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Abstract

We consider a critical superprocess {X; P} with general spatial motion and spatially dependent
stable branching mechanism with lowest stable index y > 1. We first show that, under some conditions,
P, (|X¢| # 0) converges to 0 as t — oo and is regularly varying with index (yp — 1)~L. Then we show
that, for a large class of non-negative testing functions f, the distribution of {X;(f); Py (:|[IX/]l # 0)},
after appropriate rescaling, converges weakly to a positive random variable 20~ with Laplace
transform E[efuz(yoil)] =1—(1+u"=Dy=lno=-D,
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1. Introduction

1.1. Background

The study of the asymptotic behaviors of critical branching particle systems has a long
history. It is well known that for a critical Galton—Watson process {(Z,).>0; P}, we have

2
nP(Z, >0) — — 1.1)
n—-oo o
and
Z, aw 02
{225 Peiz, > 0) =5 Ze, (1.2)
n n—oo 2

where o is the variance of the offspring distribution and e is an exponential random variable
with mean 1. The result (1.1) is due to Kolmogorov [17], and the result (1.2) is due to
Yaglom [33]. For further references to these results, see [10,13]. Since then, lots of analogous
results have been obtained for more general critical branching processes with finite 2nd
moment, see [1-3,12] for example.

Notice that (1.1) and (1.2) are still valid when o2 = oo, see [13] for example. In this case,
the limits in (1.1) and (1.2) are degenerate, and thus more appropriate scalings are needed.
Research in this direction was first conducted by Zolotarev [34] in a simplified continuous time
set-up, which is then extended by Slack [30] to discrete time critical Galton—Watson processes
allowing infinite variance. The main result of [30] can be stated as follows. Consider a critical
Galton—Watson process {(Z,)n>0; P}. Assume that the generating function f(s) of the offspring
distribution is of the form

f&)=s+1 -1 -5), s=>0, (1.3)
where o € (0, 1] and [ is a function slowly varying at 0. Then

P(Z, > 0)=n"Y*L@n), (1.4)
where L is a function slowly varying at oo, and

{P(Z, > 0)Z,; P(|1Z, > 0)} _li%? 2@, (1.5)
where z® is a positive random variable with Laplace transform

Ele™™]=1—(14u""", u>o0. (1.6)

In [31], Slack also considered the converse of this problem: In order for {P(Z,, > 0)Z,; P(-1Z,
> 0)} to have a non-degenerate weak limit, the generating function of the offspring distribution
must be of the form of (1.3) for some 0 < « < 1. For shorter and more unified approaches to
these results, we refer our readers to [5,22].

Goldstein and Hoppe [9] considered the asymptotic behavior of multitype -critical
Galton—Watson processes without the 2nd moment condition. Their main result can be stated
as follows. Let Z, = (Z{", ..., Z{!) be a d-type, nonsingular Galton-Watson process with
its mean matrix M = (E[Z§])|Zg) =1, Z(()k) = 0,Vk # i])i<i j<q being positive regular,
that is, all entries of M are finite and there exists a number » > 1 such that all entries of
M" are positive. Denote by F(s) = (Fi(s), ..., F,(s)) the generating function of the offspring
distribution, and by F®™(s), n > 1, its nth iterates. Assume that the process is critical in the
sense that the maximal eigenvalue of M is 1. Let v and u be the left and right eigenvectors of
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M, respectively, corresponding to this maximal eigenvalue 1, and normalized so that v-u =1
and 1-u = 1, where 1 is the vector (1, ..., 1). Suppose that

vG(A — xwu = x%l(x), x>0, (1.7)
where 0 < o < 1; [ is slowly varying at 0; and the matrix G(s) is defined by
1-F(s)=(M - G(s)(1—s), seRi.

Let a, == v- (1 — F™(0)), with 0 € Ri being the vector (0, ..., 0). It was shown in [9] that,
for each i € Ng \ {0},

nl(@n) P(Z,y #0120 = i) —> @ 'a“) , (1.8)
and for each j € N¢,
. . law .
(@nZy - §i PCIZy # 0. Zo = D) —— (v )z, (1.9)

where z@ is a random variable with Laplace transform given by (1.6). For the converse of this
problem, Vatutin [32] showed that in order for the left side of (1.9) to have a non-degenerate
weak limit, one must have (1.7) for some 0 < o < 1. Vatutin [32] also considered analogous
results for continuous time multitype critical Galton—Watson processes.

Asmussen and Hering [1, Sections 6.3 and 6.4] discussed similar questions for critical
branching Markov processes (Y;) in a general space E under some ergodicity condition (the
so-called condition (M), see [I, p. 156]) on the mean semigroup of (Y;). When the second
moment is infinite, under a condition parallel to (1.7) (the so-called condition (S) [1, p. 207]),
results parallel to (1.8) and (1.9) were proved in [1, Theorem 6.4.2] for critical branching
Markov processes.

In this paper, we are interested in a class of measure-valued branching Markov processes
known as (&€, ¥)-superprocesses: &, the spatial motion of the superprocess, is a Hunt process on
a locally compact separable metric space E; i, the branching mechanism of the superprocess,
is a function on E x [0, co) of the form

Y(x,z) = —Bx)z + o (x)*z? —i—/ (e —=1+zy)mx,dy), xeE , z=>0, (1.10)
(0,00)
where 8,0 € %,(E) and 7 (x, dy) is a kernel from E to (0, 0o) such that sup, . f(o’oo)(y A
y2)m(x,dy) < oo. For the precise definition and properties of superprocesses, see [20].
Results parallel to (1.1) and (1.2) have been obtained for some critical superprocesses by
Evans and Perkins [8] and Ren, Song and Zhang [26]. Evans and Perkins [8] considered critical
superprocesses with branching mechanism of the form (x, z) — z> and with the spatial motion
satisfying some ergodicity conditions. Ren, Song and Zhang [26] extended the results of [8] to a
class of critical superprocesses with general branching mechanism and general spatial motions.
The main results of [26] are as follows. Let {(X,);>0; P,,} be a critical superprocess starting
from a finite measure p on E. Suppose the spatial motion £ is intrinsically ultracontractive with
respect to some reference measure m, and the branching mechanism 1 satisfies the following
second moment condition

sup/ yir(x,dy) < oo. (1.11)
xeE J(0,00)

For any finite measure i on E and any measurable function f on E, we use (f, i) to denote
the integral of f with respect to w. Put ||| = (1, ). Under some other mild assumptions, it
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was proved in [26] that

P(1 X, 1| # 0) — ¢ (g, ). (1.12)
and for a large class of testing functions f on E,
_ law %
(X RPUCIX # 0} = c(@”. flme. (113)

Here, the constant ¢ > 0 is independent of the choice of u and f; (-, -),, denotes the inner
product in L2(E, m); e is an exponential random variable with mean 1; and ¢ (respectively, ¢*)
is the principal eigenfunction of (respectively, the dual of) the generator of the mean semigroup
of X. In [25], we provided an alternative probabilistic approach to (1.12) and (1.13).

It is natural to ask whether results parallel to (1.4) and (1.5) are still valid for some critical
superprocesses without the second moment condition (1.11). A simpler version of this question
has already been answered in the context of continuous-state branching processes (CSBPs)
which can be viewed as superprocesses without spatial movements. Kyprianou and Pardo [19]
considered CSBPs {(Y;);>0; P} with stable branching mechanism ¥ (z) = cz?, where ¢ > 0
and y € (1,2]. They showed that for all x > 0, with ¢, := (c(y — 1)t)//& =D,

(€Y PCIY, > 0, Yy = x)} —5 20D, (1.14)
— 00

where 2"~V is a random variable with Laplace transform given by (1.6) (with o = y — 1)
and is independent of the initial position x. Recently, Ren, Yang and Zhao [28] studied CSBPs
{(Y¢);>0; P} with branching mechanism

Y(z) =cz’l(z), z>0, (1.15)

where ¢ > 0, y € (1, 2] and [ is a function slowly varying at 0. It was proved in [28] that for
all x > 0, with A; := Pi(Y; > 0),

(Y PCIY; > 0, ¥ = x)) == 277D (1.16)

where the distribution of the random variable z* =V is given by (1.6) (with & = ¥ — 1) and is
independent of the initial position x.

Later, Iyer, Leger and Pego [11] considered the converse problem: Suppose {(Y;);>0; P} is
a CSBP with critical branching mechanism v satisfying Grey’s condition. In order for the left
side of (1.16) to have a non-trivial weak limit for some positive constants (A;);>, one must
have (1.15) for some 1 < y < 2.

In this paper, we will establish a result parallel to (1.14) for some critical (&, v)-
superprocesses {X; P} with spatially dependent stable branching mechanism. In particular, we
assume that the spatial motion & is intrinsically ultracontractive with respect to some reference
measure m, and the branching mechanism takes the form

__ e — Y
Eﬁ(X, )= :B(x)z + K(X)A (e Y 1+ Zy)F(_y(x))yl+y(x)

= —Bx)z+Kk(x)"Y, xe€eE,z>0,

where B € By(E), y € B (E), k € B (E) with 1 < y(-) < 2, y = essinfyn y(x) > 1
and essinf,4x) k(x) > 0. Let p be an arbitrary finite initial measure on E. We will show that
P,(||X;]| # 0) converges to 0 as t — oo and is regularly varying at infinity with index VL

-1
Furthermore, if m(x : y(x) = y) > 0, we will show that 0

Jim n Pu(I X, # 0) = u(9),
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and for a large class of non-negative testing functions f,

X, PuCLIX N # 0 = (. ¢")20 77, (1.17)
where 7, == (Cx(yo — l)t)_ﬁ, Cx = (L ()=pk - ¢7°, $*),, and 2"~V is a random variable
with Laplace transform given by (1.6) (with @ = yy — 1). Notice that the distribution of the
weak limit ( f, ¢*),,27~1 does not depend on /. Precise statements of the assumptions and the
results are presented in the next subsection. It is interesting to mention here that, even though
the stable index y(x) is spatially dependent, the limiting behavior of the critical superprocess
{X; P} depends primarily on the lowest index yy.

