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Abstract. We consider the additive martingale W; (1) and the derivative martingale d W; () for one-dimensional supercritical super-
Brownian motions with general branching mechanism. In the critical case A = Aq, we prove that +/t W; (1¢) converges in probability to
a positive limit, which is a constant multiple of the almost sure limit d Woo(1() of the derivative martingale d W; (Ag). We also prove
that, on the survival event, limsup,_, o, /7 Wi (Ag) = oo almost surely.

Résumé. Nous considérons la martingale additive W; (1) et la martingale dérivée dW;(X) pour les super-mouvements browniens
surcritiques unidimensionnels avec mécanisme général de branchement. Dans le cas critique ot A = A¢, nous prouvons que /7 W; (Ag)
converge en probabilité vers une limite positive, qui est un multiple constant de la limite presque siire d Woo (1) de la martingale
dérivée dW; (1g). Nous prouvons également que, dans I’événement de survie, limsup,_, , ~/f W; (Ag) = 0o presque siirement.
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1. Introduction

Let {Z,,,n > 0} be a supercritical Galton—Waston process with Zyp = 1 and mean m = EZ; € (1, 00). It is well known
that {m~"Z,;n > 0} is a non-negative martingale and thus converges almost surely to a limit W. The Kesten—Stigum
theorem says that W is non-degenerate if and only if E[Z;log Z|] < oco. Seneta [25] and Heyde [16] proved that if
E[Zlog Z1] = oo, then there exists a non-random sequence {c,},>0 such that Z, /c, converges almost surely to a non-
degenerate random variable as n — oo. This result is known as the Seneta—Heyde theorem and the sequence {c,} is
therefore called a Seneta—Heyde norming.

A branching random walk is defined as follows. At generation 0, there is a particle at the origin of the real line R.
At generation n = 1, this particle dies and splits into a finite number of offspring. The law of the number of offspring
and the positions of the offspring relative to their parent are given by a point process Z. Each of these offspring evolves
independently as its parent. Let Z, denote the point process formed by the position of the particles in the n-th gen-
eration. Biggins and Kyprianou [3,5] considered the non-negative martingale W, (0) := m(0)™" [ exp(—6x)Z,(dx),
which is referred to as the additive martingale, where m(0) = E f exp(—6x)Z1(dx). They proved that, if m(0) > 1
and m(0) < oo for some 6 > 0, then the limit of W,(#), denoted by W(6), is non-degenerate if and only if
logm(0) — Om’(0)/m(6) > 0 (supercritical) and E[W;(6)log, W1(6)] < oo, where log, x := max{logx, 0}. They also
showed that, when logm (9) — 0m’(9)/m(6) > 0 holds but E[W; () log 4 W1(8)] = oo, there exist a Seneta—Heyde norm-
ing {c,}»>0 and a non-degenerate random variable A such that W,,(6)/c, converges to A in probability as n — oo.

For the critical case of logm(0) — 0m’(0)/m(6) = 0, without loss of generality, we assume that m(6) =60 = 1. Ac-
cording to [3,5], the additive martingale W,, := W, (1) = f exp(—x)Z, (dx) converges to 0 almost surely, as n — 0o. The
study of the additive martingale W,, in the critical case relies on analyzing another fundamental martingale. Under the
assumption that E[ f xexp(—x)Z1(dx)] =0, D, := f x exp(—x)Z,(dx) is a mean O martingale which is referred to as
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the derivative martingale. Convergence of the derivative martingale was studied by Biggins and Kyprianou [4]. In order
to state their result, we introduce the following integrability conditions:

(1.1) o’ :=EU xZe ¥ Z, (dx)_ <00,

(1.2) ]E[(/ e"Zl(dx)) 1og2+</ ele(dx))- < 00,

(1.3) E[(/((x)+e_x)21 (dx)) log,. </((x)+e_x)21 (dx)) < 0.

Biggins and Kyprianou [4] proved that under the assumptions (1.1)—(1.3), D, converges almost surely to a non-degenerate
non-negative limit D, as n — 00, see also Aidekon and Shi [1, Theorem B]. Hu and Shi [17, Theorem 1.1] proved that
there exists a deterministic sequence (a,),>1 such that, conditioned on survival, E converges in distribution to some
random variable W with W > 0 a.s. It was further proved in Aidékon and Shi [1] that under the assumptions (1.1)—(1.3),

2
(1.4) lim /nW, _,/ Doo in probability.

n—oo

They also proved that lim sup,,_, . +/nW, = 400 almost surely conditioned on survival. Under the assumption that the as-
sociated random walk is in the domain of attraction of an «-stable law, @ € (1, 2), He, Liu and Zhang [15] proved nl/ew,
converges to C Do («) in probability, where C > 0 is a constant and D (c) is the limit of the derivative martingale under
different moment conditions. For the subcritical case logm(0) — 0m’(9)/m(9) < 0, Hu and Shi [17, Theorem 1.4] gave
some convergence results for log W, ().

A branching Brownian motion (BBM) can be defined as follows. Initially, there is a single particle at the origin. It
lives an exponential amount of time with parameter 1. Each particle moves according to a Brownian motion with drift
1 during its lifetime and then splits into a random number, say L, of new particles. These new particles start the same
process from their place of birth behaving independently of the others. The system goes on indefinitely, unless there is no
particle at some time. Assume that the BBM is supercritical, i.e., EL > 1, and 2E[L — 1] = 1. Let Z; be the point process
formed by the position of the particles at time . The non-negative martingale W;(0) := 67(9,1)2, /2 f exp(—6x)Z;(dx)
is called the additive martingale and plays an important role in the study of BBMs. It is known that the limit W(0) of
W;(0) is non-degenerate if and only if |¢| < 1 (supercritical case) and E[L log, L] < oo, see [6,23]. Another key object
for BBMs is the derivative martingale D, := [ x exp(—x)Z,(dx) in the critical case # = 1. Yang and Ren [27] proved that
D; converges almost surely to a non-degenerate non-negative limit Do, as t — oo if and only if E[L logi L] < o0, and
if E[L log2+ L] < 0o holds, Dy, > 0 almost surely on the event of survival. Fluctuation of the derivative martingale D;
around its limit Do, was given by Maillard and Pain [22]. The analog of (1.4) is also valid for BBMs, see [22, (1.7)].

In this paper we consider supercritical super-Brownian motions in R. A super-Brownian motion arises as the high
density limit of branching Brownian motions or branching random walks. Let B, (R) (respectively B (R), respectively
BZ‘ (R)) be the set of all bounded (respectively non-negative, respectively bounded and non-negative) real-valued Borel
functions on R. Let M(R) denote the space of finite Borel measures on R. For any f € B; (R) and u € M(R), we use
(f, m) or (f) to denote the integral of f with respect to u whenever the integral is well-defined. For simplicity, we
sometimes write ||u|| := (1, u).

We will always assume that B = {(B;);>0; [1x, x € R} is a Brownian motion on R. Let the branching mechanism
be given by

(1.5) YA = —ak + BA2 +/ (e =1+ ax)v(dx), 1>0,
(0,00)
where 8 >0, o = —'(0") and v is a o -finite measure supported on (0, c0) with f(o 00) (x Ax2)v(dx) < 0o. There exists

an M(R)-valued Markov process X = {(X;);>0; P, u € M(R)} such that
]P)M[e_xt(f)] — e_N(Utf), >0, fe B;(R),

where (¢, x) — U; f (x) is the unique locally bounded non-negative map on R4 x R such that

U, f(x) + T [/ w(U,_sf(Ba)ds} =IL[f(B)]. t>=0,xeR.
0
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This process X is known as a super-Brownian motion with branching mechanism . For the existence of X we refer our
readers to [9,10,12] or [21, Section 2.3].
The super-Brownian motion with branching mechanism 1 is called supercritical, critical or subcritical according to
Y (07) <0, ¥/ (07) =0 or ¥/ (07) > 0. In this paper we concentrate on supercritical super-Brownian motions, i.e., we
assume ' (0") < 0. We always assume that v (co) = oo which guarantees that the event & := {lim,_, || X; || = 0} will
occur with positive probability. Let A* be the largest root of the equation ¥ (1) = 0. For any u € M(R), P, (£) = e Ml
In this paper we shall also assume that

(1.6) dé < oo.

00 |
/ Vv w) du

Under condition (1.6), it holds that (see, for instance, [20]) £ = {3f > 0 such that || X;| = 0}.
Denote by 0 the null measure on R. Write M?(R) := M(R) \ {0}. Set ¢;, = —/(0") /A + 1 /2 and define

W, (1) i=e e, X,), t>0,AeR.

Then according to [20], for any u € MOR), WA := {W;(%) : t > 0} is a non-negative [P, -martingale and thus has an
almost sure limit Wy, (1). W(Q) is called the additive martingale. By [20, Theorem 2.4], W, (1) is also an L (P,) limit

if and only if |A] < Ap and /[1 o) r(logr)v(dr) < oo, where Lo = /—2¢/(01).
Another important martingale d W (1), called the derivative martingale, is defined as follows:

AW (0 =t + e ™M) X)), 1>0.

Under condition (1.6), Kyprianou et al. [20, Theorem 2.4] proved that when |A| > Ao, dW;(A) has a P, almost surely
non-negative limit dWuo (1) for any u € MO(R), and when |A| > Ag, dWeo(X) =0 IP,, almost surely. When |A| = Ag
(called the critical case), d Woo (A) is almost surely positive on £€ if and only if

(1.7) / r(logr)?v(dr) < oo.
[1,00)

In this paper we concentrate on the critical case |A| = Xo. Due to symmetry, without loss of generality, we assume
A = Ag. The derivative martingale d W, (o) plays an important role in the study of the extremal process of super-Brownian
motions, see [24].

The additive martingale W; (1) converges to 0 as t — oco. The goal of this paper is to find the rate at which W; (o)
converges to 0. For simplicity, we write

Wy := W, (ho), AW, := W, (o), IWoo := 0Weo(R0).

Let {(X ,)‘0),20; P., u € M(R)} be a superprocess with the same branching mechanism v in (1.5) and with a Brownian

motion with drift Ao as spatial motion. Then ( f, X ,k N = {(f(hot +), X;) forany f € B:(R). Note that ¢;,, = A9, we can
rewrite W; and 0 W; as

W =(e 2 X}0),  aw, = (e, X]0).

Write IP as a shorthand for Ps,. Throughout this paper for a probability P, we will also use P to denote expectation with
respect to P. The main results of this paper are the following two theorems:

Theorem 1.1. If (1.6) and (1.7) hold, then

[2
tlim ViW, =/ Z0Ws in probability with respect to PP.
—00 T
The following result says that the above convergence in probability can not be strengthened to almost sure convergence.

