ P~1 B

is very small, i.e., Ap(t) = o(1).
Recall that &, represent the individual on the spine at time s. We write Nfs as the descendants of

&5 at time ¢. The points of fission along the spine form a Poisson process with rate 2, which is denoted
by A(ds). We then define, for a interval [c1, co] C [0, 1],

K),lc1,c _ —Xu
Dy el /[ |2 (VA Xalt) + K)o ey M),
ez uENfs

which is the contribution for the martingale DEK) of particles who are descendants of individual on

spine at time interval [ci, c2]. Then DgK) = DgK)’[O’t] = DEK)’[O’Q) + DgK)’[Cl’t]. Similarly, we define

K),F,[c1,c — —Xu \/ﬁt — X“(t)
wRhElenel - /[C1 P e VAVAXuO) (\/z Vs —Xu(s)2— K ws<iy M (dS)-
T ueNss
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Put k; = t7 forsome’ye(O,l),andf0r0<a<%<b<1, let

= {kg < Ric(ke) < kfg} N {Ri(s) > log3t,s € [ky, ]}

— {DgK)ﬂ[’ﬂtvﬂ < e*loth}.

&R

We define
Gy :=GING2 (6.15)

Lemma 6.4. Let ky = t7 for some v € (0,1), and let 0 < a < % < b <1 such that k! < ta—e0 for
some €y > 0. For any fired A > 0, the following assertions hold.

(i) lim Q) (G;) =1 and lim inf QU)(Gy|Ri (k) =u)=1.
t—o00 t

=00 ue[kg k]

(ii) QE) ({|Rk(t) — rev/t] < AVith} N GS) S (r?hy) log™t ((m/i)l + k;”Q + k;3(5‘“)> .

Based on Lemma whose proof is postpone to the end of this section, we can get the upper
bound for I,(t). Recall that our assumptions imply that 74/t > ¢ for some small € > 0.

_2
Lemma 6.5. Let ky = t'7°, a = 1/4 and b = 1€ so that k) = te < t3. For p € (1,1 + §], the
following assertions hold.

(i) [Dp())P S (P15

(71) limsup Jp(t) < (%)g As a consequence, Ap(t) = o(1) and limsup I,(t) < (2)2.
t—ro0

t—o00

[S]4S)

Proof. (i) By the definition of A,(t) and Holder’s inequality,

st e (5] i (2
07 g [ (Y ]

When F; (W) > 0, using the assumption that ry + yh; = ©(r;) uniformly in y € supp(G), we

have Ry (t) = ©(r4\/t). Since F} is bounded and r; > tmate, applying (6.11]) and Lemma (ii),

p—1
p

[Ap (O Spor e T ( < Ffm)p (rt\l/?:)p QU ({|RK(t) — V| < 2A\/iht} N c;g)
1

1 1 1
< I (t)]pfli (7’2ht) log®t + + .
PO Gng U N ASVERET

Since € is small, ktl/2 =t(1=9/2 > t¢. Using hy < ry < 12, we get, for p € (1,14 35),

which gives the desired result in part (i).
(ii) Suppose liirisup Jp(t) < (%)g Noticing that [I,(t)[P~1 = [J,(t) + AP~ < [J,(0)]P~! +

[A,(t)]P~1, by the result in part (i), we have

[ApOF St ALOP ™+t 3 [A 0P ST+ AP (6.16)

28



Since we have a prior bound A,(t) < L,(t) < (r2h)' 7 < 3P=1D/2 (Lemma (2)(i)), after a finite
=o(1

number of iterations we can get that Ap(t) (1), and hence lim supI (t) < (%)%
t—

Now it suffices to show that limsup J,(t) < (%) 2, which is done in the following four steps.
t—r00

We claim that J0(0) — (L \'E WORRNTE L (BO=KY 1 |2
) e claim a D () = (W) QX) D(K) RK(t) t( Vi ) [en = 0( )

Since Fy (ft\/)f ()) > 0 only if V2t — X, (t) = O(ri\/t), we have Wt( JEleveal D( Hevesd g

on Gy, we have WiK)yE[kt,t] < D§K)7[kt7t] < eflog 1‘,7 and RK(t)Ft( E/)E ) < 1. Hence by "

92—
and (62), J"(t) < (Vir Uy 12e @018 g (D] = o(1) by [@11).

-1
@ p WE)E[0.k) \ P R (t)—K
o Lot J;7(1) = ()" Equo [(D(K”) mm () 1

(x4 y)P~t < 2771 + yP~1 for all ,y > 0 and noting that D(IK) < D<K)?[kat)’ we have Jy(t) <
t t

. Using the inequality

J;El)(t) + JI(,2) (t). Then by the branching Markov property, we get

p (K),F,[0,k:) p—1 Ft(Rt—kt*K)
TP() < (ﬁ ) Equo 7\%(;@ o) Wngoeng gy | sup BU | —=—
o) DO uelk ) R,
By, —K Ri—K
Fy t F ke A
Since uniformly in u € [k¢, kY], EBes % ~ EBes [(R\/{)] ~ \/E <F\%L ), where the
—k¢ t ™
second equivalence follows from the estimate 16.12: for p =1 and (6.11)), we have
1
. \/E WgK),F,[O,kt)
h?iigp Jp(t) < \/;h?ii}olp Equo <<Ft,M> SNy LRy (k)elka k23 | - (6.17)
¢
e We claim that
-1
2 \/i W(K)7F7[07kt) p
. < t
i) =St | (25 Yoy ) 1 09

To see this, using the branching Markov property and part (i) of Lemma we have
(K),F,[0ke) \ P~
B (W7}
Q DU [0k¢) t
t

WEDLER)\ P p

t .

