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Abstract

We study the weak convergence of the extremes of supercritical branching Lévy pro-
cesses {X;, t > 0} whose spatial motions are Lévy processes with regularly varying tails.
The result is drastically different from the case of branching Brownian motions. We
prove that, when properly renormalized, X; converges weakly. As a consequence, we
obtain a limit theorem for the order statistics of X;.
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position
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1. Introduction

We consider a supercritical branching Lévy process. At time 0, we start with a single particle
which moves according to a Lévy process {(§/);>0, P} with Lévy exponent v (6) = log E(e:i(’S 1).
The lifetime of each particle is exponentially distributed with parameter g, then it splits into
k new particles with probability pi, k > 0. Once born, each particle will evolve independently,
from its parent’s place of death, according to the same law as its parent, i.e. move according
to the same Lévy process, and branch with the same branching rate and offspring distribution.
We use P to denote the law of the branching Lévy process. Expectations with respect to P and
P will be denoted by E and E respectively.

In this paper, we use ‘:=’ to denote a definition. For a, b € R, a A b := min{a, b}. We will
label each particle using the classical Ulam—Harris system. We write T for the set of all the
particles in the tree, and o for the root of the tree. We also use the following notation:

e ForanyueT, Ig denotes set of all the ancestors of u, I, := IS U {u}, and n" is the number

of particles in I,, \ {0}.
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Extremes of branching Lévy processes with regularly varying tails 623

e Forany u € T, 7, is the life length of u. Then {t,, u € T} are independent and identically
distributed (i.i.d.), and exponentially distributed with parameter 8. Let b, and o, be the
birth and death times of u respectively. It is clear that b, = Zve 0 Ty and o, = b, + 7.

For any ¢ > 0, let ]-",T =of{by, Nt,o,Nt: ueT}.
e For any 7 > 0, let £, be the set of all particles alive at time .

o Let {(X!)s=0, u € T} be i.i.d. with the same law as {({,)s>0, P} and also independent of

{ty, ue T}
e For u € L;, let £/ be the position of u at time ¢. Then, for ¢ € [0, 0,], § = X7 and, for any
otheru e T,
E =g X, =D Xe X, t€lb, o, (1.1)

vel?
where (1) denotes the parent of u.

e For t>0,vel;, and uecl,, we set X,,;:= oA~ El:,/\z' Note that X, ; =sz—hv and
Xy, =Xz, forallue 18.

For ¢t > 0, define X, := Z”E L, d¢u. The measure-valued process (X;);>¢ is called a branch-
ing Lévy process. When {(&;)>0, P} is a Brownian motion, (X;);>¢ is called a branching
Brownian motion.

Denote by Z; the number of particles alive at time f. It is well known that (Z;)>¢ is
a continuous-time branching process. In this paper we consider the supercritical case, i.e.
m:= ) kpx > 1. Then P(S) > 0, where S is the event of survival. The extinction probability
P(S°) is the smallest root in (0,1) of the equation Zk pksk =, see, for instance, [6, Section
II1.4]. Define

A= Bm—1). (1.2)
The process (e_)"Zt) (~0 18 a non-negative martingale and hence
tlim e_“Zt =: W exists almost surely (a.s.). (1.3)
— 00

For any two functions f and g on [0,00), f~g as s— 0; means that
limg o (f(s)/g(s)) =1. Similarly, f~g as s— oo means that lim,_ (f(s)/g(s))=1.
Throughout this paper we assume the following two conditions hold.

The first condition is that the offspring distribution satisfies the Kesten—Stigum condition:

(H1) Zkzl (klog k)py < o0.

Condition (H1) ensures that W is non-degenerate with P(W > 0) = IP(S). For more details,
see [6, Section II1.7].
The second condition is on the spatial motion:

(H2) There exist a complex constant c, with Re(cy) >0, o €(0,2), and a function
L(x) : Ry — Ry slowly varying at co such that ¥ (8) ~ —C*OO‘L(G_I) asf — 0.

Since eV@ =E(e1), we have Re(y)<0 and ¢ (—60)=v(0). Thus, ¥ (O)~
—¢5101*L(16]7") as & — 0_. Under condition (H2), we can prove (see Remark 2.1) that
P(|&] > x) ~ esx™¥L(x) as x — 00, i.e. || has regularly varying tails.
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An important example satisfying (H2) is the strictly stable process.

Example 1.1. (Stable process.) Let £ be a strictly a-stable process, « € (0, 2), on R with Lévy
measure
n(dy) = c1x~ g 00)(x) dx + el T o 0)(x) d,

where c1,c2>0,c1+c2>0,andif e =1, c; =c» =c. For a € (1, 2), by [36, Lemma 14.11,
(14.19)] and the fact that I'(—a) = —aI'(1 — «), we obtain that, for 6 > 0,

o . .
/ (e — 1 —i0y) n(dy) = —c1al'(1 — a)e™"*/29%,
0
and, taking the conjugate on both sides of [36, Lemma 14.11 (14.19)], we get that

0 . .
/ (e — 1 —i0y) n(dy) = —cral'(1 — a)e™ /26,

—00

Thus, the Lévy exponent of £ is given, for 6 > 0, by

V(o) = / (€9 — 1 —i6y) n(dy) = —al'(1 — a)(c1e 7Y% 4 cel7/2)g°.
Similarly, by [36, Lemma 14.11 (14.18), (114.20)], we have, for 8 > 0,
/ (e — 1) n(dy), ae(0, 1),

/ €% — 1 —i0ylpy<1) n(dy) +ia, a=1

_ [l —a)(c1e7 7%/ + c2e™/2)9%,  a € (0, 1),
| —cn6 + a9, a=1,

V()=

(1.4)

where a € R is a constant. It is clear that v satisfies (H2). For more details on stable processes,
we refer the reader to [36, Section 14].

In Section 4 we give more examples satisfying condition (H2). Note that the non-symmetric
1-stable process does not satisfy (H2). However, in Example 4.1 we show that our main result
still holds for the non-symmetric 1-stable process.

The maximal position M, := sup,, &/ of branching Brownian motions has been stud-
ied intensively. Assume that § =1, po =0, and m = 2. The seminal paper [29] proved that
M/t — V/2in probability as t — oo. [15] (see also [16]) proved that, under some moment con-
ditions, P(M; — m(f) < x) = 1 — w(x) as t — oo for all x € R, where m(r) = /2t —3/2+/2 log t
and w(x) is a traveling wave solution. For more works on M;, see [19, 20, 30, 35]. For inho-
mogeneous branching Brownian motions, many papers have discussed the growth rate of the
maximal position; see [12—14] for the case with catalytic branching at the origin, and [31, 32,
34, 37] for the case with some general branching mechanisms.

