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1 Introduction and Main Result

Let d € N := {1,2,...} and R} := [0,00). Let & = {(&)i>0; (ILz)zera} be an Ri-valued
Ornstein—Uhlenbeck process (OU process) with generator

Li(r) = 50*Af(x) ~ba-Vi(x), =R’ [ e O (RY,

where o > 0 and b > 0 are constants. Let ¢ be a function on R, of the form
U(2) = —az + p2? +/ (e =14 zy)m(dy), =z€Ry,
(0,00)

where a > 0, p > 0 and 7 is a measure on (0, 00) with f(o,oo)(y Ay?)m(dy) < oo. 1 is referred
to as a branching mechanism and 7 is referred to as the Lévy measure of 1. Denote by M (R?)
(M.(R?)) the space of all finite Borel measures (of compact support) on R%. Denote by B(R%, R)
(B(R% R.)) the space of all R- Valued (Ry-valued) Borel functions on R?. For f,g € B(RY R)
and u € M(RY), write u(f = [ f(z)p(dz) and (f,g) = [ f(z)g(x)dz whenever the integrals
make sense. We say a real—valued Borel function f on Ry x Rd is locally bounded if, for each
t € Ry, we have sup e 4 sere | f(5,7)| < oo. For any u € M(R?), we write ||u| = pu(1). For
any o-finite signed measure p, denote by |u| the total variation measure of .

We say that an M(R?)-valued Hunt process X={(X¢)¢>0; (Pu)uem(ra)} is a super Ornstein—
Uhlenbeck process (super-OU process) with branching mechanism v, or a (§, v)-superprocess, if

for each non-negative bounded Borel function f on R?, we have
]pu[e*Xf,(f)] — e*#(th)7 t>0,pu¢€ M(Rd)7

where (t,z) — V. f(z) is the unique locally bounded non-negative solution to the equation

vtf<x>+nw[ / GV f(€)ds| = ILIF(E)], =€ R%E> 0.

The existence of such super-OU process X is well known, see [8, 16] for instance.

There have been many central limit theorem type results for branching processes, branching
diffusions and superprocesses, under the second moment condition. See [1, 3-6, 9, 11-14, 18,
20-23]. For a detailed literature review, see [19, Section 1.1]. There are also central limit
theorem type results for supercritical branching processes and branching Markov processes
with branching mechanisms of infinite second moment. For earlier papers, see [2, 10]. Recently,
Marks and Milo$ [17] established some spatial central limit theorems for supercritical branching
OU processes with a special stable offspring distribution. In [19], we established stable central
limit theorems for super-OU processes X with branching mechanisms v satisfying the following

two assumptions.

Assumption 1 (Grey’s condition) There exists 2’ > 0 such that ¥ (z) > 0 for all z > 2’ and
[ 0(2) 7z < oo
Assumption 2 There exist constants n > 0 and 5 € (0, 1) such that

/ i+t
(1,00)

ndy

e

< o0

for some § > 0.
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It is known (see [15, Theorems 12.5 & 12.7] for example) that, under Assumption 1, the
extinction event D := {3t > 0 such that || X;|| = 0} is non-trivial with respect to P, for each
p € M(R?)\ {0}. Tt follows from [19, Lemma 2.2] that, if Assumption 2 holds, then n and j
are uniquely determined by the Lévy measure w. Throughout this paper, 5 and n always stand
for the constants in Assumption 2.

We now recall some notation and basic facts from [19]. We use (P;);>0 to denote the
transition semigroup of ¢. Define P2 f(x) := e P, f(x) = [, [e* f(&)] for each x € R, ¢ > 0
and f € B(RY,Ry). It is known that P,[X:(f)] = p(P2f) for all p € M(RY), t > 0 and
f € B(R? R, ). The OU process ¢ has an invariant probability on R%:

b\ Y2 b,
o(x)dr = p exp —§|x| dz.

Let L?(¢) be the Hilbert space with inner product

oty = [ H@h@eade. e 1)

Let Zy := NU{0}. It is known that (P);>0 is a strongly continuous semigroup in L?(¢)
and its generator L has discrete spectrum o(L) = {—bk : k € Z;}. The eigenfunctions of
L consists of a family of polynomials {¢, : p € Zi} which forms a complete orthonormal
basis of L?(¢). For each p € Zi, ¢p is an eigenfunction of L corresponding to the eigenvalue
blp|, where |p| := ZZ:1 pi. For each function f € L2(yp), define the order of f as ky :=
inf {k>0:3peZi, st. |p| =k and (f,¢p), # 0} with the convention that inf ) = co.

