Journal of Theoretical Probability (2024) 37:2457-2507
https://doi.org/10.1007/s10959-023-01304-2

®

Check for
updates

Limiting Distributions for a Class of Super-Brownian
Motions with Spatially Dependent Branching Mechanisms

Yan-Xia Ren’ - Ting Yang?

Received: 17 August 2023 / Revised: 21 October 2023 / Accepted: 30 October 2023 /
Published online: 25 November 2023
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract

In this paper, we consider a large class of super-Brownian motions in R with spatially
dependent branching mechanisms. We establish the almost sure growth rate of the
mass located outside a time-dependent interval (—§¢, §¢) for § > 0. The growth rate
is given in terms of the principal eigenvalue A; of the Schrédinger-type operator
associated with the branching mechanism. From this result, we see the existence of
phase transition for the growth order at § = /A1/2. We further show that the super-
Brownian motion shifted by +/A1/2t converges in distribution to a random measure
with random density mixed by a martingale limit.
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1 Introduction and Main Results
1.1 Super-Brownian Motions

Let M(R) (resp. M. (R)) denote the set of finite (resp. finite and compactly supported)
measures on R. When p is a measure on R and f is a measurable function, define
(f,m) = fR f(x)u(dx) whenever the right-hand side makes sense. Sometimes we
also write w(f) for (f, u). Let ((B,),zo, Iy, x € R) be a standard Brownian motion
on R with ITy (By = x) = 1. The main process of interest in this paper is an M (R)-
valued Markov process X = {X; : t > 0} with evolution depending on two quantities
P; and . Here, P; is the semigroup of ((B,)tzo, Iy, x € R) and v is the so-called
branching mechanism, which takes the form

Yx,A) =—B(x)r +a(x))»2 +/ (ef)‘” —1 —i—ku)n(x, du) xeR, 1 >0,
(0,+00)

where 8 € C.(R),0 £« € Cj(R), and 7 is a kernel from R to (0, +00) such that

/ u’n(x, du) € CF(R).
(0,4-00)

The distribution of X is denoted by P, if it is started at u € M(R) at ¢ = 0. X is
called a (B, ¥)-superprocess or super-Brownian motion with branching mechanism
Y if for all © € M(R), nonnegative bounded measurable function f and 7 > 0,

P, [e‘“’x”] — e lur @), (1.1)

where uy(t,x) = —loglPs, (e_(f 'Xf>) is the unique nonnegative locally bounded
solution to the following integral equation:

t
up(t,x) =P f(x)— /0 P (1//(-, up(t—s, ~))) (x)ds VxeR, t>0.

The existence of such a process X is established in [12]. A closely related M (R)-
valued process is branching Brownian motion with the branching rate given by either
a compactly supported measure or a function decaying sufficiently fast at infinity (see,
e.g., [6,7,26,27,33, 34] and references therein).

The process X may be loosely described as a scaling limit of branching particle
systems as follows. Let © € M(RR). Suppose that, at time zero, a random number of
particles are set in R, according to a Poisson random measure with intensity N jt. The
particles move independently according to the law of a standard Brownian motion in
R from its starting point. A given particle lives an exponential amount of time with
mean lifetime by and upon its death gives birth to a random number of offspring. The
offspring wander and propagate in the same fashion. Offspring are born at the death
site of their parents, and the distribution ( p,’cv (x); k > 0) of the number of offspring is
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allowed to depend on the death site x, and on the parameter N. The mass distribution
of particles alive at time ¢t may be viewed as a random measure X t(N) (each particle
being given weight 1/N). Under suitable hypotheses, this sequence of measure-valued
process converges in distribution, as N — 0o, to a limit measure-valued Markov
process X with Xo = p. The typical conditions are by — 0 and

o
lim [Z V0 = a/NF = (1 - A/N)} (N/by) = ¥(x, 1), A =0.
N—o00 =0

Super-Brownian motion is a special type of superprocesses, which arise as stochas-
tic models describing the evolution of a random mass distributed in space. For details
on superprocesses as scaling limits of branching particle systems, we refer to Dynkin
[12] and [24, Chapter 4].

Another link between superprocesses and branching Markov processes is provided
by the so-called skeleton decomposition, which is developed by [10, 15, 22]. The
skeleton decomposition provides a pathwise description of a superprocesses in terms
of immigrations along a branching Markov process called the skeleton. We shall work
with this skeleton construction in this paper, see Proposition 4.1.

1.2 Notation and Some Facts

Throughout this paper, we use “:=" to denote a definition. For functions f and
gon R, |[flleo = sup,cg|f(x)| and (f.g) := [13 f(x)g(x)dx. For positive
functions f(x) and g(x) on (0, 400), we write f(x) ~ gx)(x — 4o0) if
limy_, 1~ f(x)/g(x) = 1.Fora,b € R, a A b := min{a, b}, a V b := max{a, b}.
The letters ¢ and C (with subscript) denote finite positive constants which may vary
from place to place.

Let Mioc(R) denote the space of locally finite Borel measures on R with vague
topology, which s generated by the integration maps 77 s : u +— w(f) forall compactly
supported bounded continuous functions f on R. A random variable taking values in
Mioc(R) is called a random measure on R. We say random measures &, converges
in distribution to & if E[F (§,)] — E[F (§)] for every bounded continuous function
F on Mjec(R). [21, Theorem 4.11] proves that &, converges in distribution to & if
and only if the random variables ( f, &,) converge in distribution to (f, &) for every
f e CHR).

For a measurable function f, we set

t
er(t) :=exr>{/0 f(és)ds}, t>0,

whenever it is well defined. We define the Feynman—Kac semigroup Ptﬁ by

PP () =T, [es() f(&)]  for f € Bf (R).
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Define

y(x) =alx) + lf uzn(x, du), x eR. (1.2)
2 Jo.+00)

It is known (cf. [12]) that forevery u € M(R) and f € B; (R), the first two moments
of (f, X;) exist and can be expressed as

P [(f, X1 = (PP £, ), (1.3)

and
t 2
Var,, ((f, X0)) :/0 (PP <2y (P;isf) ),,u)ds.

The spectrum of the operator £ = 1 A 4 B, denoted by o (£), consists of (—o0, 0]
and at most a finite number of nonnegative eigenvalues. Throughout this paper, we
make the following assumption:

A1 = sup(o (L)) > 0. (A1)

Then, A1 is simple and the corresponding eigenfunction (ground state) & can be taken
to be strictly positive, bounded and continuous. We choose 4 that is normalized with
fj;o h?(x)dx = 1. We remark here that (A1) is automatically satisfied when g > 0
is a nontrivial function. One has (see, for example, [27, Lemma 3.1])

+0o0
hix) = f Gy, (x. Y)BOIA()dy. (1.4)

where G, (x, y) denotes the A|-potential density of Brownian motion. Using the fact
that

1
Gy, (x,y) ~ me—v%'x—y' as [x — y| — +o0, (1.5)
1

one can easily show that

h(x) ~ Cze V21l ag x — +o0, (1.6)
where
1 oo +/2A
Cr = == / BT dy, (1.7)
1 J—o0

Since e 1’ P,ﬁ h = h for all t > 0, one can show by the Markov property that

WH(X) :=e M (h, X,), Vt=0
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is a nonnegative P,,-martingale for every 1 € M(R). Let WC’}O (X) be the martingale
limit. It then follows by [28, Theorem 3.2] that for every nontrivial u € M (R),

. h h )
z—lfrfoo WiH(X) = W (X) Py-as.andin L*(P,).

Hence, W/ (X) is nondegenerate in the sense that P, (W2 (X) > 0) > 0.
1.3 Main Results
For any R > 0, define
AR = (1 r.r)e, Xo).
Theorem 1.1 Forany § > /A1/2 and u € M.(R),

lim XY =0 P,-as.
t—>—+00

Forany 0 <6 < y/A1/2and p € M (R),

1 XS[
lim —&7

t—+00

= — \/ES P,-a.s. on {Wé’o(X) > 0}.

According to Theorem 1.1, for § < /A1/2, the mass outside (—§t, 8¢) at time ¢
grows exponentially with a positive rate 1| —+/2118, while for§ > /A1/2, itconverges
to 0. In the latter case, Proposition 3.8 shows that the upper bound of the mass outside
(—4t, 8t) decreases exponentially with a negative rate. The version of Theorem 1.1
has been proved recently for branching Brownian motions with branching rate given
by a compactly supported measure in [7, 33, 34]. The idea of our proof is similar to
that of [34]: The upper bound and the lower bound of X,‘S’ are considered separately,
and the proofs for convergence follow two main steps. The first step is to obtain the
limit along lattice times. This is done via a Borel-Cantelli argument and thus requires
the asymptotics of the expectation of Xt‘” (Lemma 3.1). The second step is to extend
the limits to all times. For the aforementioned class of branching Brownian motions, a
key fact used in the proofs is that the particles alive at time ¢ located in (—4¢, §¢)€ are
the children of the particles alive at time |7 |. However, this kind of property fails for
the super-Brownian motions. We overcome this difficulty by appealing to a stochastic
integral representation of super-Brownian motions (eq. (3.6)). This representation
enables us to decompose the super-Brownian motion in terms of martingale measures
and hence providing useful structural properties of super-Brownian motions. Let us
mention that the result, which corresponds to Theorem 1.1 for the aforementioned
class of branching Brownian motions, implies that the supremum of the support of
the process, denoted by R;, grows linearly with rate \/A1/2 as t — +o00 a.s. on the
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survival event. Recently, Nishimori and Shiozawa [27] proved that

Al
Rl: 7t+Yl’

where the conditional distribution of ¥; on the survival event is convergent. [27] is a
generalization of [23] and [8]. However, analogous result does not hold for the super-
Brownian motions. As we show in Remark 4.10, for the (B;, ¥ )-superprocess, the
conditional distributions of R, — /A1/2t are not even tight.

The growth order of X' undergoes the phase transition at § = /A1 /2. We further
obtain the limiting distributions of the super-Brownian motion at the critical phase in
Theorem 1.2. Forv € Mjo.(R) and x € R, we use v+x to denote the measure induced
by the shift operator y — x + y, that is, [ f())(v +x)(dy) = [ (¥ + x)v(dy)
for all f € BT(R).

Theorem 1.2 For every p € M(R), ((X; & /A1/21)s>0, P,) converges in distribu-
tion to W(fo (X)n+(dx), where ny(dx) are (nonrandom) measures on R defined by

n+(dx) = Cieimxdx with C+ being defined by (1.7).

For branching Markov processes, results of the type of Theorem 1.2 have been estab-
lished in recent years for various models. See, e.g., [2, 3, 5] for spatially homogeneous
branching Brownian motions, [1, 19, 25] for branching random walks, [30] for branch-
ing Lévy processes, [4, 18] for multitype branching Brownian motions, and [6, 26] for
spatially inhomogeneous branching Brownian motions. In contrast, there is much less
work for superprocesses. Very recently, Ren et al. [29] showed that super-Brownian
motion with a spatially independent branching mechanism translated by a centered
term converges in distribution. Later, Ren et al. [31] represented the limiting process as
the limit of a sequence of Poisson random measures in which each atom is decorated
by an independent copy of an auxiliary measure. As far as the authors know, there are
no references on the vague convergence for superprocesses with spatially dependent
branching mechanisms. To prove Theorem 1.2, we appeal to the skeleton techniques
for superprocesses. Intuitively, under suitable assumptions, for a given superprocess
(X1)r>0 there exists a related branching Markov process (Z;);>0, called the skeleton,
such that at each fixed time ¢+ > 0, the law of Z; may be coupled to the law of X,
in such a way that given X;, Z; has the law of a Poisson point process with random
intensity determined by X;. We exploit this fact and carry the long time behavior
from the skeleton to the superprocess. Our idea is partly inspired by [31] where the
skeleton techniques have been used successfully to establish the limiting distribution
for super-Brownian motions with spatially independent branching mechanisms.

Theorem 1.2 yields the following result on the convergence of the mass at the
critical phase.

Theorem 1.3 For § = /A1/2 and n € M. (R), (X,‘S’, P,) converges in distribution
) ﬁ(@ + C)WL(X).

