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Abstract

Recently Ren et al. [Stoch. Proc. Appl., 137 (2021)] have proved that the extremal
process of the super-Brownian motion converges in distribution in the limit of large
times. Their techniques rely heavily on the study of the convergence of solutions to
the Kolmogorov-Petrovsky-Piscounov equation along the lines of [M. Bramson, Mem.
Amer. Math. Soc., 44 (1983)]. In this paper we take a different approach. Our
approach is based on the skeleton decomposition of super-Brownian motion. The
skeleton may be interpreted as immortal particles that determine the large time
behaviour of the process. We exploit this fact and carry asymptotic properties from
the skeleton over to the super-Brownian motion. Some new results concerning the
probabilistic representations of the limiting process are obtained, which cannot be
directly obtained through the results of [Y.-X. Ren et al., Stoch. Proc. Appl., 137
(2021)]. Apart from the results, our approach offers insights into the driving force
behind the limiting process for super-Brownian motions.
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The extremal process of super-Brownian motion

1 Introduction

1.1 Super-Brownian motion

Throughout this paper, we use “:=" as a way of definition. We use B, (R) (respectively,
BT(R)) to denote the space of bounded (respectively, nonnegative) Borel functions on R.
The space of continuous (and compactly supported) functions on R will be denoted as
C(R) (and C.(R) resp.). Let M(R) be the space of all Radon measures on R equipped
with the vague topology. Suppose Mg(R) (resp. M.(R)) is the set of ﬁnite (resp ﬁnite
and compactly supported) measures on R. We use the notation (f, i) fR
and ||| := (1, ). A random variable taking values in M(R) is called a random Radon
measure on R. A sequence of random Radon measures {, : n > 1} is said to converge
in distribution to ¢ if and only if the random variables (f, {,) converges in distribution to
(f,€) for any f € CF(R).

The main process of interest in this paper is an M g(R)-valued Markov process
X = {X; : t > 0} with evolution depending on two quantities P; and . Here P, is the
semigroup of the standard Brownian motion {((Bi)¢>0,1l;) : # € R} and ¢ is the so-called
branching mechanism, which is specified by the Lévy-Khintchine formula

PY(A) = —aX + BN’ +/ (e =14 xy) w(dy) for A >0, (1.1)
(0,00)

where a > 0, 3 > 0 and 7(dy) is a measure on (0, o0) such that [, , , (y A y?) w(dy) <
+o00. The distribution of X is denoted by P, if it is started at 4 € Mp(R) at ¢t = 0. With
abuse of notation, we also use P, to denote the expectation with respect to P,,. X is
called a (supercritical) (P, 1)-superprocess or super-Brownian motion with branching
mechanism 1 if X is an M p(R)-valued process such that for any y € Mg(R), f € B, (R)
and ¢t > 0,

P, [e%f,th — e*(“f(tw)»m, (1.2)

where
us(t,z) := —logPs, (e*<f’Xt>> (1.3)

is the unique nonnegative locally bounded solution to the following integral equation:
ugp(t,z) = P f(x /P Y(up(t —s,-))) (z)ds forany z € R and ¢ > 0.

We note that u (¢, x) is also a solution to the partial differential equation

0 9?
au(t,x) = %@u(t,x) —YP(u(t,z)) (1.4)

with initial condition «(0,x) = f(x). Moreover, if f is a nonnegative bounded continuous
function on R, lim;_,o uf(t,z) = f(x) for x € R. We will refer to (1.4) as the Kolmogorov-
Petrovsky-Piscounov (K-P-P) equation. The existence of such a process X is established
by [12]. Moreover, the super-Brownian motion X has a Hunt realization in Mz(R) (see,
for example, [20, Theorem 5.12]) such that t — (f, X;) is almost surely right continuous
for any bounded continuous functions f. We shall always work with this version.
Super-Brownian motion is a stochastic model describing the evolution of a random
cloud of Brownian molecules in space. A closely related model is branching Brownian
motion (BBM), in which particles move in space according to the law of a standard
Brownian motion and reproduce at a constant branching rate. It is well-known that
a super-Brownian motion can be constructed as the high density limit of a sequence
of BBMs. Another link between super-Brownian motion and BBM is provided by the
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so-called skeleton decomposition, which is developed in [7, 11, 13, 19]. A detailed review
of the skeleton decomposition is given in Section 2.1. There has been great interest in
the asymptotic behavior of the extremal configurations of BBM. We refer the reader to
[1, 2, 3,4,9, 21, 25] and the references therein. We assume that the splitting time of a
particle is exponentially distributed with rate 1, the particle splits into two new particles
at the splitting time, and each of these two particles independently mimics the parent’s
behavior from its place of birth. Let M; be the maximal displacement of BBM at time
t. It is proved that, if m(t) = v/2t — % logt, then, as t — 400, M; — m(t) converges in
distribution. Recently, the full statistics of the extremal configurations has been studied
in [1, 4]. We use n(t) to denote the number of particles alive at time ¢ and «;(¢) to denote
the spatial position of the jth particle. It is proved in [1, 4] that for a BBM, the extremal

process, namely the random point measure

n(t

)
Oz (£)—m(t)

j=1

converges in distribution to a limiting process as t — +o00. Recently, Ren et al. [23] have
obtained the corresponding results for super-Brownian motions by analytic methods. In
this paper we shall re-establish some results of [23], with improvements, by appealing to
the skeleton decomposition. This decomposition provides a path-wise description of the
super-Brownian motion in terms of immigration along a BBM, the skeleton. We shall use
it to make a connection between the spatial asymptotic behavior of a BBM and that of a
super-Brownian motion.

In analogy to the case of BBM, We call the random measure &; := X; — m(t), with
some centering term m(t), the extremal process of the super-Brownian motion, which is
simply the super-Brownain motion seen from the position m(t). Our aim is to show that
&; converges in distribution as ¢ — +o0o and give an explicit construction of the limiting
process.

1.2 Preview of main results and ideas of proofs

One of our main purpose is to use skeleton decomposition to show that the extremal
process &; converges in distribution as ¢ — +oo. This relies on the convergence of the log-
Laplace functional of the extremal process. So we start with a theorem which establishes
an integral representation of ug(t,« — m(t)) in the large time limit (Theorem 2.8). This
is a fundamental result and will be used extensively in our paper. Results of this type
have been proved in Ren et al. [23] by analytic methods. Here we take a different
approach. The core of our argument is the skeleton decomposition that represents the
supercritical super-Brownian motion as the sum of a subcritical super-Brownian motion
X* and an immigration process [ along a BBM Z, called the skeleton. Then our proof of
Theorem 2.8 follows two main steps: The first step is to show that the Laplace functional
of the extremal process of the skeleton BBM (or, in other words, the solution to the K-P-P
equation corresponding to a certain class of [0, 1]-valued initial conditions) converges as
t — oo and give an integral representation for the limit. This is done by Proposition 2.5,
for which we take an approach similar to [4]: first, establish the convergence for the
Laplace functionals of the skeleton BBM which are truncated by a certain cutoff, and
then show the convergence still holds when the cutoff is lifted. The second step is to
establish the convergence of the log-Laplace functionals of the extremal process of the
full process X. Our main idea is as follows: Using the tree structure of the skeleton, we
can represent the log-Laplace functional u(t, z) of X as follows (eq. (3.16)):

ugp(t,r) = ug(t,r) +1 - Vy(t,z), Vt>0, v €R,
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where uz)(t, x) is the log-Laplace functional of the subcritical super-Brownian motion X*
and V, (¢, z) is the Laplace functional of the immigration process I. On the other hand, it
follows from the Markov property and spatial homogeneity of super-Brownian motion
that fort,s > 0and x € R,

up(t+ s,z —m(t+s)) = u1t¢(s7~—\/§S)(t7 x —m(t) + O4(t)),

where for each s > 0, Os(t) — 0 as t — +oo. Then using the comparison lemma
(Lemma 3.1) we get two-sided bounds for u,(t,x — m(t)) given by

Uy, (5,.—y2s) (BT = m(t) + Os(t)) < ug(t + 5,2 —m(t+s))
Sty oy (1 = 0) 4 Oul1)) + 4y oy (t. = D) + OL(0).

An advantage of the above representation is that both u,_. (, ._ s, (t,z —m(t) + Os(1))
and uu;(s,‘—\/is)(ux — m(t) + Os(t)) (for large s) have [0, 1]-valued initial conditions
satisfying the assumptions of Proposition 2.5. So the convergence results obtained
there can be applied directly. We thus finish our proof of Theorem 2.8 by showing
that Ungs (5,—/3s) (t,z —m(t) + Os(t)) converges to 0 and u; _y, ;. /5,)(t, @ —m(t) + Os(t))
converges to the desired limit as ¢ — +o00 and s — +oc.

Following Theorem 2.8, we obtain in Theorem 2.10 the joint convergence of the
extremal processes of the super-Brownian motion and the skeleton. The joint limiting
process (€, EZ) is distributed in such a way that given €., £Z has the law of Poisson
random measure with random intensity determined by £.,. This is essentially a con-
sequence of the weak bi-continuity of the Cox process (cf. [16, Lemma 4.17]), given
the fact that, on the skeleton space, the skeleton Z; has the law of a Poisson random
measure with intensity determined by the full process X; for each ¢ > 0.

In this paper we are also concerned with the construction of the limiting extremal
process. Results of [1, 4] show that the limiting extremal process of BBM is a (randomly
shifted) Poisson cluster process, also called a decorated Poisson point process, where
the positions of the cluster form a Poisson point process with an exponential intensity
measure and the law of the individual clusters is characterized as a BBM conditioned to
perform unusually large displacements. A similar result is obtained in [23] for super-
Brownian motion with branching mechanism being bounded from below by a stable
branching mechanism. More precisely, for a super-Brownian motion with branching
mechanism satisfying Assumption 2.15, [23] shows that the limiting extremal process
is a decorated Poisson random measure, where the Poisson random measure has an
exponential intensity, each atom is decorated by an independent copy of an auxiliary
random measure, and the law of this auxiliary measure is characterized as a super-
Brownian motion conditioned on the supremum of support being unusually large.

It is natural to wonder if one can give an explicit construction of the limiting extremal
process for super-Brownian motions with more general branching mechanisms. To
answer this, Theorem 2.10 provides an integral representation for the Laplace func-
tional of the limiting extremal process, and more importantly, its proof tells us that,
even though the immigration process I is a subprocess of X, the convergence for the
Laplace functional of the extremal process of the full process X follows when that of the
subprocess converges to the claimed limit. In fact, this key observation is formulated
by Lemma 3.10 in terms of the corresponding convergence of the function C' of initial
conditions (see, (2.22) below, for the definition of the function (). This allows us to
construct £, as a limit from the random point measure EOZO to which, at each atom, is
attached an independent random measure with the same law as I, — V/2s (Theorem 2.12).
On the other hand, since £Z itself is a Poisson cluster process, we can also construct &,
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from the limit of a Poisson point process in which each atom is decorated by independent
copy of an auxiliary random measure (Proposition 2.13). The decoration laws needed
for our analysis are obtained by using again the tree structure of the skeleton. To be
more specific, by splitting the immigration that occurs after time ¢ according to different
branches of the skeleton at time ¢, we can represent the conditional expectation at time
t for the immigration after time ¢ as functionals of the skeleton at time ¢, and thus can
investigate the joint conditional laws of the super-Brownian motion, the immigration
process and the skeleton. Based on the above results, we prove that £ is an infinitely
divisible random measure. We then give a cluster representation of £, and characterize
its canonical measures in Theorem 2.14. Finally we discuss the special case where the
branching mechanism satisfies Assumption 2.15 and give the explicit construction of
(Ex,EZ) in Theorem 2.16.

Parts of our results (Theorem 2.8, Theorem 2.10 and Theorem 2.16) concerning
the existence and construction of the limiting extremal process of super-Brownian
motion overlap with the results obtained in Ren et al. [23]. Compared with [23], the
present work takes a different approach, focuses on the sample paths, provides a self-
contained proof of the stated results, as well as obtains new results concerning the
probabilistic representation of the limiting process (Theorem 2.12, Proposition 2.13 and
Theorem 2.14). Apart from the result itself, the idea of our proof provides structural
insights into the driving force behind the spatial asymptotic behavior for super-Brownian
motions. We believe that our idea, based on the skeleton decomposition, is (under
certain assumption) feasible also for super-Brownian motions with spatially-dependent
branching mechanisms. In fact, in the recent work [24], the authors use this idea to
study the limiting distributions for super-Brownian motions with compactly supported
branching mechanisms.

The rest of this paper is organized as follows. Section 2 collects the definition of
skeleton decomposition, basic properties of the skeleton process and main results of this
paper: In Subsection 2.1 we give a detailed description of the skeleton decomposition.
In Subsection 2.2 we start with an introduction of the derivative martingale of the
skeleton BBM. Then we review some facts about the convergence of the solutions to
the K-P-P equation with applications to the skeleton BBM. At the end of this subsection,
we compare the limit of derivative martingale of the skeleton BBM with that of the
super-Brownian motion. In Subsection 2.3 we present our main results. The subsequent
sections are devoted to the proofs of the results presented in Section 2. Some minor
statements needed along the way are proved in the Appendix.

2 Preliminaries and results

2.1 The skeleton decomposition of super-Brownian motion

The skeleton decomposition makes a connection between superprocesses and branch-
ing Markov processes. This decomposition provides a path-wise description of a super-
processes in terms of immigrations along a branching Markov process called the skeleton.
Recall that (X,P,) is a (P, 1)-superprocess. The following condition is fundamental for
the skeleton construction.

Assumption 2.1. ¢ (+00) = +0o0.

