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Abstract. Consider a two-type reducible branching Brownian motion in which particles’ diffusion coefficients and branching rates are
influenced by their types. Here reducible means that type 1 particles can produce particles of type 1 and type 2, but type 2 particles can
only produce particles of type 2. The maximum of this process is determined by two parameters: the ratio of the diffusion coefficients
and the ratio of the branching rates for particles of different types. Belloum and Mallein (Electron. J. Probab. 26 (2021) 61) identified
three phases of the maximum and the extremal process, corresponding to three regions in the parameter space.

We investigate how the extremal process behaves asymptotically when the parameters lie on the boundaries between these regions.
An interesting phenomenon is that a double jump occurs in the maximum when the parameters cross the boundary of the so called
anomalous spreading region, while only a single jump occurs when the parameters cross the boundary between the remaining two
regions.

Résumé. Considérons un mouvement brownien branchant a deux types, réductible, dans lequel les coefficients de diffusion et les
taux de branchement des particules dépendent de leur type. Ici, “réductible” signifie que les particules de type 1 peuvent produire des
particules de type 1 et de type 2, alors que les particules de type 2 ne peuvent produire que des particules de type 2. Le maximum de
ce processus est déterminé par deux parametres : le rapport des coefficients de diffusion et le rapport des taux de branchement pour
les particules de différents types. Belloum et Mallein (Electron. J. Probab. 26 (2021) 61) ont identifi¢ trois phases du maximum et du
processus extrémal, correspondant a trois régions dans 1’espace des parametres.

Nous étudions le comportement asymptotique du processus extrémal lorsque les parametres se situent sur les frontieres entre ces
régions. Un phénomene intéressant est qu’un double saut se produit dans le maximum lorsque les parametres franchissent la frontiere
de la région dite de diffusion anormale, tandis qu’un simple saut se produit lorsque les parametres franchissent la frontiere entre les
deux autres régions.
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1. Introduction

Over the last few years, many people have studied the extreme values of the so-called log-correlated fields, which form a
large universality class for the distributions of extreme values of correlated stochastic processes. One of the simple models
in this class is the branching Brownian motion (BBM), which can be described as follows. Initially we have a particle
moving as a standard Brownian motion. At rate 1 it splits into two particles. These particles behave independently of each
other, continue to move and split, subject to the same rule.

Due to the presence of a tree structure and Brownian trajectories, many precise results for the extreme values of BBM
were obtained. Bramson [27,28] gave the correct order of the maximum for BBM and the convergence in law of the
centered maximum. Lalley and Sellke [42] obtained a probabilistic representation of the limit distribution. A remarkable
contribution for the extreme value statistics is the construction of the limiting extremal process for BBM, obtained in
Arguin, Bovier and Kistler [9], as well as in Aidékon, Berestycki, Brunet and Shi [3]. With motivation from disordered
systems [25,26], several works studied the extreme value for variable speed BBMs see, for example, [21,22,36,48]. Many
results on BBM were extended to branching random walks [2,47], and other log-correlated fields, such as 2-dimensional
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discrete Gaussian free fields [18,19,29,30], log-correlated Gaussian fields on d-dimensional boxes [1,33,45], and high
values of the Riemann zeta-function [6,7,10]. For recent reviews see, e.g. [5,11].

This article concerns the extreme values of a multi-type branching Brownian motion, in which particles of different
types have different branching mechanisms and diffusion coefficients. Just like in the case of Markov chains, we say a
multi-type branching Brownian motion is reducible if particles of some type i can not have a descendant of some other
type j; and otherwise call it irreducible. For irreducible multi-type BBMs (with a common diffusion coefficient for all
types), the spreading speed was given by Ren and Yang [52], and recently Hou, Ren and Song [39] obtained the precise
order of the maximum and the limiting extremal process. For reducible multi-type branching random walks (BRWs),
Biggins [16,17] studied the leading coefficient of the maximum and found that in some cases these processes exhibit the
so-called anomalous spreading phenomenon. More precisely, the leading coefficient of the maximum for a multi-type
BRW is larger than that of a BRW consisting only of particles of a single type. Holzer [37,38] extended results of Biggins
to the BBM setting, by studying the associated system of F-KPP equations.

Belloum and Mallein [13] studied the extremal process of a two-type reducible BBM and obtained in particular the
precise order of the maximum. One can construct this process by first running a BBM with branching rate 8 and diffusion
coefficient o2 (type 1 BBM), and then adding standard BBMs (type 2 BBMs) along each (8, o2) BBM path according to
a Poisson process. There are three distinct regimes: type 1/type 2 domination, and anomalous spreading, corresponding to
the parameters (8, o) belonging to 47, €77, and %7y, respectively (see Figure 1). However when the parameters (3, a?)
are on the boundaries between these three sets, the precise order of the maximum and the behavior of extremal process
are not clear, except the common intersection of these boundaries which was studied by Belloum [12].

In this article, we study the asymptotic behavior of extremal particles in the two-type reducible BBM above when
the parameters (8, 02) lie on the boundaries between €7, 611, ¢111- We show that the extremal process converges in law
towards a decorated Poisson point process and give the precise order of the maximum. Combined with the main results
in [12,13], the phase diagram of the two-type reducible BBM is now complete and clear. As an interesting by-product,
a double jump occurs in the maximum of the two-type reducible BBM when the parameters (8, 0'2) cross the boundary
of the anomalous spreading region %77, and only a single jump occurs when the parameters cross the boundary between
€1, €.

1.1. Standard branching Brownian motion

Let {(X,(t), u € N;);>0, P} be a standard BBM, where N, represents the set of all particles alive at time ¢, X, () denotes
the position of individual u € N;, and P is the corresponding law of the BBM. Let M; = max,en, X, (f) be the maximal
displacement among all the particles alive at time ¢. Bramson [27,28] obtained an explicit asymptotic formula of M;:
If let m; := /2t — 23% logt, then (M; — m; : t > 0) converges weakly, and the cumulative distribution function of the

limit distribution is the unique (up to transition) travelling wave solution of a certain F-KPP equation. Lalley and Sellke
[42] improved this result and they proved that M; — m, converges weakly to a random shift of the Gumbel distribution.
Specifically, they showed that for some constant C, > 0,

(1.1 lim P(M; —m; <x) = E[exp{_c*zooefﬁx}],

t—00

where Zoo > 0 is the a.s. limit of the derivative martingale (Z;);~o defined by Z, =3\, (V21 — X, (t))eﬁxu(f)’m.

The name derivative martingale comes from the fact that Z, = — % L=z Wi (2), where W, (1) 1=, eN, A Xu )=+

is called the additive martingale for BBM. Aidékon [2] proved the convergence in law of the centered maximum of
branching random walks by probabilistic method.

After the maximum of the process was known, many researches focused on the full extreme value statistics for BBM,
which can be encoded by the following point process, called extremal process

Ei= ) 8 -m-

ueN;

It was proved independently by Arguin, Bovier, Kistler [9], and Aidékon, Berestycki, Brunet, Shi [3] that £ converges in
law to a random shifted decorated Poisson point process (DPPP for short) defined in the following paragraph. Bovier and
Hartung [23] extended the convergence of the extremal process by adding an extra dimension that encodes the localization
of the particle in the underlying Galton—Watson tree. We refer to [32] for further results on the structure of the extremal
process; and to [31] for some conjectures, many of them still have not been rigorously proven yet.

A DPPP € is determined by an intensity measure p and a decoration process ©, where p is a (random) measure on
R and D is the law of a random point process on R. Conditioned on p, sampling a Poisson point process Y, 8y, with
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intensity u, and an independent family of i.i.d. point processes (3 j 8, »i > 0) with law D, then the point measure
J
& ~DPPP(u, ®) can be constructed as £ =) _; 0 tdi-
J Oxitd;
Using this notation, the main result in [3] and [9] can be stated as:

(1.2) tlim Z 8%, (1)—m, = DPPP(\/EC*ZOOe*ﬁX dx, @ﬁ) in law in the vague topology.'
— 00

ueN;

The decoration law D2 belongs to the family (D2, o > +/2), defined as the limits of the “gap processes” conditioned on
M; > or:

(13) D)= lim P(Z Sy, €+ | My = Qt>-

ueN,

The existence of this limit is established in [9, Theorem 3.4] for p = V2 and in [21, Proposition 7.5] for p > V2. See
also [14] for an alternative proof using the spine decomposition techniques. In [14], these point processes (D : p > +/2)
were used as decorations in the extremal processes of 2-speed BBMs.

1.2. Two-type reducible branching Brownian motion

Now we give the definition of a two-type reducible branching Brownian motion, which is the model we are going to study
in this paper. The difference between our two-type reducible BBM and the standard BBM is that in our two-type BBM,
each particle now has a type and the branching and movement depend on the type. Specifically, type 1 particles move
according to a Brownian motion with diffusion coefficient o2. They branch at rate 8 into two children of type 1 and give
birth to particles of type 2 at rate . Type 2 particles move according to a standard Brownian motion and branch at rate 1
into 2 children of type 2, but can not give birth to offspring of type 1. We use N, to represent all particles alive at time ¢,
as well as Nt1 and Nt2 for particles of type 1 and type 2 alive at time ¢ respectively. For u € N; and s <t, let X,,(s) be the
position of the ancestor at time s of particle u. So we write {(X,(¢), u € N;);>0, P} for a two-type reducible BBM and
M; :=max,epn, X, (t) for its maximum.

As mentioned at the beginning of the paper, Biggins [16,17] found that anomalous spreading may occur for multi-type
reducible BRWs. Belloum and Mallein [13] studied more details on the precise order of the maximum and the extremal
process for this two-type BBM. Especially in the case when anomalous spreading occurs, they showed that the extremal
process, formed by type 2 particles at time ¢, converges towards a DPPP weakly.

To describe the limiting extremal process in the form of (1.2), we introduce the additive and derivative martingales of
type 1 particles. Note that particles {X, () : u € N} of type 1 alone have the same law as the BBM with branching rate 8

2
and diffusion coefficient o2, which is denoted by (Xf (W) ue N:):>0 (here N; is a slight abuse of notation as it depends
also on ). We write X for the standard BBM X!:!. Using the scaling property of Brownian motion, we have

(1.4) (X" (1) s eN,) 2 (ixu(ﬂt) ‘ue Nﬁt).
N

So, by the results for standard BBM, the corresponding derivative martingale of type 1 individuals and its a.s. limit are
given by

1 2 — . 1
(1.5) zV =" (20 — Xy (1)) VPP XuO=2B and Z{) = lim zM >0 as.
ueN}
The corresponding additive martingales of type 1 individuals and their a.s. limits are given by

22

02
(1.6) W)= Y HHO-CFHD ang ng)(,\)ztlim w0 as.forreR.
—00

ueN,1

I'That is to say, for every continuous test function ¢ with compact support, [ ¢ d&; converges weakly to [ ¢ d€. In this paper when dealing with the
weak convergence of point process, we always assume that we are using this setting.
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Divide the parameter space (8, o) e R%r into three regions (see Figure 1):

1 B
@ = e g1 |
1=1(8,0%):0° > glis=n+ 55 7w 1}}

1
G = (ﬂ,az) 2ol < Bl{ﬂgl} + Q2 - ﬁ)l{ﬂ>1}},

G = (,8,02):02+,3>2and02< 2,3/3—1}'

The main results in [13] are as follows. Recall the constant C, in (1.1), (1.2), and the decorations (D?) p>2 in (1.3). Let
2802 and 6 :=/28/02.

o If (B, 02) € 6y, then M; = vt — % logt + Op(1). For some constant C and some decoration law ® ;) obtained implic-
itly in [13], we have

Jim > 8y, 1)—urt 3 1ogr = PPPP(OCZL)e™ dx, D)) inlaw.
uEN,2
o If (B, 02) € 61, then M, = /2t — logt + Op(1). There is some random variable Zo, € (0, 00) (see Lemma 5.3)
such that
. _ > ~J2 V2 .
MM D 0y, 0-vare 3 gt = DPPP(v2C, Zoce V* dx, DV?) inlaw.
uEN,2
o If (B,02) € €y, then M, = v*t + Op(1), where v* = B > max (v, +/2). For 0* = /2 B=1 and ¢ = 2@
) g = P > - 2(1*02)(ﬂ*1) ’ : - 1—0? —2(B-1)

(where C(0*) is defined in Lemma 2.4(ii)), we have

lim ) 8x, (vt = DPPP(0*CWY(0%)e " dx. ®7) in law.
ueN,2

Moreover, Belloum [12] showed that

o If (B, adH =, 1), then M; = V2t — logt + Op(1). The extremal process

_ D ,—V2 V2y s
tl—lglo 8Xu (t)—«/it—kzlﬁ logr — DPPP(«/EC*ZéO)e Tdxe,® ) in law.
I,teN,2

The above results were explained by Belloum and Mallein [13] as follows: If (8, 02) € €, the leading coefficient v*
is larger than max(+/2, v), and the extremal process is given by a mixture of the long-time behavior of the processes of
particles of type 1 and 2. In other words, an extremal particle has an ancestral line that has been of type 1 for a positive
proportion of the time, and also of type 2 for a positive proportion of the time. If (8, ) € €; for i = I, II, the order of
M; is the same as a single BBM of particles of type i = 1, 2, and the extremal process is dominated by the long-time
behavior of particles of type i = 1, 2, respectively.

