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Abstract

Using one-dimensional branching Brownian motion in a periodic environment, we give
probabilistic proofs of the asymptotics and uniqueness of pulsating traveling waves of
the Fisher—Kolmogorov—Petrovskii—Piskounov (F-KPP) equation in a periodic environ-
ment. This paper is a sequel to ‘Branching Brownian motion in a periodic environment
and existence of pulsating travelling waves’ (Ren et al., 2022), in which we proved the
existence of the pulsating traveling waves in the supercritical and critical cases, using
the limits of the additive and derivative martingales of branching Brownian motion in a
periodic environment.
Keywords: F-KPP equation; asymptotic behavior; Bessel-3 process; martingale change
of measures
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1. Introduction

McKean [15] established the connection between branching Brownian motion (BBM) and
the Fisher—Kolmogorov—Petrovskii—Piskounov (F-KPP) reaction-diffusion equation

du 19%u
at 2 9x?
where f is the generating function of the offspring distribution and § is the (constant) branching
rate of BBM. The F-KPP equation has been studied intensively using both analytic techniques
(see, for example, Kolmogorov et al. [12] and Fisher [6]) and probabilistic methods (see, for
instance, McKean [15], Bramson [2, 3], Harris [10], and Kyprianou [13]).
A traveling wave solution of (1.1) with speed c is a solution of the following equation:

+ B(f(u) — ), (1.1)

%@Q’ +c®. + B(D.) — D) =0. (1.2)
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If &, is a solution of (1.2), then u(t, x) = ®.(x — ct) satisfies (1.1). Using the relation between
the F-KPP equation (1.1) and BBM, Kyprianou [13] gave probabilistic proofs of the existence,
asymptotics, and uniqueness of traveling wave solutions. In this paper, we study the follow-
ing more general F-KPP equation, in which the constant 8 is replaced by a continuous and
1-periodic function g:

du 19%u

ar 2 9x?
where u:RT x R — [0, 1]. In [16], we have shown that the above equation is related to
branching Brownian motion in a periodic environment.

Now we describe branching Brownian motion in a periodic environment. Initially there is

a single particle v at the origin of the real line. This particle moves as a standard Brownian
motion B = {B(?), t > 0} and produces a random number of offspring, 1 + L, after a random
time 7,. We assume that L has distribution {px, k > 0} with m:= ), kpx € (0, 00). Let b,
and d, be the birth time and death time, respectively, of the particle v, and let X,(s) be the
location of the particle v at time s; then 5, = d, — b,, the lifetime of v, satisfies

+g- (f(u) —u), (1.3)

by+t
Pi(py >t ] by, {Xy(s): s > by}) = eXp{ - f g(Xv(S))ds} ,
by

where we assume the branching rate function g€ C'(R) is strictly positive and 1-periodic.
Starting from their points of creation, each of these children evolves independently.

Let N; be the set of particles alive at time #, and let X,,(s) be the position of the particle u or
its ancestor at time s for any u € V;, s <t. Define

Zt = Z SXu(z)

UEN;

and Fy=0(Zs;:s<t). Then {Z,:t > 0} is called a branching Brownian motion in a periodic
environment (BBMPE). Let P, be the law of {Z; : t > 0} when the initial particle starts at x € R,
that is, P, (Zp = §,) = 1, and let E, be expectation with respect to IP,. For simplicity, Py and
Eq will be written as P and E, respectively. Notice that the distribution of L does not depend
on the spatial location. In the remainder of this paper, expectations with respect to L will be
written as E. The notation in this paper is the same as that in [16].

As stated in [16], the F-KPP equation related to BBMPE is given by (1.3) with f(s) =
E(sL+1). Traveling wave solutions, that is, solutions satisfying (1.2), do not exist. However,
we can consider so-called pulsating traveling waves, that is, solutions u: Rt x R — [0, 1] to
(1.3) satisfying

1
u<t+—,x>=u(r,x—1), (1.4)
%
as well as the boundary condition

lim u(z, x) =0, Iim u(, x)=1,
X—>—00 x—+00
when v > 0, and

lim wu(t,x)=1, lim wu(z, x) =0,
X——00 X—+00

when v < 0. The quantity v is called the wave speed. It is known that there is a constant v* > 0
(defined below) such that when |v| < v* (called the subcritical case) no such solution exists,
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whereas for each |v| > v* (where |v| > v* is called the supercritical case and |v| = v* is called
the critical case) there exists a unique (up to time-shift) pulsating traveling wave (see Hamel
et al. [8)).

In [16], we studied the limits of the additive and derivative martingales of BBMPE, and by
using these limits we gave a probabilistic proof of the existence of pulsating traveling waves.
In this paper, using the relation between BBMPE and the related F-KPP equation, we give
probabilistic proofs of the asymptotics and uniqueness of pulsating traveling waves. These
extend the results of Kyprianou [13] for classical BBM to BBMPE. However, the methods
in Kyprianou [13] do not work for BBMPE. We will therefore adapt ideas from [10]. The
non-homogeneous nature of the environment makes the actual arguments much more delicate.

Before stating our main results, we first introduce the minimal speed v*. For every A € R,
let y(A) and (-, A) be the principal eigenvalue and the corresponding positive eigenfunction
of the periodic problem: for all x € R,

1 1
Elﬂxx(x, A) = Ax(x, 1) + <§k2 + mg(X)) V(x, A)=yQ)¥(x, 1),
Yx+ 1,0 =¢(x, ).
We normalize ¥ (-, A) so that fol ¥(x, A)dx = 1. Define

. .y . . yQ)
v i=min —-, A" = argmin—-.
r>0 A x>0
Then v* is the minimal wave speed (see [8]), and the existence of A* is proved in [14].
Using the property u(t + %, x) =u(t, x — 1), we can define u(—t¢, x) for any 7> 0. To be

more specific, let [x] be the smallest integer greater than or equal to x, and let |x] be the
integral part of x. When v > 0, define

u(—t,x):u(—t—}— @,x—}— [vﬂ) , t>0, xeR.

When v < 0, define

u(—t,x):u(—t—}— %,x—}— Lth) , t>0, xeR.

Then u(z, x) satisfies the F-KPP equation (1.3) and (1.4) in R x R.
Our first two main results give the asymptotic behaviors of pulsating traveling waves in the
supercritical case of |v| > v* and the critical case of |[v| = v*.

Theorem 1.1. Suppose u(t, x) is a pulsating traveling wave with speed v > v* and A € (0, A*)

satisfies v = @ IfE(Llog" L) < 400, then there exists B > 0 such that

1— u<u, y> ~Be Y (y, A) uniformly iny € [0, 1] as x — +oo.
v

Theorem 1.2. Suppose u(t,x) is a pulsating traveling wave with speed v=v*. If
E(L(log+ L)2) < 00, then there exists B > 0 such that

y—Xx —A*x * . .
l1—u ,y |~ Bxe Y (y, A") uniformlyiny € [0, 1] as x - +o0.

v*
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Remark 1.1. By symmetry, we also have the asymptotic behaviors of pulsating traveling
waves with negative speed. In the supercritical case of v < —v*, suppose u(z, x) is a pulsat-
ing traveling wave with speed v and A € (—\*, 0) satisfies v = @ If E(Llog" L) < 400,
then there exists 8 > 0 such that

1— u<u, y) ~Be ™Y (y, 1) uniformlyiny € [0, 1] as x = —oo.
v

In the critical case, suppose u(t,x) is a pulsating traveling wave with speed —v*. If
E(L(log+ L)2) < 00, then there exists 8 > 0 such that

= u()’ _f’ y) ~ Blxle* XY (y, —2*)  uniformly iny € [0, 1] as x — —o0.
—v

For any A € R, define

Wy = e 7M1~ e MOy (x,(), 2) (1.5)
UEN;
and
AW () = e 7D N " KO (Y (X, (1), (Y W+ Xu0) = Y3 (K1), ). (16)
ueN;

It follows from [16, Theorem 1.1] that, for any A € R and x € R, {(W;(A))s>0, Py} is a mar-
tingale, called the additive martingale. The limit W(A, x) := lim;po0 Wi(1) exists Py-almost
surely (a.s.). Moreover, W(A, x) is an L!(Py)-limit when |A| <A* and E(Llog™ L) < oc;
and WA, x) =0 Py-a.s. when |A|>A* or |A| <A* and E(Llog™ L) =oco. It follows from
[16, Theorem 1.2] that, for any A € R and x € R, {(dW;(1))r>0, Px} is a martingale, called
the derivative martingale. For all [A| > A%, the limit OW(A, x) := limyoo 0W;(A) exists Py-
a.s. Moreover, if E(L(log" L)z) < 00, then dW(X, x) € (0, 0c0) when A =A*, and dW(A, x) €
(—00, 0) when A = —A*. If |A| > A* or [A| =A* and E(L(log™ L)*) = oo, then dW (X, x) =0
P.-a.s.

Using Theorem 1.1, Theorem 1.2, and [16, Theorem 1.3], we can prove the following result,
which gives the existence and uniqueness of pulsating traveling waves.

Theorem 1.3. (i) Supercritical case. If |v| > v* and E(Llog™ L) < oo, then there is a unique
(up to time-shift) pulsating traveling wave with speed v, given by

u(t, x) =E, (exp{ —e"Prw(x, x)}) ,

where |A| € (0, A*) is such that v = @
(ii) Critical case. If |v| =v* and E(L(log" L)?) < oo, then there is a unique (up to time-

shift) pulsating traveling wave with speed v, given by
u(, x) =, (exp{—eﬂ”’awo\, x)}) ,

where A =MA* if v=v* and A = —A* ifv=—v*,

Theorem 1.1, Theorem 1.2, and the uniqueness in Theorem 1.3 were proved analytically in
[7, 9] under slightly different assumptions. The probabilistic representation in Theorem 1.3 is
new. For a detailed comparison, see Remark 4.1 at the end of Section 4.
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2. Preliminaries

2.1. Properties of principal eigenvalue and eigenfunction

In this section, we recall some properties of y(A) and ¥ (x, A) from [16]. By [16, Lemma
2.1], the function y is analytic, strictly convex, and even on R. There exists a unique A* > 0

such that .
Y@ Yy
v = =min — >

m 0.
% >0 A

Furthermore,
lim y'(A)=-0c0, lim y'(A)=+oo.
A—>—00 A—>—+00

y(A%)

By [16, Lemma 2.2], we have y'(A*) = e

k)

y'(A) < Tk on (0,1, and y'(A)> @ on (A*, 00). 2.1

By [16, Lemma 2.5], we have that ¥ (x, -) € C(R) N C'(R\ {0}), and v, (x, 1) satisfies

1 1
Ellfxxx(x, A) = Y(x, A) — Ax(x, 2) + <§)»2 + mg(X)) U (x, &) + Ay (x, A)
=y WP, 1)+ ¥ WP (x, 1)

Define
d(x, 1) := e ™Y(x,A), xeR.