We remark that results of this paper are restricted to the one-dimensional super-
Brownian motion. For higher-dimensional case (d > 2), one may consider the growth
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rate of the mass located outside balls with time-dependent radius. For d > 2, Theorem
1.1 remains true by replacing X;S’ with X, (Bj,) where Bs; denotes the ball centered
at the origin with radius §¢. The argument in this paper can be applied with minor
modifications to prove this statement. The growth rate at the critical phase § = /A1/2
might depend on the spatial dimension d. For branching Brownian motions with com-
pactly supported branching rates, [34, Theorem 3.9] shows that the growth order of the
population around the forefront depends on the spatial dimension. However, for our
model the exact growth rate of population at the critical phase in higher dimensions
remains open.

The rest of this paper is organized as follows. In Sect. 2, we derive the long time
asymptotic properties of Feynman—Kac functionals related to the first and second
moments of superprocesses. Section3 is devoted to the proof of Theorem 1.1. The
proofs of Theorems 1.2 and 1.3 are given in Sect. 4.

2 Estimates on the Feynman-Kac Functionals

In this section, we show two lemmas related to the Feynman—Kac functionals of
Brownian motions, which will be used in the proofs of the main results.

Let a(t) be a function on [0, +00) with a(t) = o(t) ast — +o00. For § > 0, define
R(t) := 6t + a(t). Let A be a Borel set of R with inf A > —oo. Let b : [0, +00) —
[0, 4+00) be a function with b(t) = o(t) ast — 4oo. Forr € Rand ® C {+£1},
define Co(r, A) :={x e R: Ox € r + A for some 6 € ®}.

Lemma 2.1 Suppose § € (0, v/2X11).

(i) Foranya € (O, 1-— L), there exist constants C1, Ty > 0 such that fort > Ty,

V2h
s € [0, at] and |x| < b(2),

M [es(t = 5). By € Co(R(), A)] = () h(y)dy
Co(R(1),A)
< e‘c”e’\l(’_”_mR(l). 2.1

(ii) There exist constants Co > 0 and Tp > 1 such that fort > T», s € [0,t — 1] and
lx| < b(1),

t—s
2
I, [/ Y (Br)ep(r)Tlp,[ep(t —s — 1), Bi_s—r € Co(R(1), A)] dr}
0
S C262)L1(t—s)—2«/2)L1R(t)’ (22)
where y is defined by (1.2).
We remark here that for the special case where ® = {£1}, A = (0, +00) (corre-

spondingly Ce(R(t), A) = {y € R: |y| > R(¢)}) and b(¢) = b for some constant
b > 0, the above two inequalities follow, respectively, from Lemma 3.8 and Lemma
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3.9 of [27]. Here, we show the results for more general case where A can be any
left-bounded Borel set and b(t) = o(t). Our proofs are based on [27, Section 3.3].

Proof of Lemma 2.1: (i) Let pP (¢, x, y) and p(z, x, y) be the transition densities of P,ﬁ
and Py, respectively. Let g, (x, y) := p/3 (t,x,y)—p(t,x,y) —e’\”h(x)h(y). We have

M, [ep(t —3), Bi—s € Co(R(t), A)] — " h(x) h(y)dy
Co(R(1),A)
= Il (Bi—s € Co(R(1), A)) +f Gr—s(x, y)dy.
Co(R(1),A)

We note that for R > 0 large enough such that R +inf A > 0, Co(R, A) C{y e R :
|y] > R +inf A}. Thus for ¢ sufficiently large such that R(¢) — b(¢t) +inf A > 0 and
[x] < b(1),

[y (Bi—s € Co(R(1), A)) = Ilo (Bi—s + x € Ca(R(1), A))
= Mo (IBi—s| = R(t) —b() —inf A).  (2.3)

On the other hand, it follows similarly as [27, equation (3.19)] that for any # > 1 and
x eR,

/ qr(x, y)dy
Co(R,A)

1
=/ (/ pP(x, I (Bi—s € Co(R, A))ﬁ(z)dz)ds
0 R
t
+ / | f (Pf (. 2) = X h(OR(E) T (Bi—s € Co(R, 4)B(2)dz |ds
1 R
+00
—e)‘"h(x)/ e_)"s(/ h(2)B()T; (By € C(.)(R,A))dz>ds.
t—1 R

Thus, we have

<) +UH+UII),

/ qi(x, y)dy
Co(R,A)

where
1
(1)=/ (/ PEG DL (1B | = R+ inf A)p(o)dz)ds,
0 R
t
an = / | / (PP e 2) = P h@h@)TL (|Bims| = R +inf A)B(2)dz |ds.
1 R

+o0
(III) = e’\”h(x)/ e_)‘”(/ h(z)B(z)T1; (|Bs| > R + inf A) dz)ds.
t—1 R
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The upper bounds for (1), (I1), (I11) are established through Lemmas 3.5—3.7 of
[27]. These yield that if suppB C [—k, k] for some k € (0, +00), then there exist
constants ¢, C > Osuchthatforallx e R, > 1and R + inf A > 2k,

| atna| = c[hwmo sl > R+inf 4 - k)
Co(R,A)

+1.(t, R +inf A) + h(x)J(t, R 4 inf A)]. 2.4)

Here, /. and J are defined by (3.15) and (3.16) of [27], respectively. Using (2.3) and
(2.4), one can apply similar argument of [27, Lemma 3.8] to prove (2.1). We omit the
details here.

(i1) Noting that for ¢ large enough such that R(¢) +inf A > 0, Ce(R(t), A) C {y €
R: |y| > R(t) + inf A}, we have

t—s
I, [/0 Y (Br)ep(r)Tp,[ep(t —s — 1), Bi—s—r € Co(R(1), A)]zdr}

t—s
< I, [/ y(Bep(r)Tp, [ep(t —s —r), |Bi—s—r| = R(t) + inf A]zdr} .
0

Using the argument of [27, Lemma 3.9] with minor modifications, one can prove (1.2).
We omit the details. O

Lemma 2.2 Suppose the assumptions of Lemma 2.1(i) hold. Then, there exist T > 0
and 04(t) such that fort > T, s € [0, at] and |x| < b(t),

Mi[est = 5). Bi—s € Co(R(1), A)]

0-(1) <
Co (fA C_M)’dy> h(x)e)»l(t—s)—mR(,)

< 60,0, 2.5)

where 61.(t) — 1l ast — oo and Co = C—, C and (Cy + C_) accordingly as
® = {1}, {—1} and {£1}.

Proof Without loss of generality, we assume in addition that b(f) — 400 ast — +o0.
Noting (1.4), we have

400
/ h(y)dy = / ( / Gm,z)mz)h(z)dz) dy.
Co(R(1),A) Co(R(1),A) —00

Using (1.5) and the fact that 8 is compactly supported, one can easily show by ele-
mentary calculation that

/ h(y)dy ~ Con(A)e VRO a5t — too,
Co(R(1),A)
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where n(A) = f a7 2h1y dy. It then follows from Lemma 2.1(i) that there exist
constants ¢y, 77 > O such that for ¢t > Ty, s € [0, at] and |x| < b(¢),

I, [eﬁ(t —5),Bi—s € Co(R(t) + A)] — fC(_J(R(l),A) h(y)dy _ e ct
Con(A)h(x)er =) —vZAIR(®) Con(A)e—V2nRW®) | — Con(A)h(x)’

By (1.6), there is a constant ¢c; > 0 such that 2(x) > cre~ V2l for all x € R. So
one has inf | <) h(x) > cre™V 2b(®) Thys,

—cyt
LT e VIO L) ast o 4o
Con(A)h(x) —

. . Je (R, 4) P(Ndy 4+
H bt 2.5) by setting 04 (1) = —@ROA "~ 4 et tV2hb(0), O
ence, we obtain (2.5) by setting 04 (¢) Con(re VIR0 c3e

3 Proof of Theorem 1.1
3.1 Estimates on the First Moment
Put
nf(x) .=, [es(t); |B// = R], t>0,x R

In this section, we derive some estimates for n, (x), which will be used in the proof
of Theorem 1.1.
For any § > 0, we define

—hi+ V2018 028 < V2L,
e if 8 > /2%y

As =

Obviously, As < 0, As = 0and As > 0 accordingly as 0 < § < /A1/2,8 = /A1/2
and § > /A1/2.

Lemma 3.1 Suppose § > 0. For any compact set K C R,

ot 1 ot
lim sup ——— ognt ) _ = lim inf ogn—t(x)

= —As. (3.1
1—>+00 y ek t t—+00 yeK t

Proof For § > /211, (3.1) is proved by [34, Lemmas 4.4—4.5]. For 0 < § < /2A1,
noting that 772" (x) = Iy [es(t), B; € Ci+1y(8t, (0, +00))], we get by Lemma 2.2
that for every compact set K, when ¢ is sufficiently large,

gi(t)cle)»lt—»,/Z)L](St < jTtb‘t(y) < 0+(t)clek1t—«/2k18t Vy c K,
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where ¢; = (C4 + C-) f0+oo e V?1Ydy and 6+(f) — 1 ast — +oo. Thus, (3.1)
follows immediately. O

Remark 3.2 'We remark here that for any compact set K C R and x € R,

logmP(y) _ . logz/(x) _
_t—>+oo t B

lim sup Al 3.2)

t——+00 ye K
The second equality follows immediately by [34, Theorem A.2]. We shall show the

first equality. Let € > 0. It follows by [34, Lemma 4.3] that there is p* > 1 such that
forall p € (1, p*),

ci(p) = suﬂg I, |:§u18 ep(kl+e)’epﬁ(t):| < +o00.
Y€ =

By this and Jensen’s inequality, we have
1 _
70 < T [epp]? = et [e P@l“)’el,ﬂ(t)] < ¢1(p)l/petator
forevery t > 0 and y € R. Thus,

i log 7 (y)
imsup sup ——
t—>+00 yekK

<A +e.

This implies the first identity of (3.2).

Lemma 3.3 (i) For every o > 0, there exists a constant C3 = C3(0) > 0, such that
forany 0 <0 < § < 400,

2,2
7 (x) < C3- 0N ' T, Vs e (0,01, x| < (5 -0,

when t is sufficiently large.
(ii) For every 8 > 0 and o > 0, there exists a constant C4 = C4(5, 0) > 0 such that
foranys € (0,0],t > sand |x| =5 —s),

7¥(x) = Cq.
(iii) If § > \/A1/2, then x +— f0+oo nfs (x)ds is a locally bounded function on R.

Proof (i) Note that for every s > 0,

eg(s) =1 +'/(; eg(r)B(B,)dr.
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We have
m'(x) = Ty [ep(s): |Bs| = 6t]
S
= Il (IBs| = 61) + T [/(; eﬁ(r)ﬁ(Br)l{llez&}dr}
=:I(x,s,t) + (x,s,t).
For R > 0, let

7 [too 2
G(R) := Ty (1B| > R) = —/ T dy.
T JR

Then for s € (0, 0] and |x| < (§ — O)t,

I(x,s,1) = Io (|Bs + x| = é1) < o (| Bs| = &1 — |x])

< Tl (|Bl| > %) ~G (%) 63

Suppose suppf C [—k, k] for some k € (0, +00). By Markov property, we have for
xe€Rands € (0, 0],

I(x,s,1) = I, fs eg(r)B(B)Ip, (|Bs—r| = 5t)dr}
0

e /0 es (BB 5, <015, <|B”|26r>dr}

IA

I, /S ep(r) BT (B)Tg (|Bs—r| = 81 — k) dr}
0

o + S5t —k
18+ loer (| g+
st B Ir | B G (ﬁ)d’"
<G <5t _k> (3.4)
= NG

forsome ¢; = ci(0) > 0.Note thatfort > k/(8—0), G((5t —k)/ /o) < G(Ot]//o).
It follows from (3.3) and (3.4) that forr > k/(6 — 0), |x] < (§ — @)t and s € (0, o],

%
7)< (1+enG (7;)

Thus, (i) follows by the fact that G(R) ~ 2/t R~'e R*/2 as R — +o0.
(i) We have

7 (x) = T [ep(s); | Bs| = 8t] = e WP leeST1, (1By| > 61) .
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Note that for x > 6(t — s),

I (IBs| = é1) = Iy (By = 8t) =Tl (By = 8t — x)
> Mo (Bs = 8s) = Iy (B1 = 8+/5).