Assumption 2.1 implies that there exists some \* € (0, +00) such that ¢»(\*) = 0. The
key property of \* used in the skeleton construction is that

P (tEHLO 1% = 0> =e Ml vu e Mp(R),

AT

and so \* gives rise to the multiplicative P ,-martingale (e +>0. A more detailed
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description of skeleton construction is given in Proposition 2.2.

Proposition 2.2 (Kyrianou et al. [19]). Suppose Assumption 2.1 holds. For every
u € Mp(R) and every finite point measure v on R, there exists a probability space
with probability measure P, ,, called the skeleton space, that carries three processes:
Z = (Z)t>0, I = (It)s>0 and X* = (X})¢>0, where (Z,P, ) is a BBM with branching
rate q > 0 and offspring distribution {py : k > 2} uniquely determined by

q(F(s) —s) = %w()\*(l —3)) Vse[0,1], (2.1)

here F(s) := 12 pis*, and P, ,(Zo = v) = 1; (X*,P,.,) is a subcritical super-Brownian
motion with branching mechanism *(\) = YA+ \*) and P, ,(Xg =p) =1; (I,P,,) is
an Mp(R)-valued process with IP,, ,, (In = 0) = 1 such that the following holds.

@) Pux s, [em0] =T[;Pps,, [e19] forall p € Mp(R), t >0, countable z; € R
and f € BT(R). Moreover, the distribution of I under P, , does not dependent on
i, and under P, ,, both Z and I are independent of X*.

(i) (X*+1,2),P,,) is a Markov process.

(iii) If IP,, denotes the measure P, , with v replaced by a Poisson random measure
with intensity \*pu(dx), then (X =X*+ I;]PH) is Markovian and has the same
distribution as (X;P,,).

(iv) under P, given )A(t, the measure Z; is a Poisson random measure with intensity
A X, (dx).

Since ()A(, P,) is equal in distribution to the (P,,)-superprocess (X;P,), we may
work on this skeleton space whenever it is convenient. For notational simplification, we
will abuse the notation and denote X by X. We will refer to Z and I, respectively, as
the skeleton BBM (skeleton) and the immigration process (immigration) of X. Since the
distribution of X* (resp. I) under PP, ,, does not depend on v (resp. ), we sometimes
write P, . (resp. P. ) for P, ...

We observe that up to a space-time scaling transform, the branching mechanism
can be assumed to satisfy that

¢'(0+) = —1and \* = 1. (2.2)

In fact, if u(t, ) is a solution to (1.4) then u(a~ M, a‘l/Q:E)N/)\* is a solution to (1.4) with ¢
replaced by ) where 1(\) = ¢(A\*))/a)\* satisfies that ¢’(0+) = —1 and ¢(1) = 0. This
implies that for a (P;, 1)-superprocess (X;);>o, if we define the random measures X, by

(fo Xe) = N (f (@), Xo1y) VE>0, f € Bf(R), (2.3)

then (Xt)tzo isa (P, {/;)-superprocess. It thus suffices to study the long time behavior
of X;. In the rest of this paper the branching mechanism 1 is assumed to satisfy (2.2),
which will simplify computations and notations later on.

2.2 The extremal process of the skeleton and facts
2.2.1 Derivative martingales for the skeleton
In this and the next two subsections we assume Assumption 2.1 and (2.2) hold. Additional

conditions used are stated explicitly. Recall that u € Z; and z,(t) denote, respectively, a
particle of the skeleton BBM which is alive at time ¢ and its spatial location at t. Define

fort >0,
oM, = 37 (Vat — 2 (1)) V2o (0-v20),
<y
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It is known that ((0M;);>0, P. ) is a signed martingale for every compactly supported
finite point measure v on R, which is referred to as the derivative martingale of the
skeleton BBM (Z;);>0. This martingale is deeply related to the travelling wave solutions
to the K-P-P equation and plays an important role in the limit theory of the skeleton
BBM. [17] proved that the martingale ((0M;);>0,P. s,) has an almost sure nonnegative
limit, and later [27] established the sufficient and necessary condition for the limit to be
non-degenerate. We give the statement below which reproduces the same results in the

setting of skeleton space.

Proposition 2.3. Suppose p € M.(R). The limit OM., = lim;_, 1., OM; exists and is
nonnegative IP,-a.s. Moreover; if the Lévy measure m of ¢ satisfies

/ z(log z)?n(dz) < +o0, (2.4)
(1,400)

then
P, (OMy, = 0) = e~ lInl.

If (2.4) fails, then OM, = 0 IP,-a.s.

Proof. By decomposing dM, into contributions derived from the population at time
s € ]0,t), one has

oM, = Z Z (\@t _ Zv(t)) e\/i(zv(t)*ﬁt)'

UELs VEZ ,u<v

Here u < v means that u is an ancestor of v. We use z\") (t — s) to denote z,(t) — zy,(s).

Then we have

oM,

> (\/55 — 2u(8) + V2(t — 5) — 2{W (t — s)) eV2(zu(9)=V2st2V (t=8) = V2(t=9))
UEZs VEZ,u<v

= Y VR LS (VB s) — 20t — 5) ) V2 1m0 VRI)

UuEZg VEZp u<v

] R o e

UEZ VEZy u<v

= 30 VO VEIGN) 4§ (Vs — 2, (s))e V2=V ),
uEZg UEZ

In particular by setting s = 0, we have

oMy = 3 V2 Oan ) — 37 2, (0)eY22 @ . (2.5)
u€Zo u€Zo

Define for ¢ > 0,
M= Y VB 0-vED,
u€EZy

It is easy to see that for u € Z, aMf“) and Mt(“) are independent copies of (OM,,P. 5,)
and (M., P.;,), respectively. By [17] one has P. 5, (lim;— 400 OM; € [0,+00)) = 1 and
P. 5, (limy_ 4o My =0) = 1. We also note that Z; is a Poisson random measure with
compactly supported intensity ;. So each of the sums on the right hand side of (2.5)
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contains finite terms almost surely. These facts together with (2.5) imply that the limit
OMy = limy_, o OM, exists and is nonnegative PP,,-a.s. for every u € M.(R).
By letting t — +o0 in (2.5), we have

M & 5 V), (2.6)
u€eZy

where for u € Z,, 9MY are independent copies of (OMx,P_5,). Recall that (Zp,P,) is a
Poisson random measure with intensity u(dz). Using the Poisson computations, we get
by (2.6) that

P, [e20M=] = exp {/}R (1P, [erreom=]) ,u(d:c)} , VA0 2.7)

By letting A — 400 we have
P, (0My, = 0) = e~ (170 (9Moc=0)) ] (2.8)

By [27] P.5,(0Ms = 0) = 1 if >, k(logk)*p, = +oo, and otherwise P. 5 (0Ms =
0) = 0. On the other hand by Lemma A.1 ", k(log k)?py, is finite if and only if so is
f(1.+<>o) z(log z)?m(dz). Thus it follows by (2.8) that P, (0M. =0) = 1 if and only if
J1 400y @log z)?m(dz) = +00, and otherwise P, (0Mo = 0) = e~ llull, O

2.2.2 The extremal process of the skeleton

For z € R and a function f on R, we define the shift operator 7, by 7. f(y) := f(x+y) for

ally € R. For u € M( ), we use u+x and sometimes Tt to denote the measure induced

by T, thatis, [, f(y)Tep(dy) = [ f(y)(e+ z)(dy) = [i Tef(y)u(dy) for all f € BT (R).
Given (2.2), (2. 1) can be wrltten as

q(F(s)—s)=9(1—s), Vsel0,1], (2.9)

where F(s) = /% prs®. Let f : R — [0,1] be a Borel function. It is known that the
function (¢, z) — P.s, [[I,cz, f(2u(t))] is a solution of the equation

0 102

g u(t,x) = ia—u(t ) 4+ q(F(u(t,x)) — u(t, x)).

with initial condition u(0,z) = f(z). Then (t,z) = 1 — P.s, [T,z (1 — f(zu(t)))] is @
solution to the equation (1.4) with initial condition u(0,z) = f(x).

Recall the definition of us(t,z) for f € B, (R) given in (1.3). We note that u¢(t, )
is the unique nonnegative solution to (1.4) with initial condition f. In particular, if

1flle <1,

up(t,z) =1-P. 5,

IIa- f(zu(t)))] , (2.10)

uely

where (Z,);>¢ is the skeleton BBM.

Bramson [10] studied the asymptotic behavior of the solution to the K-P-P equa-
tion (1.4) with initial condition «(0, z) taking values in [0, 1]. Actually in [10], the nonlinear
function — can be any function on [0, 1] satisfying that

Y€ CH0,1], ¥(0)=v¢(1)=0, —(u)>0forue(0,1),
'(0)=—1, —¢'(u)<1for0<u<l.
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Bramson [10] showed in particular that if 1) also satisfies that
144 (u)=0(w”) asu—0 (2.11)

for some p > 0, then when the initial condition u(0, z) satisfies a certain integrability
condition, it holds that

u(t,x — m(t)) —» w(—x) uniformlyinz € R, ast — +oco.

where 3
m(t) = V2t — ——logt, (2.12
(t) Nk )
and w(z) is a travelling wave solution with speed /2, that is, w(z) is the unique (up to
translations) solution to the ordinary differential equation

%w”(m) + V3w (2) — dw(z)) = 0, (2.13)

with 1 — w(z) being a distribution function on R. The integral representation of w(z) is
established in Lalley and Sellke [21] (see also, [17, 27]): When 0M, is nondegenerate,
one has

w(z) =1-P.g exp{fcaMoce*\/ﬁm}} (2.14)

for some constant C' > 0. Moreover, it holds that

lim w(z)

Jm o =C (2.15)

Later [4] recovered the above representation of the form (2.14) and provided an expres-
sion for the constant C' as a function of the initial condition. As a result [4] established the
convergence in distribution of the extremal process of BBM. To apply the aforementioned
results directly to the skeleton BBM, we assume the following condition holds.

Assumption 2.4. For the Lévy measure m of ¢, there exists 8 € (0,1) such that

/ y1+57r(dy) < +o0.
(1,+00)

It is easy to see from Proposition 2.3 that Assumption 2.4 is sufficient for 9M, to be
nondegenerate. Besides, Assumption 2.4 is also sufficient for (2.11). This is because, by
Lemma A.2, Assumption 2.4 holds if and only if fol(l +1'(5))s~ 1+ ds < +o0, and the
latter implies that 1+ 1’ (s) = O(s?).

Define

“+o0
Hy = {qb € B?(IR) i 1#)loc <1 and /0 ye\/ﬁy¢(—y)dy < —l—oo}.

The following proposition establishes a Lalley-Sellke type representation for the Laplace
functional of the extremal process of the skeleton BBM in the limit of large times. The
proof is deferred to Section 3.1.

Proposition 2.5. Suppose Assumption 2.4 holds. For every ¢ € H1, the limit

+oo
C(¢) ;= lim \/5/ yeﬁyu¢(r, —y —V2r)dy
m™Jo

r—+00

exists and is finite. Moreover,

ug(t, x—m(t)) — 1-P. 5, [exp{—C(qﬁ)@Mooe‘/%}} locally uniformly in z € R, ast — +o0.
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We remark here that Proposition 2.5 refines [4, Lemma 4.10], where the convergence
is obtained for continuous and compactly supported functions in H;.

Taking ¢ = 1 — e~ for some g € C;f (R), one can rewrite u,(t,z) as 1 — P. 5, [e=(9:70)]
by (2.10), where (Zt)tZO is the skeleton BBM. Then the above result yields that

P.s, [e—@»Zt—m(t” S P, [exp{—C(6)0Mu}]  ast — +oc. (2.16)
This implies that under P. 5., the extremal process of Z, defined by
EZ == Z, —m(t), Vt>0,

converges in distribution as ¢ —+ +o0o. Furthermore, by applying the results of [1, 4],
one can deduce that (§7,P. 5,) converges in distribution, as t — oo, to a random point
measure SOZO, which is a decorated Poisson point process with intensity ¢,0M, ﬂe‘ﬂzdz
and decoration law A%, where

r——400

: 2 [*
cx = C(l40)) = lim \/;/0 zeﬁzu1(0’+w)(r, —z—V2r)dz € (0,4+00), (2.17)

and AZ is a random point measure supported on (—oo, 0], with an atom at 0, which
satisfies that
E [e—w’ﬂﬂ = lim P, [e—<¢’2t—ma"zt>|maxzt > \/it} , VoeCH(R).  (2.18)
—+o00
Here max Z; := max{z,(t) : u € Z;}. We denote EOZO by DPPP(C*aMOO\@efﬁZdZ, AZ).
The limiting extremal process £Z can be constructed as follows. Given dM,,, let

{e; : i > 1} be the atoms of a Poisson point process on R with intensity ¢.0 M \/ie_\/izdz
and {AZ :i > 1} be a sequence of i.i.d. point measures with the same law as A%, then

243 .07
i>1

Here 7,,AZ denotes the point measure obtained from A shifted by e;.
Recall that max Z; is the maximal displacement of the skeleton BBM. Then

Ul (g 4 ooy (t,z) =P.5, (max Z; > 0) =P. 5, (max Z; + = > 0)

is a solution to (1.4) with initial condition 1y _4)(z). Proposition 2.5 yields that for any
r €R,

P s, (maxZ, —m(t) < z) = P. 5, [exp{—c*aMwe_ﬂx}} ast — +oo.

This implies that under the assumptions of Proposition 2.5, the maximal displacement
of the skeleton BBM centered by m(t) converges in distribution to a randomly shifted
Gumbel distribution. In fact, Proposition 2.5 implies the joint convergence of (£7, max £7)
in distribution, see, for example, [6, Lemma 4.4].