For p € Z4, define HY := e~ (@~ IPI)t X, (¢,,), ¢ > 0. For each u # —1, we write @ = u/(1 +u).
We have shown in [19, Lemma 3.2] that for any u € M (R?), (H});>o is a P ,-martingale.
Furthermore, if a8 > p|b, then for every v € (0, ) and u € M.(R?), (HY)¢>0 is a P,-martingale
bounded in L'*7(P,); thus HE := lim;_,o H} exists P -almost surely and in L**7(P,). We
will write HY and H? as H; and H,,, respectively.

Denote by P C L2?(¢p) the class of functions of polynomial growth on R?, i.e., P := {f €
B(R%,R):3C > 0,n € Zy s.t. Yo € RY | f(z)| < C(1+|z])"}. Define Cs := PN Span{¢, : af <
Ip|b}, Cc := P N Span{e, : af = [p|b}, and C; := P N Span{¢, : aff > |p|b}. Note that C, is
an infinite dimensional space, C; and C. are finite dimensional spaces, and C. might be empty.

Define a semigroup
Tif =Y e P=olt(f ) 6, t>0,f€P, (1.1)
PELY

and a family of functionals

my[f] :== 77/0 du /Rd(fiTuf(:c))HBgo(x)dx, 0<t<oo, feP. (1.2)

Let us recall the definition of the non-integer power of complex numbers here. For each z €
C\ (—00,0], we define log z := log|z| + iarg z where argz € (—m, m) is uniquely determined so
that z = |z|e!®87. For each z € C\ (—00,0] and vy € R, we define 27 := e¢7!°¢*. For each v > 0,
we define 07 := lim,, 0 .cc\ (~00,0 27 = 1y=0-

We have shown in [19, Lemma 2.6 and Proposition 2.7] that, for each f € P, there exists a
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(1 + B)-stable random variable ¢/ with characteristic function 6 — ¢™[%/1 6 € R, where

tlim me[f], fe€CsdC,
m[f] =" (1.3)
Jim —my[f], feP\Cel.
For each p € M(R9)\ {0}, write I@H() =P, (-|D). We also proved in [19, Theorem 1.6] that
if 4 € MR\ {0}, fs €Cs, fo €C. and f; € Gy, then under IT"#,

Xt(fs) d

eI X|| S Hogy Rt o ¢
t—00 ||Xt||17ﬂ t—o00
Xt(fc) _ d fc; Xt(fl) B th(fl) d C7f17 (1.4)
[[EX ||} toe IXel[t=F tee

where Hy, has the distribution of {HOO;ENDM}; ¢Fs, ¢fe and ¢~/ are the (1 + f3)-stable random
variables described in (1); and

xi(f)i= Y (el PPHE >0, f € P (1.5)
peZd :af>|plb

Any f € P can be decomposed as f = fs + f. + f; with fs € Cs, fe € C. and f; € C;. In [19],
we were not able to establish a central limit theorem for f if || fs|[z2(4) > 0, fellz2(p) = 0 and
lfill 2(p) > 0. We conjectured there that the limit random variables in (1) for fs € Cs, f. € C.
and f; € C; are independent. Once this asymptotic independence is established, a central limit

theorem for X, (f) for all f € P would follow.
The main purpose of this note is to show that the limit random variables in (1) are inde-

pendent.
Theorem 1.1 If u € M (R%)\ {0}, fs € Cs, fo € C. and fi € (1, then under ﬁu:

5(0) = (e, iy ) Sl Sl e
%15 XXl

(Heoo, 5, ¢Te,¢7M), (1.6)

t—o00

where x¢(f1) is defined in (1) with f replaced with fi; H.o has the distribution of {Hwo; ﬁu}; ¢,
¢fe and ¢~ are the (1 + B)-stable random variables described in (1); He, ¢fs, ¢fe and ¢h
are independent.