Then ¢(x, 1) satisfies

1
§¢xx(x, 2) + mgx)d(x, 1) =y (M)é(x, 1), (2.2)
and ¢, (x, A) satisfies
1
§¢Axx(x, 1) + mg(x)pi(x, 1) =y (Mp(x, 1) + y (Wi (x, ). (2.3)
Define e )
h(x) = x— ML ; 24
(x):=x Ve (2.4)
we also have N
hy = B
dx, 1)

It is easy to see that 4’ is 1-periodic and continuous, and [16, Lemma 2.10] shows that /' is
strictly positive.

2.2. Measure change for Brownian motion

Martingale change of measures for Brownian motion will play an important role in our
arguments. In this section, we state the results of [16] about martingale change of measures.
Let {B;, t > 0; I1,;} be a standard Brownian motion starting from x. Define

Bi(3) 1= TV I o gy, ),
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then by [16, Lemma 2.6], {E,(}), > 0} is a Il,-martingale. Define a probability measure
I by
dr’

dIT,

_EO
7 B

(2.5)

where {]-',B > O} is the natural filtration of Brownian motion. We have shown in [16] that
{B:. 1%} is a diffusion with infinitesimal generator

162
AP = < T (

(2.6)

Yx(x, 2) A) af (x)
2 9x?

Y(x, A) ox

In the remainder of this paper, we always assume that {Y,, t>0; Hi‘} is a diffusion with
infinitesimal generator (2.6). It follows from [16, Lemma 2.8] that, for any x € R,

Y[ / A
" — —y'(A), ast— oo, Ii-as. 2.7

Define

By [16, Lemma 2.12], {Mt, t>0; Hﬁ} is a martingale. Moreover, there exist two constants
¢z > c1 > 0 such that the quadratic variation (M), satisfies

t
(M), = / (W (Yy)* ds € [e1t, eatl. 2.8)
0

For any x € R, define an {F?} stopping time
= inf{t > 0: h(By) < —x— 't} . (2.9)
Define

ASR = Ty OI=ABem [y 8BSy (B, 3) (x + v (Wt + h(By) 1 { (2.10)

X 1)
>t}

then [16, Lemma 2.11] shows that for any x, y € R with y > h_l(—x), {Agx’)‘), t> 0} is a ITy-
martingale. For x, y € R with y > h~!(—x), define a new probability measure H(yx’)‘) by

dl‘[§x’“ - N
0 =— 2.11)
y 7B Ay

By [16, Section 2.2], if {B;,t>0;Il,} is a standard Brownian motion starting at y, then
{x+h(y) + M7, 1> 05 H§x’)‘)} is a standard Bessel-3 process starting at x + h(y), where
M; = y'(M)t 4 h(B;) — h(Bo) and

'
T(s)=inf{t>0: (M),>s}:inf{t>0: / (h’(B,))Zdr>s}.
0
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3. Proof of Theorem 1.1

Proof of Theorem 1.1. We fix v > v* in this proof and so A is also fixed. We will prove the
theorem in five steps. In the first four steps, we assume the number of offspring is 2, that is,
L =1. In the last step, we prove the result for general L.

Step 1. Suppose L =1 and thus m = 1. Let w(¢, x) = 1 — u(z, x); then w(z, x) satisfies

=152 e (wow),

(3.1

w<t+ L x) —w(t, x— 1),

for t > 0, x € R. Define
[vr]
w(—t,x)=w|—-t+ —,x+[vt]), fort>0, xeR.
v
By the periodicity of w, we get that w(z, x) satisfies (3.1). Put
Ax—y (M)t t

W= WD) (3.2)

vx, A)

Recall that {Y;, IT%} is a diffusion with infinitesimal generator (2.6). For 1 > 0, let ¥[o ) be the
restriction of Y to [0, ]. Define

F(Yio.) = W(—1, Yp)e™ Jo8IIMEY0d > g, (3.3)

In this step we prove that {(f (Y[O,t])) ~0° Hfg} is a positive martingale.
By the Feynman—Kac formula, we have

w(T. x) =TI, [W(T — 1. B)eh g<3s><‘—W<T—S~Bf”dS] . forTeR.t>0. (3.4)

Recall that, since m =1,

iy | _ B _ e lieBoby g, )
dly[zp Bo(h) e MY (x, 1)
Therefore,
w(T, )= I'Ifc Eo()»)w(T _t Bt)efé g(BS)(l—w(T—s,BS))ds:|
L &)

AB+y (Mi— [ g(Bs)ds
e 0 w(1
= II)AC e MY (x, A) (

W(B[’ )")

AB —y (A)(T—
By () I)W(T —1, Bt)e_ I g(B_y)w(T—s,Bs)ds:| .

V (B, 1)

—1,By) ologB:(1 w(Ts,B.Y»ds]

Thus we have y
W(T, x) = IT* [va(T — 1, B)e—do g(Bs)W”—*Bs)C‘S] .
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Note that both {B,, Hi‘} and {Y . Hj}} are diffusions with infinitesimal generator 4. Thus
W(T, ) = T [T — 1, Ve~ JyromT=sris] (3.5)

It follows from v = @ that

(1 A Be4) gy Lx+1)  MrOhwex)
Wlt+—x+1)= = =w(,x). (3.6)
v Yx+1,4) V(x, 1)

For 0 < s < ¢, we have
Iy [f (Yo.0) fs]

=~ Jo 8O Ydr [W(_t, Yo e o’ g(Yr>w<—<r+s),Yr)dr]

7 ] = [W(—r, Y,)e™ Jo gYwW(=rY,)dr

—e g(Yr)w(—r,Yr)drl—I)?Y [Vv(—s —(t—53), Y,,S)e_ I g(Y,)w(—s—r,Y,)dr]
= ¢~ o BUDNCEIIG (s ¥o) = f(Yo.),
where the penultimate equality follows from (3.5) with 7 = —s. Hence the process

{(f(Y10.1)) 20> T15} is a positive martingale.

Step 2. Suppose L = 1. In this step, we will show that there exists a constant 8 > 0 such that
for any x € R,
W(—t,Y)— B ast— oo, MMt-as. (3.7)

Moreover, we also prove that for any x, T € R,
w(T —t,Y)— B ast— oo, Hﬁ—a.s. (3.8)
It follows from (2.7) and (2.1) that

y(d)

Y+
s T VS _ —J//()L)‘F T =~ 0.

lim

§—>00

Thus lim (Ys+ vs) =o00. Since a positive martingale has a non-negative finite limit, taking
§—>00
logarithms in (3.3) and dividing by Y, + vt gives

{ In W(—t, Y;) _

lim sup
=00

1 t
Yow(—s, Yo)dst <0 TT*-as. 3.9
Y, 4ot Yt+vt/0g( 5)W(—s, Yy) S}_ t-a.s (3.9

Put ||g|lco = maxye(o,1] g(x). Taking T =t in (3.4), we get
w(t, x) =TI, [w(o, B,)elo g(Bs)(l—w(t—s,Bs»ds] <1, [w(o, B[)eugnmf]
1
< ell&lee/V 1y [w(0, B, + )], te [0, ;} :
Since w(0, x) > 0 as x — oo, we have, for any € >0, w(0, x/2) <€/2 when x is large
enough. Since ITo(B; + x <x/2) =I1o(B; < —x/2), we have ITo(B;+x <x/2)<¢€/2 for x
large enough. Therefore, for x large enough,
1
w(t, x) < el8l=/"I1(w(0, B; + x)) < el8l=/ve, 1€ [0, —] :

v
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This implies that w(¢, x) — 0 as x — oo uniformly in z € [O, %] Combining this with the fact

that
[vr]
w(—t, Y;) = W(—t+ T, Y+ |-Ul‘-|>

and tlim (Y; + [v]) = oo [T}-as., we get
—> 00

t

1 t
lim — / g(Yow(—s, Y)ds =0, TIt-as.
—00 0

Therefore, by (3.9),

lim sup
1—00

{ Inw(—1, Y;)

} <0, Hﬁ—a.s.
Yt + vt

Hence by (3.2), we have

lim sup
1—0o0

1 AY+y (M)t -1, Y, Y, A
i nfe SR | BT
Yt + vt

Since ¥ (-, A) is positive, continuous, and periodic, we have

0 < inf Y(x, A) <sup ¥(x, L) < o0.
xeR xeR

Combining this with v = @ and (3.10), we get that

MY, H+1 —t, Y,
limsup{ (¥ +v0) + In w( ”}50, H;-a.s.;
t—00 Y4+t
that is,
Inw(—t,Y,
lim sup u < —A, I'Ii‘-a.s.
t—00 Yz + vt

This implies that, for any § > 0 and H;-a.s. all w, there exists C(w) > 0 such that
wW(—1, Yi(@)) < C(w)e” @O0 > 0,

Therefore,

o
/o g(Yow(—s, Yo)ds < +oo, IMi-as.

Consequently, by (3.3), W(—t, ¥;) converges I"I}C—a.s. to some limit, say &.

(3.10)

@3.11)

Next we use a coupling method to prove that &, is a constant l'[fg—a.s. Consider

{(Ytl, Y?), t>0; ﬁ(kx’y)} with {¥}, #> 0} and {¥?, t > 0} being independent, and

{v!. =011, )} Ly, i=0;m%), {y2 =004} £ {v,1>0; ).

(x,y)

Define '
M. =h(Y))+y' 0t —h(Y), i=1,2.
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Then {M}, t>0; ﬁ?x y)} and {Mtz, t>0; ﬁ(Ax V)} are independent martingales. Hence

(M —M2>l = (M"), +<M2)t — 00, ast— o0.
By the Dambis—Dubins—Schwarz theorem, we get

lim 1nf(M M2) = —oo and lim sup(M,1 — M,z) =400, ﬁ(lx’y)-a.s. (3.12)

=00 —00

Yi(x,4)

Ty e have

Since h(x) =x —

(vl ) (72 )
v(Yha) (YR A)

Y, —v2=M!—M?+ +h(Yy) — h(Y5).