1.2. Model and results

We first fix our notation. Unless stated explicitly otherwise, E is assumed to be a locally
compact separable metric space. We use Z(E) to denote the collection of all Borel subsets
of E and also the collection of all Borel functions on E. Define %,(E) = {f € AB(E) :
SUp,cp |f(x)| < oo}, BT(E) = {f € BE) : Vx € E, f(x) > 0} and BTT(E) =
{f € B(E) : Vx € E, f(x) > 0}. Define ,%’Z(E) = %By(E) N BT (E) and @Z*(E) =
Br(E) N BTH(E). Denote by M the collection of all Borel measures on E. Denote by M$%
the collection of all o -finite Borel measures on E. For simplicity, we write p( f) and sometimes
(u, f) for the integration of a function f with respect to a measure u. For any f € B1(E),
define Mé = {u € Mg : u(f) < oo}. In particular, M 2 is the collection of all finite Borel
measures on E.

We now give the definition of a (§, ¥)-superprocess: Let the spatial motion & = {(§;):>0;
(II;)xcg} be an E-valued Hunt process with its lifetime denoted by ¢, and the branching
mechanism ¥ be a function on E x [0, co) given by (1.10). We say an M}g-valued Hunt
process X = {(X/)i>0; (PM)MEMIE} is a (&, ¥)-superprocess if for each t > 0, u € M}; and
f € B} (E), we have

P le Y] = ¢ h i),

where the function (¢, x) +— V, f(x) on [0, 00) x E is the unique locally bounded positive
solution to the equation

[7Ns
V@ + L[ [ W Ve pids] = I @Lc), 1205 € E. (1.18)

(In this paper, for any real-valued function F' on E X [0, 0o) and real-valued function f on E,
we write F(x, f) = F(x, f(x)) for simplicity.)

Recall that the branching mechanism  is given by (1.10) and its linear coefficient 8 is a
bounded Borel function on E. Define the Feynman—Kac semigroup

PP ) = M [eh P& fEN1, ], 1>0,x € E, f € By(E).

It is known, see [20, Proposition 2.27] for example, (P,ﬂ ) is the mean semigroup of the
superprocess {X; P} in the sense that

P.UX(NH=wPLf), nweML t>0,feBE). (1.19)

The mean semigroup plays a central role in the study of the asymptotic behavior of superpro-
cesses. As discussed in [8], in order to have a result like (1.13) or (1.17), we have to establish
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the asymptotic behavior of the mean semigroup first. This can be done under the following
assumptions on the spatial motion &:

Assumption 1. There exist an m € M9, with full support on the state space E and a family
of strictly positive, bounded continuous functions {p;(-,-) : t > 0} on E x E such that

P f(x):=IL[fEDLi ] = f pix, ) fOm(dy), t>0,x € E, f € B(E);
E
/Pt()’,x)m(d)’)fls t>0aXEEa
E

/ / p:(x, y)zm(dx)m(dy) <00, t>0;
EJE

and the functions x — [, p;(x, y)’m(dy) and x — [, p,(y, x)*m(dy) are both continuous.

We will write (f, g) for |, r fgdm to emphasize that it is the inner product in the Hilbert
space L*(E, m). Let (P)=o be the dual of the transition semigroup (P;);>o, i.€.,

Py=1; P'f(x):= / pi(y, ) f(y)mdy), t>0,x€E,feByE).

Under Assumption 1, it is proved in [26,27] that (P;);>p and (P ),>0 are both strongly
continuous semigroups of compact operators on L>(E,m). Let L and L* be the generators
of the semlgroups (Pr)>0 and (P]);>0, respectively. Denote by a(L) and U(L*) the spectra of
L and L*, respectively. According to [29, Theorem V.6. 6] o= sup Re(a(L)) = sup Re(o(L )
is a common eigenvalue of multiplicity 1 for both L and L*. By the argument in [26],
the eigenfunctions ¢ of L and ¢* of L* associated with the eigenvalue x can be chosen
to be strictly positive and continuous everywhere on E. We further normalize qb and ¢* by
(5 $>m = (a 5*)m = 1 so that they are unique.

It is also proved in [26,27] that there exists a function pf (x,y) on (0, 00) x E x E which
is continuous in (x, y) for each ¢+ > 0 such that

e Pl b (x, y) < pPx.y) < el pi(x,y), 1>0,x,y€E,

and that for any t > 0,x € E and f € %,(E),
Pl f(x) = /E Pl Ce ) f(Im(dy).

( pf )i>0 1s called the density of the semigroup (P,ﬂ )i>0. Define the dual semigroup (Ptﬁ “)i=0 by
P =1 PP = [l fm@n, >0 € B, f € A

It is proved in [26,27] that (P )i>0 and (P ),>0 are both strongly continuous semlgroups of
compact operators on L?(E,m). Let L and L* be the generators of the semigroups (P )i>0
and (P ),>0, respectively. Denote by o (L) and o (L*) the spectra of L and L*, respectively.
According to [29, Theorem V.6.6], A := supRe(o(L)) = supRe(o(L*)) is a common
eigenvalue of multiplicity 1 for both L and L*. By the argument in [26], the eigenfunctions ¢
of L and ¢* of L* associated with the eigenvalue A can be chosen to be strictly positive and
continuous everywhere on E. We further normalize ¢ and ¢* by (¢, @), = (P, ¢*)y = 1 s0O
that they are unique. Moreover, for each + > 0 and x € E, we have Pr’8 o(x) = eMp(x) and
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P,’3 *o*(x) = eM*(x). We refer to ¢ (resp. ¢*) and A as the principal eigenfunction and the
principal eigenvalue of L (resp. L*).
Now, from

P.IX(P)] =M (), t>0,

we see that, if A > 0, the mean of X;(¢) will increase exponentially; if A < 0, the mean
of X,(¢) will decrease exponentially; and if A = 0, the mean of X,(¢) will be a constant.
Therefore, we say X is supercritical, critical or subcritical, according to A > 0, A = 0 or
A < 0, respectively. Since we are only interested in the critical case, we assume the following:

Assumption 2. The superprocess X is critical, i.e., A = 0.

Our next assumption is on the spatial motion &:

Assumption 3. qﬁ is bounded, and (P;);>o is intrinsically ultracontractive, that is, for each
t > 0, there is a constant ¢; > 0 such that for each x,y € E, p;(x,y) < c,¢(x)¢ ).

Under Assumption 3, it 1s proved in [26,27] that the pr1nc1pal eigenfunction ¢ of the
Feynman—Kac semigroup (P )i>0 is also bounded. Moreover, (P )i>0 is also intrinsically
ultracontractive, 1n the sense that for each ¢ > 0, there is a constant ¢; > 0 such that for
each x,y € E, p; (x y) < c;dp(x)d*(y). In fact, it is proved in [14] that for each ¢+ > O,
(p, (x, ¥))x,yeE is comparable to (¢(x)¢*(y))x,yer in the sense that there is a constant ¢; > 1
such that

o < Pt (x y)
! ()P (y) —

It is also shown in [14] that there are constants cg, ¢; > 0 such that

<c¢, x,y€eE. (1.20)

plx, )
sup |————
x,yeE ¢(x)¢*(y)
Assumption 3 is a pretty strong assumption on the semigroup {P, : t+ > 0}. For example, it
rules out the semigroup of Brownian motion on R? and the semigroup of Ornstein—Uhlenbeck
process on R?. However, this assumption is satisfied in a lot of cases. In [26], a list of examples
of processes satisfying Assumptions | and 3 were given. For the convenience of our readers,
we will briefly recall some of these examples in Appendix A.1.
Recall that the branching mechanism is given by (1.10). We assume the following:

—1] <coe™, t>1. (1.21)

Assumption 4. The branching mechanism v is of the form:

00 ‘ dy
x,2) = —B(x)z+«(x eV —l+zy)——m———
5,2 = =B+ [ D
= —B®)z+k(x)"Y, xe€E, z>0,
where y € %’;(E), K € %’;*(E) with 1 < y(-) < 2, yp = essinfyy(x) > 1 and
Ko = essinf, gy k(x) > 0.

Here we used the definition of the Gamma function on the negative half line:

0 n—l (—t)k
e ::/ [x—l(eft -y i )d:, —n<x<-n+1lneN. (1.22)
0 :

We now present the main result of this paper:
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Theorem 1.1. Suppose that {(X;);>0; (P/*)MGMIE} is a (&, V)-superprocess satisfying Assump-
tions 1-4. Then,

(1) {X; P} is non-persistent, that is, for each t > 0 and x € E, Ps (|| X;|| = 0) > 0.
(2) For each u € M}E, P, (|| X;|| # 0) converges to 0 as t — oo and is regularly varying at
infinity with index —(yy — D=L, Furthermore, ifm(x :yx)=1y) >0, then

Jim 7P (11X ) # 0) = ().

(3) Suppose m(x : y(x) = y) > 0. Let f € HBT(E) be such that (f,¢*), > 0 and
¢! flloo < 00. Then for each u € ML,

law % _
X (P PUCIIX | # O = (£, ¢}z,
_ 1
Here, 1, == (CX(J/o — l)t) 0l Cx = (1y()=yyk - 97, ¢*) and 207V s a random variable
with Laplace transform given by (1.6) (with o = yy — 1).

1.3. Methods and overview

To establish Theorems 1.1(2) and 1.1(3), we use a spine decomposition theorem for X.
Roughly speaking, the spine is the trajectory of an immortal moving particle and the spine
decomposition theorem says that, after a martingale change of measure, the transformed
superprocess can be decomposed in law as the sum of a copy of the original superprocess
and a measure-valued immigration process along this spine, see [6,7,21]. The martingale used
for the change of measure is (e X, (¢))r=0. Under Assumptions | and 3, the spine process
{&; IT?} is an ergodic process. We take advantage of this ergodicity to study the asymptotic
behavior of the superprocess.

