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Abstract

In this paper, we study the asymptotic behavior of a supercritical (£, 1))-superprocess
(X¢)t>0 whose underlying spatial motion £ is an Ornstein-Uhlenbeck process on R
with generator L = %azA — bz - V where o,b > 0; and whose branching mechanism
satisfies Grey’s condition and a perturbation condition which guarantees that, when
z—=0,9(z) = —az +nzP(1 4+ o(1)) with a > 0, n > 0 and 8 € (0,1). Some law of
large numbers and (1+ 3)-stable central limit theorems are established for (X:(f)):>0,
where the function f is assumed to be of polynomial growth. A phase transition arises
for the central limit theorems in the sense that the forms of the central limit theorem
are different in three different regimes corresponding to the branching rate being
relatively small, large or critical at a balanced value.
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1 Introduction

1.1 Motivation

Letd € N:={1,2,...} and R, := [0,00). Let & = {(&)i>0; (I.) yere } be an R¥-valued
Ornstein-Uhlenbeck process (OU process) with generator

Lix) = %JQAf(az) b Vf(z), xeR e (RY,
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Stable CLT for super-OU processes

where o > 0 and b > 0 are constants. Let ¢) be a function on R of the form

w(z)z—az—&-sz—&-/ (e7 — 1+ zy) w(dy), z€ Ry, (1.1)
(0,00)

where @ > 0, p > 0 and 7 is a measure on (0,0c0) with f(o,oo)(y Ay?) m(dy) < oo.
is referred to as a branching mechanism and = is referred to as the Lévy measure of
1. Denote by M(R?) the space of all finite Borel measures on R%. For f,g € B(R%, R)
and p € M(RY), write u(f) = [ f(z)u(dz) and (f,g) = [ f(z)g(x)dz whenever the
integrals make sense. We say a real-valued Borel function f : (t,z) — f(t,z) on R, x R?
is locally bounded if, for each t € Ry, we have sup,c(y s sere |f(5,7)] < co. We say
that an M(R?)-valued Hunt process X = {(X;)i>0; (Pp) ert(ra)} on (2,.%) is a super
Ornstein-Uhlenbeck process (super-OU process) with branching mechanism v, or a
(¢,1)-superprocess, if for each non-negative bounded Borel function f on R¢, we have

P e ] = e+ >0, 0 e MRY,

where (t,z) — Vi f(z) is the unique locally bounded non-negative solution to the equation

Vid(e) + 1| [ 00V f6)) ds] =TI @ eRLe>0

The existence of such super-OU process X is well known, see [13] for instance.

Recently, there have been quite a few papers on laws of large numbers for superdif-
fusions. In [15, 16, 17], some weak laws of large numbers (convergence in law or in
probability) were established. The strong law of large numbers for superprocesses was
first studied in [9], followed by [10, 11, 14, 26, 30, 44] under different settings. For a
good survey on recent developments in laws of large numbers for branching Markov
processes and superprocesses, see [14].

The strong law of large numbers for the super-OU process X above can be stated
as follows: Under some conditions on ¢ (these conditions are satisfied under our As-
sumptions 1 and 2 below), there exists an Qg of P,,-full probability for every p € M(R?)
such that on )y, for every Lebesgue-a.e. continuous bounded non-negative function f
on R¢, we have lim; ;. e ** X;(f) = Hoo(f, ), where H,, is the limit of the martingale
e~ X;(1) and ¢ is the invariant density of the OU process ¢ defined in (1.4) below. See
[11, Theorem 2.13 & Example 8.1] and [14, Theorem 1.2 & Example 4.1].

In this paper, we will establish some spatial central limit theorems (CLTs) for the super-
OU process X above. Our key assumption is that ¢ satisfies Grey’s condition and some
perturbation condition which guarantees that, when z — 0, ¥(z) = —az +nz'*#(1 +0(1))
with & > 0, » > 0 and g € (0,1). Our goal is to find (F})>o and (G¢)¢>o so that
(Xi(f) — Gt)/F; converges weakly to some non-degenerate random variable as t — oo,
for a large class of functions f. Note that, in the setting of this paper, X;(f) typically has
infinite second moment.

There are many papers on CLTs for branching processes, branching diffusions and
superprocesses, under the second moment condition. See [18, 20, 21] for supercritical
Galton-Watson processes (GW processes), [24, 25] for supercritical multi-type GW pro-
cesses, [4, 5, 6] for supercritical multi-type continuous time branching processes and [3]
for general supercritical branching Markov processes under certain conditions. Some
spatial CLTs for supercritical branching OU processes with binary branching mecha-
nism were proved in [1], and some spatial CLTs for supercritical super-OU processes
with branching mechanisms satisfying a fourth moment condition were proved in [33].
These two papers made connections between CLTs and branching rate regimes. Some
spatial CLTs for supercritical super-OU processes with branching mechanisms satisfying
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only a second moment condition were established in [36]. Moreover, compared with
the results of [1, 33], the limit distributions in [36] are non-degenerate. Since then,
a series of spatial CLTs for a large class of general supercritical branching Markov
processes and superprocesses with spatially dependent branching mechanisms were
proved in [37, 38, 39]. Functional versions of the CLTs were established in [23] for
supercritical multitype branching processes, and in [40] for supercritical superpro-
cesses.