Similarly, one can show that IT, (| Bs| > 8) > o (B) < —384/s) forx < —8(t — ).
Hence, we get (ii) by setting C4 = e~ I1# "l T1; (B; > §./0).
(iii) By Lemma 3.1, for § > /A;/2 and any compact set K C R,

log 7% (x) B

lim sup =—As <0.

t—>+oox€K

So there is some T > 0 such that for all s > T, sup,cx 75 (x) < exp{—Ass/2}. We
also note that 7% (x) = I, [ep(s): |By| = 8] < el#I=* forall x € K and s > 0.
Hence,

+00 T n +00
sup/ ns‘ss(x)ds 5/ ellB"lloos g —i—/ e M5/2d5 < +o0.
xeK JO 0 T

3.2 The Upper Bound of Xft

For t > 0, let F; denote the o-field generated by {X; : 0 < s < t}. It follows
immediately from Lemma 3.3(ii) that for any n € Nand ¢ € [no, (n + 1)0),

Aot (6) = Ca, ¥ € R such that [x| > 6.

Thus for ¢ € [no, (n + 1)o) and u € M(R),

X = (L a5, Xi) < Cét_l(”f,,(ﬂ;;ip X)) =C; Py [X(Sn(ﬁr)gau:t] Py-as.
(3.5)

Here, the last equality follows by the Markov property of X; and (1.3). Hence to get

an upper bound for X**, we only need to compute P, [X(i(ﬁr)ga | .7-",].

Lemma3.4 Foranyd > 0,0 > 0and n € M (R),

1 Xﬁna
lim sup 28 %no

<—As; Py-as.
n—+00 no
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Proof Let ¢ > 0. By the Markov inequality and (1.3), we have

S
IP# (log Xnga > Ay +€> _ ]P)M (X;lsga > e(—A5+e)na>

no

< oM

dno
no (71054(71’;,; L2 +As —e)
=C .

Since p is compactly supported, (3.1) and (3.2) imply that

log(m2no 1) < _ A

lim sup
n—-+00 no

Thus, when 7 is large enough, we have

Sno
]P)u <10g Xna > —As +6) < e—ena/Z’

no
Sno

which in turn implies that 725 Py, (2525 = —A; +¢€) < -oc. Hence, this

lemma follows immediately by Borel-Cantelli lemma. O

Fitzsimmons [17] (see also [24, Chapter 7]) studied the martingale problem of super-
processes and established a stochastic integral representation for the finite variance
branching case. We recall from [17] and [24, Corollary 7.15] that for any ¢ € CC2 (R),
the process

1

Mi(¢) = (@, X1) — (@, Xi) _fo <(§A + e, Xs)ds

is a square-integrable JF;-martingale. These martingales then induce a (worthy)
martingale measure M (ds, dx) (see [24, Chapter 7] for the precise definition) sat-
isfying that M, (p) = fot Jr 9(x)M(ds, dx). By standard techniques, the martingale

M;(g) = fé fR g(s, x)M (ds, dx) can be defined formally for a large class of mea-
surable functions g(s, x) on [0, +00) x R. Then, [17, Corollary 2.18] (see also [24,
Theorem 7.26]) proved that for any f € B,(R), > 0 and u € M(R),

t 400
(f,X,):(P,ﬁf,XO)—i—/O/ PP f(x)M(ds,dx) P,-as. (3.6)

where for every T > 0, [0,T] > t fot fj’;o Plﬁ_sf(x)M(ds,dx) is a square-
integrable F;-martingale with quadratic variation ¢ fot (2y(P,’3_ of )2, X, )ds.
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Lemma 3.5 Supposed§ > 0,0 > 0and u € M (R). Then forany e > 0, the following
holds P,-a.s.

lim e(%Ag—e)(n+1)o sup
n—>+00 telno,(n+1)o]

S(n+1) 8(n+1)
Py I:X(n-rll—l)ag lﬁ] — Py I:)((n—}’:—l)trt7 |‘7:”(7]

Proof By (3.6), we have

S(n+1) S(n+1) (e oo 8041
n o n o n o
X(n+l)6 = ( (n+1)6 ’ XO / / (n+l)cr—s (x)M(dS’ dx)’

where [0, (n + Dol 3t > f; [72 oo fn(f]r)lg” ,(x)M(ds, dx) is a square-integrable

[P,,-martingale with quadratic variation ¢ fo (2y (ngfﬁ)lg‘ix)z, X,)ds. Thus,

S(n+1)o S(n+1)
HDM I:X(nil)o |‘7:t] - PN« I:X(nil)nal}—”a]

(n+l)a +00 5 +1)
=P, / / (nil)oab( x)M(ds, dx)‘]:t
0 —00
[ [ i o o

t +00 S(nt1)
n o
:/ / n(nH)U_S(x)M(ds,dx).
no J—0oo

By this and the L?-maximum inequality for martingales, we have

(n+1)o (n+1)o

PM [Xﬁ(n-‘rl)al}-t] _ PM I:Xﬁ(n-i-l)ou_—na]

2
P, sup
telno,(n+1)o]

2
(n+1)o +o00
) 1
( / / Tt Tl ()M (ds, dx))
no —00

(n+1)o S(n+1)
n o
= 4P, / 2y (n(n—i-])a Y) , Xg)ds
n

g

+ DT St e
< 8l IR | [ s
n

o

_g 181 [T B [mthe T4
= 8|lyllece " <7T(n+l)o'—s’ s)|ds
n

o

181 7
= 8[l¥llece “0/ Py [(1=s(r41)0.601+ Do) s Xnt1)o) ] ds
no
+ S 1
= 8[|y lloce!# I () "7 ). 3.7)

@ Springer



2472 Journal of Theoretical Probability (2024) 37:2457-2507

The second inequality is because

d(n+1 + —
Torihars(0) = T [es((n + Do — )] < ellfTellrho=),

The third equality follows from (1.3) and the Markov property of X,. Let K be the
compact support of u. Lemma 3.1 implies that for any € > 0, there is T > 0 such
that

sup ) (x) < AT v > T,
xek

Thus, one has

( S(n+1)o )<e(7A3+e)(n+l)U(

sy » M L, )

for n sufficiently large. Putting this back to (3.7), one gets

PM I:X(S(n—&-l)a'}-tjl _ Pu. I:Xé(n—i-l)a'}—na]

P, (e@As—e)(nH)a sup

>2

relno.(nt1)o] (n+1)o (n+1)o
— § 1 —
E Cle(A5 26)(n+1)0( (n(:l_"r);(l" M) < cre E(l’l+1)0'<l’ M)’

for some constant ¢; = c1(o’) > 0. This implies that the sum

+00

LA 1 S(n+1 S(n+1

> Pu [(5(2 s sup ‘PM [X(n(il);0|ft] — Py [X(n(il)galf””}
telno,(n+1)o]

) 2:|
is finite. The lemma follows by Borel-Cantelli lemma. O

Lemma 3.6 Suppose o > 0 and i € M (R). There is a constant C5 = C5(c) > 0
such that for any 0 < 6 < § < 400 and € > 0 the following inequality holds P;,-a.s.
for n sufficiently large.

S(n+1)o
]PP- I:X(n+1)0’ IJ:”"]

< CS |:(9na) 1 2 n 0+()\1+\/2)\ (65— 9))nUWh (X) +e( As— 9+e)na:| )

Proof Fix arbitrary o > 0 and u € M_.(R). By Markov property, we have for any
0<6 <6< +o0,

) 1
B [0 1o | = (307 Xi)

= (@81 5 0yno.(5—6)n0)s Xno)
3(1’!""1)01 ) X
+ (g (=(8=0)no,(8—0)no)e» Xno)
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=:1(n,$,0) +1I(n, $, 0).
It follows from Lemma 3.3(i) that when # is sufficiently large,
2
7o () < C3(0(n + Do)~ le=T"+D% vy ¢ R such that x| < (8 — 0)na,

where C3 = C3(0) > 0. Thus, we have

02 2

1(1n,8,0) < C3(0(n+ 1)) 'e™ 2" (15— yn0.(5—0)n0)> Xno)

2 h
S C3(9(n + 1)0)7lef%nzoek|no<efhna . , Xno'>
inf ) <3-0)no A(x)

5 -1
— C3(0(n + 1)o)~le=Trlothno < inf h(x)) W (X). (3.8)
|x|<(6—0)no

The continuity of & together with (1.6) implies thatinf || < 5—g)ns £(x) > c1e™V 21(8=0)no
for n sufficiently large. Thus, we get by (3.8) that P, -a.s.

2
I(n,8,0) < c2(Ono) e TMoHCIHVIIG-0mo yh (x) (3.9)

for n sufficiently large, where c; = c¢2(0) > 0. On the other hand, by Lemma 3.4 we

have lim sup,,_, , , log X870 e < —As_p PP,,-a.s. Thus for any € > 0,

P, (X,fg_g)”" < e(TAs—0F9 for y sufficiently large) =1.

Note that by definition I1(n, 8, 8) < 72" 7 || 87010 < elBTlloco =00 g4
every n € N. We get that

P, (II(n, 8,0) < c3e TR0t o gy sufficiently large) =1 (3.10)

for c3 = el 8" This lemma follows immediately by combining (3.9) and (3.10).0

Lemma3.7 Foranyd > 0,0 > 0and u € M (R),

§ 1
e B[220,

lim sup

< —As Py-as.
n—+00 no

Proof First we consider § > 0. It follows by Lemma 3.6 that for any 0 < 6 < § and
€>0,P,-as.

eAanGPH I:an(i-lﬁ-)la)a |-7:na] < Cs(0) [e(As—A579+e)no
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+ (0”0) ]efﬁn o+ (As+A1+/211 (85— 9)))‘!0’W,’l (X)]
3.11)

for n sufficiently large. Since § — Ajs is nondecreasing and continuous on (0, +00)
and that P, (Wé’o (X) < +oo) = 1, one can choose 6 so small that Ay — As_g < €.

We also note that for fixed § and 6, the first term on the right-hand side of (3.11)
converges to 0 P -a.s. as n — +o00. Thus, we get by (3.11) that

P, (eA‘S”"IP’M [an(:'_;gﬂfw] < 2¢*" for n sufficiently large) =1.

Hence, we prove this lemma for § > 0. Now, we suppose § = 0. By Markov property,
we have

4
P, I:X((’)'l+l)a|fn<7] = <7Tc(r)’ Xno) = el ”OCUXr?a'

It follows by Lemma 3.4 that

logP, [ 41 |fm,] log X
lim sup (o < lim sup 28 %no —Ao Py-as.
n—+00 no n—+00 no
Hence, we complete the proof. O
Proposition 3.8 Suppose u € M (R). For any § > \/A1/2,
log X' 1
lim sup % < —=As Py-as, (3.12)
t—+400 2
and for any 0 < § < \/A1/2,
) log Xt‘s’
lim sup < —As Py-as. (3.13)
t——+00

Proof Let o > 0. By (3.5), we have for any n € Nand ¢ € [no, (n + 1)o),

8¢ -1 S(n+1
X <c;'p, [X(n(il) U)"m] P,-a.s. (3.14)
One can decompose P, [ (‘Sn(ff)la)ﬂ}',] as I(n, 0,t) + 1l(n, o), where I(n, 0, t) :=
) 1 ) 1 ) 1
P [0 1 | = B [ A0 1P | and n, o) = By [ 00117 1 | Tt fo-
lows by Lemma 3.7 that for any € > 0,
P, (H(n, o) < eAFOT for y sufficiently large) —1. (3.15)
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On the other hand, by Lemma 3.5 we have

P, sup  I(n,o,1) < ceCMFOUDT o sufficiently large | = 1.
te[no,(n+1)o)

(3.16)
Combining (3.14)—(3.16), we get that
sup XZSI < C;l (e(—A5+e)nJ + Ee(—%A(g-i-e)(n—H)o‘)
telno,(n+1)o)

for n sufficiently large P;-a.s. It follows immediately that

) log X% 1

lim sup < (=As) V| —=As P, -as. (3.17)

t——+00 2

If0 <6 < /A1/2,then —As > —Ag5/2 > 0, and (3.13) follows directly from (3.17).
Otherwise if § > \/A1/2, then —As5 < —%Aa < 0, and hence (3.12) follows. O

3.3 The Lower Bound of Xt&
Let pP(t, x, y) be the transition density of P/g . It is easy to see that

e 1Bt e, x, y) < PPty x, y) < e“ﬁﬂlwtp(t, x,y) Vt>0, x,y eR.
(3.18)

Here, p(t, x, y) is the transition density of a Brownian motion on R. Let Pth be the
semigroup obtained from P,’3 through Doob’s A-transform, that is,

—Art

Plf) =S PP(hf)(x) Vi =0, x eR, fe B (R). (3.19)

h(x)

Then, Pth has a transition density with respect to the measure 4%(y)dy, which is given
by

—At B
h € P (ta-xa y)
(t,x,y) = ——= V>0, x,yeR. (3.20)
prLsy Ry Y

It is proved in [9, eq. (2.14)] that there exists a constant @ > 0 such that
P, x,y)—1] <e @D phA, x, 0) 2 p" 1, y, »Y? Vi >1, x,yeR.
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This together with (3.18) and (3.20) implies that there is some constant ¢; > 0 such
that

P, x,y) — 1‘ <cre @) Th(»)™' Vi>1, x,yeR. (3.21)

Lemma 3.9 Suppose u € M(R) and o > 0. For any f € BZF(R) such that f/h is
bounded from above and that f _+OZO f(x)h(x)dx > O, we have

. log(f, Xuo) h

HEIEOO e - A Py-a.s. on {Wo (X) > 0}.