Similar idea has already been used by Powell [23] to establish results parallel to (1.12)
and (1.13) for a class of critical branching diffusion processes. Let {(¥;);>0; P} be a branching
diffusion process in a bounded domain with finite second moment. As have been discussed
in [23], a direct study of the partial differential equation satisfied by the survival probability
(t,x) — Ps (|IY:| # 0) is tricky. Instead, by using a spine decomposition approach,
Powell [23] showed that the survival probability decays like a(t)¢(x), where ¢(x) is the
principal eigenfunction of the mean semigroup of (Y;) and a(¢) is a function capturing the
uniform speed. Then the problem is reduced to the study of a single ordinary differential
equation satisfied by a(¢). Later, inspired by [23], we gave in [25] a similar proof of (1.12)
for a class of general critical superprocesses with finite second moment. In this paper, we
will generalize these arguments to a class of general critical superprocesses without finite
second moment and establish Theorem 1.1(2). For the conditional weak convergence result,
i.e., Theorem 1.1(3), we use a fact that the Laplace transform given in (1.6) can be characterized
by a non-linear delay equation (see Lemma A.9). Using the spine method, we show that the
Laplace transform of the one-dimensional distributions of the superprocess, after a proper
rescaling, can be characterized by a similar equation (see (3.24)). Then, the desired convergence
of the distributions can be established by a comparison between the equations. Again, the
ergodicity of the spine process plays a central role in the comparison.

A similar idea for establishing weak convergence through a comparison of the equations
satisfied by the distributions has already been used by us in [24,25]. We characterized the
exponential distribution using its double size-biased transform; and to help us make the
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comparison, we investigated the double size-biased transform of the corresponding processes.
However, the double-size-biased transform of a random variable requires its second moment
being finite. Since we do not assume the second moment condition in this paper, we cannot
use the method of double size-biased transform.

In [23] (for critical branching diffusions in a bounded domain with finite variance) and
in [25,26] (for general critical superprocesses with finite variance), the conditional weak
convergence was proved in two steps. First, a convergence result was established for ¢, the
principal eigenfunction of the mean semigroup of the corresponding process, and then the
second moment condition was used to extend the result to more general testing functions.
However, in the present case, since we are not assuming the second moment condition, this
type of argument does not work. Instead, we use a generalized spine decomposition theorem,
which is developed in [25], to establish Theorem 1.1(3) for a large class of general testing
functions in one stroke.

The rest of this paper is organized as follows: In Sections 2.1, 2.2 and 2.3, we give some
preliminary results about the asymptotic equivalence, regularly variation and superprocesses,
respectively. In Section 2.4, we present the generalized spine decomposition theorem. In
Section 2.5, we discuss the ergodicity of the spine process. In Sections 3.1 and 3.2 we give
the poofs of Theorem 1.1(1) and 1.1(2), respectively. In Section 3.3, we give the equation
that characterize the one-dimensional distributions. In Section 3.4, we give the proof of
Theorem 1.1(3). In Appendix A.2, we give the equation that characterizes the distribution with
Laplace transform (1.6), which is used in the proof of Theorem 1.1(3).

2. Preliminaries

2.1. Asymptotic equivalence

In this subsection, we give a lemma on asymptotic equivalence. Let fy € [—00, 0o]. In this
subsection, (E, &) is assumed to be a measurable space. For any fy, fi € BTT(R), we say

fo and f are asymptotically equivalent at ty, if ‘% - 1| —— 0; and in this case, we write
t—1p

fo(t) ~ fi(¢). For any strictly positive measurable functions gy, g, on R x E, we say gy and
=10

8o(t,x)
81(t,x)

g1 are uniformly asymptotically equivalent at ty, if sup, g - 1| —— 0; and in this case,
t—1p

. cE
we write go(t, x) = g1(t, x).
1—1y

Lemma 2.1. Suppose that fy, fi are bounded strictly positive measurable functions on R x E

and fy(t, x) :C'evf f1(t, x). If p is a finite non-degenerate measure on (E, &), then
=19
[ eop@n ~ [ A,
E t—1 E

Proof. Since
'fE Jo(z, x)p(dx) 1‘2‘ Jot, x)  fi(z, x)p(dx) _1‘
[ fi(t, x)p(dx) e J1(t,x) [¢ fit, y)p(dy)
_ / fo(t,x)_l‘ W 0pdx) ot x)
e

<su
AT At p@y) ~ rer | filt, %)
the assertion is valid. O

t—1y
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2.2. Regular variation

In this subsection, we give some preliminary results on regular variation. We refer the reader
to [4] for more results on regular variation. For f € Z17((0, 00)) and o € (—00, 00), we say
f is regularly varying at oo (resp. at 0) with index « if for any u € (0, 00),

Jflut) ( . flun) o,)
im =u =u").
t—00 f(t)
In this case we write f € R (resp. f € RY). Further, if @ = 0, then we say f is slowly

varying. According to [4, Theorem 1.3.1], if L is a function slowly varying at oo, then it can
be written in the form

! du
L(t) = c(t) exp{/ 6(14)7}, t > 1,

o
for some fy > 0, where (c(?));>4, and (€(¢));>;, are measurable functions with c(z) ————> c €
(0, 00) and €(¢) PO 0. In particular, we know that, there is #, > 0 large enough such that L
is locally bounded on [y, 00).

Lemma 2.2 (/4, Propositions 1.5.8 and 1.5.10]). Suppose that L € R’

o Let ty € (0, 00) be large enough so that L is locally bounded on [ty, o0). If o > 0, then

/ L(u)du® e t*L(1).

To

o I[fa <O then ftoo L(u)du® < oo for t large enough, and
o0
—/ Lw)du® ~ t*“L(1).
t 1—00

Corollary 2.3. Suppose that | € RY.

e Let sy € (0, 00) be small enough so that | is locally bounded on (0, so]. If & < O, then
50
—/ l(w)du® ~ s%l(s).
s —)
o Ifa >0, then fos l(u)du* < oo for s small enough, and

/l(u)du ~ s%U(s).
O —)

Proof. Since [ € Rg, we know that, if one defines L(¢) := I(+~") for each ¢t € (0, 00), then
L € R{’°. Therefore, there exists #y € (0, oo) such that L is locally bounded on [#y, co). Taking

=1 !, we then immediately get that / is locally bounded on (0, so]. If @ < 0, then according
to Lemma 2.2, we have

/ LGdu™ ~ 17“L(0).

1o
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Replacing ¢ with s~!, we have

—1

S0 s
—/ l(w)du® =/ 1 L(u)du™ ~ (s~ H™L™H = s%(s),
s sa s
as desired. The second assertion can be proved similarly. [J

Lemma 2.4 ([4, Theorem 1.5.12]). If f € R with o > 0, there exists g € RS, with
g(f(®) ~ f(g) ~ t.
—>00 —0o0

Here g is determined uniquely up to asymptotic equivalence as t — 00.

Corollary 2.5. If f € RO with a < 0, there exists g € RY)q with
g(f(@) ~ 1, fg®) ~ r. 2.1)
t—0 t—00

Here g is determined uniquely up to asymptotic equivalence as t — 00.

Proof. Since f € RV, we know that f € R, with f(r) := f(:~"). Noticing that —a > 0,
according to Lemma 2.4, there exists h € R™ Ja such that

WfW) ~ 6 flh@) ~ . 22)

Denoting by g :=h~! € Ry the above translates to (2.1).

Now, suppose that there is another gg € R‘l’?a satisfies (2.1) with g replaced by go. Denoting
by ho =g, ', we can verify that (2.2) is valid with & replaced by h¢. According to Lemma 2.4,
h and hg are asymptotically equivalent at co. Hence, so are g and go. [J

Lemma 2.6. Let (E, &) be a measurable space and p a finite non-degenerate measure on
(E, &). Let a be a bounded measurable function on E with

ap = essinfa(x) :=sup{r : p(x : a(x) <r)=0} € R.
p(dx)
Then ([ t"‘(")p(dx))te(oqoo) € Rgo. Further, if p{x : a(x) = og} > 0, then
/ 1“Op(dx) ~ plx :alx) = aglt®.
E t—0

Proof. If u € (0, 1], then we have

a(x) pa(x) 0 0(%)
fEu 19 p(dx) - fEu 1 pldx) =u®, te(0,00).
T an = Ty

This implies that

@0

f ua(x)ta(x)p(dx)
limsup =£
0.00s1—0 [ 19¥p(dx)
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Also, for any € € (0, 00), we have
S w1 p(dx) _ Jawzagre ©* PEX)
[t Opx) = [r®p(dx)
fzx(x)faoJre ta(X)p(d-x)
fa(x)gao L 1“Pp(dx) + fa<x>>a0 L 1D p(dx)
1

_ ,,0+t€
—u t € (0, 0)
1 + foc(x)>a0+€ ta(,r)—(a0+e)p(dx) ’ ) )

> ua0+€

fa(x)sao +e ta(X)i(aOJrg)P(dx)

uot()+e7

(0,00)3t—0
where the last convergence is due to the monotone convergence theorem. Therefore

fE ua(x)ta(x)p(dx)

lim inf @0
(0,00)3¢—0 fE 1™ p(dx)
Summarizing the above, we get
w2 o (dx
Je PEAX) _ oo e 1).

lim =)
©0.0031>0 [, 190 p(dx)

If u € (1, 00), taking f(x, t) := t*®), from what we have proved, we also have that

[y f(x, ut)p(dx) . [ fx, Dp(dx)
im ==~ """ — lim =
0002150 [ f(x,0)p(dx)  ©.0021—0 [, f(x,u='t)p(dx)

This proved the first part of the lemma.
If further we have p(x : a(x) = ap) > 0, then by the monotone convergence theorem it is
easy to see that

[ 19 pldx)

t9o (0,00)3t—0

(o)™ = o,

p(x ra(x) =ap) € (0,00). O

2.3. Superprocesses

In this subsection, we recall some known results on the (&, ¥)-superprocess {X; P}. It is
known, see [20, Theorem 2.23] for example, that (1.18) can be written as

Vi f(x) +/ P,’s_,wo(x, V. f)dr = P,ﬁf(x), f e .@;(E),t >0,x € E, 2.3)
0
where

Yolx,2) =¥(x,2)+B(x)z, xe€E, z>0.