There are also many limit theorems for supercritical branching processes and branch-
ing Markov processes with branching mechanisms of infinite second moment. Heyde [19]
established some CLTs for supercritical GW processes when the offspring distribution
belongs to the domain of attraction of a stable law of index « € (1, 2], and proved that the
limit laws are stable laws. Similar results for supercritical multi-type GW processes and
supercritical continuous time branching processes, under some p-th (p € (1, 2]) moment
condition on the offspring distribution, were given in Asmussen [2]. Recently, Marks and
Milos [31] considered the limit behavior of supercritical branching OU processes with a
special stable offspring distribution. They established some spatial CLTs in the small and
critical branching rate regimes, but they did not prove any CLT type result in the large
branching rate regime. We also mention here that very recently [22] considered stable
fluctuations of Biggins’ martingales in the context of branching random walks, and [35]
considered the asymptotic behavior of a class of critical superprocesses with spatially
dependent stable branching mechanism.

As far as we know, this paper is the first to study spatial CLTs for supercritical
superprocesses without the second moment condition.

1.2 Main results
We will always assume that the following assumption holds.

Assumption 1.1. The branching mechanism 1 satisfies Grey’s condition, i.e., there
exists z' > 0 such that ¢(z) > 0 forall z > 2’ and [ ¢(z)"*dz < oo.

For u € M(RY), write ||u|| = p(1). It is known (see [27, Theorems 12.5 & 12.7] for
example) that, under Assumption 1.1, the extinction event D := {3t > 0, s.t. || X¢|| = 0}
has positive probability with respect to P, for each u € M(R?). In fact, P, (D) = e~ "Il
where o := sup{A > 0: ¢)(\) = 0} € (0,00) is the largest root of ).

Denote by I" the gamma function. For any o-finite signed measure u, we use |u| to
denote the total variation measure of u. In this paper, we will also assume the following:

Assumption 1.2. There exist constantsn > 0 and 8 € (0,1) such that

148+68 n dy
Y m(dy) — =———————| < 0 (1.2)
/u?oo) ‘ (=1 - pB)y*+s

for some § > 0.

We will show in Subsection 2.1 that if Assumption 1.2 holds, then 7 and § are uniquely
determined by the Lévy measure 7. In the remainder of the paper, we will always use 7
and [ to denote the constants in Assumption 1.2. Note that ¢ is not uniquely determined
by 7. In fact, if § > 0 is a constant such that (1.2) holds, then replacing ¢ by any smaller
positive number, (1.2) still holds. Therefore, Assumption 1.2 is equivalent to the following
statement: There exist constants n > 0 and 8 € (0, 1) such that, for all small enough
6 >0, (1.2) holds.

Remark 1.3. Roughly speaking, Assumption 1.2 says that 1 is “not too far away” from
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Y(2) := —az + nz' 8 near 0. In fact, if we consider their difference
U1(2) = ¥(2) — d(2) (1.3)
_ Cye _ n dy S
pz° + /(O’Oo)(e 1+ yz)(ﬂ(dy) - 6)y2+ﬂ), z>0,

then it can be verified that (see Lemma 2.1 below) 1/;1(2)/21*5 4—0» 0. Therefore, we
z—

can write 1(z) = —az + z'7#(n + o(1)) as z — 0. One can further write that (z) =

—az + z1*P81(2) where [ is a function on [0, co) which is slowly varying at 0.

Remark 1.4. It will be proved in Lemma 2.3 that, under Assumption 1.2, ¢ satisfies the

Llog L condition, i.e., f(lm) ylogy m(dy) < oco. This guarantees that H, the limit of the

non-negative martingale (e~!|| X;||)¢>0, is non-degenerate.

Let us introduce some notation in order to give the precise formulation of our main
result. Denote by B(R?, R) the space of all R-valued Borel functions on R?. Denote by
B(R%, R ) the space of all R, -valued Borel functions on R¢. We use (P;);>¢ to denote the
transition semigroup of ¢. Define PP f(z) := e P, f(x) = Il [e“* f(&)] for each x € RY,
t>0and f € B(]Rd, R, ). It is known that, see [28, Proposition 2.27] for example, (Pf):>0
is the mean semigroup of X in the sense that P,[X,(f)] = p(P2f) for all u € M(RY),
t>0and f € BRY Ry).

The limit behavior of X is closely related to the spectral property of the OU semigroup
(Pt)tzo which we now recall (See [32] for more details). It is known that the OU process
¢ has an invariant probability on R¢

o(z)dz = (%)d/z exp ( - %|x|2)dx (1.4)

which is a symmetric multivariate Gaussian distribution. Let L?(y) be the Hilbert space
with inner product

oty = [ P@)h@eis, e 12()

Let Z, := NU{0}. For each p = (px){_, € Z%, write |p| := 22:1 Di, P! = szl pi! and
Op = ngl(apk /8xz7*). The Hermite polynomials are defined by

Hy(z) := (—1)" exp(|a]*)8, exp(~[z[*), @€ R’ p € Z§.

It is known that (P;);>0 is a strongly continuous semigroup in L?(y) and its generator L
has discrete spectrum o(L) = {—bk : k € Z}. For k € Z., denote by A, the eigenspace
corresponding to the eigenvalue —bk, then Ay = Span{¢, : p € Z<, |p| = k} where

! H(gx), a:EIRd,pEZi.

‘/51)(33) = /rmp‘ P

In other words, P;¢,(z) = e "lPltg, (z) for all t > 0, 2 € R? and p € Z%. Moreover,
{¢p : p € Z1} forms a complete orthonormal basis of L?(p). Thus for each f € L?(p), we
have

F=30 0 (fidn)edy, i L(p). (1.5)

k=0 p€Zi:|p|:k
For each function f € L?(y), define the order of f as

Kf = inf{kZO:ﬂpeZi, s.t. [p| =k and (f, ¢p), # 0}
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which is the lowest non-zero frequency in the eigen-expansion (1.5). Note that k¢ > 0
and that, if f € L?(p) is non-zero, then ks < co. In particular, the order of any non-zero
constant function is zero.