Recently, the full statistics of the extremal configuration of branching Brownian motion
have been studied. [3, 4] studied the limit property of the extremal process of branching
Brownian motion, proving that the random measure defined by & := . £, Sgt—m(r) converges
weakly, and that the limiting process is a (randomly shifted) Poisson cluster process. Almost
at the same time, [2] proved similar results using a totally different method.

For branching random walks, several authors have studied similar problems under an expo-
nential moment assumption on the displacements of the offspring from the parent [1, 18, 27,
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33]. When the displacements of the offspring from the parents are i.i.d. and have regularly
varying tails, [23] studied the limit property of its maximum displacement M,,. More precisely,
[23] proved that a, pm, converges weakly, where a, = m™*Lo(m™) and Lo is slowly varying
at co. Recently, the extremal processes of the branching random walks with regularly varying
steps were studied in [8, 9], where it was proved that the point random measure ZM:n Sa;1 S,
where S, is the position of v, converges weakly to a Cox cluster process, which is quite differ-
ent from the case with exponential moments. See also [10, 25] for related works on branching
random walks with heavy-tailed displacements.

[38] studied branching symmetric stable processes with branching rate y being a measure
on R in a Kato class with compact support (i.e. the support of © is compact) and the off-
spring distribution {p,(x), n > 0} being spatially dependent. Under some conditions on p and
{pn(x), n >0}, [38] proved that the growth rate of the maximal displacement is exponential
with rate given by the principal eigenvalue of the mean semigroup of the branching symmetric
stable process. In this paper, we study the extremes of branching Lévy processes with constant
branching rate § (that is, u(dx) = 8 dx) and spatial motion having regularly varying tails (see
condition (H2)). Since B dx is not compactly supported, we cannot get the growth rate of the
maximal displacement from [38]. As a corollary of our extreme limit result we get the growth
rate of the maximal displacement, see Corollary 1.2.

The key idea of the proof in this paper is the ‘one large jump principle’ inspired by [8,
9, 23]. Along the discrete times nd, the branching Lévy process {X,s, n > 1} is a branching
random walk and the displacements from parents has the same law as X;. It is natural to think
that we may get the results of this paper from the results for branching random walks by letting
the time grid become finer and finer, and appropriately controlling the behavior between the
time gaps. However, we cannot apply the results for branching random walks in [8, 9, 33] to
{Xps, n > 1}. First, under condition (H2), the exponential moment assumption in [33] is not
satisfied. Second, [8] assumes that the displacements are i.i.d., while the atoms of the random
measure Xg, being particles alive at time § in our branching Lévy process, are not independent.
Last, although the displacements of offspring coming from the same parent are allowed to be
dependent in [9], [9, Assumption 2.5], where the displacements from parents are given by a
special form [9, (2.9) and (2.10)]), seems to be very difficult to check for Xj.

Branching Lévy processes are closely related to the Fisher—Kolmogorov—Petrovsky—
Piskunov (Fisher—KPP) equation when the classical Laplacian A is replaced by the infinites-
imal generator of the corresponding Lévy process. For any g e C: (R), define u,(t, x) =
E( exp {— D e c g(ét" + x) }) By the Markov and branching properties, we have

t
ug(t, x) =E(e #& ) + E /0 o (ug(t — s, & + x)) ds, (1.5)

where ¢(s) = B( Y_; s*pk — 5). Then 1 — u, is a mild solution to

ou — Au=—¢(1 —u), (1.6)
with initial data u(0, x) = 1 —e 8™, where A is the infinitesimal generator of &. [17] proved
that, under the assumption that the density of & is comparable to that of a symmetric «-stable

process, the frontal position of 1 — u is exponential in time. Using our main result, we give
another proof of [17, Theorem 1.5] and also partially generalize it; see Remark 5.1.
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1.1. Main results

Put Ry = (—o0, 00) \ {0}, and Ry = [—00, o] \ {0} with the topology generated by the set
{(a, b), (—b, —a), (a, o], [—00, —_a) 0<a<b< oo}_ Note that, for any a > 0, [a, co] and
[—o00, —a] are compact subsets of Rg. Denote by B;' (Ro) the set of all bounded non-negative
Borel functions on Ry. Let Cj (Ko) be the set of all non-negative continuous functions on Ry
such that g =0 on (—§, 0) U (0, &) for some § > 0. Denote by M @o) the set of all Radon mea-
sures endowed with the topology of vague convergence (denoted by 5, generated by the maps
w— [fduforallfeCH (@0). Then M (Ry) is a metrizable space, see [28, Theorem 4.2, p.
112]. For any g € B; (Ro) and p € M(Ry), we write j1(g) := f@o g(x) u(dx). A sequence of

. — d . .
random elements v,, in M(Ro) converges weakly to v, denoted as v, — v, if and only if, for

allge CH (R)), vu(g) converges weakly to v(g).
We claim that there exists a non-decreasing function A, with /i, 1 oo such that

Jim eMh O L(h) =1, (1.7)

where A is defined by (1.2). In fact, using [11, Theorem 1.5.4], there exists a non-increasing
function g such that g(x) ~ x~*L(x) as x — o0o. Then g(x) — 0 as x — oco. Define i, := inf{x >
0:g(x) <e ). Itis clear that /, is non-decreasing and /; 1 co. By the definition of &, for any
£>0,g(h/(1+¢e))>e > g(h(l + ¢)), which implies that

—a —a 1 L(hy) T g(hy)
ey =0 I T/ en ~ % g /(1+ o)
< lilm inf e*g(h;) < lim sup e g(h,)

— 00 1—00
g(hy) =1+ lim L(hy)

= o) TS

Since ¢ is arbitrary, we get lim;_, o e*'h; *L(h;) =lim,_, oo €*g(h;) = 1. In particular, h, =
/@ if L =1.In Lemma 2.1 we prove that e P(h; &, € -) = svg(-), where
Ve (dx) = g1x™ T 1(0,00)(0) dx + 23] T T L (Zos,0)(x) dx, (1.8)

with g1 and ¢» being non-negative numbers, uniquely determined by ci=al'(1 —
a)(qre 72 4 grei™/2) if ¢ # 1 and g1 = g» = Re(cy) /7 if a = 1.
Now we are ready to state our main result. Define a renormalized version of X; by

Ne=) 8100 (1.9)
vel;

In this paper we will investigate the limit of \V; as t — oo.

