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Abstract

In this paper, we establish limit theorems for the supremum of the support, denoted by M;, of a
supercritical super-Brownian motion {X;,7 > 0} on R. We prove that there exists an m(z) such that
(Xt —m(t), My — m(t)) converges in law, and give some large deviation results for M; as t — co. We
also prove that the limit of the extremal process & = X; — m(¢) is a Poisson random measure with
exponential intensity in which each atom is decorated by an independent copy of an auxiliary measure.
These results are analogues of the results for branching Brownian motions obtained in Arguin et al.
(2013), Aidékon et al. (2013) and Roberts (2013).
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1. Introduction

1.1. Super-Brownian motion

Let i be a function of the form:

V(L) = —ai + B2 +/ (6_'\"' -1+ ky)n(dy), r>0,
0

where @ € R, 8 > 0 and n is a o-finite measure satisfying

/ (O A y)n(dy) < oo.
0

Y is called a branching mechanism. We will always assume that lim;_ . ¥(1) = oo. Let
{B;,P,} be a standard Brownian motion, and E, be the corresponding expectation. In this
paper we will consider a super-Brownian motion X on R with branching mechanism .

Let BT(R) (resp. BJ(R)) be the space of non-negative (resp. non-negative bounded) Borel
functions on R, and let M p(R) be the space of finite measures on R, equipped with the
topology of weak convergence. A super-Brownian motion X with branching mechanism v is a
Markov process taking values in M r(R). The existence of such superprocesses is well-known,
see, for instance, [17,18] or [35]. For any u € Mg(R), we denote the law of X with initial
configuration p by IP,,, and the corresponding expectation by IE,,. As usual, we use the notation:
(P, u) = fR ¢(x)u(dx) and ||u| := (1, u). Then for all ¢ € B;(R) and u € Mg(E),

—logE, (e7PX)) = (ug(t, ), ), (1.1)

where u4(t, x) is the unique positive solution to the equation

t
ug(t, x) + Ey f V(ug(t — s, By))ds = Ex¢p(B). (1.2)
0
Note that the integral equation (1.2) is equivalent to the equation:
0 1 92
5u¢,(t, x) — Eﬁu(ﬁ(h x)=—Y(uy(t,x)), t>0,x¢ekR, (1.3)

with initial condition u4(0, x) = ¢(x). Moreover, lim,_,o uy(t, x) = ¢(x), if ¢ is a nonnegative
bounded continuous function on R.

X is called a supercritical (critical, subcritical) super-Brownian motion if ¢ > 0(= 0, < 0).
In this paper, we only deal with the supercritical case, that is o > 0.

1.2. Maximal position of super-Brownian motion

The maximal position M, of branching-Brownian motions has been studied intensively.
Without loss of generality, we assume in this subsection that the branching rate is 1, and the
offspring distribution {p;} satisfies py = 0 and the mean of the offspring distribution is 2.
Denote by Pj, the law of branching Brownian motion starting from one point located at 0.
In the seminal paper [28], Kolmogorov, Petrovskii and Piskounov proved that M,/t — /2
in probability, which implies that the leading order of M, is V2¢. In [12], Bramson provided
a log correction to the leading order of M,. He proved in [12] (see also [13]) that, under
some moment conditions, Ps,(M; — m(t) < x) — 1 — w(x) as t — oo for all x € R, where

3

m(t) = /2t — 35 log ¢ and w(x) is a traveling wave solution. In [31], Lalley and Sellke gave a

probabilistic representation of the traveling wave solution in terms of the limit of the derivative
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martingale of branching Brownian motion. In [42], Roberts gave another proof of Bramson’s
result and also an almost sure fluctuation result of M,. Large deviation results for M, were
obtained by Chauvin and Rouault in [15,16].

Beyond the behavior of the maximal displacement of branching Brownian motions, the full
statistics of the extremal configurations was studied in Arguin et al. [3—5] and Aidékon et al. [2].
Assume the particles alive at time ¢ are ordered decreasingly: x{ > xé > 0> xfl(t), where
n(t) is the number of particles alive at time 7. It is clear that x| is the maximum position M,
at time . Arguin et al. [4,5] studied the limit property of the extremal process of branching
Brownian motion, which is the random measure defined by

n(t)

&= st;fm(r)'
j=1

Note that & = Y, — m(t), where Y, is the measure corresponding to configuration of the
positions of the particles alive at time . In [5], using the results of [13], Arguin et al. first
proved that & converges in law, which implies the weak convergence of x/, the kth maximal
displacement for each fixed integer k > 1, and then gave a rigorous characterization of the
limiting extremal process. It was proved in [5] that the limiting process is a (randomly shifted)
Poisson cluster process, where the positions of the clusters form a Poisson point process with an
exponential intensity measure. The law of the individual clusters is characterized as a branching
Brownian motion conditioned to perform unusually large displacements. Almost at the same
time, Aidékon et al. [2] proved similar results using a totally different method.

In the recent paper [7], Berestycki et al. studied the asymptotic behavior of the extremal
particles of branching Ornstein—Uhlenbeck processes. For inhomogeneous branching Brownian
motions, many papers discussed the growth rate of the maximal position, see Bocharov
and Harris [9,10] and Bocharov [8] for the case with catalytic branching at the origin,
Shiozawa [44], Nishimori et al. [39], Lalley and Sellke [32,33] for the case with some general
branching mechanisms. For branching random walks, we refer the readers to Hu et al. [22],
Aidékon [1], Madaule [36] and Carmona et al. [14].

Unlike the case of branching Brownian motions or branching random walks, there are very
few results for the supremum of super-Brownian motions, see [19,30]. Let X, be the super-
Brownian motion in Section 1.1 and let M, be the supremum of the support of X,. We will
prove that, under some conditions, Ps (M; — m(t) < x) — e ™ as t — oo for all x € R,
where m(r) == +2at — ﬁ logt and w is a traveling wave solution. We also give some large

deviation results for M,. In analogy to the case of branching Brownian motions, we will call
the random measure & := X, — m(¢) the extremal process of the super-Brownian motion X,
which is simply the super-Brownian motion seen from the position m(z). We will generalize
the results in [5] to super-Brownian motions and study the limit of &. We will give the precise
statements of our main results in Section 1.4.

Our proofs depend heavily on the convergence of solutions of the Kolmogorov—Petrovsky—
Piscounov (KPP) equation (1.3), with general initial conditions not necessarily bounded
between 0 and 1, to traveling wave solutions.

1.3. KPP equation related to super-Brownian motion

The classical KPP equation is a semilinear equation of the form

u;(t, x) — %u“(t, x) = f(u(,x)), (t,x)e0,00)xR. (1.4)
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The KPP equation has been studied for many years analytically, see for example, Kolmogorov
et al. [28], Fisher [20], Aronson et al. [6], Bramson [13], Lau [34], Volpert et al. [45].
In [13], the nonlinear function f can be any function on [0, 1] satisfying

feC'0,1], f(0)= f(1) =0, f(u) > 0 for u € (0, 1);

/O =1, f'w<1, for0 <u =<1, (1.5)

and
1— f'(u)=0w”) (as u — 0) for some p > 0. (1.6)

Kolmogorov et al. [28] showed that under condition (1.5) and with Heaviside initial condition
u(0, x) = 1(—o0,0)(x), (1.4) has a unique solution u(t, x) satisfying

tlim u(t,m(t) + x) = w(x), uniformly in x € R, (L.7)
—00

for some centering term m(t), where m(t) satisfies m(t) = V2t + o(t) as t — o0, and w
is a traveling wave solution, which is a function solving the ordinary differential equation
%w“ + 2w, + f(w) =0, and satisfying 0 < w(x) < 1, lim,—, oo(x) = 0, lim, oo w(x) = 1.
Bramson [13] improved the above result in two aspects: first the initial condition u(0, x) is a
general function between 0 and 1, not just the Heaviside initial condition u(0, x) = 1(—o0,0)(X);
secondly he proved that if in addition f satisfies (1.6) and the initial condition u(0, x) satisfy
some integrability condition, (1.7) holds with m(t) = V2t — % log ¢. Note that, since 0 and
1 are two special solutions, it follows from the maximum principle that any solution of (1.4),
with initial condition bounded between 0 and 1, must be bounded between 0 and 1.

An interesting link between branching Brownian motions and partial differential equations
was observed by McKean [38] (see also Ikeda, Nagasawa and Watanabe [23-25]): u(t, x) =
P;s,(M; > x) solves the KPP equation (1.4) with initial condition (0, x) = 1(_x,0)(x) and with
fw)=0—-u) — Z/fio p(1 — u)*, where {pi, k > 0} is the offspring distribution and the
branching rate is 1. Moreover, if pg = 0, Zk kpr =2, and Zk k'*"pk < 00, then f(u) satisfies
conditions (1.5) and (1.6). In probabilistic language, (1.7) gives the convergence in distribution
for M; —m(t). There are also some papers using branching Brownian motions to study traveling
wave solutions to the KPP equation, see [21,29], for instance. For a nice exposition of extremal
processes of branching Brownian motions and their applications, see the book [11].

It follows from (1.3) that the super-Brownian motion X is related to the KPP equation with
f = —1. It is natural to use this relationship to investigate the maximal position of super-
Brownian motions. Let A* be the largest root of the equation (1) = 0. Since ¥'(0) = —a < 0,
Y (00) = 00, it follows from the strict convexity of ¥ that A* > 0 exists. Note that 0 and A*
are two special solutions of (1.3). One might think that the role of 0 and A* for the KPP
(1.3) corresponding to super-Brownian motions is similar that of O and 1 for the KPP equation
(1.4) corresponding to branching Brownian motions. However, for super-Brownian motions we
need to consider general non-negative solutions of the corresponding KPP equation (1.3) with
initial condition u(0, x) not necessarily bounded between 0 and A*. In this paper, we will first
generalize Bramson’s results in [13] to general non-negative solutions of the KPP equation
(1.3) associated with super-Brownian motions, with initial conditions not necessarily bounded
between 0 and A*, see (1.18) for example. Let uy(t, x) be a non-negative solution to (1.3)
with initial condition ¢. In this paper, we will prove that there also exists some function m(t)
such that, for general initial condition ¢, uy(t, m(t) 4+ x) converges to some traveling wave
solution. More precisely, we consider non-increasing traveling wave solutions w with speed
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V2« to Eq. (1.3) such that

lim w(x) =0, lim w(x) = A",

X—>00 X——00

By a non-increasing traveling wave solution with speed /2« to (1.3), we mean a non-negative
non-increasing function w such that w(x — +/2wt) is a solution to (1.3). Clearly, w satisfies

1
wax + V20w, — ¥ (w) =0.

We will give an exact asymptotic expression for m(z). We will then use these results to
study asymptotic properties of the supremum of the support and the extremal process of the
super-Brownian motion X.