2.2.3 Relation between the limits of the derivative martingales of
super-Brownian motion and its skeleton

Define for ¢t > 0,
OWy = ((V2t — )e¥2(V20) Xy,

By [18] for every 1 € M.(R), ((0W}):>0,P,) is @ martingale which is usually called
the derivative martingale of the super-Brownian motion. Obviously (0W,);>¢ is the

EJP 29 (2024), paper 23. https://www.imstat.org/ejp
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counterpart of (0M,),>¢ in the setting of superprocess. Interest of this martingale is
stimulated by its close connection with the travelling wave solutions to the K-P-P equation
(see, for example, [18] and the references therein). Note that ((0W;):>0,P,) is a signed
martingale which does not necessarily converge almost surely. To study its convergence,
[18] imposed the following condition on :

[
z fly P(u)du

The following result is from [18, Theorem 2.4].

Lemma 2.6. Assume (2.19) holds. Then for every u € M.(R), the limit OW,, =
lim;_, ;oo OW; exists and is nonnegative P,-a.s. Moreover, W, is non-degenerate if and
only if (2.4) holds.

dy < +o0 Vz > 1. (2.19)

Proposition 2.7. Assume (2.19) holds. Then one has (W, P,) g

we M(R).

(0Ms, P,,) for any

Proof. Fix an arbitrary pu € M (R). If (2.4) fails, then by Proposition 2.3 and Lemma 2.6,
one has OW,, = 0M, = 0 P,-a.s. Now we assume (2.4) holds. Let w(z) be the travelling
wave solution to the K-P-P equation with speed v/2. It follows by [18, Theorem 2.4 and
Theorem 2.6] that under (2.19) and (2.4), w(z) is given by

w(z) = —logPs, [exp{—C@Wme_‘/ﬁw}}

for some constant C' > 0 satisfying that lim,_, 4 1:}—(33)51 = (C. Hence by (2.14) one has
— log P, [exp{—C@Wme*‘/ﬁw}] =1-P. {exp{—CaMooe*\/im}} (2.20)

for all C > 0 and = € R. We observe that for every = € R, the process ((X:);>0,Ps,) is

equal in law to ((X; + x)¢>0, Ps, ). It follows that (OW;, Ps,) d (eVZIW, — zeVEW,, Py,
for any t > 0 where W; := (eﬁ('*\/ﬁt), X}). Since by [18, Theorem 2.4(i)] lim;, 1 oo W; =0
Ps,-a.s., one gets that

(OWoo, Ps) L (V22 0W.0, Py, ).

Using this and the branching property of superprocesses, one has for any A > 0,

P, [e_’\aw""] = exp{/RlogIP(;I [e_’\BW”] ,u(dx)}

= exp{/RlogIP(;D {e_’ww”eﬁz] u(dm)}.

Hence by (2.20) and (2.7) one gets P, [e7*?W>] = P, [e7*?M=] for all A > 0 and so
(OWo,P,) S (0Moc, P,.). 0

2.3 Statement of main results

In what follows and for the remainder of this paper we assume Assumptions 2.1, 2.4
and (2.2) hold. Additional conditions used are stated explicitly.
Define

+oo
H = {QS € B/ (R): /0 yeV(—y)dy < +oo} : (2.21)
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Theorem 2.8. Suppose ¢ € H. The limit

+oo
C(¢) = lim ye‘/iyu¢(r, —y —V2r)dy (2.22)

r—-+00 0
exists and is finite. Moreover, ast — +00,
ug(t,x —m(t)) = —log Ps, [exp{—C(¢)0Mo}] locally uniformly in = € R. (2.23)

Remark 2.9. (i) We want to point out that the integral representation on the right
hand side of (2.23) depends on JM,, the limit of the derivative martingale of the
skeleton BBM. Assuming in addition that (2.19) holds, then by Proposition 2.7,
OM is equal in distribution to 0W,,, and one has

Uy (t,x —m(t)) — —logPs, [exp{—C(¢)0W}] locally uniformly in z € R, (2.24)

as t — 4o0o0. This result is obtained independently in [23, Proposition 1.3(1)].
In fact, the constant C(¢) given in (2.22) is the same as the one given in [23,
Proposition 1.3]. This is because our u¢(t,x) is the solution to (1.4) with initial
condition u(0, z) = ¢(z), while Uy(¢,z) defined in [23] is the solution to (1.4) with
initial condition u(0, z) = ¢(—=x). It holds that Uy(t,z) = us(t, —z). Comparing the
definitions of C(¢) in (2.22) and the one in [23, Proposition 1.3], we see that they are
the same. We also note that the “locally uniform convergence” is slightly stronger
than [23, Proposition 1.3(1)], where the convergence of (2.24) is established for
each fixed z € R.

(ii) Let max X; denote the supremum of the support of X, i.e., max X; := inf{x €
R : Xi(z,+00) = 0}. Here we take the convention that inf ) = +oco. Unlike for
the skeleton BBM, Theorem 2.8 does not imply the growth order of max X; is
m(t). In fact, the asymptotic behavior of max X; depends heavily on the branching
mechanism () and it may grow much faster than m(¢). We give such examples in
Remark 3.12.

Theorem 2.8 yields the joint convergence of the extremal processes of super-Brownian
motion and skeleton.

Theorem 2.10. Fort > 0, set
E =X, —m(t) and & :=7Z;,—mf(t).

Then for every = € R, the process ((£;,EF )i>0,Ps,) converges in distribution to a limit
(Ex,EZ) ast — +oo, where £, is a random Radon measure and £Z is a random point
measure satisfying that

B e~ E1=0E2) | — Py, [exp{~C (f +1—e79) OM}] (2.25)

forall f € H and g € BY(R) with 1 —e™9 € H. Here C(-) is a function of the initial
condition as defined in (2.22). Moreover, given &, SOZO is a Poisson random measure on
R with intensity £ (dz).

In the above statement and for the remainder of this paper, when we talk about the
distributional limit, we do not specify the probability space where the limit is defined, just
use P to denote the probability measure, and E to denote the corresponding expectation.
We remark that the distribution of (€.,,£Z) depends on z since it is the distributional
limit of ((&;, E7 )i>0, Ps, ). We will not remark this dependence in similar situation later
in this paper.

In the following proposition, we establish a dichotomy on the finiteness of the supre-
mum of the support for the limiting process.
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Proposition 2.11. Suppose z € R and &, is the limit of ((&;):>0,Ps,) in distribution.
Let max €., be the supremum of the support of £,,. Then max £, is a.s. finite if and only
if
sup C ()\1(07+OC)) < +00. (2.26)
A

Otherwise if (2.26) fails, then P (max £, < +00) = Pjs, (M, =0) =e L.

We obtain some new results on the probabilistic representations for the limiting
process. Recall that I = (I;);>0 is the immigration process on the skeleton space. For
u € Zy, denote by I ;E") the immigration at time ¢+ s that occurred along the subtree of the
skeleton rooted at u with location z,(¢). Lemma 4.4 below shows that under P;_, for every
s > 0, conditioned on {max Z, — V2t > 0}, (Zue 2 I8 — V25 — max Z;, Z; — max Zt)

converges in distribution to a limit (A%, A%) as ¢ — +00, and that the law of the limit
(Al#, A%) does not depend on z.

Theorem 2.12. Suppose = € R and (€, £Z) is the limit of ((&;,EZ)i>0, Ps, ) in distribu-
tion. Then £Z is a DPPP(c,0Msov/2e~Vdy, AZ), here ¢, = C(1(0,400))- Let{d; :i > 1}
be the atoms of £Z, and for every s > 0, let {/\§ : i > 1} be an independent sequence of
i.i.d. random measures with the same law as (I, — \/2s,P. 5,), then

£ lim ST TaAL (2.27)

s—+o0o
i>1

The limit in (2.27) can not be put into the summation. In fact, for each ¢ > 1, A}

converges in distribution to the null measure as s — +oo, see Remark 4.7 below. The
following result gives an alternative description of £,.
Proposition 2.13. Suppose the assumptions of Theorem 2.12 hold. Given (0M,, Ps,),
let {e; : i > 1} be the atoms of a Poisson point process with intensity c¢,0M ﬁe*ﬁ“"dx,
and for every s > 0, let {Af’s : 4 > 1} be an independent sequence of i.i.d random
measures with the same law as A%, then

For every s >0, > .-, TeiAf’S is a Poisson random measure with exponential intensity,
in which each atom is decorated by an independent copy of an auxiliary measure.
However, their distributional limit £,, may not inherit such a structure. This is revealed
by the following theorem.

Theorem 2.14. Suppose = € R and &, is the limit of ((€;)>0, Ps,) in distribution. There
exist a constant . > 0 and a measure A on M(R) \ {0} satisfying that

+oo
/ e_ﬂzdx/ (LA Tpp(A)) A(dp) < +o00, V bounded Borel set A C R,
M(R)\{0}

such that
o L1OM0 + / pn(dp),
M(R)\{0}

where ¥(dz) := e~V2*dy is the (non-random) measure on R and given (dM.,, Ps,), n is a
Poisson random measure on M(R) \ {0} with intensity c,dM.. [*2°\/2e™V2* T, A(dp)dz.
Moreover, « and A(du) satisfy (4.27) and (4.28) of Lemma 4.10, respectively.

The constant : may not be 0 in general. The argument of Remark 4.11 shows that
¢ = 0 if the following condition holds:
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Assumption 2.15. There are constants a,b > 0 and 0 < v < 1 such that
P(A) > —aX+ AT YA > 0.

When Assumption 2.15 is satisfied, £, is equal in law to a Poisson random measure
on M(R) with intensity c.dMw [~ v/2e~V?*T, A(dp)dz. Furthermore, Theorem 2.16

below shows that A(du) = f—"P (ﬁx € du), where ¢j is a constant given by (3.38) with

¢ =0, and AX is the limit of X; — max X; conditioned on {max X; —v/2¢ > 0}. In fact, it is
proved in Lemma 4.13 that under Assumption 2.15, conditioned on {max X; — v/2t > 0},
the random measures (X; — max X;, Z; — max X;) converges, as t — 400, in distribution
to a limit (AX, AZ), and that given AX, AZ is a Poisson random measure with intensity
AX,

Theorem 2.16. Assume in addition that Assumption 2.15 holds. Suppose ¢ € R and
(Ex0,EZ) is the limit of ((&,E7 )i>0, Ps,) in distribution. Let ¢, be given by (3.38) with
¢ = 0. Given (0M,Ps_), let {é&; : i > 1} be the atoms of a Poisson point process with
intensity é,0Moov/2e~V2vdy and {(AX, AZ) :i > 1} be an independent sequence of i.i.d.

random measures with the same law as (A%, AZ) Then we have

(6xr2) &[S 7,85, S T2, A2

i>1 i>1

Remark 2.17. It is easy to see that Assumption 2.15 implies both Assumption 2.1
and (2.19). So by Proposition 2.7 one can replace 0M., by W, in the statement of
Theorem 2.16. This type of representation for £, is due to [23, Theorem 1.6].

Remark 2.18. Assume that Assumptions 2.4, 2.15 and (2.2) hold. Theorem 2.16 im-
plies that £Z is a DPPP(Gy0M,, V2e=V2dy, AZ), while Theorem 2.12 says that EZ isa
DPPP(c,OM, ﬂe—ﬂydy, A?%). These two theorems give two interpretations of EOZO asa
decorated Poisson point process. Though the two interpretations are equal in law, they
have different intensities and then different decoration laws. To see this, we only need
to show that ¢, < é&. Using Ps, (0Ms > 0) > 0 and Theorem 2.12, one has

Ps, (E5(0,400) =0) = Ps, (max &y < 0) < Py, (maXSOZO < O) =P, [exp{—c.OM}] < 1.
Then we have, for A > 1,

P; [e—C(k1(0,+m))aMoo:| _g [e—xsxm,oo)}

<E {675“(0’00)} =P; [e*C(1<o,+oo))r‘3Moo} _
Using Ps, (0M > 0) > 0 again, we get ¢, = C(1(,400)) < C(Al(0,400)) < Co-

3 Convergence of the extremal process of super-Brownian mo-
tion
3.1 Proof of Proposition 2.5

Recall that ((Bt)¢>0, ;) is a standard Brownian motion starting at z, and that u (¢, x)
is the unique nonnegative solution to (1.4) with initial condition f. We start this section
with a comparison lemma.

Lemma 3.1. Suppose f, f1, f> € B (R), s,t > 0 and z,y € R. Then

(1) uy(t,x) < e'Prf(x) < e[ flloo-
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(2) Forany M > 1, upp(t, ) < Muy(t, x).
(3 up, (t,x) Vup,(t,x) Suptp,(tx) Sup (t,z) +up,(t, ).
(4 up(t+ 8,2 +y) = Ut u, (s, (t, 7). In particular us(t,r +y) = ur, f(t, ).

Proof. (1) and (2) follow from Jensen’s inequality. In fact, one has
uy(tw) = ~log Py, [e”X0] < —loge Pl X By [(£,X,)] = ' Puf ()

and
M
uprf(t, ) = —logPs, {e_MU’Xt)] < —log (IP(;I [e_<f’Xt>D = Muy(t, z).

(3) follows directly from [23, Lemma 2.3(2)].

(4)Fixs >0and y € R. Let v(t,z) := uy(t + s,z +y) forallt > 0and z € R. Itis
easy to verify that v is the unique nonnegative solution to (1.4) with initial condition
v(0,z) = us(s,x +y) = T uys(s, )(x). Hence we get v(t,x) = ur, (s, (¢, z). In particular
by setting s = 0 we get that uy(t,z +y) = ur, 0, (t, 7) = ug, £ (¢, ). O

We need the following lemmas, which are refinements of [4, Proposition 4.4 and
Lemma 4.9]. In fact, Arguin et al. [4] proved the same results for [0, 1]-valued func-
tions with support bounded on the left. We extend their results to all functions of H;.

Though the idea of our proofs is similar to [4], we give the details here for the reader’s
convenience.