Combining (3.12) with the boundedness of 13((;;)) we get

lim mf(Y — Yz) —oo and lim sup(Yt1 — Ytz) =+4o0, I

a.s.
t—00 00 ()"

Define E := {w : 3t, = ty(w) — oo with Yz],, = Y; for all n}. Then it follows from the display
above that

I, (E) =1. (3.13)

If we use &, and éy respectively to denote the limits of w( 1Y, ) and w( ) under 1% ey

then (3.13) implies ﬁf‘x’y) (£, =&,) = 1. Since & and &, are independent, there is a constant

B > 0 such that £ = éy = B. Since £, < &, we have for any x € R, &, = 8, which means (3.7)
holds.
Now we consider

F(Yio.1, T) = W(T — 1, Yo~ Jo 8T —s.Xds =45

The proof in Step 1 also works if f(¥{o,q) is replaced by f(¥jo,i7, 7). Then, using the same
argument as above, there exists another constant S such that

w(T —t,Y,) — Br, I'If;-a.s.
We also have

hmlnf( T~ Y2)=—oo and hmsup( T — Yz) +o00.
—> 00

Hence, if we put ET := [a) 3, = t,(w) — oo with Y, t = Y for all n] then

ﬁg’y)(ET) =1. (3.14)

Notice that Y., =Y? implies W(T —(t+T), Y. ;) =W(—t, ¥?). Combining this with
(3.14), we have Br = B; that is, for any x, T € R, (3.8) holds.
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Step 3. In Step 2, we have shown that W(—t, Y;) — B l'[)’}-a.s., that is, W converges along
each path. In this step, we prove that

~ . . 1
w(t,x) - B uniformlyinze [0, —] as x — 00, (3.15)
v

and B is positive.
First, we prove that w is bounded. Using the same notation as in Step 2, we also have, for
any k€ Z,
1 2\ _ 1 2
(MJ% - M: >z _<M_+%)t +(M?), — 00, ast— oo.
By the Dambis—Dubins—Schwarz theorem, it holds that

lim inf(MtlJr% — M}) =—ocand limsup(M!,, —M}) = +os,

=00 1—00 v

so the same conclusion holds for Y! , — ¥2. This implies, with Ey := {a) 3t = ty(w) = 00
+k

v

with Y1, k=Y forall n}, that

I}, ) (E) = 1. (3.16)
Consider the event Q¢ defined by
() Ex[ )] lim (-1, ¥}) =B, lim LA (%), and Y} is continuous for i =1, 2
k t—00 ”_’t—>oot_y ’ ! - ’
keZ
By (2.7), (3.8), and (3.16), we get I (20) = 1. By (3.6), it suffices to show that W(z, x) is

(x,y)
bounded in [0, %] x R. Fix w € Q, and consider the continuous curves

. k. k=1 k
;{:{(—H——,Yl’(w)—i-k):te( —)} keN, i=1,2.
% v v

In Step 2 we have shown lim;_, o (Y}(w) + vt) = oo for i = 1, 2; thus for any x¢ large enough,
there exist k = k(w) > j =j(w) € N such that

k 1
xonll(a))—i—kforanyte[ ,—:|, andxozY,Z(w)+jforanyte |:J—, i:|.
v v

v
Define
?(w):inf{tzj/v : Yt:_ﬂ(a))—i—k: Ytz(a)) +j}.

By the definition of €, we know T(w) < +00. Let £ denote the line segment
1 2 -
S | Y @+ Y (@) + k|,

and define the curves

Z,l:{(—t+k,Ytl(a))+k> ‘te [k_l,?(wwrk;j“,
V Vv v

ZfZ{(—tJri,Y,z(w)H) e [j_la?(w)]}-
Vv v
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FIGURE 1. Bounded domain D with boundary LU E}( U 512

By the definition of T(w), we have

(— (?(w) + k—") K s k) - (—?(w) +1 2 @) +j) .
v v o T+ v

v

Define

yw)= (@) +k

v

y!
T(w)+
then y(w) = Y%( w)(a)) +J, and Z,]C and ZJZ intersect at the point (—?(a)) + 6 y(a))). Combining
(2.6), (3.5), and the Feynman—Kac formula, we have
W _1PW (v h) W
ar 2 ax? vx, A)
Let D denote the bounded domain with boundary LU Z,l U ZJ2 (see Figure 1). By

the maximum principle, we have that W attains its maximum in D on L}C Uﬁjz, where

D is the closure of D. Hence the maximum of W on D is less than or equal to K :=
maxo {W(—t, ¥} (), W(—t, Y?())}. By the continuity of W and since

lim W(—t, Y(o)=8, i=1,2,
11— 00

we get K < oco. Notice that, fixing w € 9, for any #p € [O, %] and any x( large enough, there

exist k = k(w, x0), j = j(w, xo) and a bounded domain D = D(w, xo) such that D has boundary

LULU L} and (fo, xo) € D. Thus W(tg, xo) < K. Combining this with lim W(z, x) =0 and
X—>—00

the continuity of W, we get that W(z, x) is bounded in [0, %] x R, hence bounded in R x R.
Since W(z, x) is bounded, by (3.5), (3.8), and the dominated convergence theorem,

W, x) = IT* [ﬂe— I g(Ys)w(t—s,Ys)ds] <5

Since W(z, x) > 0, we have 8 > 0.
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Next we show that
~ . . 1
w(t,x) —> B uniformlyinze |0, — [ as x — oo.
v

It follows from (3.2) that

W(t — s, Yy) < e MWy (v, 0% —s, Yy)

1
< max Z, A e}’(}‘)j e*)\(yx‘H)S)
<p max v b (3.17)

< Cre M) yp e [O, l} ,
v

where C| is a constant depending only on A. Moreover, we have

1
g(YOW(t — 5, Y5) < Ce ™IV yp e [o, —} ,
v

where C = C||glloo. For any y € [0, 1] and n € N, let
fuly) = I [e— f0°° Ce—/\(Ys+n+u.c)dS:|
sy .

Recall that {x} is the fractional part of x and |x] is the integer part of x. Then by the periodicity
of Y;, we have

~ _ [0 Co—MYs+vs) _ [0 ComMVstLxlvs)
§(e, 0 = BT [ o7 CTI ] g [ I e ] = Bfia .
Since [;° e~*¥s9)ds < oo M%-a.s., by the dominated convergence theorem, we get

llm fn(y) — Hi\; [ llm e fooo Ce_)“(y’?-*'n*—m)ds] — H;L [e— limy,— 00 fooo Ce—k(Y;-%—n-%—ux)dS]
n—oo n— o0
= H; [e_ fooo lim,— 00 Cei)h(ystrner)ds] =1.
Notice that f,,(y) <fn+1(y), using Dini’s theorem we get f,,(y) — 1 uniformly for y € [0, 1].

Combining this with Bf,,(y) < W(z, y + n) < B, we have (3.15).
By (3.2), we get

e)\)cfy()»)tw(l7 x)

V(x, A)
Step 4. Suppose L = 1. We will show that

1
— B uniformly int e |:O, —i| as x — 00. (3.18)
v

W(u y) ~ Be Y (y, 1) uniformly in y € [0, 1] as x — +00. (3.19)
v

It is equivalent to show that, for any € > 0, there exists xg such that for any x > x,

w( 5 y)

o P

sup
yel0,1]

< E€.
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By (3.18), for any € > 0, there exists zg such that for any z > zo,

e)uz—)/()»)tw(t’ Z)

Y(z, 1)

sup
re[0,1]

—ﬂ‘<€.

Put ( |
—X
t= yv , z=—|ly—x]+y.

For any x > zp + 1, we have

— —po = _

sup Y — Bl <e,
@6[0%] Y(=ly—xl+y 1)
that is
w25, )
sup | ———= — B| <k,
veo,11| ¥ A)

where we used the periodicity of ¥ and the fact that

{y —x}
V

M= —x]+y»—-r®)

Thus (3.19) holds.

=r=l =2+ =My —x}=A=0 -2 +y)=Ax.

523

Step 5. In Steps 1-4, we have proven the theorem in the case of binary branching. It suffices

to prove Steps 14 again for general branching mechanism.
For general branching mechanism, w = 1 — u satisfies

ow 109w

Ezzﬁ—kg-(l—w—f(l—w)),

o0 o0
where f(s) = Es'*L = 3" prs'* and m = Y kpy. By the Feynman—Kac formula,
k=0 k=0

w(T, x) =TI, [W(T — 1, By)elo g<Bs)7“w’£“’w><Tfs,3x>ds] _

By the definition in (2.5),

Eo(A 1—w—f(1—w) ) )
w(T, x) = IT" [ w()((A)) W(T — £, B,)eh 8B 50" (T—A,Bs)m}
—r

By NT=D)yy(T

V(B A)

— HiL |:e)hx+y(k)T1//(x’ )\)

Put
m— I==t=w) oy e 0, 1,

Aw) = { W
0

) w=0.

Since (B,, Hfg) and (Y,, I"Ifc‘) have the same law, by (3.2), we have

WT, ) =TT [W(T — 1, Ye™ Jor0AmT=sods ]
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It follows from [1, Corollary 2, p. 26] that A(-) is non-negative and non-decreasing. Moreover,
forany r, c € (0, 1),

o
D A(er") <400 iff  E(Llog" L) < +oc. (3.20)
n=0

Using the argument of Step 1, we get that

{W(_, Y,)e— o BYDAW(=s.Yds ¢ ]
k) ’ tZO

X

is a non-negative martingale. Using the argument at the beginning of Step 2, we get that

w(z, x) — 0 uniformly in 7 € [0, %] as x — oo and w(—1, Y;) decays exponentially with rate
at least —A. We will get that W(—t¢, ¥;) converges I'Ifg—a.s., if we can show that

o0
/ g(Y)A(W)(—s, Yy)ds < +oo,  ITr-as.
0
By (3.11) and (3.20), if E(Llog™* L) < 0o, we have
o o0
/ g(Y)AW)(—s, Yy)ds < ”g”oo/ A(Ce_()‘—a)(Yﬁ-vS)) ds
0 0
o0 /
< ||g||oo/ A(c(e—(k—5)(V—V ()n))s)) ds
0

o0
< llgloo Y_A(C(e D) < 4o Mi-as,
n=0

where C is a constant depending on @ and may change in value from line to line.
Also by the arguments in Steps 2 and 3, W(z, x) satisfies

oW 10°W Yelx, A) oW -
+ < NS —A) — —g-A(W)w,

dx
and the maximum principle holds. Hence, W(z, x) is bounded in [O, %] x R. Since A(-) is non-
decreasing, (3.17) implies

2922

AW =5, ¥) S A(Cre )
By the periodicity of {Y;}, we have
Wity )2 BT, [ 5 a0
= I} [~ i lglACre 0 )as ]
To prove the theorem, it suffices to show
1'1‘A [e_ Jo ”g”“’A(C‘e%(ymww))ds] — 1, as n— oo uniformly for y € [0, 1]. (3.21)

We know ~
/ Igllocd (Cre ¥+ #9) ds < 400, M-as.
0

By an argument similar to that in Step 3, (3.21) follows from lim, o A(u) = 0, the dominated
convergence theorem, and Dini’s theorem. This completes the proof. t
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4. Proof of Theorem 1.2
In this section, we prove the asymptotic behavior in the critical case.