1.4. Main results

We will assume that ¢ satisfies the following two conditions:

(H1) There exists y > 0 such that
o0
f y(log y)** n(dy) < oo. (1.8)
1

(H2)  satisfies

o 1
/ Vv du

Let R be the smallest closed set such that supp X; C R, ¢t > 0. It is known (cf. [43]) that
(H2) implies Grey’s condition

oo

dt < . (1.9)

—dr <00 (1.10)

and that

P,(R is compact) = e * Il

It is well known that {|| X;||} is a continuous state branching process and that, under condition
(1.10),

P, X =0)>0 (1.11)

and lim, o P, (| X;|| = 0) = e *"I*I. Denote S := {Vr > 0, | X,|| > 0}.
For some of our results, we also need the following stronger assumption:

(H3) There exist % € (0, 1] and a > 0, b > 0 such that
Y(A) = —ar+ b2 A > 0.

Clearly, condition (H3) implies (H2). In particular, (H3) holds if § > 0. Actually, condition
(H3) is only used in proving Lemma 3.1.

Note that super-Brownian motions have been used to study traveling wave solutions to the
KPP equation (1.3), see [29,30], for instance. For convenience, we write P := 5, and E := E;,.
Define, for r > 0,

Z, = (N2t — -)eﬂ/ﬁ(m’*'), X:).



Y-X. Ren, R. Song and R. Zhang Stochastic Processes and their Applications 137 (2021) 1-34

It has been proven in [30] that {Z;,# > 0} is a martingale, which is called the derivative
martingale, and that Z, has an almost sure non-negative limit Z,, as t — oo. Furthermore,
Z is almost surely positive on S if and only if

flw y(log y)*n(dy) < oc. (1.12)

Clearly, (1.8) implies (1.12). Thus Z., is almost surely positive on S. The traveling wave
solution with speed +/2« to (1.3) is given by

wx) = —logE [exp {—czooe* M” (1.13)

and

lim 2 _ (1.14)

X—>00 yo— 2ax

For more details, we refer our readers to [30, Theorems 2.4 and 2.6]. Under condition (1.12),
Zoo = A(\/ﬁ), where A(\/ﬂ) is defined in [30, (40)]. Eq. (1.14) follows from the last
equality in the proof of [30, Theorem 2.1(iii) and (iv)].

Let C.(R)(CS(R)) be the class of all the (nonnegative) continuous functions with compact
support. Let Mg(R) be the space of all the Radon measures on R equipped with the vague
topology, see [27, p. 12]. Recall that for any random measures u;, # € Mg(R), u;—p in
distribution if and only if for any f € C.(R), (f, u;)—(f, n) in distribution, see [27, Lemma
4.11]. It follows from [26, Corollary 4.5] that, for random measures pu;, u € Mg(R), p,—n
in distribution is equivalent to (f, ;)— (f, ) in distribution for any f € CH(R).

For any z € R and function f on R, we define the shift operator 6, f by 0, f(y) := f(y+2),
and for p € Mg(R), we define T;u by [ f()Tu(dy) = [ f(y + 2)u(dy). Sometimes,
we also write T;u as u + z. We define the rightmost point M(u) of u € Mpgr(R) by
M () := sup{x : u(x, co) > 0}. Here we use the convention that sup # = —oo. The supremum
M, of the support of our super-Brownian motion X, is simply M(X;).

For any ¢ € B;'(R), we define

Ug(t, x) i= — log E[exp| - / b = X, @n}]: (1.15)
R

Vi(t, x) =~ log E[ exp| - fR B — DX,y M, = x]) (1.16)

V(t, x):=—logP(M, < x). (1.17)

By the spatial homogeneity of X, we have Uy(t, x) = uy(t, —x), and thus Uy(t, x) is the unique
positive solution to (1.3) with initial condition Uy(0, x) = ¢(—x).
By the Markov property of X, we have

V¢(t +r,x) = —log E(Lx I:e*flﬁ(}')xwr(dy)’ M, < 0]
= lim —logE; I:e—(¢+91(0_oo),xt+,)] = lim —logEs [ef<u¢+91(0,m)(r),Xz>]
6—00 - 6—00 -

= —logE;_, [ei/iR V‘f’("’*")’x’(d"’)] = Uyyr—p (1, X).

Thus, for any r > 0, (¢, x) — V4(¢ +r, x) is a solution to (1.3) with initial condition Vy(7, x).
Thus Vy(z, x) is a solution to (1.3) with initial condition

¢(—x), x=0;

Vy(0, x) = {OO e (1.18)

)
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The constants introduced in the next result will be used in the statements of our main results.

Proposition 1.1. Assume that ¢ € BT (R) satisfies the following integrability condition at
—o0:

ye* g(—y)dy < oo. (1.19)
0
(1) If (H1) and (H2) hold, and ¢ is bounded, then the limit

2 [o.¢]
C(¢) = lim ,/ p / Ug(r, V2ar + V)yeY2® dy
F—>00 0

exists, C(0,¢) = C(¢)emz for all z € R and
3/2

t
lim ————Uy(t, V2at +x) = C(p)e V?***, x eR. (1.20)
t—00 m lo

If ¢ is non-trivial, then C(¢) € (0, 00).
(2) If (H1) and (H3) hold, and if there exists xo < O such that ¢ is bounded on (—o0, xp],
then (1.20) holds, and the limit

- 2 o0
C(¢) := lim ,/ —/ Vo(r, V2ar + y)ye 22y dy e (0, 00)
r—oo ¥ 1 Jq

exists and
£3/2 .
lim 3—0g[V¢(t, V2at +x) = C(p)e V™, x eR. (1.21)
2V/2a

It has been shown in [30] that % — 2, P(:|5)-a.s. Next, we give some large deviation
results for M,.

Theorem 1.2. Under (H1) and (H3), the following hold:

(1)
(302 _
lim ———P(M, > v2at) = C, (1.22)
—00 L log[
242

where Cy is the constant C (¢p) with ¢ = 0.
(2) For any 6 > 0, the limit

~ 2 e
C©) = lim || Z5e~ 2% / V(r, N2ar + y)yeY22 Y gy € (0, 00)
T 0

r—0o0
exists and
lim V1e@ 2P S (2a 4 8)1) = C(8). (1.23)
—00

The analogue of the above results for branching Brownian motions was given in [15,16].
In the remainder of this paper, we define

m(t) .= v 2at — 2\;% log 1. (1.24)
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Theorem 1.3. Suppose that ¢ € B (R) satisfies the integrability condition (1.19) at —oo. Let
x(+) be a function on R satisfying lim,_, .o x(¢) = x € R.

(1) If (H1) and (H2) hold, and ¢ is bounded, then
Tim Uy(t, (1) + x(1)) = — log & [exp{—C(fp)zooe*mX}] . (1.25)

(2) If (H1) and (H3) hold, and if there exists xo < O such that ¢ is bounded on (—o0, xp],
then (1.25) holds, and

tllm V¢(l, m(t) + x(l‘)) = — logE I:exp{_é(d))zooe_mx}:l )

Remark 1.4. In the case when the nonlinear function f satisfies (1.5) and (1.6), Bramson [13]
studied the uniform convergence of solutions of the KPP equation (1.4) to traveling wave
solutions. More precisely, under the integrability condition (1.19) at —oo and another growth
condition of ¢ at 400, he proved that u(f, m(t) + x) converge uniformly in x € R, where
u(t, x) is the solution of the KPP equation (1.4) with initial condition u(0, x) = ¢(—x). In this
paper, our condition on the nonlinear function — is weaker, and we will not study uniform
convergence of solutions of (1.3) to traveling wave solutions.

Remark 1.5. Applying Theorem 1.3(2) to ¢ = 0, we get that

7606_‘/EX

tlim P(M, — m(t) < x) = E(e 200y x eR. (1.26)

Using this, one can check that for any x € R,
P(M; — m(t) < x) — P(S°)
1 — P(S¢)

Thus, M, — m(t)|s converges in distribution to a random variable M*.

~VEax g,

lim P(M, — m(t) < x|S) = lim = E(eCo
=00 —00

|S).

Let H be the class of all the nonnegative bounded functions vanishing on (—oo, a) for
some a € R. It is clear that the functions in A satisfy the integrability condition (1.19) at
—oo. In Lemma 3.3, we will prove that for any ¢ € H, C(A¢p) — O, C’(Ad)) — Co as
A — 0. Recall that, for any t > 0, & = T_,X, is the extremal process of X;. Then
Uy(t, m(t)) = —log E[exp{—(¢, &)}]. Using the above theorem, we get that, for any ¢ € H,

(1) under (H1) and (H2), (¢, &) converges in distribution;
(2) under (H1) and (H3), ({¢, &), M, — m(t))|s jointly converges in distribution.

In Theorems 1.6 and 1.7, we will describe these limits.

In Proposition 3.4, we will prove that, conditioned on {M, > V2at +2z}, X, — M, converges
in distribution to a limit (independent of z) denoted by A. Let A;,i > 1, be a sequence
of independent, identically distributed random variables with the same law as A. Given Z,
let Zjozl (Sej be a Poisson random measure with intensity C‘OZOO 2ae V2 dx. Assume that
{A;,i > 1} and Zj‘;l 8.; are independent.

Theorem 1.6. Assume that (H1) and (H2) hold. Then, as t — oo, & converges in law to a
random Radon measure Ey, with Laplace transform

E[exp| - / P)Edn)| | =Elexp(-C)Zx)]. de M. (1.27)

8



Y-X. Ren, R. Song and R. Zhang Stochastic Processes and their Applications 137 (2021) 1-34

Moreover, if, in addition, (H3) holds, then
Ex =Y T, 4.
J
For any t > 0, we define &' = X, —m(t) — log Z~. Then we have the following result.
Theorem 1.7. Assume that (H1) and (H3) hold. Conditioned on S, (£, Z;) converges jointly

in distribution to (£X,, Z%), where Z} has the same law as Z, conditioned on S, £ and
Z%, are independent, and the Laplace transform of £ is given by

Elexp{— (¢, £} = exp{—C(#)}, ¢ € CI(R). (1.28)
Moreover,
5;;4272;4-, (1.29)

where Z 8, ; is a Poisson random measure with intensity measure Cov/20e=V>** dx, which is
mdependent of {4;,j=>1}

Following the arguments in Hu and Shi [22] for branching random walks (see also
Roberts [42] for branching Brownian motions), together with Lemmas 4.2 and 4.3, one can
prove some almost sure fluctuation results M;. We will not pursue this in this paper.

Note that it suffices to prove the results of this paper for the case « = 1 and A* = 1. For
the general case, let v(t, x) = /\L*u(a’lt, a~'2x). If u is a non-negative solution of (1.3), then,
v is a non-negative solution of (1.3) with ¢ replaced by ¥*(x) = %*f) It is clear that —y*
satisfies condition (1.5). Therefore, in the remainder of this paper, we assume that « = 1 and
A=

The rest of the paper is organized as follows. In Section 2, we generalize some results
in [13] to the case when the nonlinear term satisfies a weaker condition and to general
initial conditions. In Section 3.1, we give the proofs of the large deviation results, including
Proposition 1.1 and Theorem 1.2. In Section 3.2, we study the convergence of the extremal
process. In Section 4, we give the proof of Lemma 3.1.