Lemma 3.2. Suppose ¢ € H;. Then for allr > 0,

2 [T
= \/;/ ye‘/iyud,(r, —y — \/ir)dy
0

exists and is finite. Moreover, the limit

C(¢):= lim Ci(9)

’I"—) o0

exists and is finite, and for every x € R,
t3/2
e V2t x — V2t) = C().

tA»—%oo 4:7: h)g

Proof. By Lemma 3.1(1),
up(t,—z) < e'Pip(—z) Vt>0, € R.

+oo
(¢) < \/Z / lyleY P~y — v2r)dy. (3.1)

By Fubini’s theorem and change of variables we have

+o0
/ yleV2 P,b(—y — /2r)dy

— 00

Then

“+ o0

1 Feo —y—
\/ﬁ/ |y|e\/§ydy/ e 2 P(—z)dz

+oo
fzdz/ lyle™ G dy

= e

\/7
%foo +oo
_ \fz / L
= e dz [Vrz + zle” 2
r/ :
+oo f
< oo [ e LB + s 32)
\/7
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We get by (3.1) and (3.2) that

“+o0

C,(6) < e / o(—2)eV% (2] + 1) dz

— 00

for some constant ¢; = ¢;(r) > 0. The fact that ¢ € H; implies that the integral on the
right hand side is finite. Thus we get that C,.(¢) < +oc.

Let u(t,z) := ug(t,—z) for ¢ > 0 and = € R. Then v is a solution to (1.4) with initial
condition u(0, z) = ¢(—=z) satisfying that

“+o0
/ ye\/iyu(()7 y)dy < +o0.
0

It then follows by [4, Proposition 4.3] that for r large enough, ¢t > 8r and = > 8r— % logt,

YY) U (b @+ V2t) < ult,x + V2t) < ()8t x + V/2t), (3.3)

where y(r) | 1 as r — 400 and

+o00 <x+ :‘5/7logt)
/ wlryy + VIV 57 1 e 20 ) 4y,
\/m

We may rewrite ¥(r, ¢,z + v/2t) as follows:

\Il(r,t,:c+\/§t)
logt 2yl + 555 logt
T CYae

t—r3/2 t—r

U(r,t,x +V2t) =

where G(z) := (1 — e *) /z. Using the fact that G(z) € [0,1] for all z > 0 and G(z) ~ 1 as
z — 0, we get by the bounded convergence theorem that
3/2
lim ,763‘/5“"11(7",15796 +V2t) = Cr(¢), Vz€R.

t—+o0 % log t

Consequently by letting ¢ — 400 in (3.3), we have

t3/2
0< 7_1(7“)Cr(¢) < liminf ———e ﬂ‘”u(t,x+ \/it)
t—4o00 417: 10 t
£3/2
< limsup —/——— ﬁxu(t,ft + \/ﬁt) < ’Y(T)CT(QS) < 4-00.

t—+o0 2\[1 gt

Then by letting » — 400, we have

0 <limsupC,r(¢) < liminf feﬁwu(t,x +V/2t)
0o i—+o0 mlogt
t3/2
< limsup —————eV¥u(t, z + V2t) < liminf Cyr(9) < +o0.
3
tmtoo 5o logt r—+o0

This implies that the limit lim, o, C,.(¢) exists and is finite, and is equal to

£3/2
lm ————e¥2Tyu(t, x4+ V21).
t—+o00 4;7:1Ogt
Therefore we complete the proof. O
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Corollary 3.3. Forall € H; andx € R,
C(Tz0) = eV C(9).
Moreover, lims_; oo C(15400)) = 0.
Proof. It follows by Lemma 3.2 and Lemma 3.1(4) that
t3/2
t—+oo —==logt

22
t3/2

lim
bﬁ+m344710gt

2v/2
43/2
— V% Jim 3
t%+ooﬁlogt

C(Top) = e V2ur 4(t,y — V2t)
e*ﬁyu(b(t, x4y —V2t)

e_ﬂ($+y)u¢(t, T4y —V2) = e‘@”C(@.

We observe that 1i5 o) (%) = T-51[0,4-o0)(2) for all 6,2 € R. Thus

0(1[57_;,_00)) = C(T_51[07+Oo)) = 67\/%0(1[074,_00)) —0asd — +oo.

For ¢ € H; and 6 € R, put

¢ (%) 1= A(2)1(—00,6) (@) + L[5 4 00) (2). (3.4)

Note that ¢° € #; and

ugs(t,x) =1-P. 5,

IT (0= ¢(zu®) 1{zu(t)<6}‘| , Vt>0, z€R.

(YA

The following lemma establishes an integral representation for u,s (¢, — m(t)) in the
limit of large times.

Lemma 3.4. Suppose ¢ € Hi and 6 € R. Then
ugs (t,x —m(t)) = 1 =P 5, exp{—C(¢6)8Mooe‘/§x} uniformly inx € R, ast — +oo,

where m(t) is defined by (2.12).

Proof. Let v}(t,x) := ugs(t, —x) for t > 0 and & € R. Then v}(t,z) is a solution to (1.4)
with initial condition vg(O,x) = ¢(—2)1(_5100)(2) + 1(—oo,—s)(z). Using the fact that
¢ € Hi, one can easily verify that vg((),:c) satisfies conditions (8.1) and (1.17) of [10].
Hence by [10, Theorem 8.3], one has

vg(t, x4+ m(t)) = w(x) uniformly in x € R as t — +o0,

where w is the unique (up to translations) travelling wave solution with speed /2. It is
established in [17] that

w(z)=1-P. 5, exp{—CaMme_ﬂx}}

w(z)
~—vs. - Hence to prove

for some constant C' > 0 which is determined by C = lim,_, ;o
this lemma, it suffices to show that C' = C(¢°), or equivalently,

. (@ m(t))
lim lm —m——
2= +00 t—r+00 re—V2=

= C(¢°). (3.5)
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By (3.3), for r large enough and ¢,z > 8r, we have the bounds
Y(r) T (r t, x4+ m(t)) < vg(t, x+m(t)) < v(r)U(rt,z+ m(t)), (3.6)
where v(r) | 1 as r — 400 and

U(r,t,x+m(t))

2y

2
2 $3/2 3 +o0 Y <y7m+—2:°’/§ logt) ]_
= ————re VT Y0 Ve T - — .
\/;ur)w“ [ vt vane 2oy (L)

It follows by the bounded convergence theorem and Lemma 3.2 that

lm ¥(rt,z+ m(t)) = xe_ﬂxCT(qS‘s).

t—+oo

This together with (3.6) yields that for r large enough and x > 8r,

) e?) <t BT TO)

o < y(r)Cr(¢°). 3.7)

Since v(r) — 1 and C,.(¢°) — C(¢°) as r — +oo, we get (3.5) by letting r — +oo
in (3.7). O

Corollary 3.5. Suppose ¢ € H,. Then C(¢) = lims_, o, C(¢?).
Proof. We note that for every § € R,
$(x) < ¢°(x) < $(x) + 15 400y (¥), Yz €R.
Thus by Lemma 3.1(3), we have
ugp(t,x) Sugs(t,z) <wup(t,z) +ui,, (¢ z), VE>0, z€R, (3.8)

which implies that C(¢) < C(¢°) < C(¢) + C(15,+00))- Since lims_ 00 C(1(5,100)) = 0 by
Corollary 3.3, it follows that lims_, 1, C(¢°) = C(¢). O

Proof of Proposition 2.5. The first part of this proposition follows from Lemma 3.2. We
only need to show the second part. For ¢ > 0 and x € R, let

we(z) :==1-P. 5, [exp{—caMooe_ﬂm}} .

By the uniqueness (up to translations) of the travelling wave solution, one has w.(z) =
wy(x — Inc/v/2) for all z € R. We need to show that

ug(t,x —m(t)) = weg)(—x) locally uniformly in x € R, as t — +oo0. (3.9
For 6 > 0, by (3.8) we have that

ug(t, x —m(t)) — we(g) (—)
< (ugs (B2 —m(t) — weggs) (=) + (wees) (—2) — weg)(—x)) (3.10)

and
ug(t,x —m(t)) — weg) (—)
> (ugs (£, — m(t)) — wen (—)) — (ul[éyw (t,x) — wc(1[6‘+w))(—x))
+ (wc(¢5)(—x) — wc(¢)(—x)) — WEC (154 09 (—x). (3.11)
EJP 29 (2024), paper 23. https://www.imstat.org/ejp
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We note that

InC(¢° InC
wc(¢5)(—$) — wC(¢)<—J]) = w1<—l’ — n\/(»;b)) — wl(—x — n\/é(b) )7 (3.12)
and nca )
W15, ) (—) = w1 (2 — n%). (3.13)

By Corollary 3.5, C(¢°) — C(¢) and C(1j5 4o)) — 0 as § — +oc. Then by the continuity
of w; we get from (3.12) and (3.13) that

We (o) (—2) — we(g)(—2) — 0, and wc(l[ﬂm)(—x) — 0 locally uniformly in = € R,
as 6 — 4o00. On the other hand, by Lemma 3.4 we have for § > 0,
ugs (t,x —m(t)) — we(gs)(—x) = 0, and uy, , (¢, —m(t)) — wc(1[5)+m>)(—x) -0

uniformly in z € R, as t - +o0o. Hence we get (3.9) by letting first ¢ —+ 400 and then
0 — +00 in both (3.10) and (3.11). O

3.2 Proof of Theorem 2.8

First of all, we introduce notation to refer to the different parts of the skeleton
decomposition which will be used later in the computation. For ¢t > 0, let F; denote
the o-filed generated by Z, X* and I up to time ¢. Denote by /! the immigration at
time ¢ + s that occurred along the skeleton before time t. For v € Z;, denote by I §“) the
immigration at time ¢ + s that occurred along the subtree of the skeleton rooted at u
with location z,(t). We have

Xepp =X+ 1204+ > 1 foralls,t>0. (3.14)
u€EZy
It is known (see, e.g., [11]) that given F;, (X}, + I:"),>0 is equal in distribution to
(X?)s>0;Px,) and I := (IS("))QO is equal in distribution to (I;P.5. ).
given F;, the processes {I Wy e Z;} are mutually independent and are independent
of (X, ,)s>0. For f € B (R), t > 0 and z € R, define

Moreover,

uy(t,z) == —logPs, . [e*<f’Xt*>] )

and
Vit,z) =P, [e—<fvft>} . (3.15)

Since X; = X; + Y ,cz, 1), we have

us(t,x) = —loglPs, [e_<f’X‘>} = —logPs, [e_U’X:)} —log P,

I1 e—(f,fi“’>]

u€eZy

= wuj(t,z) —logPs,

H Vf(tv ZU(O))] = U}(t,l') — IOgIP(;z [eﬂan(t,-),Zo)} .
u€Zy

Using the fact that (Zp, Ps,) is a Poisson random measure with intensity d,(dy), one has
up(t,z) =up(t,x) + 1= Vi(t, 2). (3.16)

In this section we will make extensive use of (3.16), mostly when we deal with u f(t, T —
\/2t) for large t, in which case, u’}(t, x — \/2t) becomes relatively easy to handle.

Recall the definition of ¢° given in (3.4). The following lemma gives an upperbound
for the constant C(¢°) which will be used later.
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Lemma 3.6. There exists a constant ¢ > 0 such that for any ¢ € H;,

+o00
C (qbo) <ec (/1 me‘/i”%(—x)da: + 1) . (3.17)

Proof. Let v(t,x) := ugo(t,—x) for t > 0 and = € R. It follows by (2.14), (2.15) and
Proposition 2.5 that

o 1 . v(t,x +m(t))
C (¢ ) o zll}l}kloo tkgloo xe—ﬂac

Let k(s,y) := —¢(v(s,y))/v(s,y) for s > 0 and y € R. By the Feyman-Kac formula

(3.18)

ot,z) = T [eli MBIy 0, )]
oo 1 (y—=)2 "t t
- (0, ) ———e~ 30 E[efo’““*sﬁw(s))dﬂd. (3.19)
L N (0,9) 5 Y

Here {Cg(cf)y(s) : 0 < s <t} denotes a Brownian bridge of length ¢ starting at = and ending
aty. Let v (¢, z) be the solution to (1.4) with heaviside initial condition v (0,z) = 11,<o}
and let k1 (s,y) := — (v (s,y)) /v (s,y) for s > 0 and y € R. Define m{%(t) :=sup{z €
R : vH(t,x) > 1/2} fort > 0. By [10, Proposition 8.1 and Proposition 8.2], there are
constants C and C{ (CF < C¥) such that for ¢ large enough,

m(t) + C{' <mily(t) < m(t) + C3'. (3.20)

Moreover, it is established in [10, equation (8.21)] that there are constants Cf > (0 and
r >> 1 such that for all t > 3r, z > m{%(t) +landally €R,

E {efo‘ kH(t—s,Ci,y(s))ds:| < 2CH el (1 B e‘giﬁ)

where § := y V1 and z := 2 — (m(t) + CH). Since v(0,y) = 1 for y € (—o0,0] and
so v(s,y) > vfl(s,y) for all s > 0 and y € R, it follows by the convexity of 1 that
k(s,y) < kf(s,y) for all s > 0 and y € R. Hence one has

E |:ef0t k(tfs,C;y(s))ds} S C4et (1 e 222)

for Cy = 2CH . Putting this back in (3.19) one gets that for ¢ > 3r and = > m{‘;z(t) +1,

L [T 1 @-p? _2gs
v(t,x) < Che U(O,y)\/ﬁe 2t (1 —e ¢t ) dy

¢ oo z—y)? 2yz Z 1 z—y)?>
< Gl (s (k) [
1 —o00

[2 et [ [+ _@—w)? b w2
< (G Yo [/1 d(—y)ye™ = dy+/_ooe 2t dy].