Suppose that Assumptions 1-2 hold. Since ¢* is the principal eigenfunction of the semigroup
(P,ﬁ*),zo, we have

(P 6% = (f, PP ") = (o ") [ € BI(E), 1 > 0.

Therefore, integrating both sides of (2.3) with respect to the measure ¢*dm, we get that

Vif. ¢ )m +/0 (WoC, Vi ), ¢ Ymdr = {f, ¢ ), 120, f € B (E).
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This can be rearranged as
t
(Vifs " )m +/ (WoC, Vi ), ") mdr = (Vs f, ¢V, 12520, f € B (E). (2.4)
Let W be the collection of all M-valued cadlag paths on [0, 00). We refer to W as the
canonical space of (X;);>0. In fact, (X,) can be viewed as a W-valued random variable. We
denote the coordinate process of W by (W,);>o.
We say that (X,),>¢ is non-persistent if Ps (|| X,|| = 0) > O for all x € E and ¢ > 0. Suppose

that (X,),>0 is non-persistent, then according to [20, Section 8.4], there is a family of measures
(Ny)xee on W such that

e for each x € E, N, (Vt > 0, |W,]| = 0) =0;

e for each x € E, N (|| Wy|l # 0) =0;

e for any p € M}g, if N is a Poisson random measure on W with intensity N, () =
fE N, (-)u(dx), then the superprocess {X; P,} can be realized by X, := p and X,(-) :=
NIW,()],t > 0.

We refer to (N,).cg as the Kuznetsov measures of X. For the existence and further properties
of such measures, we refer our readers to [20].
From Campbell’s formula, see the proof of [18, Theorem 2.7] for example, we have

—logP,le XD =N, [1 —e D] e Mp,t>0,feB(E). (2.5)

For each x € E and ¢ > 0, taking u© = §, and f = Alg with A > 0 in the above equation, and
letting A — oo, we get

v(x) = lim V(A p)(x) = —logPs, (|| X; ]| = 0) = N (| We || # 0). (2.6)

For each u € M}E and t > 0, by (2.5), (2.6) and the monotone convergence theorem, we have

Nu(IWill # 0) = —log P,.(| X, || = 0) = lim (—logP,[e™**1£])

= lim (u, Vi(A1g)) = n(vo). 2.7
It is also known that for any f € %’;(E )
N Wi ()] = PuIX(H] = w(PL f), t>0. 2.8)

2.4. Spine decompositions

Let ({2, %) be a measurable space with a o-finite measure . For any F € %, we say u
can be size-biased by F if u(F < 0) = 0 and u(F) € (0, c0). In this case, we define the
F-transform of u as the probability 1 on (£2, %) such that

duf = ——du.
p(F)

Let {X; P} be a non-persistent superprocess. Let u € M}E and T > 0. Suppose that
g € BT(E) satisfies that ,u(P{fg) € (0, oo). Then, according to (2.8), P, (resp. N,) can be
size-biased by X7(g) (resp. Wr(g)). Denote by PffT(g) (resp. NXVT(g)) the X7(g)-transform of
P, (resp. the Wr(g)-transform of N,). The spine decomposition theorem characterizes the law
of {(X;)i>0; PifT(g)} in two steps. The first step of the theorem says that {(X;);>0; PffT(g)} can
be decomposed in law as the sum of two independent measure-valued processes:
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Theorem 2.7 (Size-biased Decomposition, [25]).
d.d.
{(X)iz0; PLT®) FLE (X, + Wim0: Py ® NPYr@),

The second step of the spine decomposition theorem says that {(W,)o</<7; NLVT(g)} has a
spine representation, which intuitively says that, under probability N,‘fr(g), the measure-valued
process (W,;)o<;<r can be decomposed as a measure-valued immigration process along the
trajectory of a spine process in a Poissonian way.

More precisely, we say {(§)o<:<r, 0r, (Y1)o<i<T; Pﬁf‘T)} is a spine representation of N,VLVT(g)
if:

e The spine process {(&)o<i<r; P} is a copy of {(&)o<i<r; II¥"}, where II¥7 is the

g(ET)exp{fOT B(&,)ds}-transform of the measure I1,(-) := [, w(dx)IL(-);

e Given {(§)o<i<7; I"Ef’T)}, the immigration measure {nr; Pﬁf’r)[~|(§,)0§rg]} is a Poisson

random measure on [0, T] x W with intensity

mé"}(ds, dw) = 2a(&,)ds - Ng, (dw) +dss - / yPy(;EY (X e dw)n (&, dy);
(0,00) l

o {(Y)o<i<T; l.’if’T)} is an M}E-Valued process defined by

Y, = / w,_ny(ds,dw), 0=<t=<T.
0.1]xW

Theorem 2.8 (Spine Representation, [25]). Let {(Y;)o<i<T; PEf’T)} be the spine representation
of NLVT(g) defined above. Then we have

. d.d.
{(Y)o<i<r; Pif’r)} = {(Wio<i<r; N,VLVT(g)}~

Notice that P,)fT@(XO = ) = 1. Also notice that N, is not a probability measure, but
after the size-biased transform, N,‘ivr(g) is a probability measure. Since N, (||Wy|| # 0) =0, we
have NEZT(g)(H Woll = 0) = 1. Similarly, I, is not typically a probability measure, but after the

size-biased transform, H,ET’K) is a probability measure. We note that

IO f ()]

o 1, [g(ET)exp{ /O ' ,B(SS)ds} f(go)]
T

1
- MP—%/E(Pfg)(x)'f(x)M(dx),
T

which says that

IIT8(& € dx) = ! 3 (Pfo)(x)u(dx), x€E. (2.9)
wu(Prg)

Now, suppose that {&; I} satisfies Assumption 1. Recall that ¢ is the principal eigenfunction
of the mean semigroup of X. The classical spine decomposition theorem, see [6,7,21]
for example, considered the case g = ¢ only. In this case, the family of probabilities
(II{*D)7g is consistent in the sense of Kolmogorov’s extension theorem, that is, the process
{(&)o<i<T; ng"b‘T)} can be realized as the restriction of some process, say {(&);>0; HSP)}’ on the
finite time interval [0, T']. In fact, one can also check that this consistency property is satisfied
by (P,)fT(m)Tzo, (NLV T(¢))T20 and (PE?’T))TEO. Therefore, the actual statement of the classical
spine decomposition theorem is different from merely replacing g with ¢ in Theorems 2.7 and
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2.8: There is no need to restrict the corresponding processes on the finite time interval [0, T'].
Because of its theoretical importance, we state the classical spine decomposition theorem
explicitly here:

Corollary 2.9. For each u € M‘Z N M}, we have

d.d.
((X)rs0; PO) TE" (X, + Wo)so: P @ N9,

Here, the probability ng) is Doob’s h-transform of P, whose restriction on the natural filtration
(ZX) of the process (X,)i>0 is

Xi(¢)
(@)

and Ngf’) is a probability measure on W whose restriction on the natural filtration () of
the process (W), is
Wi (9)

d(NEf”L%W) = Wd(Nulgrw), t>0.

Let u € ./\/lif’), we say {(& )0, 0, (Y1)i>05 l"ﬁf’)} is a spine representation of Nﬁf’) if:

AP | zx) = Z==d(®y] 5x), 1= 0;

e The spine process {(&)i=0; P} is a copy of {(&);=0; 1I¥} where the probability 1I{* is
Doob’s h-transform of II, whose restriction on the natural filtration (,%‘S) of the process

(‘i:t)tzo is

Jo B&Esds
d(Hy)ngf) = (15(%',);(—;)

e Conditioned on {(&);>0; l.’if’)}, the immigration measure {n, PE?)['K%-I)tZO]} is a Poisson
random measure on [0, c0) x W with intensity

A1) ge), 12 0;

mé(ds, dw) = 20(&5)ds - Neg, (dw) +ds - / yPy(;sr (X e dw)m (&, dy);
(0,00) ]

o {(Y1)i=0; l"ﬁf’)} is an M .-valued process defined by

Y, :=/ w,_sn(ds, dw), t>0.
(0.1]xW

Corollary 2.10. Let {(Y:):>0; I"ff)} be the spine representation of NL"’) defined above. Then we
have
. fdd.
{(YD)iz0; PP} =" {(W)y=0: NOJL
For the sake of generality, the spine decomposition theorems above are all stated with respect
to a general initial configuration w. If u = §, for some x € E, then by (2.9), we have
HB(XT’g (50 = x) = 1, so sometimes we write /" for H;A,T’g) . Similarly, we write I’ for

2.5. Ergodicity of the spine process

In this subsection, we discuss the ergodicity of the spine process {(&);>0; (Hx(@)xe £} under
Assumptions 1-3. According to [14], {&; Hx@) } is a time homogeneous Hunt process and its
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transition density with respect to the measure m is

d(y)
gi(x,y) = mpf(x, y), x,y€E, t>0.
Let ¢cg > 0 and ¢; > 0 be the constants in (1.21), then we have
qf(xv Y) —cqt

< cpe t>1. (2.10)

sup | ———— —

xek | P()P*(y)
This implies that the process {&; I, ("’)} is ergodic. One can eas1ly get from (2.10) that
(pd*)(x)m(dx) is the unique invariant probability measure of {£; m? } The following two
lemmas are also simple consequences of (2.10). They will be needed in the proof of
Theorem 1.1(3).