Theorem 1.2. If (1.6) and (1.7) hold, then on E€,

(1.8) limsup/tW; = +oo  P-almost surely.

1—00
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We end this section with a description of the strategy of the proofs of Theorems 1.1 and 1.2, and the organization
of this paper. In the remainder of this paper, we always assume that (1.6) and (1.7) hold. In Section 2, we introduce
the exit measures, the N-measures and the spine decomposition of super-Brownian motion. We also give some basic
properties of Bessel-3 processes. We also use exit measures to define a variant Wt_y (see (2.9)) of the additive martingale
W, and a variant V, ” (see (2.10)) of the derivative martingale 3 W, by killing the particles hitting —y before time 7. These
ingredients will be used in the proof of Theorem 1.1. In this section, we also introduce the skeleton decomposition for
super-Brownian motion, which is used in the proof of Theorem 1.2.

In Section 3, we prove Theorem 1.1. We will use the spine decomposition to give a copy of W, * and a copy of V, ~,
A
oY

w7+

denoted as VT/,_y and Vt_y, respectively. We first prove the mean o 7oL g converges to /2/m ast — oo in Lemma 3.2.
t

W, VY

Then in Lemma 3.3, we prove that converges to /2/7 in L%, which is the key to the proof of Theorem 1.1. Due

to the weak moment condition on the Lévy measure v in (1.7), to prove Lemma 3.3, we need to define a family of “good”
sets E, with probabilities tending to 1 as t — oo (see Lemma 3.6). On the set E, we prove a sharp upper bound for the
ratio of these two modified martingales in Lemma 3.7. This sharp upper bound is crucial for the proof of Lemma 3.3.
Although the proof of Theorem 1.1 is similar to that of the corresponding result for branching random walks given in
Aidékon and Shi [1], more efforts are need to deal with E; since the spine decomposition of super-Brownian motion is
more complicated.

In Section 4, we prove Theorem 1.2. A key for the proof of the corresponding result for branching random walks given
in [1] is the asymptotic behavior for the minimal position of branching random walks given in [1, Theorem 6.1]. The
fact that the spatial displacement of a branching random walk in each generation can be regarded as a point process is
used crucially in the proof of [1, Theorem 1.2]. However, a super-Brownian motion in R has a density with respect to
the Lebesgue measure and thus can not be regarded as a point process. We overcome this difficulty by using the skeleton
process. Roughly speaking, we choose a sequence of random times and use the fact that the skeleton process observed
at these random times is a branching random walk. In Lemmas 4.1 and 4.2, we show that this branching random walk,
after a suitable translation, satisfies the conditions of [1, Theorem 6.1], i.e., conditions (1.1) (1.2) and (1.3) above. So we
can apply [1, Theorem 6.1] to get the asymptotic behavior of the minimal position of this shifted branching random walk,
which, in turn, is used to get the conclusion of Theorem 1.2.

2. Preliminaries

In this section, we will introduce some useful results that will be used later.
Recall that {(B;);>0; 1y, x € R} is a Brownian motion. For any x € R, we define 7, = inf{t > 0: B, = x}. It is well

2 . . . . .
known that {08 %"/ 1 > 0} is a positive ITp-martingale with mean 1. We define a martingale change of measure by

A
dl_[o0
dITy

(2.1) — M0Bi—Gt/2

o (Bs:0<s<t)
Under 1'180, {B;,t > 0} is a Brownian motion with drift A staring from 0. For any y > 0, we define ﬁy by
dri,

_y+B
dI, o

(2.2)

le<z -

o (Bg:s<t)
Under I:Iy, {y + B; : t > 0} is a Bessel-3 process starting from y and the density of y + B; is
X

y/2mt

2.3) fix) = U (1 — e g,

2.1. Branching Markov exit measures

Forany r > 0 and x € R, let {(B;)>r; Hi‘gc} be a Brownian motion with drift Aq started at x at time r. Héox is the same as

l'[f}“. Let S =[0, 00) x R, B(S) be the Borel o-field on S, O C B(S) the class of open subsets of S and M (S) the space
of finite Borel measures on S. A measure u € M(R) is identified with its corresponding measure on S concentrated on
{0} x R. According to Dynkin [11], there exists a family of random measures {(X o, P,); Q € O, u € M(S)} such that
forany Q € O, u € M(S) with supp u C Q, and bounded non-negative Borel function f (¢, x) on S,

Py[exp{—(f. Xo)}] = exp{~(VE. u)}.
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where VfQ (s, x) is the unique positive solution of the equation
0 T (2
Vf (s, x) + I « f 1ﬁ(vf (r, Br)) dr =TIl x f (2, Br),
N
with T :=inf{r : (r, B,) ¢ Q}. By [10, (1.20)], we have the following mean formula:
2.4) Bl Xo) = [ Mo[e £ Bo)Jucds av).

For y > 0, t > 0, we define D’ , :={(s,x) : s <t,—y < x}. Then the random measure X AO, is concentrated on
y y y D
.

BD’,y :=([0,1) x {—y}H) U ({t} x [—y, +o<]), and for any p € M([0, c0) x R) with suppu C [0,}) x [—y, +00), and
fe Cb(D’_y) with f(s,x) = f(0,x) =: f(x) forall s >0,

Bulexpl {7 X 1] = exp{ U700, )

where U ;y (s, x) is the unique positive solution of the integral equation

IAT_y o
2.5) U™ (s, x) + TS, f Y (U (r, B))dr =TUS [ £ (Biar,)],  (s,x) € DL,
s

with D y being the closure of D" y- By (2.4) and the homogeneity of Brownian motion, for any x € R, we have
(2.6) Ps.(f, x?;,ﬁy) =120 [*7") f(Byae )]

By the time homogeneity of Brownian motion with drift 1¢, (2.5) can be written as
s N (t—=s)AT—y vt N
U (s, %) + 1130 / V(U +s,B) dr = TI°[ f (Bu—s)ae,)].  (s,x) € DLy
0
Put u;y (t—s,%x):= U;y’t(s, x). The above integral equation can be written as

(t—=s)AT—y .
u (= s, x) + T30 /0 Y(u "t —r—s,B))dr =T[f(Bu—sae_ )], (s,%) € DL,

which is equivalent to

SAT_y .
@7 W7 (5,30 + T fo Y7 (s —r B))dr =9 f(Bone )], (s.x) € DL,
The special Markov property (see [10, Theorem 1.3], for example) implies that, for all D™, C D’,y,
(2.8) Pu[(f, X% NWF 1=P s (£.X5 )
. wl\> 2pr . x5 VoSt
where F =0 (X :s<t,x<y)
pt, = Aps S SHX =Y

In the pryoof of Theorem 1.1, we will use modifications of W; defined below. For any y > 0, define

(2.9) W, = (e Ly (0. X0 ). 120

2.2. N-Measure and spine decomposition for X*0

Without loss of generality, we assume that X is the coordinate process on I := {w = (w;);>0 : w is an M(R)-valued
cadlag function on [0, 0c0)}. We assume that (Fuo, (F7);>0) is the natural filtration on D, completed as usual with the
Foo-measurable and P, -negligible sets for every u € M(R). Let W(')" be the family of M (R)-valued cadlag functions on
(0, o0) with 0 as a trap and with lim; o w; = 0. War can be regarded as a subset of D.
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Under condition (1.6), Ps (X;(1) =0) > 0 for any x € R and ¢ > 0, which implies that there exists a unique family of
o -finite measures {Ny; x € R} on Wg such that for any u € M(R), if A'(dw) is a Poisson random measure on Wg with
intensity measure

Ny (dw) :=f Ny (dw)p(dx),
R

then the process defined by

Xo =, X, = f wN(dw), >0,
Wg
is a realization of the superprocess X = {(X;);>0; Py, u € M(R)}. Furthermore, Ny ((f, w;)) =Ps (£, X;) and N[l —
exp{—(f, ws)}] = —logPs_[exp{—(f, X;)}] for any f € B;'(R) (see [21, Theorems 8.22 and 8.23]). {N,; x € R} are
called the N-measures associated to {IPs,; x € R}. One can also see [13] for the definition of {N,; x € R}.
Next, we recall an important spine decomposition for super-Brownian motions. The spine decomposition is related to
a martingale change of measure. Fix y > 0, define V,”” by

(2.10) V7 = (4 e XY ) 120,

From [20, Section 7], we know that V,”” is a positive P-martingale with mean y. Define Q> by

Q| 1

@2.11)

We say {(&):>0, (X(“)),Zo, (X(m))tzo, (XDe>0; I’ﬁ”y} is a spine representation of {(X;)¢>0; Q77} if the following are
true:

(i) The spine process is given by & := {&,, ¢ > 0} such that {(§& + Aot + ¥)i>0; ﬁ‘y} is a Bessel-3 process starting
from y.

(i1) Given (&; Py ), let A be a Poisson random measure on [0, co) x D with intensity 28 dtNg, (dw). For 7 > 0, define
X t(n) = f[o, i Jpwi—s N (dr x dw). X () js referred to as the continuous immigration.

(ii1) Given (&; Py ), let {R; : 1 > 0} be a point process such that the random counting measure ), 8¢, r,) is a Poisson
random measure on (0, 00) x (0, c0) with intensity drrv(dr), let D™ be the projection onto the first coordinate of the
atoms {(s;, r;)} of this Poisson random measure and D™ := D™ N [0, ¢]. Given £ and R, independently for each s € D™
and r = Ry, a process {X™*, s, } is issued at the time-space point (s, §). For > 0, define X,(m) = Z‘YeD;n X;'li X (m)
is referred to as the discrete immigration.

(iv) (X', PY)isa copy of (X,P) and (X', P)is independent of £, X™ and X™.

For ¢ > 0, define X, = X, + X,(") + Xt(m). By [20, Theorem 7.2],

{()N(t)tz(); ﬁ_y} 4 {(Xt)tzo; @_y}-

{(i,),zo; IF_V} is called a spine representation of {(X;);>0; Q7"}.
Now we give a spine representation of {(X,AO),Zo; Q77}. Define

g4 =g} 1> 0} := (& + hot, 1 = 0},

then {Et)‘o +y,t>0; ﬁ’y} is a Bessel-3 process starting from y.

We construct {(£/9);=0, (X™-20),-o, (XM-20),_ o ((X*0)!),50: P}, called a spine representation of {(X,*);=0}, as
follows:

(i) The spine is given by £%0 = (& + Aoz, t > 0} such that (£%0 + y, ﬁ_y) is a Bessel-3 process starting from y.