Denote by Mc(Rd) the space of all finite Borel measures of compact support on R<.
For p € 74, define H := e~ (@~IPtX,(¢) for all t > 0. If af > |p|b, B := B/(1 + B),
then for all v € (0,3) and p € M.(R?), we will prove in Lemma 3.2 that (H});>o is a
PP,,-martingale bounded in L' (PP,,). Thus the limit HZ := lim;,o, H} exists IP,-almost
surely and in L'*7(P,,).

We first present a law of large numbers for our model which extends the strong laws
of large numbers of [11, 14] in which the first order asymptotic (x; = 0) was identified.
Denote by P the class of functions of polynomial growth on RY, i.e.,

P:={feBRY,R):3IC > 0,n € Z, st.Voe R |f(z)] <CQA+|z))"}. (1.6)

It is clear that P C L2(¢p).
Theorem 1.5. If f € P satisfies af3 > r b, then for all v € (0, 3) and p € M.(R?),

e—(a—nfb)tXt(f)?) Z (f,dp) HY, inLl-H(IPM).

p€Zi:|p|:Hf

Moreover; if f is twice differentiable and all its second order partial derivatives are in P,
then we also have almost sure convergence.

If f € B(]Rd7]R+) is non-zero and bounded, then xy = 0. Hence, Theorem 1.5
says that for any v € (0,8) and p € M.(RY), as t — oo, e " Xy(f) = (f,¢)Ho in
L**7(P,). Moreover, if f is twice differentiable and all its second order partial derivatives
are in P, then we also have a.s. convergence. However, to get a.s. convergence for
bounded non-negative Lebesgue-a.e. continuous functions f, we do not need f to be
twice differentiable. See [11, Theorem 2.13 & Example 8.1] and [14, Theorem 1.2 &
Example 4.1].

For the rest of this subsection, we focus on the CLTs of X,(f) for a large collection of
f € P\{0}. Write @& = 1 for each u # —1. It turns out that there is a phase transition
in the sense that the results are different in the following three regimes:

1. the small branching rate regime where f satisfies aﬁ < Ktb;
2. the critical branching rate regime where f satisfies af =k +b; and
3. the large branching rate regime where f satisfies ozB > Kyb.

Here, small (resp. large) branching rate means that the branching rate a is small (resp.
large) compared to x¢; and critical branching rate means that the branching rate « is at
a critical balanced value compared to x¢. To present our result, we define a family of
operators (7;)¢>0 on P by

Tifi= S e lodlig 6 6, t>0,feP, (1.7)

d
PELY

and a family of C-valued functionals (m¢)o<t<co On P by

t
me[f] = 77/0 du /Rd(—iTuf(a?))Hﬁap(x) de, 0<t<oo,feP. (1.8)

Define C; := P N Span{¢, : af < |plb}, Ce := P N Span{p, : af = |p|b} and C; :=
P N Span{¢, : af > |p|b}. Note that C, is an infinite dimensional space, C; and C, are
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finite dimensional spaces, and C. might be empty. For f € P\ {0}, in Lemma 2.6 and
Proposition 2.7 below, we will show that

mif] i {hmmmmt[f], fecma, 1.9)

hmt—)oo %mt[f}? f € P\Cs @CZ’

is well defined, and moreover, there exists a (1 4 j3)-stable random variable ¢/ with
characteristic function 6 — ™%/, The main result of this paper is as follows.

Theorem 1.6. If y € M .(R?) \ {0}, then under P,(:|D¢), the following hold:
1 if f € C,\ {0}, then || X|| ™7 X, (f) ——= ¢/

2. if f € C.\ {0}, then [[¢X, |~ 75 X, (f) — ¢/
3. if f € C; \ {0}, then

107 (XD = Y (fopheeEL ) s .

pEZi:a6~>|p|b

At this point, we should mention that the theorem above does not cover all femP.
Theorem 1.6.(1) can be rephrased as if f € P\{0} satisfies o5 < b, then under P, (-|D°),

||XtH7ﬁXt(f) % ¢/. Combining the first two parts of Theorem 1.6, one can easily
— 00

get that if f € P satisfies a3 = b, then under P, (-|D°), tXt||_ﬁXt(f) ﬁ ¢/,
A general f € P can be decomposed as fs + f. + f; with f; € C,, f. € C. and f; € C;.
For f € P satisfying aB > Kkrb, fs and f. maybe non-zero. In this case, we do not have
a CLT yet. We conjecture that the limit random variables in Theorem 1.6 for f € Cs,
f € C. and f € C; are independent. If this is valid, we can get a CLT for X,(f) for all
f € P. This independence is valid under the second moment condition, see [38]. We
leave the question of the independence of the limit stable random variables to a future
project.

We now give some intuitive explanation of the branching rate regimes and the phase
transition. Similar explanation has been given in the context of branching-OU processes,
see [31]. First we mention that a super-OU process arises as the “high intensity”
limit of a sequence of branching-OU processes, see [28] for example. A superprocess
can be thought of as a cloud of infinitesimal branching “particles” moving in space.
The phase transition is due to an interplay of two competing effects in the system:
coarsening and smoothing. The coarsening effect corresponds to the increase of the
spatial inequality, and is a consequence of the branching: simply an area with more
particles will produce more offspring. The smoothing effect corresponds to the decrease
of the spatial inequality and is a consequence of the mixing property of the OU processes:
each OU “particle” will “forget” its initial position exponentially fast.