Proof of Theorem 1.2. We prove the theorem in seven steps. In the first six steps, we consider
the case that L = 1. In the last step we consider general L.

Step 1. Suppose L= 1. Put w(t, x) = 1 — u(z, x). We first prove that w(¢, x) decays expo-
nentially with rate at least —A uniformly in 7 € [0, %] Using an argument similar to that of
Theorem 1.1, we have that, for 7, x € R, w(z, x) satisfies

ow _ 1
ar 2 9x2

By the Feynman—Kac formula, we get
w(T, x) =TI, [W(T —t, B,)ef(; g(B")(l_W(T_S’B'Y))dS] , forTeR,t>0.

For any A < A*, define

Ax—y (M)t
W, x) = ew(x—vgtx) 4.1

Changing measure with E,(A) and following the same ideas as in Step 1 of the proof of
Theorem 1.1, we get that

WT, 2 = T [T — 1, Ve~ lorVomT=sras]

and

[W(_t, Y~ Jo 8Yw(=s.Yo)ds nﬁ]
>0

is a positive martingale. Therefore, we have

] In W(—t, Y;) 1 /' A
lim su — Yow(—s, Yo)dsy <0, TII%-a.s.
t—)oop{ Y+ v¥t Y+ v¥t ()g( DW=, Y)ds = *
Notice that for A < A*,
Y; *t
lim 2 )+ vt >0,
— 00

Combining this with (4.1), we get

’ WL Y) ln(e)u(Y,Jrv*t)Jr(y()»)f)\v*)tw(_t’ Yz))
lim sup ———  =lim sup
t—00 Y+ v¥t t—>00 Y +v*t
In w(—t, Y, L) — Av*
= lim sup M A L <0, ch‘-a.s.,
t—oo Y+ V¥t v¥—y'(X)

where y (1) — Av* > 0. Hence w(—t, Y;) decays exponentially with rate at least —A Hﬁ-a.s.
This implies

o0
/(; g(Yow(—s, Yy)ds < o0, ch-a.s.
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Then W(—t, ¥;) converges IT*-a.s. Using a coupling method similar to that of Step 2 in the
proof of Theorem 1.1, we get that the limit of W(—z, Y;) is a constant. Notice that

1
X ex(x+1)—y(X)(t+r*)w(z+ U‘_* x4+ 1) oy
W<t+F,x+l)= T ="V W(t, x) < W(t, ),

where we used w(t+ Ui*,x—i— 1) =w(t, x) and v* < @ for A < A*. Therefore, for any
keN,

~ k ~
w(—t +-= Y+ k) <w(-t, 1)
v

Using an argument similar to that of Step 3 in the proof of Theorem 1.1, we get that W(z, x)
is bounded in [0, v]—*] x R. Then, by (4.1), w(z, x) decays exponentially with rate at least —A

uniformly in € [0, %]
Step 2. We will show that { f (B[o, ,]), I'I;y ’)‘*)} is a local martingale, where f (B[o, ,]) is defined

in (4.7) below. Recall the definitions of &, ¥, A™", and TIS™ given in (2.4), (2.9), (2.10),
and (2.11) respectively, with L = A* in (2.4). Fix y € R. For any (z, x) such that y — y’(A*)r+
h(x) > 0, define

e)»*xfy()u*)tw(t’ x)
Y (x, AN — ¥/t + h(x)”

w(t, x,y) = 4.2)

and for any z > 0, define
r:=inf{t>0:y+y' () +h(B) <z}. 4.3)
We mention here that t, actually depends on y. For any x € R, we may define
7,(x):= inf {t > 0:x+y' (W) + h(By) < z}.

Then t, is shorthand for 7,(y), and for any x € R, t,(y — x) = t,4,. Using (4.2), it is easy to
show

W(z‘—i— Ui*,x—l—l,y):ﬁ\v(t,x, y). 4.4)
We first prove that for any 7 € R and ¢ > 0,
(T, 2 y+0°T) =0 (W(T = 1A T B, y v T)e o BEMT=sB0) (4.5
First note that, by the Feynman—Kac formula and the optional stopping theorem,

AT
w(T, x) =TI, (w(T — 1 AT, Biar)eh g(Bs)“‘W(T‘S’BS”“S) , TeR, t>0.  (46)
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Noticing that A?A’?:) > 0 and v* = y/(A*), a direct calculation shows that for x > h_l(y),

M99 (6, A5 + e 76T

ATy
X W(T — ATy Bipr,, y+ V*T)e_ Jo g(BS)w(T_S’BS)dS)

X A(dyq)\*) e - o
ZH.SCy’ ) T ) (T_t/\ 'L'Z, BlAtz)efO g(Bs)(1—w(T—s,By))ds

IO
INT,
,2%) ,2%)
A ATy _ _ At/\ 3
=M, [ =0 W(T — 1 AT, By el " BENIWTms B0 g 0
At)//\,rZ Aoy’ {At’A}Z >0}

AT

=T (W(T = 1A T B Jelo ™ #EXITNT =8B (),

where in the last equality we used (4.6). Then using the definition of W given in (4.2), we get
4.5).
Notice that {B,, t>0; I'I;y A )} is not a Brownian motion. By the argument in the last

paragraph of Subsection 2.2, we have that {y + ' (W)T(6) + W(Br)), chy’)‘*)} is a Bessel-3
process starting from y + A(x). Define

F(Blo.n) =W(—t, By, y)e~ Jo 8BIWsB)ds, (4.7)

By the Markov property, for any 0 < s < ¢,

H?’A*)[f(B[o,mrz])lfs] :f(B[OvS/\TZ])'

The proof of the display above is given in the appendix; see Lemma A.1. This implies that
{f(B[Q,,MZ]), H;y’k*)} is a martingale. Since 7, — 0o as z | 0, {f(B[o,,]), chy"\*)} is a local
martingale.

Step 3. In this step, we will show that W(T — ¢, B;, y) converges Hg_U*T’}"*)-a.s. to a con-
stant B >0 as t — oo. Non-negative local martingales are non-negative super-martingales
and hence must converge. Therefore f(Bjo, ), defined by (4.7), converges Hg’k*)—a.s. as
t — 00. Notice that {y + ¥ OT (@) + h(Brg)), n?***)] is a Bessel-3 process starting from

¥ + h(x). It is known (see, for example, [17, Theorem 3.2]) that the Bessel-3 process grows no
slower than #1/27¢ for any € > 0. Recall that 7(#) = inf{s > 0 : (M), > t}. Equation (2.8) yields
T(t)e [é, ﬁ] Therefore, y + y’(A*)t + h(B;) grows no slower than r'/2¢ for any € > 0. By
(2.4) and the boundedness of ¥; (-, A)/¥ (-, A), we get that B; + v¥*t = B, + y'(A*)t grows no
slower than ¢1/27¢, By Step 1, w(z, x) decays exponentially fast uniformly in € [0, %] Hence
we have

0
f g(By)W(—t, B)dt < +00, MY .as,
0

Therefore, by (4.7), the convergence of f(Bjo.;) implies that W(—¢, B;, y) converges H&y’x*)—a.s.
to some limit, say &,.
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By (4.5), we have
w(T, x,y)

* Y N _rintz( —v*T) _
= H)(cy_v o )<W(T —tAT(y = V*T), Biar.(y—v*T), )’)e 0o gBs)w(T S’BS)dS> .

By the same method, we can get

tATZ(y—v*T)

{W(T — t AT(y = V*T), Biar,(y—v*1), y)€ 90 gBIWT=s.Bo)ds | pply—vT.A )}

is a local martingale and W(T — ¢, B;, y) converges H;y_v T2 as. to some limit, say ng .

Next we use a coupling method to prove that there is a constant § > 0 such that

gl=p, nOU™TMas VI>0. (4.8)

Similarly to Step 2 in the proof of Theorem 1.1, consider a process {(B,1 Btz) t>0; ﬁiy ’T)}
with {B!, 7> 0} and {B?, t > 0} being independent, and

HBI’ 12 0; ﬁg’r)} < {B,, 1> 0; H)(C“*)} :
{sz’ 20 ﬁfcy’T)} < {B,, 1>0; Hgy‘V*T*“)} .
Define random curves

k k—1
L}(:{(—H—*,B}jtk):tz } keN,
v

v*

and X k—1
£2={<T—t~|——*,3,2+k> :tz;*JrT}, keN.
v v

Notice that all the curves start from the line {vi*} x R, and for each i =1, 2, if L:’i is given,

we can get all the curves E;{ by translation. Using the fact that y + h(Brq)) + ' (A*)T(1) is a
Bessel-3 process, y'(A*) = v*, and |h(x) — x| is bounded, we have

lim B, +v =00 MY -as.
=00
Now we show that for ﬁ)(cy’T)-a.s. all w, it holds that for any k € N, E,i and L,l 41 intersect

each other. It is also equivalent to show that for any k € N, ll,l( and E,i 4 intersect each other
ﬁ,(cy’T)—a.s. If there exists ¢ > kv_*l such that Bt1+ +1= Btl, then

1
e

k 1\ k+1
(—t+ F,B}+k>=<— <t+ F)-ﬁ- - ,Btlﬂl*+k+1>,

which implies Ei and £ li 1 Intersect each other. Notice that

1 1 1 1
BtﬂL* +1=B, <B_ . +v*r+1=B, +v*t
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where /Iét =y+ h(B;(t)) + v*T(¢) is a standard Bessel-3 process starting at y + h(x). By (2.8),

we have
T

M), — e[S 2]

* v*
where (M), = [ (W (B!))’ds. Put

l([) = R(Ml)pri - R(Ml)t’

then I(¢) is continuous ﬁ?'”-a.s. Since ﬁ&"’” (lim,_>oo /Iét = oo) =1, we have

ﬁ)(cy’T) (forany T >0,3t>Ts.t. l(1) > 0)=1.