2. Some results on the KPP equation (1.3)

It follows from the Feyman—Kac formula that, if u# is a non-negative solution to (1.3), then,
forany 0 <r < t,

u(t, x) = E, [u(r, B,_,)exp{/ kG — 5. BY) ds}:| , @.1)
0

where k(L) = # Recall that we always assume that « = 1 and A* = 1. Note that k()
is decreasing and k(1) < 1 for all A > 0. We first give some basic results on non-negative
solutions u of the KPP equation (1.3) with initial conditions u(0, -) not necessarily bounded
between O and 1.

Lemma 2.1. Assume that u(t, x) is a solution to (1.3) with initial condition u(0, -) € B:(]R)
satisfying the following integrability condition at oco:

oo
/ yeﬁyu(O, y)dy < 0. 2.2)
0
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Then for any t > 0, u(t,-) is a bounded function also satisfying the integrability condition
(2.2) at oo and

o0
f u(r, V2r + y)ye¥? dy < oo. (2.3)
0

Proof. By (2.1) with » = 0, we have that u(¢, x) < ¢'E,(u(0, B,)). Thus, for any 7 > 0, u(t, -)
is a bounded function. To finish the proof, it suffices to show that E, («(0, B;)) satisfies (2.2).
Note that

o0 o0
/ E,(u(0, B,)yeV> dy = / / u(0, x + y)yeV? dyPy(B, € dx)
0 R JO

= / / u(0, y)(y — x)e¥20=) dyPy(B, € dx).
R Jx

If x > 0, we have

/ u(0, y)(y — x)e¥?0 0 dy < / u(0, y)yeY™ dy,
x 0

and if x < 0, we have
/ w0, y)(y — x)e¥2070 dy
X 0 f . f
= [ a0 =0 dy [T a0 -0 dy
* 0

< Nluolloolxle™? + / u(0, y)ye¥? dye™? 4 |x|e~? / u(0, y)e¥? dy
0 0

< (1 + |xpe™V2.
Thus,

00 oo
/ veVPu(t, yydy < el/ By (u(0, B)ye"> dy < oc.
0 0

Using a similar argument, we can get (2.3). The proof is now complete. [

Lemma 2.2 (Maximum Principle). Let vi(t, x) and vy(t, x) be non-negative functions satisfying

0 1 92 d 1 32
Evz(l, x) — Eﬁ%(l’ x) + Y(vat, x)) > avl(f, x) — val(h x) + ¥ (vi(t, x)),
t>0,x €(a,b),
and
v1(0,x) < 12(0,x), x € (a,b),

where —00 < a < b < 00. Moreover, if a > —o0, we assume vi(t,a) < v,(t,a) for all t > 0,
and if b < oo, we assume vi(t, b) < vy(t, b) for all t > 0. Then we have that

vit,x) <v(t,x), t>0,x€(a,b).
Proof. The proof is a slight modification of the proof of [13, Proposition 3.1], using [41,
Theorem 3.4]. See also the proof of [11, Proposition 6.4]. We omit the details. [

10
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Lemma 2.3. Assume that u), uy and us are solutions to (1.3) with non-negative bounded
initial conditions.

(1) If for some ¢ > 1, ui(0,-) < cuy(0,-), then ui(t,x) < cuy(t,x) for all (t,x) €
(0, c0) x R.

(2) If u3(0,-) < uy(0,-) + u(0, ), then us(t,x) < ui(t,x) + us(t,x) for all (¢t,x) €
0, 0) x R.

Proof. (1) Let v(t, x) = cus(t, x). Then

1
V= Ve = —cplug) Z —Y (),
here we used the fact that '()) is increasing. Applying the maximum principle in Lemma 2.2,

we get that
u(t, x) < cuy(t,x), (t,x)e€(0,00)xR.
(2) Let v(t, x) := uy(t, x) + us(t, x). Since ¥’(1) is increasing, for any 6 > 0, the function
A — Y (A+0)— (X)) — () is increasing, which implies that (A +6) > ¥ (1) + ¥ (6). Then

1
Uy — vax ==Y — ¥@w) = =¥ (v).
Applying the maximum principle in Lemma 2.2, we get that us(¢, x) < u(t, x) + un(t, x) for
all (z,x) € (0,00) x R. O
For any A < 1 and y > €21, one can easily check that (A\y A 1) < |logA| 27" (log y)**7.
Thus, for any A < 1,

0<14+y'(A) =281+ /Oo y(1 — e ™ )n(dy)
0

ety 00
<(28 [ yn@n)i+llogal ¢ [ yiogy?ny < eiltoghl 2,
0 ety
where y is the constant in (H1) and ¢; > 0 is a constant. Thus (H1) implies
1+ ¢'(0) <erllogh|~ @) for a < 1. (2.4)
Since ¥'()) is increasing, we have —k(A) = y¥(A)/A < ¥'(A). Thus
0<1—k) <cllogr|™®™,  for i < 1. (2.5)

In the remainder of this section, we will generalize [13, Proposition 8.3] to non-negative
solutions of (1.3) with initial conditions not necessarily bounded between O and 1. The main
idea of the proof is similar to that of [13]. For the KPP equation (1.3), — plays the role of
f in [13]. Condition (1.6) is translated to the following condition on :

14+ ¢’ (M) = O0@\") as A — 0, for some p > 0. (2.6)

However, many results in [13] still hold under the weaker condition (2.4). We will clearly spell
out the reason when we apply results from [13] under this weaker condition.

In the rest of this section, we use u(¢, x) to denote the solution to (1.3) with initial condition
u(, ) € BZ(R). Let (¢, x) be the solution to (1.3) with #(0, -) = u(0, -) A 1. Then, it is clear
that

ﬁ(()? 'x) S M(O, x) S Suﬁ(oa x)7 X € Ra
11
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where s, = sup, u(0, x) v 1. It follows from Lemma 2.3 that

u(t,x) <u(t,x) <s,u(t,x), (@ x)e0,00)xR. 2.7
Since (¢, x) € [0, 1], we have

0<u(tx)<s,. 2.8)

(2.7) and (2.8) will play key roles later in this paper, they allow us to “scale” solutions to KPP
equations for Bramson’s results to carry over. Let m(t) be the median of #, that is

m(t) .= sup{x : u(t,x) > 1/2}.
It was proved in [13, (3.22°)], without using condition (1.6) (equivalently, (2.6)), that
m@)/t — N2, t— oo.

Now we recall some notation from [13], see [13, (6.11)—(6.14), (7.6)—(7.9), (7.42), (7.44)].
In the list of notation below, § € (ﬁ, 1/2), r > 1 and ¢ > 3r.

e If L is a function on [0, ¢], define

L(s + s%) + 4s%, r<s=<t/2
O.s0L(s) = L(s+(t —5)°)+4( —s), t/2<s<t-2r;
L(s), otherwise.

e The inverse of 6,, is defined by
0 oL :=inf{l:6,,0l> L)},

rt

that is
—00, r<s<r+ r‘s;
L(u) — 4u®, r4rt <s <t/24(t)2)°%
9;,1 oL(s) =4 L(u) —4(t — u)’, 12+ ()20 <s <t —2r; 2.9)
(Lw) -4 — )V L), t—2r<s<t—2r+@Qr);
L(s), otherwise,

where for r +r% <s <t/2 4 (¢t/2)°, u is determined by s = u + u®; for t/2 + (¢/2)’ <
s <t—2r+@2r), u is determined bys=u—+(t— u)’.

o L, (s) :=rm(s) — 3m(r) + == logr, 0<s<t.

o L, (s5):= 9[,1 o L,(s).

© Lpi(s) =00 Lpi(s)V L, (s)V Ly(s).

e For any x, define

o |L(s)+ Sm@) — S logr, 0<s<t—2r;

M, (s) = {HT(”’ o s et (2.10)
[ ]

, _ L)+ 3m(t) — ’%S logr, r+r’<s<t—2r;

M, (s) = {—oo, otherwise. 2.11)
[ ]

ni(s) = V2r + j;r(m(t) —V2r), selnt] 2.12)

—r

12
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The following lemma says that [13, Proposition 7.2] still holds without condition (2.6).

Lemma 2.4. Assume that (H1) holds. Let u(t, x) be a solution to (1.3) with initial condition
u(, ) € B;(R) satisfying the integrability condition (2.2) at co. For all t > 3r > 0, and
continuous function x(s) with x(s) > Mi[(t —s) in [2r,t —r], we have that

e3’—’/ N k(u(t — s, x(s)))ds — 1, r — oo, (2.13)
2.

r

uniformly in t.

Proof. First note that the proofs of [13, (7.16) and (7.18)] did not use (1.6) (equivalently
(2.6)). Thus there exists a constant C > 0 such that for r large enough, s € [r,t — 2r] and
y > s + (s At —5))°),

(s, y) < Ce=6Nt=)"

It follows immediately from the key inequality (2.7) that

u(s, y) < cre=6rE=" (2.14)
For r large enough and s € [r, t — 2r], by the definition of ﬂf_t, we have
—x - t —
M;(5) = 04 0 Lis(s) + ~i(t) — —— logr
5 s S . t—s
=L (s+EAGE=5)))+4s A0 —5)" + ;m(r) - logr

=4+ AT—)))+ 6 AGC =)@ —logr/t —m)/t) = (s + (s At —5))°),

where in the last inequality, we use the fact that 4 —logr/t —m(t)/t > 4 —logt/t —m(t)/t —
4 — \/E > 0 as t — oo. Thus, by (2.14), for r large enough, we have

t—r

¢ > expl k(u(t — s, x(s))) ds}
5
Zet—Sr exp{—/ (1— k(CZe_(S/\(f—S)) ) ds]
2r

>l exp!—Z / " = ke ) ds}. (2.15)

For § > ﬁ, by (2.5),

o0 o0
/ 1- k(cze_“‘a))ds < / ci|s® — log cz|_(2+y) ds — 0, r— oo.

Thus, the desired result follows immediately. [J

The lemma above implies that, under (H1), (7.12) in [13, Proposition 7.2] is valid for u(¢, x).
Since in the proofs of [13, Proposition 8.1, Corollary 1 on p. 125, Proposition 8.2, Corollary 1
on p. 130 and Corollary 2 on p. 133], only [13, (7.12)] was used, these results hold for u(z, x)
under (H1). Thus,

m(t) = m(t) + O(1), (2.16)
where
m(t) = 2t — 2%5 log?. (2.17)

13
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Proposition 2.5. Assume that u(t, x) is a solution to (1.3) with initial condition u(0, -) €
B;(R) satisfying the integrability condition (2.2) at co. Define, for 0 <r <t,

e~ V20—V (i—
U, t,x) = T u(r V2r +y)e‘[)e 20 N (1 e 2mm@/=r)y gy,
(2.18)
where m(t) is defined in (2.17). Then for r large enough, t > 8r and x > m(t) + 9r,
y@) Mot x) <u(t,x) < y(r)W(r t, x), (2.19)

where y(r) | 1 as r — oo.