Lemma 2.11 ([25, Lemma 5.1]). If F € %B,(E x [0, 1] x [0, 00)) is such that F(y,u) =
lim;_, o F(y, u,t) exists for each' y € E and u € [0, 1], then

1 L2(11 (¢)) 1
f FEas s Ndu ——= f (F(,u), ¢ ) ndu, x € E.
0 0

Lemma 2.12. Let F € %’;(E x [0, 1] x [0, 00)). Define F(y, u) := limsup,_, ., F(y, u,t) for
each y € E and u € [0, 1]. Then, for each x € E and p > 1,

1 1
i H/F Y. </F~, ") du., E.
imsup | | F G, 0du| L, = | FC 0, 69%0du, e

=00

l:roof. For each (y,u,t) € E x [0, 1] x [0, 0c0), define F(y, u,t) = sup.., F(y,u,s). Then
F € %,(E x [0, 1] x [0, 00)) and

F(x,u)= lim F(x,u,t), x¢€E,uecl0,1].
—00
From Lemma 2.11, we know that
1 2y (!
/ F(g(l uyts U, l)dl/t —) / (F(a I/l), ¢¢*>mduv X € Ev
0 - 0

which implies convergence in probability. The bounded convergence theorem then gives that,
for each p > 1,

1 ) 1
/ F(Eq—uy, u, t)du ——»/ (F(-,u), p¢*)ndu, x €E.
0 =00 0

Finally, noting that 0 < F < F, we get

1
< limsu H FEq o . 1 duH
e ~ t—>oop /o Ca-ux ) ;e

1
=/ (F(,u), ") mdu, x e E. O
0

1
lim sup H/ FEq—uy, u, t)du
0

=00

3. Proofs
3.1. Proof of Theorem 1.1 (1)

Let {X; P} be a (&, ¥)-superprocess satisfying Assumptions 1—4. In this subsection, we will
prove the following result stronger than non-persistency:
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Proposition 3.1. For each t > 0, inf,eg Ps (| X;|| = 0) > 0.

Proof. Recall that kg = essinfy,4x) k(x) and Yy = essinf, gy y(x). For each x € E, let
K(x) == k() ez + Koley<iy and Y(x) = y (X)L, )=y, + Yoly(x)<y- Then, we know that
m(K # k) =0and m(y # y) = 0. Define ¥/(x, z) :== —B(x)z + kK (x)z"™ for each x € E and
z > 0, then for each z > Q, ¥(-, z) = ¥(, z), m-almost everywhere.

If we replace v with v in (1.18), the solution V; f(x) of Eq. (1.18) is also the solution of

NG
%f@%thﬂ w@m%ﬂﬁﬁ]=ﬂiﬂﬁhg}

So, we can consider {X; P} as a superprocess with branching mechanism 17} . Define
V() = =(IBlloo + k0)z + k027, 2= 0.
Using the fact that yp > 1 and «p > 0, it is easy to verify that
oo
o~ _ 1 _
inf y(x,2) >¥(), z>0; / =—dz < 00; Y(+00) = +o00.
x€E 1 w(z)
Therefore J satisfies the condition of [26, Lemma 2.3]. As a consequence, we have the desired
result. O
3.2. Proof of Theorem 1.1 (2)
Proof of Theorem 1.1(2). Let {X; P} be a (&, ¥)-superprocess satisfying Assumptions 1-4.
From Proposition 3.1, we know that
inf Ps, (| X;]| = 0) > 0, (3.1
xeE
which implies that {X; P} is non-persistent. According to (1.19), Assumption 2 and the fact that

¢ is the principal eigenfunction of the semigroup (P,ﬂ )i>0, we have Ps [X,(¢)] = P,ﬁ o(x) =
eMp(x) = ¢p(x) > 0. Therefore,

P; (IX;|=0)<1, t>0,x€ekE. (3.2)
From (3.1), (3.2) and (2.6), we have that v, € ,%’,;H(E) for each r > 0.
According to (2.6) and (2.3), by monotonicity, we see that (v;),~o satisfies the equation

t
Vspr () +/ P,B,,I/fo(x, Uy )dr = P,ﬁvs(x) €l0,00), s§>0,r>0,x€E.
0

Notice that, under Assumption 1, according to (1.20), dv := ¢*dm defines a finite measure
on E. Therefore, (v;, ¢*),, < oo for each r > 0. According to (2.4), (2.6) and the monotone
convergence theorem, (v;);~¢ also satisfies the equation

t
<vt5 d’*)m +/ (WO(', vf)v ¢*>mdr = <v3‘7 ¢*>m S [0’ OO), S,t > 0 (33)
One of the consequences of this equation is that, see [25, Lemma 5.2] for example,
g~ vrlloc — 0. (34
—00

However, to prove Theorem 1.1(2), we need to consider the speed of this convergence. This
is answered in the following two propositions whose proofs are postponed after this proof.
The first proposition says that (¢p~'v,)(x) will converge to 0 with the same speed as (v;, ¢*),,
uniformly in x € E:
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. 1 xeE %
Proposition 3.2. (¢~ 'v)(x) "~ (v, ¢ ).
—00
The second proposition characterizes this speed:

Proposition 3.3.  ((v;, ¢*)u)i=0 is regularly varying at oo with index —ﬁ. Furthermore, if
m(x : y(x) = yy) > 0, then

1
(i, %) ~ (Cx(yo— D) n7T,
—>00
where Cx = (1, k@0, ¢*),.
It follows from (2.7) and (3.4) that
—1og P, (1 X, ]| = 0) = u(v) = (@) $ villo — 0.

Therefore, since —log(1 — x) — 0 implies x — 0, we have P, (]| X;]| # 0) — 0.
11— 00
It follows from the fact that x 0T log(1 — x), (2.7), Lemma 2.1 and Proposition 3.2 that
X

PL(IX,) #£0) ~ —logPu(IX, ]| =0) = n(@¢~'v) ~ p@)vy, ).
Then the desired result follows immediately from Proposition 3.3. [J
Proof of Proposition 3.2. We use an argument similar to that used in [25] for critical

superprocesses with finite 2nd moment. We only need to prove that there exists a map ¢ +—
a, > 0 such that

‘(qs-'v,)(x) ~
az

1

sup 0. 3.5)

xekE t—00

In fact, once this is proved, we will have that
* —1
‘(vz,cﬁ Im 1‘ < / ‘(¢ :z)(x) B 1‘¢¢*(x)m(dx) (3.6)
t

a;
‘<¢-1v,><x) ~
az

1 0.

< sup

xecE —00

Then, by (3.5), (3.6) and the property of uniform convergence, we will get the desired result:

(¢~ 'v)(x)
sup —1
xeE (Utv ¢*)m

For each u € M? , denote by {(Y;), (&), n; I.’Ef’)} the spine representation of fo). According
to (2.7), (2.8) and Theorem 2.8, we have that for each ¢ > 0,

(. $YPVY,(9) '] = N [W(INY P[W, ()] = Nu(Wi (@) > 0) = pu(wy). (3.7

Taking 11 = 8, in (3.7), we get (¢ ~'v)(x) = P{[¥,(¢)~"]. Recall that dv = ¢*dm. Taking
w=vin (3.7), we get (v, ¢*)m = PP[Vi(¢)"].

In order to construct an (a,),>¢ satisfying (3.5), we consider a decomposition of the
immigration process (Y;),>o. For any ¢ > 0 and any G € %((0, t]), define

t—>00

Yo = / w;_sn(ds, dw).
GxW
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Then for any 0 < #yp < ¢, we can decompose Y; into

Y, = Y,(O’tO] + Y,(to’t].
Using this decomposition, for each 0 < fyp <t < oo and x € E, we have

PO, (0) 7' = PO, (@)™ + eltto. 1) + (10, 1), 3.8)
where

1 . PDy ol 17 p@ry ol \—1q.
(10, 1) =P [Y, 7 () 1 =PIV, () I
SONES AV ACIES AR ]

By the construction of the spine representation {(Y;), (§;), n; Pfj’)} and its Markov property,
we have that

PO )71 = B 1Y) = @7 i )6 )

POLY @)™ = TPUS™ Vi) Ei)] = (Vi1 @ (3.9)

PO @)™ = TPUP ™ vy ) E)] = / iy (5, M@ 0y (3Im(dy). (3.10)
E

We will show that both € (1, ) and €2(to, t) are very small compared to POy ¢y
provided fy and ¢ — 1, are large enough. This is done in the following two lemmas whose proofs
are postponed after this proof.

Let ¢o, c; > 0 be the constants in (1.21).

Lemma 3.4. For eacht > ty > 1, we have that

1 _
le; (10, D) < coe™ 10 (v —1g, @I

Lemma 3.5. For each ty > 1 and t — ty large enough, we have

2 -1 ~1 —1 -
lez(to, D] < tollkyd” ™ oo - 107 V=i 137 (1 4 coe™10) vy gy, @™

Now, for each 7y > 1 and t — #( large enough, according to (3.7), (3.8), (3.9), Lemmas 3.4
and 3.5, we have

(¢~ 'v)(x) _al< le!(to, 1) N le2(to, 1)
(Utft()a ¢*>m - (vtft()v ¢*>m (Utft()a ¢*>m
< coe™ M0 +tollky d” Moo - I¢ v I (1 + coe 1),

According to (3.4), there exists a map ¢ +— fy(t) such that,

3.11)

. -1 -1
fo(t) —> 00; 1P~ Vi IS —— 0.
—00 —00

Plugging this choice of #(¢) into (3.11) and taking ¢+ — oo, we get the desired assertion (3.5)
with a; == <vl—l‘0(t)v ¢ ). O

Proof of Lemma 3.4. Note that ¢y, ¢; > 0 are the constants in (1.21). Then for each t > 1y > 1,
we have that

lex(o. 0] = [PE1¥ " (@)1 = B[y, ()]

= )/I;Clto(x’ Y)(¢_1Utfzo)(y)m(d)’) — {Vi—sy» d)*)m‘
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< / |a1,(x, ) = (™) ()|(@ ™ vy )(3Im(dy)
yeE
< coe” vy, ). O
Proof of Lemma 3.5. Using the Markov property of the spine process and properties of
Poisson random measures, we have
le2(to, )| = [PY[Yi(9) " — ¥ (@)™ (3.12)
; 0, - . _
=P 1Y ") Vi)' v )™
() (10,11, 1 \—1
=P [1Yt<0,roJ(¢#0 Y@ ]
_ p@Dp@ (#) [y (t0:] &
= B[P0 0001, ol Fd - B 1Y @)L,
Since ¢~ 'v, converges to 0 uniformly when s — oo, we can choose sy > 0 such that for

any s > s, we have lo " vslleo < 1. With this so > 0, we claim that for each r — £y > s¢ the
following holds:

P 0ol Fol < tolley @ oo - 19 vrgy 287" (3.13)