Theorem 1.1. Under P, N; converges weakly to a random measure Noo € M(Ko) defined on
some extension (2, G, P) of the probability space on which the branching Lévy process is
defined, with Laplace transform given by

E(e—/\/oo(g)) _ E(exp {_W/OO e—krf E(l—e” rg(x)) Ve (dx) dr}), g€ C:(Eo),
0 Ro
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where M is defined in (1.2) and W is the martingale limit defined in (1.3). Moreover, Noo =
Zj Tjéej, where, given W, Zj Bej is a Poisson random measure with intensity O Wvy (dx), {T}, j >
1} is a sequence of i.i.d. random variables with common law

o0
P(Tj=k)=19_1/ e MP(Z, =k)dr, k>1, (1.10)
0

where vy (dx) is given by (1.8), Z, is the number of particles alive at time 1, ¥ = fooo e MP(Z, >
0)dr, and Zj Sej and {T}, j > 1} are independent.

Theorem 1.1 says that, given W, N is an integer-valued random measure with the locations
of the atoms being a Poisson random measure with intensity ¢ Wv, (dx) and with weights being
i.i.d. with common distribution given by (1.10).

The proof of Theorem 1.1 consists of two steps. First, we use the idea of ‘one large jump’,
which has been used in [8, 9, 23] for branching random walks, to deduce that A; has the same
limit as the family of random measures defined by

Ni= Z Z Spix,
veLl, uel,

By ‘one large jump’ we mean that with large probability, for all v € £;, at most one of the
ancestors of v has a large enough movement. Then we prove that with large probability, for all
u born before t — s, ht_lXu,,| is small. Thus, the main contribution to N, is

Na= 20 20 B,

vel, uel,,b,>t—s

Remark 1.1. Given a function f, we use Dy to denote its set of discontinuity points. Then,

by Theorem 1.1, N;(f) —d> Noo(f) for any bounded measurable function f on Ry with compact
support satisfying Noo(Dy) = 0 P-a.s. Furthermore, for any k > 1,

NGB, Ni(Ba), .. Ni(Bi) > (Noo(B1), Noo(B). - . . . Noo(Bi),

where {B;} are relatively compact subsets of Eo satisfying Noo(aBj) =0,j=1,...,k P-as.
See [28, Theorem 4.4] for a proof.

Now we list the positions of all particles alive at time ¢ in decreasing order, M; | > M;» >
-+ >M, 7, and for n > Z; define M; , := —oo. In particular, M; | = max,c, &’ is the right-
most position of the particles alive at time f. Note that v, (0, 0o) = oo if and only if g; > 0.
By the definition of Ny in Theorem 1.1, we have that if g; =0 then P(N(0, 00) =0) =
P(X;1550=0) =1.1f g1 > 0 then

P(N5(0, 00) = 00| 8)=P( 3 ;1g=0=00]S) =1,

and since, for any x > 0, v, (x, 00) < 0o, we have

P(Nso(x, 00) <00 | S) =P(Z Igor <00 |S) =1

J

Thus, on the set S, we can order the atoms of Ny, on (0, co) in decreasing order: May>Mp) >
- >Mgy > ---— 0.On the set S, N is null; then we define M) = —oo for k > 1.
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Define P*(-) := P(- | S) (P*(-):= P(- | S)) and let E* (E*) be the corresponding expecta-
tion. As a consequence of Theorem 1.1, we have the following corollary.

Corollary 1.1. If g1 > O then, for anyn> 1,

_ _ _ d
(ht lMt,l, h; lMt’z, oy lMt,n;P*) — (M(l), Moy, ..., M(n);P*).

Moreover, Mz > 0, k> 1, P*-a.s.

In particular, for the rightmost position R; := M; | =max,cz, §;', we have the following
result.

Corollary 1.2. If g1 >0 then (h,_IR,; IP’*) —d> (M(l);P*), where the law of (M(l);P*) is
given by
E*(ef‘)‘flqlﬁwxw) x>0
P* M < — k) £
0y <) =% £
Proof. Using Corollary 1.1, (ht_lRt; ]P’*) —d> (M(l);P*), and M1)>0 P*-as. For
any x > 0, P*(M1) < x) = P*(Noo(x, 00) = 0) = P*( 3 (1 00)(¢) = 0) = E* (e 77 Wrev.090) —
E* (e‘“ilqlﬂwxw). The proof is now complete. O

Remark 1.2. Similarly, we can order the particles alive at time ¢ in an increasing order: L; 1 <
Lip<---<Liz. When g2 =0, P(Noo(—00, 0) =0) :P( Zj 1e/-<0 = O) =1. When ¢; > 0,
on the set S, we can order the atoms of Ny on (—oo, 0) as LiysLp=<---<Lp=<---—0.
Note that {M), k > 1} and {L), kK > 1} cover all the atoms of Nxo. Similar to Corollaries 1.1
and 1.2, we have the following weak convergence of (L; 1, L2, . .., Lt »): if g2 > O then, for
anyn>1,

_ _ _ d
(ht lL,y] hy lL,,Q, o hy lL,’n; P*) — (L(]), Loy, ..., L(n);P*);

and the distribution of Ly under P* is as follows: for any x<0O0, P*(La)<
xX) = P*(Noo(=00, x] > 0) = P*( 3 L(~o0.x1(¢)) > 0) =1 — E* (e7?Wral=00u]) =

| —E* (e—a’1q20W|x|’°‘)'

The rest of the paper is organized as follows. In Section 2 we introduce the one large jump
principle and give the proof of Theorem 1.1 based on Proposition 2.1, which will be proved
in Section 2.3. The proof of Corollary 1.1 is given in Section 3. In Section 4 we give more
examples satisfying condition (H2) and conditions which are weaker than (H2), but sufficient
for the main result of this paper. We discuss the front position of the Fisher—KPP equation (1.6)
in Section 5.

2. Proof of Theorem 1.1

2.1. Preliminaries

Recall that 4, is a function satisfying (1.7). Let Cg(R) be the set of all bounded con-
tinuous functions vanishing in a neighborhood of 0. It is clear that if g€ CJ (@0) then
£°(0 1= 1r,(0)g(x) € CYR).
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Lemma 2.1. For any g € Cg(R) and s > 0, lim;_, o e“E(g(ht_lgs)) =5 fRo g(x) v (dx).

Proof. Let v; be the law of h,_lé;‘s. Then, by (H2), as t — oo,

exp {e“/ (e — l)ut(dx)} =exp [ (e — 1) S exp sT@), @D
R

where
~ | =%  6>0;
‘””"{—aww, 6 <0.