Proof Without loss of generality, we assume 0 # u € M(R). It follows by Proposi-
tion 3.8 that

log(f, X 1 log X0
lim sup M < lim sup 0g [l flloc + log Ay <ir Py-as.
n—+400 no n—+00 no

Hence, we only need to show that

.. 10g<f, Xno)
liminf ————

h
lim inf s > A1 Py-as.on (W (X) > 0},

or equivalently, for any € > 0,

P, (e_)”"“( £+ Xng) > "7 for n sufficiently large | W/ (X) > o) —1.
(3.22)

For any n € Nand o > 0, we have
e M f, Xno) = 1(n, 0) +11(n, 0) +1M(n, 0),
where

I(n,0) = e " (f, Xpo) = Py [e 7" (f, Xo) | Frop2]
(n, ) =Py [e™"(f, Xno ) Fuo2] — (f Wty (X)),
i(n, ) = (f. h)W, /5 (X).

o

Since lim;, oo W/(X) = W2 (X) P,-a.s., we have

1
P, <III(n, ) = £ W" (X) > 0 for n sufficiently large | W2 (X) > o) =1.
(3.23)
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Let ¢ (x) := f(x)/h(x) for x € R. By Markov property and (3.19), we have

1
H(n’ g) = e_)”lna<Pfa/2(¢h), Xna/2> - (¢h, h)e_jklng (h’ X"U/2)
_1 -3
=e zhino (hPrfl /z(d))y Xna/Z) - (d’hv h)e zhino (h’ Xﬂ0/2>

o

— e B /_ +°° (P (10/2. -, 5) = 1) g1y, Xno2).

o0

It follows by (3.21) that for n € N with no > 1,

I Ha 2
o)l < e 7 [ {0072, 3) = 1§ 00BNy, Kooy
—00
< c1e” (g, h)ef%xl"”?\’r?a/z-

This together with (3.13) yields that

P, (nEToo (n, o) = 0) = 1. (3.24)

By (3.6), we have
no 400
e—M"“<f,XM>=<hP,Z,¢,Xo>+/O/ e M) P p(x)M(ds, dx).
—00

Here, [0,n0] 5 t > fé f:r:; e MSh(x) P _ ¢ (x)M(ds, dx) is a square-integrable

no

martingale with quadratic variation t [y (2ye™2*15h> (P,{“(,_Stb)z , X;)ds. Hence,

no 400
I(n,0) = / / e M h(x)P! ¢ (x)M(ds, dx).
no/2 J—oo

Moreover, by (3.19) we have

P, [I(n, 0)2] =P, [/n;(zye—“”hz (P,ﬁ,,@)z : Xs)ds]

no

< 2||y||oo||¢||oo||h||oof PP, [ (P, X,) | ds

no/2

no
:czf e=2his(ph (hP,ﬁ,,@),mds
no/2

no
=C2f e MY (hP ¢, 1)ds
no/2
no
< 2l llooth. 1) / e H15ds

no/2
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= 2]|Plloo (hs /L))xl_le_)”lng/z (1 — e—}»lno/Z) .

Immediately Y /20 P, [1(n, 0)?] < +oc. Hence by the Fubini theorem,

P, (nEToo 1(n, 0)| = 0) =1.

This together with (3.23) and (3.24) yields (3.22). Hence, we complete the proof. O
Lemma 3.10 Suppose 0 < § < 4/A1/2 and o > 0. For any nontrivial u € M. (R),

Sno

PR IOg no h
ngfg P > —As Py-as. on {We (X) > 0].

Proof We define a quadratic branching mechanism ¥ by
Ux, M) = —B)A+y()A%, VxeR, A >0,

where y is defined in (1.2). Let ((Xt)tzo, Ps,) be a (B, &)-superprocess started
from Dirac measure at x. For any R, > 0 and x € R, let IZR(t,x) =

—log Ps, [e’X((’R’R)C)] and u®(t,x) = —logP;s, [e’XrR]. Noting that ¥ < v,
we have by [24, Corollary 5.18] that

uB(t,x) >R, x) Vi,R>0,x € R. (3.25)
It is known that (¢, x) — % (¢, x) is the unique nonnegative locally bounded solution

to the following integral equation.

t
iR (1, x) = Ty (|B;| = R) + U B(Bs)aR(1 — s, By) — y(Bo)aR(1 — s, Bs>2ds] :
0

By [24, Proposition 2.9], % (¢, x) also satisfies that
t
iR (t, x) = Iy [GXP {/0 (ﬂ(Bs) — y(Byif(t — s, Bs)) dS} 1{B,zR}:| :
(3.26)
Immediately, we have
iR (t,x) <My [eg(®), |B/| = R] =7 (x) VxeR, t>0. (3.27)
Letg € (0,1)and p = 1 —¢q. By (3.26) and (3.27), one has foralln € Nand x € R,
i’ (ngo, x)
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nqo

= Iy | exp /0 (B(Bs) — y (B’ (ngo — s, Bs))ds} 1{|Bnq”|zam}]
nqo' 8 -

=1 e [ (880~ yBomlz L (5) ds}l{m,,q,,zam}}
0

nqo 8( nqo
> Iy | exp /0 (,B(Bs) Y (B) g0 (Bs)) ds}l{anqglzéna}]

nqo S,
= I, [exp _f V(Bnqa—r)”rq (Bnqa—r)dr}eﬂ(nqo')l{anqJPSna}iI . (3.28)
0

The final equality follows from the changes of variables. By choosing ¢ €
(0,8/+4/2A1), we have 6/q > +/2X1. Since y is compactly supported, it follows from
Lemma 3.3(iii) that

+o0o 8
¢y = sup y(x) g (x)ds < +oo.
xeRd 0

Putting this back to (3.28), one gets

L?S””(nqa,x) > e “II, [eﬂ(nqo)l{|3nq0|>5na}] =e C'nnqg (x). (3.29)

Let K be a compact set of R with fK h(x)dy > 0. Since S > 4/2X1, we have by
Lemma 3.1 that

log 7977 (x) 82
lim inf o0 A, ——.
n—+00 xekK nqo q 2q

Let € € (0, —As/8). The above equation combined with (3.25) and (3.29) implies
that there is some constant ¢co > 0 such that

52
1nf u’ (ngo, x) > cpe” 21" 2€nqo (3.30)
for n sufficiently large. By the Markov property, we have

3 1
PM (X’?’m =< 6(7A57§€)na; anc'(K) > e(klijé)npa>
=P, |P e R3] (Ga—Lempo
=L | Fxpypo €717 Z € s Xupo (K) > € 2
no 1
< explel 439 “IPy [ w1 X ) X (K) 2 el G)Wo}

] 52 1 _1
sexp{e( ho 26)””}% [exp{—czefﬂ"”*ff"q"xnpa(K)}; X,lp(,(K)ze(M Zf)”’”}

s 3 82 _1
< exp{e(_m ze)na — e 2qna zenqa+(k1——e)npa }Pu |:an0 (K) > e()»l 2e)npcri|
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= exp {—e(_“_%c)"” (cze”"(m‘”f‘“‘"%) - 1) } P, [x,,pa(K) > e(“‘%f)"l’”] .

The first and second inequalities follow from Chebyshev’s inequality and (3.30),

respectively. We choose g € ((JSTI + & 62;;? 2M’S€> v 0, Jé%) then \/2A18 +

€ —i1g — 4 > 0.Note that —As — 3 > —13A4/16 > 0 for 0 < § < /1/2 and
€ € (0, —As/8). The above inequality implies that

]P)li (X;Eg" = e(iA(Si%e)nU; ana(K) > e(M%e)npa)

decreases faster than exponentially as n — +o00. Thus,

no

— 8 (‘As—lG)nU (kl—le)npa
§ Pu (X G <e . ; Xnpo (K) > € . ) < +09,
n=0

and by Borel-Cantelli lemma,

log Xm0 A le or log X0 (K)
no 2 npo

1
either <A — 56 (3.31)

for n sufficiently large P, -a.s. Note that by Lemma 3.9

log X,y (K
Pu( lim 108 npo (K)

_ h _
Jlim =S _A1’WOO(X)>0>_1.

We get by (3.31) that

log X210 1
P, (% > —As — Ee for n sufficiently large ‘Wé’o(X) > 0) =1.

This lemma follows by letting € |, 0. O
Proposition 3.11 For 0 <4 < /A1/2 and n € M.(R),

St

. . _ _ h
ltlin-i}gg > —As Py-as on {Wo (X) > 0}.

Proof First we consider § = 0. Since
WHX) = e " (h, X;) < ||hllsce™ " X,
we have

log X7 _ log W/'(X) _ logllhlloc
t - t t

A
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Since Wlh (X)) — Wé‘o(X) P,-a.s., we get that

limint X S 5 = _a, P (W (X) > 0)
lim inf —— > A = o Py-as.on{Wg > 0}.

Now, suppose 0 < § < /A1/2. Let 0 > 0. We take 6 > 0 small such that
dp :=8+60 < /A1/2. By (3.5), we have

So(n+1)o
P [0

]:VLU:I = CIX;,S:;"G
for some constant ¢; = ¢1(8, o) > 0. It then follows by Lemma 3.10 that

tog P [ 431057150
P, | liminf
n——+00

> _A59

wWhx)y>0]=1 (332
no

Let0 < € < —As,/4. We have

sup  eM!
te[no,(n+1)o0)

Sg(n+1)o Sg(n+1)o
PM I:X(lf+l)o |E] - ]Pﬂ I:X(ng—H)c |fn0:|

< sup €A59 no
telno,(n+1)o)

_ e—(—%A,;H —e)na—(%Age —e)a

89 (n+1)o 8o (n+1)o
P [0 D71 | = B [P P

|
«  sup e(jAge —¢)(r+ Do
telno,(n+1)o)

Sg(n+1)o 8o (n+1)o
]PM I:X(}f+l)a |f}j| - PM I:X(ng—H)J |f"‘7:| '

By Lemma 3.5, the final term in the right-hand side converges to 0 as n — +o0. Thus,
we get

lim sup eho!
n=>+00 telno, (n+1)0)

=0 Py-as.