We will verify this claim at the end of this proof.
On the other hand, according to (2.10) and (3.10), we know that

POV < (14 coe™ 1) vy, 6 )on. (3.14)
Therefore, from (3.12), (3.13) and (3.14), we get that

€2(to, DI < 1ollcyd” Nloolld ™ vy 17" - PP [r (@) ~1]
< tolkyd” Mool v 1" - (1 4 coe™ 1) (r—syr ¢ )

as desired.
We now verify the claim (3.13). Note that, if t —s > ¢ — #y > 59, using the fact that v, is
non-increasing in ¢, we get

K@)y ) () O < ey d” Moo -l o I < ey d” Moo - 1™ v 1227
Therefore, using Campbell’s formula, (1.22) and the fact that e™ > 1 — x, we have, for

t — 1o = So,

PY[1 (1,00, #OL@S log(l ~-Pn

Y,

:
30020 i)

—log lim Pg@[e% " <1E>|y‘,§]
A—o00 Y

—log lim exp{—/ (1 — exp{—lsgowt_s()»lg)})mg(ds, dw)}
A [0,1]xW

2/ Lo Ly, j2om® (ds, dw) = / dS/ YPys. [Lx,_ 12017 (&5, dy)
[0,¢]x W (0,00)

‘o K (E)dy ‘o =
— dS/ y(l _efyvz—s(%‘s)) - :/ K]/Uy_‘ (Ev)ds
/o (0.00) I(—y(&))y'trE) 0 (ervis)
< tollkyd” oo - 1o~ vy 10"

This ends the verification of the claim (3.13), and thus also completes the proof of
Lemma 3.5. O
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Proof of Proposition 3.3. From (3.3) we know that (v;, ¢*),, is continuous and strictly
decreasing in r € (0, 00). Since the superprocess (X;);>o is right continuous in the weak
topology with the null measure as an absorbing state, we have that, for each u € M},
P,.(I X #0) t—_—)g 1. Taking u = v, according to (2.7), we have that (v;, ¢*),, ;:g ~+00. On

the other hand, according to (3.4), we have
(W ¢ ) = (@7 0. ") < 1107 villoo - (9. ¢")m —— 0.
Therefore, the map t — (v;, ¢*),, has an inverse on (0, oo) which is denoted by
R : (0, 00) — (0, 00).
Now, if we denote by

v, (x)

— -1, t>0,x€kE,
(v, @*)mp(x)

€(x) =
then we have

v () = (1 4 €ru.p)m @) (vr, 9 Imdp(x), ¢ >0,x € E. (3.15)

Further, by Proposition 3.2 and the fact that R(u) —0> 00, we have
u—

sup |€ru(x)] —> 0. (3.16)
xeE u—>0
Now, by (3.3), we have
d{vy, ")
4 - —(Yo(,v), ) >0 ace..

Therefore,

S—IZ/ dr:/ (Yo, v,), ¢*),, d (v, )

-1

M / (W0 (-, (1 + €ritor g1 (V> $)mb), ) d (07, 67

(vr,0™)
- / ) (o (- (1 + eruud). ¢*),, ' du.
(vs,9*

Letting t — 0, we get

§= /(‘ (Wo(-, (1 4 €ruyug), ¢*>:n1du, s € (0, 00).
vs, %)

Since R is the inverse of 1 — (v, ¢*), the above implies that

R(r):/ (Vo (-, (1 + erud), ¢*)'du, r e (0, 00). (3.17)

We now check the regularly varying property of R(r) at r = 0. This can be done by
considering the regularly varying property of u — (gﬁo(-, a1+ ER(M))uqﬁ), ¢*)m at 0. According

10 (3.16), 1+€ra(x) ’“i’; 1. Since y (-) is bounded, we have (1+¢€gq(x))”" “‘Z 1. Therefore,

~
u—
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from Lemma 2.1, we have that
(Wo(-, (1 + €ra)ud), ¢*),, (3.18)
_ (K(x)(l + ER(M)(X))V(X)MV(X)(p(x)V(X)v ¢*(x)>m(dx)
~, W ) G ) ma-

u—

According to Lemma 2.6, and using the fact that «(x)@(x)”* is bounded and the measure
¢*dm is finite, we have that (wo(-, 1+ eR(u))uqb), ¢*)m is regularly varying at u = 0 with
index yp. Noticing that —(yp — 1) < 0, according to Corollaries 2.3 and 3.17, R is regularly
varying at 0 with index —(yy — 1). Therefore, from R({vs, ¢*),,) = s and Corollary 2.5, we
have that ((vy, ¢*))se0,00) 15 Tegularly varying at co with index —(yp — DL

Further, if m{x : y(x) = yo} > 0, then according to Lemma 2.6 and (3.18), we know that

(Vo> (1 + erwug), ¢7),, ~ @, k()G G () mia

Ly KPP (D™ =2 Cxa™.

Therefore, we have <1/f0(-, (l—i—eR(u))ucﬁ), d)*);l = u~"I[(u), where /(u) converges to the constant

C;l when u — 0. Now according to Corollary 2.3 and (3.17) we have that
* -1 © o
R(r) = f (Yol (1 + eru)ug), ¢*),, du = / ul(u)du

1 o0
=— / 1(w)du=r=D
Yo — 1 r

~ Cx'o—17rmh,
r—0

Finally since r — (v, ¢*),, is the inverse of r — R(r), from [4, Proposition 1.5.15.] and the
above, we have
1

(0 6 ~ (Cx(o = Dr) 7. O
3.3. Characterization of the one dimensional distribution

Let {(X;):>0; P} be a (&, ¥)-superprocess satisfying Assumptions 1-4. Suppose m(x
y(x) = y) > 0. Recall that we want to find a proper normalization (1;),>0 such that
{ (n,X (f )) =0 Pu (~| 1 X: 1 # 0)} converges weakly to a non-degenerate distribution for a large
class of functions f and initial configurations . Our guess of (1;) is

L
n = (Cx(yo— Dp) 7', =0, (3.19)

because in this case

Ps [n: X, 1 . '
Py, [ X, (ONIX | 0] = calmXelD vzl 1

Ps (IX/] #0) P (IX;]| #0)
Here we have used Theorem 1.1(2) and the fact that (see (1.21))

PP = fE Pl ) f )Y —— . ¢

From the point of view of Laplace transforms, the desired result that, for any f €
ﬁ;(E) and u € ML, {(Uth(f)),>0§ P.ClIX: N # O)} converge weakly to some probability

PLFG) ~ (fo¢" I

o0
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distribution F is equivalent to the following convergence:

1 — exp{—u(V:(On. )} / »
1 - F(du).
PM(HX1|| 750) t—00 [0,00)( € ) f( Lt)

According to Theorem 1.1(2) and 1 —e™ ~ x, this is equivalent to

x—0
w(Vi@n; f) ou
(Yit6m.1) u@) [ (1 —e ") Fp(du). (3.20)
M 1—00 [0,00)
Therefore, to establish the weak convergence of {(n,X,(f))t>0; P,.ClIX: | # O)}, one only
needs to verify (3.20). -
In order to investigate the convergence of ,u(V,(Qn, f)) /n:, we need to investigate the
properties of & — V;(6f). (Note that (2.3) only gives the dynamics of t — V,(6f).) This
is done in the following proposition:

PuLL— e XD, | 0] =

Proposition 3.6. For any f € ,@Z'(E), 0 >0,xe€ Eand T > 0, we have

[4 T
_ O[LED) e [ L
VOf)x) = $) fo m[ ey ool | b viseryeds|ar - can

Proof. It follows from Theorems 2.7 and 2.8 that
P, [ X7 (e PXTD] v (p

Ps [X7(f)] g

where {(&) .pUhDy : : Wr(f) . & :
o<t<7, 7, (Y)o<i<7; Py"" '} is the spine representation of Ny with m;. being the

intensity of the immigration measure ny conditioned on {(§)o<;<r; Pif ’T)}. From this, we have

Py [Xq(fle X1

T Py [e (D]

On the other hand, if we write F(s, w) = l,<rwr_s(f), then by Assumption 4, the spine
representation, Campbell’s formula and (1.22), we have

—1log PT D[ m’ ] = m(1 — eF) (3.23)

T
_ / ds f VP [1 = e =D e, )
0 (0,00)

[e 0XT(N] = P; [E*OXT(f)]I')ECT,f)[6*9YT(f)]’

= P} f(x)P T D=1, (3.22)

d
5 logPs, [e X1y

dy

T
= ds - K(sy) (1 — e_yVT—s(gf)(gx))—
/0 0.9 T(—yE)y®

T
= / (ky Vr—s @) ") (&)ds.
0
Note that, since ny(F) = Yr(f), we can derive from (3.22) and (3.23) that

0
Vr(O0f)(x) = —log Py, [e~"*7] = / P} f B Ple 1D dr
0 0 T
= Pff(x)/ H;”[exp{—/ (¥ Ve f )& ds} Jar
0 0

o fér) T _
d(x [7¢) Xp A% 1 d d
( )/o * [¢(ST) © { /0 (K r-s(rf)’ )(&) s}] &

as required. [J
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Replacing 6 with 677 in (3.21), we have

Vr(@nr f)(x) (3.24)
nr
1 Onr r

=¢(x)—/0 H;qﬁ)[% exp{—/o (K}/Vrfs("f)y_])(és)ds}]d”

T
— p(x) / 1O 2 exp = [ (erVosrnr =) coas| Jar

1

= o) [ HOTLED expl = [ ey vartrar £~ & ) Jir

3.4. Proof of Theorem 1.1 (3)

Consider the (&, y)-superprocess {X; P} which satisfies Assumptions 1-4. Suppose that
m(x : y(x) =) > 0. Let f € #"(E) be such that (f, $*),, > 0 and ¢ := o~ Flloo < o0.