To prove E,l and /.Z}C 4 intersect ITI)(Cy’T)—a.s., it suffices to show that

ﬁ)(Cy,T) (forany T >0,3t>Ts.t. l(1) <0)=1.

Notice that
l(t) < max <§S+<M1)[ _E<M1)t>

c C
se[ k.2

For simplicity, put by = {1 and by = $%. It suffices to show that

0D <f0r anyT>0,3r>Tst max (Ras—Ry) < 0) =1. (4.9)
s€[by,b;]

A classical result shows E satisfies

1
AR, = dB, + =dr, (4.10)

t

where (ﬁ,; l:[)(gv’T)) is a standard Brownian motion. By (4.10), we have
090 ( max (B —B;) < —1
x selby by ( t+s l)

>oD (’E,H,l — B, < -2, Jmax Biys — Bryp, < 1)

=ITp(Bp, < —=2) Iy < max B < 1) >C=>0,
SE[O,bszl]

where the constant C does not depend on ¢. Hence

o0
Z l_[)(cy’T) ( max (Ejhz-ﬁ-s —Ajhz) < —1) = +00.
=0 sel[by,bs]

By the second Borel-Cantelli lemma and the independent increments property of the Brownian
motion, we have

ﬁ§g’~T>< max  (Bjpy4s — Bipy) < —1, i.o.): 1. (4.11)
s€[by,b;]
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By (4.10), it holds that
t+s
Rl+s _R[:B[J,_S _B[+/ =dr.
t

r

Ifﬁt_H > by for r € [0, by] and §,+S — E, < —1 for s < by, then

§t+s—§,<—1+bigo. (4.12)
2

Since the Bessel-3 process is transient, we have

ﬁ?”T)(EI T>0, st foranyr>T,R, > by) =1. (4.13)

Combining (4.11), (4.12), and (4.13), we get (4.9). So T1¥""-a.s., it holds that for any k € N,
=0.7)
IT;

L‘}( and L',]( 41 intersect each other. Using the same method, we can also prove that -a.s.,
forany k,j e N, E,l and E}c 4 intersect each other.
Consider
_ 1 1 e 1 s s 2 .
Qo _kmN {ﬁk, Ly 1ntersect} ﬂ {tlilgo w(—t,B;.y), llggo W(T —1,B;,y) ex1sts}
JE

m { lim B! 4 v*t =400, and B! is continuous for i =1, 2} ;
11— o0

then l:I,(f ’T)(Qo)zl. For any we Qp and jeN, we know Cjz starts from the point

(#, B?_*, T j> and there exists k£ € N such that

B}%l(w) +k§B%;1+T(a))+j§BIL*(a))+k+ 1.

Hence the starting point of E}(a)) is between the starting points of L:,i(a)) and L:,i 4+1(@). Since
L,]c(a)) and ﬁ}{ +1() intersect, we have that E}(w) must intersect either [,}{(a)) or [,}{ +1(@). We
use (s1(w), x1(w)) to denote the intersection point. By (4.4), there exist t} (), t%(a)) satisfying

(). By(©@).y) =W(s1@). x1(@). ) = ¥(T = (@), B3 (@), ).

Since j is arbitrary, we can find {tfl(a)) :neN, i=1, 2} by induction such that

(@), By (@).7) =%(T - @), B3 (). )

and satisfying _
lim f;(w)=00 fori=1,2.
n—oQo

Therefore, we have

A (lim W(—r, Bl y) = lim ¥(T — 1, B2,5)) = 1.

—00

By the independence of {B], t >0} and {B?, 1> 0}, we get that the limits must be the same.
So there is a constant 8 > 0 such that

& =58, H)(Cy,k*)-a,s., and “;‘XT =8, H;y*"*T’)‘*)-a.S.

Thus (4.8) is valid.
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Step 4. In this step we prove B > 0 by contradiction. If 8 =0, then W(—z, By, y) — 0 as
t — 00. Hence the positive local martingale

1 *
W(—t, B, y)e Jo8BMEBY 0 agr 5 00, TV -as. (4.14)

In Step 2 we proved that {f(B[o,tMZ]), H;y’)”*)} is a martingale. Thus if y + h(x) > z > 0, we
have

W(0,.x, ) = M) (Wt A T, Bingy, y)e™ o BB
. [ (’VV(—IZ, By y)e Jo #Bow(=sBodsy {Kt})
+ 10 (W(_,, B:, y)e~ Jo g‘B")W“S’B”dsl{rzzz}) _
Letting t — oo and using (4.14), we have
W0, x, y) = H)(Cy,x*) (W(—rz, B, y)e IS g(Bx)W(*S,Bs)dsl{Tz<oo}) .
It follows from (4.2) and (4.3) that

B (. B)

¥ (Br 1) (v + /07 + h(Br,))

A B4y W) vp .

—oh (€ (-1 Br) o= Jo7 BBOW(=s.Bo)dsq

X {T;<o0} | -
I/I(B'L'Z5 )"*)Z

W(O, X, y) = Hscy,)\*) ( e OTZ g(BS)w(S,BS)dSI{TZ<OO}>

Since {y—i— Y (W)T@) + h(Br), H,((y’)”*)] is a Bessel-3 process starting from y + h(x), we
have (see, for example, Karatzas and Shreve [11, p. 162, Problem 3.23])

;K * . Z
nY*)(r, < 00) = m* ><;§g {y+v' 0T + h(Brp)} < z) = Th (4.15)

By (4.2), we have

" w(0, x)

A B, +Y (M) Ty (
R [ e z w(—1;, B 3
=w(0, x, y) < 10"*) ( (-z. B )1{fz<oo}>

Y6 MO0+ h(x) ¥ (Br. 1)z

_oah o (z—y+vs (Bzzvk*)/w(Brzvk*))w(_{-cz}’ B, +v*[r]) )

=11y w(Brza )»*)Z {r;<o0}
* Z

< C[H)(ny)» )(‘[Z <o)< Cl)Th(x)’

where we used the facts that v, /¢ is bounded and that w(z, x) is bounded in (¢, x) €
[—UL*, O] x [—C3, C2]. Here Cy, C, are constants depending only on y, z, A*. Hence we get

that for x > h~'(z —y), ¢ *w(0, x)/¥ (x, A*) is bounded. Combining this with the fact that
e *w(0, x) /¥ (x, A*) = 0 as x — —oo, we have that ¢ *w(0, x)/¥ (x, A*) is bounded on R.

Similarly, we can prove that e =Y *'w(z, x) /v (x, A*) is bounded on [0, v]—*] x R.
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By Step 1 of the proof of Theorem 1.1, we know that

{ek*Y1+y(k*)l‘w(_t’ Y, _
e

Jy BTOW=s.¥)ds 4 > 0. 13"
(Y, A%)

is a martingale and satisfies

e)\xw(o’ x) > |:e)»*Yr-i-)’()n*)tvv(_t7 Y, _
—_— = e

— JoBYOW(=s.Y5)ds | (4.16)
¥ (x, A%) v (¥, A7)

where {Yt, I'Ifg*} is a diffusion with infinitesimal generator

_ 100 (@ 2 L 9
A =5 e (B )

So

EA*YFH/(}L*)IW(—I, Yt) AF
w(Yts )‘**) ' *

is a positive submartingale that is bounded and hence must converge. Using an argument
similar to that of Step 2 in the proof of Theorem 1.1, we have that the limit of

e)»* Y’+V(A*)1W(—l, Y))

v (Y, %)

is a constant. Since

w(—t, Y;) <1, liminf (Y; + v*f) = —oo and inf ¥ (x, A*) > 0,
t—00 xeR

we have

Yty (_t Y _ liminfi o VYO (1 Yy 0

lim inf < -
=00 Y (¥, A%) infrer ¥ (x, A¥)

So the constant must be 0. By (4.16), we have

e*w(0, x) — M Yty Oy (g Y:)
w(-xa )"*) -t 1:ﬁ(th )"*)
Letting t — oo and noticing that

DY Ay (Mo
e w(—t, ;) X
LN 0, m -a.s.,

Vv (Y:, A%) !
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we have

Ax A YAy (W) —
w0, x) _ e |:e w(—t, Y,)i|

< lim
Y(x, A*) T iooo Y (Y, A*)

2* ) e)u*Yt—H/(k*)tW(_t’ Y))
=TII; | lim =0,
=00 w(th )‘**)

where we used the bounded dominated convergence theorem. This implies w(0, x) = 0, which
contradicts the definition of pulsating traveling waves. Therefore, we have g > 0.
Step 5. In this step, we show that

—~ . . 1
w(t, x,y)— B uniformlyint e |:0, —*] as x — o0. “4.17)
v

Fix y € R. First we will show that W(z, x, y) is bounded for (z, x) € [0, %] x [Nz —y+
v*t), 00), which implies that (¢, x) satisfies y — v*t 4+ h(x) > z > 0. Recall that ¢ := ¢(x, A*) =
e_’\*xlﬂ(x, A%). By (4.2), we can rewrite W as
—y (s
W(t, X, y)= ¢ w(t, x) )

P(x, A%) (v — ' (W) — ¢ (x, A%)
By (2.2) and (2.3), a direct calculation yields
W 13w =Y )y — g 0N
—_— = — — gWW.
ar 2 9x? =y (A*)p — ¢, Ox
Similarly to Step 3 in the proof of Theorem 1.1, fix w e Qp; then for any xo large

enough, there exist &, j € N such that (¢, xp) is located between the curves E} (w) and Ei(w)

for any t e [0, U]—*] Since L} (w) and L,l(a)) must intersect each other, it follows from the

maximum principle that W(z, xo, y) is bounded by the maximum on boundary Ejl(a)) and
L}C(w). We know that W(z, x, y) along (7, x) € E,l(a)) converges as f — 00, and then W(z, x, y)
is bounded on szl E} (w). Since W(t, x, y) is continuous and W(z, k=1 (z — y +v*1), y) is
bounded, we have that W(z, x¢, y) is bounded when x is small. Therefore, W(z, x, y) is bounded
in [O, %] x [h~1(z — y 4+ v*1), 00). We denote the bound by K..