The aim of this article is to obtain the asymptotic behavior of the maximum and the extremal process of the two-type
branching process when parameters (3, 02) are on the boundaries between 67, 671, 6111, except the point (1, 1). In these
cases there were some conjectures in [13, Section 2,4]. Our main results confirm that the conjectures are true with some
coefficients being corrected and we also provide results for the case where no conjecture was made.

1.3. Main results

In the statements of our theorems, we continue to use the notation introduced earlier: the constant C, in (1.2), the decora-
tions (D2 : p > +/2) in (1.3), the derivative martingale Z(%) and additive martingales Wo(cl,)(k) in (1.5) and (1.6). We note
that, since V2 < 6, we have Wéé)(\/i) > 0 almost surely. Denote by

Bry=06Naeu\{(1, D} ={(B.0?): po* =1, <1}
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Fig. 1. Phase diagram for the maximum of two type reducible BBM.

B =06 N 0Cu\{(1, D} ={(B.0%) : B+0>=2,8>1};
1

1
B =06 Noe\{(1, 1)} = {(,3,02) : 3 t— =2,B< 1}~

See Figure 1 for an illustration.

Theorem 1.1 (Boundary between %, €111). Assume that (B, o?) € PBir . Let
m,2’3 =21 — L logt.
232

— __aC
Then for the constant C = N 0, we have

i = li = M -2 V2y
Jim Y8y ) ee=lim Y8, 0 25 =DPPP(V2CWL)(V2)e Y dx, DY2) in law.

ueN; ueN?

Theorem 1.1 confirms Conjecture 2.2 of Belloum and Mallein [13] with the constant before log¢ being corrected as
ﬁ, and the random variable Z there taken to be Wéé)(\/i).
Recall that throughout this paper, we set

v:i=,/2B0% and 0:=,/28/c2.

Theorem 1.2 (Boundary between ¢}, €y;;). Assume that (8,0%) € %;.q11. Let

1
mtl’3 =t — % logt.

Then we have

. T _ (1) —6x 0y
tl_l)rrolo SXM(Z)—m,m = zl—l>Igo BXu(t)—m,” = DPPP(@CZC>o e dx,® ) in law,
ueN; ueN?

with C = % (where C(0) is defined in Lemma 2.4(i1)).

Theorem 1.2 confirms Conjecture 2.1 of Belloum and Mallein [13] with the coefficient before log 7 being corrected as

% and the decoration law D there taken to be ©?.
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subleading
~coefficient

leading coefficient
£ /4
5t 7

Fig. 2. Coefficients for term ¢ and log ¢ as function of (8, 02).

Theorem 1.3 (Boundary between %, ¢);). Assume that (8,02) € PBr.u. Let

1,2 -2
m; i=m 2t — logt.
t t— \/E g
For some random variable Z s, (defined in Lemma 5.3), we have
. _ = _J/ax N
Jim XN: B xu(ty—mt2 = Jim. 22 8y ty—mt? = DPPP(V2C. Zoge ™V dx, DY?) in law.
UEN; ueN;

Remark 1.4. Combining Theorems 1.1, 1.2, 1.3 and the results in [12,13], we can observe a double jump in the maximum
maxyep, X, (t) when the parameters (8, o2) cross the boundary of the anomalous spreading region %7y7. The leading order

varies contlnuously but the logarithmic correction changes from —% logt to —7 logz then to 0; or from —5 3 logt

to — 29 logt then to 0. See Figure 2. Such a phase transition reminds us of the study of time 1nh0m0geneous BRW [35],
in which a constant multiplying the logarithmic correction changes from —5 to —5 then to —3 Also in a more general
setting of [35], phase transitions become a little bit more complex and a double jump can occur as well (see [49]). A more
interesting problem is to make the logarithmic correction smoothly interpolate from 1 to 6, which is done for variable
speed BBM in [24] (see also [40]). For two-type reducible BBMs, we ask a similar question as follows.

Question 1. Can we let the parameters (f;, atz) depend on the time horizon ¢, in order that the logarithmic correction for
the order of the maximum at time ¢ smoothly interpolate from —2%/2 log? to —2—\1/5 logt then to O or from —% logt to
—% logt then to 0?

Remark 1.5. Question 1 above has now been addressed in our recent preprint [44].

Remark 1.6. When (g, oH e A .11, the localization of paths of extremal particles is the same as in the case (8, o ey
(see Lemma 5.1). So when (3, 0’2) crosses the boundary between 67, 61y, the maximum of the process only experience
one jump: the subleading coefficient changes from — f to — %

Remark 1.7. In the proof of Theorems 1.1, 1.2, 1.3, we only have to prove the convergence of the extremal pro-
cess consisting of particles of type 2. Because by (1.1) and (1.4), the height of the highest type 1 particles is around
vt — % logt + Op(1), which is much below type 2 particles. Moreover, our results in Theorems 1.1, 1.2, 1.3 can be
strengthened as the joint convergence of the extremal processes and its maximum (&;, max &) to (Ex, max £ ), Where
Ex 1s a DPPP and max &y, is its maximum. The reason is that, by [14, Lemma 4.4], to prove the convergence of
(&, max &), it is sufficient to show the convergence of the Laplace functional E[e™ (@.&) )] with certain test functions
¢ € T introduced below.

Notation convention. Let T be the set of functions ¢ € C ; (R) such that inf supp(¢) > —oc and for some a € R, ¢p(x) =
some positive constant for all x > a. 7 will serve as test functions in the Laplace functional (see [14, Lemma 4.4]). For
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two quantities f and g, we write f ~ g if lim f/g = 1. We write f < g if there exists a constant C > 0 such that f < Cg.
We write f <, g to stress that the constant C depends on parameter A. We use the standard notation ®(f) to denote a
non-negative quantity such that there exists constant c¢1, ¢ > O such thatc; f <O(f) <ca2f.

1.4. Heuristics

We restate the optimization problem introduced in [13, Section 2.1] (see also Biggins [16]). First, we introduce the
following definition:

Definition 1.8. If u € N,2, we denote by 7, the time at which the oldest ancestor of type 2 of u was born. We say T, is
the type transformation time of u.

For p € [0, 1], let N, 4 (1) be the expected number of type 2 particles at time ¢ who have speed a before time
T, ~ pt and speed b after time pt. Note that these particles are at level [pa + (1 — p)b]¢. First-moment computations

a2
— %—z)pt—i-o(t)

yield that there are around e’ type 1 particles at time pt at level apt, and a type 2 particle has probability

2
e(l_hT)(l_”)’+”(’) of having a descendant at level b(1 — p)t at time (1 — p)z. Hence we get N, 4 5 (1) = exp{[(B — %)p+
(11— %)(1 — p)It + o(?)}. In order to get the maximum, we just maximize pa + (1 — p)b among all the parameter p, a,

b such that (8 — 2‘;—22) p>0and N, p.a,b(t) = 1. This turns to the following optimization problem:

a2 a2 b2
v*=maX{pa+(1—p)b:p6[0, 11, <ﬂ—p>p20, (ﬂ— m)p+ <1— ?)(1—19)20}.

Write (p*, a*, b*) for the maximizer of the problem above. If (8, %) € €, then p*=1,a* =v,and v* = v;if (8, o e

2
%1, then p* =0, b* = /2 and v* = +/2; if (B,02) € €y, then p* = 2(1"%%2_1) b* = J2£% a* = 62", and

vi= B0 Alsoif (B,02) = (1, 1), then p* can be arbitrary in [0, 1], a* = b* = /2 and v* = v/2
REEE=) OO e e =y v

When (B, 02) € P i, the maximizer is p* =0, v* =b* = /2, and a* can be arbitrary. Hence each individual
u € N? near the maximal position should satisfy p* = T,,/¢ & 0. But now the order of T}, really matters, and if T, > 1, a*
should be /202 as predicted by the formula for the case ;. When (8, o) e Pr.11, the maximizer p* =1, v* =a* = v,
and b* can be arbitrary. We can deduce that each individual u € sz near the maximal position satisfies p* =T/t ~ 1.
The order of ¢ — T, is also important, and if ¢ — T,, > 1, b* should be v/2/02 predicted by the formula for the case €7y;.
Similar problems occur when we consider the boundary %, ;. The following computations, based on a finer analysis,
provide more insights for localization of paths of extremal particles.

The case (B,0%) € Byr.  As in the computations above, the expected number of particles of type 1 at time s = o(r) at
_ a2 212 2
level As is roughly P32 0ogD) 5 typical particle of type 2 has probability ¢~ (V25— BT 54 0log )

a descendant at level v/2t — As at time ¢ — 5. Hence there are around

V2-1)?% s?
2 t—s

of having

)\‘2
(1.7) exp{[ﬁ—ﬁ—(z—ﬁx)]s— +0(10gt)}

(o}
particles of type 2 at level /27 at time  such that T, ~ s and X, (T,,) ~ As. In order that the quantity in (1.7) is not zero
as t — oo, first we have to ensure that § — 2’\0—22 —Q2=V20= —#(k — 26%)% > 0 (here we used B+ 0% =2), which
forces A = /202 Secondly we have to ensure that % is bounded, i.e., s = O (+/1). In other words, the extremal particle
u € N? should satisfy T, = O (y/7) and X, (T;,) ~ v/206°T,,.

The case (,3,(72) € Pru. The expected number of type 1 particles at time s = ¢ — o(t) at level vs — a(r)

2
Ba(t)— ‘2'(023 +0(log1)

(where a(t) will be determined later) is roughly e
e—[(%—l)(:—s)+va(z)+2“(5’_);]+0(1ogz)

. A typical particle of type 2 has probability

of having a descendant at level v(t — s) + a(t) at time ¢ — s. Hence there are around

2 2 2
(1.8) exp{—[(% — 1)(t —5)+ 621((;2)s + ZZ(I_) S)] + @ —v)a(t) + O(logt)}
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particles of type 2 at level vt at time ¢ such that 7, & s and X, (T;,) =~ vs — a(¢). In order that the quantity in (1.8) is not

. . 2
zero as t — 00, using the prior knowledge s ~ ¢, first we have to ensure that a(¢) has the same order as ¢ — s or %,

and we get a(r) = O (¢ — s). We also need to ensure that % = O(1), this implies a(t) = O(t — s) = O (/7). So, letting
a(t) =a~/t and t — s = A\/1, we can rewrite (1.8) as

2
eXp{<6’a — % +X>\/;+ O(IOgt)}.