Without loss of generality, we assume that (f, ¢*),, = 1. We claim that, in order to prove
Theorem 1.1(3), we only need to show that

_ Vin H) o
8(1,6.x) = npx) 1o GO) = (1 +6-00=h

In fact, by (3.24), we have || V;(0n,f)/Nilloc < OlPllocll@™" flloo- Therefore, if (3.25) is true,
then by the bounded convergence theorem, for each u € M}f,

w(Vi@n. 1))
nt t—>00

which, by the discussion in Section 3.3, is equivalent to Theorem 1.1(3).
From Lemma A.9, we have that G satisfies

1
)m", XeE 0>0. (325

w(P)GO),

0
G©O) = / w9, g >0, (3.26)
0
where
1 1 du
Jor) =y [ GQur )" —_  r>0. (3.27)
0 u
According to (3.24), we know that g satisfies
0 IR
g(1,6,x) = / oD@ e 1" Nar, 120,0=0,x ¢ E, (3.28)
0
where, for each ¢t > 0 and r > 0,
1
Jo @, 1, 8) = (yo — 1)t/ (ky - ()’ ™' glut, VMVO 0T N &y du. (3.29)
0

For each r > 0 and r > 0, define

1
Jo(t, 1, &) =y — 1)f/ (Ly(=pok - (¢77m)y°_1G(ruﬁ)m_l)@(l—u)r)du (3.30)
0

and

1
Jot, 1, ) = yolyo — Dt / (Lyrmie - @) g (ut, P )™ 6 _pdu. (331)
0
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The main idea is to show that Jg, J;, J, and Jé.’, are approximately equal in some sense when
t — o0.

Step 1: We will give upper bounds for G, g, Jg, Ji;, J, and Jéﬁ respectively. From (3.26) we
have

Grysr, r=0. (3.32)
From (3.27) and (3.32), we have

Jo(r) <yr™™', r=0. (3.33)
From (3.28), we have

git,r,x)<cyr, t=20,r>0,x € E. (3.34)
From (3.19), (3.29), (3.34) and the fact that y(-) — 1 < 1, we have II®-almost surely

1 1
Jo(t, 1, &) < [l - (@) oo /0 (tnly ru 0=y =) (01— ) du
1 y—1 71/7_'
— ik - (e e / (78T (Cxo — 1) 0T (B )l
0

_r=l
= max{l, r}- e+ e8| (Cx o = 1) 07T |
=:c,-max{l,r}, t>1,r>0.

From (3.19), (3.31) and (3.34), we have II(®-almost surely
1 1
Jo(t, 7, 8) < yolyo — 1)f/0 (1) (ompok - (@)™ (e pruro YO ) &y )du
1
I _ -1
< 7000 = DR 1,020k s /0 H(Cx(yo — Dut) ™ udu

= -7 1>0,r>0.

From (3.19), (3.30) and (3.32), we have II‘®-almost surely

1 1
Jo(t, 1, 8) < yolyo — Dt /0 (L) mpok - @) ru o T (& iy )du (3.35)

IA

1
Yo(vo — Dro™ 1,02y p?0 ! Hoo/ 1(Cx(yo — l)ut)_ludu
0
=cy -7 >0,r>0.

In the remainder of this proof, we use the following notation: If f is a measurable function
which is L” integrable on the measure space (S, .7, u) with p > 0, then we write

1= ([ 1117ae)

Notice that, when p > 1, || fll,;;, is simply the L? norm of f with respect to the measure p.
However, when p € (0, 1), || - || 4;p is not a norm.
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Step 2: We will show that, for each t > 0,6 >0, and x € E
GO — g(t,0, )|
ro—1 Yo— vo—1
Sll(t597x)+cf 12(t99’x)+cf I’;(t 0 x)+c 14(t’07x)5

where
L(1,0,x) = |7 — (o7 &N e 0 Lo . ,
10<r<9dr 1
10,3 = | 16() = Jo0r )l o, 1| ,
-1 10§r50d’2ﬁ
1,6, %) = 196,76 = Ty, )l o, | ,
ro—1 10<r<9dr 0 T
and

1,0,%) = 1,007, 6) = Joa.r. Ol o1 |

-1

105r59dr; VOLI
In fact, we can rewrite (3.26) and (3.28) as:

6 >0,

-l —_ 1, Jc(r)
GO =1 g 1

and

s

L1
10§r§6dr-, W

80,6, = 1@ & e B g

Vo Y0—-1
t>0,0>0,x€E.
Therefore, by Minkowski’s inequality we have that, for each t > 0,6 > 0 and x € E,
GO — g(t, 6, x|
< |e7e0 =16~ preomte )

Vol

L1
10§r§9d7, W

< 10,0+ | II(¢"f)(ét)VO’le”G(’)IIH;@;%—

I~ @ e o,

10<r<9d’ 1

L1
1()<r<9d", m

= 10,0+ 167 e e e - e—’g“”’f))nn(@. :

T

L1
105;459dr, m

= 10,0, + P |196) = Jo(e 7. )l o,

*vo—1

< (0. 3) + T L, 0, x) + T (.6, x) + T (e, 6, x).

Step 3: We will show that, for each & > 0 and x € E, I,(z,0, x) — 0. Notice that, by
=00
(1.21) and since (f, ¢*),, =1,

IPLG™ F)EN = ¢0) ILLf e B = ) P fx) —> 1, x € E.
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Therefore,

e — (@™ NHE T e o L

=0 (1 - 1P~ f><s,>1m—') ——0, xeErz0.

We also have the following bound:

— — -1 — -1
€IS — (@ FEN e oy | < 1P
X 3}/07

Therefore, by the bounded convergence theorem, we have that, for each 6 > 0 and x € E,
Ii(t,0,x) —> 0.

Step 4: 1\7\’)? will show that, for each & > 0 and x € E, I,(¢,6, x) m 0. Notice that,
according to (3.27) and (3.30), for each t > 0 and r > 0,

Jo(r) = Jg(t. 1, £)

1 1 1 _ du
=/ WG (ruo )7 (1 = (o — DLy ()myok @™ tunl ')(E(l-u>r)7
0

= fol J/oG(ruﬁ)yOA(l - C)?l1}/(')=V0K¢V071)(S(1—u)t)d7u-
Also notice that, according to (3.32), for each r > 0, u € [0, 1] and x € E,
G ) (1= 5 Lm0, |
= G () (1 = €5 Loy o)

=< )/Orm_l(l + ” C}?lly(-)=yo’<¢yo_l ||oo)

Therefore, according to Lemma 2.11 and the definition of Cx, we have that, for each r > 0
and x € E,

20 7(®)
Jo(r) = I, r ,«S)M[ WG (ru ) (1 = C5' Ly rmyyk ™) %) du = 0.
0

—00 u

According to (3.33) and (3.35), we have that, for each r > 0 and # > 0,
|J(r) — TGt r 6)] < (o + ey’ (3.36)

Therefore, according to the bounded convergence theorem, we have that, for each r > 0 and
x ek,

||JG(r)—Jé(t,r,é')”m(m;ﬁ - 0.

According to (3.36), we have that, for each 8 > 0, r € [0,0] and x € E,
|6 =I5, 1O yo, 1 < (o + o™
X ’ yo_

Finally, according to the bounded convergence theorem, we have that, for each 6 > 0 and
xeE, Lt 0,x)—> 0.
—00
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Step 5: We will show that, for each 8 > 0 and x € E, L4(¢, 0, x) —— 0. We first note that,
1—00
for each t+ > 0 and r > 0, we have

1 1
To(t.r, &)= J(t, 1. &) = (yo— )t / (L= pok ¥ (@0~ gut, ruro=T, ) 1) (Eq iy )du
0

(3.37)

We then note that, according to (3.34) and the definition of »,, for each r > 0, u € (0, 1) and
x € E, we have
1

(o — DLy ok Oy @) (M) g (ut, ruro, x)7 07! (3.38)
yx)—1
= - l)”KV (Cfr¢)y ” V(X)>V0tnuz( D7y o
_y@—1 y)-1
=y — Dy - (Cfr¢)y Y o Lysyot (Cx(yo — Dut) ™ 07T u 71

r)—1

< (00— Dlyent Tt |y - crrey SUP(CX(VO — 1) T

—> 0.

—0o0
This also gives an upper bound: For each r > 0, u € (0, 1), x € E and ¢ > 1, we have

x)—1 L x)—1
(0 = DLy ok )y ) (1) g (ut, ru®T, x)7 (339)
_yw-1
< (o = D]y - (c;rd) ™| sup(Cx(yo — 1))~ 07"
xeE

Now, with (3.37), (3.38) and (3.40), we can apply Lemma 2.11 to the function

N—1 1 )—1
3o, 1) > (o — DLy oy 0 (S0mu) ™ g (ut, ruro T, )7,
which says that, for each r > 0,

2( <¢>)
Jo(t, 1, &) — J t,r,&) —— 0.
According to (3.37) and (3.39), for each r > 0 and ¢ > 1, we have that
-1
[Jo(t. 1. &) — TL(t. 1. 6)| < (vo — Dky - (cpre) ™| sup(Cx(yo — D)™ 077 . (3.40)
xekE

Therefore, according to the bounded convergence theorem, for each r > 0 and x € E, we have
that
Ve r. &) = I, 1. O] yor,_ —0.

Y1 1—>00

According to (3.40), for each 6 > 0, r € [0,6], t > 1 and x € E, we have that

(x)—1
76078 = St O] oo,y = =Dy - (097 sup(Cxro = 1) ot

-1
Therefore, according to the bounded convergence theorem, for each 6 > 0 and x € E, we have
that I4(¢, 0, x) —> 0.
—00
Step 6: We will show that

o 1 yo—1
limsup I3(t, 0, x) < yo(/ |M(ru Vofl)”l0< 1dl,mfldr) ! , 06>0,x€E,
0 =u=l"y >

=00
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where
1
M(t,r,x) = |G~ —g@t,r,x)0" 0T t>0,r>0x¢€E,
and

M(r, x) :=limsup M(t,r,x); M(r)=supM(r,x), r>0,x€E.

t—o00 xeE

Notice that, according to (3.32) and (3.34), we have the following bound:
M(t,r,x) < |ro7 !+ Ci/co_]ry"_llﬁ =: cer,

where the constant cg is independent of ¢ and x. Therefore, we have
M(r,x) <M(r)<cer, r>0,x€E.