The last inequality is from the fact that 1 —e™" < z for all z > 0. This together with (3.20)
yields that for t > 3r and x > C¥ +1,

v(t, z + m(t))

2 ¢ e _Gtm@n-p? U Gamm-p?
< O =gl —Cf) P(—y)ye Ay + [ e 2 dy
Tt / 1 —o0
lo log? +oo z—u)2 log
_ 04\F(x_c{f)e—(ﬂ—&a%‘)x—&gﬂ[/ o(—yyye— T (VI3 1 vy,
m 1
1 2 ogt
T
— 00
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By letting ¢t — +00, we have

Jim ot mio) < 02— ohe 2 [ [T g oy + o)
for x > Cf + 1. Putting this back in (3.23), one gets that
C(¢°) < @f [ / " eV rg(—yydy + 1eﬂ] :
T LJ1 V2
Hence we complete the proof. O

Lemma 3.7. Suppose {¢(z) : s > 0} is a sequence of functions in H;. If ¢s(x) — 0 as
s — +oo forallz € R, and [72° [z|eV?* ¢ (—x)dx — 0 as s — +oo, then lim,_ o C(¢s) =
0.

Proof. Suppose a(s) > 0 for all s > 0. (The explicit value of a(s) will be given later.) By
Lemma 3.1(3), one has

Cles) <C (¢51(—w,a(s)) + 1[(1(3),—1—00)) , Vs > 0.

So it suffices to prove that

lim C (¢81(700,O¢(S)) + 1[a(s),+oo)> =0. (3.21)

s§—»+00

We note that ¢s(2)1(_oo,a(s)) (@) + Lja(s),+00) (@) = Ta(s) (Ta(s)®s - Li—o0,0) + Ljo,400)) (%)
for all z € R. By Corollary 3.3 and Lemma 3.6, we have

— _fa S
C (651 (—ooia(s) + Lja(s)roo) = € V2O (To b5 L(—o0.0) + L0, 40))
+oo
< e V2a(s), [/ xe\/im']:l(s)(bs(—x)dx + 1:|
1

+oo
e Ve / (5 + a(s))eV 2+ g (Ly)dy 4 1
1

—a(s)

+o00
< c/ (lyl + a(s))eVP o, (—y)dy + ce V22 (3.22)

— 00

- —1/2
Let a(s) :=s A (fjoo qbs(—y)e\/iydy) . Then the right hand side of (3.22) is no larger
than

+oo
¢ U lyleV2Y by (—y)dy + als) " + eﬁ““)} . (3.23)

— 00

Note that

+oo
ds(—y)e¥Pdy < / ¢s(—y)e*/§ydy+/ bs(—y)|yle¥Pdy < +oc.
. lyl<1 lyl>1

Both integrals on the right hand side converge to 0 as s — +oo given that ¢s(x) — 0 as
s — oo for all z € R and f_Jr;o ¢s(—y)|yleV2vdy — 0 as s — oco. This implies a(s) — +oo
as s — +o00. Thus (3.23) converges to 0 as s — 400 and so we prove (3.21). O

We recall the definition of H given in (2.21).
Lemma 3.8. For all ¢ € H and s > 0, the functions ug(s,- — v/2s), u}(s,- — v/2s) and
1—Vy(s,- —V/2s) € H.
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Proof. Fix an arbitrary ¢ € H and s > 0. Since 0 < u),(s,z — v/2s), 1 — Vy(s,2 — v/2s) <
uy(s,* —+/2s) for all z € R, it suffices to prove that
ug(s,- —V2s) € H. (3.24)

Let M := ||¢]|lo. If M < 1, then ¢ € H; and (3.24) follows directly from the first
conclusion of Lemma 3.2. Now suppose M > 1. Let ¢; = ¢/M. Then by Lemma 3.1(2),
one has uy(s,r — v/2s) < Mug, (s,2 — v/2s) for all z € R, where uy, (s,- — v/2s) € H by
Lemma 3.2. This implies that u,(s, - — v/2s) € H. O

Lemma 3.9. Suppose ¢ € H. Then u:;(s, - —+/2s) € H, for s large enough. Moreover,

lim  C(ug(s, — V2s)) = 0.

s—400
Proof. It follows by Jensen’s inequality that
wj(s,x) = —log P, [e=@¥D)] <Py [(6,X2)] = ¢ *Pu(x) < 9] .

Since a* = —¢'(1) < 0, we have uj(s,z) — 0 as s — +oo for all z € R and [Juj(s,- —
V/25)||so < 1 for s large enough. Hence uy(s, — V/2s) € H1 by Lemma 3.8. We note that

uy (s, —r — V2s) < e Pyp(—x — V/25).

Thus by (3.2) we have

IN

+00 . [T
/ e\/ﬁ‘”|x|u;§(s, —x — V/25)da e S/ V2% | 2| Pyp(—a — v/25)da

—0Q0 —00

+oo
< eleT b /_ O(=y)e¥™ Iyl + VsTlo [| Bu]) dy.

The assumption that ¢ € H implies that f_+:o° ¢(—y)eﬂy|y\dy < 00. Since o* < 0, we get
by the above inequality that

“+oo
/ eﬂ’”|x\u;(s, —x —/2s)dz — 0 as s — 400,
—o0

and thus by Lemma 3.7 C(u}(s, - — v/2s)) — 0 as s — +o0. O

The following lemma extends the result of Lemma 3.2 to all functions of .

Lemma 3.10. Suppose ¢ € H. Then for any r > 0,

9 [Te®
Cr(¢) = \/; /0 yeVPuy(r, —y — V2r)dy

exists and is finite. The limit

C(¢) == lim Cp(9)

7—+00

exists and is finite. Moreover, for every x € R,

t3/2
C(¢) = lim ————e V2uy(t,z — v2t) = lim C (1 V(s — \/ﬁs)) . (3.25)
t—+oo —2_ logt s——+o0o
2v2
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Proof. Without loss of generality we assume ¢ € H \ H;. Let M := ||¢||o and ¢ = ¢/M.
Then ¢; € H;. The finiteness of C,.(¢) is immediate since by Lemma 3.1(2) uy(r, —y —
V2r) < Mug, (r,—y —+/2r) forallr > 0 and y € R and so C,.(¢) < MC,.(¢1) < +oo. Since

up(t,z) = ug(t,z) +1—Vy(t,z), Vt>0, z€R,
we get by Lemma 3.1(3)(4) that
ul—V¢(s,~—\/§s)(r7 T = \/57“)
Uy, (5. v/3s) (T2 T = V2r)

ug(s +rx—V2(s+7))
uu;(s).i\/ﬁs)(r,x — \[27’) + ulfvtb(s).ﬂ/is)(r,x — \[27’) (3.26)

IN

This implies that

CT (1 — Vqs(S, = \/55)> < Cr+s ((b)
< G (u;,(s, - ﬁs)) +C, (1 — Vs, — \@s)) (3.27)
for all 7 > 0. Since 1 — Vg (s, — v/2s) € Hy and u}j(s,- — v/2s) € H; for s large enough, we

get by (3.27) and Prop051t10n 2.5 that

C (1= V(s = V2s)) < liminf C,(9)

r——400

< limsup Gy (¢) < C (u:,;(s,. - \/is)) +C (1 — Vy(s, - — \/is)) .

r——4o00

Since lim, o0 C(u}(s, - — v/2s)) = 0, we have

lim sup C (1 — Vy(s, - — \/is)) < liminf G, (¢)

s—+o00 r—+00

IN

limsup Cp(¢) < liminf C' (1 — Va(s, \/§s)> .
r——+o0 s—+00

Since the C,(¢) < MC,(¢1) for all » > 0 and the latter is bounded in r, the above
inequalities imply that the limit C'(¢) = lim,_, 4 C,-(¢) exists and is finite, and satisfies
that

C(¢) = lim C (1 — Vs, — \/is)) . (3.28)
On the other hand, it follows from Lemma 3.2 and (3.26) that
t3/2 —\/§
O(1=Talor =V =l e a7 = V0
£3/2
< liminf ———e ﬁ‘”u¢(t, x —/2t)
t——+o00 33 1ogt
t3/2
< limsup ——— ‘/§$U¢(t, x —\/2t)
t— 400 Q\f logt
t3/2
< lim 7_@%( _vae(tr — V2t)
t——4o00 33 logt
2 vae
tAm St vt va (= V20
= C (uj;(s, - — \@s)) +C (1 — V(s,- — \/58)) .
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Letting s — +o00, we get by (3.28) and Lemma 3.9 that

13/2
C(¢) = lim ————c V2uy(t,x — V2).
t—+oo PG} logt
Corollary 3.11. For f, f1, fo € Hand M > 1,

C(f) = Clus(s,- — V2s)), Vs > 0,
C(Mf) < MC(f),
C(f1)VC(f2) <C(f1i+ f2) <C(f1) + C(f2).

Proof. This result follows directly from Lemma 3.10 and Lemma 3.1. O

Proof of Theorem 2.8. We first suppose that ¢ € H;. Then by Proposition 2.5 we have
up(t,z —m(t) > 1-P. 5, {exp{—C((b)e‘/%@Moo}} locally uniformly in z € R, (3.29)
as t — +oo. By (2.7) we have

Ps. [exp{—C($)0Mo}] = exp {— (1 ~ P, [exp{—C(qs)eﬂwaMm}D} . (3.30)
Putting this back in (3.29), we get that
ug(t,x —m(t)) = —log Py, [exp{—C(¢)0M}| locally uniformly in z € R, as t — +oo.

Now we suppose ¢ € H \ ;. For any r, s > 0 and x € R, one can rewrite uy(r + s,z —
m(r +s)) as
Uy o3y (122 — () + O (1),
where O,(r) := % log “t%. Note that for s > 0, O4(r) — 0 as r — +oo. In view of this
and (3.16) we get by Lemma 3.1(4) that
“17v¢(s,-7ﬁs)(7“a z —m(r) + Os(r))
up(r+s,x —m(r +s))

<
< ul_V¢(s7,_\/§S)(r, x —m(r) 4+ O4(r)) + uurp(&,_ﬁs)(r,x —m(r) + Os(r)). (3.31)

It follows that

|ug(r + 5,2 —m(r + s)) — (—log Py, [exp{—C(¢)0M}])]
< |u17V¢(s}-7\/§s) (r,z —m(r) + Os(r))
—(—logPs, [exp{—C(1 — Vy(s,- — \/is))aMoo}])‘
—|—|uuz(sﬁ_7\/§s) (ryz —m(r) + Os(r)) — (—log Ps, [exp{—C(u}(s,  — ﬁs))@Mw}]H
+|10g Py, [exp{~C(6)IMac}] — log P, [exp{~C(1 — V(5. v25))Moc)]|
+|log Ps, [ exp{—C (u} (s, — V2s))0M}]|. (3.32)

We have proved in the first part that the first two terms of (3.32) converge to 0 locally
uniformly in x € R as r — +oo. On the other hand we have by (3.30)

‘log Ps. [exp{—C(4)dMu}] — log Ps. [exp{—cu — Viy(s, — ﬁs))aMoo}] ‘
- ‘1?.,50 [exp{fC’(qS)eﬁm@Mm}} — P, [exp{fC(l — Vs, — \@s))eﬁzaMm}} ‘

< ‘C(qb) — O = Vy(s, - — ﬂs))( V2P 5 [OM.], (3.33)
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where in the lase inequality we use the fact that |e™* —e™*2| < |z1 — 2|, for all z;,z2 > 0.
Since C(¢) — C(1 — Vy(s,- — +/2s)) — 0 as s — +o0, we get by (3.33) that

log Ps. [exp{—C(¢)0Mu}] — logPs, {exp{—C(l — Vy(s,- —V25)0My}| — 0
locally uniformly in z € R, as s —+ 4-oc. Similarly one can prove that
log Ps, [exp{—C(u;(s,~ —V25))0M,, }} — 0 locally uniformly in z € R, as s — +oc.
Therefore we complete the proof. O

3.3 Proofs of Theorem 2.10 and Proposition 2.11

Proof of Theorem 2.10. Fix an arbitrary z € R and functions f, g satisfying our assump-
tions. We have

P [e—<f,st>—<g,€f>} = P, {emm(t)f,xapéz [e—mm(t)g,th XtH

. -7_,
Ps, {e‘<7—m<t>f+1‘c Hn(t)g’m}

= eiuT—m.(t)(f%»l*e*g)(t’w) — e—“f+1—efy(tv-"ﬂ—m(t)).
The second equality follows from the fact that given X, Z; is a Poisson random measure
with intensity X;(dx). Note that f + 1 — e™9 € H by our assumptions. We get by
Theorem 2.8 that

lim Ps, {e*<‘f’g‘>*<g’5t2>] =P, [exp{-C(f+1-e9)IMy}].

t——+o0

The above identity holds in particular for all f, g € CF(RR). On the other hand, it is easy to
verify that the assumptions of Lemma 3.7 are satisfied by ¢;(z) := ¢(x)/s for every ¢ €
CF(R). This implies that limy_,o C(A¢) = 0 for all ¢ € CF(R). Since C(\1f+1—e*29) <
C(ALf) + C(Aag) for A1, A2 > 0, we have limy, x, 50+ C(Mf + 1 — e ?29) = 0. Hence by
[16, Chapter 4] we get the weak convergence of (&;, StZ ), and consequently (2.25) holds
for all f,g € C;F(R). Using the monotone convergence theorem and Lemma 3.7, one
can show by standard approximation that (2.25) holds for all f € # and g € BT (R) with
1 —e79 € H. Also, (2.25) yields that

E {e’<f’5°°>E {e’<9’5i> \Eoo” = Ps, [exp{-C(f+1—e9)0M}]
= E |:e_<f’SOC>e_<1_c7gngO>:| 3
Thus we get E [e_@’gozo) |€oo} = ¢ (17¢"?£x) a s, and the second conclusion follows
immediately. O
Proof of Proposition 2.11. Suppose M € RR. We have

P(max&e < M) = P (<1(1\/[,+oo)7€oc> = 0) = )\EI}:OOE [e*)‘u(”ﬂ*w)’g“)]
= lim ]P(;I [eXp{—aMooC ()‘1(M,+oo))}}

A——+oo

P, [exp{—aMoo JJim ¢ (/\1(M7+oo))}] :

The third equality follows from Theorem 2.10. Thus we have

P (max&s < 4+00) = Mlirﬁ P (max €. < M)
— 400

Ps, {exp{@Moo Mguim )\EIEOOC (Al(A4,+OO))}} . (3.34)
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Note that
C (Matr00) = O (TonM(0.40)) = €7V O (Ao 10y

It follows that

. . o . —V2M . -
MI—IEEOC /\Erfoo ¢ ()\]-(M,+oo)) a M1—1>I£oc ¢ ()\EIEOO ¢ ()\1(O+oo))> =0or +oo
corresponding to supy C' (Al(g 4o0)) < +00 or +oo. Hence by (3.34), P (max £, < +00) =
1 if and only if supy C' (Al (g, 400)) < +00. O

Remark 3.12. Recall that max X; denotes the supremum of the support of X;. Unlike
for the skeleton BBM, Theorem 2.8 does not imply the growth order of max X; is m(t).
We make a short discussion here.