(i1) Continuous immigration. Given SAO, the continuous immigration X ,(“)’)‘0 is defined such that V f € Bl‘f (R),

(f. Xf‘”’“)z/ /(f(-+ko(t — $) + 208). wi_ N (ds x dw) = [ £+ rot), X™).
[0.:]JD
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Define w by (f, we®) = (£(- + Aos), ws). Then the random measure N0 defined by

f /(f(.),wfﬁs)f\ﬂﬂ(ds x dw™?) :=/ /(f(-+/\0(t—s)+xos),wt_x)N(ds x dw),
[0,/] /D [0,¢]1 /D

is a Poisson random measure with intensity 28 dtN £ (dw0).
t

. . . . . . . . . m,s,A
(iii) Discrete immigration. Given £*0, the discrete immigration X"

Vfe B R),

immigrated at time s is defined such that

(£ X0 = (F (- 2ol = 9) + Ros), XT0) = (£ ¢+ 2on), XI23).
The almost surely countable set of the discrete immigration times in [0, ¢] is also given by D™ as in the spine decompo-
sition of {(X,);>0; Q). Define X\™"** = Y sepm Xm0,
(iv) {(X?0);, 1 > O} is defined by
(£ (X)) =(fC+r0). X)), feBf(R).
For any ¢ > 0, define

T

(2.12) Xto = (X)‘O); + Xt(n)J”O + Xt(m)s)\o'

Proposition 2.1.
(2.13) {(it)\o)tzo;ﬁ)_y} = {(X?O)tzo;(@_y}'

Proof. By the definition of X0, X™"* and X™**0,

t—s

(£ XP)=(FC+ 200, X))+ (FC 4200, XV)+ D (- +hot), XP™3)

seDM
=(f(+200), X,).

This says that {(??0),20, ]IND_Y} is a shift of {(it),zo, ﬁ‘y} with constant speed Ag. Also note that

Q7 [exp{~(£. X;°)}] = Q™ [exp{~{£ (- + 20n). X:)}] = F[exp{~{£ (- +200). Xi)}].
Thus we have
Q7 [exp{~(£. X;°)}] =B~ [exp{~{. XI*)}].

which says that {()??‘0),20, ﬁ’y} and {(Xt)‘o),zo, Q7Y} have the same marginal distribution. By the Markov property of
both processes, we have (2.13). (I

2.3. Skeleton decomposition for X

In this subsection, we recall the skeleton decomposition, which is also called the backbone decomposition in some papers,
see Eckhoff et al. [14] for an explanation of the terminologies. This decomposition was first proved by Duquesne and
Winkel [7, Theorem 5.6], where only the genealogical structure was considered, and later generalized by Berestycki et,
al [2]. This decomposition will be used in the proof of Theorem 1.2.

Recall that X = {(X/);>0; Pu, n € M(R)} is a supercritical super-Brownian motion and &£ = {lim;_, || X/ || = 0}.
Under condition (1.6), £ = {|| X;|| = 0 for some ¢ > 0}. For any u € M(R), we define IE”,‘S by

L) =Pu1E).

Then by [2, Lemma 2], {(X;)>0; ]P’i} is a super-Brownian motion with branching mechanism

YF) =P (A +A%) = —a*A + BAZ +/ (e™ — 14 ax)e™ v (dx),
(0,00)
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where

af =a —2p0F — / x(1—e ™ )u(dx) = -y’ (1¥).
(0,00)
We denote by {N)‘? : x € R} the N-measures associated to {IP’BSY :x € R}
Let M, (R) be the space of finite atomic measures on R. According to Berestycki et al. [2], there exists a probability
space, equipped with probability measures {P(, ), u € M(R), n € M,(R)}, which carries the following processes:
() {(Z1)1=0, P(u,n}, the skeleton, is a branching Brownian motion with initial configuration », branching rate ¥ (A,
and offspring distribution with generating function

1
(2.14) F(s):= Ww(k*(l — s)) +s, s€(0,1).
The law of this offspring, denoted by {p, : n > 0}, satisfies pp = p; =0 and for n > 2,
po= i | B e+ ) [ S uan
n )»*w/()t*) {n=2} (0.00) n! :

For the individuals in Z, we will use the classical Ulam-Harris notation. Let 7Z denote the set labels realized in Z and
let N[Z C T# denote the set of individuals alive at time ¢, for u € N,Z , we use z,(¢) to denote the position of u at time ¢.
The birth time and the death time of a particle u are denoted by b, and d,, respectively.

(i) {(XE)120, P} is @ copy of {(X,)20 PE).

(iii) Three different types of immigration on Z: N = {I,Ng ,t >0}, 1P = {I}Pg, t>0}and I8 = {I,B, t > 0}, which
are independent of X € and, conditioned on Z, are independent of each other. The three processes are described as follows:

e Given Z, independently for each u € 7%, let NV €4 pe a Poisson random measure on (by,d,] x D with intensity
. S €.
2Bdr x NZS o (dw). The continuous immigration IV is a measure-valued process on R such that

IIR]‘S = Z / / wt—.ng’u(dS x dw)_
METZ ( wsdy 1N[0,¢] J D

e Given Z, independently for each u € TZ, let {R* : t € (b,,d,]} be a point process such that the random counting
measure Z,E(bm dy] 3¢, RY) is a Poisson random measure on (b, d,] x (0, 00) with intensity dtre_k*’v(dr) and let

{(sl.z’“, ri) 1 i > 1} be the atoms of this Poisson random measure. The discrete immigration / P” is a measure-valued

process on R such that
P ._ (2,u,i)
Fe X X x
ueTZ i <t
where X %1 is a measure-valued process with law Pe (2
TiZuls;

e The branching point immigration /2 is a measure-valued process on R such that
3,
1= 3" 14,z X2,
ueT?

here, given Z, independently for each u € 7% with d,, < ¢, X% is an independent copy of X issued at time d,, with
law IE”IE,M Send)® where Y, is an independent random variable with distribution 7, (dy), O, is the number of the offspring
of u and {m,(dy), n > 2} is a sequence of probability measures such that

— 1 *\2 o Y —M*y
7 (dy) := m{ﬁ()\ ) 80(dy) Ljn=2) + (1¥) e v(dy)¢.
We define A; = {A;:7>0}onR by

A=XE+ 1IN + 1P 4 1B (>0
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For u € M(R), we denote the law of a Poisson random measure with intensity A* du by *3,,, and define P, by

P, = /P(u,n)mu(d’?)-
According to [2, Theorem 2], for any u € M(R), {(A;)s>0; P} is equal in law to {(X;);>0; P, }. The branching Brow-
nian motion {Z;, ¢ > 0} is referred to as the skeleton process, and {(A;);>0; P} is called a skeleton decomposition of
{(Xt)tzm ]P’u}-
2.4. Properties of Brownian motion and Bessel-3 process

Recall B = {(B;);>0; I1,, x € R} is a Brownian motion and 7_y =inf{t > 0: B, = —y} fory e R.

Lemma 2.2. For x > —y,

G+0/VE 21
H(t<r,)=2/ ——e */%dz, t>0.
* Y 0 2

Proof. This can be easily obtained by the reflection principle of Brownian motion. (]

Proposition 2.3. There exists a constant C such that

o
/ HZ(BS < X, min B,>O)ds§C(1+x)(1+min{x,z}), x,z>0.
0

rel0,s]

Proof. First note that, for any /,¢ > 0 and y € R, we have

(2.15) ,(r <B;, <r+h) /Hh Ly du < /r”‘ du h
. sup r<B;,<r =sup —c -/ u < sup =
reR Y ' reRJr N2t reRJr

Next, for any 0 <a < b, 7> 0, t > 0, by the Markov property, we have

l'[z(B, € [a,b], min B, > O)
rel0,t]
(2.16)

< HZ< min B, > O) supHy(Bz,/g €la,b], min B, > 0).
ref0,1/3] y>0 ref0,21/3]

It follows from Lemma 2.2 that

. 2z 6 z
(2.17) nz( min B,>O>§ il _ /2=
ref0,t/3] 7 \/1]3 T\t

The second term of right-hand of (2.16) is bounded by

M,(Bay/s € la, bl _min B, >0)
ref0,21/3]

<n,( in (B, —B —b,Bo—Bajs€ly—b,y— )
<II, Se[tr/%l,gtﬁ]( s 2/3) > 0o— B3 €ly y—al

= Ho( min Bs > —b, [32;/3 ely — b, y _a])

(2.18) s€[0,1/3]

<H(min By —b)s M,(Bsecly—b.y—
=0 oy T U‘;ﬁ o(Bry3 €y y —al)

- 6 b b—a 3bb-a)
Nt S2ntj3 7m0t
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where Bs = B2;/3—s — B3 is a Brownian motion for s € [0, 2¢/3]; we used the Markov property of B at time ¢ /3 in
the second inequality of (2.18), and the last inequality of (2.18) is due to (2.17) and (2.15). Combining (2.16)—(2.18), we
obtain

(2.19) M. (B; €la,b], min B 0)<\/54Zb(b_a) >0
: AP el AT ) SN T s =T

If x < z, by the strong Markov property at 7, we have

) o0
/ I1, (BS <Xx, min B, > 0) ds =TI, |:/ l{Bs<xsminre[0 51 B->0} dsi|
0 rel0,s] 0 ’

o0 o0
(2.20) <II, |:/ 1{B, <x,min, [z, 5) B, >0} dS] =TIl |:/ 1B, <x,min, 0 ) B, >0} dS]
Ty 0

rel0,s]

o0
:f Hx(Bs <Xx, min B, > 0) ds.
0
Using (2.19) and (2.20), we obtain that

o0 o0
/ I'I(B <X, m1nB>O)ds<x +f l'I(B <X, m1nB>O>ds
0 rel0,s] rel0,s]

<x+f \/7¢_ <C1(1+x)?

for some constant C; > 0. If x > z, by (2.17) and (2.19), we also have

2.21)

o0
/ HZ<BS <X, min B, > 0) ds
0 rel0,s]

X2 o0
(2.22) 5/ IT ( mln B, > O) ds +/ HZ<BS <Xx, min B, > 0) ds
€[0,s 2 rel0,s]

/\/7_(1 +/ \/7—ds<C2(1+x)(l+z)

for some constant C> > 0. Combining (2.21) and (2.22), we arrive at the assertion of the proposition. O
The following is a direct consequence of [18, (3.1)]. From now on, we use R to denote [0, 00).