Next, we will show (4.17). Recall that

w(T, x,y)

tATZ(y—v*T)

= H)Ey_v T ) <W(T A Tz(y - V*T)» Bt/\fz(y_U*T)’ y)e_ 0 g(BX)W(T_S’BS)dS> .
Letting t — 0o, we have for T € [O, #]

. y—v*T,\*
W(T, x,y) < HS )(ﬂl{rz(y—v*n:oo} + KA y—v4T)<c0))
Z Z
=g(1-—— )+, ——=
ﬁ( h(x)+y—v*T> “h(x) +y—v*T
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where we used (4.15). Therefore, we have

1
lim supW(T, x,y) <8 uniformly for T € |:O, —*:| . (4.18)
v

X— 00

On the other hand, we have the following estimate:

N —V*T0* = _
O T )(ﬂl{m—vm:oo}e o™ eBw ”B’)d’>-
By (4.2), we get
2BIWT — 1, By) < |lgllooK: max v(x, AF)e By GO
xel,

< Ce MOV THRB)H D) _ g™ Rl

where ﬁtr =y —V*T+ h(Bry) + v*T(t) is a Bessel-3 process starting at y — v*T + h(x),
T(t) =inf{s > 0: (M), > t}, and the constant C does not depend on 7. Thus we have

~ y—V*T, A _ oo MRy
w(T, x,y) = HS ) (ﬂl{rz(v—v*T)=oo}e Jo~ Ce e
y—v*T,\* oo~ 3¥RT
= H)g ) <ﬂ1{rz+u*7":00}e f() ce ' dt) s

where t,(y — v*T) = 7,4,+7. Define the stopping time
ox@®R"):= inflt > 0: R =y — v*T + h(x))

and the function
—_p* * 00 _*%pT
f) = H)gy o )<’31{Tz+v*T:oo}e e dt) .

By the Markov property, for x; < xy we have

y—v*T,A* _ sz(ﬁT) —2*RT
f(X1)=H£. )[1{0X2(kT)<zz+U*T}e Jo Cem T A g) | < fla);

that is, f(x) is increasing. Put
f(e0):= lim f(x).

P VT
Since 8 >0 and [;° e~ R4t < o0, l'[,gy b )—a.s., we have f(x) > 0. Moreover,
. (y—U*T,)\*) N _ 0X+;1(ET) Ce_)‘*ﬁdel
Bf(x) = nll)fgo Iy |::31{(rx+n(RT)<rz+l,*T}e 0 fx+n)
(yfv*T,)»*) . N _ oegn®D) Ce’l*ﬁfdt )
=TIl |:n1l>rgo ’Bl{o-x+n(RT)<Tz+v*T}e 0 n1i>rgof(x +n)

_ ) [ﬁl{fwzoo}e Ji ce R d’] F(00) = F()f (c0).
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Therefore, f(c0) = B. Combining this with W(T, x, y) > f(x), we have
PN . 1

liminf w(T, x, y) > B8 uniformly for T € [0, — | . 4.19)
xX—>00 p*

By (4.18) and (4.19), we get (4.17).
Step 6. Since h(x) = x — ¥ (x, A*)/¥(x, A*) and v, /4 is bounded, we have

R ) ek*xfy(k*)tw(t’ x)
lim w(, x,y)= lim ————
X— 00 X— 00 1//()5, AF)x

Thus
e)\*z—y(k*)tw(t’ Z)

Y(z, A*)z

Using an argument similar to that in Step 3 of the proof of Theorem 1.1, we have
A* y—x
(4 xw( e y)
Y, A=y —x] +y)
By |— ly—x] +y—x[ <1, we have
A* -
e ’CW(yUf, y)
XY (. 4%)

Step 7. For general branching mechanism, w = 1 — u satisfies

1
— B uniformly int € |:0, —*:| as z — 00.
1%

— B uniformly iny € [0, 1] as x — oo.

— B uniformly in y € [0, 1] as x — oo.

aw  193%w

S =5am T8 (- w1 —w).

Recall that A(w) =m — Hv_y—i(l_w) As in Step 3, it suffices to show that
o0 *
/ g(B)W(—t, B)dt <oo, TIV*)-as
0
Since B, + v*t behaves like /7 and w(z, x) decays exponentially fast, we have
o0 o
/ A(e_”‘ﬁ>dt < 0o for some ¢ > 0= / g(B)A(W)(—t, By)dt < oo.
0 0

Set s = e"’ﬁ; then

/Ooo ( —C«/)dt<oo<=)f A(s)'logs|

By [5, Theorem 2], it holds that for a > 1,

: A(s) 1088 1 + 7yl4a
(s) . ds < 00 <— E(L(log L) ) < 0. (4.20)
0
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Actually the proof of [5, Theorem 2] also works for a = 1. So if E(L(log+ L)2) < 00, there
exists 8 > 0 such that

y—Xx -\ x * : :
l1—u ,v |~ Bxe ¥(y, A") uniformly in y € [0, 1] as x — +o00.

v*
This completes the proof. (]

Remark 4.1. The asymptotic behavior of pulsating traveling waves was studied analytically
by Hamel [7], who considered the following more general equation:

u—V-(A@Vu) +qi) - Vu=f(z,u), ze€ Q,

where © C RY is an unbounded domain, and A(z), ¢(z), f(z, u) are periodic in some sense. In
our case,

Q=R, A(») = %, q(z) =0, and f(z, u) = g(z)(1 — u —f(1 — u)).

The main result of the paper, [7, Theorem 1.3], is similar to our Theorems 1.1 and 1.2, with
¢(t, x) in [7] corresponding to 1 — u(% x) in this paper, and p~(x, y), pT(x,y) corresponding
to 0, 1 respectively.

The result in [7, Theorem 1.3] was proved under the assumptions [7, (1.4), (1.7), and (1.8)].
In our setup, [7, (1.4)] is equivalent to y(0) > 0, which is true under our assumptions. The

condition [7, (1.8)] is equivalent to
fx,s)=gx)(1 —s—1£(1 —s)) <mg(x)s forsel0,1],

which is true for any generating function f. The condition [7, (1.7)] says that there exist & > 0
and y > 0 such that the map (x, s) — g(x)(f'(1 —s) — 1) belongs to CO(R x [0, y1), which is
equivalent to g € CO%(R) and f'(1 — 5) € C>%([0, y]). We claim that

f(1—s)eC¥0, y])=Vp=>1, E(L(og" LY) < c0.

Thus the condition f(1 — s) € C%%([0, y]) is stronger than the condition E(Llog™ L) < oo in
the supercritical case and E(L(log+ L)z) < 00 in the critical case. Now we prove the claim.
Notice that

1—w—f(1 —w)
_— m
w

Aw)=m — +1

—#=m+l—f/(l—9w),

where 0 € [0, 1] and the last equality follows from the mean value theorem. Since f'(1) =m + 1
and f'(1 — s) € C*([0, y]), we have
AWw)=|m+1—f(1-6w)|<CEW* <Cw", Yw<y,

for some constant C. Therefore, for any constant ¢ > 0,

e ®eadllp
/ A(e ¢ )dti/ Ce """ dt < o0.
0 0

,Ctl/ﬂ

Using the substitution s = e , we get

Lo ogst !
() ——ds < co.
0 A\

By (4.20), this implies E(L(log™ L)y*) < cc.
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5. Proof of Theorem 1.3

The uniqueness of the pulsating traveling wave was proved analytically in [9, Theorem 1.1].
In this section, we will use probabilistic methods to prove the uniqueness in the supercritical
case |v| > v* and critical case |v| = v*.

5.1. Martingales on stopping lines

First, we introduce the space of Galton—Watson trees. Let T be the space of Galton—Watson
trees. A Galton—Watson tree T € T is a point in the space of possible Ulam—Harris labels

Q=pul vy,

neN
where N = {1, 2, 3, ...}, such that

(i) @ € t (the ancestor);
(i) ifu, v e Q, then uv € T implies u € 7;

(iii) for all u € 7, there exists A, € {0, 1, 2, ...} such that for je N, j € t if and only if 1 <
J<14+A,.

(Here 1 4 A, is the number of offspring of u, and A, has the same distribution as L.)

Each particle u € T has a mark (n,, B,) € RT™ x C(R™, R), where n, is the lifetime of u and
B, is the motion of u relative to its birth position. Then the birth time of u can be written as
by,=7)_,., v, the death time of uis d, =), 1y, and the position of u at time # is given by
Xu()=3",_,B,(ny) + By(t — by), where v < u denotes that u is a descendant of v.

Now, on the space—time half-plane {(y,?):yeR,te R*}, consider the barrier )
described by the line y+ vt =x for x>0 and v > v*. When a particle hits this barrier, it
is stopped immediately. Let C(x, v) denote the random collection of particles stopped at the
barrier, which is known as a stopping line.

By [16, Theorem 1.1], W;(A*) — 0 Py-a.s., so we have

e VT min Y(x, A*) < W,(M*) — 0,
x€[0,1]

where m; = min{X,(¢) : u € N;}. This yields
lim (m; + v*f) = +o0. 5.1)
—00

Therefore, all lines of descent from the ancestor will hit ") with probability one for all
X > xg, where xq is the position of the ancestor at time = 0. Similarly to the argument in
[13] for BBM, we have lim,_,  inf{|u| : u € C(x, v)} = oo, where |u| is the generation of the
particle u.

For any u € C(x, v), let o, denote the time at which the particle u hits the barrier &) Let
Fc,v) be the o-field generated by

w, Ay, Ny, {Byw(s):s€[0, nyl}:3Jue Clx, v), s.t.w < u) and
(u, {Bu(s):s €[0, 0, — b,]} : u € C(x, v)) ’

Using traveling wave solutions of the KPP equation, Chauvin [4] exhibited an intrinsic class
of martingales. An argument similar to the one used in [4] gives the analogous martingales for
BBMPE.
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Theorem 5.1. Suppose that v > v* and that u(t, x) is a pulsating traveling wave with speed v.
Define
M(w):= [ u(—ou Xu(ow). (5.2)
ueC(x,v)
Then, for any z € R, {M(v):x >z} is a P;-martingale with respect to {Fcx,v), X > 2}, has
expectation u(0, z), and converges P,-a.s. and in L' (P,).