‘We now have to ensure fa — % +A= —%[a — (6 - v))\]2 > 0 (here we used % + ﬁ = 2). This forces a = (6 —v)A

and hence a(t) = a+/t = (0 — v)(t — s). In other words, the extremal particle u € N,2 should satisfy T, =t — ©(4/7) and
Xuy(Ty) = vT, — 0 —v)(t —T,).

The case (B, 02) € #B111. We do the same computations as in the case (8, 02) € %111, and still get that the expected
number of type 2 particles at level vz at time ¢ satisfying 7, = s and X, (T,,) &~ vs — a(t) is given by (1.8). However, now
we are in the case %y j; with ﬂ02 =1and B8 < 1, and hence v = V2 and 6 = ﬁ,B. Therefore (1.8) becomes

a(®)?  a(@)?
202s + 2(t — )

(1.9) exp{—[fz(l — Bat) + } + 0(10gt)}.

In order that (1.9) tends to a nonzero limit, we need a(¢) = O (log?). This is very different from the case (8, o2 =(1,1)
in [12], in which case we can get a(t) = O(+/t) (and s is of order t). Now the simple first moment computations can
not tell us more. However, we can still make a guess. Notice that the extremal particles u € sz are also extremal (up to
O (logt)) at time T,,. This fact reminds us of the decreasing variances case in [35]: The maximum at time ¢ is the highest

value among the descendants of the maximal particle at time 7 /2. So we guess that max, ey, X, () ~ maxr, [0, ,]{\/QTM —
%log T, + V20t —T,) — %ﬁlog(t —T)}. As 6 < /2, we should choose T, small. So we expect T, = O(1) and

maxyep, X, (t) should be V2t — 2%/5 log?.

2. Preliminary results
2.1. Brownian motions estimates

We always use {(B;);>0; P} to denote a standard Brownian motion (BM) starting from the origin. Here is a useful upper
bound for the probability that a Brownian bridge is below a line, see [27, Lemma 2] for a proof.

Lemma 2.1. Consider a line segment with endpoints (0, x1), (t, x2) with x1, x3 > 0. We have

2x1x) 2x1x2

t_
sxl,Vse[o,t])Btzo)zl—e—z ==

t

P<BS =< ;XZ +

As a corollary, we also have an estimate for the probability that a BM stays below a line and ends up in a finite interval.
Forall K > 1 and y > 0 we have

Kiy+1)
(2.1) P(BsSK»SSI,Bt—KE[—y—L—y])Scm-
In fact, the desired probability is less than the product of P(B; — K +y € [—1,0]) < ﬁ and maxcpo, 11 P(Bs < K, Vs €

[0,¢]|By=K —y —z) <2K(y+ 1)/t by Lemma 2.1 and scaling invariance properties of Brownian bridge.
Later in the proof of Lemma 4.1, we will use a slight modification of Lemma 2.1 as follows. For completeness, we
give its proof in the Appendix.

Lemma 2.2. Let i, = vt — w;, where w; = ©(logt). Assume that o> < 1. Fix K > 0. Then for sufficiently large t,
set— \/flogt,t] and x € R,

t—s 4w+ |x|

(2.2) P(oB, <vr+ K,Vr <s|oBs+ B; — By =i; +x) Sk g0 ;
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2.2. Branching Brownian motions estimates

2
We always use {(Xf ) iue N;):>0, P} to denote a BBM starting from one particle at the origin with branching rate
and diffusion coefficient o-2. For the BBM, there is an upper envelope through which particles find it difficult to pass. In
fact, letting a; = % log(t + 1), for some constant C > 0 and for all > 0, K > 0,

2.3) P(as <t ueNy:XP7 () > vs —a; +a_s + K) < C(K + e K,
see [13, (6.1)] (or [50, Lemma 3.1]). In particular, we have
(2.4) P(Is <t,u €Ny : XE7 (5) > vs + K) < C(K + 1)e K

We collect several results for the standard BBM (X, (¢) : u € N;);>0, (i.e., B = o2 = 1) that will be used frequently.
Recall that M; = max,en, X, (¢). The following estimate of the upper tail of M; was proved in [8, Corollary 10]

Lemma 2.3. Forx > 1 and t > t, (for t, a numerical constant),

3 x? 3 logt
PMzﬁt——lot+x>§ -X-€ex (—«/5 — +— —)

for some constant p > 0.

As a consequence of Lemma 2.3, we have

3
(2.5) P<M >2———1lo t+x>§ -xexp(—v2x + 1),
forall x > 1 and ¢ > tg, since — i o+ zf/_ lo;g’ <1, forall t > 100 and x > 1.

The following estimates for the Laplace functionals of standard BBMs can be found in [12, Corollary 2.9] and [13,
Lemma 3.7]. One can also obtain the same results from the large deviations probability P(M; > pt 4+ x) with p > +/2 and
the conditioned convergence of the gap processes (1.3).

Lemma 2.4. Let o € T, R > 0 and p > ~/2. Then the following assertions hold.
(i) For x € [—-R/1, —%«/?] uniformly

1— E(e_Z”EN’ W(X+Xu(l)_\/§t)) y 2((/)) - 37 x) ﬁx ( +0(1))’

as t — 00, where y_5(9) = v/2C, [ eV% (1 — E(e= @20 (+9)) dz.
(i) For|x| < R/t uniformly

e(1=0% /2t 2

1— E(e—zueN[ ‘/’(X+Xu(t)_pt)) — X—ar (1 +0(1))7

=Yp(®) Tffp
C - —(DP -
as t — 0o, where y,(¢) = J% [e (1 —E(e (D%.0(+2)y) dz.
2.3. Choosing an individual according to Gibbs measure

For a standard BBM {(X,,(¢) : u € N;), P}, it is well known that the additive martingale

2
e
W;(n) = E M= +D1

ueN;

converges almost surely and in L' to a non-degenerate random variable Woo(17) when 7 € (0, +/2). And, when 1 = /2,
the non-negative martingale W; (1) converges to zero with probability one (see e.g. [41]). Conditioned on BBM at time
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Xu (1) Lo . .
t, we randomly choose a particle u € N, with probability Zer}i;xum which is the so-called Gibbs measure at inverse

temperature 1. Hence the additive martingale can be viewed as the normalized partition function of the Gibbs measure.
Firstly we state a law of large number theorem for the particle chosen according to the Gibbs measure. This result is
not new. Since we didn’t find a reference, we offer a simple proof in Section 6 for completeness.

Proposition 2.5. Let f be a bounded continuous function on R. Suppose 1 € (0, v/2). Define
Xu (1) (2
= 31
ueN;
Then
Tim W/ () = f(Woo() i L'(P).
This law of large number holds since the Gibbs measure is supported on the particles at position around 5t for n €

(0, ﬁ). One may further ask the fluctuations of X, (¢) — nt. Indeed a central limit theorem (CLT) holds (see [51, (1.14)]):
for n € (0, \/E) and for each bounded continuous function f,

i Xult) =00 x5 +1) / dz
g'gozf< i ) Wooln) | f@)e™ = m P-as.

ueN;

We refer to [15, Corollary 4] for the corresponding local limit theorem. In the crltlcal case 1) = /2, the limiting distribution

in the CLT is no longer Gaussian, but the Rayleigh distribution pu(dz) = ze™ T 1{Z>0 dz. Madaule [46, Theorem 1.2]
showed that for every bounded continuous function F,

— Xy 2
(2.6) lim \/_Z < (t)> —V2(/2=Xu (1)) =,/ —Zoo(F, ) in probability,
b/

1—00
ueN;

where (F, i) fo F(z)p(dz). In fact, Madaule’s result is a Donsker-type theorem for BRWs. A simple proof of (2.6)
can be found in [48, Theorem B.1].

The following proposition gives a natural generalization of (2.6). We didn’t find such a result in the literature and to
our knowledge, it is new.

Proposition 2.6. Let G be a non-negative bounded measurable function with compact support. Suppose F;(z) = G

where r; and h, satisfy the condition that for large t, 10g>(t)//t K 1 <F < 00, 11 + yh; = ©(r,) uniformly for y €
supp(G) and h; decreases at most polynomially fast. Define

\/_t Xy (t) —V2 _
F; _ 2(V2t =X (1))
W' (vV2):=) F ( 7 ) .

I—n
o

ueN;

Then we have

lim
1—00 <Flv )

WF’(«/—) [ Z in probability.

Taking r; = » and h, = t=V/*, and denoting Fi () =G((z — MtY*), for any finite interval I C (0, 00) with strictly
positive endpoints we have

2
2.7) lim 734 f wFM (ﬁ)dx: = / G(y)dyZs in probability.
73 R

t—>0o0

Remark 2.7. To make Proposition 2.6 easier to understand, we choose the function G to be the indicator function 14 p).
Letting h; = 1 and r; = A > 0, Proposition 2.6 gives the CLT (2.6):

~V2WX, _ 2
Vi Z em VAT L V3= X, 0el0rarvi. by i) = [t+op]u(ir+a. i+ b])\/;z"o'

ueN;
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Letting h; =t~'/? and r; = A > 0, Proposition 2.6 yields that

— V22t =X, (1)) _ b—a), _2 /2
\/;Ze I ll{ﬁt—xu(t)e[kﬁ+a,kﬁ+b]}_[1+0P(1)] NG re 2 ;Zoo-

ueN;

This can be thought of a local limit theorem (LLT) result for the position of a particle sampled according to the Gibbs
measure with parameter n = /2. (See also [15, Theorem 4] for a LLT result in the case 1 < +/2.) Letting h; =t~ '/* and
rr=XA >0, we get

NN A0) (b ) - |2
«/—Ze X L3 xueiitar' 4, Af+bz'/4]}—[1+0P(1)] e ;ZOO’

ueN;

which can be regarded as an intermediate result between CLT and LLT.

Remark 2.8. Formally, applying Proposition 2.6 to the function z F;(z) and letting fi(dz) = [ e/ 21{z>0} dz, we
have

(Fj 2 Z F <It ﬁX u(0) ) (\/Et - X, (t))e_ﬁ(ﬁ’_xl‘ ) 5 7. in probability.

A rigorous proof can be achieved by slightly modifying the proof of Proposition 2.6.

ueN;

Remark 2.9. In the proof of Proposition 2.6, we use a powerful method developed in [4]. The main step is to prove that

a nonnegative random variable U; := UI(K) (see (6.7) for the definition of U,(K)) converges in L' under some probability
Q:=Q%) (see (6.2) for the definition of Q%)) In the CLT case (i.e., r, = ®(1) = hy), the 2nd moment of U, is finite and
EalU21g,]
(EalUnD? —
or r; = o(1), the 2nd moment of U; appears to explode, and EQ[U, Ig¢] is not negligible.