Lemma 2.4. Suppose that {(n;):>0; I~"Ix, x € Ry} is a Bessel-3 process. If F is a non-negative function on C ([0, t], R),
then

HX[F(BS, s €0, t])l{vse[oy,],g_&()}] = ﬁx |:U£F(ns, s €0, t]):|, xeR,.
'

Lemma 2.5. If{(n,)po, v,y € Ry} is a Bessel-3 process, then

Hy[nt_z]<§, t>0,y>0.

Proof. Using the inequality 1 —e™ < x and the density of n; given by (2.3), we have

2= [« T R T O - P
Y[nl ]_ 0 X fm(x) = _oox 't\/ﬁe _? O

Lemma 2.6. Suppose that {(17,),>0, v,y € Ry} is a Bessel-3 process. Then for any event A; with lim,_, i, y(Ap) =1,
we have

N ~ -2 _
(2.23) Jim 1T, [n " 14¢] =0.
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Proof. For any ¢ > 0, we have

ﬁy[”leAi'] = ﬁ}’[”leAi'l{ntZeﬁ}] + ﬁ}’[’?le{m<sﬁ}]
(2.24) B T
Sny(A,)'E‘i‘Hy[T}, 1{17,<6«/;}]‘

By the same estimate for the density of n; in Lemma 2.5,

ad 2 8\/; 2
(1 eun] = [ 20 ds

Vi NG
<%/8 ;e*(x*Y)z/ZIdx<g/6 ;dtzz_gl
“tJo 2t T tJo  A2mt V2t

(2.25)

Combining (2.24) and (2.25), letting t — 00, we get
2¢e

lim suptﬁy[nlzlAf] <

—>00

Since ¢ is arbitrary, we get (2.23). U

3. Proof of Theorem 1.1
Proposition 3.1. For any y > 0, we have
e (x + Y)X7Y (d)

ﬁ’—y[ b0 ¢ dx|)~(AD°,7v] = 5 — ,
i t

where

TSRS o)

Proof. The main idea comes from [20, Theorem 5.1]. Let C ;‘ (BDLy) be the set of bounded non-negative continuous
functions on 9 D" y- We only need to show that for any g € C;(B D" )

(=G0t (), X3 )
- A TA - TA -y
@ B ool 051 ~ . T3 W] =B [enpl . T )|

By (2.13) and the definition (2.11) of Q™ the right hand side of (3.1) is equal to

1 1 ad
;P[exp{—(g, Xg)’,y)} (e GotOr (. py), XZOL),)] = —;P[E[exp{—(gy, Xg)Ly)}]

y:O+:|

with g, (t, x) = g(t, x) + ye~Got0x(x 4 y) Interchanging the order of expectation and differentiation, we get that

’

190 -
the right hand side of (3.1) = —— T gty 00)
ydy y=0+

where u;yy satisfies (2.7) and u(;)y = u;y. Thus,

1 -y J _
(3.2) the right hand side of (3.1) = ;e*“s <”°>£ugyy (t,0)

y=0%

Let m;y (t,x):= %u;yy (#,x)|,=o+- Replacing f by g, in (2.7), taking derivative with respect to y, and then letting

y — 0+, we get that mg_y is the solution to the equation

IAT_y
mg” (t, x) 4 T / W (g (t —r, B))mg  (t —r, B)dr = W0[e” 0D Brey (g, 4 y)].
A :
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Note that B;xr_, +y =0 when 7 > 7_y. The solution to the above integral equation is given by
(3.3) mg” (t,x) = 120 |:e_()‘°+6)3’ (B: +y) exp{— /Ot ¥/ (ug” (s, Bi—y)) ds},t < r_y}.
By the definitions (2.1) and (2.2), we have
mg” (t,0) = no[e—%két—”r (Bi +y) exp{— /Ot V' (ug” (s, Bi—y)) ds}, t< r_y]
=y, [e_%A%’_QB’ exp{— /(;t v (ug” (s, Bi—s)) ds”.
Using (3.2) and (3.3), we have
(3.4) the right hand side of (3.1) = ¢~s” @D TT [e—Kﬁf/HBf exp{— fo t ¥ (ug” (s, Biy)) ds”.

Next we deal with the left-hand of (3.1). Applying Campbell’s formula, we get

B exp{ (e, X g™ ] =B y[eXp{ /[0 , [ 8w IV (ds > du’ }\s“}

=exp —2,8/ f (1 — exp{—(g, w)i;)’,’F)}) dN % ds}
(3.5)
= exp —2,3/ —10ng " [exp{— <g, D, T)}] ds}
= exp —2,3/ ug” (1 —s, Sko)ds} —exp{ 2,3/ ug” (s, &2 S)ds}.
For X™)-%0 et my := || X II')'()S’)‘O | denote by the initial mass of the discrete immigration for s € D™. Then {m; : s > 0} is

a Poisson point process on (0, o0)? with intensity d¢rv(dr). We similarly have

B [exp{~{e. X))} 1g%] =B [exp{— > msug” (=58 °>Hf“]

seDM

=exp{—/t/ (1 —exp{—rug_y(s,Et)“f‘v)})rv(dr)ds}.
0 J(0,00)

(3.6)

Combining (3.5) and (3.6), we get
3.7) B [exp{—(g, X(") oy X(D“;);AO)}@AO] = exp{— fot[w/(u;" (5.£7,)) = v' ] ds}.
Note that (X*0)' is independent of £ and has the same law as X*. So by (3.7),
B [expl 05" 5. %33 )]
=B B ewpl g, (X70)py, + X4 X1

(3.8) N _ o
=B exp{ g (X0) 0 IF e B [exp{ —{g. X" + X116

=™ OP-y [e‘estko exp{— /l[lﬂ/(u;y(s, ) =¥ (07)] ds”~
0

Recall that —y/(07) = )%/2, {y+ B, t>0; l:Iy} is a Bessel-3 process starting from y and {S,AO +y,t>0; ﬁ—y} is also
a Bessel-3 process starting from y. Thus, by (3.4) and (3.8), (3.1) holds. U
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ds x dw™) + > W

For t > 0, define
—vy -y A0 .
W, = (W, y)/+/ f(e » l(—y,0<>>(')’w[>0’*’>NA0(
0.1JD - seDr”

m,s,ko
t—s [+
D*)’

)

(3.9
W i [y 0. X

where
(W) = (e T 000 (X2 ),
By the spine decomposition (2.12), (W,_y,t >0; Q™) has the~same law as (W,_y,t > 0; ﬁ’y). Recall the definition
(2.10) of V,”” and that (V, 7,7 > 0; Q) has the same law as (V,”, ¢ > 0; P~Y). Note also that
)+ Xy

seDM

= (Vt_y)/ +/ /((y + e o, w)l”)o,,x)J\/ko (ds x dw?
[0,:1JD =y

Vi
where
oy o , P —2g- 5,
(V) = (0T (X))o VAT = (e XE).
Lemma 3.2. For any y > 0 fixed, we have
- WY 2
lim J?P‘y[ﬁ} =./Z.
t—>00 Wl 7+ Vt T
Proof. First notice that
~ W~ w1
(][22
Vi~ Vi Y

Using (2.6), and noting that A%/Z = o, we have that for any f € BZ“ (R),
2
By, [(f Xy )] = [0 £ (B )],

1 2
e 7 dx.

V2r

Using the mean formula above with f (x) = e™%0% I(~y,00)(x), we obtain that
AT 22 /2 —r0Bin
I O[eKO(IAT—))/Ze 0binT_y 1(_%00)(31/\1’7).)]

2 /y/ﬁ

W)= e -

S
|7
2 —
— _Hko[ekot/Ze Ao Bt 1{l<t_y}] = ;HO(t < riy) =
Thus
~ w7 2
(3.10) lim m»—y[ i ] _ /2
t— 00 Vt y T
To complete the proof of the lemma, it suffices to show that
N W2 ~ W™ N Wy
limsup\/ﬂP’_)’[ ~7V( ’~3 — ] zlimsup\/;{]P’_)'[ L i| - ]P’_y|: S E— ]} =0
t—00 V7 +w Hy t—>o00 AR w4 v
It follows from Proposition 3.1 that
~ 1 s W,
Y[ — X ] =
&+ - Vi

(3.11)
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Under P~ , £%0 4y is a Bessel-3 process starting from y. So by Lemma 2.5, (3.11) and Jensen’s inequality, we have

> —V\2 WY 2 2
R R ) RS (SR}
v +whHv v, Jo gy 175,

=N

(3.12)
~ 1\ 2
|(F5) =
Oty t
Therefore
ﬁ‘/—y 2
ﬁ_y[ ~_y( tN_)y ~_y} =o(l), ast—> oo.
(Vt + Wt )Vt

This concludes the proof. O

Next we prove the following result:

Proposition 3.3.

~ 5
(3.13) lim ﬁ‘{(% — E) }:0.

— —
1—00 Wt)+‘/ty T

To prove (3. 13) we first prove some lemmas. Let E; be events with lim;_, P (E;) = 1. Combining (3.11) and the
estimate P=Y[(W,/V,"")2] < 2 in (3.12), we get

_ 2 - — 17—
S
AR T AW v
e [ ]
LW, + V7Y 2oyl Do
— Py i Wtiy i| <P [ W, L :| + ﬁ_y[ Wtiy L, i|
(3.14) LW, +V, Vg0 4y V o4y WV g 4y

IA

Y 2 . \2 =Y
=) FPlES) s
sz t)»o+y Wt}"'vtygt)ho‘i‘y
W 1
< lasml Flmeres)
(E°+y)2 WV g 4y

Note that, under P, S}O + y is a Bessel-3 process starting from y. Using Lemma 2.6 and the assumption that Py (Ey) —
1 as t — oo, we have

~ 1 e 1
(3.15) B [%] =0(—>.
(éz 0 +)’)2 4
By (3.14) and (3.15), we conclude that
~ w0\ 1 W, 1
(3.16) P"’[(ﬁ) ]50(—)+P >[ ! E }
vii+w? t WV g

Next, we need to construct E; such that the right-hand side of (3.16) is bounded by 2/(;rt) +0(1/1). Let [0, 00) >t > k;
be a positive function such that lim;_, » k; /(log )% = oo and lim;_s o0 k; /+/t = 0. For instance, we can take k; = (log 1’
for large ¢. For ¢ > 0 large, we define

AR (W,y)/+f[0k)fm(€_k°'1(y,oo)(-),w;,ot_;)/\m(ds xdwh) 4+ Y W,

seD™N[0,k;)
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Wkt / / (€701 (y 00 (), W NP (ds x dw™) + Y W,
ke 11 /D I s€DMN\[k; 1]

V,_y’[o’k’) = (V,_y)/ +/ /((y + e M0, w/\DO,,s>N)‘° (ds X dw)‘o) + Z V:E’;’_y,
[0,k;) /D Y seD™N[0,k;)

T [ [foae i vy X e
kr.1] /D -

seD™N[k;,t]

Recall that m, = ||X‘;;,“° || Define

-y

A0
Enpi={k" <& <k}n{ inf gho>k/°1 Epi= [ {my<es ),
t s€lks,1] seD™N[k;,t]
ts

~ ~_y 1
E;3:= {Vt vl + W, vl < t_z}y E, :=E 1 NE»NE 3.