S (n+1)o 89 (n+1)o
P/" [X(:+1)0 |‘7:t:| - IPM I:X(ne_H)g |‘7:naj|

(3.33)

Note that for any ¢ € [no, (n + 1)0),

A Bt

8 1
> eA‘59 (n+1)a]P)H [X(;_f_nl_;a)g |fna:|

—  sup  eMw!
telno,(n+1)o0)

dg (n+1)o 89 (n+1)o
]P)//' [X(rf+l)0 |‘7:’i| - Pl‘« I:X(yf_H)g |fna]
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Hence, by (3.32) and (3.33) we get that

log P, [X‘S"("“)“l]-}]

.. (n+1)
P, | liminf e
—400 t

> —As, [ WL(X)>0) =1. (334

By Markov property, for any ¢ € [no, (n + 1)0),

Sg(n+1)o So(n+1)o
Py I:X(n+1)0 |]:t] = Tty X1)-

So we have

So(n+1
189, 1) := (ﬂ(,finltg)_il(faz,az)c, X1)

S 1 § 1
= P [ A = A s Xo)

(n+1)o (n+1)o—t
= Py [0 7R ] - 1. 0. (3.35)

Lemma 3.3(i) implies that there is a constant ¢, > 0 independent of §yp and 6 such
that

2
2D () < 20+ Do) e TV Vi € [no, (n + Do), Iyl < 1,

when n is sufficiently large. Hence, we get that for ¢ € [no, (n + 1)0),

02 2
(89, 1) < c20(n+ Do) 'e™ 701 s 5, X,)
c0(n + 1)0’)_167§(n+1)20+)”t
<
- inf|y|<5(n-+—1)¢7 h(y)
1 ()20t
- c@(n+ o) ‘e 2

inf|y|<s(n+1)0 £(Y)

<e_klth1(—ét,5t), X:)

W/ (X).
By (1.6), there is a constant c3 > 0 such that when # is sufficiently large,
II((S@ , t) S C3 (9 (l’l + 1)0)—16—%(n+1)20+()»1+«/2A16)(n+1)0 Wth (x)

for all t € [no, (n + 1)o). This implies that

lim sup  eM'TI(8p,1) =0 Py-as. (3.36)

n—>+00 telno,(n+1)o0)
Note that by (3.35)

eAaatl(ae’ = et(logI(SQ,t)/t—&-Aae)
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N Tl 0 E A,

This together with (3.34) and (3.36) implies that

log I(8p, ¢
P, <1im inp 081000

t——+00 t

Wi(X) > o) =1. (3.37)

Note that by definition

$ 1 +
19, 1) < 7o Nloo P < el Ieo X3 1 € [0, (n + 1)o).

By (3.37), we have

1 X(St
P, <liminf Ogt Co> A W (X)) > o) _ 1

t—+00
O

Proof of Theorem 1.1: Theorem 1.1 follows immediately from Propositions 3.8
and 3.11. O

4 Proofs of Theorem 1.2 and Theorem 1.3
4.1 Skeleton Decomposition
In this subsection, we shall establish the skeleton space for the (B;, )-superprocess.

The following condition is fundamental for the skeleton construction.
There is a locally bounded function w > 0 on R satisfying that

P, [e_(w’X’>] — e W) Yy e M(R). (A2)
This locally bounded martingale function w assures that
" 4 (By, w(By
<w(Bt)exp{—/ Y (Bs, w( 3))ds}>
0 w(BY) tZO

is a 1y -(super)martingale. Thus, one can define a family of (sub)probability measures
{ITY, x € R} by

dary

X

drIl,

_wB) {_ ‘Y (By w(BY)

s} vt > 0.
0 w(By)

o (By:s€[0,1]) w(x)

We denote the process ((B;);>0, [1¥, x € R) by (B/")s>0.
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An integer-valued locally finite random measure £ on R is called a point process. If
there is a locally finite measure A on R such that £ (B) is Poisson distributed with mean
M(B) for any Borel set B, and that £(B), - - - , £(B,,) are independent for any disjoint
Borel sets By, -+, By, n > 2, then £ is called Poisson point process with intensity
M. If we randomize by replacing the fixed measure A by a random measure A on R,
then we get a Cox process directed by A. More precisely, given A, & is conditionally
Poisson with intensity A almost surely.

Proposition 4.1 Assume (A2) holds. For every u € M(R), there exists a probgbilily
space with probability measure P,, that carries two processes (Z;);>0 and (X;);>0
satisfying the following conditions.

(i) ((Zi)i=0,Py) is branching Markov process with Z being a Poisson point process
with intensity w(x)u(dx), in which each particle moves independently as a copy
of (B/”)i=0, and a particle at location x dies at rate q(x) and is replaced by a
random number of offspring with distribution {py(x) : k > 2} uniquely identified
by

+00
G(x,5) :=q(x) ) pr(x)(s* =)
k=2

1
= —— [, wx)(1 =5) = (I =¥ (x, wx))].

w(x)

(ii) ((5(\;),20, P,,) has the same distribution as (X, IE”M);\
(iii) For everyt > 0, Z; is a Cox process directed by w X;.

We show in the next proposition that the martingale function w in (A2) exists for
the (B, ¥)-superprocess. Recall that Wlh (X):=e M h, X,), Vt=>0.

Proposition 4.2 Let £ = {Wgo(X) = 0} and w(x) := —logPs (€) for x € R.
Then, w is a bounded positive function satisfying (A2). Moreover, w'(x) = 0 for |x|
sufficiently large.

Proof Since Wé‘o (X) is nondegenerate under Ps_, w(x) = —logPs (&) takes values
in (0, +00]. By (1.1), forany u € M(R),t > 0 and A > O,

P, [e—AW,h(X)] _ e—(uxefxlrh(tv).@’

where for x € R, u; 1,1, (t, x) = —logPs, [exp{—leh(X)}]. By letting t — +o00
and then A — 400 in the above equation, we get

P, (£) =e M Yu e M(R).
Using this and the Markov property of X;, we have

Py [0 ] =P, [Py, ()] = Pu(€) ==,
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So w satisfies (A2). We only need to show that w is a bounded function on R since
the second assertion is a direct result of Lemma A.1 and the boundedness of w.

Let Ext = {lIX;|| = O for ¢ large enough} and wexi(x) = —logPs, (Eext) for
x € R.Since ¥ (x, A) > —ﬂ(x)k+a(x)k2 =: IZ/(X, M) forx € Rand A > 0, it follows
by [24, Corollary 5.18] that the extinction probability of the (B;, ¥)-superprocess is
larger than that of the (B, 1/})-superprocess. Let wey¢ be the log-Laplace exponent
of the (B, lﬁ)—superprocess. Let?d # O := {x € R: a(x) > 0}. By [16, Lemma
7.1], Wext(x) is a locally bounded function on O. Since Eex¢ € &, one has w(x) <
Wext (X) < Wext(x) < +o0 for all x € O. In the remaining of this proof, we fix an
arbitrary ¢ € O and xo € R\O. Without loss of generality, we assume xp > c.

We recall from [12] (see also [13, 14]) that the (B;, ¥)-superprocess (X;);>0 can
also be modeled as a system of exit measures from time-space open sets. In particular,
branching property and Markov properties of such systems are established there. From
this perspective, X; can be viewed as the projection of the exit measure from (0, #) x R
on {r} x R. Let H be the set of nonnegative bounded functions on [0, +00) x R
satisfying that there is some S such that f (s, y) = O forall (s, y) € [S, +00) x R. By
[12, Theorem I.1.1 and Theorem 1.1.2], for ¢ € (0, +00) and Q; := (0, 1) X (c, +00),
there exists a finite random measure X 2, called the exit measure from Q;, which is
supported on the boundary of Q; and satisfies that for every f € H,

P, [e—<f,th>] S ACONTY

where U (t, x) is a solution to the following integral equation

TeAt

Up(t, x) + T, [ Y (B, Up(t —s, Bx))] =, [f(te A1, Boa)]. (41)
0

Here, 7. denotes the first exit time of (B;);>¢ from (¢, 4-00). Let X7 (A) := X ({1} x
(AN (c,+00))) for any A C R. This definition implies that X{ is the projection of
X9 on {t} x (¢, +00). Let uG(t,x) == —logPs, [exp{—(g, X{)}] for g € B} (R),
t >0and x € R. By (4.1), ug(t, x) satisfies the following integral equation.

t
o0+ 1| [ Bz g s, BOas | = 11 e,

where (Bf);>0 denotes the Brownian motion killed outside (c, +-00). This implies that
(X{)i>0is a (Bf, ¥)-superprocess. Note that

Ps, e (h, X{)] = e M1, [eg(DR(By); t < 7]

=T (t<7).

X0
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Here, Hﬁo is the probability measure defined by

- e"“"eﬁ(t)% Vi > 0.

dm’
Ay o (Byis<t)
It is known that (cf. [9, Section 3]) ((B:)r>0, Hﬁo) is a recurrent diffusion on R.
So Hﬁo (t < 17.) = 0ast — +oo. This implies that e ™17 (1, X{) converges to 0 in
L (IP(;XO ), and so there is a subsequence of e 1/ (h, X ¢) which converges to 0 IP(;XO -a.s.

On the other hand, we note that || X</ ((0, +00) x {c}) || denotes the total mass
of the projection of X2 on (0, 1] x {c}.For A,t > 0and y € R, let v5 (¢, y) :=
—logPs, [exp{—A[ X9 ((0, +00) x {c})||}]. It follows by (4.1) that

T AL
vi(t,x) =Ml (z. <1t) — I, |:/0 W(Bs,vi(t—s,Bs))dsi|

TeAt
= Ally [eﬁ(fc ANE);Te < t] — I, I:f ep(s)Yo(Bs, vi(t -9, Bs))ds:| ,
0

“4.2)

where ¥o(x, X)) = ¥ (x, L) + B(x)A. The second equation follows from [15, Lemma
A.1].

Let || X!}|| be the limit of the nondecreasing sequence {||X 21 ((0, +00) x {c})| :
t > 0} and v§(x) := —logPs, [exp{—AlIXV}] = lim/— 400 v5 (2, x) for & > 0
and x > c. By (4.2), one has v§(z,x) < ATl [eﬁ(rc); . < t], and so v§(x) <
A, [6/5 (rc)]. Since B is compactly supported, by [11, Theorem 9.22] x
I, [eg(zc)] is a bounded function on [c, 4-00). Thus for every A > 0, x > v5(x)
is a bounded function on [c, +00). We note that £ = {Wé‘o(X) =0 ={31 —
+00 such that e 1% (h, X, ) — 0}. We have

e = P; (€) =Py, [Paxo (5|XQr>]

= PSXO [P”X{c} 15¢ (gext)]

=Ps,, [e_we“(c)”x(c)”] — ¢ Vinext©¥0)
Thus, one gets w(xp) < vﬁ)m © (xp) and so w is a bounded function on [c, +00). O

4.2 Limiting Distributions for the Skeleton

Since (5(\ ; P,,) isequal in distribution to the (B;, ¥)-superprocess, we may work on this
skeleton space whenever it is convenient. For notational simplification, we will abuse
the notation and denote X by X. We will refer to (Z;);>0 as the skeleton branching
diffusion (skeleton) of X. We use u € Z, to denote a particle of the skeleton which
is alive at time t, and z,(¢) for its spatial location. We use || Z;|| to denote the total
number of particles alive at time ¢.
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In this section, we shall show that the skeleton branching diffusion Z; shifted by
/A1/2t converges in distribution to a Cox process directed by a random measure
which has a random intensity mixed by the limit of an additive martingale (see Propo-
sition 4.7). Our proof follows the same approach as [6] (see, also [26]): First, we
represent the population moments in terms of Feynman—Kac functionals associated
to Brownian motions, see (4.3) and (4.4). Using the estimates established in Sect.?2,
we show in Lemma 4.3 that the second-order moment is asymptotically the same
as the first-order moment. Combining this with the Chebyshev and Paley—Zygmund
inequalities, we compute the asymptotic behavior of the distributions of particles near
+/21/2 t inLemma 4.4. We can then follow the argument of [6] to establish Proposition
4.6.

Recall that w’(x) = O when |x| is large. So we assume that there are constants
M, wy > 0such that w(x) = w_ forx > M and w(x) = w4 forx < —M.

In what follows, we always assume the following:

(1) R(t) =6t +a(t) where § € (0, /211) and a(t) = o(t) as t — +o0.

(2) For some a € (0, |- J%T.) 0 < s(t) < at forall t > 0 and s(t) = o(t) as
t — +o00.

(3) b(t) > 0forallt > 0and b(t) = o(t) ast — +o0.
@) x(-) : [0, +00) — R satisfies |x(t)| < b(¢) for all large ¢ > 0.
(5) Ais aBorel set of R with inf A > —oo0.