We prove this theorem via several lemmas.

Lemma 5.1. Consider BBMPE starting from x and with branching rate function g. Let o be
the first fission time and let 1 + A denote the number of offspring of the initial particle. Let
f(s) = Es't4 and P(A = k) = py. Then

Py(Lig=gu(—t, B) + Lz <yu' T (=0, B,)) = u(0, x).

Proof. Note that
t
Py(o > 1| {By:s<t})=e o8B,

Put

l S
f(t. By =e I EBXsy(_¢ By 4 f g(By)e™ Jo BB N7 k(s By)ds.
0
k

A standard computation using It6’s formula shows that

df(z, By)

2
— o JoaBoas UL B) (g 1 e UL BY
dx 2 9x2
ou(—t, B
( t)dt

— g(Be~ Jo#BMsy (s Bdr — o Jo 8BS —

+g(Be” EBH N (1, Bydr
k

ou(—t, B )
— o~ JogByds %d& 4 e JogBods o

10%u(—t, B)) du(—1. B))
3 g BB B) — e+ (Bofa(—, By) )
2 a1
= 67 f(; g(B.v)dSMdBt.
ax

Hence f(t, B;) is a martingale and
I/ (¢, B) = T1f (0, Bo) = u(0, x).
Note that

Py(1io>nu(—t, By) = Px(Px [1{a>t}u(_tv B) | {Bs:s< t}])
= ]P)x(u(_t, B)P, [1{0'>I} [ {Bs:s < t}])
= M,(e~ 2B a1, ).
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Similarly, we have

Py (1o <0 (=0, B)) =Pu (P [1ozgu* (=0, Bo) | By 5 < 1))

t )
M, ( / g(Bye™ Jo 8NN putl (s, B»ds) :
0

k

Therefore,
Pu(Lomgu(—t, B) + Lg <ou (=0, By) ) = TLf(t, B) = (0, x).

O

Recall that Q =0 U UneN (N)" and that, for u € 2, o, denotes the time at which u hits the
barrier '™Y). For a fixed stopping line C(x, v), we define

L;:={ue:b,<o0,<d,}=Cx,v),
Dy :={ueQ: IveQ, v<u, v#u, ve L},
AW = (ueQ: lul=n, u¢ Dy, u¢L).

In other words, D is the set of strict descendants of the stopping line and A(,") is the set of the

nth-generation particles u such that neither u nor the ancestors of u hit the barrier T®"). Let
Hup=0{Wu, Ay, ny, {Bu:uel0, n )} lul <n-1).

Recall that M, (v) is defined by (5.2).

Lemma 5.2. For any z < x,
E,(Mx(v)) =u(0, z).

Proof. For n € N, similarly to [4], we introduce the following approximation of M, (v):

MP= T w(-owXu(0w) [] v (~du Xu(dy)).

u€L;,|ul<n ueA(rn)

It is easy to see that M(”)GHn+1, n>0. We first prove that (MW n>0} is an
‘H,+1-martingale:

EX(M("'H) | Hn-i—l) = 1_[ u(—o‘u, XM(O'M))

uely,|ul<n

XEX< [T u(-owXu0n) [] u1+A"(—du,Xu(du))|’Hn+1>. (5.3)

u€Ly,|ul=n+1 ueA(TrH-l)

Note that
(uuele, ul=n+13UA"D =(u:jul=n+1, u¢D,}.

Consider any particle u such that |u|=n-+1 and u ¢ D;. If u is in L., it occurs in the
second product in (5.3); if not, it occurs in the third one. For any particle u, define
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v,(t, x) =u(t — by, x). Then given b,, v, (¢, x) satisfies (1.3) and (1.4). By the Markov property
and the branching property, we have

E( [T vwonXew) [] u”A“(—du,quu))lHnH)

ueL,,|ul=n+1 MGA(TnH)

- l_[ Ex <1{au<d”}u(_0”’ X”(UM)) + 1{0’ >d, }u1+Au (_du, Xu(du)) | Hn+1>
|M|=n+],u¢Dr u=day

= 1_[ EXu(bu) <l{au<du}u(_auf Xu(au - bu)) +

|ul=n+1,u¢D-

1{0uzdu}u1+Au(_du, Xu(du — bu)))

= l_[ EXu(bu) <1{au7bu<dufbu}vu(_(0u —by), Xu(o, — by)+
|u|=n+1,u¢D-

l{au_buzdu—bu}vli-‘rAu (_(du - bu)v Xu(du - bu)))

= J]  vu0 Xuu).

|ul=n+1,u¢D-
The last equality follows from Lemma 5.1; the only difference is that we substitute the random

time o, — b, for the deterministic time ¢ in Lemma 5.1. Putting together the offspring of the
same particle, it becomes

[T voxen= [] ul-bwXubn)

|ul=n+1,u¢D- |u|l=n+1,u¢D;
= 1_[ u1+Au (_du: Xu(du)) = 1_[ uH—Au(_du’ Xu(du))
|u|=n,u¢Dr ,u¢L, ueA(f")

This shows that M™ is an H,,,;-martingale.

Note that (5.1) implies that all lines of descent from the ancestor will hit I®") P_-as.
This yields A(T") — @ as n — 00, and thus M™ — M, (v) P,-a.s. Since 0 <u(z, x) < 1, M® ig
bounded. This yields the L! -convergence of M' M to M, (v). Therefore,

E.(Mx(v)) =E. (M) =u(0, 2).

This completes the proof of this lemma. (]
Now we turn to the proof of Theorem 5.1.

Proof of Theorem 5.1. Fix v > v*. To distinguish the times when a particle hits different
barriers, we let o,y denote the time when u hits the barrier @®v), For V> X,

Mw= ] w-ol. %)= 1 I w0l Xu(o)))

ueC(y,v) weC(x,v) ueC(y,v),u>w
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where u > w means that u is a descendant of w. Therefore, by the special Markov property of
{Z;, t > 0}, we have that

Ee(Myw) | Feow) = [] Ex [1 “(—Gi’xu(ff.i’))‘fax,v)

weC(x,v) ueC(y,v),u>w

= Il Bxen [[  ulod Xu(od —o3))
weC(x,v) ueC@y,v),u>w

= [I u(-oi Xu(oy)) = M),

weC(x,v)

where the second-to-last equality follows from Lemma 5.2 and an argument similar to that in
the proof of Lemma 5.2, by defining v(z, x) = u(t — o;,, x). The proof is complete. (|

5.2. Uniqueness in the supercritical and critical cases

In this section, we give a probabilistic proof of the uniqueness of the pulsating traveling
wave with speed |v| > v*.
Theorem 1.1 implies that for v > v*,

—log u(y;x, y) ~ Be ™ (y, %) uniformly iny € [0, 1]asx — +00.  (5.4)
vV

Theorem 1.2 implies that

— log u<y 7 y) ~ ﬁxe_)”*xw(y, A*)  uniformly in y € [0, 1] as x — +o0. (5.5)
v

%

Recall that the additive martingale {W;(A);>0, P} is defined by (1.5). By [16, Theorem
1.1], for any A € R and x € R, the limit W(X, x) := lim;yo0 W;(X) exists Py-a.s. and W(A, x)
is an L!(P,)-limit when |A| < A* and E(Llog" L) < co. Recall that C(x, v) was defined at the
beginning of Section 5.1. In the spirit of [13], we define

Weanh) = Y e MO0y (X, (o,), 1),

ueC(x,v)
where v = y(1)/A. Using arguments similar to those of [13, Theorem 8], we can obtain the

following result, whose proof is omitted.

Proposition 5.1. For any z € R, {Wc,»)(X) 1 x > 2} is a P;-martingale with respect to the fil-
tration {Fc,vy i X > 2}, and, as x — 00, W, v)(X) converges a.s. and in LY(P,) to W(A, 2)
when |A| € [0, A*) and E(Llog™ L) < oo.

Let Ye =) ccio) SiXu(on)}» Where {x} is the fractional part of x. Then Y, is a point measure
on [0, 1]. Notice that

Wean)= Y e Mooy X, (o,), 1)

ueC(x,v)

= Y UKo, D= (Y ¥,

ueC(x,v)
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Thus by Proposition 5.1, we have

P.-a.S.
e (Y, ¥) S5 W(A, 2), asx— oo.

Theorem 5.2. Suppose |v| > v* and E(Llog™ L) < co. If u(t, x) is a pulsating traveling wave
with speed v, then there exists 8 > 0 such that

ui, x) =E, exp{ —Be" MW, x)] , (5.6)

where |\| € (0, \*) is such that v = y()‘)

Proof. We assume that A >0. The case A <0 can be analyzed by symmetry. By
Theorem 5.1, M,(v) is a P,-martingale with respect to {F¢(,v) : x > z} with expectation u(0, z)
and converges a.s. and in L' (P,), where

M,(v) =exp Z log u(—au, Xu(ou))

ueC(x,v)
So there exists a non-negative random variable Y such that
- Z logu(—oy, X, (aL,)) i 'Y, asx— oo.
ueC(x,v)
Note that
Xu(ow) = {Xu(ow)} + [Xu(ow],

Xy(oy) —x _ {Xulow)} —x + [Xu(ow)]
v n v v

u=

The previous convergence can be written as
S—X P.-a.s.
Yy, —logu|l —, - — Y, asx— oo.
v

lim <Yx, —logu<1, -)>=,3 lim (7Y, (-, A),
xX— 00 ) X—> 00

and thus Y = BW(A, z). By the dominated convergence theorem,

By (5.4),

u(0, 2) = lim_ E,ellr 108 W) — |, lim fYx logu(55))

X—> 00
=E.e V= Eze_ﬂW(A’Z).
Theorem 1.3(i) of [16] shows that I, exp{—Be?*W (A, x)}, as a function of (¢, x), is a solution

of the following initial value problem:

du _10%u
f(u) — —E.e AWRN
S =raa TE (f(w) —w), w0, x)=Ee

Therefore, u(t, x) and E,exp{— ,867’()‘)’ W(A, x)} are solutions of the above initial value
problem. The uniqueness of solutions of initial value problems implies that (5.6) holds. O
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Now we consider the critical case. Recall that on the space—time half-plane {(y,#):y €
R, r € R*}, the barrier ') is described by the line y 4+ vt =x for x > 0, and C(x, v) is the
random collection of particles stopped at the barrier. Define the barrier I~%*) described by
y= hl(—x— y'(M)1), and define C(—x, 1) to be the random collection of particles hitting this
barrier.