Let us consider X;(¢,) as an example and discuss how the parameters «, 3,b and |p|
influence those two effects:

¢ The branching rate a captures the mean intensity of the branching in the system.
Therefore, the lager the branching rate «, the stronger the coarsening effect.

e The tail index 8 describes the heaviness of the tail of the offspring distribution
which belongs to the domain of attraction of some (1 + )-stable random variable.
When [ is smaller i.e. the tail is heavier, then it is more likely that one particle
can suddenly have a large amount of offspring. In other words, the larger the tail
index 3, the smaller the fluctuation of offspring number, and then the stronger the
coarsening effect.
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e The drift parameter b is related to the level of the mixing property of the OU
particles. The larger the drift parameter b, the faster the OU-particles forgetting
their initial position, and therefore the stronger the smoothing effect.

» The order |p| is related to the capability of ¢, capturing the mixing property of
the OU particles. In particular, in the case that |p| = 0, no mixing property can be
captured by ¢, = 1 since we are only considering the total mass || X;||. In general,
the higher the order |p|, the more mixing property can be captured by ¢,, and
therefore the stronger the smoothing effect.

Here we discuss the role of the other parameters p,n and ¢ in our model:

+ The coefficient p does not influence the result since pz? in the branching mechanism
1 is a part of the small perturbation v; (see Remark 1.3).

» The coefficients 7 and o are hidden in the definition of the functional m[f], and
therefore influence the actual distribution of the limiting (1 + §)-stable random
variable &/. Their role in the coarsening and smoothing effects are negligible
compared to the four parameters «, 8, b and |p| mentioned above.

1.3 An outline of the methodology

Let us give some intuitive explanation of the methodology used in this paper. For any
p € M.(R?) and any random variable Y with finite mean, we define Z'Y := Z![Y, u] :=
P,[Y|%] — P,[Y|.%s] where 0 < s < ¢ < co. We will use the shorter notation Z!Y when
there is no danger of confusion. For f € P, consider the following decomposition over
the time interval [0, ¢]:

lt]—1
Xo(f) = > Top Xolf) + Ty X)) + Xo(PEF), >0
k=0

To find the fluctuation of X;(f), we will investigate the fluctuation of each term on the
right hand side above. The second term and third term are negligible after rescaling,
and for the first term, we will establish a multi-variate unit interval CLT, which says that

e (D
k=0 t—00 k/k=0>

(I~ z=f X))

where (Cij)ke]N are some independent (1+ 3)-stable random variables. If f € C;\ {0}, then

. lt] ~f d ¥ il 1 d
it can be argued that > ;- ¢} - ¢’ and then intuitively we have || X;||” ™7 X;(f) —
— 00 — 00

¢f.If f € C.\ {0}, then it can be argued that ¢~ 77 3 ,Etio Ce % ¢/ and then intuitively
—o0

we have ||tXt||*ﬁXt(f) % ¢f. If f € C;, the general idea is almost the same, except
— 00

that we need to consider the decomposition over the time interval [¢, 00).

This paper is our first attempt on stable CLTs for superprocesses. There are still
many open questions. Ren, Song and Zhang have established some spatial CLTs in [38]
for a class of superprocesses with general spatial motions under the assumption that
the branching mechanisms satisfy a second moment condition. We hope to prove spatial
CLTs for superprocesses with general motions without the second moment assumption
on the branching mechanism in a future project.

Recall that our Assumption 1.2 says that the branching mechanism 1 is —az + 7z'*#
plus a small perturbation ¢4 (z) which satisfies (1.2) with some ¢ > 0. It would be
interesting to consider more general branching mechanisms.
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The following correspondence between (sub)critical branching mechanisms and
Bernstein functions is well known, see, for instance, [7, Theorem VII.4(ii)] and [8,
Proposition 7]. Suppose that f, g : (0,00) — [0, c0) are related by f(z) = zg(z). Then f is
a (sub)critical branching mechanism with lim,_,q f(x) = 0 iff ¢ is a Bernstein function
with a decreasing Lévy density. We now use this correspondence to give some examples
of branching mechanisms satisfying Assumptions 1.1 and 1.2. If h is a complete Bernstein
function which is regularly varying at 0 with index ; € (8,1), then

V(2) == —az + p2% + 2P 4 2h(2), z >0,

satisfies Assumptions 1.1 and 1.2. If 5; € (8,1), ¢1 € (0,n/T(—1 — 8)) and ¢z > 1, then

s c1dy
P(z) = —az+p22+nz1+ﬁ—/c (e7V —1—|—yz)y1+ﬁ17 z € Ry,

satisfies Assumptions 1.1 and 1.2.

The rest of the paper is organized as follows: In Subsection 2.1 we will give some
preliminary results for the branching mechanism . In Subsections 2.2 and 2.3 we
will give some estimates for some operators related to the super-OU process X. In
Subsection 2.4 we will give the definitions of the (1 + ()-stable random variables in-
volved in this paper. In Subsection 2.5 we will give some refined estimates for the OU
semigroup. In Subsection 2.6 we will give some estimates for the small value probability
of continuous state branching processes. In Subsection 2.7 we will give upper bounds
for the (1 + )-moments for our superprocesses. These estimates and upper bounds
will be crucial in the proofs of our main results. In Subsection 3.1, we will give the
proof of Theorem 1.5. In Subsections 3.2-3.5, we will give the proof of Theorem 1.6.
In the Appendix, we consider a general superprocess (X;);>o and we prove that the
characteristic exponent of X;(f) satisfies a complex-valued non-linear integral equation.
This fact will be used at several places in this paper, and we think it is of independent
interest.