In the first version of this paper [43], we overcame this difficulty by using a bootstrap argument to show that the integral

of UP on G¢ is negligible and limsup,_, . % <1 for p =1+ € with small €. But we need to further assume that

one can find good events G; so that limsup,_, o <1 and Eq[U, 2lGL] is negligible. However, when ; = o(1)

J/1r; > t€. We thank one of our referees for suggesting the current proof which is simpler than our first version. This type
of argument is used in [51, Section 5] also based on the ideas in [4]. Indeed we do not have to prove the stronger result
on the convergence of p-th moment. In order to show the L' convergence of Uy, it suffices to show that the expectation
of U; on Gf is negligible and the expectation of (U;)? on G, is less than the square of the expectation of U;. Also, the
conditions on r; in [43] can be weakened to 4/7r, >> log® ¢ and even weakened to /7r; > log'*< ¢, by properly choosing
the barrier in the good event G,. However, as pointed out by the same referee, dealing with r, = O((logt)/+/t) requires
to work with a more precise barrier. In this regime what matters is not the distance between X, (r) and +/2¢, but rather
the distance between X, (¢) and m;,. This type of regime is covered in [51]. Moreover, results in [51, Corollary 1.3] are
somewhat similar to our proposition: the scaling in the test function F is always 1/+/¢, but the fact of having a weight

P Xu® instead of ¢¥2Xu(®) implies that the considered sum is supported in some smaller windows.
2.4. Many-to-one lemmas for two-type BBMs

Let {(X,(?),u € N;), P} be a two-type reducible BBM. Recall that « is the rate at which a type 1 individual gives birth to
one type 2 children. Recall that for a type 2 particle u, T, is the time at which the oldest ancestor of type 2 of u was born.
Let b, be the time when u was born. We write

B:{ueUNtz,Tuzbu}
>0

for the set of particles of type 2 that are born from a particle of type 1. The following useful many-to-one lemmas were
proved in [13, Proposition 4.1 and Corollary 4.3].

Lemma 2.10. Let f be a non-negative measurable function. Then

) B enp f((Xu(),r <), T)) = [g P T VE(f (0 Bras + (By = Brag),r <1),9)) ds.
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(D) EQCep f(Xu(s), s <T) =a 57 P'E(f (0 By, s <1)dr.
(iii) Elexp(— Y, ep f (Xu(),5 < )] =Elexp(—a [5~ 3, e 1 (1 — e/ X520y dp)].

3. Boundary between %7y and 67y

In this section we always assume that (8, 02) € $un,ie., B >1, cr=2— B < 1 and recall that m, =2t — logt

Lemma 3.1. For any A > 0, we have

1
lim limsupIP’<3u EN?:T, ¢ [E*ft’ R\/—} X, () = m>3 A) =0.

R—>0o0 t—00

We are going to show Theorem 1.1, postponing the proof of Lemma 3.1 in the end of this section.

Proof of Theorem 1.1. In this proof, we set é‘; = Z%Nz 8X (1) —m>3> and for fixed R > 0, let
t u iy

R ._
- Z I{TMEI%«/I_,R\/;]}(qu(t)_mtlz.

ueN,2

Thanks to Lemma 3.1, é‘;R is very close to ?, More precisely, for all ¢ € T, we have,
& & 1
|E(e—(5,R,<p)) —E(e_(g”‘p>)| SP(HM c N2 X, (1) > mt AT, ¢ [E‘/;’ R\/;j|>’

where A is chosen such that supp(¢) C [—A, co). Thus applying Lemma 3.1 we have

(3.1) lim 11msup|]E( (EF.0 >) —E(e’<5f>‘/’>)| =0.

R—00 >0

Hence in order to study the asymptotic behavior of E(e=€9)), we only need to study the convergence of é/’;R as t and
then R goes to infinity. R
Fix R > 0 and ¢ € 7. Observe that we can rewrite (S,R , ) as

Xur (1) = Xu(Ty) = 2t — Ty) + X (T) — V2T, + logt)
> T 7

T,€ \/_ R\/_ u >—u

where ©’ %= u means that u’ is a descendant of u. Using the branching property first and then Lemma 2.10(iii), we have

E—(aRJP) =E( (_u, (T — V2T, Ll ))
(e ) [T =7 xu@) «/—T—i-zﬁogt

uelBB
FANG

R\t 1
=E<exp{—a/lﬁ Z F(t—s,Xu(s)—«/Es—i—z—\/ilogt)ds}),

R ueN,

where F(r,x) =1— f(r,x) =1 — E(exp{— ZMGN, o(Xy (r) — V2r + ). Additionally, as the speed v = /28052 of
the BBM of type 1 is less than +/2, we have, for all s € [%\/?, R/l and u € N}, v/25 — X,,(s) = ©(s) as. since
limsup,_, o, %maxue N | X, ()| = v almost surely. Then applying part (i) of Lemma 2.4 we have, uniformly for s €

[/, RV,

1
Flt—s,X,(5)—v2s + ——1Io t)
( Ll() Zﬁ g

(V25 — X, (5)) eﬁ(x"(s)_ﬁs)e‘_ <x,,<s>2—t«/§.c)z

= (14 0(1)y s5(9) ;

as.,
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as t — oo, where the o(1) term is deterministic. Thus ]E(e_<5rR"p))

R\ﬁ — s)— 52
:E(exp{—(l +0(1))ayﬁ(¢) X /1 Z Meﬁ(xu(s)_ﬁs)e—% ds})

t t
R uen}

R
=]E<exp{—(1+0(1))ayﬁ(¢)/l W(A,A«/?)dk}),
R

(3.2)

where

Xu _a2 _Aul) _
WonLn=3" /\<~5—‘ [(t)>e 7 (VIR V2KV

ueN}

Recall that ({X,, (l)}ueNtl , P) has the same distribution as ({%XH (,BI)}MGNW, P). Applying Proposition 2.5, we have,
for each A > 0,

lim W, 1) =~/24(1 - 02)e" 1= Ww(2) in L'(P).

Then by the dominated convergence theorem, we have, as t — oo,

/ W, AWT) dh — f/ (1= 02)e” 1= W (/2) dh

1/R

< f E|W(h, 2v1) — V21 (1 = 62)e =00 WD (/2)] da — 0.
1/R

2)2)\2

Here dominating functions exist since E[W(A, Av/1)], E[ﬁx(l — az)e’(l’” Wéé)(\/i)] are both bounded by

2 . .
maxy>oxe ~ 2, Letting t — oo in (3.2), we have

R
lim ]E(e_(ng"p)) = E(exp{—ayﬁ(w)wg)(ﬁ)/l V2r(1 - 02)6_(1_”2)2)‘2 dk}).
R

1—0o0

Then letting R — oo, combining (3.1), we obtain

)
: —EO — fim T —(EF o)\ _ aWoo (“/—)
Jim E(e™50) = Jim | lim (e )_E(eXp { =0t 2P

which is the Laplace functional of DPPP( \/_aC* «/EWéé)(\/f)e_ﬁx dx, ’Dﬁ). Using [14, Lemma 4.4], we complete

the proof of Theorem 1.1. g

Now it suffices to show Lemma 3.1. First we give prior estimates for the type transformation times 7, for particles
u € N? with positions higher than m?>.

Lemma 3.2. For any A > 0 we have

(3.3) limsupP(3u € N2 : T, > +/1logt, X, (t) > m;> — A) =0.

—>0o0

Proof. Let Y/ := D e N2 1 (Tu> i logt, Xu(t)2m> - A} By Markov’s inequality, the probability in (3.3) is bounded by

]E(YtA). It suffices to show that IE(Y,A) — 0 ast — oo.
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Using Lemma 2.10(i) and then the tail probability of Gaussian random variable ( fxoo o2 2 dy < )lce—xz/Z = 0),
we have
t
E(Y[A) = a/ eﬂS-H_SP(O'BS + (Bt B ) - mt2 N B A) N
Vilogt
2,3
/t ePs =9 @e_ (m;” —4)2
2,3
Vilogt ,

2(02s+1—s) dS
—A

<

~

tlogt

t 2
t_
Shapod t—1/2/ S e
.. toas

1

Set(p:u9—>,3u+(l—u)—m.

Making a change of variable s = ut, we have

1

log1? 1,1

]E(Y,A) <il2 ﬁogt exp{ﬂp(u) + m}du <t27%2 ﬁ 9 4y
e

i )= B — 1 — —1=0® _ ") = — 20=0h? - - _
Since ¢’ (u) =8 — 1 I < 0 and ¢"(u) = Ol < 0, ¢ is concave, and takes maximum ¢(0) = 0 at

point u = 0. By Taylor’s expansion, there exists a constant § > 0 (depending only on %) such that ¢(u) < —8u? for all
u € [0, 1]. Thus

logt

A S L Y Y e
IE(Y,)SJZ 202 e " dy < t207 e % dz =0,
i logt

which gives the desired result. ]

Proof of Lemma 3.1. Fix A, K,¢>0and R > 1. Set IR := [0, %\/Z) U (R+/1, 4/tlogt], and

Y;(A,R,K)= Z Vg ermy lxu @l soTu+ k) L pgus 23 )0
uelB

where M/ is the maximal position of the descendants at time ¢ of the individual u. In other words, Y;(A, R, K) is the
number of type 2 particles that are born from a type 1 particle during the time interval ItR and have a descendant at time
t above ml — A. By Markov’s inequality,

P(ElueN,zzTu¢|:%x/;,R\/_} Xu (t)>mt23—A>

<P@Es<tueN,:|Xu(s)| = vs+K)
+P(Jue N2 : T, > Vilogt, X, (t) = my> — A) + E(Y,(A, R, K)).
By (2.4) and Lemma 3.2, it sufﬁces to show that limg_, o limsup,_, .. E(Y;(A, R, K)) =

Let Fi(r,x) :=P(x + M, > mt — A), where M, = max,en, X, (r). Applying the branchmg property and Lem-
ma 2.10(i), we have

E(Y,(A, R, K)) E( Vet Hixamolsot+k) Fr (t = Ty Xu(Ty ))>

ueBB

(3.4)

OéfR €ﬂSE (Fi(t — 5,0 By) {68, |<vs+K}) ds
1[

R
t

Ol/ E QGB’F(Z‘—S o By +US))1{ 2vs—K <o By <+[(}dS
1,
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where in the last equality we replaced o Bs by o B + vs by Girsanov’s theorem. Moreover, since logt —log(t —s) = o(1)
fors < \/flog t, we have for large ¢,

F,(t —s,vs + )_P<M > /2t ! logt — A —vs )
=, )= —s - —F —A—-vs—z
' o 22 £

3 1
<P| M;_, z\/i(t—s)——lo (t—s)+(«/§—v)s+—lo t—z—ZA).
( i N N
For z € [-2vs — K, K] and s < /rlog?, we have 1 < (v/2 — v)s + flogt—z—ZA<flogtfor1arget Applying
Lemma 2.3, we have

(3.5 Filt — s.us +2) Sp ppr TAOBIH Bl a2 s v - 5000
. ’ < t |

where we used the fact that —ﬁ[(ﬁ —v)s + % logt —z — 241 < 2w U) < for large 7. Replacing z by o B; in
(3.5) and then substituting (3.5) into (3.4), we obtain

1 t B f—ll 232
B(Y(A. R K) Sun o [ RE(—S+ il S'e—<9—ﬁ>03s—ﬁ<ﬁ—v>s>e—% ds
1

t

s+1logt + |0 By — (0 — v/2)a%s|\ _ (/20?2
=1, E e 7 ds
I

t

logt +E|B, /| 2022
5[ <A+—g Mt >e_T da,
[0, })U(R, log1] Vt

where in the equality we used the Girsanov’s theorem and the fact that %(9 —V2)262 = /2(/2 — v) when B+o2=2,
and in the last < we made a change of variable s = /7). Then the desired results follows from a simple computation. [

4. Boundary between %7 and %7y

In this section we always assume that (8, 02) € B, ie., f>1, % + # = 2. Recall that mtl’3 = vt — % logt, where

2B0% and § = /2B8/02.
Firstly, we describe the paths of extremal particles. It turns out that for a type 2 particle u € N; 2 above level m,l 3 at
time ¢, its type transformation time 7}, should be s =t — ©(+/), and its position x at time s should belong to the set

IR ={x:|8(;s, 0| <RVI—s), where8(x;s,1) :=x —vs + (0 —v)(t — ).