Lemma 3.4. For any fixed y > 0, it holds that

I P[ES, &0 =u] =0.
Jim, sup [E,16, =u]
uelk,” k]

Proof. First, by Campbell’s formula, we have

e = =5 U s e g =]

L e DMk, 1]
~_ A ~_
Pl Y " $°=M]<IP’ Y[ Yol )
A 2,|°k = roks 0/2
{mg>e 08s / } t e DMKy .00) {ms>e 0és/ }

~se DMN[k;,t]

- oo 00 X
0 __
_/k, ds,/(‘) 1{5:0<210gr/ko}rv(dr)‘ékt = u:|

Since under P, £ > —y for all s > 0, it holds that

(3.17)

IA

0= u]

~<

ﬁ_

1 L—y<atogr/ao) +1 40 l{—y=210gr/20)

(€0 2l0gr/n0) l{g?°<2logr/x0} ' <2logr/ig)

(3.18) = 10 10gryag)  Hmr<2lor/iol F 1o 10,302y

- 1{§f°<210gr/,xo} ’ 1{—y<210gr/ko}.

Plugging (3.18) into (3.17) and noting that —y < 2logr/Ag < r > e~ *0¥/2 we get that

| ) h A
h [/k, ds/o L0 togrng V@06 = u}
= o o0
o |:~/k, & /g*?»o,v/Z 1{530 <210g,/k0}rv(dr)‘§;‘to = u:|

o0 o0 ~ A
/ ds/ rv(dr)PY[£} < 2logr/rolE° = u.
k; e=0/2 !

N

@*Y[E,ﬁﬂg,ﬁf u] <

(3.19)

By the Markov property, when s > k;,

(3.20) P el <2logr/aol&l” =u] =B~OT[E}, +u < 2logr/ig)].
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So (3.19) and (3.20) yield that

o0 o0
—y [Ezc,2|‘5kk,0 — u] < /]; ds /e_w/z rv(dr)]P’*(”“) [éﬁkgkt +u< 210gr/)»o]
: :
(3.21) . o )
Z/ ds/ ru(dr)P~OTO[ER +u < 2logr/Ao].
0 e~0¥/2 ;

Now by Lemma 2.4 and Proposition 2.3, (3.21) is bounded above by

o0 (o)
P~ [E,‘;ﬂé,i:o =u| < /0 ds L—onﬂ rv(dr)IP’_(H”)[ES)‘O +u < 2logr/Ao]

o0 o 1
= / rv(dr) / ds
—Aoy/2 u—+

21 A
<_/ A /2rv(dr)/ y+ Og"/ - Mu+y(Bs <y +2logr/o, s < 7o)
—agy

Hu-i—y (Bs1 {Bs <y+2logr/k0,s<ro})
(3.22)

<
u—+y

o
/ r(l+y+ 210gr/k0)2(1 + minf{y + 2logr /Ao, u + y})v(dr).

e—koy/Z

For any fixed & > 0, note that 2logr/Ag < su <= r < ¢**/2. We suppose that ¢ is large enough such that for any

u e [kt1/3,kt], u+y>land1+eu+y<2e(u+y). Thus,

EEAOM/Z
[P’_y[Ef2|é;'I§:° = u] <— r(1+y+2logr/x0)>(1 + y + 2logr/ro)v(dr)
' u+y Je—rov/2
ca
Cdtuty r(1+y+2logr/io)*v(dr)
u—+y ethou/2
C esAOu/Z
< f r(14y+2logr/r0)*(1 + y + eu)v(dr)
(3.23) Uty Jerorl
Cl4+u+
+ M r(l4+y+ 210gr/k0)2v(dr)

u -+ y eEM01/2

o0
< 2c8[ r(1 4y +2logr/io)>v(dr)

0912

o
+ ZC/ s (L4 y +2logr/ig)v(dr).
ek 2
Using condition (1.6) and taking t — o0, (3.23) yields that

o0
limsup sup IP”y[Ef’2|.§,i‘t°=u]§Cs/_ r(1 4y +2logr/rg)*v(dr).

—2gy/2
t—00 ue [k1/3 k] e—t0Y/
Since ¢ is arbitrary, the desired assertion is valid. O
Lemma 3.5. For any fixed y > 0, there exist constants T, C' > 0 such that forany t > T,
P™-a.s

P> [Et,l NE2N E£3|§A0] =

’

C/
i

Proof. Recall that W, ” is defined in (2.9). Define W, > by
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By (2.6), forany t,7 > 0 and z > —y, Py, [W, 1 =re"0%, which does not depend on ¢. By this and the special Markov
property (2.8), we see that W, * is a non-negative ;s -martingale. Note that W, > < W, ”. Similarly to (3.9), we define

Because E; | € o (& :t > 0), by the martingale property of W, >, we obtain that

ﬁ‘y[lE,_l / /(e_)\o'l(_y,oo)(o), wg),_s)/\f)\o (ds x dw™?)
ks t] JD -y

<P [1E / / (e, D,YN*O(dsxdeO)g}
[k 1]
A ! -
=2p1z,, /k Nyo (e wyp ,)Ig70) ds =281, fk B 1y Viss1670) ds
t 1 s

]

(3.24)

where the second to the last inequality of (3.24) holds because on E; | we have & > k,l /6 for all k; <s <t. Next, for
s € D™ and recall that m; = || X I;)'E)S ||, by the martingale property of W, ~,
-y

ﬁ_y[lE,,.mE,z Z W,n:’;’yléko,m}

se D™k, 1]
>— m,s,—y | Ao
SIP y|:1E,.1f'1E,,2 Z Wt—s ‘é 1m]
seD™N[k;,1]
¥
_ -y )uo _ — 2oy 0
(3.25) =1E,nE,» Z Pmsééxo WS 1E, m) = 1g, n, Z e "% m
seDMA[k;,1] s seDMAO[k; 1]

5 £ )
<lg, Y e Plyon+lg, Y e milp<

seDMA[k; 1] seD™N[k;,1]
1/6 1/6
ook —Aok,
< / Z Limg>1) +e 70 Z mglim <1y
seDMAk; 1] seDMAk; 1]

Taking expectation with respect to m in (3.25), we get

P |:1Er,1ﬁEt,2 Z th:,ss,y‘%.xo]

seD™MN[k; 1]

16 e 1/6 ~
< ook /ZP—y|: Z 1{m5>1}‘$ko}+e—kok1 P—y[ Z msl{m_yfl}‘é)\o}

(3.26) se DAk, 1] se D™k, 1]

1/6 t 1)
= ¢ 0k /2/ ds/ rv(dr)—l—e_ ok / ds/ r v(dr)
k; 1 ki

1/6 o0 1/6
< te ok /zf rv(dr) + te ok / r v(dr) < Cste™ rok'° /4
1 0
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M/t e have

s“}

for some constant C3. Similarly, for large ¢ such that for all u > kll/ 3, (y+u)<e

ﬁy[lgm / /((y + e Mo, w}L‘)O,,S)NAO (ds x dwko)
[k¢,t] /D -

t
=215, [ Moo+ 0e0 wlg i) as
(3.27) ki y

t t p
— _ A0
=2’31E”1/k IPSEAO(V,_ﬁ@AO)ds=2,BIEM/k e M08 (y 4+ £10) ds
t S 1

1/6 1/6
Szﬂte—3kok, /4 Szﬁte—Xok, /4.

For large ¢ such that for all u > ktl/3, (y4+u) < e*01/4 e also have

ﬁiy |:1Er‘lmEt,2 Z th:’;,—y %-)»0’ m:|

seD™N[k;,t]

_ m,s,—y, A
=110k, Z Pinys 20 (Vt—s 1§70, m)
seD™N[k;,t] i

0 %o
— 1E E E A + A =3\ 4
! r1NEr2 eH05 (y %_so)ms <Ilg nE., § e~ 3ok /ms
seDMN[k;,1] se DMk, 1]

(3.28)

1/6 1/6

- 4 31 4

S D DI TR D DR s
seD™N[k; 1] seD™N[k;,1]

Taking expectation with respect to m in (3.28), we obtain that for some constant Cy,

~ . 1/6 00 1/6 1
]P’_y|:15,11mE,_2 D e >‘g*0}5ze—*0kr /4 / rv(dr) 4 re=3rok /4 / r?u(dr)
0

(3.29) seDMA[k, ,t] 1

< Cate™ 0" /4

Combining (3.24), (3.26), (3.27) and (3.29), we get that
Py 7l Y.Lk 16
B[t (V15 4+ W) 690 < (3 + €yt apyre ok,

On Ef 5 we have Vt_y’[k"t] + W,_y’[k”t] > 1/t%. Then for ¢ large enough such that k,l/6 > 16logt/Ag, we have

P [1g, i anee 60 < PP [1g, g, (V10 w0 et g20]

1/6
<(C3+4 C4+4B)Pe Mk 1+ < (C3+ C4+ 4Bt 7.

The proof is complete.

Lemma 3.6. For any y > 0, we have

(3.30) lim PY[E,]=1
11— 00
and
. . ~_y )\0 _ _
(3.31) lim k}ﬂgfktp [Eg =u]=1.