Z EQ(K) ( D(K)7[O7kt) > 1{RK(kt)€[kg7ktb}} E[ll?afkb] Q( )(Gt|RK(k}t) = ’LL)
t uelry Ry

WiK),F,[O,kt) 1
= (1 —-0(1))Equ W 1{RK(kt)e[k?ak?]}
t

Substituting into (6.17)), the inequality (6.18]) follows.
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e Combining (6.18) with Holder’s inequality, we have limsup J,(t) < %lim sup[J ) ()],

t—o00 t—o00
where (K).F{0ke)
s 45| YUs it
JO () = LEQ(K) VVt(K)iok) al
<Ft7:u’> Dt 7[ R

So it suffices to show that J®)(t) = (1 + 0(1))\/% Note that

\/i . WgK),F,[O,k‘t) ,
(Fppr) @ | DR Gn(Di 21/

Vit
t Fow

J® () < QB(DY) < 1/2).  (6.19)

On the one hand, the Markov inequality and (6.11]) yields

Vi k) (K 2 Vi oy [ 2 t3/2 1
D 1/t — > —E —— | =0o(1). 6.20
<Ft, :u> Q ( < / ) <Fta > Q DE ) ~ rtht QU DEK) O( ) ( )

On the other hand, on G; N {DgK) > 1/t?}, we have DgK)’[kt’t] < e~ log?t < %D§K). Then
DgK)’[O’kt) >(1- t_l)DEK) and hence

(K),F\[0.ke) (K), F.[0,k¢)
Vit W, 1 NAARWA
(Frm) " | plEO0k) ez | <72 EQ(’“ (Foim)  p®
X Vi WL 5 (6.21)
< —FE — =(14o0(1 \/i
=1 _% Q(K) <Ft,,u> DEK) ] ( ( )) -

where the last equality follows from (6.7). Combining (6.19), (6.20) and (6.21), we finally get
JO () = (1+0(1)),/2.

We now complete the proof. O

Proof of Lemmal[6.4 Firstly, we show that lim Q¥)(G}) = 1. In fact, by the Markov property,

t—o00

Q)G > Phes (RK(kt) e k2, k}g]) %nf , PE (R(s) > log®t, Vs € [0,t — ki) -
uckf ky

The following estimates (6.22]) and (6.23]) tell us that tlgglo P2 (R (ki) € [k§, k]) = 1. Then com-
o . . . (K) 1 —
bining with (6.24]) below, we get tliglo QW)(Gy) = 1.

e Given some small constant ¢q, for fixed a < % < b, using (6.13]) and the fact 1 — e™¥ < y for all

1
y > 0, we have uniformly for z < s27,

a—

[N

s zZ—T s 2
PP (R, < 57) = PBS (Ry < 5°71/2) < / e 2 < 053Gy, (6.22)
0
and - ,
PE(R, > %) = PBS (Ry > s"1/%) < / - 24— s 0l)) (6.23)
s 2

where g; satisfies that lim,_, g1(s) = 0.
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e For u € [k, E!], let 7 = inf{s > 0 : R, < log>t}. By the hitting probability of 3-dim Brownian
motion (see e.g. [31, (9.1.5)]), we have

log®t
PB= (R(s) > log3t,Vs € [0,4]) > PB(r = 00) = 1 — o~ (6.24)

Secondly, we show that Q) (GF\G?) — 0. Let Go be the sigma-algebra generated by the geneal-
ogy along the spine (2(t)):>0, the spacial motion of the spine (£(t));>0 and the Poisson point process A
which represents the birth times along the spine. We know that, under Q)| given G, the processes

({Xu(t) tu € Nfs,t > st,s € supp(A)) are independent BBMs starting from Z(s). Therefore,

Equo [Df g, ) < /[k , Eato [ 3 (Vat = Xu(t) + K)emV2Y2XM|G | A(ds)

ueNgs

= / (V2s — Z(s) + K)e V2VZ—E() A (ds).
[kht]

By the definition of G}, we have EQ(K)[DgK)’[kt’t”goo]lG} < e V2log’ t=K) f,ft Rk (s)A(ds). By the
Markov inequality, we get l

Q(K) <G% N {DgK%R[’“tﬂ > efloth}> < EQ(K) |:elog2tD§K)vFv[k’t,t]1th]
log? t (K), Fet.t] V3 log? t-4log? ¢ t ,  (6.25)
=e% "Equo (EQ(K) (D |goo]1G%) S e VRIS o o [/k Rk (s) ds} = ¢92(8),

where go satisfies that lim;_,o g2(t) = 00, and we used the fact that A and Rk are independent under
Q). and Equo [f,:t Ri(s)A(ds)] = 2Equo [f,:t Rk (s)ds]. Therefore, Q¥)(GI\G?) — 0, and then
Thirdly, the same computations as in (6.25)) yields

QU (GI\GH R (k) = ) = Q) (01 DI > =8 Y Ry () = w)
< e V2log? ttlog i Q) { s)ds|R(k:) = u} — 0, uniformly in u < k2.