For ¢ € B, (R), define

Uy (t,x) == —log Ps, [e*w’xﬁ;maxXt < O} , Vt>0, zeR. (3.35)
Then one has
Ug(t,x) = ,\ETDO u¢1(700,0]+,\1<0,+m)(t,x), Vi >0, x € R. (3.36)
In fact,
e Be®®) = Py, {67<¢1<‘°°'°]’Xt>% (L(0,4-00), Xt) = 0}

— lim P; {ef(¢1(,m,0]+)\1(0~+m),Xt>} — e limy 4 oo UP1(_ oo 0]+ A1 (0,400) (t,w).
A—=too 7

By (3.36) and the monotone convergence theorem, one has for ¢, > 0 and x € R,

a¢>(t + x) = )\ETOO UL~ 0,01+ AL(0,+00) (t + CL‘)
- )\EIEOO u“<¢>1<—oc,o]+ﬂ<o,+oo>(7'1‘)(t’x) = Uiy (r,) (; 7). (3.37)

If we assume in addition that Assumption 2.15 holds, then by [23, Corollary 3.2] for all
¢ € Handr >0, dg(r, ) € Bf (R). Soby (3.37), for every ¢ € H, 1i4(t, z) can be viewed as
a solution to (1.4) with initial condition u(0, ) = ¢(x)1(_uc,0)(z) +001(0,40) (). Moreover,
by [23, Lemma 2.1 and Corollary 3.2], for all ¢ € { and r > 0, g (r, - — \/§r) € H. Hence
applying Theorem 2.8 to the function dig(t + 7,z — /2r) = Ug, (1 —/3r) (t,z), one gets that
for all ¢ € H, the limit

C(¢) ;== lim \/Z/ yeﬁyﬂq;(t, —y —V/2t)dy (3.38)
0

t——+o0

exists and is finite, and for all z € R,
Ps, [e*w’x‘*m(t)*”;maxXt —m(t) < x} — Ps, [efé(d’)aM‘”e_ﬁx} ast — +oo.
Taking ¢ = 0, one gets that
Ps, (max X; — m(t) < z) — Pg, [exp{faoaMooe*ﬁm}} as t — +oo, (3.39)

where & is the constant C (¢) with ¢ = 0.
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On the other hand, if Assumption 2.15 fails, (3.39) may not be true as it is. For
instance, we take the triplet («, 3, 7(dy)) of () to be (1,0, J,,(dy)) where yo > 1 satisfies
that e7¥% = 2 — yo. In this case

PN = (yo — DA — (1 —e ™), VYA >0. (3.40)

Let kx(s,y) == —(uri o) (5,9)) /U1y 4o (8,9) fOr s > 0 and y € R. Then by Feynman-
Kac formula, one has

u)\l(01+oo)(t7x) = Hm [efo‘ kx(t—s,Bs)dsu)\l(o#oo)(0’Bt)}

tq_ e—youkl(07+m)(t_szs)
exp / dsp; By >0
0 u/\1(0,+x)(t - S7BS)

> e W0V (B, > 0).

)\e*(yrl)tnx

Since I, (B; > 0) > 0forallt > 0 and « € R, one has (¢, ) = limy_ o0 UL 4 ooy (B, T) =
4-00. This implies that Ps, (max X; < z) = Ps__ (max X; <0) = e %®=%) = forallt > 0
and z € R, and so by letting x — 400, Ps, (max X; = +00) = 1 — Py, (max X; < +00) =1
for all ¢ > 0. The branching mechanism given by (3.40) satisfies in particular that

—+oo

1
——dy =400 Vz>1land / ym(dy) < +o00. (3.41)
0w o VT

In fact, [26, Theorem 4.4] shows that for a super-Brownian motion with branching
mechanism ¢ satisfying (3.41), it holds that P, (suppX; = R) =1 for all ¢ > 0.

4 Probabilistic representation of the limiting process

4.1 Laws of decorations
For the proofs of Theorem 2.12 and Proposition 2.13 we need to show the existence of

the limit for (Z; —max Z;, Y, . I _ /325 — max Z;) conditioned on {max Z; — v/2t > 0}.

This is completed by the following lemmas.

Lemma 4.1. For any f,g € B (R), #,2 € R and t,y > 0, we have

Ps. |:e*<f,Xt*\/§t7z>*(9,Zt*\/§t7z>1 (max Ze V3t 2>y | MAXZp — V2t — 2 >0

eiuer(l*efg)(t’wi\/itiz) — e_uf+(1*e_g)1(foo,y]+1(yv+00) (t,w—ﬂt—z)

) | o ooy (b7 VE2) - @.1)
Proof. We have
Fo. [e%fyXﬁﬁtiZ)7<g’Zﬁ\/§tiz>l{maxZﬁ\@tfwy}}
= P, [e—<f,x,,—ﬁt—z>lpgw [e—<g,z,,_¢§t—z>1 (e z, ﬁkby}\xtﬂ L @42

Recall that given X;, Z; is a Poisson random measure with intensity X;(dz). Using
Poisson computations, we have

IP(Sm |:e_<g7Zt_\/§t_z>1{math7\/§t*Z>y}|Xt:|

— ]Pﬁx |:e_<g7Zt_\/§t—Z> (1 — 1{math—\/§t—ZSy}> |Xt:|

_ (9. Ze—V/2t—2) _ —(9.Ze—\/2t—2)
= Pa {e t [Xe| = P, |7t L1y o0y Ze= VBt 2)=0} | X
= o (1T X —Vot—z) (o~ {(1=eT )L oo,y H(y 00y Xt —V2E—2)
EJP 29 (2024), paper 23. https://www.imstat.org/ejp
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Putting this back in (4.2) we get that

IP&I |:e_<f7Xt_\/it_z>_<g7Zt_\/§t_z>]‘{math—\/Et—z>y}:|
— P [ef(f+(lfe_g),Xt7\/§t7z>:|
—IP&, |:e_<f+(1_e7g)1(*°°=y]+1(y,+oo)-rXt_ﬁt_@]

e—“f+(1_rg)(t’m—\/§t—2) . e*”f+(1—e*s)1(_ocyy]+1(y1+oo)(t@*\/itfz). 4.3)
In particular by setting f = ¢ = 0 and y = 0 in the above formula, we get that
Ps, (max Zi 2t — 2> 0) =1 — e Moo (BETVEE) (4.4)

Hence (4.1) follows by (4.3)/ (4.4). O
Lemma 4.2. Forany f,g € B (R), 2,z € R, t > 0and A > 0,

Ps. [e—<f,xt—ﬁt—z)—(g,zt—ﬁt—,z)—,\(maxZt—\/it—z) )max Zi— U — 2> O}

= (1 — exp {—U1(0,+o@)(ta$ — V2t — Z)})*l .
400

[/0 e Yexp {_uf+(1fe*9)1(7ocy%]+1(%Y+w> (t,z — V2t — 2)} dy

—exp { g (om0t 10y (BT = VL= 2) }]. (4.5)
Proof. We rewrite the left hand side of (4.5) as I — II where

I:=Ps, {e*(f,X,,fﬁtfz)%g,Zt—\/itfz) | max Z, — Vot — 2> O] ,

and

Il = ]Pé, |:e*<f,Xt*\/Ei*@*(Q-,Zt*ﬂtfz)
. (1 _ e—/\(maxzt—\/ﬁt—z)> ‘ max Z; — \/§t —z> 01| .

By Lemma 4.1,

efuer(l*O’g)(t’ziﬁtiz) e Ut (1=eT )10 010, 400) (t:2—V2t-z)

"~ 1—e “Noto0) (tz—v2t—2) : (4.6)

On the other hand, by Fubini’s theorem and Lemma 4.1 we have

A(max Z; —+/2t—2z)

[T = Py |e-WXi—VE-2)—(9.2Vot-2) /
0

e_ydy‘ maxZ; — V2t — z > 0]

“+o0
= / efy]P(;, [e*<faXt*\/§t*Z>f(g,th\/§tfz>
0 ;

-1{maxzr\/§t72>%} | max Z; — Vot —z > O]dy
-1
= (1 — exp {_u1<o,+oc) (t,x — /2t — z)}) [exp {—uf+(1_e_g)(t,x — V2t — z)}

+oo
_/0 e Y eXp{—Uf+(1_efg)1(7oo,%]+1(%,+m)(t,x— \/it —Z)}dy:| (4.7)
Hence we get (4.5) by letting (4.6) — (4.7). O
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Lemma 4.3. Suppose z,z € R and s > 0. Under P;s,, conditioned on {max Z; — V2t —
z > 0}, (Xt — V2 — Z’Euezt [gu) - \/i(s+t) — 2,0 — V2o — z,max Z; — V2t — z) con-
verges, as t — +oo, in distribution to a limit (€X,E1°,€Z,Y), where the limit is inde-
pendent of x and z, and Y is an exponential random variable with mean 1/ V2. Moreover,
we have for any f,h € H, g € BT(R) with1 —e 9 € H; and A > 0,

E [exp{—(f, go)g> - <h>gi<;b> - <g>goZo> - /\Y}]
= lim Ps, [exp{—(f, X; — V2t — z) — (h, Z I —2(s+t) — 2)

t—+o00 wez
—{(g9, Zy — V2t — 2) — AN(max Z, — V2t — 2)} | max Z, — V2t — z > 0]
1 —
= a |:C (f + (1 — € th(S’ - — \/55)) 1(,007()] + 1(0,+oo))

“+o00
7/ e (f4 (1= Vil = V2)) Lot + 15400 ) ], (48)
0
where ¢, = C(1(0,1+))-
Proof. In view of (4.4) we have for any x,z € Rand y > 0,

lim Py, (maXZt—\@t—z>y\ math—ﬁt—z>0)

t—+o0

. Ps, (maXZt —V2U—2z> y)
lim
t=+oo Py, (max Z; — /2t — z > 0)
| 1fexp{ful(mﬂo)(t,xf\@tfzfy)}
im
totoo 1 —exp{—ui, ., (67— V2t —2)}
ulm#m)(t,x—\/it—z—y) V3

= lim =e
totoo g (T — V2t — 2)

The final equality follows from Lemma 3.2. This implies that, conditioned on {max Z; —
V2t — 2z > 0}, max Z; — V/2t — =z converges in distribution to an exponentially distributed
random variable with mean 1/ V2. Suppose f, h, g are functions satisfying our assump-
tions. Recall that F; is the o-filed generated by Z, X* and I up to time ¢, and given F,

fwda (I, P,

zu(t)) for u € Z,. We have

IP(S.7c [e_<h,zuezt I8 —/2(t+5)—2) ]:'t} _ H IP‘»5zu(t> |:e*<h7157\/§(s+t)72>
UuELt
= I Vals,zu(t) = V(s + 1) — 2)
UuELt
_ e(ln V;L(s,~—\/ﬁs),Zt—\/ﬁt—z)7 (4.9)

where V}, is defined by (3.15) with f replaced by h. Thus we have
Ps, [exp{—(f, X; = V2t —2) — (b, Y I = V2(s +1) - 2)

ueZt
—(g,Zt—\/it—z>—/\(maXZt—\/it—z)}| maXZt—\/it—z>0]
= Ps, [eXp{—<f,Xt —V2t— 2y — (g, Z — V2t — z) — /\(maXZt — Vot — z)}
Py, [exp{—(h, Y I — V2t +5) — 2)} |ft} | max Z, — V2t — 2 > 0]

uEly
= Ps, [exp{—(f, X: — V2t —2) — (g —InVi(s,- — V25), Z, — V2t — 2)
—)\(math—ﬁt—z)}’ math—\/§t—2>0]. (4.10)
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By Lemma 4.2 the right hand side of (4.10) equals

(1 — e "0, +00) (t’xfﬂtfz)) -1

400
: e Yexp{ —u tox — V2t —2)}d
[/0 p{ f+(17e—gvh(s,-f\/§s))1(_&%]“(%%@)( )}y

—xp { B uf+(1fe—9Vh(8"*\/55))1(—00,0]+1(O,+0c) (t7 v \/it B Z)}}
_ (1 . eful(oy_*_m) (t,wfﬂtfz))fl
too —u (t,x—/2t—2)
.[_ / e V(l-e s (memavie - van)s Yoo, Y11 (Y 400 )dy
0

—u (t,x—~/2t—2)
+(1 —e f+(17e*9Vh(s,‘7\/§s))1(_0010]#»1(0’_*_00)

)] (4.11)

We observe that 1 — e 9V}, (s,- — v2s) = e (1 — Vi(s,- — v2s)) + (1 — e79) € H; since
1 —Vi(s,- —v/2s),1 —e 9 € H, by the assumptions. Using the facts that 1 —e™* ~ z as
x — 0 and that

t3/2
lim ———e V¥uy(t,z —V2t) = C(¢) Vo€ H,

t—+o00 % logt

one can show by the bounded convergence theorem that the right hand side of (4.11)
converges to

é[(j (f+ (1—879Vh( \[8)) —00,0] +1(0+00))
[T (1 (1l VI Ly L) )

as t — +oo. In particular, for any \; > 0,7 =1,2,3,4and f,h,g € C.(R), one has

tLierOOIP(Sm{eXP{*/\lU’Xt V2t — z) — Z I — V2(s +t) — 2)

u€EZy

—Xs3{g, Z; — ﬂt—z} — A\ (math —\/515—2)}| max Z; — V2t — z > 0}

= [T (1 = VI U+ L) ]
(4.12)

To show the convergence in distribution, it suffices to show the right hand side of (4.12)
converges to 1l as \; = 0,7 =1,2,3,4. By Corollary 3.11 and Lemma 3.7 we have

C(1 — Vayn(s,- — V25)) < Clun,n(s,  — V28)) = C(Aah) — 0 as Ay — 0,

and
C(1—e?9) < C(A39) =0, asA3— 0.