Proof. First, by Lemma 3.4,

. ~_ 2
(3.32) tl_l)rgo 5111/13 Py [E£2|§klo =u]=0.
uelk,”” k]
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By Lemma 3.5, we have

lim  sup P Y[E. 1 NENES|E° =u] =0.
t—00 13 ’ 1
uelk,’” k]

Note that
(3.33) Q=E UE{,UE; U (E1NE2NE]3).
To prove (3.31), we only need to prove that

(3.34) inf ﬁ*Y[E[,”g,jIO =u]—>1, ast— oo.
ue[ktl/s,lq]

Recall that under P, y+ E,)‘O is a Bessel-3 process starting from y. Now let n; := g;\‘) + y. Then (7, ﬁ_y) is equal in
law to (1, ﬁy). For any u € [kll/ 3, k], by the Markov property and Lemma 2.4, we have

~_ 5 ~ . 1/6
P [Enl =u] 2 Hypu( _min 24" +)

rel0,t—k;
(3.35) !
=T o[ (Bi—k, +y + “)l{minre[o_,fk,] Brzktl/ﬁ_u}].
Seta=u — k,1 /6 > 0. Then using the fact that I[1oB;»r_, = 0 for any # > 0, we have

0=ToB¢—rrr_y = —allo(t—q <t — ki) + To(Br—g, Liz_y>1—k,})-

Also note that by Lemma 2.2,

o0
2
Mo(t— §t—k)=2/ — e ¥/ 4x.
¢ ' a/NT—k V2w

Then the right-hand of (3.35) is equal to

ytu o[ Bi—i Vr_azi—ke) + O + ) Lz_y>1—k)]
(3.36)
204k [ 1

2
— ey,
y+u w—k"® )=k V21

=1

By (3.35) and (3.36), we get

24k

) e 1 22
73 / e ¥ % dx.
y+k 0 27

t

P[E1E =u]= 1

By the assumption on k;, we get (3.34).
Now we prove (3.30). We claim that

(3.37) POl <&l <k)=T,[k" > +y<m, <k +y] > 1. ast— oo.

In fact, by Theorem 3.2 of [26], lim;_.» log(n;)/logt = 1/2, ﬁy-a.s. Using the fact that k; — oo as t — oo, we get
(3.37) holds. Combining (3.37) and (3.32), we have

(3.38) lim P[ES,] =0.

Combining (3.37) and (3.34), we have
(3.39) lim PY[E, ]1=1.
—>0o0

It follows from Lemma 3.5 that

(3.40) lim P~[E, 1 NE; 2N Ef5]=0.

1—>00

Using (3.33), and combining (3.38)—(3.40), we obtain (3.30). U
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Lemma 3.7. For any y > 0, it holds that

~ W, 1 2
limsuptIP’_y|:~_1’ —— Ei ]5_.
1=00 Wt)+V,)§t°+y T

Proof. First note that

ﬁ’—y[ W, LE, ]
W+ Vi E 4y

=V, Lks t] 7 —,[0,k;)
=ﬁ—>’[~WZ y ,~ | lE, }+ﬁ_y[~wt'y . 1g, }
W+ Vg0 4y W+ Vg0 4y

For the first term on the right hand, we have

07—y ke 2] 2
ﬁ_yl:NW, _ 1, i|§@_y|: 1/t
Wt_y + Vt_y St)\o +y

1

V2 +k3/6>] 2 4y

A

here we used the property that E; C {£° > k,l/6}, E; C E, 3 and the equality ﬁ‘y[ 1,),] =Q7

v,

1 1 H
= <. Hence
Vt—y ] y ’

- ke
lim ﬂP"y[ N_’y ~= } =0.
o0 W, "+ V, g0 +y

Therefore, we only need to prove that

~ ’“—y,[O,k,) 1E 2

(3.41) limsupt]P’_y|: e ——t ] <=

1—00 Wty+vt}€t0+y T
Note that

~ .10,k ~ .10,k
ﬁ—y[ W, v,10,k;) 1g, :|<ﬁ—y|: W, v,[0,k;) 1g, :|
Wt y + Vt_y EAO +y - Wt—y,[O,kt) 4 Vt—y,[O,kr) EI)LO +y
- W—y,[O,k;)

3.42 <Py ! 1 s
(3.42) = I:Wty,[o,k,) N Vt—y,[o,k» {g:ktoe[k,m,k,]}]

In the last inequality we used the Markov property of &. Let {(;)>0, ﬁu+y} be a Bessel-3 process starting from u + y.
By Lemmas 2.4 and 2.2, we have

Sy 1 o0 ~ 1 1
P y‘ékr =u =Hu+y — | = Hu+y[1{min,€[o_,,k,]B,>0}]

£+ M-k | u+y
(3.43)
1 2 O+w)/Vi=k 1 20
= IMo(T— >t—k)= ——e dx.
ity 0(T—(y+u) ) Y+ fo Nt
By (3.42) and (3.43), we get
77—, 10,kt) G —Y.[0,k;)

ﬁ_y[ Nuily —— )LlEf i| < ﬁ—Y[ _— [:‘;{f) T 1 5 W3k i|
3.44 Wt +Vl‘ $t0+y Wl‘ Y, LU ke +Vt YalUske {skle[l‘ ke
G449 b Ot/VITR 2

X sup / ——e /2 dx.
welk!” ko1 y+ulJo 2
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Because lim€%0+ = 8 _"2/2/\/ wdx =/2/m and (y +u)//t — k; converges to 0 uniformly on u € [k,l/g, k] ast —
00, we have

2 +u)/ St =k 1
(3.45) sup vt _"z/zd N
welk! KP4 y+u

Using the Markov property at time &, again, we get

¥,10,ks)
ﬁ—y[N_ [:‘;t) — [Ok)lE[i|
le,,r+Vty,,z

(3.46)
~ ok N "
—y ‘ —y _
=P |:Wty,[0,k,) _I_V;y,[o,k,) l{gkl[o 173 k,]}} 6[11{1/5“19 [Er|§k, u].
Because VT/,_y’[O’k’)/(VT/,_y’[O’k’) + V 10, k’)) 1g, <1, the left-hand of (3.46) is bounded above by
o7 —,[0,k;)
ﬁy[%y[rl?) vy [0k>15f}
Wt sLYUs Rt + V[ s LY Ry
3.47 <P ey PV, Y < -
(3.47) = [VTG y[0k,>+v [0k B >1/t}]7L [f —z]
ok e T 1 ok 1
-y . py _py| . —
=P |:‘7t—y,[0.kr) 1Et1{vt’>1/r}}+¢P [@y] P |:"‘;t—y,[0.kr) 1Er1{vt’>1/r}}+ty’

where in the last inequality we used the Markov inequality for (V,_y )~ L. Fix a constant € (0, 1), on E; N { \Z_y > 1/t},

we have, for large ¢ such that r > !, \Ziﬂkd] < 77‘7,7y. So when ¢ is large, using (3.47), we have

77104 =y

- W, 1 W,

-y t y

F [~—y,[o,kt> k) } ST [ —>]
W, +7, ty LY

By (3.10), we have

(3.48) ﬁ—y[ [/ ] V2 ( ! ) f— 00
. — — , as .
W,_y’[o’k’) + Vt—) [0 kt) (1-— n)f f

By (3.31), (3.44), (3.45), (3.46) and (3.48), we finally get that

- W_Yv[oakt) 1 2
limsuptIP’y[ S - Et :| < )
1—00 W, + Vg n(1—mn)

Since the above holds for any small € (0, 1), (3.41) holds. The proof is complete. O

Proof of Proposition 3.3. Applying Lemmas 3.2 and 3.7, and (3.16), we get

et (22

t—00 V —|— bi4
~ VT/ ) 2 ~ W, 2
1—00 v, +w, 3 T =00 v, w7 3
which means that (3.13) holds. O

Proof of Theorem 1.1. Let R* and R* be the smallest closed set containing |, supp X,)‘(J and |, supp XM,
respectively. Then by [20, Corollary 3.2], under condition (1.6), P(inf RM > —00) = 1. So for any 0 < n < P(&9),
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tllere existsNK > 0 such that P(infR* > —K) > 1 — 5. Let y := K be fixed and define Q; := {inf R** > —K} and
Qi = {inf R* > —K}. Then

P(Qx NE) =P(Qk) +P(E)—1>1—n+P(E)—1>0.
For any ¢ > 0, put

VW, 2

i rw Vax

el
! Vt_y_+_W[_y T

>8}, 512{

Define P**(-) = P(-|Qg N E°). By (3.13) we have lim,_, ﬁ"y[ét] =0. Thus,

-,

P(Qx N EC . O o
PEENED 1 PV 1] = lim B[G, 1 Gk nE] = lim PG =0,

y t—00
where & := {3r > 0 such that ||)?t)‘° || =0} with Py -probability 0. Then by Proposition 3.3, we have
(3.49) vV, g, == 0 in probability with respect to P**.
Notice that on the event Qx = {inf R* > —K}, we have
V7 =V K =W, + KW, >0, W =w K =w,
and lim;_, oo V,_y = 0Wy > 0 P**-a.s.. Together with (3.49) we get lim;_, oo P**[G;] = O for any ¢ > 0, which says

Viw VW,
VW W+ (K + DW 1o

2
(3.50) \/— in probability with respect to P**.
b

Recall that P(E) =1 — e™*" > 0 and P**(W, > 0, V¢ > 0) = P*(limy—0o W; > 0) = 1. According to (3.50) we get

oW,
«/—Vltf —_ / % in probability with respect to P**.
t t —> 00
>y }

A_{aw, \/?
T lviwe V2

Then lim;_, oo P**[14,]1 = 0. Noticing that P*(-) = P(-|€€) and P*[1 4, 1o ] = P**[14,1P(Qk NEC)/P(EC), we obtain that

For any y > 0, define

14,1, ——> 0 in probability with respect to P*,
t—00

which means limsup,_, ., P*(A,) < lim;_, oo P*(A; N Qg) + P*(Q%) < n/P(E°). Since n is arbitrary, we deduce that
lim;, oo P*(A;) = 0 for any y > 0, which says

oW, T, - . "
Jiw — ) in probability with respect to P*.
tW; t—o0

This is also equivalent to say that, on the event £¢, we have

2
(3.5 VW, —=Vz dWs in probability with respect to P
—00 T

On &, (3.51) holds obviously. The proof is now complete. ([
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4. Proof of Theorem 1.2

Recall the definitions of the process {(Z;, A;);>0} and the probability measures P, ,y and P, with © € M(R) and
n € M, (R), defined in Section 2.3. Set P := P,. By the skeleton decomposition for X, (A;, P) is equal in law to (X, IP).
To prove Theorem 1.2, we only need to prove that on survival event (£2)¢ where £ := {lim;_, o | A;|| = 0},

4.1 limsup v/#{e 0000 A} = 00 P-almost surely.
1—>00

The intuitive idea for proving the limit above is that the behaviour of A is determined by the skeleton Z. By branching
property of Z we only consider the law Ps, s,). Let {e, : n > 1} be iid exponential random variables independent of Z.
Let Tp:=0and 7,, = Z?:l e; for n > 1. If we look at Z at independent times {7, : n =1,2,...}, then {Z,,n > 1} is
a branching random walk. We expect the behavior of this branching random walk to dominate the behavior of A. Let
{Z,,n > 1} be the translation of {Z7,,n > 1} defined in (4.4) below. We will show that {Z,,, n > 1} satisfies conditions
of Aidekon and Shi [1]. Then by [1, Theorem 6.1],

1
lim inf(L,‘lZ —3 log n) =—00 Ps,,5,)-almost surely,

n— oo

where Lf is minimum of the support of Z,. Let L7 be minimum of the support of Z;. By definition (4.4), an =
)LO(L%” + A0T,), and then we have

1
.. VA
4.2) 12111)1()[(1}f<)no(LTn + AoTn) 3 log Tn> =—00 P, s,)-almost surely.