Note that the left-hand side of (2.1) is the characteristic fugction of an infinitely divisible
random variable Y; with Lévy measure e*My,, and, by (1.4), es¥®) is the characteristic function
of a strictly a-stable random variable Y with Lévy measure svy(dx). Thus, Y; weakly converges
to Y. The desired result follows immediately from [36, Theorem 8.7 (1)]. O

It is well known (see [11, Theorem 1.5.6], for instance) that, for any ¢ > 0, there exists
ag > 0 such that, for any y > a, and x > ag,

% < (1= &) max {o/0F, 6/07%), 22)

which is occasionally called Potter’s bound.

Lemma 2.2. There exists cy > 0 such that, for any s > 0 and x > 2 + 2ap 5, G5(x) := P(|&| >
x) < cosx~*L(x).

Proof. By [24, (3.3.1)], for any x > 2,

2%~ ! 2x!

(l — e“/’(e)) do < sE /
2 —2x~

P& >0 < /

—2x—1

2
@l d9=S/0 ¥ (0/x)11 b,

where in the last equality we used the symmetry of ||4(0)|. By (H2), it is clear that there
exists ¢; > 0 such that [ ()]| < c160L(9~), || < 1. Thus, for x > 2 4 2ay 5, using (2.2) with
e=0.5, we get

2 2
P(|§s|>x)§c1sx_°‘/ 9“L(x/9)d9§2c1sx_“L(x)/ 0%(0~"* +0'/2) as.
0 0

The proof is now complete. O

Remark 2.1. It follows from Lemma 2.1 that lim,_, o, " P(|&,| > h;) = s(q1 + g2)/«, which
implies that P(|&| > x) ~ ((q1 + q2)/a)sx™*L(x), x — 00.

Now we recall the many-to-one formula which is useful in computing expectations. We
only list some special cases that we use here; see [26, Theorem 8.5] for general cases.
Recall that, for any u € T, n* is the number of particles in I, \ {0}.

Lemma 2.3. (Many-to-one formula.) Let {n;} be a Poisson process with parameter 8 on some
probability space (2, G, P). Then, for any g € BJ(R), ]E( Zveﬁ, g(n")) =eME(g(n,)) and, for
any 0 <s <t, B( Y cp, 1p,<i—s) =Py — ny_g = 0) = e P,
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2.2. Proof of the Theorem 1.1

Recall that, on some extension (€2, G, P) of the probability space on which the branch-
ing Lévy process is defined, given W, Zj d¢; 1s a Poisson random measure with intensity
U Wy (dx), {T}, j = 1} is a sequence of i.i.d. random variables with common law

o0
P(szk):z}’l/ e MP(Z, = k) dr, k>1,
0

where v = fooo e MP(Z, > 0)dr, and > i Sej and {7}, j > 1} are independent.

Lemma 2.4. Let Noo =3 Tjd,;. Then N € M(Ro) and the Laplace transform of Nu is
given by

E(eNw®) = ]E<exp {_W/OO e—“/ E(1 — e %80 vy (dx) dr}), g € CH(Ry).
0 Ro

Proof. First note that, for any a > 0, ¥ Wy, ([—00, —a] U [a, oo]) < oo, P-a.s. Thus, given
W,y l‘gj\za is Poisson distributed with parameter © Wy, ([—00, —a] U [a, co]), which implies
that ij 1|¢,.|Zu < 00, a.s. Thus, by the definition of Ny,

P(Noo([—00, —a] U [a, o0]) < 00) = P( Z Ligj>a < oo) =1.
J
So Nso € M(Ry). Note that
¢(0):=E(e ") =01 e / e MP(Z, =k)dr
0

k>1
(o)
= _1/ e_“E(e_OZ’,Z, >O) dr
0

oo
=1—19—1/ e ME(1 —e %) dr.
0

Thus, for any g € CZ (Ry),

J
E(6Xp{—ﬂW/R (I = #(g(x)) Va(dX)})
0

:E(exp{—W/oo e*“f E(1 — e #8™) vy (dx) dr}).
0 Ro

The proof is now complete. 0

E(e™N=®) = p(e™ XiT8@)) = E( I1 ¢>(g(ej))>

To prove Theorem 1.1 we use the idea of ‘one large jump’, which has been used in [8, 9, 23]
for branching random walks. By ‘one large jump’ we mean that with large probability, for all
v € L;, at most one of the random variables {|X, ¢| : u € I,,} is bigger than .0/t (6 > 0). Thus,
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by (1.1), to investigate the limit property of N; defined by (1.9), we consider the limit of the
point process defined by N := 3"\, D e, -1y, -
Proposition 2.1. Under P, as t — o0, N, 4 Neo-

The proof of this proposition is postponed to the next subsection. The following lemma
formalizes the well-known one large jump principle (see, e.g., Steps 3 and 4 in [23, Section 2])
at the level of point processes. Because of Lemma 2.5, it suffices to investigate the weak
convergence of AV;, which is much easier compared to that of N;.

Lemma 2.5. Assume g € CS (Eo) For any & > 0, lim,_, o P(JN;(g) — ./\N/,(g)| >¢)=0.

Proof. Since g € CF (@0), we have Supp(g) C {x: |x| > §} for some § > 0.
Step 1: For any 6 > 0, let A;(8) denote the event that, for all v € £;, at most one of the
random variables {|X,, /| : u € I} is bigger than ,0 /t. We claim that

P(A6)°) — 0. (2.3)

Note that

P(aor 1 7)< Y P( > Ut = 2 f,T). 24)

veE; uel,

By Lemma 2.2 and (2.2) with ¢ = 0.5, we have, for 7,0/t > 2 + 2ay 5 and h; > ap s,

P(IXurl = b /1] F) = P(Igs| > /D] s=r,,
< coTuh %10 L(h6 /1)
<2600~ T L) [0/ + 0/ V] = pu. (2.5)

Recall that the number of elements in [, is n” + 1. Since they are conditioned on ]-'F, the
{X,.1, u € I} are independent, and by (2.5) we get

n'+1
1
(Zl{xutbh,e/t} >2|]:T> < Z <n + )p,
uel,
P’ n’+1\
'S (h1d)
=p Z n*(n" +1)< )

=pth(n + D1 +p)" "
Thus, by (2.4) and the many-to-one formula (Lemma 2.3),

P(A(0)°) = E(P(A(0)° | F1)) < eMpPE(ny(n, + DA+ p)" ")
=eMp? (2B + (1 + pr)p?)efrr, (2.6)

where n; is a Poisson process with parameter 8 on some probability space (€2, G, P). Since
e*h;*L(h;) — 1, (2.3) follows immediately from (2.5) and (2.6).

https://doi.org/10.1017/jpr.2023.103 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.103

632 Y.-X. REN ET AL

Step 2: Let o > S + 1, to be chosen later. Let B;(0) be the event that, for all v € £;, n} < ot.
Using the many-to-one formula,