2 Preliminaries

2.1 Branching mechanism

Let ¢ be the branching mechanism given in (1.1). Suppose that Assumptions 1.1
and 1.2 hold. In this subsection, we give some preliminary results on . Recall that
n and ( are the constants in Assumption 1.2. Let Cy := {z + iy : © € R,y € R} and
CY :={z+iy:2 € (0,00),y € R}.

Lemma 2.1. The function 1, given by (1.3) can be uniquely extended as a complex-
valued continuous function on C; which is holomorphic on Ci' Moreover, for all
0 > 0 small enough, there exists C > 0 such that for all z € C;, we have |;(z)| <
C|z|' A+ 4 Cz)2.

Proof. According to Lemma A.2 below and the uniqueness of holomorphic extensions,
we know that ¥, can be uniquely extended as a complex-valued continuous function on
C. which is holomorphic on (Dg. The extended v; has the following form:

n dy

(7% —1+yz) <7T(dll) Tl B2

¢1(2)=/722+/ ), ze .

(0,00)
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Now, according to Assumption 1.2, for all small enough § > 0, we have

n dy
11 (2)] < pl2f? + /0700)(|yz| A IyZ\Q)‘W(dy) - W‘

d
+afe0 [ y”f’”)w(dy)— n% zec,
(1,00)

L(=1-B)y*+Al
as desired. O

The following lemma says that the constants 7, 8 in Assumption 1.2 are uniquely
determined by the Lévy measure .

Lemma 2.2. Suppose Assumption 1.2 holds. Suppose that there are n’,é’ > 0 and
B’ € (0,1) such that

/
1B 45 7 dy
Yy m(dy) — =—————5—=| < 0.
/a ) R Y T
Thenn' =nand 8’ = 6.

Proof. Without loss of generality, we assume that 5 + 0 < 3’ + ¢§’. Using the fact that
ytth+e < yH‘B/""S/ fory > 1, we get

/
148468 n' dy
Yy (dy) — =375
/u,oo) ")~ T e

Comparing this with Assumption 1.2, we get

14+6+6 n dy n' dy
Y - - | < oo.
/<1 ) ‘F(*l = B)y*P T(=1- B)y*P ’

< 00.

In other words, if we denote by 7(dy) the measure n’'T'(—1 — 6)*1y*2*5/dy, then 7 is a

Lévy measure which satisfies Assumption 1.2. Applying Lemma 2.1 to 7, we have that
there exists ¢ > 0 such that

Inzt*P —n AT | <e2ttPH0 42?2z e Ry

Dividing both sides by z!*# we have | — /2% ~#| < ¢z° + ¢z*~P, 2 € Ry. This implies
that 72"’ ﬁ—>n>0 So we must have ' = 8 and 1’ = 7. O
+32—0

Lemma 2.3. If v satisfies Assumption 1.2, then v satisfies the Llog L condition, i.e.,
f(lm) ylogy m(dy) < oco.

Proof. Using Assumption 1.2 and the fact that ylogy < y' ™19 for y large enough, we
get

n dy
ylogy ’W(dy) - —‘ < oo.
/(1,00) F(_l - B 8

Therefore we have

n dy
e (st~ ) <o

Combining this with [, (1,00 nlogy dy "+ < 0o, we immediately get the desired result. O

1’(1/5)
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2.2 Definition of controller

Denote by B(R¢, C) the space of all C-valued Borel functions on R?. Recall that P is
given in (1.6). Define P* := PN B(R4, R, ) and P* := {f € B(R, C) : |f| € P*}.

In this paper, we say R is a monotone operator on P* if R : Pt — P+ satisfies
that Rf < Rg for all f < g in P*. For a function % : [0,00) — [0,00), we say R is an
h-controller if R is a monotone operator on P* and that R(6f) < h(9)Rf for all f € P*
and 0 € [0,00). For subsets D,Z C P* and an operator R on P, we say an operator A
is controlled by R from D to Z if A : D — T and that |Af| < R|f| for all f € D; we say a
family of operators ¢ is uniformly controlled by R from D to 7 if each operator A € 0 is
controlled by R from D to Z. For subsets D,Z C P* and a function A : [0,00) — [0,00),
we say an operator A (resp. a family of operators &) is h-controllable (resp. uniformly
h-controllable) from D to 7 if there exists an h-controller R such that A (resp. ©) is
controlled (resp. uniformly controlled) by R from D to Z.

For two operators A: Dy C P* — P* and B : D C P* — P*, define (A x B)f(z) :=
Af(x) x Bf(x) for all f € Dy NDp and z € RY. For any a € R and any operator
A:Dy — B(RE,C\ (—00,0]), define AX¢f(z) := (Af(z))* forall f € D4 and = € R%.

The following lemma is easy to verify.

Lemma 2.4. For each i € {0,1}, let 0; be a family of operators which is uniformly

controlled by an h;-controller R; from D; C P* toZ; C P*. Then the following statements
hold:

1. If Ty C Dy, then {A1 Ay : A; € 0;,i = 0,1} is uniformly controlled by the (hy o hg)-
controller R Ry from Dy to Z;.

2. {A; x Ay : A; € 0;,i = 0,1} is uniformly controlled by the (h; x hg)-controller
R1 X Ry from Dy N'D; to P*.

3. {A1 + Ay : A; € 0;,i = 0,1} is uniformly controlled by the (hy V hg)-controller
Ri + Ry from Dy N'D; to P*.

4. If Ty C B(R%,C \ (c0,0]) and a > 0, then {A*® : A € 0y} is uniformly controlled by
the (h{)-controller Ry from Dy to P*.