To prove the proposition above, we need the following lemma whose proof is similar to that
of [13, (8.62)]. Let (B; v P) be a Brownian bridge starting from x and ending at y at time ¢,
and E be the expectation with respect to P.

Lemma 2.6. Assume that u(t,x) solves the KPP equation (1.3) with initial condition
u(, ) € B;(R) satisfying the integrability condition (2.2) at co. Then for large r, t > 8r
and x > m(t) + 8r,

u(t, x) > ¥i(r, t, x)
(—y?

0 2(t—r)
= Cl(r)e’_’/ u(r, y)\/% [B; () > Mx,(t s),s €[0,t — r]] dy

(2.20)
and
u(t, x) < yn(rt, x)
% 5
= Ch(r)e' " KOO u(r, y)ﬁ [B; y’(s) > /\/l”(t s),s €0, — r]] dy
2.21)
with C1(r) = 1, Co(r) — 1, as r — 00. Moreover,
_Ylntx)
=< 1#1(’” 3 x) <y, (2.22)
with y(r) } 1, as r — oo.
Proof. Let
A= {B’ () > Mt —5),5 € [O,t—r]}.
It follows from (2.1) that
o 5
u(t, x) = /m u(r, y)mE[exp[/o k(u(t — s, B;jy’(s)))ds”dy
> /_OO u(r, y)mE[exp{/; k(u(t — s, B;jy’(s)))ds}, A] dy. (2.23)

14
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For r large enough, r > 8r, s € [0, 2r] and x > m(t) + 8r, it holds that
M, (t —5) = (x +m(t)/2 = () +4r = m(t —s5) +r,

where in the last inequality, we used the fact that m(t) — m(t —s) = m(t) — m(t —s) + O(1)
is bounded from below, because m(¢) is increasing on ¢t > 1. Thus, by (2.7) first, and then
applying [13, Proposition 8.2] to i, we get that on A,

u(t — s, BLJ () < sii(t — 5, B/ () < cyre ™"
It follows from (2.5) that for r large enough,
2r
E[exp{f k(u(t —s, B, (5)))ds}, A]
0

—(2+y)
> o exp{—zrcluog(cye*ﬁ’n ! }P(A). (2.24)

—(2+y)
Note that 27| log(C3re"/§’)| +y — 0 as r — o0o. By Lemma 2.4, we have

t—r
E[exp{ |kt s, B;j;(s)))ds},A]
>l f cls® —logea) * ds P(A). (2.25)

Combining (2.23)—(2.25), we immediately get (2.20). The proof of (2.21) is similar to that
of [13, Proposition 8.3(b)] and the proof of (2.22) is similar to that of [13, (8.62)]. Here we
omit the details. [

Proof of Proposition 2.5. Recall that n,,(-) is defined by (2.12). First, we claim that, for
s € [r t],

M (5) < npy(s) < M, (9). (2.26)
It has been proved in [13, Lemma 2.2] that for y > V2r and x > m(t),
P[B)’rf},’(s) > n.,(t—s),s €[0,t — r]]

=P[Bif ) > = = V2 = w5 € 10,1 - 1]

2(x —m()(y — ﬁr)}

t—r

=1 - exp{—

and for y < V2r, PI:B;T;(S) > n,,(t—s),s e€l[0,t— r]] = (. Thus, combining Lemma 2.6
and (2.26), the desired result follows immediately.
Now we prove the claim. For r large enough, s € [r + r%,¢/2] and u determined by
s =u-+ u‘s,
/ § S =
M, (s) =Ly (u) —4u” + ;m(t) -

logr + m(t)
t

> logr

= mu) —u’4 ) < m(u) < m(s),

where in the last inequality we used that fact m(¢) is increasing for ¢ large enough. Similarly,
for s € [t/2,t —2r], M; ,(s) < m(s). Thus, for all s € [0, 1], M; (s) < m(s).

15
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By the definition of n,,(s), for r large enough,

Nei(s) = N2r + E(m(t) —V2r) = V25 —

s—r 3 logt = m(s)
— m(s),

t—r2J2 &=

where we used the fact that for large », + — logt/(t — r) is decreasing. Thus, we get that

M;,t(s) S nr.t(s)’ NS [rv t]

Now we deal with ﬂi,(s). For r large enough, s € [r, /2],
M, (5) = m(s +5°) = V25 = n,.(s).

For r large enough, s € [t/2,t — 2r],
—x 3
M () = m(s +(t —$)°) = V25 +V2(t — 5)° — 5 log7 > n,(s).

For r large enough, s € [t — 2r, ¢] and x > m(t) + 9r,
—x n(t
M, (s) = w > m(t) = n.(s),

where the last inequality follows from the fact that, for r large enough, ~/2r < m(t). The proof
is now complete. [J

3. Proof of main results

We first give a useful lemma. The proof of this lemma will be given in Section 4.

Lemma 3.1. Assume that (H1) and (H3) hold. Then, for any t > 0 and 60 > 0, we have that
Vi, ) e BZ‘(R), and

/ V(t, x)xe? dx < oo.
0

Corollary 3.2. Assume that (H1) and (H3) hold. If ¢ € B*(R) satisfies the integrability
condition (1.19) at —oo and if there exists xo < 0 such that ¢ is bounded on (—o00, x¢], then for
any t > 0, we have that Ug(t, -) and Vy(t, -) are bounded functions satisfying the integrability
condition (2.2) at oo.

Proof. First, we assume that ¢p € B;(R) and satisfies the integrability condition (1.19) at —oo.
Note that Ug(t, x) satisfies the KPP equation (1.3) with Uy(0, x) = ¢(—x) € B;(R) satisfying
the integrability condition (2.2) at oo, thus by Lemma 2.1, Uy(t, x) is bounded and satisfies
(2.2). For Vg(t, x), it is clear that, by Lemma 2.3(2),

V¢([, X) = 611)1’1010 U¢+01(0,oo) (t, x)

< Uy(t, x) + Qlim Ulg.0) (1, X) = Uy(2, x) + V(2, x),
where V is defined in (1.17). By Lemma 3.1, V(¢, x) is bounded and satisfies the integrability
condition (2.2) at co. Thus Vj is a bounded function satisfying the integrability condition (2.2)
at oo, when ¢ € B;(R) and satisfies the integrability condition (1.19) at —oo.

Now we assume that ¢ € BT(R) satisfies the integrability;ondition (1.19) at —oo and that
there exists xo < 0 such that ¢ is bounded on (—00, xp]. Let ¢(x) := ¢(x)1, <y, € B;(R). Note

16
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that
Vtt. ) < ~tog E[exp{ — [ 30— 0X,dn)}. My £ x4 0] = V1.3 + 300
R

Thus V, is a bounded function satisfying the integrability condition (2.2) at oo. Since
Ug(t, x) < Vy(t, x), Uy is also a bounded function satisfying the integrability condition (2.2)
at co. U

3.1. Large deviation results

Proof of Proposition 1.1. (1) Let ¥ be defined by (2.18) with u replaced by Us. We claim
that

32 2 [ ,
Jlim e S WO N2+ = / Up(r v/2r +y)ye™ dy = C¢. 7).
22 0
3.1

Note that, for r > 1 and ¢ > 8r,

3/2 —V2x 2 3

N e Vay 4o —2(x+ 3= log 1)y/(t—r)

e Up(r, V2r + y)e¥@e 20 (1 —e 22

ﬁi logt A/27(t — 1)

< c(1 + XUy, N2 + y)ye?.

By (2.3), the right hand side of the inequality above is integrable. So by the dominated
convergence theorem, we get that the claim is true and that C(¢, r) € (0, 00).
Since Uy is the solution to (1.3) with Uy (0, x) = ¢(—x) satisfying the integrability condition

(2.2) at oo, by Proposition 2.5, for r large enough, t > 8r and x > —ziﬁ logt + 9r,

YT O 1, V2t 4 x) < Up(t, V2t + x) < y(r) U(r, 1, V21 + x).
Thus, by (3.1), we have

32
y(r)'C(¢, r) < liminfeV> ———Uy(1, V21 +x)
t— 00 m ogt
£3/2
< limsup eV ———U,(t, V2t + x) < y(r)C(, 7). (3.2)

t—00 % IOgl

Letting r — o0, by the fact that lim,_.» y(r) = 1, we get that

32
limsup C(¢, r) < liminf V> ———Uy(t, V2 + x)
11— 00

r—00 m
1302
< limsup e¥> ————Uy(1, V21 + x) < liminf C(, r).
t—00 2 logt r—00

It follows that C(¢) := lim,_. . C(¢, r) exists, and then (1.20) follows immediately. Now we
show that C(¢) € (0, o) if ¢ is non-trivial. In fact, by (3.2), we have

0<y(r)'Cg,r) < C¢) < y(r)C(¢,r) < 0.
17
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For any z, it is clear that Ug__4(, x) = Uy(t, x + z), which implies that

32
C(@)e VeV = lim ————Uy(t, V2t + x + 2) = C(O_.p)e V>,

{00 3 lo

232
which further implies that C(6_.¢) = C(¢)e~ V%, that is

CO_.4) = lim \/g/m Up(r, v2r +y + 2)ye¥? dy = C(¢)e VE. (3.3)
r—>0o0 0

(2) Recall that in this part we assume that (H1) and (H3) hold, and ¢ € B*(R) satisfies the
integrability condition (1.19) at —oo and that there exists xo < 0 such that ¢ is bounded on
(—00, x9]. Note that, for 7o > 0, Uy(t + 19, x + \/Eto) and Vy(t + 19, x + ﬁto) are the solution
to (1.3) with initial data Ug(to, x + V/2ty) and Vg (to, x + V2t0) respectively. By Corollary 3.2,
we have that Uy (o, x + «/zto) and V(o x + \/Eto) are bounded and satisfy the integrability
condition (2.2) at co. It follows from (1.20) (under the assumption of part (1)) that

32 (32 ,
lim —————Vy(t, x +V20) = lim —————Vy(t + to, x + /2t + /21) = Ce V>,
t—o00 2 _ logt t—o00 —2_|o

22 232

where
. 2 [ V2
C = lim ,/— V¢(r~|—to,«/§r+«/§to+y)ye Ydy

r—oo ¥ 1 Jo

. 2 (% N -
= lim ,/ — Vo (r, V2r + y)yeV¥ dy .= C(4).
r—oo \ 1 Jo

Similarly, we can show that
l‘3/2
lim —————Uy(t, x + v21) = C(p)e V7,

r—>00 ——

2v2
i.e., (1.20) also holds under the assumption of part (2). The proof is now complete. [

Proof of Theorem 1.2. It is clear that (1.22) follows from (1.21) with ¢ = 0. Now we prove
(1.23). For to > 0, using Proposition 2.5 with u(0, x) = V (19, /21y + x), we get that

y() W0 1,0) < Vit + 1,V 200 +x) < y ()P0 1, ).
By Lemma 3.1 and the dominated convergence theorem, we have that

lim /7@ 2V g 1 (V2 4+ 8) + x)

=00
[2 o0 ,
= ;867(‘”*@"67%52’ f Vit +r, V2r + «/Eto + y)ye(ﬁ+8)~" dy € (0, 00).
0

Now, using arguments similar to that used in the proof of Proposition 1.1(1), we get that

lim 7@ 220y (10 41, (V2 + 8)t + 280 + x)

—>00

2 o]
= [ 287X fim =20 / Vit + . V2 + N2t + y)ye YV dy
0

T F—>00

2 o0
= [ 256250~ EHVDX [y o= 3% / V(r, V2r + y)ye VY dy € (0, o0),
T 0

r—o00

18
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where the limit above exists. Letting x = 8¢y, we get that

lim 7e® /Y20y (1 (V2 + 8)1)

t—00

2 o0 R
= /=68 lim 20" / V(r, N2r + y)ye V2 dy = C(6).
T 0

r—o0

It follows that
lim 7e® /Y, > (V24 8)1) = C©6). O

—>00

3.2. The extremal process

In this subsection we give the proofs of our main results—Theorems 1.3, 1.6 and 1.7. Recall
that m(¢) is defined in (2.17).