Define C(z, v*) to be the set of particles that stopped at the barrier I'"") before meeting
the barrier T™**")_ Fix x > 0 and y > h~!1(—x). Define

Y=Y S 22

uea(z,v*)

Consider the sequence {V% (et 7> y}, where

V%(w*) = Z oV ) X0 (X, (), A7)

ueZ‘(z,v*)

ook V3 (Xu(ou), %)
("+ Y (A )ou + Xulow) = m>
-z * - M)
Y YKo, & )(’““’ ¥ (Xu(ou), %)
ueC(z,v*)

_ (—=x,1%) —\¥z T _I/f)»(',)\*)>>
—<YZ . e lﬂ(,)»)<x+z e ) zzy.

Using similar arguments as in [13, Theorem 15], we have following proposition.

Proposition 5.2. Let {‘7:5(1,1)*) 1z> y} be the natural filtration describing everything in
the truncated branching tree up to the barrier T@V). If E(L(log+ L)z) < 400, then
{Vé(w*), 7> y} is a Py-martingale with respect to {]—‘az,v*), = y], and Vé(z,
Py-a.s. and in Ll(]P’y) to V¥(A*) as z — oo.

V) converges

Proof. Fort> 0, let
Ci(z, v*) = {u eCz, v 0, < t}

and _ N N
Az, v¥) = {u EN;:ve¢ Ciz, V™), Vv < u}
Define
X ~
IAC(z V%)
oy ok X, (), A*
=Y e VRO (x,(0), ) (x4 G+ Xur) — ¥ (Xl 27)
i ¥ (Xu(), 1)
u€A(z,v*)

+u€6;(Z:V*)e veton 2 (v Y (Xu(ow), 1)

A straightforward calculation, similar to the proof of [16, Lemma 2.16], shows that

E, (VIO Fam ) = Vs (5.7)

t/\E‘(z,v*)'
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Since lim oo |Zt(z, v*)| =0 and lim;y Ci(z, v¥) = C(z, v¥), letting # — oo in (5.7), we have

. X () Y| T X
s Ey(Vz @ >|fc<z,v*>) Veewy

By [16, Theorem 4.2], V}(A*) converges to V*(A*) in Ll(]P’y) as t— oo. Thus
Ey (VIO Fg. ) converges to By (V)| Fg, ) in L'(Py). So
Ey(Vx()»*)l}'g(Z’v*)) = Vi

Letting z— 00 in (5.7), we get that E,(VF(1*)|Fx) = VF(1*), where Foo =0 (U,
Fg(w*)). This implies that V¥(1*) is Foo-measurable. Hence

Ll(IPy)/a.s.
Vé‘(z pry = y(Vx()‘*)U:E(z,u*)) — E, <VX(A*)

]—'oo) — VEOL).
This completes the proof. (]

Recall that the derivative martingale {dW;(1);>0, Py} is defined by (1.6). By [16, Theorem
1.2], for any |A| >A* and x € R, the limit dW(X, x) := lim;jo dW;(L) exists Py-a.s., and
dW(x, x) € (0, co) when A = 1* and E(L(log" L)?) < co.

Theorem 5.3. Suppose E(L(log+ L)2) < oo. Ifu(t, x) is a pulsating traveling wave with speed
v*, then there exists B > 0 such that

u(, x) = E, exp{ —pe” *"awinr, x)}. (5.8)
Proof. From Proposition 5.2, we have
_ (—x%) =t Yl AN _
Z1_1)1’15010 VC( 1_1)11201o <YZ * , € Z‘(ﬂ(-, )»*) <)C +z— W = Vx()\*), ]P’y-a.s.

Notice that for fixed x > 0,

,AF . .
<x+z - %) /z— 1 asz— oo, uniformly in w € [0, 1].

Therefore,
lim <Y< —xA%) ze**zlp(.,x*»zvxa*), P,-as.

7—> 00
Let y(—*") be the event that the BBMPE remains entirely to the right of | Ol By (5.1)
and v* =p'(1*), we have inf,>o{m, +y'(1*)t} > —oo Py-a.s. By the definition of T(%*"),
y ) =¥ 1> 0, m; > h~(—x — y/(A*)1)}. Therefore

Yilz, M)
ze[o 1] W(z, A)

Py(y(_x’k*)) <lnf{mt +y' (W1} > —x+ m ) 11 asx— oo,

which implies that

lim IEDy(yHM =1 (5.9)
Note that on the event y ™%+ VX(1*)=3dW(L*, y) Py-as. and Y( —%A)
> ueCzv) SiXu (o)~ Thus it follows that under PPy,

=Y., where Y, =

lim (Y, ze7 5 (-, A%)) = 9W(R*,y)  on y ™49,
7—>00
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By (5.9),
lim <YZ, ze_}‘*zlp(., A*)> =9dW(r",y) Py-as.
—> 00

So by the dominated convergence theorem and the asymptotic behavior (5.5),

w0, ) = lim Eyel™ X)) g, 1im % o))
7— 00 -

yandeol

=E, lim e 1= A VI Z | o FIWOD),

Z—)OO
Theorem 1.3(ii) of [16] shows that E, exp{—,BeVW)’BW(A*, x)}, as a function of (¢, x), is a

solution of the following initial value problem:

Ju _10%u BaWOr
S =372 tedw-w, u0=Ee POWATY)

Therefore, u(z, x) and E, expi—ﬂe”k*)’ oW(*, x)} are solutions of the above initial value

problem. The uniqueness of solutions of initial value problems implies (5.8) holds. (|
Proof of Theorem 1.3. Combining Theorem 5.2, Theorem 5.3, and [16, Theorem 1.3], we
have Theorem 1.3. U

A. Appendix
Lemma A.1. Let {f(Byo,;), t > 0} be defined by (4.7). For any 0 <s <1,
) [fBro.ine) 1 Fs] = FBo.sac),
where 1 is defined by (4.3),
Proof. For any s > 0, we use 6; to denote the shift operator. First note that
7 (FBro,inc)IFs) (A1)
= chy’)\*) [W(_t N Tz, Bt/\‘rzv ye~ f‘;mz g(Br)w(ir’B')drlszrz ]:S:I
]

sy [ _ [Nt _
+H§C)‘,k)|:w(_t ATz, Binr.. Y)e Jo" aBow=r.Bdry

=1+1
For I, we have
[=W(—7,, By, y)e™ Jo 8B By (A.2)
For I1, we will prove that
II =W(—s, By, y)e~ Jo gBIw(=r.Brdry (A.3)

which is equivalent to

())’A'*
A INTZ
H t/\T* W( tN Ty, B[/\T , y)e f() “eBw(=r B')drl 3, 1%) ls<fz ]:S
A( ,A*) At/\r >0}
AP

(s, By, e o NG Bndry (A4)
A
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Recall that
. =1()=inf{t>0:y+ y' (W)t + h(B;) <z},

and t,(y + v*s) = 7,_+5. For 0 < s <, we have on {s < 1,}
IANT, =5+ (t—8) A T x5 0O

and
Bt/\rZ = B(tfs)Arz,V*s o ;.

Y.-X. REN ET AL

Using the Markov property of {B;, t > 0} and the fact that {AX? D 0} , we have the following:

left side of (A.4)
_ Hx((Agy,k*))—le_y(x*)zArz—A*B,Arz+/8Arz g(B')d’w(Bmz, %)

IATZ
X (v + 1 WA T A+ BB )W(—1 AT, Bin,, y)e o 8BIWCrBdry |]-}>

N1 o (aFYsk [ —w(—
= 1or. (A] )Ty NSy B —w(rBr)dr

(tfs)/\rz—v*s

x 1 [e7V()L*)((t*‘f)/\fz—v*x)f)‘*B(t—s)/\r,_V*S +f() g(By)(1—=w(—s—r,B;))dr
x z

XY (Businr, e M)+ 7' ) (s + @ — ) A Temvrg) + h(Bu—siar._s,))

x W(_S — (= 5) A Ty, B(tfs)/\rz,v*xv y) o 05 ]:s]

= Lyer, (AQ7) T e WSS #B(—W(—r B )dr
(t=$)AT,

X HBS I:e_V()\*)((t_s)/\fz—v*s)_)‘*B(l—x)/\r,iv*s+f0

Z

VS 9B —wW(—s—r,B,)dr

XY (Blr—s)nt,_pgr A5) (v 4+ ¥ s + 7 W)@ = 9) A Temvrs) + A(Bu—sinr_ ;)

X W(_S — (= $) A Tmprg, B(t—s)/\rz_v*xv y)]
By (2.11), we have the following:
left side of (A.4)

% % B (!—.Y)/\rz7 *
_ Hg;‘rv 5,17%) e~ Jo Vs g(B,)w(fsfr,Br)drﬁ,(

i * —1 * ) *
X Ty, (Agy’A >) e Vst o 8BA—WrB)Mr o =1"Bs (B 3 %)(y 4 v*s + h(By))

B (I—S)AT,_ %
* ’)h* _ z—v¥s e e
_ Hgf” 5, M%) e Jo g(Br)W(—s r,B,)er(_S —(

. xy\ —1 " "
X Lo, (Af)” >> AGH) = o RBIWr B

B (1=$)AT,_
_ l—[gj—v*x,k*) e~ Jo D Tz—vks g(B,)w(—s—r,B,)drw(
0, 2")
o AT B oW By
A('V’A'*) §<T;
0
%)
_A

S W(—s, By, y)e~ o T EBINCrBIY ot side of (A4),

NS
AO
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where in the last equality we used (4.5) with T replaced by —s, x replaced by By, y replaced by
y+ v*s, t replaced by ¢ — s, and z replaced by z — v*s. Hence (A.3) holds. Combining (A.1),
(A.2), and (A.3), we obtain

" ATy
1‘[9”* ) I:/VV(—I AT, Bt/\rw Ve~ Jo g(B,)w(fr,Br)dr|]_—S:|

SAT
= W(=S AT, Bopr, y)e~ Jo BBV ENr _ g 0y,
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