We use P, to denote the probability measure where the branching Markov process
(Zt)s>0 started from the integer-valued measure v. For every x € R, the first two
moments of ((Z;);>0, Ps,) can be expressed by the spatial motion and the branching
rate (cf. [32, Lemma 3.3]): For f € B;(R),

4 w 1
Pi, [(f, 20 = Y [l 5O0RDY pa0) | = PP, @3)

and
Py, [(f.207]
2 w ! Ji L G(BY,1)du 9 w 2
=Ps, [(f ,Z,)] + I /0 elo 3G (By mG(B, , 1)PaB;U [(f, Zt,r)] dr

1 1 ! 2
=—PlwfH +—— | P! [2)/ (P,ﬂ_s(w f)) } (x)ds. “.4)

w(x) w(x) Jo
One can easily show by (4.3) that

h
W (z) = e Mt <E’ zt>, t>0,

is a nonnegative Ps, -martingale for every x € R, and a nonnegative P, -martingale
for every © € M(R). We use Wélo/ “(Z) to denote the martingale limit. It is proved by
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[15, Proposition 1.1] that

L"(Z) = W (X) P,-as. (4.5)

for all u € M(R).

Lemma4.3 (i) There exist T > 0 and 0;(t) (i = 1, 2) such that fort > Ty,

Ps. . [Zi—si)(A+ R(1))]

O1(1) = h(x(@)) oni(t—s(t))—/2ZA1R(t
w-1-(A) gy et :

T = 62(1), (4.6)

where n_(dx) = C_e V¥iXdy, andfori =1,2,60;(t) - last — +o0.
(ii) There exist Ty, C > 0 such that for t > T»,

Po,, [Zis (4 + RO)] = P, [Zimsin (A + R®)?]

= Ps, [Zz s (A + R(l‘))] +C h((x((tt)))) 201 (1=s(1)~2V2A R (1) @7

Proof (i) We have

Ps,, [Zi—s)(A+ R(1)] = Pl o (wlasray) (x(0)).

w(x(r) (t))
Note that for 7 large enough such that R(¢) + (inf A A 0) > M, w(x) = w_ for all
x € A+ R(t). It follows that

Ps ) [Zi—s@)(A+ R(@)] = Lagr() (x(2)).

TR

Thus, (4.6) follows immediately from Lemma 2.2.
(i1) The first inequality of (4.7) is obvious since, by (4.4),

Po [ Zims (4 + R(r))z] =Ps,, [Zis)(A+ R(1))]

t— s(t)
B
w(x(t))/ ”P “st—r (Wlatra)) ](x(t))dr. (4.8)

Suppose suppy C [—k, k] for some 0 < k < +o00. Let o be the first hitting time
of [—k, k] by the Brownian motion. Noting that s(¢) < at < t — 1 for ¢ sufficiently
large, we have

t—s(t) 2
B B
/0 Py [V (P,,S<,),,1A+R(z)) ](X(t))dr
t—s(t) B 2
= Iy /o eg(r)y (Br) (Pt_s(t)_rlA-i-R(t)(Br)) dr
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t—s(t) P 2
=T, f ep B (P Aarri (B) driog <1 —s()
Ok

)

t—s(t)—u 8 2
. Hx(z)[eﬂ(ﬂk) Mp, fo eﬂ(”))’(Br)(P,_S(,)_u_r1A+R(t)(Br)> dr

u=oy,

on =150

<on es(01) h(Bg;) 2M == -2TRW, 51 < 4 _ 5(r)
X [P inf h
xe[—k,k] 7 (x)
= cp?M =) =2VRO [e,g (1) h(Bg)e 1% g <1 — s(t)] . (4.9)

The above inequality follows from Lemma 2.1(ii). Since e ™! ‘eg(1)h(By) is a martin-

gale, by the optional stopping theorem, the last term in (4.9) is no larger than A (x(2)).
So we get that

t—s(t) 2
/ Py{g I:y (Pl/fis(t),rlA—l—R(t)) ] (.x([))dr S 6‘362)\1(’7“‘([))72«/2)\1R(I)h(.x(t)).
0

We also note that for ¢ large enough, w(x) = w_ forall x € A + R(¢). Thus,

t—s(t)
/0 I:V Pﬂ —s(t)—r (u)lA+R(t)) ] (x(1))dr

) t—s(t) 8 2
= w_/o f)r"3 |:y (Pt—S(t)—rlA+R(t>) i| (x(t))dr

< caw? eZA](t—s(t))—2«/2)~1R(t)h(x (t).

Putting this back to (4.8), we get (4.7). O

Lemma 4.4 Assume that § = /A1/2 and that As(t) + /2 1a(t) — +ooast —
~400. Then, there exist C, T > 0 and 6;(t) (i =4,5,6,7) such that fort > T,

_ h(x(1))
Ps., (Zi—sy(A+ R(0) = 0) < 1 — () w_n_(A) wam 0O @10
_ h(x(t))
P‘SX(t) (Z’*S(t)(A + R(1)) = 0) >1- GS(I)U)—T]—(A)W@(I), 4.11)
h(x(t))
Ps. (Zi—siy(A + R(1) = 1) < () w_n—(A) ——— ol @O 4.12)
h(x(t))
Ps., (Zt s(n(A+ R(1)) = 1) > 07(Hw_n_(A) ——= 2G0) O(), (4.13)
h(x(t))
P‘Sx(t) (Zt—s(t)(A + R(1)) = 2) = Cm@ (t). (4.14)

where O (t) = e *15O=v2ha®) 4nd 6,(t) — 1ast — +oo fori =4,5,6,7.
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Proof We note that if Z is an integer-valued random variable, then

E[Z)?
E[Z%] ~

<P(Z>0=P(Z=>1)<E[Z], (4.15)

and
P(Z>2)<E[Z(Z-1),;Z>2]=E[Z(Z-1]= E[Zz] — E[Z]. (4.16)

It is easy to see that (4.14) follows immediately from (4.16) and Lemma 4.3(ii).
Since 1 — P, (Zi—sy(A+ R(1)) = 0) = Ps_, (Zi—s1)(A + R(1)) > 0), we have
by (4.15) and Lemma 4.3 that for ¢ large enough,

1 - PBX(,) (Zt—s(t)(A +R(®)) = 0) = P(Sx(,) [Zt—s(l)(A + R(f))]

h(x(1))
< Ow-_n_(A)——— 2O (0) e,

and

1 =P, (Zi—s)(A + R(1) = 0)
- Ps. ) [Zi—si (A + R(t))]2
" Ps, [Zimsiy (A + R))?]
Ps. o [Zi—st)(A + R(f))]2

Ps, . [Zi—s) (A + R(1)] + CoED02(1)

v

2
i w-n- s o]

O2(w_1—(A) JEFH O () + CLEFFO% (1)

01(1)? h(x(t))
= 0 (A)——20(t).
)+ Cw'y *I(A)(a(t)w - )w(x(t)) ©

v

01(1)2
o) +Cw-'nZl Ao

Since 6;(t) — 1 fori = 1,2 and ©(t) - O ast — o0,

ast — +oo. Hence, we prove (4.10) and (4.11).
We note that

PSx(t> (ths(t)(A + R(1)) = 1) =1- ng(t) (ths(t)(A +R®)) = 0)
—Ps,, (Zi—s)(A+ R(1) = 2).

Thus, (4.12) and (4.13) follow immediately from (4.10), (4.11) and (4.14). O
Lemma4.5 (i) Foreveryd € (/A1/2,+/211) and x € R,

lim Ps, <max|z,,(t)| < 8t> =1.
ue”z;

t—+400
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(ii) Foreveryx € R,

liminfe || Z,|| > 0 Pj, -a.s.
t——+00 :

Proof (i) We have

P;, (mazx 2 (D] < 8:) =Py, (Z:((—51.51)) =0)
ueZ,

=1—Ps (Z/((=51,81)°) = 1)
1 —Ps, [Z;((—51,80)9)].

v

So it suffices to show that

lim Ps, [Z,((=5t,80))] = 0. (4.17)

t—+00

Note that for ¢ large enough such that ¢ > M,

1
Ps, [Z,((—61.80))] = —— PP (wl(_sr.50) ()

w(x)
w4 V w_ B w4 V w_ St
— P11 c(x) = —— .
wir) 1 Leeran (x) () 7y (x)
It follows by Lemma 3.1 that lim;_, 4o log 7, 0t(x)/t = —As < O for any § €

(VA 1/2, //2%1). So we get 7 (x) — 0 ast — —+o0o and (4.17) follows immedi-
ately.
(i) We note that for t > 0,

h/w

- _ h
A AR ),
w

1=l W,

where ||h/w|s < 400. So it suffices to show that for every x € R,
P; ( whv(z) > ) (4.18)
We have

Py, ( h/w(Z)_0>—P,;X [T ¥, (0)( ’”“’(Z)_o)

uezZy
_e—w(x)(l—P5X< Wi (2)= 0))

(4.19)

The final equality is because (Zo, Ps, ) is a Poisson point process with intensity wdy.
On the other hand, by (4.5) we have

P;, ( v zy = 0) (WQO(X) - 0) — e V0,
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Combining this with (4.19), we get that Ps_ (W;’O/ “(Z) = O) = 0 and (4.18) follows

immediately. O

Proposition 4.6 For every x € R, ((Z; £ /A1/21)1>0, Ps,) converges in distribution
to a Cox process directed by w Wé’o w(Z)ni (dx), where Wé'o Y(Z) is the martingale
limit of (W)™ (Z)):=0. Ps,).

Proof Take R(t) = /A1/2t and fix a function s(-) such that s(t) — 400 and s(t) =
o(t) ast — +o00. For notational simplicity, in the proof we shall write s(¢) as 5. We
only consider Z;, — R(t). The result for Z; + R(¢) can be proved similarly.

In view of Lemma A.2, to show the result for {Z, — R(¢) : t > 0}, it suffices to
show that for any subsequence {Z; — R(t,) : n > 1} with #, — 4-00, conditions (i)
and (ii) are satisfied when taking §, = Z; — R(#,) and n(dx) = w_ W;’o/w (Z)n—(dx).
It follows from Lemma 4.3(i) that for any Borel set A with inf A > —o0,

Ps, [Z:(A+ R(1))] ~ w-n_(A)

hx) ast — +00, (4.20)
w(x)

which implies that condition (ii) of Lemma A.2 is satisfied with §, = Z;, — R(t,).
Hence, we only need to verify condition (i).

Take m € N, ky, - - , k;, € ZT and mutually disjoint Borel sets Ay, --- , A, in R
withinf A; > —oofori =1,--- ,m.Putk : =k +---+ky and A := [ J/_, A;. Let
Gs be the o-field generated by {Z, : r € [0, s]}. It suffices to show that

m
Ps, (ﬂ {Z:(Ai + R(1)) = ki) |gs>
i=1
k.
h/w i
m W ZYn_(A:
L ew-W @D YT @O T <w > (k')" ( ’))
it

i=1

4.21)

in probability as r — 4o00.! For u e Zj, let Z,(f)s be the point process of

the locations of the particles alive at time ¢ whose ancestor is u. Take a con-
stant k > «/A1/2. Define &' = {maxyez, |zu(s)| < ks, || Zs| = k} and &7 :=

[ A+ Rw) =1 Vu ez} 1t follows from Lemma 4.5 that Py, (£}) — 1

N

ast — +oo. Since Etl € G,, we get

Ps, ((5t1)c |gs) = 1(&1)(: — O ast — +o00 in probability. (4.22)

1 Actually (4.21) is a bit stronger than what one needs for the proof of Proposition 4.6. The proof can be
shortened by applying [20, Proposition 16.17] In fact by the aforementioned result, one only needs to show
that (i) (4.20) holds for all relatively compact sets A C R, and (ii) lim;— 400 Ps, (Z;(A + R(1)) = 0) =

Ps, [exp{fw, Wgo/ v (Z)n— (A)}] for all compact sets A. However, since (4.21) further yields the limit of

the order statistics of Z; (see Proposition 4.8 and the remark below), we present it here for the sake of being
more self-contained.
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On the event 5}, we have

P;, ((53)0 | gs) P;, (z(”) (A+ R(t)) = 2 for some u € Zj | gs)

= Z P (fo)s(A +R(1)) > 2) . (4.23)

ueZy
By Lemma 4.4, for ¢ large enough, on the event 8,1,

hGu(S) o

Piy (A +RO) 2 2) < 2

Hence, we get by (4.23) that on &

h(zy B B y
Ps, ((5,2)5 | gs> <ci Z %e 2018 < e MW h/ ).
ueZs u

This yields 151 P, ((EH)€1Gs) — 0Ps,-a.s. Consequently by (4.22) we have

P, ((5,2)0 | gs) — 0 in probability as r — +oo. (4.24)

By (4.22) and (4.24), we have

P;, (ﬂ {Zi(Ai + R@)) = ki) |gs>

i=1

=P, <ﬂ {Zi(Ai + R() = ki), €], €] | gs) +e

i=1

for some etl — 0 in probability.