Thus one has

c(1- e*)‘i"gV)\Qh(sf — \/55))

IA

o (e**ag (1 V(s — \/is))) £ O(1 — e Na9)

< C(1=Vaan(s, = V2s)) + C(1 = ™)
0, as Az — 0. (4.13)

+
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On the other hand by Corollary 3.11 we have for any § € R

IN

C(1(5,400)) C(Af+ (1 —e NIV (s, — \/§8)> L(—o0,8) + 1(6,400))

CMf)+C (1 — e MIVn(s, - — \/is)) +C(L5400)),  (4.14)

IN

Using (4.13) and the fact that limy, o C (A1 f) = 0 we get by (4.14) that

. Y
M’Aljglﬁo CMf+ (1 —e V(s — \/§S)> L—o0,6] T L(5,400)) = C(1(5,400))-

This implies that

. Y
A17A121f§13_>0 CMf+ (1 —e V(s — ﬁs)) 100,00 T L(0,400)) = C(L(0,400)), (4.15)

and that for every y € R,

i —+ — _)\39[/ - — v 1+ y
/\1)/\2’1}\1;1»1%0 Caf (1 ¢ xon (s, \/58)) 1(_°°>X7] 1(T4>+°°))
= lim liw 1)) =0. 4.16
A41 OC( (/\47_;'_ )) 0 ( )

In view of (4.15) and (4.16), one can use the bounded convergence theorem to show that
the right hand side of (4.12) convergesto 1 as A\; — 0, ¢ = 1,2, 3,4. Hence we complete
the proof. O

Lemma 4.4. Suppose r, z € R and s > 0. Under P, conditioned on {max Z; — /2t —z >
0}, (Xt — max Zg, ZueZt LE“) —V/2s —max Z;, Z; — max Z;, max Z, — /2t — z) converges,
as t — 400, in distribution to a limit (AX,AT5 A2 Y) = (EX - Y, EL° - Y, EZ - Y,Y),
which is independent of x and z. Moreover (A~ A, A%) is independent of Y .

Proof. The first conclusion is a direct result of Lemma 4.3 and [4, Lemma 4.13]. We only
need to show the independence. Suppose f,g,h € CH(R) and y > 0. We have

_ X\ _ I,s\_ z
E[e (£,85)=(g.80%) = (h,> >1{Y>y}}

—(f,X¢—max Z‘)_<972u62, Ié"”—ﬂs—max Zi)y—(h,Zy—max Z;)

lim Pg, |e
t——+o0 50[

-1{maXZf,—\/§t>y}| max Z; — V2t > O]

= lim Py, [€_<f"’X"_max Z0)=(9. ez, 18 —V2s—max Zi)= (h,Zi—max Zy) max Z; — V2t > y]
t—+oo

‘Ps, (max Zi — 2t > y| max Z; — V2t > O)

- E [e—<f,AX>—<g,AI=5>—<h,AZ>} P(Y > ).
This yields the independence. O
Remark 4.5. We have by (2.10) that for all g € CF(R) and y > 0,

P. s, [e_<g’Z‘_\/§t>;maX Zy — V2t > y}

= u(l—efg)l(,ooyy]—‘rl(y,*,oo) (t7 _\/%) —Ul_e—9 (t7 _\/Et)'
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Thus by Lemma 4.1 with f = 0 we have

Ps, e_<g’Zf'_\/§t);maXZt — V2t > Y ’ max Zy — V2t >0
e M-ema (V2 _ efu“"‘*g)l(—oc,m+1<y,+oo>(t’f\/ﬂ)
1— e_“1<o,+oo)(t’_\/§t)

u(l—efg)l(,oo’y]—‘rl(y’*,m) (t7 _\/2>t) - ul—e*g (t7 _\/ﬁt)
Uy o (t,—V2)
= P [e_<g7zt_\/§t>; max Z; — Vot > y’ max Z; — Vot > 0} , ast— +oo.

This implies that the limit of (Z; — v/2t, max Z, — v/2t) under Py, (| max Z; — v/2¢t > 0) and
that under P. 5, (-| max Z; — v/2t > 0) are equal in distribution. Therefore the definition of
AZ given in Lemma 4.4 coincides with that given in (2.18).

4.2 Proof of Theorem 2.12
In the following lemma, we establish an integral representation of C(¢) for ¢ € H;. It

characterises the limiting extremal process of the skeleton BBM as a decorated Poisson
point process.

Lemma 4.6. For ¢ € H1,

+oo
C(¢) = c. V2e VHE (1 — (m0-9:8% 40| gy (4.17)

—0o0

Here A is defined in Lemma 4.4, and ¢, = C(1(g 1o0))-

Proof. First we suppose ¢ € H; is a compactly supported continuous function with
l¢llo < 1. Let g(z) := —In(1 — ¢(z)) for z € R. The argument below Proposition 2.5
implies that

E [e—<975i>} = lim P.g [e_<g’5tz>} =P [e—CW)aMm] , (4.18)
t—+o0

where £Z is the limit of ((£#)i>0,P.s,) in distribution. It is known that £Z is a

DPPP(c,0Moov/2eV2¥dy, NZ ) where AZ is the distributional limit of Z; — max Z; un-

der P., (-|max Z, — v2t > 0) (and hence equal in law to A defined in Lemma 4.4).
Using Poisson computations one has

400
E [e_<g750zo>} =P {exp{—c*aMoo/ V2eTVVE |1 - e_<g’AZ+y>} dy}} '
— 0o

We note that under our assumptions, P. 5, [0M > 0] > 0. Hence (4.17) follows, other-
wise there would be a contradiction.

For a general ¢ € H, one can find a nondecreasing sequence of functions {¢,, : n >
1} € H1 N CH(R), such that ||¢, ] < 1 and ¢, (z) 1 ¢(z) for all z € R as n — +oo. Then
by Corollary 3.11,

C(on) < C(¢) < Cl¢n) +C(d = Pn).

Note that by the dominated convergence theorem fj;o |z|eV2% (¢(—) — ¢y (—2)) dz — 0
as n — +oo. Thus by Lemma 3.7 C(¢ — ¢,) — 0 as n — +00. So we get that C(¢,,) T C(¢)
as n — +o00, and (4.17) follows immediately by the monotone convergence theorem. O
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Proof of Theorem 2.12. 1t follows from Theorem 2.10 and Lemma 4.6 that for all g €
BT (R)with1 —e 9 € H,

E [e_@’gi)} — P, [e—cﬂ-e*")@Moo} (4.19)

+oo
= P, [exp{—c*aMoo/ V2e VHE |1 —e‘<9’AZ+3’>] dy}} .

The above equations hold in particular for all ¢ € Cf(R). This implies that £Z is a

decorated Poisson point process with intensity c¢,.0M, \/ie‘ﬂydy and decoration law
N2,
We have for all ¢ € CF(R),

E[e_w’zizlniﬁq = E|[]P-s {e’mi@lsf‘@s)} =E | [[ V7, 0(s, —V25)

i>1 i>1

- E [e(lnv¢(s,~—\/§s),€i)} —P; {e—C(l—V¢(s,-—\/§s))6Mw} )

The final equality follows from (4.19). Since lim,_, 1o, C(1 — Vy(s,- — /25)) = C(¢), we
get by the above equality that

lim E [e7<¢’2i21%iﬁfq =Ps, [efC(¢)81va} =E {e*<¢’g°°>]

s——+o0o

for all ¢ € CF(R). Hence we prove (2.27). O

Remark 4.7. We claim that for for each i > 1, A converges in distribution to the null
measure as s — +oc. This is because, by (3.16) for all ¢ € C;F (R),

E {e*‘z’ﬁﬂ =P.s, [e’“”lsﬂ/ﬁﬂ = Vy(s,—V2s) =1 - (Uqﬁ(& —V/2s) — (s, —\@s)) :
Noticing that 0 < u (s, 2 — V2s) < uy(s,x —+/2s), (3.25) implies that

lim  wug(s, —V/2s) = EIE uy (s, —V/25) = 0.

s—+00
Then we have

E [e*w”A?)} —~1, ass— +oo.

4.3 Proof of Proposition 2.13
Lemma 4.8. Suppose ¢ € H. Then foralls >0 andy € R,

E [e<1nV¢(Sw*\@S)7AZ+y>} ) [e*<¢7AI‘S+y>} ) (4.20)

Proof. Recall the definition of (£Z,Y) in Lemma 4.3. We use z; € £Z to denote an atom
of the random point measure £Z . For any s > 0, define random measure O, by

Ou = Y T, (I = V2s),

xj EEOZO

where 7, j > 1 are i.i.d. copies of (I,P. 5,), and are independent of (£Z,Y). Recall the
Laplace functional of I given in (3.15). It follows from Lemma 4.3 that, for all f € H,
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s>0and A >0

E [6*<f,@5)7>\Y] - E [€<10g Vi (s, — 25),550)7>\Y}
_ Cl* [c ((1 — V(s — \@s)) 1 o) + 1(0#00))

“+oo
,/ e YO ((1 — Vf(s, - \/55)) 1(—oo,y/k] + l(y/)\7+oo)> dy:|
0
- E [e—<f,€if>—w]
This implies that (0,,Y) d (EL2,Y). Therefore, we obtain that

ats—gls—y e vy = Y 7, (1 - v2s),

z;ENZ

which implies that, for all ¢ € H and y € R,

E [e_<¢,ahs+y>} —E [e—w,zzﬂz T (Iﬁ—\@S)-&-y)} —E [e<ln Vi (s, —V28),0% +y)
Now we finish the proof. O

Proof of Proposition 2.13. 1t is easy to get by Poisson computations that

E |:e_<¢7zi21 7—€’1A{’9>j|
Foo I,s
= Ps, [exp {—c*8MOO/ \@e_ﬁyE [1 — e (®A" +y>} dy}] (4.21)

for all ¢ € CF(R). It follows from Lemma 3.10, Lemma 4.6 and Lemma 4.8 that for all
¢ € CH(R),

0(@) = lm OO Vy(s. —v2s)
+oo
=  lim e, V2e VHE [1 —e<an¢(S~—ﬁS>vAZ+y>} dy
s——+00 oo
Foo I,s
= lim ec, V2e VR [1 — e (®A7 +y>} dy. (4.22)
s—+00 — 0

This together with (4.21) and Theorem 2.10 yields that

lim E e—<¢,zi217;iAf“*>} — P, {e—cw)aMoo} —E [e—<¢,sx>} . Vo€ CF(R).

s——+oo

Hence we complete the proof. O

4.4 Proof of Theorem 2.14

We prove Theorem 2.14 in this section. First we relate C(¢) to the Laplace functional
of a certain random Radon measure. Then we observe that this random measure is
infinitely divisible and thus get an expression for C(¢) which leads to the probabilistic
interpretation presented in Theorem 2.14. Our observation on C(¢) is inspired by the
work of [22].
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Lemma 4.9. Let {e; : i > 1} be the atoms of a Poisson point process with intensity
c*\/ﬁe‘\/ﬁydy and for every s > 0, {Af’s : i > 1} be an independent sequence of i.i.d.
random measures with the same law as A5, Set

Dyi=Y T, A0
i>1

Then as s — +00, the random measures D, converges in distribution to a random Radon
measure D.,. Moreover, we have for any ¢ € H,

E [e—<¢ﬂDw>} — lim E {e_<¢’DS>] — e C@) (4.23)

s—+o00

Proof. By the definition of D,, one can use simple Poisson computations to get that
+oo
B [e%f,Ds)} — exp {_C*/ VooV [1 N ef<f,A’*S+y>} dy} . VfeBY(R). (4.24)

Combining (4.24) and (4.22) we get that

lim E [e—wﬂ — e C@) Ve (4.25)
s——+00

The above identity holds in particular for ¢ € C;J (R). Moreover one has by Lemma 3.7

that limy_,o+ C(\¢) = 0 for ¢ € CF(R). This implies the existence of the limit D,

and (4.23) follows immediately from (4.25). O

Arandom measure 4 is said to be exp-v/2-stable if for any a, b satisfying eV2aqev2h — 1,

it holds that T,u + Tpft d 1, where /i is an independent copy of p. It is easy to see that
an exp-/2-stable random measure is infinitely divisible. By (4.23) and the fact that
C(Ta¢) = eV22C(¢) for all a € R and ¢ € H, one can easily show that D, is an exp-v/2-
stable random measure on R.