5. Suppose that 0y, = {Ay : 0 € ©} where O is an index set. Further suppose that
(0, J) is a measurable space and that (6, ) — Aqf(z) is J ® B(R?)-measurable for
each f € D. Then the following space of operators

{f — / Agf v(df) : v is a probability measure on (O, j)}
e
is uniformly controlled by Ry from D, to P*.

2.3 Controllers for the super-OU processes

Let X be our super-OU process with branching mechanism v satisfying Assumptions
1.1 and 1.2. In this subsection, we will define several operators and study some of their
properties that will be used in this paper.

Define 9o(z) = ¢¥(z) + az for z € Ry. According to Lemma 2.1, v,%; and ¢, can
all be uniquely extended as complex-valued continuous functions on C; which are
also holomorphic on C%. For all f € B(R?,C,) and = € R?, define ¥ f(z) = ¢ o f(x),
Uof(z) =1 o f(x) and ¥y f(x) =1 o f(x).

For all t € [0,00),z € R? and f € P, let U f(z) := Log Ps, [¢"X*(f)]|—; be the value
of the characteristic exponent of the infinitely divisible random variable X;(f) (See the
paragraph after Lemma A.3). It follows from (A.8) that —U,f(z) takes values in Cj.
Furthermore, we know from Proposition A.6 that

U f(z) — /O PO Wo(—U.f)(@)ds — iPof(z), te0,00),zcRE FeP. (1)
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Forallt > 0 and f € P, we define
t t
Zf = / PE(n(—iP2 [)*P)ds,  ZLf = / PE L (n(~Uf) ) ds,
0 0
t
705 = / P U (~Usf)ds,  ZV'f = (7.~ Zut ZV)].
0

Then we have that
U —iPt=7,+2Z=7Z;+ 7", t>0. 2.2)

Forall Kk € Z, and f € P, define

Qxf = sup eﬁbt|Pt.f|a Qf = Q/iff' (2.3)
>0

Then according to [31, Fact 1.2], @ is an operator from P to P.

Lemma 2.5. Under Assumptions 1.1 and 1.2, the following statements are true:

(1) (=Uy)o<t<1 is uniformly -controllable from P to P* N B(R?, C).

(2) (P{)o<i<1 is uniformly 6-controllable on P*.

(3) g is (62 v 011F)-controllable from P* N B(R%,C,) to P*.

(4) (U — iP?)o<i<1 is uniformly (6% v 01+#)-controllable from P to P*.

(5) (Z} — Z;)o<i<1 is uniformly (68 v §1+28)-controllable from P to P*.

(6) For all § > 0 small enough, we have that (Z}')o<i<1 is uniformly (6% v §1+/+9)-
controllable from P to P*.

(7) For all § > 0 small enough, we have that (Z;")o<;<1 is uniformly (§*+7 v §1+5+9).
controllable from P to P*.

Proof. (1). According to (A.8), —U, is an operator from P to B(Rd, C,). It follows from
(A.9) that forall g € P, 0 <t < 1and = € RY, we have |U;g(z)| < supge, <1 P|g|(x). We
claim that f — supy<,<; P%f is a map from P+ to P*. In fact, if f € P*, there exists
constant ¢ > 0 such that

0< sup P}f < sup Pu(eo‘“ef’{fbue'{fb“f) <c sup (6“f'b“Puf) <cQf €P.
0<u<l1 0<u<l1 0<u<1
It is clear that f — supg<,<; PS¢ f is a f-controller.
(2). Similar to the prBo% of (1).
(3). By Lemma 2.1, there exist C,§ > 0 satisfying 5 + 6 < 1 such that for all
f e P NB(RY,C,), it holds that |Wo f| < n|f|"*8 + W1 f] < nlf|"*? + C|f]> + C|f| 5+,
Note that the operator

f’—>77f1+5+cf2+0f1+6+67 f€P+,

is a (6% v 6'*5)-controller.
(4). From (1)-(3) above and Lemma 2.4.(1), we know that the operators

fHPt(iS\IIO(_USf% OSSStS 17

are uniformly (02 v gLth )-controllable. Combining this with (2.1) and Lemma 2.4.(5), we
get the desired result.
(5). Notice that from Lemma A.3,

(U )P — (=P )P < (L+ B)|Uf — P FI(|UfIP + [iPP fIP).
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Now using (1), (2) and (4) above, and Lemma 2.4, we get that the operators
f = (_Utf)1+ﬁ - (_iPtaf)H—ﬁv 0<t<l,

are uniformly (627# v §1+26)-controllable. Combining with Lemma 2.4, and

t
(Zl—2Z))f = /O P, (U0 — (P2 )R ds, 0<t<1,feP,

we get the desired result.
(6). By Lemma 2.1, for all § > 0 small enough, there exists C' > 0 such that

(Wi ()] < CUP+IIF7F), feP nBRY,Cy).
Note that, for all §,C' > 0,
fHC(f2+f1+ﬁ+6)7 f€P+

is a (#% v 9118+9)-controller. Therefore, for all § > 0 small enough, we have that ¥, is
a (6% v 0'*+P+%)-controllable operator from P* N B(RY, C, ) to P*. Combining this with
(1)-(2) above, and Lemma 2.4, we get that, for all 6 > 0 small enough, the operators

t
f=2z'f= / P U (—Usf)ds, 0<t<1,
0

are uniformly (62 v §'+#+9)-controllable from P to P*.
(7). Since Z;" = (Z, — Z;) + Z}', the desired result follows from (5)-(6) above and
Lemma 2.4.(3). O

2.4 Stable distributions

Recall that the operators (7}):>o are defined by (1.7), and the functionals (m;)o<t<co
and m are given by (1.8) and (1.9) respectively.