P(Bt(Q)C) = E( Z 1n">gt) = e)\tP(”t > o1)
VEL{

<eM inf e "U'E(e™)
r>0

=eMinfexp {((e" — 1)B — ro)t}
r>0
=c" exp{—(e(logo —log f) — o + A)1}.
Choose o large enough that o(log o —log ) — 0 4+ B > A; then lim;—, IP’(B,(Q)C) =0.
Step 3: Since g€ CF (Eo), g is uniformly continuous, i.e. for any a > 0 there exists n > 0
such that |g(x1) — g(x2)| < a whenever |x; — x| < 7.
Now consider # small enough that 06 <n A (8/2). Let v/ €1, be such that |X, =

maxyeq, {|Xu,|}. We note that, on the event A;(0), |X,,| <60h;/t <h8/2 for any uel,\ {V'}
and ¢ > 1, and thus g(X,, ;/h;) = 0, which implies that

Ny =Y eXui/h) =Y g(Xv.c/hi).

veL, uel, vel,

Thus it follows that, on the event A;(0),

INi(g) — Ni(g)| =

> Le(E /h) — g(Xo i /h)] | 2.7)

vel,

Since & = Zuelv X,.1, on the event A;(8) N B;(0) we have

> Xu

ueh\{v'}

g — Xy | =h ! <0 'n" <00 <n A@5)2).

Note that if |X,/ ,/h;| <8/2, then |&|/h; < 8, which implies that g(&)/h;) — g(Xy /i) =0.
Thus,

18087 /) =8 (Xa/h)| = |8 (& hu) = 8o/ M) [Ny, 1 500) <y

It follows from this and (2.7) that, on the event A;(6) N B:(0),

XV/.f

>his/2}"

W@ =Nl =a 31 1 sl
veLl; '
=@ )0 D Y, o) = Nill=00, =8/2)U 8/2, o).

VEﬁ[ uel,

Letf € CF (Ro) satisfy f(x) = 1 for |x| > /2. Then [N;(g) — Ni(9)| < aN;(f).
Combining Steps 1-3, we get

lim sup P(|Vi(g) - Nig)|>¢) < lim sup P(4,(6)°) + P(Bi(e)") + P(Ni(f) > a'e)

= lim sup ]P’(./\7}(f) > a_ls) = P(Noo(f) > a_la),
=00
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where the final equality follows from Proposition 2.1 (the proof of Proposition 2.1 does not
use the result in this lemma). Then, letting a — 0, we get the desired result. O

Proof of Theorem 1.1. Using Lemma 2.4, Proposition 2.1, and Lemma 2.5, the results of
Theorem 1.1 follow immediately. U

2.3. Proof of Proposition 2.1

To prove the weak convergence of ./\7,, we first cut the tree at time ¢t — s. We divide the
particles born before time ¢ into two parts: the particles born before time ¢ — s and after ¢ — s.

Define
Noo=3"0 ) Sy, (2.8)

vel, uel,,b,>t—s

Lemma 2.6. For any ¢ >0 and g € Cj‘ (KO), lim,_, oo lim sup,_, IP’(|J\7,(g) — J\~fs,,(g)| > 8)
=0.

Proof. Since g € CH (Eo), we have Supp(g) C {x: |x| > &} for some § > 0.
Let Jy ; be the event that, for all u with b, <t —s, |X,,,| < h8/2. On Js s, Ni(g) — N .(g) =
0, and thus we only need to show that

lim limsup P(J5,) =0. (2.9)

S0 >0

Recall that G4(x) := P(]&,| > x). By Lemma 2.2, for ¢ large enough that 4,6/2 > 2 + 2aq s,

P(Js,)=1-PUs) =1~ IE( [T (- G,uv,(h,:S/Z))>

w:b, <t—s
§E( Z Grll,t(h,5/2)>
u:b, <t—s
gcoh,“(s/z)“L(h,a/z)E( > zu,,>. (2.10)
u:b, <t—s

In the first inequality we used 1 — [T/, (1 —x;) < >_1; xi, x; € (0, 1). By the definition of 7,

t
Z Tus = Z fol(bu,au)(r)dr

w:b, <t—s w:b, <t—s

t—s t
S D URSCLIER () D T2 @.11)
0 w t—s ",

For the first part, noting that r € (b, 0,,) is equivalent to u € L, we get

t—s

t—s 1=s
_ _ A =L A(t—s)
E/O Xu:l(bm)(r)dr_JEfo z,dr_/o HMdr=2""( 1), (212)

For the second part, using the many-to-one formula we have

u

uell,
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Thus,
t t efﬂs _ ef)»s
E / > et sosrdr= / e P qr =t — (2.13)

=s t—s A— :3

Combining (2.11), (2.12), and (2.13),
—Bs _ a—AS
E Z Ty < e)‘t()\]e“ + e)k—e)
u:b, <t—s o '3
Therefore, by (2.10),
e—ﬁs _ e—ks
P(JS,) < co(8/2)" e hy“ L8 /2) (rle—“ + W) (2.14)

It follows from (1.7) that lim,_, o, "'k, *L(h;8/2) = 1. First letting t — oo and then s — oo in
(2.14), we get (2.9) immediately. The proof is now complete. U

Now we consider the weak convergence of ./VA ¢ Recall the definition of /\wa in (2.8). Note
that the atoms of N; ; are {ht wis 1= <by <t}. Thus Noi= = resby<t Z;’t(sh[—lxl"t,
Z}' is the number of offspring of u alive at time . Using the tree structure, we can split all
the particles born after ¢t — s according to the branches generated by the particles alive at r — s.

More precisely,
Nog= 0 D Ziyg, = D M (2.15)

weLl_s ueD} wel,

where

where, forw e L;_;, D} := {u:wel,, t —s < b, <t} is the set of all the offspring of w before
time 7. By the branching property, My, are i.i.d. with a common law which is the same as that
of M, := ZueDs Zg(sh;lxu o where Dy ={u:0 < b, <s}.

Lemma 2.7. For any j=1, ,n, let y;(t) be a (0, 1]-valued function on (0, 00). Suppose
a; is a positive function wzth hm,%oo a; = 00 such that lim;_, o a,(1 — y;(2)) = ¢j < 00. Then

hmt_moat(l H./zl yJ(t)) Z;:l cj.