3.2.1. Proofs of Theorems 1.3 and 1.6

Proof of Theorem 1.3. (1) In this part, we assume that ¢ is bounded and satisfies the
integrability condition (1.19) at —oo. Define

w(x) = — log E(e~C@Zxe ™y (3.4)
Recall that (cf. (1.13)—(1.14)) w is a traveling wave to (1.3) and satisfies

lim 22 _ (). (3.5)

X—00 xe—ﬁx

Let ¥ be defined by (2.18) with u replaced by Us. We claim that, for any positive function
z(¢) with lim,_,  z(t) = z > 0,

lim (.1, 2() + m(0) = C(9, rze V%, (3.6)

In fact, for any # > 8r and y > 0,

@D +mn)—21—y)?
2(1—r)

1312
-1 V2
07 Uy (r. V2 ’
z(1) I p(r, V2r + y)e¥ e

< cUy(r, N2r + y)ye¥>. (3.7)

(1 — E*ZZ(t)y/(tfr))

Thus, we can apply the dominated convergence theorem to get that
lim 2 eVEOP(r 1, 2(t) + m(t)) = C(g, r),

which is the same as (3.6). Put
FOO(x) = | W(r, t, x +m(t) — C(, r)xe V™|, x> 0.

It follows from the key inequality (2.8) that Uy(t, x) < (||¢|l Vv 1). Applying Proposition 2.5,
we get that, for r large enough, x > 9r and ¢t > 8r,

Up(t,m(t) +x) < y(r)¥(r, t, x + m(t)).
Thus, for any ¢ > 8r,

Up(t, m(t) + x) < y(r)C(. rxe ™V 1imo, + y (1) fP () 120, + ([lloo V D10y
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Let u; (s, x), ua (s, x) and v,,(s, x) be the solutions to the KPP equation (1.3) with initial

conditions C(qb)xe’ﬁx Lisors (I18lloo V D<o, and y(r) f"P(x)1,-09, respectively. Then, by

Lemma 2.3, we have

y(r)C(,r)
C()

Let a(r) = %ﬁ)’” Vv 1. Applying (2.1) with » = 0 and using the fact that k(1) < 1, we get
that

Up(t +s,m() +x) < ( \% 1) uy (s, x)+ up (s, x) + v, (s, x).

Vri(s, %) < &y (DE(f"(By)15,50,).
Thus,
Uy(t + s, m(t +5) + x(t +5))
<a()up, (s, x@ +s)+m(t+s) —m(t)) +us, (s, x( +5)+m(t +5) —m(t))
+ € y(E(f " (m(t +5) — m(0) + x(t +5) + By), m(t +5) = m(1)
+ x(t +s)+ By > 9r).
Letting t — oo and using (3.6), we get

lim sup Uy (1, m(1) + x(1)) < a(r)ur (s, x +~/25) + uz, (s, x + v/2s).

1—>00

Since (||@lleo V 1)1,-9, satisfies the integrability condition (2.2) at oo, we have by Proposi-
tion 1.1(1) that u, (s, x + V2s) = 0 as s — oo. Since C(¢)xe“/§x/w¢(x) — 1 as x — oo,
by [13, Lemma 3.4] (Note that our (1.14), which is exactly [13, (1.13)], holds under (H1)-(H2),
thus [13, Lemma 3.4] holds under (H1)-(H2)), we get that

uy (s, x + «/Es) — wg(x), §— o0.
Now letting s — oo and then r — oo, we get that

limsup Ug(t, m(t) + x(1)) < lim a(r)we(x) = we(x).

—>00

On the other hand,
y(r) ' C(p, rxe ™ Leagr < Upt, m(1) + )+ y(r) ™ fO0 () Lcnor.
Using arguments similar as above, we can get that
1itIEci>£lfU¢(l, m(t) + x(1)) = wy(x).
Therefore, we have
zl—1>r§o Up(t, m(t) + x(1)) = wy(x). 3.8)

(2) Recall that, in this part, ¢ is not necessarily bounded. Applying (3.8) to (¢,x) —
Vs (t + 1o, «/Eto + x) and Proposition 1.1(2), we get that
Tim V(e + o, m0) + v/2 + x(1)) = —log (e~ COZooe ™y
—00
Since m(t + t) — m(r) — /2ty + x(1) — x, we get that

lim Vi(t + to, m(t + to) + x(t)) = — log E(e~ @7,
r—0o0
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which implies the desired result. Similarly, applying Corollary 3.2 and (3.8) to (¢,x) —
Ug(t + 19, \/§t0 + x), we can show that (3.8) also holds for ¢ satisfying the weaker condition
of this part. The proof is now complete. [l

Using Theorem 1.3, we get the convergence of the Laplace transforms. To obtain weak
convergence, we need to show the continuity of C(¢) and C(¢).

Lemma 3.3. Assume that (H1) and (H2) hold. Then for any ¢ € H,

1}\1{101 C(Ag) = C(0) =0. 3.9
If, in addition, (H3) holds, then for any ¢ € H,

lim C(A¢) = Co. 1

lim C(g) = Cy (3.10)
Proof. For any ¢ € H, choose my such that ¢(x) = O for all x < my. Then we have for all
N >0,

E(exp{—i{¢, £))) = E(exp{—il¢llooi(my, 00)}) = e IPI=NP(E, (my, 00) < N).

Letting t — oo, A — 0 and then N — oo, by Theorem 1.3 we see that, to prove (3.9), it
suffices to show that

lim limsup P(&,(mg, 00) > N) = 0. (3.11)
N—oo 500
Let g(x) = 1¢,00)(x), then u,(t, x) = —logE(exp{—X,(—x, 00)}) is increasing on x. For any
n=>1,

E(gt(m¢v OO) > N7 exp{_(e—ngv €t+l>})
=E (5,(m¢, o0) > N, Ey, (exp{— / gty —n—m(+ l))Xl(dy)}>)

_E (5,(m¢, 00) > N, exp{— f (1, x —n —m(t + 1)+ m(z))s,(dx)})

<E (5,(m¢, 00) > N, exp[—ug(l, My —n —m(t + 1)+ m@)Emg. oo)})
<exp{—ug(1,mg —n —m( + 1)+ m(t))N}.
Thus, we get that

lim sup P(&;(my, 00) > N)

—>00

< limsup E(&;(my, 00) > N, exp{—(0_,8, E+1)})

11— 00

+ 1= lim E(exp{—(6-.g, &11)))
< exp{—ug(l,my —n — V2)N} + 1 — E(exp{—C(g)e ™" Zy.}).

Letting N — oo and then n — oo, (3.11) follows immediately. Thus (3.9) is valid.
Now we prove (3.10) under the additional assumption (H3). It is clear that

0 < P(M; —m(r) < 0) — E(exp{—2(¢, &)}, My —m(t) < 0) < 1 — E(exp{—A(¢, &)D.
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Thus, by (3.9) and Theorem 1.3(2) with x(#) = 0, we get that
E(exp{— lim C(1¢)Zoo}) = E(exp{—CoZoc}).
Now (3.10) follows immediately. The proof is now complete. [
For any t > 0, we define & = [ﬁtX,.
Proposition 3.4. Assume that (H1) and (H3) hold. For any z € R, conditioned on {M; >

V21 +z}, (5_, -z, M, — V2t — 7) converges in distribution to a limit (independent of z) (S_oo, Y),
where Y is an exponential random variable with parameter /2 and for any ¢ € CHR),

C(O eV — C()

E[exp{—/ﬂ{{ﬂy)g_oo(dy)}, Y > x] = A x > 0.

Moreover,
(X: — My, My = N2t = Dy - forss
converges in law to (A, Y), where the random measure A = Ey, — Y is independent of Y.

Remark 3.5. Define Y, := X,(v/2t,00) = (h, &,), where h(x) = 1(0.00)(x). It follows from
Proposition 3.4 that Y, |y, converges weakly.

Proof of Proposition 3.4. First, we show that M; — /2t —z]| M, >3+, converges in distribution
to an exponential random variable with parameter V2. In fact, by (1.21) with ¢ = 0, we get
that for any x > 0,

32

P(M, > /2t + 7z + x)

3

—=logt
lim P(M, —v/2t —2 > x|M, > 2t +2) = lim 22— =V,
t—00 t—00 3t* P(M, > \/it +2)
z—ﬂlogr

For any x > 0 and ¢ € B, (R) satisfying the integrability condition (1.19) at —oo, applying
Proposition 1.1 several times, we get

lim ]E(e’fR ‘1’(}”‘5”1))"(‘1”, M, > V2t + 7+ x|M; > V2t + z)

—>00
E(e,quy(yﬂ/itfz)Xr(dy)’ M, > V2474 x)

= lim
1—00 P(M, > /2t + 2)
1= E(e” ROONADX@) My < /2 + 2+ x)
= lim =
100 P(M, > /2t + 2)
1 — E(e~ Jr#0—V2=2) Xi(dy))
— lim

= P(M,; > \/Et +2)
Vo, V2242 L Upt, V21 +2)

Co

= 1i
t—lglo V(l‘, ﬁt + Z) t—00 V(l‘, ﬁt + Z)
_ Cepe V> — C(9)
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where in the second to last equality above, we used L’Hospital’s rule and the facts that
Vo, s(2, V2t + 7+ x) — 0 and Uy(t, V2t + z) — 0 (which are consequences of (1.21) and
(1.20) respectively). Now applying Lemma 3.3, we get that for any ¢ € CH(R),

(b, & —2), My = N2t =Dy - firss

converges jointly in distribution. Thus the limit has the form ((¢, £), ¥) (independent of z),
where the random measure E» € Mg(R).