Lemma 2.6. (7}):>0, (Mi)o<i<co and m are well defined.

Proof. Step 1. We will show that for each f € P, there exists h € P such that [T} f| <
e~ %} for each ¢t > 0, where

§ :=inf {|Ba — |p|b| : p € Z%, (f, dp)e # 0} > 0. (2.4)

From this upper bound, it can be verified that (7}):>0 and (m;)o<i<c are well defined.
In fact, we can write f = fy + f1 with fy € C; ®C. and f; € C;. According to [31, Lemma
2.7], there exists hg € P such that for each ¢ > 0,

Tfol=| >0 eI 0,

p€Zd:Ba<|p|b

— eBat|Ptf0| < ef(n(fo)bfﬁa)tho < eiétho.

On the other hand,

T Al <e™ > [ dp)edpl = e Thy, t>0.

pEZd :fa>|p|b

So the desired result in this step follows with h := hg + hy.

Step 2. We will show that if f € C; @ C;, then m/[f] is well defined. In fact, let J be
given by (2.4), then in this case § > 0. Now, according to Step 1 there exists i € P such
that |T;f| < e %} for each t > 0. This exponential decay implies the desired result in
this step.
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Step 3. We will show that if f € P\ (C, @ C;), then m|[f] is also well defined. In fact,
f can be decomposed as f = f. + fs where f € C.\ {0} and f,; € C; @ C;. Note that
T;f. = f. for each t > 0. Also note that in Step 2, we already have shown that there exist
§ > 0 and h € PT such that for each t > 0, we have |T;fy| < e °"h. Therefore, using
Lemma A.3 we have

(=T )P = (=if )P < (L4 B) (T f 1P + [ fel )T fall
< L+ B) (| fe + Tefal® + [ £el)e " h < (L4 BY((|fel + [B)? + |feol?)e % h =: ey,

where g € P*. Therefore
1 1 !
[l = (it @) = |5t [ (iTany = ig) gy ar| @)
1 1
: / (AT f) 8 = (=ife) *), ) dr < <W>/O e hdr 0 .

Proposition 2.7. For each f € P\ {0}, there exists a non-degenerate (1 + [3)-stable
random variable ¢! such that E[¢?¢'] = e™®/] for all § € R.

The proof of the above proposition relies on the following lemma:
Lemma 2.8. Let ¢ be a measure on R \ {0} with [pa, 1oy |z|' T8 q(dx) € (0,00). Then

0 — exp{ (46 - x)lJrﬁq(dx)}, 0 € R,
R4\{0}

is the characteristic function of an R%-valued (1 + 3)-stable random variable.

Proof. It follows from disintegration that there exist a measure A on S := {¢ € R?: [¢| =
1} and a kernel k(¢, dt) from S to Ry such that

[ satdn) = [ @) [ seeme.an, feBERN {0}k,
R4\{0} s Ry
We define another measure )y on S by

Ao(dg) = ﬁ /O TR (),

where I' is the Gamma function. Then )\ is a non-zero finite measure, since

M) == MO [ I ke o
- z|"Pq(dx 00
RT3 o 70000 € 020).

Define a measure v on R¢\ {0} by
>~ dr
/]Rd\{o}f(x)l/(dx) = /SAo(dﬁ)/O F8) 555, [ € BR\ {01, R, ).

Then, according to [41, Remark 14.4], v is the Lévy measure of a (1+/3)-stable distribution
on R4, say u, whose characteristic function is

[(0) = exp { /]Rd\{o}(e_w'y —1446- y)y(dy)}7 0 €R.
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Finally, according to (A.2), we have

—16- . > —ir dr
/}Rd\{o}(e 9”—1+19-y)1/(dy):/5)\0(d5)/0 (70 14 irf- &) —— e

:/)\(dg) /Oo(ei”"f—1+ir9-§)mgéwtl+5k(§,dt)
/ A(dE) / (i0 - )P k(e dt) — / A(dE) / 0 1€) k(e dt)
S 0
_ / (i0 - 2) P q(da). 0
R(l

Proof of Proposition 2.7. Suppose that f € Cs @ C;. Note that m[ff] can be written as
mlof] = 77/ ds/ (=T, f(2)) () de, 6 € R. 2.6)
0 R¢

Therefore, according to Lemma 2.8, in order to show that ¢/ is a (1 + 3)-stable random
variable we only need to show that

/OO ds/ T f ()" Pp(z) dz € (0,00). (2.7)
0 R4

According to the Step 1 in the proof of Lemma 2.6, we know that there exist § > 0 and
h € P such that |T, f| < e~ %h for each s > 0. The claim (2.7) then follows.

If f€P\(Cs®C(), then f can be written by f = f. + (f — f.) where f. € C.\ {0} and
f — fe € Cs ®C;. In this case, according to (2.5), m[ff] has an integral representation:

m[eﬂ:/w( i0f,(2) P o(z) dz, 6 €R.

Finally, according to Lemma 2.8 and the fact that [p, |fo(z)|'™’¢(z) dz € (0, 00), we have
that ¢/ is a non-degenerate (1 + j3)-stable random variable. O

2.5 A refined estimate for the OU semigroup

It turns out that our proof of the CLT relies on the following refined estimate for the
OU semigroup.

Lemma 2.9. Suppose that g € P, then there exists h € P* such that for all f € P, :=
{0T,g:n€Z,,0 € [-1,1]} andt > 0, we have |P,(Z,1f — (Z1f,¢))| < e P h.

Proof. Fix g € P. We write g = go + g1 with go € C; ®C. and g; € C, and gy :=
Zif —{(Z1f,p) € P* for each f € P.