Lemma 4.1. For any A > 0, we have

1
.1 lim hmsupIP(au eEN*:t—T, ¢ [—JZ, Rf} X, ) =m? - A) =0,
R—00 t—500 R
and
4.2) lim hmsup]P’(EIu € N X (@) > m, - A, X, (T,) ¢ FT t) 0.

R—00 t—o00

We will postpone the proof of Lemma 4.1 to the end of this section and show Theorem 1.2 first.

Proof of Theorem 1.2. In this proof, for simplicity, for ¢ > 0, we set & = > 13, and for R > 0, we set

QIR ={(s,x):t—sE€ [%\/?, R./tl,x € Fslft} and

uEN2 8X t)—my,;

R._
= Z 1{(Tu,xu<Tu>)est}5xu(t)_m}’3~
ueN,2
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Take A > 0 satisfying supp(¢) C [—A, 00). For all ¢ € T, we have

|E(e~ &) —E(e~E9))| <P(3u e N2, X, (1) = m! — A, (Tu, Xu(T)) ¢ 2F).
Thus by Lemma 4.1 we have

(4.3) 11m hmsup|]E( (EF ‘M) E(e_<5’*‘p>)|=0_

R—00 1—o00

We now show the convergence of &, ER first as  and then R goes to 0o. Recall that u” %= u means that u’ is a descendant
of u. We rewrite (EIR, ) as

1
> ) so(xuf(o — Xy (T,) = 0(t = T) + 8(Xu(T); Tu 1) + %logt>.
ueBB u'eN?
(T Xu(Tu)EQR iy

Let f(r, x) := E(exp{— ZueN, (X, (r)—0r +x)}) and F := 1 — f. Using the branching property first and then applying
Lemma 2.10(iii), we have

—(ERo)y — _ : 1
E(e )—E[ [1 f(t Tu,a(xu(n),n,z)+Zelogt)}

ueBB
(T, Xu(T,))eQR

t_F‘[ 1
exp / t—s,8(Xu(s);s,t)+%logt l{Xu(s)eFf,}ds .

Additionally, by Lemma 2.4(ii), uniformly in s € t — [ /1, Ry/t] and in X, (s) € TR | the function

s,t°

1
F<t —s,S(Xu(s); s, t) + %logt>

2
e—(%—l)(t—s) . [Xu (5)=vs+O—0)(1—5)+ 5 log 1
~ y5(0) LX) —vs+O—0)(—5)+ & log ] ,— el
_ Xu)— LA+(9 v)(t A)]
~ vy (@) IXu)=vsl, , ast — oo,

where in the last “~” we used the fact that 62 — Qv — (% -1 = % — 2B + 1 = 0. Therefore, by making a change of

variable r =t — s, we have E(e—(&"9))

RVI
:E("Xp —(1+o(1))ays(p) / \[ D L d"})

ueN}
(4.4) Xy (t— r)EF, it

R
=E —(1 1
(exp (1+o(1))ays (9) f =

where in (4.4) we substitute by ry ; = A1, and

(t - r)u,f’r)n,t)d)\'}>a

t—Xu(t)— (0 — 2
WO, )=y e_g[vt_X”([)]G<v “(3/; ( ”)’), G(0) = e T i)
ueN}

Recall that ({X,, (t)}ueN[| , IP) has the same distribution as ({#Xu (B1)}ueny, » P). Applying Proposition 2.6, we have,
for fixed A > 0 and ry ; = A1,

6 — <9 v>2 2 K2
lim WG(t—ru,ru)_Z(l)\/ ( ’ /e_Tl{MlsR}dx
t—>00 Tt R
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in probability, and by using (2.7) the integral of \/%WG (t — rat,rr,r) with respect to A over the interval [1/R, R]
converges in probability to the integral of right hand side. By (4.4) and the dominated convergence theorem, we have

3 2 (R@—vr _ev?p 22
lim E(e<5fR"/’>):E(exp{—am(@z&)\/ —/ (73v)e % " d)»/ 62]{|x|<R}dx}>.
t—00 g % o R -

Letting R — o0, combining (4.3), we have

5 2
lim E(e=“ ) = lim lim E(e<5rR»¢>)=1E<exp{—ye(¢)zg?7a })

t—00 R—> 00 [—00 o6 —v)

which is the Laplace functional of DPPP(%@Z@(“ dx, ’}39). Using [14, Lemma 4.4], we complete the proof

of Theorem 1.2. 0
Before proving Lemma 4.1, we show a weaker result first.

Lemma 4.2. For any A > 0 we have

limsupP(Ju € N2 : T, <1 — /1logt, X, (t) > m;”> — A) =0.

—>00

Proof. For A > 0, we compute the mean of YtA =D e N2 1 . Applying Lemma 2.10(i) and

(T <t—/Tlogt, X, (t)=m/ >~ A}
Gaussian tail bounds, we have

M t—+/tlogt s
E(Y) =« fo P SP(o By + (B — By) =m,” — A)ds

<

~

1,3 2
t—+/tlogt 625 +1 —5 —m =H
/ B H—s)
0

2(025+1—s)
3 e ds
m;” —A

t 1;2[2 vt logt
t_ —
<A t_l/Z/ eﬁ( u)tu 2002 (t—u)+u) eo(UZ(T*H)‘Fu) du

Jtlogt

Setg: A~ B(1—A)+X1— Making a change of variable u = r, we get

o
o24+(1—02)r"

1,0l
E(Y/) Sat?T 52 | Py
log?
NG

2 —g2)2 . .
As M) =1-8+ /3(72((I2+11_f‘1‘2))\)2 <0 and ¢"(u) = —,302(62%%)”3 < 0, ¢ is concave, and takes maximum

¢(0) =0 at point A = 0. By Taylor’s expansion, there is a constant § > 0 (depending only on %) such that (1) < —81?
for all A € [0, 1]. Hence

=
—
=~
=
A
rI—

+-1 ! —5A2¢ 2 *© —§z% 4 1=
o | e dr <too e’ dz — 0,
% logt

which gives the desired result. |
Proof of Lemma 4.1. Step 1. We first prove (4.1). As shown in the proof of Lemma 3.1, it suffices to bound the mean of

Y,(A,K,R) = Z L1, erty VX () <or+K ¥r<T,) I{Xu(,)thm_A},
ueN,2
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where A, R, K >0 and IF := 10, %\/f) U (R+/t, «/tlogt]. Applying Lemma 2.10(i), we have

E[Y:(A, K, R)] =a/

PsTE—)p 0B+ B — By > mt —A, ds
t—IR

oB, <vr+K,Vr<s

B. < K.|0Bs;+ B; — B, )32
4.5) / f /Ss+(t s)P oB, <vr+ K, s t s e,z(orzﬁhs) ds dx
Vr<s =m!? +x !
my4x)2
/ / u+ logt + x| ﬁ(f u)+ue Z(U(thr(lta)z)u) du
IR t '

where in the third line we used Lemma 2.2 and we substitute ¢ — s by u in the integral. Note that ﬁ(m,1 34 x)?
2

2t (V2% — 2vt( logt — x)] = (Bt — %logt + 6x). Then uniformly in u € [0, v/ logt], we have 1 — —%L - =

o2t+(1—02)u
O(log') and hence

v

(mtl’3—i-x)2
Y PRI,
(m1’3—i—x)2 ot
46 Bt — _my
0 =l —wtu 20% o2+ (-0

(1-0%u

1
<—(pB-1 —logt [ ——————
=—( )u+2 ogt +p oc2t+ (1 —02u

—[6 —o(D)]x +o(D).

Substituting (4.6) into (4.5), we have

*© logt _O=c_ g a4
E[Y,(A. K. R)] < / dre—0v/2 f R Meaz,+(l,gz)uﬁu .
—A I

00 _ (B=D(-02)u?
= dxe_ex/z 71/! + 10gt + |X| e 02H~(1702)u dM,
_A IR 1

2 2y,.2
where in the equality we used the fact %ﬂu —(B—-Du= %’ which follows from the assumption

# + % = 2. Making a change of variable u = A/, we get

o _(B=DU-g?1?
E[Y,(A, K, R)] 5/ dxefexﬂ/ Me 2+(1-0D)/V d).
-A [0, £)U(R,00) NG

By the dominated convergence theorem, we get limp_, o limsup,_, ., E[Y; (A, K, R)] =0 as desired.
Setp 2. Now we prove (4.2) by showing that for fixed A, K, € > 0, the expectation of

Yi(A, K, €, R) = Z Yot eleviet v oy <or+ K vr<T Lix, )¢rg X =m!3-a)
ueN2

vanishes as first t — oo then R — oco. Thanks to Lemma 2.10(1),

0By + By — By >mt _A

t

eﬁ‘H_(t_S)P ’O’BS —vs— (0 —v)( —S)| > R/t — s, ds.
oB, <vr+K,Vr<s

(4.7) E[Y:(A, K, €, R)] =a/
-1t
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Then conditioned on ¢ By = vs — (8 — v)(t — s) + x, by the Markov property, and noting that mtl’3 —[vs — (@ —v)(t —
) +x]=0(t —s) —x — 55 logt,

oBs; + B; — B>mt —A

}GBS —vs—(@—v)(t—s)| > R/t — s,
oB, <vr+K,Vr<s

Ix|>RVi=s /s 260

dx _ @s—0-v—9+0? 1
4.8) < —e 2025 Pl{B_s>0(—s)—x— —logt— A
x=(0—v)(t—s)+K

xP(UBu§vu+K,Vu§s|UBS=vs—(9—v)(t—s)+x)

fos x| _a? s
R

g / 2025 g 2(t—s) d)C,
At —S |x|>Ryt—s t
where the last inequality follows from the following three items:
2 2
. CXP{_W} — o BsH(O>=0v)(1—5) ,—Ox exp{— W}
e Gaussian tail bounds yield that for s € [t — e '/7, 1 —e+/tf]and x < (0 — v)(r —5) + K,

logt 2
logt t 2 x + +A
P| B;—s >9(t—s)—x—£—A <a vt e_%(’_‘v)egxexp ; .
20 t—s 2(t — )

e—ﬂs+(% —0v)(t—s)

e Lemma 2.1 implies that for s € [t — e~ '/7,1 — e/t and x < (8 — v)(r —s) + K,

P(O’B <vu+ K,Vu <s|locB;=vs — (0 —v)(t —s)+x) (t -5+ |x|)/t
Substituting (4.8) into (4.7), noting that % —Ov+1= % — 28 + 1 =0 and making change of variables t — s = A+/1,
y=ux/Jt —s, we get

logt

t—er/t

f—s4|x| _—wi—o-v? Gtogd? gy
E[YI(A’ K’ €, R)] 5 / dS/ 7”6 204s e 2(t )
t—e 1/t |x|>Ry/t—s ! JE—s
-1 1/441/2 0—v)r—yal/2=1/472 o
Y P R e L O
y|>R \/E
. . 571 — 971))2)"2 1.2 .

Letting ¢ — 00, we have limsup, _, o E[Y1(A, K, €, R)] S[ohe 27 di fly\>R e~ 2Y" dy by the dominated conver-
gence theorem. Then letting R — 00, the desired result follows. (|
5. Boundary between %7 and %77

In this section we always assume that (8, o e PBru,ie., p<1and ﬂc72 = 1. Recall that mt1 =m; = V2t — logt

As we have remarked, the driven mechanism of the asymptotic behavior of the extremal particles in this settlng is the
same as in the case (8, 02) € %j1- The outline of the proof is very similar to that of [13, Theorem 1.2], but more careful
estimations are needed.

Firstly we show that each particle u € sz above level mtl’2 at time ¢ should satisfy 7, = O(1).