It follows by [5, Lemma 4.13] that, conditioned on M; > V2t +z, X, — M, converges in
law to c‘foo — Y. Thus,

E(eijﬁw(ny’)X’(dy), M, — V2t —z> x|M, > V2t + z)
= E(e—fRa’O’—Mt)Xr(de, > V2t + 7+ x)IP’(Mt > N2t + 724+ x|M; > V21 4 2)
— E(e R0V E@NP(y > y),

The desired independence result follows immediately. [

Proof of Theorem 1.6. The weak convergence of & and (1.27) follow immediately from
Theorem 1.3(1) and Lemma 3.3. Now we assume that (H3) also holds and prove the second
assertion of Theorem 1.6. For any ¢ € C:T(]R), choose my such that ¢(y) =0 for all y < m.
Then we have

1-E [e— [ 96— xt<d>~>]

€D _ iy
Cy 1o P(M, > +/21)
E[l e [O0-VIXaD pp s /3 +m¢]

m P(M, > +/2t)

P(M, > /2t
 Im E[l _ e*f‘/”(y*‘/i’)x'(d”IMt > \/Et +m¢] (M, > \/_ + mgy)
Tim P(M, > v/2t)

= ¢~ V2my tlif}}oE[l — e‘f¢(>’+m¢“/§’_’"¢)X’(dy)lMt > V21 + m¢]

_ eiﬁmd’E[l _ e*,f¢()’+m¢)goo(d}’):|
— Vg /00 «/Ee’ﬁ"E[l — eifq’(y*m‘?’“m(d”] dx
0
o0
- f «/Ee’ﬁxE[l — e*f"’(y”m(m] dx, (.12)

where in the first, fifth and sixth equalities we used Proposition 3.4, and in the fourth equality
we used Proposition 1.1. By the definition of Zj Aj(dx + ej), we deduce that

E(e‘ Y ¢(y+ej)Aj(dy>> -E H[E (e— f¢<y+x>A<dy>)]
j

X=€j

= exp {— / (1 - E(e’f ¢<>‘+x>ﬂ<dy>)>éozm«/§e*ﬁx dx} — exp(—C($)Zas).  (3.13)

The proof is now complete. [
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3.2.2. Proof of Theorem 1.7

Lemma 3.6. Assume that (H1) and (H3) hold, and that ¢ € BT (R) satisfies the integrability
condition (1.19) at —oo and that there exists xo < 0 such that ¢ is bounded on (—o0, xp).
Then

. . - —m(t)— = log Z)X,(dy) _ _ _
lim lim E[e J#O—m@)= 5 leg ZX:dy) 0% 7. > 0] =e C("’)E[e 0200 700 > 0]~

§—>00 I—00
Proof. By the Markov property, we have for s < t,

1
E[exp{—/d)(y - m(n) — = log ZS)X,(dy)} expl—027,), Z, > o]

= E[exp{— / Up(t — s, m(t) + LZ logZ, — y)Xs(dy)} exp{—OZS Ly > O].

%

Now applying Theorem 1.3(2) and (3.4), we get that as t — oo,

E[exp|— / by — m(t) — % log zx)x,(dy)} expl—6Z.), Z, > 0]

N E[exp[— / we(v/2s + %log 7, — y)Xs(dy)} exp[—@ZS Z > 0].

For any L > 0, define A(s, L) := {Z, > 0,log Z, € [-L, L], M; < +/2s — logs}. Then
1
E[exp{— / wy(v/2s + 5oz - y)XS(dy)} exp{—@Zs], Z > 0]

< ]E[exp{— / w¢(«/§S + % logZ; — y)Xs(dy)} exp{—@Zs}, A(s, L)]

+P(Z, > 0, |log Z,| > L)+ P(M; > +/2s —logs) == (I) + (1) + (I11).
Since {Z,, =0} = 8¢ and {Z,, > 0} = S a.s., we have
lim limsupP(Z; > 0, |log Zs| > L)

L—oo 5500

< lim lim sup(IP’(ZS >0, |log Z| > L, S) + P(X, # 0, SC)>

=X y>o00

< lim P(|log Z| > L. 8) =0. (3.14)
—>00
By (1.26), we have
lim P(M; > +/2s — logs) = 0. (3.15)

Now we consider (/). Since wf(}jx — C(¢), as x — 00, and on A(s, L), for y € supp Xj,

V2s + \/% logZ, —y >logs — L/ﬁ, thus for any € > 0, there exists N such that for s > N,

—ﬁ(ﬁwﬁ log Zs—y)

(1—)C($) / (V25 + % log Z, — y)e X,(dy)
= / qu(\/is + % log Z; — y)X,(dy)
< (1+C@) / (V25 + % log Z, — y)e VVEYE By 4y
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Llog Z| < €. Thus (I) is less than or

L
Note that on A(s, L), for s large enough, Ty = Tologs =

equal to

E[exp{—(l — 2 C(p)(Zy) ! / (V25 — y)e_ﬁ(ﬁ“_”Xs(dy)} exp{—@Zs}, As, L)]

< exp{—(l . e)zC(qb)}E[exp{—GZS}, Z, > o]. (3.16)
Similarly,
(I > exp{—(l + 6)2C(¢)}E[exp{—9Zs}, A, L)]. 3.17)

Combining (3.14)—(3.17), letting s — oo, then L — oo, and then € — 0, we get that

SligoE[exp{— / we(v/2s + %bg Z, — y)XS(dy)} exp{—@Zs}, 7, > 0]

- exp{—C(¢)}E[exp{—9Zoo], Zo > 0].

The proof is now complete. [l

Proof of Theorem 1.7. Using arguments similar to that leading to (3.13), we get that for any
¢ € CF(R),

E(e‘ z) ¢<y+e;.m_,<dy>> = exp {_ /(1 _ E(e—f¢()'+x)A(dy)>)Coﬁe—ﬁx dx}

— exp{—C(@)).
Since Z; — Z, we only need to prove that, for any ¢ € CF(R) and 6 > 0,
lim E[e—f SME N g=0Z00 7 o] = exp{—C(P))E[exp{—0Z}, Zoo > 0].  (3.18)
—00

Step 1 Define, for any b > 1,

0, [x| > b;
gr(x) =11, x| <b—1;
linear, otherwise.

It is clear that |gp(x) — g»(V)]| < |x — y|.

First, we consider ¢(x) = |f(x)|gp(x) where f(x) = Z?:l 0;efi* and 6;, B; € R. Let
fx) = >r ,16:lePi*. It is clear that ¢ € CF(R). By Lemma 3.6, to prove (3.18), it suffices
to show that

lim limsup |E
§—>00 1—>00

_ —m(t)— L )
I:e J ¢(y—m(2) ﬁlOgZoo)Xt(d))efezoc’ Zo > 0]

— [ ply—m(t)— L log Zs N
— B[ PTOTR N 0z 72 0] =0, (3.19)
For any K > 0 and M > 0, let ?M(y) = 7(y)1|y‘§M+b and
—M 1 1
A(s,t, K, M) = L€ >K}U{— lo ZOO>M}U{—10 Zs>M}.
{(f . &) ﬁl g Zool ﬁl g Zsl

Since (7M, &) converges weakly and Z; — Z, a.s., for any € > 0, there exist K, M such
that
lim limsupP(A(s,t, K, M), Zs > 0) < €. (3.20)
S0 1500
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Note that, if |y| > |x1| V |x2] + b, ¢(y — x1) — ¢(y — x2) = O; otherwise,

[p(y = x1) = d(y — x2)]
SO =x) = fFO =x) + [f & = x)llgp(y — x1) — 8p(y — x2)|

<FO) [ D le P —e P 43 e P xy — xa| | = F()H(x1, x2).
- .

J

By the inequality [e™ — e™¥| < 1 —e ! for any x, y > 0, we get that on A(s, ¢, K, M)° N
{ZS > 07 ZOO > O}a

’e— J $(y=m()= s log Zo)Xty) 0200 _ ,~ J (y=m()= 5 log ZoXidy) —6z,

_ 1 1
<1- exp{—9|ZS — Zso| — (fM,E,)H <E log Z, Elog&)}
1 1
<1- exp{—9|ZS —Zs| — KH (E log Z o, Elogzs)}.

Since Z; — Z, the left hand side of (3.19) is no more than

lim limsup[]P’(ZS <0,Zy >0)+P(A(s,t, K, M), Zo, > 0)

§S—>00 1—00
1
V2

1

log Z, 7

+E(l—exp{—9|ZS—Zoo|—KH( 1ogzs)},ZS >0, Zoo >o>]

<e€.

Now (3.19) follows immediately. Thus, the result holds for ¢(x) of the form specified at the
beginning of this step.

Step 2 We will show that (3.18) holds for ¢ € CF(R). Choose b > 1 such that ¢(x) = 0
for |[x|] > b — 1. According to the Stone—Weierstrass theorem, for any n > 1, there exists a
polynomial Q, ; such that

sup Q@ p(y) — dllogy)l <n” ',

yele=?.eb]

which is equivalent to that

sup |Qup(e”) — (| <n”'
yel-b,b]

Let ¢,.5(y) == [Qn.p(e”)|gr(y), it is clear that all the functions ¢, satisfy the conditions in
Step 1, and [$,,5(y) — ¢(»)| < n~"gs(y). Thus

)E[e—fmy)e;‘(dy)e—ezm’ Zo > O] _ E[e* [ onpOIEF N =000 7 0]‘
< IE[I — e [y EAD 7 0]
< ]E[l e fnWE@ 7 O].
In Step 1, we have shown that,
lim lim E[l—e’"_l JaWetdy 7 - 0] = nlir&(l—exp{—C(n*Igb)})P(Zoo >0)=0.

n—00 t— 00
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Thus we have

lim E[e—f YOIE A g=0Z00 7 o] = lim lim E[e—f npMEF ) =020 7 0]

—00 n—o0 t—00
= lim exp{—C(gbn,b)}]E[e—”w, Zo > o].
n— o0
Since |¢,.5(y) — ¢(y)| < n~'gy(y), by Lemmas 2.3 and 3.3, we have
|C(¢ns) — C(@)| < C(n""'gy) > 0, n— oo.

Thus, (3.18) is valid for all ¢ € CF(R). O
In fact, it is not surprising that £% has the decomposition (1.29). A random measure M is
said to be exp-+/2-stable if any a, b satisfying eV 4 ¢vV2 = 1, it holds that

ToM +T,M £ M,
where M is an independent copy of M. The following proposition shows that £ satisfies the
exp-«/z-stability:
Proposition 3.7. Under (H1) and (H3), £, satisfies the exp-~/2-stability.

Proof. The Laplace transform of 7,£% is given by
E(exp{—(¢, Te€L)}) = E(exp{— (09, £L)}) = exp{—C(0.9)} = exp{—C($)e¥>),
¢ € CI(R).
Therefore, the desired result follows. [
Remark 3.8. Let M|, ..., M, be a sequence of i.i.d. random measures with the same law as

ilogn/ﬁg:o' Then, by Proposition 3.7, £% is equal in law to M; + --- + M,. Thus &% is
infinitely divisible. Applying [37, Theorem 3.1], we get that for any ¢ € CF(R),

C(@) = = logBlexp(~(, &) = [ g0 dx

+‘/a“Z/’ [1 — exp{— (¢, )]
R MR\ {0}
« T Adw)dx,

for some constant ¢ > 0 and some measure A on Mg(R)\ {0} with the property that for every
bounded Borel set A C R,
/ e 2"/ [1Au(A—x)]Adp)dx < oo.
R MpR\{0}

Now we choose a function ¢ € CH(R) such that ¢(x) = 0 for any x < 0. It is clear that
Ujs(t, x) < V(t, x). Under (H1) and (H3), it holds that C(A¢$) < Cy € (0, 0o) for any A > 0.
This implies that ¢ = 0. Thus

« d
=D Ty D),
i

where ) j0x;,p;) 1s Poisson point process with intensity measure e~V dx A(dw). Theo-

rem 1.7 says that A(dp) = V2CoP(A € du) where A is the limit of X, — M, conditioned on
(M, > V21).