Proof. Note that 1 — [T/, (1) = Y1 THy m(O(1 — y;(1)). Since y;(r) > 1 we get that,
ast— 0o,

n n j—1
a,(l -T1 w(r)) ST wat — o) — Z . 0
Jj=1

j=1 k=1

_ Proof of Proposition 2.1. By Lemma 2.6, we only need to consider the convergence of
Nj.r. Assume that Supp(g) C {x: x| > &} for some § > 0. Using the Markov property and the
decomposition of N in (2.15), we have

]E(e* 1.t<g>) - E([E(e%,z@))]zr—s)_ (2.16)

We claim that

lim (1 —E(e™Ms®))eH =/ E[ D sl - e‘Zs”g(")} Ve (). (2.17)
Ry

1—>0o0
ueDy
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By the definition of M, ;, we have

(1 _ E(e—Ms,r(g) I}_;I)>e)" :e)"(l _ 1—[ E(efZ?g(h,*‘Xu,s) |}-s11')>.

ueDy
Note that, given fQT, Xu.s 4 &z, .- Thus, by Lemma 2.1 (with s replaced by 7, s and g replaced
by 1 — e %8W),

u -1 u
e“(l - E[e_zsg(hf Xus) |]—‘3T]) N ru,s/ 1 — e %8W y(dx) ast— oo.
Ro

Hence, it follows from Lemma 2.7 that

QM (] _ Rfe~Msi(®) | ETT) — o2

lim (1 - E[e | Fs]) fRO MEXD: [l —e ] ve(dx). (2.18)

Moreover, for 18 > 2 + 2ay s,

CM(I _ ]E[e_ 5,1(8) |F;]r]) < e)"IE(Ms,,(g) | ]:';]T)

< lgllooe™ Y Z¥Gr, (hid)

ueDy
< collgllood ™ My “L(d) Y Tu 52
ueDy
<CY izl (2.19)

ueDy

where C is a constant not depending on ¢. The third inequality follows from Lemma 2.2, and
the final inequality from the fact that e*h;* L(h,8) — 1. Since 7,5 = [ 1(p,,.0,)(r) dr,

N
IE( > "—’u,SZg) = / E( > 1<hu,m,>(r)2§‘) dr
0

ueDy ueDy
N N
= / E Z Z!)dr< / E(Z,) dr = se’* < oo.
0 0
ueL,—{o}

Thus, by (2.18), (2.19), and the dominated convergence theorem, the claim (2.17) holds.
By (2.17) and the fact that lim,_, o e *Z;_; = e *W, we have

lim [E(e_MS”(g))]Z’_S =exp {—e_“W IE|: Z t,u(l - e_Z?g(x)):| va(dx)}.
Ro

t—00
ueDy

Thus, by (2.16) and the bounded convergence theorem,

T I D e )

ueDy

By the definition of 7, 5, we have

s s
> sl =) = 3 [t a1 e F) =[50 (1) ar
0 0

ueDy ueDy ue L, \{o}
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Using the Markov property and the branching property, the Z¥, u € L, are i.i.d. with the same
distribution as Z;_,, and independent of £,. Thus,

N
E Z Tus(1 — e—Z?g(x)) 2/ E(Z, — Lper,))E(1 — e—Zs,,g(x)) dr
0

ueDy
N
= / (e —e PIE(1 — e %80 dr,
0
which implies that

00
ef)\sE Z Tu,s(l _ e*ZsMg(x)) — / ef)»rE(l _ efZ,g(x)) dr
0

ueDy

and

o0

e ™ME Z ‘L’u,s(l — e_Z?g(X)) < f e_ME(l — e—Z,g(x)) dr < )\_11{|x|>8}-
ueDy 0

The final inequality follows from the fact that Supp(g) C {x: x| > &}. Since vy (1{x|>5)) < 00,

using the dominated convergence theorem we get

oo
sl~l>nolo e ™ /Ro E|: Z Tus (1 — ezsg(x)):| Vg (dx) :/0 e M /RO E(1 - e*Z’g(x)) v (dx) dr,

ueDy

which implies that

lim lim ]E( “(g)) <exp{ W/ r/ E(l —e_Z’g(")) va(dx)dr}>.
§—> 00 [— 00 ]RO

By Lemmas 2.6 and 2.4, lim E(e_N’ (g)) =F (e_ Oo(g)). The proof is now
complete. O
3. Joint convergence of the order statistics

Proof of Corollary 1.1. Since g1 > 0, we have, for all k> 1, M) > 0, P*-a.s.
Note that, for any x € Ro, Nao({x}) =0, a.s. Since {My . < hx} = {Ny(x, 00) <k — 1} for
any x > 0, by Remark 1.1 with By = (x¢, 00), we have, for any n > 1 and x1, x2, x3, ..., X, > 0,

P(M; 1 <hx1 Mo <hxo, My3 <hwxs, ..., M, <hxy)
=PWN;(xg, 00)<k—1,k=1,...,n)
— PWNoo(xg, 00) <k—1,k=1,...,n)
:P(M(l) <x1,M@)<x2, M3y <x3,..., Mgy fxn) as t — 00.
Thus, as t — oo,
P* (M,,l <hxi, Mip <hxa,...,M;, < h,xn)

=PS) [P(Mix <hxi k=1,...,n) =P(Myx <hoxp, k=1,...,n, 8]

- PS)[P(Myy <xx, k=1,...,n) —P(S)]

=P" My <xe.k=1,...,n), 3.1

where in the final equality we used the fact that on the event of extinction, M) = —o0, k> 1.
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Now we consider the case xi, ..., x, € R with x; <0 for some i and x; > 0, j #i. By (3.1),
for any ¢ > 0,

lim sup P* (Mt,l Shixt, Mip <hxp, ..., M;p < htxn)

t—00

= lim P*(M;j < hixj. j #1i. My i < he) = P*(Mgy < xj.j #1. Mgy <¢).
— 00
The right-hand side of the display above tends to 0 as ¢ — 0 since M(;) > 0 a.s. Thus,

tlim P*Mix <hpxr, k=1,....n)=0=P*" My <xr, k=1,...,n).
—00

Similarly, this can be shown to hold for any x1, ..., x, € R.
The proof is now complete. O
4. Examples and an extension
This section provides more examples satisfying (H2) and an extension.

Lemma 4.1. Assume that L* is a positive function on (0, 00) slowly varying at oo such
that Is(x) := Supye( v VEL*(y) < o0 for any € > 0 and x > 0. Then, for any € > 0, there exist
Ce, Ce > 0 such that, for any y > 0 and a > c,,

L*(ay) P
@ <C("+y7°).