Also (6.24]) implies that inf \ Q") (G}| Ry (k) = u) — 1. Thus Lemma [6.4(i) follows.
u€elky k;]

Finally, we give the upper bound of Q) ({|R(t) — r/t| < Av/th;} \G¢). Recall that in (6.25)
we have shown that Q) (GI\G?) = t92() with go(t) — o0o. So in the following we only need to deal

with QUO ({|Rk (t) — rvt| < AVth } \G}).
e The estimates (6.22) and (6.23) imply that
QU (R (ke) ¢ [k K], [ Ric() = rov/E] < AV/ER, )
< PR (R(ky) < k) sup PR (R() — rivE] < AVR) + PR (R(k) > k)

u<ky

(6.26)

_3(i_q4
SPES (R(ky) < kD) sup PB(|Ry — | < Ahy) + k; @0 < 1270 02p,).
w<ki Vi

e Note that by the Markov property,
) ({Ric(ke) € I R Ric () = roVE] < AVER\GY)

kb
_ / "PBS(R(ky) € du)PB <T <t —ky|Riop, — reVE] < A\ftht) :

a
t
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where 7 = inf{s > 0 : Ry < log®t}. It is known that (7, P2°) has a probability density function
(see e.g., [20, Page 339, 2.0.2])

log®t (u — log®t) (u — log®t)? log® t u?
N = _ < _—
Pr(siu) U \/271s3/2 P 2s ds 3 32 P T ds.

Let t' =t — k;. Using the strong Markov property, P5® (7 < ¢; |Ry — ryv/t| < AV/thy) equals

/ PBes <‘RS — rt\/i’ < Aht\/i) pr(t' — s;u)ds
0

log? ¢
t 3 2
t t  log’t __ut
5/ T?G_CT?tsht\/> %6 4(t'-s) ds
0 'S s (t' —s)3/
log3t [* 1

21 _w? 1
< (rihy) e~ Tine wTx A\ < r2hglogit (

1 1
+ - )
Vi Jo M1 =X)37 eVt U>
where in the first inequality we used the domination e~ (revi=AheVi-log? )2 /2s < e~erit'/s with ¢ >

0 being some constant and in the third inequality we used the domination fol A=3/2e=eri /A ) <
e~ Mdn < r—lt Thus

oo 1
fO Tt\/N
Q) ({RK(kt) € [k, kY], | Rk (t) — reV/t| < A\/Eht} \G%>
g, 1 1 (6.27)
<2h13t/< >PBeSR € du) < rihilog’t
S Tt log ko ’I”t\[ (Ry, € du) < rihylog® Tt\/ 1/2

Combining (6.26) and (6.27)), we get Lemma [6.4{(ii). O

A Proof of Lemma 2.2

Proof. Denote by Pr the probability in the left hand side of (2.2). Noting that the Gaussian process

o2r

(0B — ;2070 Bs + Bi — B])re0,4) is independent to 0 Bs + B, — B, (checking their covariance), we
have
Pr=P (O’Br— 07%(033+Bt—38) <vr—072r('rﬁt+x)+K Vr < s>
o2s+t—s - o2s+ (t — s) T
=P <O‘B,~—TO'BS < Z 4 uvr— #(ﬁ%t—i-x)-i-K,Vrg s) ,

s o2s+ (t—s)

where Z := ﬁ(O‘B + By — Bs) — Z0Bs. Simple computation yields vr — %(ﬁlt +z) =

(1o )SQST(’:U;)(W Dy Let Z = %(H)Z = 0%(B; — B;s) — =20 B,. We now have

Z+ (-0 (t—s)v+o(w — )
o%s+ (t — s)

We bound the probability that Z is large. Observe that Z is a Gaussian and Var(Z) = o2(t —
s)(o? + =) < 2(t — s) as 0% < 1. Applying the Gaussian tail bound, we have for large ¢, P(|Z] >
10(t — s + logt)) < t% for all s € [t — +/tlogt,t]. Moreover, Z is independent to the Brownian
bridge (B — £Bs)r<s. By formula of total probability with partition {Z < 10(t — s +logt)} and its
complement, using again ¢ < 1, we have

(10 +v)(t — s + w + |z|)

PrzP(aB,«—raBsg r—l—K,VrSs).
s

1
Pr§P<aBr—raBsg T+K’VT§S>+752
S

o?s+ (t —s)
<9 (10+v)(§—s+wt+|x])s+5 5+%§K60t—8+wt+]a:|’
o(o?s+(t —s)) olo t o t
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where in the second inequality we used Lemma 2.1 O
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