We note that on the event 53, VA (w) (A 4+ R(t)) : u € Zg} are Bernoulli random
variables. So we have

P;, <ﬂ {Zi(Ai + R() = ki}, €], €] | gs)

i=1

— e U ﬂ{z(”“un + RO = 1,
(up, - up)CZs  j=1
k
)z A+ Ry =1,
j=k—kp+1
N (Z“A+R@) =0}), 5,‘,5}2|gs). (4.25)
ueZs\{uy, - ,ux}
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Here, U(ul’m W)CZs is the union over all k-permutations of Zg, and (uy, - - - , ux) C Zs
means thatuy € Zg, up € Zg :up #uy,..,up € Zg cug #uj, j=1,--- ,k—1.By
(4.24) and the fact that 5,1 € Gy, the conditional probability in the right-hand side of
(4.25) equals

(uj)
1P (U ﬂ{z A+ R@) = 1)
(uy, - u)CZs j=1

k
Nz A+ R =1 () (Z%A+RO) =0)}1G,) +€,

J=k—km+1 ueZg\{uy,ur}

where etz — 0 in probability. Since U(ul o up)cz, 1 -+ }is aunion of mutually disjoint
events, we have

k
p( U ﬂ{z(”f)(AwR(t»:l},---, N 2" A+ R0 =1},
(uy,ug)CZs  j=1 Jj=k—ky+1
N @50+ RO =0)}16)
ueZ\{ur, - ur}
k
- ¥ ﬂ{z(“’)<A1+R<r>>=1},--~, N (2" A+ R@) =1},
(U, up)CZs Jj=k—kpm+1

N {z(” (A+R(1) = 0}| Gy)

ueZs\{uy, - ,ux}

= ) Py, (ZisAHROY=1)x o x Py (Zis(Am + R(D) = 1)
(U, up)CZs

. 1_[ Ps. o (Zi—s(A+ R(1)) = 0)
MEZX\{L[I,...,uk}

- [ 1_[ Ps., o (Zi—s(A+R(®) = O)] X [ Z

ueZs (uy, ,up)CZs
Ps, ) (Zi—s(Am + R()) = 1)]
X oo X '
P(SZuk ©) (Zi—s(A1 + R(1)) = 0)

Ps,, o (Zi—s(A1 + R(@) = 1)
PSZuI@) (Zt—s(Al + R(t)) = 0)

The second equality follows by the Markov branching property. So far we have proved
that

P;, (ﬂ {Z/(Ai + R(t)) = ki) |gs)

i=1

1
S ngl[ [1 Ps.0, (Ze—s(A + R()) = o)]

ueZs
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X[ Z PBZHI(S)(ZI—S(AI + R(t)) = 1) 5
PSZul(S) (Zt—s (A1 +R@)) = 0)

(w1, up)CZs
Pazuk(é') (Zt*S (Am + R(t)) = 1)]
Ps0 (Zi—s(A1 + R(1)) = 0)

Hence to prove (4.21), it suffices to prove that

- WOO V4 A
1132100 151 l_Z[ P‘Szu(s) (Z’_S (A + R(t)) = O) w- ( n-(4) (426)
ueZy

in probability and

Ps,, (Zi—s(A1 +R@) =1

lim lg} Z ( )( s )

e (uy,ug)CZs P‘Sm«l(s) (Zf s(A1 + R()) = 0)
« Pazuk () (Zt—s(Am + R(t)) = l)
Ps,, ) (Zi—s(A1 + R(®) = 0)

h/w

ki
<w W (Z)n_(Ai)> in probability. (4.27)

|

i=1

(1) We first prove (4.26). It follows from (4.10) that for ¢ large enough, on the event
5,1 ,

h(zy _
]_[ Ps. (Zi—s(A+ R(1) =0) < ]‘[ (1 — Oa(w_1_(A) (z (s))e m)

neZ, e, w(z,(s))
< l_[ exp{—0s(H)w_n_(A) ———— hzu(s)) e M%)
ez, w(z,(5))

h/w

= exp{—O4s(Dw_n_ (AW~ (2)}. (4.28)

The second inequality is from the fact that 1 — x < e~ for all x > 0. For the lower
bound, it follows from (4.11) that for ¢ large enough, on &/

H Ps. . (Zi—s(A+ R(1)) =0)

ueZg
h(zy(s)) —Als
- l_z[ (1 ~sOwn- Do )
- B () s
— exp Zlog(l 5w (), e 1) : (4.29)

ueZs

@ Springer



2496 Journal of Theoretical Probability (2024) 37:2457-2507

Note that ¢ := SUpy R h(y)/w(y) < |hlleo/infyer w(y) < +00. Using the fact that

log(l — x*
log(1 —x) > L*x)x vx* e (0,1), x € [0, x*],
X

we get by (4.29) that on &/,

l_[ Pazu(é') (ZI—S(A + R(t)) = O)

ue’Zs

log (1 — 65(Hw_n_(A)ce™1%) hu () s
20 | =G e EM)M G

log (1 — O5(t)w_n_(A)ce 1
= exp il . (t)fu( ):) (Z)c(e_)fi ) ostyw__ ww!" @) @

hjw
It is easy to see that the final terms of (4.28) and (4.30) converge to e ~%~71- (AW

almost surely. Thus, (4.26) follows immediately.
(i1) Now, we prove (4.27). We use Qi(] ) (¢) to denote the functions 6; (t) in Lemma 4.4
corresponding to the set A ;. It follows by (4.11) and (4.12) that, on the event &, 1

(2)

Ps, « (Zi—s(A1 + R(1)) = 1) P (Zi—s(Am + R(1)) = 1)
X . e ><
Ps., (Z—s(A1 + R(@)) =0) P50 (Zi—s(A1 + R(@)) =0)

2

(uy,ug)CZs
h(Zul (5)) —A1s

h<u _
0 (w_n_(Ay) O (w1 (Ap) s s

- WG, G © . L)

- h(zuy () h(zM () _
et amycz, 1= 05w (A) gege s 1= Bs(0w-n-(A) griye

o Lok

T (1= 65(w_n_(A)ce15)"
(Y v B w4, R e

(uy, ug)CZsg lU(Zul(S)) lU(Zuk (s)

[T 6" ()"
T (1= 05()w_n_(A)ce15)"

h(zul(s)) oS B h(zy, (s)) oS
<M1€ZZ w= A o ) (ukezz A=A o)) )
[T, 6" 0" i\
- won_ (AW ()" (4.31)
(1 = 6s(tyw_n_(A)ce15)* 1]( ! )

For the lower bound, we have by (4.12) that on & 1
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P, o (Zis(a1 + R =1)

(uy,-uk)CZs P5zu1 () <Zt7s(A] + R(@)) = 0)

=X

(g, ug)CZg

=X

(U, ,ux)CZg

[T 0w <[ ¥

097(1)(),‘)14),)7,(141) T
uy (S

P, o (Zis (A1 + RO) = 1) x

Me—kw X x Qém)(l‘)wfnf(Am)

Ps.,, i (Zims(An + R = 1)

Ps,, o (Zi-s(A1 + R@) =0)

X Pazuk(s) (ZT*S(Am + R(1)) = 1)

w(zuk (5))

i ez, W () w(zy, (5))
(4.32)
Note that the sum »_, ., .7 is no larger than the sum of 3, . - and
Zl§i<j§k Zul MR EZLg ui=u’ and that
Z h(zy, (s)) e M sy h(Zuk(S))e,Ms
e A€ttt w(Zul(S)) W (Zuy (5))
< Cle—)nls Z h(Zul(S)) e—)L]S % % h(Zuk—l(s)) e—)\.]S
My €7, w(zy, (5)) W(Zuy_, (5))
<cje MSWh/w(Z)kfl.
Thus, we have
W (Z)k = Z h(zy, (s)) M Ly h(zu, (5)) o his
My mreZs w(zy, (5)) w(zy (5))
- Z h(zy, (s)) e M 5 L x h(zy, (s)) o hs
- w(zul(S)) w(Zy, (5))
(- ,up)C
+ cze_)‘” Mz (4.33)
Putting this back to (4.32), we get that on £,
Ps.,, o (Zims(A1 + R(0) = 1)
NEEE
ez, Py o (Zims (A1 + R@) = 0)
Py, (Zi-s(An + R(1) =1)
x
Ps.,, o (Zi—s (A1 + R(1) = 0)
m . kl’
= [TT(6" Ow-n-a0) " | x [W"" @) = coe™e w2y "] @34

i=1
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We note that the final terms of (4.31) and (4.34) converge to
m N ki

(won-nwll* @)
=1

l
almost surely. Thus, (4.27) follows immediately. Therefore, we complete the proof.00

Proposition 4.7 For every p € M(R), (Z; £ /A1/21)1>0, Py) converges in dis-
tribution to a Cox process directed by w4 Wéﬁ{w (Z)n+(dx), where W(fo/w (Z) is the
martingale limit of (W} (2)):=0. Pp).

Proof Forany f € CH(R)and u € M(R),
A A
P, [e(f,in\/jt)} _p, [Pu [e<f,zti\/?t>|zoﬂ
A
=P, | [T Pre [e<f,ztiﬁt>]

uezZy

= exp {—/ <1 —Ps, [e_(‘f’zfiﬁ’)}> w(x)u(dx)} .
R

The final equality is because (Zo, P,,) is a Poisson point process with intensity w .
Similarly, one can prove that for every A > 0,

P, [ef)\wf,’c/'”(Z)] = exp {—/R (1 —Ps, [ef)\wﬁc{w(z)]) w(x)//,(dx)} .

Since by Proposition 4.6

lim P, [e—“vzriﬁw} —P; [e—wiWié‘”(le—e*f,m]

t—+00

for all x € R, we get by the bounded convergence theorem that

lim P, [e—@f'»zfiﬁﬂ} =P, [e—wiwohc/w(Z)<1—e*f,ni>] '

t——+00

Hence, we prove this proposition. O

For ¢ > 0, let max Z; := max{z,(¢) : u € Z;} be the maximum displacement of
the skeleton branching diffusion.

Proposition 4.8 Forany u € M (R) and y € R,

. Al h
z—lgTooP“ (maxZ, —/ ?t < y’ W (X) > 0)
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—P, [exp {- uj/ch] e VEWh oo || whoo = 0] . (4.35)

This implies that conditioned on {Wé’O (X) > 0}, the maximal displacement of the
skeleton branching diffusion centered by /A1 /2t converges in distribution to a ran-
domly shifted Gumbel distribution.