Proof. By [11, Theorem 1.5.6], for any ¢ > 0 there exists ¢, > 0 such that, for any a > ¢,

and y > a_lcg,

L*(ay) —1 _
@) <(1—¢&) "max {y*,y°}. 4.1)
Thus, for any a > c,,
L*(ce) 1
L*—(a) <(1—&)" (a/ce).
Hence, fora > c; and0 <y < a_lcg,
L*(ay) < le(ce)ay)™® < le(ce) ye. 4.2)
L*(a) L*(a) L*(ce)(1 — &)ct
Combining (4.1) and (4.2), there exists C, > 0 such that, for any y > 0 and a > ¢,
L*(ay) _
<C.(»* £).
L¥(a) ~ € (y +y ) O

Example 4.1. Let n(dy) = c;x~ 9L (x) 10, 00) (x)dx + ¢2 x| "IFOL*(|x])1( - 00,0y (x)dx, where
a€(0,2),c1,c2>0,c1 4 ¢ >0, and L* is a positive function on (0, co) slowly varying at co
such that supy¢ g , Y*L*(y) < oo for any & > 0 and x > 0.

(1) For « € (0, 1), assume that the Lévy exponent of £ has the form

¥ (0) =iad — b*6 + / (e — 1) n(dy),
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where a € R, b > 0. Using Lemma 4.1 with ¢ € (0, (1 — @) A @) we have, by the domi-
nated convergence theorem, as 6 — 0,

[ " (e = 1) niayy =67 [ T (e = (07 ay

~ 9L (9—1) /Ooo (eiy - 1>y_1_°‘ dy= —al(1 — a)e /29 * (9—1),

0 o0
e —1) n(d =9“/ eV — 1)y~ 'L (671y) d
/_OO( ) (dy) A ( )y ( y) y
o0
~o*L (67! / eV — 1)y " dy=—al'(1 —a)e™*/20%L*(671).
(7)), (=1 a G
Thus as 6 — 0, Y(0) ~ —al'(1 — a)(e 77/ 2¢; +e7*/2¢,)0*L* (671).
(i1) For o € (1, 2), assume that the Lévy exponent of £ has the form
v(O) = —b20% + / (e — 1 —i0y) n(dy),

where b > 0. Using Lemma 4.1 with ¢ € (0, (2 — ) A (@ — 1)), we have, by the domi-
nated convergence theorem, as 6 — 0,

[e¢]

oo .
/ (¢ — 1 —i6y) n(dy) = 6 / (¥ = 1—iy)y™'7oL*(67"y) dy
0 O

0 .
NQQL*(V])/ € —1+iy)y " dy
0
= —al(1 —a)e ™*/29°L* (67",

0 . [ee) )
f (e — 1 — i0y) n(dy) = 6“ f ™ —1+iyy '72L* (0~ 'y) dy
0

—o0
~6°L*(67") /OOO (™ — 1+iy)y~' " dy
= —al(1 —a)e™/20°L*(97").

Thus, as 6 — 04, ¥(0) ~ —al'(1 — a) (e 7%/2¢; +e7%/2¢,)0* L (671).

(iii) For o =1, assume that ¢; = ¢, and the Lévy exponent of £ has the form

V(0) =iab — b*6% + / (e — 1 —i0y1}y<1) n(dy),

where a € R, b > 0. Since ¢; = ¢3, we have

o 00
/ (e — 1 —i0yl}y <) n(dy) = —2¢16 / (1 —cosy)y 2L*(67y) dy.
0

—0o0

Using Lemma 4.1 with ¢ € (0, 1), we have, by the dominated convergence theorem,

o o0
lim L*(e—l)*‘/ (1 —cosy)y 2L*(67"y) dy:/ (1 —cosy)y 2dy=m/2,
0 0

(9—)0+

which implies that as & — 04, ¥(0) ~ —(ciw —ia)L*(07").
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Remark 4.1. (An extension.) Checking the proof of Theorem 1.1, we see that Theorem 1.1
holds for more general branching Lévy processes with spatial motions satisfying the following
assumptions:

(A1) There exist a non-increasing function A, with h; 1 co and a measure 7 (dx) € M(Ro)
such that

tlirgo e“E(g(h;lés)) =s/ g(x) m(dx), g€ Cj(@o).

Ro
(A2) e“pt2 — 0, where p; := sup,, P(|§] > h0/1).
(A3) For any 6 > 0, sup,..; sup,, s_le“P(|§x| > h;0) < 00.

First, (H2) implies (A1)—-(A3). Next, we explain that Theorem 1.1 holds under assumptions
(A1)—(A3). Checking the proof of Lemma 2.5, we see that Lemma 2.5 holds under conditions
(A1)—(A3). In fact, we may replace Lemma 2.2 by (A2) to get (2.3) (see (2.5) and (2.6)). For
the proof of Lemma 2.6, using (A3) we get that P(JS,) < Ce ™ E Y., _,_ Tu, which says
that (2.10) holds. Thus, (2.9) holds using the same arguments as in Lemma 2.6. Replacing
Lemma 2.1 by (A1), we see that Proposition 2.1 holds with v, replaced by 7 (dx). So, under
(A1)-(A3), Theorem 1.1 holds with v, replaced by 7 (dx).

An easy example which satisfies (A1)-(A3) but not (H2) is the non-symmetric 1-
stable process. Assume £ is a non-symmetric 1-stable process with Lévy measure n(dx) =
clx’zl(o,oo)(x) dx + cz|x|’21(_oo,0)(x) dx, where c1,c2 >0, ¢c1+¢2 >0, and c1 #c2. The
Lévy exponent of £ is given, for 6 > 0, by

()= —%(cl 4+ ¢2)8 —i(c1 — 2)0 log 6 +ia(c) — c2)8 ~ —i(c; — ¢2)0 log B, 6 — 0+,

where a is constant. Thus, ¢, =1i(c] — ¢2). So ¥(8) does not satisfy (H2) since Re(c) = 0.
By [7, Section 1.5, Exercise 1], (1/1)P(§; € ) 5 n(dx) as t— 0. Since e & isse—kl +

(c1 — ca)shte ™ for s, t > 0, we have eMP(e &, € -) — s n(dx) as r — 00. So (A1) holds with
h; = e*. We claim that, for any x > 0 and s > 0,

P(l&] > x) < c(sx™ ! + 5% 72 + s2x 2 (log x)?), (4.3)

where c is a constant. Thus it is easy to prove that (A2) and (A3) hold.
In fact, for any x > 0,

X 2x~! 2x— 1
P(&s]>x) <3 /_w (1-eV@)dp =x/0 (1 —Re(e®)) do.