As a corollary of this theorem, we get central limit theorems for X;(f) for all f € P.
Corollary 1.2 Let p € M. (R \ {0} and f € P. Let f = fo+ fo+ fi be the unique
decomposition of f with fs € Cs, f. € Cc and fi € Ci. Then under ]Tv”“, it holds that

(1) if fo =0, then

Xt(f)—X{(f) d
[ Xel|l1=5 toee

Cfs + C_fl7

where (T and (= are the (1 + B)-stable random variables described in (1), (fs and (= are
independent,
(2) if fo £ 0, then
Xo(f) —xe(f) a
HtXt||17'é t—00

where (e is the (14 8)-stable random variable described in (1).
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Remark 1.3 We mention here that the branching mechanism 1 considered in this paper can
be written in the form of ¥(z) = —az 4+ 2'7#(n + €(2)) where €(z) — 0 as z — 0 (see [19,
Remark 1.3]). It would be interesting to consider the more general case ¥(z) = —az + 2'+PI(z)
where [(z) is only assumed to be a slowly varying function. For this more general case, the
arguments of [19] and this paper no longer work. It seems that new ideas and treatments are
needed.

2 Proof of Main Result

We first make some preparations before proving Theorem 1.1. For every t > 0 and f € P,

define .
Zif ;:/ P (n(=iP ) +0)ds, T = Xenr(f) = Xo(Pf)
0 [P

From [19, Theorem 3.4] we know that, for each f € P, (Z1f, ) is the characteristic exponent
of the weak limit of T{. For g = gs + gc + g1 € P with g5 € Cs,g. € C. and g1 € C;, we define
fg ={0:T09s + 0 Tnge +61Tng1 : 0 € Zy, 65,0, 6, € [—1,1]}, where T, is the operator defined
in (1). The following Lemma 2.1 can be proved using an argument similar to that used in the
proof of [19, Lemma 2.9]. We omit the details here.

Lemma 2.1 For any g € P there exists non-negative h € P such that for all f € P, and
t >0, we have |P(Z1f — (Z1f,¢))| < e Ph.

The following result is a generalization of [19, Proposition 3.5], whose proof is similar to
that of [19, Proposition 3.5], with Lemma 2.1 replacing the role of [19, Lemma 2.9]. Let (%#):>0
be the natural filtration of X.

Proposition 2.2  For any u € M.(R?) and g € P, there exist C,§ > 0 such that for all t > 1
and f € 59, we have
]P’MHIP’M[emjfr - e<Z1f’¢>;DC|§Q]|] < Ce™?,

The following generalization of [19, Proposition 3.5] will be used later in the proof of The-
orem 2.5, a special case of Theorem 1.1. Note that the constants C' and § in the next result
depend only on f,g € P and u € M.(R?), do not depend on ni,nz, f;,g; and t (as long as
t>n;+1).

Proposition 2.3 For any f,g € P and p € M.(R?), there exist C,6 > 0 such that for all
ni,ng € Zy, (f;)ito C Py, (9)720 C Py and t > ny + 1, we have

ﬁ# l:( H eiT{kk1> ( H einik>:| _ < H e(Z1fk7tP>> ( H e<Z19k7‘P>> ‘ < Ce0(—n1) (2.1)
k=0 k=0 k=0 k=0

Proof 1In this proof, we fix f,g € P, p € MR, ny,ne € Z, (fi)ito C Py, (95)720 C P,
and t > ny + 1. For any k; € {-1,0,...,n1} and ky € {—1,0,...,n2}, define

~ “ k7 ka2 9 k1 no
Ay ky = Py [( H eiTt]j1> <Heifr?ij>} (H e<Zlfj7<P>> ( H e<Zlgj,90>)’

j=k1+1 =0 =0 j=ka+1

where we used the convention that Hj;lo = 1. Then for all k3 € {0,...,n2}, we have

1 e
_ — (Z195.¢)
Aot T T IMD':)(}I,;[He h >
J=FR2
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n ko—1 "y g
< | (T ) (1 o )Rue™ - elmomti iz, 22)
=0 =0

By Proposition 2.2, there exist Cy,dy > 0, depending only on p and g, such that for each
ko € {O,...,’I’LQ},

(2) ATk
|Cl_17k2 - a—17k2—1| < ]PH(DC)_l]P)HHPM[elTHriQ - e<Zlgk27w>;Dc|g\t+k2]|]
< Cpedolttks) (2.3)
Similarly, for any k; € {0,...,n1},

aklfl,fl - ak1’71

1 ky1—1 no
— <Zlfj7%0>> ( <Zlgj7%0>>
e e
s () (11

et no
x P, [Pu[eﬁt%l — @) D2y ] ] T} : (2.4)
j=ki1+1

By Proposition 2.2, there exist C1,d; > 0, depending only on p and f, such that for any
ki € {0,...,711},