Lemma 5.1. For any A > 0, we have

lim limsupP(Ju € N2 : T, > R, X,,(1) = m}”* — A) =0.

R—00 1500

We postpone the proof of Lemma 5.1 in the end of this section. Lemma 5.1 implies that we can approximate & =
D uen? Sy, - mi2 DY ER =D uenz Ln=rdx ) )2+ Indeed we have

hm 11msup|]E( (" ‘/’)) E(e‘<g”9">)|=0_

R—>00 t—o00
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By the results in [3,9], a simple computation gives the convergence of é;R as t to co. We only restate the results here, see
[13, Lemma 5.2] for a proof.

Lemma 5.2. For any ¢ € T, we have lim,_)oo(é\tR, Q)= (aﬁ, @) in law, where
ER = DPPP(C, Zgv/2e V> dx, DY?).

Here Zy is defined as follows. Firstly, for each u € B, the convergence of derivative martingale for the standard BBM
and the branching property implies the a.s. convergence of

Z = Y (V2 = Xy (1)) eV 2w 0=V,

u'eN?
u'=u

Let Zé’é) = liminf;_ oo Zt(”), Then Zc(fé) law Zooeﬁxu(ﬂ«)*ﬂu > 0 a.s., where Z, is independent of {X,(¢) : u € Ni}1>0.
Weset Zg =Y ,cp liT.< R}Zé'é) . The main ingredient is to show that gég converges in law as R — oo, which is done as
follows.

Lemma 5.3. Forall ¢ € T, we have limR_,oo(gg;, Q) = (goo, @) in law, where

o~

Eoo = DPPP(C, Zoov/2¢ ¥ dx, ©Y2),

and Zoo := MR 00 ZR =Y e ZW < o as..

Proof. As shown in the proof of [13, Lemma 5.3], it is sufficient to prove that

Y=Y (14 (V2Tu — Xy(T), )eV?Xu 2T < oo Puass.
ueB

We claim that it is enough to show that for each K € N,

Yk = Z (1+[v2T, — Xu(Tu)]+)€ﬁX”(T”)_2T” <oo P-as.

ueBB
Xy (8)<v2s+0 K ,s<T,

In fact, as ﬁ62 =1, by (2.4) we have IP’(UKGN{Vt >0,u e Ntl, Xu(t) < V21 + o K}) = 1. Then for almost every realiza-
tion w, we can find K = K (w) € N large enough so that

X,(t)<V2t+0K, Vi>0,ueN/\

As a consequence we have Y (w) = Yk () (@) < 0o for almost all w.
Next we compute E(Yk ) for fixed K € N. Applying Lemma 2.10(ii), we have

” V2(0 By—/2
E(rg) = Ot/ EﬁSE(l{UBu< 2u+dK,u<s}[1 + (\/ES - UBs)+]e (@Bs— S)) ds.
0 = =
By Girsanov’s theorem, we replace (o B, — \/fu),,gs by (0 B,)u<s (noting B> = 1) and get

o
E(i) S“f E(1(5, <k u=s) (1 + 01 By])e¥ 2 VPB4
0
o
fo‘f E<ZI{BMSK,MSS§BsKe[nl,n]}(l +0|le)e‘f2(°‘ﬁ)BS>ds.
0
n>0

Thanks to the Brownian estimate (2.1) and noticing that o = ﬁ > /B, we have

o0
K
E(Yx) S Ol/ Z(l + K + n)zeﬁ("_‘/ﬁ)(l{_") ds < o0,
0 =

(145)3/2
nz

which implies Y < oo, P-a.s. We complete the proof. ([
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Now it suffices to show Lemma 5.1.

Proof of Lemma 5.1. The proof consists of two step. For convenience we write £(¢) = (log 1)3. Firstly we show that

(5.1) limsupP(Ju € N2 : T, > 1 — (1), X, (1) = m;> — A) =0;

—00

and secondly, we prove

(5.2) lim limsupP(3u € N> : T, € [R, 1 — £(1)], Xu(t) = m;* — A) =0.

R—0o0 t—o00

Step 1 (Proof of (5.1)). Recall that a; = 35 log(t + 1), t > 0. As shown in the proof of Lemma 3.1, thanks to the
inequality (2.3), it suffices to show that for each K > 1, the mean of

Yi(K) = Z l{Xu(t)zm,l'z—A}1{Tu>l*5(t)}1{Xu(F)Sﬁrfa;+azfr+K»rSTu}
ueN,2

vanishes as t — oco. Applying Lemma 2.10(i) and the Markov property for Brownian motion,

t 0By + By — By > m, —A
E[Y:(K)] =ozf ePsHi—sp ds
t—¢(t) aBrfﬁr—at+at,r+K,r§s

t
— /;_8(1) eﬂS}g(F(t — 5,0 By — /25 + — \/5 logt + A) 1{(73,5«/5}"a,+a,_,<+K,r§s}> ds,

where F'(r,x) =e¢"P(B, > 2r —x). By Markov’s inequality, F(r, x) < eﬁx. By Girsanov’s theorem, we replace o By —
V25 by o B, and then the integral above equals to

! 3
— 2B By
/t_w) E(e BB; F(t —s,0B; + —2\/5 logt + A) l{gBrfa,_r_a,+K,,§s}> ds.

Thus

1
E[Y(K)] S« t3/2f E(eﬁ(a_ﬁ)& Vo8, <a, r—a+K r<s}) ds.
t—e(t)

By inequality (6.3) in [13] with A = V2 =06 (or making a change of measure to Bessel-3 process), we have

3(¢— 0)

1 3
O T P ) = Ce(ﬁ_e)K( t fl_ ) s+ 172
Since now 6 < /2, a simple computation yields
b s T
E[Y:(K)] Saak t3/2f <s7) s+ D 2ds =20,
' t—e(t) r+1

Step 2 (Proof of (5.2)). As in Step 1, it suffices to show that for each A, R, K > 0, the expectation of

Yi(4, R, K) = Z Unietr i—e@n s 2y Vi, ) 2v2r+o k<1
ueBB
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converges to 0 as first t — oo then R — oo. Let F;(r, x) :=P(x + M, > mtl’2 — A), where M, is the maximum at time r
of a standard BBM. By the branching Markov property, Lemma 2.10(ii), and Girsanov’s theorem

E[Y:(A, R, K)] = [Z Lz, eRi—e0 (x, () <v2r+o K r<T, }F( - Tu,Xu(Tu))}
ueBB

t—e(t)
:oz/ eﬂsE[F,(t—s,oB‘Y)l{BrSmHK’,SS}]ds
R

t—e(t)
= oe/ E[e VB F,(t — 5,0 By + v/25) (3, <k r<y)] ds.
R

Applying (2.5), we have forall s <t —¢e(¢) and x € R,

3
F[(I_S,x)= (Mf sim, S+\/—S+2\/§

3
t 2 t
<a <—t ) <1+|x/§s—x|+log . )eﬁ<ﬁsx),
N — S

t—s
logT—A—x)

We now get upper bound the expectation:

=) po\3 t\ v 5
E[Y:(A, R, K)] 5Aa/ <—> E|:<1—|—|BS|+log:>e =P fl{BrSK,,fs}} ds.

R t—s

Applying (2.1), as in the proof of Lemma 5.3, we have

t
- s)eﬁ(g_m& 1{Br<1<,r<s}]

t
L\ ao—vBrk-m CKn (L Flog )
s $3/2 ~b; $3/2 :

E|:(1 + | By | +10gt

52(

n>0

Thus

¢ )%(1+logﬁ)
ds

t—e(t)
E[Yt(A, R, K)] Sa,ﬁ,A,K/ (t—s 372

B t/ t—e(t) ¢ 2(1+10gt S)
_(/R f ><t_s> g ds =D+ D).

For (I), since ti—v <2 whens € [R, /2], we have

27 ¢ \2(1+log L) © -
/ s dsflOO/ 5 ds =500
R r—s §3/2 R §3/2

For (II), making a change of variable t — s = At, we have

) a7 e
i \ims) T CT G o =

o 1 +logt /2 l+logt [ 1=
< + log A S 1+ logr Lo
ﬁ eyt M NG e(1)

We now complete the proof. ([
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6. Spine decomposition and Proofs of Propositions 2.5 and 2.6
6.1. Proof of Proposition 2.5

Proof. It is well-known that, for € [0, \/f), the additive martingale

2
W, () = Z M —(7/2+ 1)t

ueN;

is uniformly integrable and converges to a non-trivial limit Wso(17) as t — oo. Moreover, the law of the BBM under
the probability measure tilted by W, (), can be described naturally by introducing a spine (see for example [41]). We
identify the spine as a distinguished genealogical line of descent from the initial ancestor and denote the individual on the
spine at time ¢ by &;. More precisely, there exists a branching dlffusmn ({X () :u eNs, &0, P) with distinguished and
randomized spine, defined on some enlarged probability space Q, F, P), having the following properties:

(i) the diffusion along the spine begins from the origin of space at time 0 and moves according to a Brownian motion
with drift 7,
(ii) points of fission along the spine are independent of its motion and occur with rate 2,
(iii) at each fission time of the spine, the spine gives birth to 2 offspring, and the spine is chosen randomly so that at each
fission point, the next individual to represent the spine is chosen with uniform probability from the two offsprings,
(iv) offspring of individuals on the spine which are not part of the spine initiate P-branching Brownian motions at their
space-time point of creation.

Let F; be the o-algebra generated by the BBM up to time ¢, i.e., F; = o ({X,(s) : s <t,u € N;}). It was established in
[41] that
. - M= /24 1)t
dPlr, =W:()dP|xr, and P& =ulF) = ————ljuen,}-
W; ()

Denote E(t) := Xg, (t), i.e., &, is the position of the individual on the spine at time . We now have, for every ¢ > 0 and

measurable function f,
~[ (B = Xu (1)
V(5] o (557 el

ueN,

_ Z ; (x (t)> (= /24 1)1 Wlf (n).
W; (1) Wt(’?)

ueN;

Since under P, E is a Brownian motion with drift n, and the function x — f (x) is bounded continuous, f (@) converges
to f(n) in L! (75). Thanks to the Jensen’s inequality we have

f
im WD E[f(“(t)>‘]-'l:| = fop inL'®).

t—o0 W, (77) t—00

Thus

W
e[|/ o) — Fapwin|] = [ (”) - f(n)’] ~0
yielding the desired result. (]

6.2. Proof of Proposition 2.6

The proof is inspired by [4]. Fix an arbitrarily K > 0. Define the truncated derivative martingale DEK) as the following:

K) . _ Xy
©6.1) DI = 3 (V21 = Xy (1) + K)e VYR o ke

ueN;

It was proved in [41] that (DfK))»o is a uniformly integrable martingale and lim;_, o D,(K) = Z~ a.s. on the event
{X,(t) < /2t + K, ¥t > 0,u € N}, whose probability tends to 1 when K — co. Moreover, using this martingale to do
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a change of measure, we can also get a “spine decomposition” of the BBM: Let F; be the o-algebra generated by the
branching Brownian motion up to time 7. Let Q%) be the probability measure such that

o, O
(6.2) dQ >|;,=7-dp|;,.

Similar to the spine decomposition in Section 6.1, we can identify distinguished genealogical lines of descent from the
initial ancestor each of which shall be referred to as a spine. Denoting by &; the individual belonging to the spine, and
by E(f) = X, (¢) the position of this individual. The process (X, (¢) : u € N;);>0 under Q%) has similar properties as in
Section 6.1 with (i) changed to (i") below and other items (ii) to (iv) unchanged:

(i) The spatial motion (Z(t));>0 of the spine is such that Rk (¢) := V2t — (1) + K is a 3-dim Bessel process started
at K.