Note that

1 —Re(eV @) =1 — RV E) cos [sIm(y(0))]
=1—eReWO) 4 RWON(] _ cos [sIm(y (9))])
< —sRe(y(0)) + s*[Im(y ()]
_T 220 2,42
= E(CI +¢2)s60 + (c1 — c2)"s"(a — log 0)-6~.
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Thus, we have
2
P(l&| > x) <m(c1 + cz)sx_1 +(c1 — cz)zsz)c_2 / (a —log6 +log x)292 do
0

2
<7(cr 4 ca)sx L 4 2(cy — c2)?s*x 2 / [(a —log 6)* + (log x)*16> do
0
< c(sx_1 +52x7 2+ szx_z( log x)2),
which proves the claim (4.3).

5. Frontal position of Fisher—-KPP equation

The Fisher-KPP equation related to our branching Lévy process is given by

{3114 —Au=—¢(1 —u)in (0, 00) x R, (5.1

u(0, x) = up(x), xeR,

where A is the generator of the Lévy process {(&)i=0, P}, ¢(s) = B( X s s*pk — 5), uo(x) €
[0, 1], x € R; see, for instance, [17].

Recall that, for any g € Cyf (R), ug(t, x) =E(exp {— ", g(&’ +x)}) satisfies (1.5), and
thus is a mild solution of the following Cauchy problem:

ou — Au=(u) in (0, 00) x R,
u(0, x) = e 8™ xeR.

Hence 1 — u(t, x) is a mild solution to (5.1) with up(x) = 1 — e 8.

We are interested in the large-time behavior of 1 —u,(2, x). For 6 € (0, 1), the level set
{xeR:1—ug(t, x) =0} is also called the front of 1 — u,. The evolution of the front of 1 — u,
as time goes to oo is of considerable interest. Using analytic methods, it was shown in [5] that,
if £ is a standard Brownian motion, the frontal position of branching Brownian motion is \/ﬁt,
with A given by (1.2). More precisely, under the condition that g is compactly supported, if ¢ >
V22X, then 1 — ug(t, x) — O uniformly in {|x| > ct} ast — oo;if ¢ < V22X, then 1 — ug(t, x) — 1
uniformly in {|x| < ct} as t — oo. But if the density of £ is comparable to that of a symmetric
a-stable process, [17, Theorem 1.5] proved that the frontal position is exponential in time;
see Remark 5.1 for the precise meaning. In this paper we provide a probabilistic proof of [17,
Theorem 1.5] using Corollary 1.2, and also partially generalize it.

Proposition 5.1. Assume that q; > 0.

(i) Assume that a; satisfies a;/h; — 00 as t — oo, and that g is a non-negative function
satisfying

e sup g(x) >0 ast— oo. (5.2)

x<—a;/2
Then lim;_, oo sup, ., (1 — ug(t, x)) =0.

(i) Assume that c; satisfies c;/h; — 0 as t — 0o, and that g is a non-negative function
satisfying ag := liminfy_ « g(x) > 0. Then

lim sup |u,(t, x) — P(S)| =0.

11— 00 x>—c;
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Proof. (i) Let g*(x) = sup, . _, (). Note that, forx < —ay,

1 _ug(t,x)zlE<l —exp {— > g(ézv"‘x)})

vel;
<PQR; = a;/2) ‘HE(] — exp {_ Z 8(5zv +x)}§Rz < at/2>
vel;

<PR; > a,/2) + E(1 — &8 (@/2%)

<PR; = a;/2) + e"'g*(a;/2), (5.3)
where in the second inequality we used the fact that, on the event {R; <a;/2}, & +x <
a;/2 —a; = —ay/2 and g(étv +x) < g*(a;/2). By the assumption (5.2), e"g*(a,/2) — 0. By
Corollary 1.2, P*(R, > a;/2) — 0. Thus

P(R; > a;/2) <P*(R; > a;/2)P(S) + P(| X;|| > 0, 5) — 0
as t — 00. Thus, by (5.3), limy— o SUp,<_,, (1 — ug(#, x)) = 0.
(ii) Note that

lug(t, x) — P(S°)] SE(exp {— Z g(& +x)};8> +E(1 —exp {— Z g(é,v+x)};8°>.
vel, vel,

Noticing that on the event Z; =0, 1 —exp {— ", ., (& +x)} =0, we get, for any xR,
IE(] — exp {_ Zvegt g(&v +X)}; SC) <P(Z; > 0;5° — 0 as t — oo. Let g,(x) = infy>, g(y).
Since ¢;/h; — 0 for any ¢ > 0, there exists #; > 0 such that ¢; < eh; for t > t,. For any ¢ > ¢,

and x > —c¢;,
E(exp {_ Z 8(5; +X)}; S) = E(CXP {_g*(ct) Z 1%‘,‘”>26,};8)
veLl, vel,
= E( eXp {_g*(ct) Z 15,">28h, } 5 S)
vel,
— E(e—g*(cr)/\ft(Z&OO); S).
Thus
limsup sup |ug(t, x) — P(S)| < E(e~%N=(629) g). (5.4)

=00 Xx=>—¢;
Since on the event S, ¥ Wy, (0, 00) = 00, we have Noo(0, 00) = 0o. Now letting £ — 0in (5.4)
we get the desired result. O

Remark 5.1. Proposition 5.1 is a slight generalization of [17, Theorem 1.5]. Assume that
po =0, which ensures that P(S¢) =0. If L=1, then h, =e*/*, and we have the following
results:

(i) Let g be a non-negative measurable function satisfying
g(x) < Clx|™%, x<0. (5.5)

Then, for any y > A/a, e*g*(—e?!/2) < C2%e*e~*7" — (. Thus, by Proposition 5.1,
1imy— 00 SUP, < ey (1 — ug(t, x)) = 0.
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(i) Assume that g is a non-negative function satisfying ag := lim inf,_, o g(x) > 0. For any
y < A/a, by Proposition 5.1 we have lim,_, SUP,> eyt Ug(t, x) =0.

Note that in the notation of [17], 0™ =X /«, and our condition (5.5) is equivalent to
1 —e8W < Clx|~%, x <0, for some constant C. If g is non-decreasing, it is clear that
lim infy_, oo g(x) > 0. Thus, when the Lévy process & satisfies (H2) with L= 1, we can get
that the conclusion of [17, Theorem 1.5] holds from Proposition 5.1. Note that the independent
sum of Brownian motion and a symmetric a-stable process satisfies (H2) with L =1, but its
transition density is not comparable with that of the symmetric «-stable process, see [22, 39].
Note also that the independent sum of a symmetric «-stable process and a symmetric §-stable
process, 0 < o < B < 2, also satisfies (H2) with L =1, but its transition density is not com-
parable with that of the symmetric «-stable process, see [21]. Note that in this paper we do
not need to assume that g is non-decreasing. Thus Proposition 5.1 partially generalizes [17,
Theorem 1.5].
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