(2) 1 xR c
|ak1—17—1 . ak17—1| § W]Py [‘Pp[e Tt—kl—l _ e(Zlfkp‘P);D |ﬂt—k1—1]|]
i

< Cre~ilt=F), (2.5)

Therefore, there exist C,d > 0, depending only on f, g and p, such that

ni n2
LHS of (2.3) = |a_1,n, — Gn,,—1] < Z lak—1,-1 — ak,—1| + Z la—1k —a—1k-1]

k=0 k=0
(2),(2) & —01(t—k . —d0(t+k —5(t—
< ZCle 1 )JrZCOe o(t+k) < Ce=0(t=m), O
k=0 k=0

The following analytic result is elementary, and will also be used in the proof of Theorem 2.5.

Lemma 2.4 There exists a constant C' > 0 such that for any r,y € R,
|(iz +iy) 7 — (i2)FF = (i)' < C(l2|lyl” + |21°[y]).-

Proof Note the desired result holds if = 0 or y = 0. So, we can assume |z| > 0 and |y| > 0.
Noticing also the symmetry between = and y, we can assume without loss of generality that
|z| > |y|. Also note that z1+8 = 2!+ for each z € C\ (—o0, 0) where % is the complex conjugate
of z. It is easy to see that

\(iz + iy)1+ﬁ _ (il‘)1+5 _ (iy)1+B| = |(—iz — iy)1+5 _ (—i$)1+B _ (—iy)H_ﬁ‘-

Thus we can further assume without loss of generality that y > 0. Note that for any z € C,

(r& )8 —plHh (r&1)1H8 —pi+8
lim = lim

r—00,r>0 'rB r—o00,7>0 7"5
= lim (1xr HHP —1)r=21+75).

r—00,r>0
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Combining the above with continuity, we get that for each z € C there exists C(z) > 0 such
that for each r > 1,
|(r £ )P — 148 2| < C(2)|r]°.

One can easily check by definition that (iur)? = (iu)?r" for any v € R\ {0}, > 0 and v > 0.
Therefore for each r > 1 we have
IG(1 + T))HB _ (iT)HB _ il+ﬁ| - |il+ﬁ((r + 1)1+B _ B 1)|
=|(r+ 1)1+B _ P8 1
< cm)lr|”;

and for each r < —1 we have

|1(1 + r))1+5 _ (ir)1+ﬁ _ il+5‘ _ ‘(_i>1+/3((_r _ 1)1+ﬁ _ (_r)1+5 _ 12+2/3)|
_ (—7" _ 1)1+B _ (_r)l-i-ﬂ _ 124_2[3'

< C(i2F2P)|r)5.
Summarizing, we have that there exists a C; > 0 such that for each » € R with |r| > 1,
|G+ 7)) P — (i)' =P < Oy
Now it follows immediately that
iz +iy) 7 — (i) — (i) P = G+ a/y) = (a/y) P - i)
= [y PG+ 2 /) = (a/y) P =i
< Culyllal”. m

In the remainder of this section, we fix u € M.(R9)\ {0}, fs € Cs, f. € C. and fi € (). For
every t > 1, define

R(t) = < Xt(]js_)~7 Xt(flcz" Xi(f) _jt~(f1))’
[ R 12 €4 [ X[t =5
R/(t) := (RL(t), Re(t), Ry(t))

[t—Int] [t—Int] Kad

T fs 53— Ty, fe —T fi
(S e S )
k=0

k=0 k=0

wh(?re T}, is the operator defined in (1), x¢(f1) is defined in (1) with f replaced with f, fs =
B fo=eB-Df and fi := ZpEZi:aB>\p\bei(ailplb)(fl’ ®p)o®p. The following result is
a special case of Theorem 1.1.

Theorem 2.5 Under IFH, R(t) ﬁ (¢Fs, ¢e, ¢, where ¢, e and ¢ are the (1 + j)-
stable random variables described in (1), and (=, (/e and (= are independent.

Proof In this proof, we always work under Iﬁ’#. According to the proof of [19, Theorem 1.6] and
the fact that the convergence in probability of random vectors to the zero vector is equivalent
to the convergence of each components of the random vectors to zero, we have

in probability 0.