27



Y-X. Ren, R. Song and R. Zhang Stochastic Processes and their Applications 137 (2021) 1-34
4. Proof of Lemma 3.1

In this section, we will give an upper estimate for —log Ps (X([—A, A]) =0,0 <s <1),
which implies Lemma 3.1. Pinsky [40] has proved a similar result for super-Brownian motions
with quadratic branching mechanism. Here we use the idea of [40] to generalize the result to
super-Brownian motions with more general branching mechanisms.

Lemma 4.1 (Maximum Principle). Let &()\) = —ar + bA'"? where a > 0,b > 0,9 > 0.
Assume that vi(x) and vo(x) are two functions defined on (ai, a») such that v;(x) > (ab=")'/?,
i=1,2 v(a) <va) i=1,2 and that

2 2

1d - 1d ~
3 252 20 = ¥ (X)) = S ui) =Y i), x € (a, ap).

Then we have that
v1(x) < va(x), x € (ap,a).

Proof. The proof is a slight modification of the proof of [13, Proposition 3.1], using [41,
Theorem 3.4]. See also the proof of [11, Proposition 6.4]. We omit the details. [

Lemma 4.2. Let 1}()») = —ak + bA"*?, where a > 0,b > 0,0 € (0,1]. For any A > 0,
there exists an even function ha(x) on (—A, A) such that

1 ~
EAhA(x) =Yhax)), x| <A, (4.1)

and that lim, .4 ha(x) = limy_,_4 ha(x) = o00. Moreover, there exist positive constants
c1 =ci(a,b, V), cop =c2(a, b, V) and c3 = c3(a, b, V) such that

(1) max{(ab™")V? c; A7 (A? —x*)72/7} < ha(x) < (ab™)YP (1 +¢1 A*? (A2 — x*)7?) for
lx| < A;

W@ _ e
(2) e < Ai‘xl,for x| < A.

Proof. Step 1: First, for any m > (ab=")!/? let h,,(x) be the solution to the problem:

1 -
EAhm(x) =Y (hu(x)), |x| <A, (4.2)

Clearly h,, is even. Since (ab~")!/? is a solution of —aA 4+ bA'*? = 0, the maximum principle
in Lemma 4.1 implies that 4, (x) > (ab~")!/? for |x| < A.

Step 2 We claim that there exists ¢; > 0 such that the function g(x) = (ab~"H"?(1 +
1AM (A? — x2)7%/?) satisfies

1 -
54800 < P(g() = —ag) +bg(0)' ™. x| < A.

Given this claim, we can use the maximum principle in Lemma 4.1 and the fact lim,_, 4 g(x) =
lim,_,_4 g(x) = oo to get

gx) = hy(x), |x| <A.
28
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. . . _ 1+9 . _ 1+
Now we prove the claim. Since lim; o % = 0o and lim;_, o % =1,
we have
- —(1+ 1)+ 1+
2>0 )"l+l7

Thus, we have that

_ag(x) + bg(x)l-‘rﬁ z C4a(ab—1)l/ﬂciJrZ?AZ-‘rZ/ﬁ(Az _ x2)—2(1+79)/17.

Cq =

€ (0, 00).

It is clear that, for any x € (—A, A),
1
74800) = (@b™)"" e A720 AR + @97+ DPI(AT — )
< (ab—1)1/7961219—1(419—1 + 2)A2+2/19(A2 _ xZ)—2—2/17.
Therefore it suffices to choose
1 —1g-1,2 1o
61=(4c4 a9 (—+1)) .
04
) A2/P

Step 3 For any & > 0, define gs(x) := o=
We claim that there exists ¢, = c¢»(a, b, ) > 0 such that

where ¢; > (ab~")'/? is a constant.

1
EAgs(x) > —ags(x) + bgs()'™*”,  |x| < A+35. 4.4

Given this claim, we can apply the maximum principle in Lemma 4.1 to get that, for m large
enough,

hn(x) > gs(x), |x]| < A.
Now we prove the claim. In fact,

%Aga(x) > 20 AT (A 4 8)F — BT
and

—ags(x) + bgs(0)'” < bgs () = bel TP AYIF(A 4 8)2 — x2) 2P,
Thus we only need to choose

= Qb Ty ~Hl/?,

Step 4 By the maximum principle in Lemma 4.1, h,, is non-decreasing in m, thus h4(x) =
lim,; oo hy (x) exists. Hence for any § > 0,

gs(x) < ha(x) < g(x).

Letting § — 0, we have that, for any |x| < A,

AT ) = @)+ e AV A
(Az _ x2)2/19 — - ’
Clearly limy_ 4 ha(x) = lim,_,_4 ha(x) = o0.
Step 5 Now we show that /4 satisfies (4.1). By (4.2), we have that for any 0 < A’ < A,
TA/ -
hn(x) = —E, Y (hm(By)) ds + Ex(hm(BrA/))’ X € (_A/5 A/),
0
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where 74 is the exit time of B from (—A’, A’). Letting m — oo and applying the dominated
convergence theorem, we get that

hax) = —E, / " G B ds + Eh(B,, ). x € (~A, A,
0

which implies that &, satisfies (4.1) for x € (—A’, A"). Since A’ € (0, A) is arbitrary, hy
satisfies (4.1) for x € (—A, A).
Step 6 Finally, we prove that

Wl (D
have 4 = W0 -

ha(x) > (@b~H)'? and

W, )| ¢y
ha) = A—[x]’

To prove the desired result, we only need to consider x > 0. Since

|x] < A. Since h, is an even function, we

1 ~
EAhA(x) =Yha(x)) =0, |x] <A,

we know that i/, (x) is increasing on (—A, A). Since h 4 is an even function, we have 1/,(0) = 0.
Thus, h/A(x) > 0 for x € [0, A), which implies that

Ry (x)
>0, € [0, A). 4.5
G = x €0, A) 4.5)
Define wy(x) = 2“;”_15 — Z%‘\Eg, for x € [0, A). Then, for any x € (0, A),
2(c1)” Ry (x)\2
() = L abhax) — (A )>o,
w (%) A2 (bha(x)" —a) + ) =
where the last inequality follows from the fact that
o 2/9 42 2\=2/0 9 D 42042 2y-2 a(e)”
bha(x)” —a < a(l 4+ c; A" (A? —xH)™")Y —a < acl A*(A* —x*) % < AP
—x

Since #/,(0) = 0, then w;(0) > 0. Thus for any x € (0, A), wi(x) > w;(0) > 0, that is
2a(c)® _ Wy(x)
A—x ~ hax)’

Combining (4.5) and (4.6), we get the desired result. [J

x € [0, A). (4.6)

Lemma 4.3. Assume (H1) and (H3) hold. Then, there exist positive constants c4 = c4(a, b, ¥)
and cs = cs(a, b, ¥) such that for any A > 0 and |x| < A,

| o { ( (A = Ix]? )}
—logPs (Xs([—A, A]°) =0,Vs € [0, £]) < ha(x)exp y— 647 —at—cs )¢ .

4.7)

Proof. Let X be a super-Brownian motion with branching mechanism V(X)) = —ar +bA'7,
Define
h(t, x) = —logPs (X,([—A, A]) = 0,Vs < 1)
and
! ~
e, 3) =~ tog B, [exp| = [ (6 s}
0
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where ¢,, € C*(R) satisfies

Gn(») =0, [yl <Ayl >A+m+1,
) =m, A+ <hl<A+m,

Then h(z, x) = lim,;,— o0 h,, (f, x) and h,, (¢, x) satisfies the equation
hon(t, x) + Ey /l U(hm(t — s, By))ds = E, /lqﬁm(Bs)ds.

For the display above? we refer the readers to [35, 0Corollay 5.17]. Thus,

dhy, 1 -

W(L )C) - EAhm(tv X) = —I/f(h(t, )C)) + ¢m(-x)v r> 07
which implies that

ohy, 1 -

T(tv-x)_EAhm(tvx):_I/f(h(tv-x))s |-x| <A,t>0

Since ¥ > v, then using arguments similar to that used in [35, Corollary 5.18], we get that

t
~t0g By [exp| = [ (e Xy ds)] < hutt. ),
0
Letting m — oo, we get
—log Ps, (X,([—A, A]Y) = 0, Vs € [0,1]) < h(t, x),

so it suffices to show that the result holds for A(z, x).
Let f be an even function satisfying

feC(-L1D, fO>0,if —1<y<L
fO=1, f©O=0 f1)=0 f1H=0, f'(1)>0.
f'»)?
— <00
velo, 11 S(¥)
It has been proved in the proof of [40, Theorem 1] that such f exists. Define

(4.8)

2
(t, x) = hA(x)exp[cs tar— %f(%)}, x| < A,

where ¢s5,8 > 0 are to be fixed later. It is clear that lim,_,o v(, x) = 0, lim)y_, 4 v(f, x) = o0,
since limjy| 4 ha(x) = o0.
To prove the result, we want to find suitable cs, § such that
0 1
a—l;(t,x) — EAv(r,x) > av(r, x) — bv(t, x)'*7,  |x| < A. (4.9)
Once we have this, we can apply the maximum principle in Lemma 2.2 to get h,(f, x) <
v(t, x). Letting m — oo, we arrive at

h(t,x) <v(t,x), |x|<A,t>0.
Since f”(1) > 0, we have infy¢o 1 % > 0. Thus,

c4(A — IXI)Z}

h(t,x) <v(t,x) < hA(x)exp{cs + at — ;

f
(1-y)?

where ¢4 = §infypo 1 >0
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Now we prove (4.9). Note that, by (4.1), (4.9) is equivalent to, for x € [0, A), y = x/A,

§A? 32 2 h SA
a+ o f0) = SO+ hAEx; :

Note that f((y )))2, ”1 (y} )l and f”(y) are all bounded. Let K be the common upper bound. By

< c3(A — x)~!. Choose § € (0, K~"). It suffices to show that

f()+ f”(y)> —bu(t,x)” + bha(x)".

Lemma 4.2,

Ks  Ké
GRo_ 5 = —bvt. ) 4+ b (4.10)

It %f(y) > ¢5/2, then the left hand side of (4.10) is bigger than

f()—

and by Lemma 4.2, the right hand side of (4.10) is less than
bha(x)” < a(l 4+ c1A*7(A* =277 < a(l + ] A72(1 = y)7?)
? ?

f(y) -4 02801 K cat 2acy .
(1—y22 = cst T cst
Thus, when we choose cs large enough, (4.10) is true.