We will bound (e~*0(+*0Tw) ' A7y from below by immigrations along the path of L, and then use the limit result (4.2)
for L%n to get (4.1).
Now we prove the above rigorously. Note that

]

OHE
4.3) P(-):E 0 € Psy.k50) (),
k=0

and P(ED) = P(E) = ¢ . It is obvious that P(go,ogo)(SA) = 1. Together with (4.3), we know that for k > 1,
Psy k50) (€ Ay = (. Thus, to prove Theorem 1.2, it suffices to show that, for any k > 1, the limsup in (1.8) is valid P s, ks,)-
almost surely. By the branching property, without loss of generality, we only need to deal with the case of k = 1.

Let {e, : n > 1} be iid exponential random variables with parameter x € (0, c0), independent of Z. Put Ty := 0 and
T, = ZLI e; for n > 1. Now for n > 1, we define Z,, so that, for any f € Bl;" (R),

(4.4) (fs Zn) = (f (R0 +20T2)), Z1,)-

Then {(Z,)n>1,P 5.5} is a branching random walk. Define m := .o np, = F'(1—), where we used (2.14). It is easy

to check that Ao = /2¢'(A*)(m — 1). We first check that the conditions of [1, Theorem 6.1] for Z are satisfied. More
precisely, under assumption (1.7), (1.1) (1.2) and (1.3) hold. For simplicity, we define

WZi=(e", 2,), DF :=(e", 2,), DF?:=(()%e", 2,), DFET i=(()re™, Z).
The additive martingale associated to Z with parameter A is defined as
(45) WSZ()\') = e—)»C;\S<e—)v, Z_&) — e—()\—)\o)zs/2<e—)»(~+)~0S)’ Zs),
where ¢; :=1/2+ ¢/ (W) (m — 1)/ = (A* + 13)/(21) and Acx = (A — X0)?/2 + Aho.
Lemma 4.1. Ifznzl n(logn)?p, < oo, then

zZ zZ Z2

(4.6) Poso[WiT]=1 P[P =0, Pegsn[Dy7] <00
and

4.7 P (5,50 [ W logi WE] < oo, P(sy.00 [Py T log, DY) < o0
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Proof. Step I: Define WZ and DZ by

wZ .— (e—)»o(--i-)»oS)’ ZS)’ DXZ = <(- + hos)e roCHRos) Zs>-

N

Then by [19], Wg and DSZ are the additive martingale and the derivative martingale associated to the branching Brownian
motion Z in the critical case A = A respectively.
By some direct calculation and the martingale property, we have

00 00
P(50,50)[W12] Z/O KeiKSP((sO,aO)[WSZ] ds 2/0 ke ds =1,

o0
Psy.50) [Dlz] = A Ke_KSP((;O’gO) [DAZ] ds =0.

Now define
DE? = 03((- + hos)Te o0 HR00) 7).
Using the many-to-one formula, we get

o0 o0
P((goygo)[ij’z] = / Ke_’(‘YP(goy(;o)[DSZ’z] ds = / Ke_K‘YX(Z)eA(Z)‘Y/ZHo[(BS + )»os)ze_)“’(BfJ”\"‘Y)] ds
0 0

o 00
= )‘%/ ke S TIy 0 [(By + hos)?]ds = A%/ kse ™ ds < oo.
0 0

Thus, (4.6) holds.
Step 2: In this step we prove the first inequality of (4.7). Define a new probability Q7 by

dQ?

dPsy.60) lo (21 ,r<s)

=WZ

o, s>0.

Then under Q7, Z has the following spine decomposition:

(i) There is a initial marked particle moving as a Brownian motion with drift —X( starting from 0, we denote the
trajectory of this particle by wy.

(ii) The branching rate of this marked particle is ¥’ (A*)m and the offspring distribution of the marked particle is given
by pn:=npy/m,n=1,2,....

(iii) When the marked particle dies, given the number of the offspring, mark one of its offspring uniformly.

(iv) The unmarked individuals evolve independently as Z under P, s,)-

Note that

oo
(4.8) P50 [WE log2 W] = / ke TP sy 50 [WE logd WZ]ds.
0
By a change of measure, we have

Pso.60) [WSZ log%_ WSZ] = QZ [logi WSZ].

Let A > 4 be a constant such that

(4.9) log A(log A — 2log2) > sup(log?(a + 1) — log”a).

a>1
There exists such an A since for all a > 1, by the inequality In(x 4+ 1) < x, we have
logi(a +1) — logia = (log(a +1) +loga)(log(l —+—a—1)) <QRa-1xal<2.
Now let b, c > A. Using (4.9), it is easy to check that the inequality

(4.10) log?(b + ¢) <log®b + log* ¢
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holds by assuming b > ¢ and b = ac. For £ > 1, we use 'y to denote the ¢-th fission time of the spine under (@Z, and Oy
the number of offspring at the fission time I'y. Then

2
WSZ = Z l{Fst}e_)LOFK W~Z’F£1

2
— —A5T z.r
s—T {0 ZWS_F§<A}

£>1
2Ty Z.T — o (ws+A
221 s=Iy
=:H| + H, + H3,

where, given the information along the spine, W% is the additive martingale associated with the branching Brown-
ian motion starting from the O, — 1 unmarked individuals. Note that for any x, y, z > 0, we have log%r x+y+2<
log3 (3x) + log? (3y) + log? (3z) and log? x < 4x. Then (4.11) implies that

(4.12) logZ W7 <log? (3H)) + log’ (3H>) +log’ (3H3) < 12H, +logh (3Ha) + log? (3Hs3).

Since Hy < A} 4o lir,<s}, we have
(4.13) Q%[H 1< A fos ¥/ (W)mdr = Ay (A )ms.
Also, note that w; + Ags under QZ is a standard Brownian motion, so
win Q”[log? (3H3)]| < 2(log3)* + 2Q” [log} (H3)]
<2(log3)* + 225Q% (ws + 10s)? =2(log3)* + 2A3s.

Here in the first inequality above we used the inequality

(4.15) log} (ab) < (log, a +log, b)* <2log} a +2log? b.
Define
WO = oW AL,

Using (4.10) and (4.15) again, we deduce that
log’ (3H2) <2(log3)* + 2log’ (Hy)

_22 z,r
<2(log 3)%+2 E 1{T‘z§s}1{efxgrlj WZTes Ay 10g2+[e Hole Ws—l“ﬁ]
s=Lp=

>1
4.1 —7. _
(10 <2(10g3)* +43 1ir =g log2 WO 443 1yr, <y logh (e~ 20wre ol o)
e=1 e=1
—Z,I
<2(10g3)* +4 Y " 1ir <y logd W r +425 Y Lir,<s) (wr, + ATe)%.
>1 >1
Similarly, we have
N
4.17) Q? [Z lir, <s) (wr, + ,\oreﬁ] = lp’(,\*)m/ Q[ (wr + ror)?]dr = ' (A*)ms? /2.
0

>1

. . . . . . —7Z,
Now given w, Iy and Oy, by the spatial homogeneity of branching Brownian motion, we have that (@Z[WS;FZZ |lw, [y,

O¢] = Oy — 1. By the branching property of Z, we have WSZ,’I;KK = Z;ZII WSZLFFKZ’], where Wsz;l;f[’j, j=1,...,00—1,
are independent and have the same distribution given w, Iy and Oy. Thus,
z 2 i Te 2 z 2 w72 UesJ
(4.18) Q7 [log2 W2 [w, Ty, 0¢] < 210g2.(0 — 1) +2Q [log+( max W )|w, I, og].
Jj<0¢—
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By the Markov inequality,

Q [log+( moax WS l—z )|w,Fg,04]

:/ 2ydy(@z[ mOax]WY F >€y|w,F(,Oe]
0

(4.19)
=/ 2ydy[1— [] (-*[w szrri]>ey|w’rf’0f])]
0 j<0e—1
s/oozydy[l_ [l (1—e_y)}Z/wa[‘—(‘—e_”)O‘l]dy'
0 j=0-1 0

When Oy — 1 < e¥/?, using the fact that (1 — x)k >1—kx forall x <1, we get
2y[1=(1=e) %" <2y(0 — De™ <2ye™/?;
while when Oy — 1 > ¢¥/2, which is equivalent to y < 2log(Oy — 1), we have
2y[1—(1—e)% "] <2y <4log(0, - 1).

Hence, combining (4.18) and (4.19), we get

0
(4.20) Q7[log? WL |w, T, 0¢] < 1810g? (05—1)+/ 4ye2 dy.
0

By (4.16), (4.17) and (4.20), we obtain

Q7[log? 3H»)] < 2(log3)* + 225y (A*)ms* + 4Q7 [Z 1ir,<5)1810g%(0y — 1)}
>1

o0
4.21) +4/ 4ye™?2 dyQ? [Zl{ws}}
0 >1

=K+ Koys+ K3S2,
here
o0
K1 =2(log3)?, K> =4y’ (A)m / 4ye™2dy + 729 (1¥) Zklogz(k — Dpx,
0 k>2
= 2059 (A*)m.

By (4.8), (4.12), (4.13), (4.14) and (4.21), we deduce that P(ao)go)[le logi WIZ] < 00.
Step 3: In this step we prove the second inequality of (4.7). We use similar arguments as in Step 2. First we have

o0
(4.22) Psy.50) [ D7 log, D] = / “S dsP(sy.50) [ DF T log, DI,
0

here

DZt .— )L()((' + )Los)+e—ko('+)»os)’ Zs)~

s

For any € > 0, there exists a constant K, > 0 such that sup, .z [(x)+e™“*] < K. Using the definition (4.5) of the additive
martingale W,Z (1), one can easily get that

DZ < Kengle™%0mO0CH09 7} = K g PWZ (hg — €.
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By the inequality log, (xy) <log, x +log, y and the equality P(s, s [WXZ (Ao —€)]=1, we get

Z, Z,
Ps.80) [ D5 log, D]
(4.23) , , ,
< Keroe® *?log, (Keroe® */?) + Keroe® P sy 50 [WE (ho — €) log, W (o — €)].