For any ¢ > 0 and any u# € N, we have

(V21 — Xy (1) + K)e™ V221X ()

(6.3) Q& =ulF) = N3 35Xy (5)=— K Vs =1}
t

Throughout this section, we use (R;, P)l?es) to denote a Bessel-3 process starting from x. The expectation with respect
to P)]?es is denoted as EE‘“’S. We truncate Wf "(4/2) as in (6.1), that is to say, we define

K).Fi V20 =Xu (D) _ —X,
(6.4) w1 (V)= F < N ) VAVAXOL, o K Vs

ueN;

Proposition 6.1. For each fixed K € N and A > 0,

Vi w2 2

(F.u)  p® n

(6.5) Eq —0, ast— oo.

Proposition 2.6 is an easy consequence of Proposition 6.1.

Proof of Proposition 2.6 admitting Proposition 6.1. (i) Applying (6.2) and (6.5), we have, for any K > 0,

(K), Fy
t W 2 2
E Vi WP (/3 — D(K) — KEqu viow K(\/_) _ 2"z
(Fr. i) Vz (Fr.u)  p® n
Since D( )1saun1f0rm1y integrable martingale, writing D( ). = limy, D( ) , we have D(K) D(K) in L'(P). Combined

with the equation above, we have

(6.6) EH Vi Y W (/2) — \/7D(K)

<Fl’ )

|=0

On the event {X,(r) < v/2t + K, V¥t > 0,u € N}, which has high probability when K is large (see (2.4)), we have
WI(K)’F’ («/E) WF’ (f 2) and D(K) Z~. Therefore, */— WF’ (\/— 2) converges to \/gzoo in probability P as t — oo.

(ii) We now prove (2.7). Note that for F, ; = G((z - )\)z‘/“), (Fy.5., ) ~ Cyt~/4 uniformly in A € I, where C; =
)Le_% [ G(y)dy, thus

Wi (K ). Fy;
w2 = (v2)

with f =t — AT, ﬁf,k = G((z — Mh;), and h; = t~1/*, Using (6.6) with 1 replaced by 7 and h; replaced by /7, we get

(34 (K), Fi» (K)
E‘/ Wmf(\/_) \/7C,\D di| < /IE

3/4\pn (K Fia (K)
oW (V2) — \/7C,\D dr — 0,
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(Fy o 1)
1 for all A € I and for large ¢, which guarantees the existence of a dommatmg function. Then the argument below (6.6)

t — 0o, where we used the dominated convergence theorem. In fact, (6.11) below implies that E[ Vi fki? . (f 2] <

yields that we can remove the truncation in W( ) ki A(\/_ 2) and D ) and get the desired convergence in probability
result. -

The remaining part in this section is devoted to proving Proposition 6.1. The parameter K is always fixed. For sim-
plicity, WfK)’F’ (ﬁ) is abbreviated as W;K)’F. Recall that Rg (1) = V2t — () + K. We set

K),F
VW

6.7)

YT (Fow) p®

and
t 1 Rg(t) — K
V(K) Vi Fz( k(1) )

(Fi, ) Ri (1) NG

To prove Proposition 6.1, we only need to prove that
: (K) —

(6.8) lim Equo U™ = y2/m|=0

Lemma 6.2. For eacht > 0, we have
(6.9) Ul =E (K)[ |~7:t]

Proof. By (6.3), we have

1 Rk (1) — K
EQ(“[RK@)E( Ji )

Fr([V2t — X ()1/3/1)
F|=>_a®E =ulF1-
t:| Q [St M| 1] ﬁt—Xu(t)+K

ueN;
(K),F
SR X V2 X0 WA=t _Wi
D(K) (V25X ()= —K Vs<t} — p&)
ueN; t
as desired. O
Lemma 6.3. For p €[1,2], define
(6.10) Ip(8) := Equo [(U)"].
Then
) ) (K) 2
(6.11) lim 7;(t) = lim Equ [V, "] =,/ =,
t— 00 t—00 T

and hmsup,_mo(r,h )L 1I (t) < o0.

Proof. Noticing that (Rg (1), Q%)) is a Bessel-3 process starting from K, by (6.9), we have

t 1 R, — K
6.12 1) = g (V) = gBes (Y1 L g (R .
(6.12) 1) =Equ (V) s\ or™\ "7
For p € (1, 2], since x — x? is convex, by (6.9) and Jensen’s inequality,
JEo1 R, — K\7?
(6.13) 1,(t) < Egqu [V :EB“Q —F, (7> )
p Q ([ t ] ) K (FT,M> Rt t \/;

Recall that F;(z) = G([z — r,]h,_l) and our assumption that r; + yh; = ®(r;) uniformly for y € supp(G), simple compu-
tations yield that

oo Z— 1 7& (re+ » t)
6.14) (Fyo 1) = fo (S e T de=n /R GO + yhoe “F dy = O hy).

t
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We claim that, for p € [1, 2] and any ¢y > 0,

(615) EEeS<|:£F[<Rt >i| ) \/71,”/ G(y)P(rt +yh ) —Po- (rz+}hr) dy @( h )
t

uniformly for u € (0, tf_é"]. Then taking p = 1 in (6.15) and combining (6.12), (6.14), we get (6.11). Taking p € (1, 2]
in (6.15) and using (6.13), (6.14), we get I (t) < (r?h,)'~P.

Now we show the claim. Suppose G is supported on [—A, A] for some constant A > 0. First we recall the density
formula for 3-dimensional Bessel process (see [53, Section V1.3])

Bes 2 2 _Gn? 1_67¥
(6.16) P (Ryedzy)=,/—z°¢ » —————dz, forx,z>0.
b4

Using the scaling property for Bessel process, we have

R, — K\1? 1
EEGS<|:\I(F,(I7>] > E]?;S[R F;(R; — K/\/_)P:|
'
_ K/Vt _, _G= u/fﬂ 1 — —22u/V1
6.17 \/’/ <Z . > d
( ) lz—ri—K//t|<AR; h; 2zu/f z

2 ol _up] — e 2/
:h,,/—/ Gy Pe 2O Il gy,
T J_A 2@14/«/?

where in the last equality, we substituted z by zy, =r; + K/ \/t + yh;. By the dominated convergence theorem, we get
that, for any €9 > 0,

A G » 2—]7 Z(Z) J)z 1— eleyu/\/—
» <y
—A 21»”/\/_

rr+yhp)?

A
dy N/ Gy’ (ry +yht)27p€7 > dy
—A

uniformly for u € (0, t%_e"] as t — 0o, and (6.15) follows. O

The naive bound 1, (¢) < (r,zh,)l_” in Lemma 6.3 is not good enough to apply the second moment method (which

needs to show that limsup,_, ., I2(f) < (%)). To overcome this difficulties, we need to further truncate WI(K)’F, by only
counting particles with typical behavior in the summation in (6.4). The arguments are borrowed from Aidékon, Shi [4]
and Pain [51]. Before giving the typical behavior of the particles we want, we need to introduce some notation as follows.

Recall that & represents the individual on the spine at time 5. We write Nf“ as the descendants of & at time 7. The
points of fission along the spine form a Poisson process with rate 2, which is denoted by A(ds). We then define, for a
interval [cq, c2] C [0, t],

K), s - —Ay
p{f) el :=/[ 37 (V2= X (1) + K ) V2V2AX D1 2y, 512K s <) N (5),
c1,0

1
ueN?

which is the contribution for the martingale D(K) of particles who are descendants of individual on spine at time interval
[c1, c2]. Then D) = p&)-[041 — pKY[0.co | pK).Lert] gimitarly, we define

- 2t — X, (t
WI(K),F,[cl,czl:zf Z e—ﬁ(ﬁt—xu(t))Fl<M
[c1.e2]

7 )1{ﬁs—xm)z—K,Vssz}A(ds)'

NG

Put k; =¢” for some y € (0, 1), and for 0 <a < 5 <b < 1 (y, a, b will be chosen later), let

G} = {ko < R (k) 5k§’} N{Rk(s) = log’t, s € [k;, 11},
Gt2 = {Dt(K),[kl,f] Se_lngt}.
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We define
(6.18) G, :=G!nG2.

Now we describe the road to (6.8). As said before, by Lemma 6.3, the first moment of UZ(K) converges but it’s not
trivial to show this is the case for the second moment. A good idea then is to prove that EQ(K>[U, 1(;, — /2/m and
EQ(K>[(U,(K))2lg,] — 2/m as t — oco. The first assertion is easy, but the second one is not (at least for the authors).
However, using the idea in [4] and thanks to (6.9), we rewrite I>(¢) as

L(t) = Equ [UF V).

We expect that the integration of U, ,(K) VI(K) on the good event G, has the desired limit 2/ . Specifically, we are going to
show that

1—>0o0

(6.19) J(t) :=Equ [UO V16,125 2/m.

Although this equation does not implies that EQu()[(Ut(K))zth] — 2/m, but this is the case if we replace UI(K) =
EQ(K>[ AR

—(K
Uf : _EQ(K)[ 1G,|]:t]
Indeed, observing that UEK) <U, ,(K), we have
. —(K)\2 (K) 7 (K) . (K)y,(K)
(6.20) hmsupEQ(K)[(Ut ) ]< hm EQ(K)[U U, ] tl_l)rgo EQ(K)[U, V, 16,] =2/m.

—>0o0

Then we shall show that UI(K) is a good approximation for U,(K), in the sense that

t—00

(6.21) EQ(K)|U,(K) — UEK)| = EQ<K>(VI(K)IG§) — 0.

t—>0o0

Firstly this yields that Eq) [UEK 1 —> /2 /m since Eqx) [U; ) ti))O /2/m by Lemma 6.3. Combining this with (6.20)
it follows that U,(K) converges in L>(Q%)), and hence in L'(Q")) to /2/7. Again, using (6.21) we get (6.8).

In conclusion, now it suffices to prove (6.19) and (6.21)!

Before giving our proof, we state a lemma first:

Lemma 6.4. Let k;, =7 for some y € (0,1), and let 0 <a < 5 < b < 1 such that kb < 13=¢0 for some €y > 0. For any
fixed A > 0, the following assertions hold.

@ limy—00 Q" (G) = 1 and lim; o inf, o 10y Q") (G| Rk (ki) =) = 1.

(i) QB (|Rx (1) = ry/T] < AT} O GE) < (2) log 1 (ry /1)~ 4 k2 41,2270

)

It not hard to see that we can choose y, a, b satisfying the condition in Lemma 6.4. Now fix these three parameters.
Based on Lemma 6.4, whose proof is postponed to the end of this section, we now prove (6.21) and (6.19).

Proof of (6.21). By the definition of V%’

Jt 1 Rg(t)— K
EQ(K)(VI(K)IGIC)Z<F[’I,L)EQ(K)[RK([)FI< K\/; )IG,‘:|~
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When Ft(%) > 0, using the assumption that r; + yh; = ©(r;) uniformly in y € supp(G), we have Rg(t) =
©(r;4/1). Since F; is bounded and +/tr; > log3 t, applying (6.14) and Lemma 6.4(ii),

N/
<Fl‘7 > \/;
1

1 1

2 3

rih;)log’t +
F;th(t 1) log <r\/— 1/2 3/4>

t

EQ<K>(Vt(K)1G?) Sﬂ,rﬂ,f,G (K)(HRK(I) _rf\/—| <2AVth } NGy )

S

Since by our assumption r,/7 > log®(r) and k; =¥, we get that Eq (VI(K) lge) "Z5°0 as desired. (]

Proof of (6.19). Recall that

N/ wEE Rk () — K
J(0) =Equ[U "V 16,] = ((Ft M)) Fa Dt<1<) R Vi o]
’ t

It suffices to show that limsup,_, ., J(t) < 2/m, because similar to (6.20), liminf,_ o J(¢) > liminf;_, oo Eqx) [(U;K))z]
and by (6.21) and Lemma 6.3, liminf;_, .o Eq) [(ﬁ;K))Z] > 2/m. The rest of the proof is divided into four steps:

(K), F. kg 1]
i 1 - NRY) W
o We claim that JV (1) := (775) Eq [+ 5o

RKO)F,(RK(’)_K)IQ] = o(1). To see this, noting that

F;(%) > 0 only if /2t — X,(t) = O(r;+/1), we have W(K) Flernel o D(K) lere2l g5 on G,, we have

wO-Flketl < pELKT < p=log®t apg o F,(RW) Ky < 1. Hence by (6.14) and (6.2), 7V (1) < (V1r, 'h7 )2 x

(l)
e~ 1021 — (1) by (6 14).