2
If ¢5/2 > %f(y), then the left hand side of (4.10) is bigger than

C3 1
t 2t
and the right hand side of (4.10) is less than
bha(x)? (1 — e"5/%) < —(e7%5/% — 1)bc) A*(A? — x*)7?
1 f)
F(HA2 (1 = y)* (1 + y)?
bc‘296(6“5/2 -1 . fo 1
- inf -
2c¢s yelo.1]1 (1 — y)? ¢

=a+ac)(f(y) A7

—bcd (€757 — 1)

Since infyepo,1 (lf (})2 > 0, we can choose cs large enough such that (4.10) is true. The proof
is now complete. [

Proof of Lemma 3.1. It is clear that

E[exp{—/Rm —0X,@y}, M, < x] = PAX N =0) >0,
where the last inequality follows from (1.11). Thus

V(t, x) = —logP(|| X;[| = 0) < o0,

which implies that V (¢, -) is a bounded function. For any x > 1, it follows from Lemma 4.3
that

V(t.x) = —log PCX,([—x, x]) = 0,5 < 1) < hy(O)exp(—tx +ar +cs)
< ce s,
where c¢(t) is a constant which may depend on ¢. Thus, the desired result follows. [

32



Y-X. Ren, R. Song and R. Zhang Stochastic Processes and their Applications 137 (2021) 1-34

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgment

We thank the referee for helpful comments. Part of the research for this paper was done
while the second-named author was visiting Jiangsu Normal University, where he was partially
supported by a grant from the National Natural Science Foundation of China (11931004) and
by the Priority Academic Program Development of Jiangsu Higher Education Institutions.

References

[1] E. Aidékon, Convergence in law of the minimum of a branching random walk, Ann. Probab. 41 (2013)
1362-1426.
[2] E. Aidékon, J. Berestycki, E. Brunet, Z. Shi, Branching Brownian motion seen from its tip, Probab. Theory
Related Fields 157 (2013) 405-451.
[3] L.-P. Arguin, A. Bovier, N. Kistler, Genealogy of extremal particles of branching Brownian motion, Comm.
Pure Appl. Math. 64 (2011) 1647-1676.
[4] L.-P. Arguin, A. Bovier, N. Kistler, Poissonian statistics in the extremal process of branching Brownian
motion, Ann. Appl. Probab. 22 (2012) 1693-1711.
[5] L.-P. Arguin, A. Bovier, N. Kistler, The extremal process of branching Brownian motion, Probab. Theory
Related Fields 157 (2013) 535-574.
[6] D.G. Aronson, H.F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics, Adyv.
Math. 30 (1978) 33-76.
[7] J. Berestycki, E. Brunet, A. Cortines, B. Mallein, Extremes of branching Ornstein—Uhlenbeck processes.
Preprint. arXiv:1810.05809v1.
[8] S. Bocharov, Limiting distribution of particles near the frontier in the catalytic branching Brownian motion,
Acta Appl. Math. 169 (2020) 433-453.
[9] S. Bocharov, S.C. Harris, Branching Brownian motion with catalytic branching at the origin, Acta Appl.
Math. 134 (2014) 201-228.
[10] S. Bocharov, S.C. Harris, Limiting distribution of the rightmost particle in catalytic branching Brownian
motion, Electron. Commun. Probab. 21 (2016) 70, 12 pp.
[11] A. Bovier, Gaussian Processes on Trees. From Spin Glasses to Branching Brownian Motion, Cambridge
University Press, Cambridge, 2017.
[12] M. Bramson, Maximal displacement of branching Brownian motion, Comm. Pure Appl. Math. 31 (1978)
531-581.
[13] M. Bramson, Convergence of solutions of the Kolmogorov equation to travelling waves, Mem. Amer. Math.
Soc. 44 (1983) iv+190.
[14] P. Carmona, Y. Hu, The spread of a catalytic branching random walk, Ann. Inst. Henri Poincaré Probab. Stat.
50 (2014) 327-351.
[15] B. Chauvin, A. Rouault, KPP equation and supercritical branching Brownian motion in the subcritical speed
area. Application to spatial trees, Probab. Theory Related Fields 80 (1988) 299-314.
[16] B. Chauvin, A. Rouault, Supercritical branching Brownian motion and K-P-P equation in the critical
speed-area, Math. Nachr. 149 (1990) 41-59.
[17] D.A. Dawson, Measure-valued Markov Processes, in: Ecole D’Eté de Probabilités de Saint-Flour XXI-1991,
in: Lecture Notes in Math, vol. 1541, Springer, Berlin, 1991, pp. 1-260.
[18] E.B. Dynkin, Superprocesses and partial differential equations, Ann. Probab. 21 (1993) 1185-1262.
[19] J. Englander, Large deviations for the growth rate of the support of supercritical super-Brownian motion,
Statist. Probab. Lett. 66 (2004) 449-456.
[20] R.A. Fisher, The advance of advantageous genes, Ann. Eugen. 7 (1937) 355-369.
[21] S.C. Harris, Travelling-waves for the FKPP equation via probabilistic arguments, Proc. Roy. Soc. Edinburgh
Sect. A 129 (1999) 503-517.
[22] Y. Hu, Z. Shi, Minimal position and critical martingale convergence in branching random walks, and directed
polymers on disordered trees, Ann. Probab. 37 (2009) 742-789.

33


http://refhub.elsevier.com/S0304-4149(21)00035-1/sb1
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb1
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb1
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb2
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb2
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb2
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb3
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb3
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb3
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb4
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb4
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb4
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb5
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb5
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb5
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb6
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb6
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb6
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://arxiv.org/abs/1810.05809v1
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb8
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb8
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb8
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb9
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb9
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb9
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb10
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb10
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb10
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb11
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb11
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb11
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb12
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb12
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb12
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb13
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb13
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb13
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb14
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb14
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb14
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb15
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb15
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb15
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb16
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb16
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb16
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb17
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb17
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb17
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb18
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb19
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb19
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb19
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb20
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb21
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb21
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb21
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb22
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb22
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb22

Y-X

[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]

[35]
[36]

[37]
[38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]

Ren, R. Song and R. Zhang Stochastic Processes and their Applications 137 (2021) 1-34

N. Ikeda, M. Nagasawa, S. Watanabe, Markov branching processes, I, J. Math. Kyoto Univ. 8 (1968) 233-278.
N. Ikeda, M. Nagasawa, S. Watanabe, Markov branching processes, II, J. Math. Kyoto Univ. 8 (1968) 365—410.
N. Ikeda, M. Nagasawa, S. Watanabe, Markov branching processes, III, J. Math. Kyoto Univ. 9 (1968) 95-160.
0. Kallenberg, Foundations of Modern Probability, Springer-Verlag, New York, 1997.

O. Kallenberg, Random Measures, Theory and Applications, Springer, Cham, 2017.

A. Kolmogorov, I. Petrovskii, N. Piskounov, Etude de I’équation de la diffusion avec croissance de la quantité
de la matiere at son application a4 un problem biologique, Moscow Univ. Math. Bull. 1 (1937) 1-25.

A.E. Kyprianou, Travelling wave solutions to the K-p-P equation: alternatives to Simon Harris’ probabilistic
analysis, Ann. Inst. Henri Poincaré Probab. Stat. 40 (2004) 53-72.

A.E. Kyprianou, R.-L. Liu, A. Murillo-Salas, Y.-X. Ren, Supercritical super-Brownian motion with a general
branching mechanism and travelling waves, Ann. Inst. Henri Poincaré Probab. Stat. 48 (2012) 661-687.

S. Lalley, T. Sellke, A conditional limit theorem for the frontier of branching Brownian motion, Ann. Probab.
15 (1987) 1052-1061.

S. Lalley, T. Sellke, Travelling waves in inhomogeneous branching Brownian motions I, Ann. Probab. 16
(1988) 1051-1062.

S. Lalley, T. Sellke, Travelling waves in inhomogeneous branching Brownian motions II, Ann. Probab. 17
(1989) 116-127.

K.-S. Lau, On the nonlinear diffusion equation of Kolmogorov, Petrovsky, and Piscounov, J. Differential
Equations 59 (1985) 44-70.

Z. Li, Measure-Valued Branching Markov Processes, Springer, Heidelberg, 2011.

T. Madaule, Convergence in law for the branching random walk seen from its tip, J. Theoret. Probab. 30
(2017) 27-63.

P. Maillard, A note on stable point processes occurring in branching Brownian motion, Electron. Commun.
Probab. 18 (2013) 5, 9 pp.

H.P. McKean, Application of Brownian motion to the equation of Kolmogorov- Petrovskii-Piskunov, Comm.
Pure Appl. Math. 28 (1975) 323-331.

Y. Nishimori, Y. Shiozawa, Limiting distributions for the maximal displacement of branching Brownian
motions, 2019, arXiv:1903.02851.

R.G. Pinsky, K-p-p-type asymptotics for nonlinear diffusion in a large ball with infinite boundary data and on
R? with infinite initial data outside a large ball, Comm. Partial Differential Equations 20 (1995) 1369-1393.
M.H. Protter, H.F. Weinberger, Maximum Principles in Differential Equations, Prentice-Hall, Inc., Englewood
Cliffs, N.J., 1967.

M.I. Roberts, A simple path to asymptotics for the frontier of a branching Brownian motion, Ann. Probab.
41 (2013) 3518-3541.

Y.-C. Sheu, Lifetime and compactness of range for super-Brownian motion with a general branching
mechanism, Stochastic Process. Appl. 70 (1997) 129-141.

Y. Shiozawa, Spread rate of branching Brownian motions, Acta Appl. Math. 155 (2018) 113-150.

A.IL Volpert, V.A. Volpert, Traveling Wave Solutions of Parabolic Systems, in: Translations of Mathematical
Monographs, vol. 140, American Mathematical Society, Providence, RI, 1994, Translated from the Russian
manuscript by James F. Heyda.

34


http://refhub.elsevier.com/S0304-4149(21)00035-1/sb23
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb24
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb25
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb26
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb27
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb28
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb28
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb28
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb29
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb29
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb29
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb30
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb30
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb30
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb31
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb31
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb31
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb32
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb32
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb32
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb33
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb33
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb33
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb34
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb34
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb34
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb35
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb36
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb36
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb36
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb37
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb37
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb37
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb38
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb38
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb38
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://arxiv.org/abs/1903.02851
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb40
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb40
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb40
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb41
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb41
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb41
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb42
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb42
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb42
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb43
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb43
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb43
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb44
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb45
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb45
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb45
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb45
http://refhub.elsevier.com/S0304-4149(21)00035-1/sb45

	The extremal process of super-Brownian motion
	Introduction
	Super-Brownian motion
	Maximal position of super-Brownian motion
	KPP equation related to super-Brownian motion
	Main results

	Some results on the KPP equation KPPpsi 
	Proof of main results
	Large deviation results
	The extremal process
	Proofs of thrm:tra-wave,thrm:tra-wave2 
	Proof of them:main3 


	Proof of initial-cond-V 
	Declaration of competing interest
	Acknowledgment
	References