By (4.22) and (4.23), to complete the proof, it suffices to prove that, for fixed €2/2 < «, we have

oo
(2
(4.24) /0 e~ WD AP 5. 50 [WE (R0 — €) log, W (o — €)] < 0.

As in Step 2, we define Q%€ by

dQZ,e
dPsy,50)

=WZ(o—¢€), s>0.

o (Zy,r<s)

Then Z has another spine decomposition, which is the same as the spine decomposition at the beginning of Step 2 except
with Ao replaced by Ag — €, also see [19, page 59-60]. Set g(t) = e~ 1/2~(xo—=)ot
we have

. Using the same notation as in Step 2,

WEGo— €)=Y 1ir<9gTOW L (2o — €)1
>1

+ ) Lr= 8T WAL (o — €)1
>1

=: H| + H, + H3,

(gTOW L Go—e)<A)

—(o—e)wy
(eTOW L Og—0)= A) +g(s)e

where A > 1 is a constant such that log A > 1 > sup,-[log(1 + @) —loga], which means that log(b + ¢) <logb +logc
for all b, ¢ > A. Also note that (4.12) and H; < A, lir,<y) still hold. And we have

Q%¢[log, (3H3)] <log3 + se(ho — €/2) + (o — )Q%¢|wy + (Ao — €)s]
2
=log3 +se(ho —€/2) + (o — e)\/;ﬁ.
. AV
Similarly we define WS—F[ (Ao —€) by
Wik G — €) 1= eB0=re w2t (g — ).
Then using an argument similar to (4.16), we have

log, (3H>) <log3 +log, H>

— (O — —Z,T
<log3+ ) Iir =y log, (8(Cp)e” %07 ) 4 3 1yp < log, Wi, (ho — €)
=1 =1

and

Q% [Z lir,<sy log, (g(Fe)e_(’\O_E)wW)} < Iﬂ’(k*)m/ |:QZ’€|wr + (o —€er|+ 6<?»0 - %)r:| dr.
0

=1

Since (4.18) and (4.19) hold with WSZ_?; replaced by Wsz_l;i (Ao — €) (we only use the martingale property and branching

property), (4.20) holds for WSZ_E (Ao — €). Applying Jensen’s inequality for WSZ_I;[Z (Ao — €) in (4.20), we finally deduce
that there exist constants Kj, j=1,2,3,4,5, such that for all s >0,

(4.25) Pso.00 [WE (ko — ) log, W (ho — €)] < K| + K5+/5 + K§s + K§s5°/% + K§s2.

Combining (4.23), (4.24) and (4.25), we obtain P(s, 5,)[ D7 " log, DZ ] < oc. 0
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Lemma 4.2. [If (1.7) holds, then anl n(logn)zpn < 0.

Proof. By the definition of {p, : n > 2}, we only need to prove that

A x)t *
(4.26) f Zn(lognﬁ%ﬂ *)(dx) < 00.
(0,00) n>?2 -
Define A (x) := (log(1 + x))?, then A" (x) = (lfx)z (1 —1log(l +x)). Whenx >2 > e — 1, h”(x) <0, which implies % is
concave in [2, 0o). By Jensen’s inequality,
)\'* n * n
Zn(logn)zﬁe xZ log(1+n ))2( )
n>3 n: n>2
AT o n(AFx) e /n) 2
(4.27) < (A*x)[z G X] {1og[z”—2 (* ) — ", 1“
= n! Y nso(AFx)e=4 /n!

. Ax(l — e='x) 2
<A"xqlog [ e Crr v +1]7 .

Ax (1 — e ')
_e—)»*x _ e—k*x}\*x +1 /logx =1,

Since

lim log
X—> 00

there exists K > 0 such that when x > K, we have

Ax(l — e )
(4.28) log P C— s +1]|<2logx.
Together with (4.26), (4.27) and (4.28), we complete the proof. O

Proof of Theorem 1.2. By the first two paragraphs of this section, to prove Theorem 1.2, it suffices to show that, the
limsup in (1.8) is valid P (s, s,)-almost surely.
Case I: B #0. Let L,Z be the left-most point of Z;. Note that, for any x € R,

N((Lwn) > 0) = lim N{(1—e 0wy = lim . —logPj [e=10]

0—+00

= —logP50[||X1|| =0]= N§ ((1, wy) > 0) € (0, 00).

Suppose that the continuous immigrations in the skeleton decomposition of X along the trajectory of LtZ such that

(1, wy) > 0 are given by {(z,, XAy p =1,2,...}. Then it is obvious that {t, — T, :n =1,2,...} are iid and

independent of Z. The law of t, — 7,1 is exponential with parameter 2,6N(g) ({1, wy) > 0) and the law of the immigration
NE, (:n{(1,w1)>0})

. LE

15 NE (1,w1)>0)

Since (1.7) holds, using Lemmas 4.1 and 4.2 with 7;, = t,,, we know that Z,, satisfies (1.1), (1.2) and (1.3). Noticing

that the left support of 2, is )\'O(szn + AoTy), by [1, Theorem 6.1],

(4.29) 11m1nf(ko(L + XoTy) — = log n) =—00, P02

n—oo

By the strong law of large numbers, 7, /n — (28)~! as n — oo. Hence, (4.29) is equivalent to

n—oo

1
(4.30) 11m1nf(k0(L + Aorn) 3 log rn> =-—00, Ps,5)-a.s.

Define W/ by
WA = (e~hol+hn) ).
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Then
(431) /-L—n + l(ef)ho("k)h()(flﬂ’])), A‘L’n+1) > /Tn(e*lo('+)»0(fll+1))’ X%LW)) = Hnln-

Here H, and J,, are defined as
H, = \/Eef)‘O(LTZnH‘OT"), Jy = e_}‘%<ef)‘0('*Lgn), )—(51,%))_

Then by the construction of the continuous immigration in the skeleton decomposition and the spatial homogeneity of
super-Brownian motion, we deduce that {J, : n = 1,2, ...} are iid and for every n, J, is independent of o (Hy, £ > 1).
Define G, := o (H¢, Jp : 1 <€ < n). By (4.30), we have limsup,,_, ., H, = 400, P, 5,)-a.s., which together with the
second Borel-Cantelli lemma (see e.g. [8, Theorem 5.3.2]) is equivalent to that, for any K > 0,

o
(4.32) Y PoosplHn > KIGu_1]1=+00,  P(sy5)-as.

n=1

Now it is clear that Ps, s5,)(J, > 0) = 1, so there exists a constant ¢ > 0 such that for all n > 1, P(5, s,)(J; > €) > 0. By
(4.32) and the independence between J,, and G,,_, we deduce that, for any K > 0,

o o0
> Py Hudw > KIGn 112 Y " Pisy.s0)[Jn > &, Hy > K /£]Gy1]

n=1 n=1

o
=Ps,.50)[J1 > €] ZP(ao,so)[Hn > K/elGu_1]=400, P55)-2.s.,

n=1

which is, according to the second Borel-Cantelli lemma, equivalent to

(4.33) limsup H, J, =+00, Psy.s0)-a.5.

n—oo

In view of (4.31) and (4.33), we get

limsup /1 W > limsup /7, + He "0CTP0@HD A )= o0, Pgy.e0)-as.,

t—00 n—o00

which implies the desired result.

Case 2: v # 0. Suppose that v((e, +00)) > 0 for some ¢ > 0. Then v((g, +00)) < co. Suppose that the times and
masses of the discrete immigration along the trajectory of LtZ in the skeleton decomposition with initial immigration
mass large than ¢ are {(7,,m,) :n =1,2,...}. Then {7, — 7,1 : n = 1,2, ...} are iid exponential random variables
with parameter « = f(s,oo) ye ¥ Yu(dy), m, > ¢ for all n > 1 with law ye_}‘*yl{yx}v(dy)/f(sm) ye " Vu(dy), and
{t,:n=1,2,...} is independent of Z. Applying Lemmas 4.1 and 4.2 with T,, = 7,,, we get

1
(4.34) liminf<)»0(Lon + hoTy) — 3 log fn> =—00, P02

n—o0

By the same argument as Case 1, we have

~ z = z =~
(4.35) N R e e A
Combining (4.34) and (4.35), we also get the desired results. U

A byproduct of the proof of Theorem 1.2 is the following result:

Corollary 4.3. Let L; be the minimum of the support of X;, i.e., Ly :=inf{y e R : X;((—o00, y)) > 0}. If (1.6) and (1.7)
hold, then on E€, it holds that

1
(4.36) liminf(L, + dot — — log t) = —00 [P-almost surely.
t—00 2)\,0



1416 H. Hou, Y.-X. Ren and R. Song

Proof. Let L2 be the minimum of the support of A;. We keep the notation in the proof of Theorem 1.2.

If v # 0, by the definition of LA we have LA < LZ Vn > 1, Ps,,s50)-a.s. By the branching property, we deduce that
on (EM)¢, LY <LZ,Vn =1, P 5-as. Together with (4.34), we get (4.36).

If B #0, for a ﬁxed constant A, define 7, by

o= lmnnagy O T = e~ L), 5 )

Put H,, := )L()(Ltzn + AoTh) — %log 7,. By the spatial homogeneity of super-Brownian motion, {7} are iid and for ev-
ery n, J, is independent of o (H,, £ > 1). We also define 5,, =0 (He, Jo, 1 <€ <n). Since P(go)go)(||)_(§]’t”)|| >0) =

P((;O,go)(||)_(§l’m|| >0)=1and lima_, 100 Jp = ||)_(§1’T")||,P((;O,(;O)—a.s., there exists an A such that Ps, 5,)(Jn > 0) =
Ps,,50)(J1 > 0) > 0. We see that for any K > 0,

o o
> Py [Tn > 0. Hy < =K |Gy 11=Psy50)[T1 > 01 Y Psg.s0)[Hn < —K|Gy—1] = +00,

n=1 n=1

Ps,.50)-a.., where in the last equality we used (4.30) and the second Borel-Cantelli lemma. Therefore, for all K > 0,
Psy.50)(Jn >0, H, < —K i.0.) = 1. Note that

1
{(J,>0,H, <—K}C {AO(LQI_H —}-)»01',,) — Elogrn <—-K +A0A},
we get

P(50.50) (AO(L, 41 FAom) — —logr,, <-K +)»0A10> =1.

Since (t, +1)/1, — 1 as n — oo and K is arbitrary, we get that (4.36) holds Pys, s,)-almost surely. By the branching
property argument, we get the desired result. ([
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