R(t) - R'(t)

t—o00
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With the help of Slutsky’s theorem, what is left to show is that,

R(t) —— (¢F, ¢/, 7). (2.6)

t—>oo
Now we prove (2). Since T{ is linear in f, for each t > 1,

[t—Int]

Bl (i 32 m0)] =Bufen (i3 12 lfc)exp&wﬁ)}

j=s,c,l k=0 k=0

Note that {T}(fs + t/;_lfc) ckeZy,t>1} C Pf iy and {~Tpfi: ke Z,} C 5 Therefore,
we can use Proposition 2.3 with f taken as fb + f. and g taken as fl to get that there exist
(4,91 > 0 such that for every ¢ > e (which implies ¢ > [t — Int] + 1),

[t—Int] 2]

@,{exp (i 3 R;(t)ﬂ _exp( 3 <zl<Tk<ﬁ+tﬁ—1fC>>,so>) exp(z<zl<—Tkﬁ>,w>)\

j=s,c,l k=0 k=0

< Cye— 91 Lt=Int).

We claim that

[t—Int]

lim exp ( N (2T (s + P71, w)) exp <§<Zl(_Tkﬁ>7@>>

k=0
= exp(m[fs] + m[fe] +m[=f]). (2.7)

Given this claim, we have

B e (i 30 00| o explmls] + mlfd + ml- ).

Jj=s,c,l
Since R}(t) are linear in f; € C; (j = s,¢,1), replacing f; with 0; f;, we immediately get (2).
Now we prove the claim (2). For every f € Cs®C. and n € Z,

S 2T =3 / (P2 )P, o) du

k=0 k=0

= Z/ 1P1 uT f 1+ﬁ du = Z/ iTk—&-l—uf)l—Hgv <p>du

:/0 (N(=iTu )2, @) du = mn 1 [f],

where f = ea(é_l)f. Therefore, for any t > 1,

[t—Int]

~ - [t—Int]|+1 _
> <Z1Tk(fs+tﬁ_1fc)a90>:77/0 (HATu(fs + 7)) o). (28)

k=0
Note that for each u > 0, T, fc = f.. Also note that according to Step 1 in the proof of [19,
Lemma 2.6], there exist § > 0 and h € P (depending only on fs) such that for each u > 0,
T, fs| < e %%h. Tt follows from Lemma 2.4 that there exists C' > 0 such that for all u > 0 and
t >0,

|<_i<TufS + té_lTqu»l—i_B - (_iTufS)lJrﬁ - (_ita_lTufc>1+B‘
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Lemma 2.4

__B_ _ 1
C(t™ 78 [T foll T fol® + 775 [T fol°| T fe])
< Ot Time | f|P + tTHEe P uRA| £,)). (2.9)

This means that there exists C'; > 0 such that for all ¢ > 1,
[t—Int]

‘ < Z <ZlTk(.fS + t,éilfc)a 90>) - m\_t—lnt]-‘rl[fs] - %mLt—lntJ+1[fc]

k=0
(2),(1)
<

[t—Int]+1 5
77/0 <(_iTU(fs+tﬂ_1f0))1+67§0>du

[t—Int|+1 1 [t—Int|+1
- 77/0 <(_iTufS)1+Bv go)du - ;"7/0 <(_iTUfc)1+Bv (p>du

(2) [t—Int]+1 s .
e / (" TFe | f|P +t e PR fo|, p)du
0

gclt—%<h|fc|ﬂ,<p>/ e*5"du+01t—ﬁ<hﬂ|fc\,¢>/ e 0Puqy,
0 0

— 0.

t—o0
Combining this with (1), we get that

[t—Int]

tEIEOeXp( > <ZlTk<ﬁ+tB-1fc>,so>) — exp(mlfy] + mlfe]). (2.10)
k=0
Also note that according to Step 1 in the proof of [19, Theorem 1.6 (3)], we have
1)
tim exp (U2 (Tif) ) ) = explml-AD. (21)
k=0
Thus the desired claim follows from (2) and (2). O

Proof of Theorem 1.1 We first recall some facts about weak convergence which will be used
later. For any bounded Lipschitz function f : R% — R, let

and | f||r := ||f]leo + || fllL- For any probability distributions x; and o on R?, define

/fd““/fdw :IfIIBLgl}.