Proof Fix an arbitrary y € R.If weset A = A| = (y, +00) and k = k; = Oin (4.21),
then we get

)\‘ _w_C_ \/ZTI‘Wh/wZ

in probability as t — +o0. It follows immediately that

N _w_C_ _mnglo/w(z)
lim Ps, (maxZ,—,/—%fy):ng |:e Ve )
t—+00 2 2

Using this and the branching property, we can show that for any u € M. (R),

A _w_C *\/MTngO X
lim P, (math—,/—lt 5y) =P, |:e V¢ ( )] (4.36)
1400 2

We note that

A h
P, | max Z; — ?t <y, WeoX) =0
A
=P, (max Zi—/ glt <y, W h/w(Z) )

=P, ([ Zoll = 0)
+P, <PZ, ( whiiv(z) = 0) 1 Zoll # 0, max Z; — \/gt < y) . 437

Noting (4.18), one has Pz, ( Wi (z) = 0) = 0 P,-as. on {|| Zo|| # O}. Thus, the

second term in the right-hand side of (4.37) equals 0, and one gets

A
P, (max Z—/ 7% <y, WL(X) = 0) =P (IZo =0) ="M
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Thus, we have

s
P, (max Z — ?lt < y‘ Wé’o(X) > O)

.
-P, [exp[ - wzﬁe*my Wjjo(X)} ‘ Wk (X) > 0}

P, (max Z; — @t <y, Wg’o(X) > 0)
P, (WL (X) > 0)
P, [exp{ — w*T\/%e_myW;'o(X)}, Wk (X) > 0]
P, (WL (X) > 0)

P, <max Z — \/’\;lt < y> _e—{w.n)
P, (WL (X) > 0)
P, [exp {_Lae—mngo(x)}] ~P, (Wé'o(X) =0)

N
P, (WL(X) > 0)

Hence, (4.35) follows by (4.36). O

Remark 4.9 One can order the positions of the particles alive at time # in a nonincreas-
ing order: R; 1 > R; 2 > -+ > Ry ) z,- Then similarly as in Proposition 4.8, one can
get the weak convergence of (R; 1, Ry 2, -+, R n))-

4.3 Proofs of Theorem 1.2 and Theorem 1.3

The main idea of the proof for Theorem 1.2 is from [21, Lemma 4.17]: Suppose
&1,&, -+ are Cox processes on R directed by some random measures 1y, 172, - - - .
Then, &, converges in distribution to some & if and only if 1, converges in distribution
to some 7, in which case £ is distributed as a Cox process directed by 7.

Proof of Theorem 1.2: Fix n € M(RR). Proposition 4.1(iii) implies that (Z; +
VA1/2t,P,) is distributed as a Cox process directed by the random measure
w(x F /A1/21) (X, £ /A1/21) (dx). It then follows by [21, Lemma 4.17] and
Proposition 4.7 that the latter converges in distribution to w4 Wé’o(X )n+(dx). This
implies that [ f(X)w(x F /A1/21) (X; £ /A1/21) (dx) converges in distribution
to wiWé’o(X)(f, n+) forevery f € Cj(R). Recall that for x > M, w = w_ and for
x < —M,w = w,. Note that for ¢ large enough such that x + /A;/2¢ > M and x —
VAI/2t < =M for all x € suppf, [ f()w(x F /A1/21) (X, £/A1/21) (dx) =
wx(f, X; £ /A1/2¢t). Thus, one gets that ( f, X; &= /A1 /2¢) converges in distribu-
tion to W (X)(f, n+). This implies that X, £ /A1/2¢ converges in distribution to
WL (X)n+(dx). O
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Remark 4.10 (i) Theorem 1.2 implies that for any bounded and compactly supported
measurable function f on R whose set of discontinuous points has zero Lebesgue
measure, (f, X; = +/A1/2t) converges in distribution to Wé’o(X)(f, n+). In par-
ticular for any compact set B C R whose boundary has zero Lebesgue measure,
X, (F+/1/2t + B) converges in distribution to W/ (X)n+(B).

(i) We use max X, to denote the supremum of the support of X,, i.e., max X; :=
sup{x : X;(x, +00) > 0}. Letm > 0 and y € R. We have

X )
P, (max X, — ,/?% > y) >P, ((hwm, X, — 1/%[) > 0) C(438)

We note that<l(y,y+m), Xi—,/ %‘t) converges in distribution to Wé‘o X)) {1y, y4m)> n-)-
Hence, letting t — 400 in (4.38), we get that

Al
lim inf P, (max X, — > y) > P, (WC’}O(X) > 0) . (4.39)

Note that

[A
P, (maxX, — Tlt >y ‘ Wé’o(X) > 0)
Py (maxX, —‘/)‘71[ > y) -Py (maxXt —,/%t >y, Wé’o(X) :0)

N P, (WL (X) > 0)

max X; — %t > y) P, (e_(w*xf>; max X; — 1/%t > y)

Py (WL (X) > 0)

]P’,J (max X, — t > y) P, (e—(waz))

P,

P, ( 1(X) > 0)

]P)u max X; — t > y) —(w.)

L (Wi (X) > 0)

Hence by (4.39), we have for any y € R,

\/)Tl A e {w.n)
1}21#1;5]? max X; — ?t >y ‘ Wo(X)>0)>1- T—ewm > 0.

So conditioned on {Wé’o(X) > 0}, the distributions of {max X; —+/A1/2t :t > 0} are
not tight. This is very different from the behavior we observe in Proposition 4.8 for
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the skeleton. Loosely speaking, supremum of the support of super-Brownian motion
may grow much faster than that of the embedded skeleton. Similar phenomenon has
been observed for spatially independent branching super-Brownian motions, see, for
example, [31, Remark 2.12]. This is partly because of the effect of the infinitesimal
branching of super-Brownian motions.

Proof of Theorem 1.3: We take § = /A1/2 and u € M (R). Suppose suppu C
[—k, k] for some 0 < k < +00. We have
P, [A)] = fR M [ep(n), |Bi| = 1] p(dx).

Since by Lemma 2.2 for ¢ large enough

M [ep(1). |Bi| = 81] < 6,.(1)—==(Cy + C)h(x) Vx € [~k K],

«/_

where 64 (t) — 1 ast — +o00, we have

P[] < 64(t) —==(Cy + C_ )/ h(x)p(dx).

~/_

This implies that

P XSI
supP,, (X" > 1) < sup M

>0 t>0

— 0 asiA — +oo.

So the distributions of {Xt‘” 1t > 0} are tight.
Applying similar argument as in the proof of Proposition 4.6, one can show that

for any x € R, integers m,n > 0, integers ki, -+ , kp, l1, -+ ,1, = 0 and Borel
sets Ay, -+, Ap, By, -+, By such that inf A; > —oo and sup B; < +oo fori =
19"'9m5j:17"'7n7

Ps, | [([ZiGr + A) = ki}, [ {Zi(=81 + B)) = 1;}1G;

i=1 j=1

— exp{—w_ ”/“’(Z)Zn (AD) — wy W h/w(Z)Zm(B )}
i=1 j=1
ki
n (w Wi @ an) o (w WAL 2 (8)

ki! [;!
i=1 ! j=1 J

(4.40)

in probability as t — -+o0. This implies that the point process ((Z; — &t) + (Z; +
8t), Ps, ) converges in distribution to a Cox process directed by the random measure

h/ Y (Z)(w_n_(dx) + wyn4(dx)). Applying similar argument as in the proof of
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Theorem 1.2, one can further show that the random measure ((X,; —6¢)+(X,+6t), P,)
converges in distribution to Wg’o(X )(n—(dx) + n4(dx)). On the other hand, by taking
n=m=1and A = —B; = [0, +00) in (4.40), one gets

Psy (Zi([81, +00)) = ki, Zi((—00, =61]) =11 | Gs)

k 1
h 1 h 1
T VR (w_Woo/w(Z)/«/ZM) (w+WOO/w(Z)/«/2A1)
—e VM o N
1 1:

in probability as + — 4-o00. Using similar computations as in the proof of Proposi-
tion 4.7, one gets that for all A1, Ay > 0,

lim P [e—mz/<[6z,+oo>)—xzz<<—oo,—5z])]
t— 400 ®

p I:f(lfe_)‘l) L_wh (X)w_C_—(1—e~*2) AWl (X)w;Cy
= i c ]

v v (4.41)

Recall that given X,, Z, is a Poisson point process with intensity wX,. Thus for ¢
sufficiently large,

P, 'efmz,<[8r,+oo)>fxzz,<(foo,faz]>]

e_<(l—e_xl)1[5,,,_00)-&-(1—3_)‘2)1(_00,_5,],th>1|

~P, 'e—(l—e—M)w_X,([ar,+oo))—(1—e—*2)w+X,<(—oo,—5z]>] _

Hence, by (4.41) we have

lim P I:ef(lfe’)‘l)w_X,([81,+oo))7(17e’)‘2)w_,_X,((foo,f(Sz]):I
t—+00 "

p I:f(lfe’)‘l) L Wgcoow_c_f(lfe*'\z)ngc(X)mq]
e m c .

Ve Ve

For 0 < A < w_ A wy, taking A1, A2 such that (1 —e ™ *Hw_ = (1 —e ™ *)w, = 2,
one gets that

1

1 —MC44Co) wh(x)
lim P, [e4"] =P, |:e M } (4.42)

t—+00

Suppose (X,‘S’, IP,.) converges in distribution to & along a subsequence {f, : n >
1} C [0, +00), for some random variable £. Let F; and F» be the distribution functions
of € and (C4 + C_)W! (X)//241, respectively. It suffices to show that Fj = F».
Let D be the set of continuous points of F;. We note that {Xt‘” < x} C{X;((6¢t, 8t +
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N)) + X;((—86t — N, —46t)) < x}forall x, N € R. Thus for any y € Dy,

Fi(y)= lim P, (X,j’" < y>

n—+00

A

limsup Py, (X, ((8ty, 8ty + N)) + X;, (=81, — N, —81,)) < y)

n—+00
= P (WE(X) (- (0, M) + 0 (=N, ) = )

_F (77—((0, 100)) + 14((=00, 0)) >
n-((0, N)) + n+((=N,0)) '

By letting N — +o00, one gets that F1(y) < Fa(y). If Fi(y) < F2(y) for some
y € Dj, then there is some € > 0 such that F(x) < F(x) forall x € (y, y+¢€). This
yields that for any A > 0,

B 1
E [e*AE] -P, |:e MEAHC

Wélox —+00
2y ool )} = )\/ e ™™ (F1(x) — F»(x))dx <0,
0

which contradicts (4.42). Thus, we have F(x) = F>(x) for all x € D; and hence for
all x e R. O
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Appendix A

Lemma A.1 The martingale function w in (A2) is a solution to the following equation.

%w”(x) — Y, wkx)) =0, VxeR. (A1)

Proof 1t is proved by [15, Lemma 2.1] that the martingale function w which satisfies
(A2) is continuous on R. Moreover, the argument leading to [15, (2.4)] shows that for
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any compact set D of R,

INT
w(x) = I, [w(B,MD)] — I, |:/ ? ¥ (B, w(BS))dsi| , Vt>0, x e R,
0

where tp denotes the first exit time of Brownian motion from D. Since w is continuous
and locally bounded, letting t — 400 in the above equation, we get by the bounded
convergence theorem that

w(x) = I, [w(Bry)] — [/ ¥ (By, w(By ))ds] x € D.

Applying similar argument as in the last paragraph of Page 708 in [16], one can show
that w is a solution to (Al). O

LemmaA.2 Suppose {§, : n > 1} is a sequence of point processes on R, and n is
a locally finite random measure on R. Then, &, converges in distribution to a Cox
process directed by 1 if the following conditions hold.

(i) For m € N, mutually disjoint bounded Borel sets Ay, ---,A, of R and
kl"" ,km €Z+r

A

(ii) For any bounded Borel set A of R, sup, E[£,(A)] < +oc.
Proof We need to show that for all f € CI(R),

E [ef<f,s,,>] S E [efﬂfe’fﬂﬁ] as n — +oo. (A2)

Itis easy to deduce from (i) that (A2) holds if f is a nonnegative compactly supported
simple function. For an arbitrary f € C;(R) with suppf C A where A is a bounded
Borel set of R, one can find a nondecreasing sequence of nonnegative compactly
supported simple functions { fx : k > 1} such that f, converges uniformly to f. We
note that fork,n > 1,

‘E [efm,sm] _E [ﬁﬂm]‘ <E Hefm,sm e {fE)

< E{l(fk: &) — (f. &)l
= E[{fk = f1.8a)]
= Ik = fllooE [E2(A)].

It follows by (ii) that sup,, |E[ i 5">] —E [e_<f’5">]| — 0 as k — +4o00. So we
have

lim E[e—<f¥5n>]= lim  lim E[e—<fkfn>]
n——+00 n——+00 k— 400
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= lim lim E [e_(fk’s'”]
k— 400 n—+00
= lim E [e_“_e_fk’”)]
k——+00
_g[et ],
The first and final equalities are from the bounded convergence theorem. O
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