Lemma 4.10. There exist some constant > 0 and some measure A on M(R) \ {0}
satisfying that

+oo
/ e—x/izdx/ (1 A Tou(A)) A(dp) < +oo, V bounded Borel set A C R,
M(R)\{0}

such that
—+o0 —+o0
C(g) = L/ ¢(m)e_\/§xdx + c ﬂe_ﬂmdx/ (1 - e_<¢’77”“>) A(dp),
—o0 —o0 M(R)\{0}
(4.26)
for every ¢ € C.f (R). Moreover, it holds that
L= _ e lim limsi o e V2R [(L0,1), T A #); (Lio.1), ToAF) < €] da
1 —e*\/§ e—0+ s Foo . (0,1)> ) \H(0,1)> s
(4.27)
where “limsi” is supposed to hold with both lim inf and lim sup, and
+oo V3
[ e[ (T Ton(A) Aldn)
—o0 MR)O\{0}
+oo
= Jdm [ e VEE [f(T,ATS(Ay), -, To A5 (A,))] do (4.28)
foranyn >1, f € C. (R"\ {0}) and any bounded open sets A;,--- , A, C R.
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Proof. Since D, is an exp-\/i-stable random measure, (4.26) is a direct result of [22,
Theorem 3.1]. We note that D?® converges in distribution to D, and that the exponent of
the Laplace functional of D? is given by

~mE[em P = (1-Vy(s, - V25)) = e /+°° VEeVEB[1 - T8 gy
.

forall € CF(R). (4.27) and (4.28) follow immediately from [15, Exercise 6.4]. O
Lemma 4.10 yields a short proof for Theorem 2.14.
Proof of Theorem 2.14. We have that
E {e—w,smq —Ps {e—aMmcw)} . VéeCHR)
where C(¢) can be represented by (4.26). This yields the result of this theorem. O

Remark 4.11. It follows by (4.26) that for all A > 0 and ¢ € CF(R),

C(\ oo _ +oo 1 — o= M&Tam)
Cxd) = L/ gb(x)e_*/i“dac + ¢ \/Ee_\/ﬁ“da:/ eiA(d,u).
A o0 o0 MR\ {0} A
(4.29)
Note that

+oo o= N, Tap) +oo
/ e*‘/iwdx/ leiA(d,u)g/ e*‘/iwdx/ l/\(gf),'ﬁu)A(du).
—o M(R)\{0} A —o MR\ {0} A

Thus by the dominated convergence theorem, the second term of (4.29) converges to 0
as A — +oo. Consequently we get that

+oo
L/ d(z)e V2 dzr = lim @ Vo € CHR). (4.30)

o A——+o0

So a sufficient condition for the constant ¢ to be 0 is that

sup C(\p) < +oo  for some ¢ € CF(R).
\

This is true if the branching mechanism 1 satisfies Assumption 2.15, where one has
supy C(Al(g,400)) < G0 < +oo0. In this case, £ is equal in law to a Poisson random
measure on M(R) with intensity c.0M. [ v/2e~ V2T, A(du)dz. We shall discuss this
special case in detail in the next section.

4.5 Special case where Assumption 2.15 is satisfied and proof of Theorem 2.16

In this section we assume in addition that Assumption 2.15 is satisfied. Recall the
definition of ﬂ¢(t, x) given in (3.35). It is shown in the argument of Remark 3.12 that
when Assumption 2.15 holds, @, (r,- — v2r) € H for all ¢ € H and r > 0. Applying
Lemma 3.10 to the function u%(r’,f\@,)(t, x) = Gy(t + 7,2 — +/2r), one gets that for all
r€Rand ¢ € H,

£3/2  Joen ~
LN Ry g (t,x —V2t) = C(9),
2v2

where C (¢) is defined in (3.38). In particular by taking ¢ = 0, one gets that

13/2
Jim ———e™ V2 Ps, (max X, — V2t > 0) = &, (4.31)
—+oo 532 ogt
where & = C(0).
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Lemma 4.12. Suppose z, z € R. Under Ps_, conditioned on {max X; — Vot —z > 0}, the
random elements (X, — /2t — z, Z, — /2t — z,max X; — V/2t — z) converges, as t — +oo,

in distribution to a limit (Egg, 5~'OZO7 Y), where the limit is independent of x and z, and Y
is an exponential random variable with mean 1/+/2. Moreover, given ((2,27 Y), gozo isa

Poisson random measure with intensity £-X .

Proof. Fix x,z € R. It has been proved in [23, Proposition 3.4] that conditioned on
{max X, — V2t — z > 0}, (X; — V2t — z,max X, — /2t — z) converges, as t — +0o0, in
distribution to a limit (§£7 Y), where the limit is independent of x and z, and Y is an
exponential random variable with mean 1/1/2. We note that for all f,g € C:(R) and
A >0,i=1,2,3,

Ps [e*/\l<f’Xt*\/§t*Z>*>\2(g’Zt*\@t*@*/\s(maXXt*\/51572) | max X; — \/it —z> 0}
- P [e_Al(f7Xt—\/it—z)—)\g(maxXt—\/Et—z)

Ps, |:e*)\2<9,Zt*\/§t*Z> |Xt} | max X; — Vot —z > 0]

= Ps |:e_<)\1f+1—e*>\29,Xt_\/it—z>_)\3(maxXf,_\/it_z) | max X; — Vot —z > O}

=~ E [e—ulfﬂ_eﬂw;@_xgﬂ . ast—r +oo. (4.32)
Obviously the right hand side of (4.32) converges to 1 as \; — 0, ¢« = 1,2,3. Hence
conditioned on {max X; — v2t — z > 0}, (X; — V2t — 2z, Z, — V2t — 2, max X, — /2t — )
converges in distribution to a limit (gX &z Y) with Y being an exponential random

00’ Yoo

variable with mean 1/1/2. Moreover, it holds that
E [e—<f££>—<g,éi>—w} - K [e—<f+1—e’g,5§§>—AY}
forall f,g € CH(R) and A > 0. In particular one has
E [e—<f£§§>—AYE [e—<g,éi> |EX, y” _E [e—<f75~i§>—/\Y .e—<1—e*g,€§i>} _

This implies that E e (9:€2) |§£,Y} — o (1=¢""EX) P.as. So we prove the second
conclusion of this lemma. O

Lemma 4.13. Suppose z, z € R. Under Ps_, conditioned on {max X; — Vot —z> 0}, the
random elements (X; — max X;, Z; — max X;, max X; — V2t — z) converges, as t — 400, in
distribution to a limit (AX, A2 Y) := (EX —Y,EZ —Y,Y), where the limit is independent
of  and z, and (ﬁX, AZ) is independent of Y. Moreover, given AX, AZ is a Poisson
random measure with intensity AX,

Proof. The first conclusion follows from Lemma 4.12 (in place of Lemma 4.3) in the same
way as Lemma 4.4. We only need to show the second conclusion.

Since (AX7 AZ> is independent of Y, we have for all f € CF(R),

E [e—<f,AZ> | AX} E [e—<f,ﬁz> | gx’y} —E [e—(ffi—ﬂ 1EXy

ef<17e—f,§§gfy> _ ef<17e—f,ﬁx>.
The third equality follows from the second conclusion of Lemma 4.12. Hence we prove
the second conclusion. O
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Lemma 4.14. For any f,g € CI(R),

+o0 ~ .
C(f+1-e¢9) =5 V2e VR [1 _ e—(f,AX-&-y)—(g,AZ-s-y)} dy.

Proof. Fix arbitrary f,g € CF(R). It follows by [23, (3.12)] that

+oo -
C(f+1-e9) =é V2e VR [1 _ ef<f+1—e-g,AX+y>} dy.

— 00

By Lemma 4.13, we have that
E {1 _ ef<f,ﬁx+y>f<g,52+y>} ) [1 _ ef(erlfe‘g,ZXer)] ,
Now the desired result follows immediately. O

Proof of Theorem 2.16. Using computation on Poisson point process, we have for all
f,9€ CIR),

E [e—<f72i21 Te, A ) (9551 Tei&?)}

—E00Mee [T V2eTVVE [1—c7<f’zx+y>7<g'zz+y>} dy‘|
e

= ]P§

@

This together with Theorem 2.10 and Lemma 4.14 yields that
Hence we complete the proof. O

A Appendix

Lemma A.1. Let L be the integer-valued random variable with distribution {py, : k > 2}
as defined in Proposition 2.2. Suppose f : [0,4+00) — [0,+00) satisfies the following
conditions: There exist some constants c,x > 0 such that

(1) f is bounded in [0, c) and convex on [c, +0).
(2) f(zy) < kf(x)f(y) forall z,y € [c, +0).
Then the following statements are equivalent.
() E[f(L)] < +o0.
(1) P. x5, [f(|Z¢]])] < oo forallt > 0 and k € IN.
(iii) P,, [f (|| Z¢||)] < oo for allt > 0 and p € M. (R).
(iv) P, [f(|| X¢|])] < oo forallt > 0 and p € M.(R).
V) Ji1 400y f(@)T(dz) < +o00.
Proof. Without loss of generality we may and do assume that the function f : [0, +00) —

[0, 4+00) satisfies that there is some x > 0 such that
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(1) f is convex on [0, +00);
(2 flzy) < kf(z)f(y) forall z,y € [0, +-00);
(3’) f is nondecreasing on [0, +oc0) and f(x) > 1 forall z > 0.

In fact, [5, Chapter IV, Lemma 1] shows that for any function f which satisfies the
original hypothesis, there is a function f satisfying (1’)-(3’) such that for any probability
measure y on [0, +00), f[O}JrOO) f(x)p(dz) is finite if and only if f[0’+oo) f(z)p(dx) is finite.

That (i) < (i¢) is established in [5, Chapter III, Theorem 2]. We note that (|| X;||):>o0
is a continuous-state branching process. Thus (iv) < (v) follows directly from [14,
Theorem 2.1].

(ii) < (iii): Since the branching rate and offspring distribution of (Z,),>¢ is spatially-
independent, (|| Z]|):>0 is a continuous-time Galton-Watson branching process. Thus we
have for any nontrivial u € M.(R),

Py [F(1ZeI)] = Pu [P [F (1 ZeID1 Zo]] = P [Py 2415 [F(11Z1)] -

Note that (|| Zo||,P,,) is a Poinsson random variable with parameter ||¢|. Thus we have

+00 k
P 712D = 3 VA ot 171201 (a1
k=0

Hence P, [f(||Z:]|)] < +o0 if and only if P. 35, [ (|| Z¢]|)] < 400 for all & € IN.

(iii) = (iv): Fix ¢ > 0 and a nontrivial ¢ € M.(R). Suppose that P, [f(||Z:]|)] < +oo.
Recall that given X, Z, is a Poisson random measure with intensity X,(dz), and so || Z;||
is a Poisson random variable with parameter || X;||. Thus we get

P, [[|Z:)1Xe] = | Xl Pp-as.
Since f in convex on [0, +00), it follows by Jensen’s inequality that
Py [f(IXelD)) = P [f (P (1 Ze | X)) < P [Py [F([[2: D)1 Xe]] = P [£([[Ze])] < 400

(iv) = (iii): Fix t, s > 0 and a nontrivial 1 € M.(R). Suppose P, [f(||X¢+s|)] < +oo. It
follows by (3.14) that

I Xesll = XN+ 112

|+ D I

uEZy

We have

P, [f([Xersl)] = Py =P, |P,

f (z u;w) 2

uEZy

<o (5 i)

The first inequality follows from condition (3’), the second inequality from Jensen’s
inequality. We observe that the distribution of ||I,|| under P. 5, is independent of the
starting location z. If we define g(s) := P. 5, [||s||] for all s > 0, then we get from the
above argument that

f (z ||I§“>||>

uEZy

f (Pu [Z 1251112,

UEZy

vV

P,

< P [f ([ Xe4s]1)] < +o0.

Py [f (g(s)1Ze)] = P lf (Z 9(8))

[y
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Thus by (2’) we have

W [FUNZeD) =P [fg(s)g(s) M IZel)] < wF(g(s)™ P [f(9(s)1Z]])] < +o00.
Therefore we complete the proof. O

Lemma A.2. Assumption 2.4 holds for some 0 < 3 < 1 if and only if

1
0

Proof. Let L be the integer-valued random variable with distribution {p; : k¥ > 2}. It
follows from Lemma A.1 that Assumption 2.4 holds if and only if

E [L'F] < 4o0. (A.3)

Let ¢(s) be the Laplace transform of L, that is, ¢(s) := E [e7*L] for all s > 0. Then by [8,
Theorem B], (A.3) is equivalent to that

1
/ f1(s)s™ @B 4 o0 (A.4)
0

where fl(s) ©(s) —1—¢'(0)s. We use F(s) to denote the generating function of L, i.e.,
E [s*] for s € [0,1]. Since ¢(s) = F(e™*) for all s > 0, setting u = 1 — e~ we have

©"(s) = F"(1—u)(1—u)*+F'(1 —u)(1—u).

Since u ~ s as s — 0, one has
52 u?
f1(s) ~ 530”(5) ~ [F"(1—w)(1—uw)?’+ F'(1-u)(l—u)] ~cu’F'(1-—u) ass— 0,
(A.5)
for some constant ¢; > 0. On the other hand, in view of (2.1), one has ¢F" (1 —u) = ¢" (u).
This together with (A.5) implies that

F1(s) ~ eau(u) ~ cau (' (u) = '(0)) = cou ('(u) +1)  as s =0,

for some constant ¢, > 0. Hence we have f(s)s~ %) ~ cou= 48 (¢ (u) + 1) as s — 0.
So (A.4) holds if and only if (A.2) holds. O
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