Then d is a metric. It follows from [7, Theorem 11.3.3] that the topology generated by d is

d(pr, p2) = Sup{

equivalent to the weak convergence topology. Using the definition, we can easily see that, if uq
and fio are the distributions of two R%-valued random variables X and Y respectively, defined

on same probability space, then

In this proof, let us fix 4 € M(R%)\ {0}, fs € Cs, f. € Cc and fi € (). Recall that S(t) (¢ > 0)
is given by (1.6). For every r,t > 0, let

AXt+r(fS)~ Xt+r(f0) _ Xt+r(fl) - Xt-i:r(fl))
X eqrl|P =87 || (4 ) X P [ e |

S(t,r) = (eo‘t|Xt|,
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and
§(t7 7’) = (e_a(H_T) HXtJrT” - e_ut”XtH’ 07 07 0)7

where, for any ¢t > 0, x;(f1) is defined in (1) with f replaced with fi;. Then S(¢ + r)
S(t,r) + S(t,r). We claim that

for each t > 0, under IAPi’M, we have
d ~ _
S(t, H,, fs, fc’ fl’
(t,7) = (s ¢, ¢, ) o)
where H, has the distribution of {e=*(| X,||; I?PJ’H}, ¢+, ¢fe and ¢~/ are the (14-3)-stable
random variables described in (1), and I?t, ¢fs, ¢fe and ¢~ are independent.

For every r,t > 0, let D(r) and D(r,t) be the distributions of S(r) and S(¢,r) under ]INDM
respectively; let 5(t) and D be the distributions of (ﬁt,CfS,Cf°7§_fl) and (I;Too,CfS,ng,C_fl)7
respectively. Then for each v € (0, 8), there exist constant C' > 0 such that for every ¢ > 0,

g_m d(D(t+r),D)
triangle inequality

lim (d(D(t + 1), D(t, 7)) + d(D(t,7), D(t)) + d(D(t), D))

r—00

(%) T@f”#HS(t +7)—S(t,r)|]]+ lim d(D(t,r),ﬁ(t)) + f”uHHt ~H.|]

r—00

@ _
< lim P,[|Hy — Hepr|] + Pu[|Hy — Hool]
Holder inequality S o1
S B (D) N Hy = His sy ) + 1 = Bl o)
[19, Lemma 3.3] -
< Ce 7, (2.14)

Therefore,
lim d(D(r),D) = lim lim d(D(t+r),D) < lim Ce”*"" =0.
r—00 t—00 r—00 t—o0

The desired result now follows immediately.

Now we prove the claim (2). For every r,t > 0, let
9) 08) HC; 01 ER— k(ev 987 907 915 T, t)

be the characteristic function of S(t,r) under ﬁu. Then for each 0,6,0.,60, € R and r,t > 0,

k(,6s,0c,61,7,t) =P, [exp(ife™ || X¢|| + A(Os, Oc, 01,7, t,00))]

bounded convergence . 1 n o —a c
=nvere uhﬁn;() WPu[exp(lﬁe U Xl + A(Os, 0,601, 7,t,u)); D], (2.15)

where for each u € [0, o],
A(957907917T7t5u>
Xt-i-f'(fS) . Xt-i-f'(fC) . Xt+7'(f1) — Pu[xt-i-r(fl”%U]
S 1*6— + 10C 175 191 176‘
| Xl [(t+7) Xegrll | Xl

Xt-&-r(fS)_ + i‘90 _ Xt+r(fc)~
| Xewr| 18 (E+ 7)1 | Xy |1

|
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Xerr(f) = Cpeztsaps pp (s 0p) ool PO HE

+i6 -
1 X [P

(2.16)

Now for each ¢t > 0, we get

lim k:(@, 93, 0C7 917 T, t)
r—00
2) .o L 0=
< lim lim B (o Pl it X} L x, 50Pufexp{A(Ps, 0. . 7. £, 0)} e ]

(2), Markov property

1
li lim ———P 9| X, |31
i i 5 P explie X P

T—>00 U—> 00

1-8
x Px, [exp {A(GS, 0. <T> 00,7, 0, u — t) }1Dc”
t+r

. .- Px, (D)
at t
i B, explite X, My 0 e

_ 1-p
XPXt[GXP{A<HS79c<HLT> ,9],7‘,0,00) }H

Theorem 2.5 P, [exp{i@e_atHXtH}hX”>0%:| < H eXp{m[ejfj]}> exp{m[—0i fi] }

j=s,c

bounded convergence

— By fexpfivex))( TT exolml6s 1)) explml-615) =

j=s,c
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