From the definition of Jj, Jg/ and 7,, we have for each r > 0 and r > 0,

|Jé;(t»rv %_)_ Jé(hhé)'

1 1
< yolyo — Dt / (1, 0=k - @00 M (ut, ruto=", )0~ (& )du
0

1 1
= yOC);l [ (Iy(.)zyolcqbyo*lu*lM(ut, ruv-t, -)VO*I)(g(l_u),)du.
0

According to (3.41), we have the following upper bound:

2-y

1
u’lM(ut, ru ", x) < cgrun! <cgr, uec(@,1),r>0,r>0,x€cE.

Therefore, fixing an r > 0, we can apply Lemma 2.12 to the function

1
O, u, ) J/oC)Zlly(y)=y0K(y)¢(y)V071u71M(ut, rur-t, )’)Vrl

(3.41)

(3.42)

since it is a bounded Borel function on £ x (0, 1) x [0, 0o0). Now, according to Lemma 2.12,

(3.42) and the definitions of M(r, x), M(r) and Cy, we have

limsup [[Jg(t, 7, &) — Jo(t, 7, &)l yo.
t—00 Y-
—1 ! yo—1 71_1 yo—1 * du
< 1Cyx (ly(-)=VoK¢ M(run=t, )0, ¢¢ )m7
0

! 1 du
=< Vof M (ruo=t)0=" —.
0 u

(3.43)

We recall the reverse Fatou’s lemma in L” with p > 1: Let (f,).en be a sequence of non-
negative measurable functions defined on a measure space S with o-finite measure . If there
exists a non-negative L”(u)-integrable function g on § such that f, < g for all n, then

according to the classical reverse Fatou’s lemma, we have

1 1
li a = (1 Pdu)” /1' Pdu)’ = %
el = (e [ s2w)” = ([ i 7)< s 1,
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Using this version of the reverse Fatou’s lemma and (3.43), we get that

limsup I3z, 6, x) < || limsup [ J5(t, 7, &) — Tt r, ) o, 1|
1—00 1—00 x

L1
105r§0dr» o1

u

! 1 du
< HyO/ M(ruﬂ)—l)ﬂ)f —_
0

L1
IOSrSGdr, -1

6 1 1 vo—1
= 7/0(/ (/ M(ruﬁ)yo_ld—u> VOIdr)
u

4 yo—1
= Vo(/ ||M(ruyo 1)||10<u<1@ Yo 1dr) , 6>0,x€E.

Step 7: We will show that M(6) = 0 for each 6 > 0. We first claim that

du . d 0 2 O’

’10<u<1 v~

9
M) < cu / | MGrumo )|
0

for some constant ¢y > 0. In fact, a direct application of Steps 2—6 gives that, for each t > 0
and x € E:

M(r, x)"~! = limsup M(z, r, x)"~' = limsup |G(r)"°~! — g(z, r, x)"7 1|

—>00 =00

< 1imsup(11(t,9,x)+c;°“12(t,9,x)+c§. (2,0, %) + P 142, 0, x))

11— 00
= e imsup 16,0, = ¢ [ ] ar)"”
cf im sup /3( x) < cf Y0 (ru )10<u<ldu r .

t—>00 w Vo~ !

Therefore, for each 6 > 0,

1
70T
M(G):)sclelgM(r,x)fcfyoo / ||M(ruV0 1)||10<M<1@y0 dr.

According to that M(6) < c¢6 for each 6, we can apply Lemma A.8 to the above inequality
to get the desired result.

Step 8: Finally, M = 0 clearly implies that lim,_, I3(¢, 6, x) = 0, and thus completes the
verification of (3.25).
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Appendix
A.l. Examples
In this subsection, we briefly recall from [26] some examples of Markov processes satisfying

Assumptions 1 and 3. We will not try to give the most general examples. For details and more
examples, we refer our readers to [26].
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Example A.1. Suppose that E is a finite state space and m is the counting measure on E. Let
& be an irreducible, continuous-time Markov chain. Then the semigroup (P;),>¢ of & satisfies
Assumptions 1 and 3.

Example A.2. Suppose that E is a bounded Lipschitz connected open set of R? and that m
denotes the Lebesgue measure on E. Let £ be the subprocess in E of a diffusion process in R?
corresponding to a uniformly elliptic divergence form second order differential operator. Then
the semigroup (P;);>o of & satisfies Assumptions 1 and 3.

Example A.3. Suppose that E is the closure of a bounded C? connected open set of RY and
that m denotes the Lebesgue measure on E. Let £ be the reflecting Brownian motion in E.
Then the semigroup (P;),;>o of & satisfies Assumptions 1 and 3.

Example A.4. Suppose that E is a bounded open set of R? and m denotes the Lebesgue
measure on E. £ be the subprocesses in E of any of the subordinate Brownian motions studied
in [15,16]. Then the semigroup (P, ),>o of & satisfies Assumptions 1 and 3.

Example A.5. Suppose a > 2 is a constant. Assume that E = R? and m is the Lebesgue
measure on R?. Let £ be a Markov process on R? corresponding to the infinitesimal generator
A — |x|“. Then the semigroup (P,);>o of & satisfies Assumptions 1 and 3.

Example A.6. Assume that E = R¢ and m is the Lebesgue measure on R¢. Suppose that V
is a nonnegative and locally bounded function on R¢ such that there exist R > 0 and M > 1
such that for all |x| > R,

M 1+V@) <V <MA+V(X), yeB@,]1),

and that
Vi)
lx|>o0 log |x| N

Suppose B € (0,2) is a constant. Let & be a Markov process on R? corresponding to
the infinitesimal generator —(—A)#/> — V(x). Then the semigroup (P,),=o of & satisfies
Assumptions 1 and 3.

Example A.7. Suppose that 8 € (0,2) and that £V = {£ : ¢ > 0} is a strictly B-stable
process in RY. Suppose that, in the case d > 2, the spherical part 1 of the Lévy measure u of
£ satisfies the following assumption: there exist a positive function ¢ on the unit sphere S
in R? and « > 1 such that

d
=" and k<P <k onS
do
where o is the surface measure on S. In the case d = 1, we assume that the Lévy measure of

£ is given by
pu(dx) = c1x Pl + ealx| T P g

with ¢y, ¢; > 0. Suppose that E is a bounded open set in RY and m is the Lebesgue measure
on E. Let £ be the process in E obtained by killing £ upon exiting E. Then the semigroup
(Py)i>0 of & satisfies Assumptions 1 and 3.
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A.2. Analytical results

In this subsection, we give the proofs of the two lemmas used in the proof of Theorem 1.1(3).
We think these two lemmas are of independent interest.

We first recall the following notation: If f is a measurable function which is L” integrable
on the measure space (S, .7, ) with p > 0, then we write

= ([ 1117ae)

Notice that, when p > 1, || f|l;p is simply the L” norm of f with respect to the measure p.
However, when p € (0, 1), || - ||, is not a norm.

Lemma A.8. Suppose that o € (1,2). Suppose that F is a non-negative function on [0, 00)
satisfying the property that there exists a constant C > 0 such that F(0) < CO for all 6 > 0
and

0
F@)<C / IFGuaD)ly, ey dr, 620, (A1)
0 u -’
Then F = 0.
Proof. We claim that for each k € N, we have

Ckok
6 > 0. (A.2)

| 3 -

F@©) <

In fact, when k& = 1 this is trivial. Now if (A.2) is true for a fixed k € N, then from

dr

du .
10<u<17us0‘_]

0 0
L 1

F@©) = C/ |FeuaDly g dr < c/ H—(Cruall)k
0 O<u<l 0 k|

G-l

Ck+1 0 r Ck+19k+l
= S ([ rhar) s, s =
K\, omust @1 = T )]

we have that (A.2) is true for k + 1. Therefore, by induction, (A.2) is true for all k € N.
Letting k — oo in (A.2), we get that F(#) =0 for each 6§ > 0. [

Lemma A.9. Suppose that a € (1,2). The non-linear delay equation

0 o 1 1, du
GO) = exp{—— G(ruaT) —}dr, 0 >0, (A3)
0 oa—1 0 u
has a unique solution:
1 =
G6) = (m) . 6>=0 (A4)
Proof. We first verify that (A.4) is a solution of (A.3). In fact, if G(0) = (W)ﬁ, then

0 o ! 1, du
/ exp{——/ G@ruaT)* —}dr
0 oa—1 0 u

[ovl-gt [ oo = [ ool-gt el
= | expi— r= | expl— 0 r
0 Plma 1 o u+r—@D 0 PIma -1 e
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0 —(a—1) "
=/ (—1 +_r( — )‘ﬁdrzf (14 r @) a T gy = G (o).
o 0

The last equality is due to G(0) = 0 and
1 d

— gD
do

d
£ - (@=1)
T G®©) - (1 + o) TeT

=(14+0-@ D) @rge,

Now assume that G is another solution to Eq. (A.3), we then only have to show that
Gy = G. This can be done by showing that F(0) = 0 where

1
F(0) =GO = Go@®*'|* T, 6=>0.

We claim that the non-negative function F satisfies the inequality (A.1) with C = «'/©@~1_ In
fact, by the L? Minkowski inequality with p = a—ll > 1, we have

GO — Go(6)* |

1
— ‘”e—a fO Glrua—T)« ldu" _ ”e—a fO Go(rua

_1
au ” —1
10<,<9dr;%

Y- ldu

”10<r<9drs a—1

1 1
<le 7othG(ru —T) 1%_ 7af0G0(ru —T)a—1du

! ||10<r<9d73 ﬁ

! 1L, g du ! 1, g du
af| GueT)""— —o | Gorue—T1)""" —
0 u 0 u 10<r<gdr;ﬁ

0 1
a(/ (/ IGruaT)~! — Go(ruaT)*~ 1|d”) dr>
0 u

This implies the claim.

On the other hand, according to (A.3), we have that G(f) < 0 and Gy(0) < 6. Therefore,
we also have that there is a constant C; > 0 such that F(8) < C,6. Therefore, according to
Lemma A.8, we have F =0 as desired. [J

IA

a—1

IA
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