(K)F[Okt)
o Let JO@) = (24 o) Equo [ S RKI(I)F,(RK(’) K)16,1. Using that (K) <

J@(t). Then by the branching Markov property, we get

o W we have J (1) < JD (1) +

Ri_i,—K
2 (K), F,10,k;) F (7
JQ)(I)S( i > EQ<K)|:%1{R (k) e[k k”]}:| sup EBGS[M .
(F, 1) (0L RGOS | 0P, R,
(Z—)
By doing the same computation as in (6.17), we have uniformly for u € [k, kb] EBes[ R k ] ]2T F\’[" And
t
this yields that
D) \/E W(K),F,[O,k,)
. . t
(6.22) htfiigpj(f) =y ;htfisogp EQ<K>|:<F“ ) pE0k) I{RK(k[)e[kf‘,kt"]}]‘
t
e We claim that
\/7 NG WI(K),F,[O,k,)
6.23 limsup J(¢) <,/ —limsup E 1
(©29 oo O=yz P Q(K)[(Ft,u) pE10k) Gt]

To see this, using the branching Markov property and part (i) of Lemma 6.4, we have

W;K),F,[O,k,) |
Equ) p K0k 1
t

WK FL0k)

>E (K)|:t—1 a b i| inf QX G{|Rkx (ky) =u
Q Dt(K),[O,k,) {Rx (ke)€lk k' 1} welk? kb1 ( )

(K).F104)
= (I - o(1))Equ [7D(K),[O,k,) I{RK(k»e[kf,k?]}]'
t

Substituting into (6.22), the inequality (6.23) follows.
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WK F.10.ke)

e By (6.23), we have limsup,_, ., J(t) < \/g limsup,_, o J(¢), where J®(¢) := (Ffm Equol USRIy 1g,1. So it
t

suffices to show that J& (1) = (1 + 0(1))@ . By assumption, there is a constant ¢ > 0 such that t =9 < h, for large ¢.
Set n := g + 2. Then note that

WfK)’F’[O’k’) .

VI k) (6
o+ XX (D) Ly,
Dt(l(),[o,k,) G =1 "}] (Fy, 1) ( )

t

NG
3)
(6.24) J(t) < Foo) Eq |:

On the one hand, the Markov inequality and (6.14) yields

(6.25) LQ(K)(DgK) < t_”) — idm( 1 - tﬂ) < Vi E <;> =o(1).
) o

7y ~ (K)
(Fy, 1) (Fy, D§K) trhy Q

On the other hand, on G; N {D;K) >t~ "}, we have D;K)’[k”t] < e_logzt < %D;K). Then D;K)’[o’k’) > - t_l)DEK) and
hence

\/; c |:WI(K),F,[O,k,)1 :|< 1 c |: \/; WEK),F,[O,k,)i|
(K) (K)o ,— =1 (K)
(Frop) @7 [ pFr0k) SGino=rn | = 1RO (Fu) p®)

1 Ji W;K>»F] \/7
< ——Equ| o ——— | = (1 +o(D),/ =,
1_% Q(K)[(F,,M) D;K) ( ) T

where the last equality follows from (6.11). Combining (6.24), (6.25) and (6.26), we finally get J & (1) = (1 +0(1)),/ 2.

(6.26)

We now complete the proof. |
In the end, we give the proof of Lemma 6.4.
Proof of Lemma 6.4. Firstly, we show that lim;_, o Q¥ )(G,l) = 1. In fact, by the Markov property,

Q®(G}) = PBS (R (ko) € [k0,kP])  inf  PESS(R(s) > log’ 1, Vs € [0, 1 — k;1).

uelkd k21
The following estimates (6.27) and (6.28) tell us that lim;_, o PEGS(R K (k) € [k], kf’ 1) = 1. Then combining with (6.29)
below, we get lim;_, .o QK)(G}) = 1.

e Given some small constant €, for fixed a < % < b, using (6.16) and the fact 1 — ¢™> < y for all y > 0, we have

) 1_
uniformly for x < s27¢,

D=

a—

$ G=x//5)? |
(6.27) PIS(Ry <) =P (R <5°7'%) S [0 e 2 2dz$O(sETY);
and
Bes b Bes b—1/2) < * —% 2 —g1(s)
(6.28) P} (Rszs)=Px/ﬁ(R128 )< Sbi%e “dz=s ,

where g satisfies that lim;_, oo g1(s) = 00.
e For u e [k], kf], let 7 = inf{s > 0 : Ry < log’r}. By the hitting probability of 3-dim Brownian motion (see e.g. [34,
(9.1.5)]), we have

log?

1t
(6.29) P (R(s) > log’1,Vs €[0,1]) > PPS(r =00) = 1 — )

Secondly, we show that QK (G} \Gtz) — 0. Let G, be the sigma-algebra generated by the spacial motion of the spine
(2(#))r>0 and the Poisson point process A which represents the birth times along the spine. We know that, under Q®),
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given G, the processes ({X, (t) 1u € N;":‘Y, t > s}, s € supp(A)) are independent BBMs starting from Z(s). Therefore,

K).lk
Equo [DF 1G] S/ EQ<K>[
1:1]

> (Va2 =X () + K)e V2WV2A=Xu(®) ‘QOO}A(ds)
[k,

uEN?

Z/ (V25 — E(s) + K )e V2226 A (dy).
[k:,1]

By the definition of Gt], we have Eq«) [D;K)’[k”t”goo]l(;tl < ¢—V2(log’ 1=K) fkt, Rk (s)A(ds). By the Markov inequality,
we get

Q(K)(th n {DI(K),F,[kt,t] > eflogzt}) <Eqm [elogztDl(K),F,[kx,t]lcl]

t

2 K),F,[k
(630) =€10g IEQ(K)(EQ(K) [D,( ) Fl t’t]|goo]1G[1)

t
< e—ﬁlog3t+log2tEQ(K) |:/ Rk (s) ds:| — t—gz(f)’
ki

~

where g satisfies that lim;_, o g2(f) = 0o, and we used the fact that A and Rx are independent under Q®) and
Equol fzf, Rk (s)A(ds)] = 2Equ [ fzf, R (s) ds]. Therefore, Q) (G1\G?) — 0, and then lim,_, ., Q¥)(G,) = 1.
Thirdly, the same computations as in (6.30) yields

Q" (GN\GIRk (k) = u) = QX (G} (D! = = Ry (k) = )

t
< e_ﬁ10g3[+10g2tEQ(K) |:/ R (s)ds

t

R(k;) = u:| — 0, uniformly in u <k”.

Also (6.29) implies that inf,,a ) Q®) (G} Rk (k;) = u) — 1. Thus Lemma 6.4(i) follows.
Finally, we give the upper bound of Q(K)({|Rk(t) — r:4/t] < AJth;}\G;). Recall that in (6.30) we have shown that
Q) (GI\G?) = 1782® with gy () — o0. So it suffices to consider Q) ({| Rk () — /1| < AVth)\G}).

e The estimates (6.27) and (6.28) imply that

QE) (R (ko) ¢ [k kL] | Rk (8) — 1| < AV/Thy)
<P (R(k) < k) sup PR (|R() — riv/1] < AVihe) + PR (R(ko) = k7)
u<kf

(6.31)

. _ —3(i_
SPES(RG) <k?) sup PBS(IRy —rl < AR) + k8 <7227 (k2.
x=kf /Nt

e Note that by the Markov property,

QO ({Rk (ki) € [K{ k7],

Rk (t) = rv/1| < AVt \G)

K
= /k PR (R(k,) € du)PEeS (v <t — ks |Ri—k, — riv/1] < AN1hy),

t

where T = inf{s > 0: Ry < log>r}. It is known that (z, PB¢%) has a probability density function (see e.g., [20, page 339,
2.0.2])

log® 1 (u —log’ 1) (u —log1)? log? ¢ u?
pe(s;u) = » W expt — P ds < e expy — ds.
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Let t' =t — k;. Using the strong Markov property, PECS(‘L’ < t';|Ry — r:a/t| < Ath;) equals

!

t
f pBes, (Rx -~ §Ah;\/;)Pr(l/—S§”)d5
0

log t
1 3 u2
</ r;ztemzﬁh,\/zilog L T d
~Jo s st —5)3/2
log3t [! 1 21 ik 1 1 1
< (r2h e w A A S r2hylogd —.
N(r[ I) \/E 0 [)\(1_)\)]3/26 e ~ Ty 108 rtﬁ+u

. . . . . 32 2. . .
where in the first inequality we used the domination e~ VimAh/i=log’ 12/2s < pmerit'/s with ¢ > 0 being some con-
stant and in the third inequality we used the domination f AT32emert/n gy, < I me"” dn < . Thus

QO ({Ric (ko) € [k k7],

1| < AVt \G})

<rZh;log? Y 1 PB“ d hil ! |
Sringloght i rz«/_ (Ri, € du) <r’h;log’t M/;+W .
1 t

Combining (6.31) and (6.32), we get Lemma 6.4(ii). O

(6.32)

Appendix: Proof of Lemma 2.2

Proof. Denote by Pr the probability in the left hand side of (2.2). Noting that the Gaussian process (o B, — ﬁ [oBs+
B; — Bs])re[o0,s 1s independent of o B; + B; — By (checking their covariance), we have
Pr=P(oB —“2 (0 By + B, — By) < o (e +x) + K, Vr <
r=Pl o o vr — me + X y VI =S
T2+t — o= o2+ (t—s)
P(oB — 0B, <7+ (b4 KoV
=PloB,— -0 vr— —————(m; + x ,Vr<s),
R o2+ (t—s)

where Z := (0 By + B; — B) — o By. Simple computation yields

2+ts

_ o?r (it 4 x) = (1—62)(t—s)v+02(w,—x)
v o254+ (t —s) e = o2s+(t—s)

Let Z := S0 7 — 52(B, — B,) — =3¢ B,. We now have

Z+U =D —s)v+o2(w —x)
o254+ (t —s)

Pr:P(oBr—iaBsf r—|—K,Vr§s>.
s
We bound the probability that Z is large. Observe that Z is a Gaussian and Var(Z) = o2t —s)(o2+ %) <2(t—s)as
o2 < 1. Applying the Gaussian tail bound, we have for large ¢, P(|Z| > 10(r — s +1log1)) < tiz forall s € [t — 4/t logt, t].

Moreover, Z is independent of the Brownian bridge (B, — £ By),<s. By formula of total probability with partition {Z <
10(r — s + log?)} and its complement, using again o < 1, we have

(104+v)(t —s +w; + |x])

1
Pr§P<aBr—ZUBS§ r+K,Vr§s>+t—2
S

02s+(t—s)
(10+v)(t—s+u),+|x|)s K 1< t—s 4w+ |x|
< — _+_2NK,/3,O' E—
o(02s +(t —5)) ol|lo t t

where in the second inequality we used Lemma 2.1. (|
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