Step 1. We claim that we only need to prove the result for all f € ﬁg ={Th419:n €
Z.}. In fact, both Re g, and Im g, are functions in P of order > 1. The result is valid for
f = Thg = g according to [31, Fact 1.2]. Also, note that if the result is valid for some
f € P, it is also valid for any 6 f with 6 € [—1, 1].

Step 2. We show that {T,g : s > 0} C Copo (R%) N P. In fact, for each s > 0,

Tog=Ti(go+91) =€ Pago+ > (g1.dp)pe” @G

pEZdJr:oz,B~>|p|b

Notice that the second term is in C..(R?) N P since it is a finite sum of polynomials, and
the first term is also in C.,(RY) N P according to [31, Fact 1.1].
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Step 3. We show that there exists i3 € PT such that forall j € {1,...,d} and f € P,
it holds that |9; f| < hs. In fact, it is known that (see [32] for example)

P f(x) = /Rd f(xe_bt +yv1— e—%t)go(y) dy, t>0,zeR? feP. (2.8)

For f € Coo(R?) NP it can be verified from above that
O;Pif =e ""P0;f, t>0,5¢€{l,...,d}. (2.9)

Thanks to Step 2, Tigo € Co(R%) NP. According to [31, Fact 1.3] and the fact that
af < kg4,b, we have for each j € {1,...,d},

o
K(9;Tigo) 2 F(Trgo) = 1 = Kgy —1 2 b L

Therefore, there exists h} € P* such that foralln € Z and j € {1,...,d},

10;T1190] = 10,7 P, Tygo| = " =""|P,0; T1 go
< eBn—bn exXp{—£ (9, T, o)1} Q0 T1g0 < Q0;T1g0 < hj.

On the other hand, there exists 24 € P* such that foralln € Z and j € {1,...,d},

10Ty 191 = ’ Z ei(aéi‘p‘b)(nﬂ)@la¢’p>¢aj¢p

pEZY :aB>|p|b

< Z ‘<91a¢p>¢8j¢p‘ < hé,’.

pEZd :af>p|b

Then the desired result in this step follows.

Step 4. We show that there exists hy € P such that for all j € {1,...,d},u € [0,1]
and f € P,, it holds that |0; P, (—iP2 f)1*#| < hy. In fact, thanks to Step 2 and (2.9),
forall j € {1,...,d},u €[0,1] and f € P,, we have

O PP (=il )P = e TP 0, (—iP )1
= (L+B)e” PP [(—iPg f)P 0;(—iPg f)]
= —i(L+B)e” TP [(—iPg f) e PO, f]
= —i(1+ B)e bell-WaeuaQ+B py [(—iP,f)?P,0; f).
Recall from Step 1 in the proof of Lemma 2.6 there exists h, € PT such that for each
f € {Tsg : s > 0} it holds that |f| < hj. Therefore, using Step 3, we have for all
je{l,...,d},ue0,1] and f € P,,
|05 PE_ o (=iP )P < (14 B)e* D P [(Pul £1)P Pul0; 1]
< (1+ B)e* AP, [(Puh})P Puhs] < (1 + B)e* T Qo[(QohYy)? Qohs),
where (g is defined by (2.3). This implies the desired result in this step. B
Step 5. We show that there exists h; € PT such that for each f € P,, we have

IV(Zif)| < hs. In fact, according to Step 4, for all j € {1,...,d}, f € P, and compact
A C R%, we have

1
| supl(@;Ps o (=iP2 ) ) w)| du < sup huo) < oc.
0 x€EA €A
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Using this and [12, Theorem A.5.2], forall j € {1,...,d}, f € 75g and z € RY, it holds that

0,2 @)1 = | [ @Pr (PN ) @) du] < (o)

Now, the desired result for this step is valid.

Step 6. Let hs be the function in Step 5. There are cg, no > 0 such that for all z € R?,
hs(z) < co(1 + |z|)™. Note that for all z,y € R?, 1+ |z| + |y| < (1 + |=|)( ); and that
forall 0 € [0,1], |v/1—6 — 1| < 6. Write D, , = {ax + by : a,b € [0,1]} fo z,y € R?. Using
(2.8) and Step 5, there exists hg € P* such that forallt > 0, f € 739 and z € R,

Prag(e)l =| [ () ae™ + 9y T= ) = 2 (o) d
<[ (sw |V<Zlf><z>\)|xe*bf+w1fef%t—yna(y) dy
Rd

2€Dy y

<ot /R co(1+ le] + [y)™ (Ja] + ly)oly) dy

< coe (1 fal) (Jal [ (o)™ el dy+ [0+ )™ ol () d)

< e Yhg(x). O

2.6 Small value probability

In this subsection, we digress briefly from our super-OU process and consider a
(supercritical) continuous-state branching process (CSBP) {(Y});>0; P, } with branching
mechanism ¢ given by (1.1). Such a process {(Y:):>0; P, } is defined as an R*-valued
Hunt process satisfying

Ple ] =e N zecRYt>0,AeRT,

where for each A > 0, ¢t — v;(\) is the unique positive solution to the equation
t
—/ V(vs(\) ds = A, £ >0, (2.10)
0

It can be verified that for each u € M(R%) with , we have {(||X¢||)i>0;Pu} law
{(V)i20: P2}

Our goal in this subsection is to determine how fast the probability P, (0 < e~ *Y; <
k:) converges to 0 when t — k; is a strictly positive function on [0, c0) such that k; — 0
and k;e®" — oo as t — oco. Suppose that Grey’s condition is satisfied i.e., there exists
2" > 0 such that ¢)(z) > 0 for all z > 2/, and that f )~ldz < co. Also suppose that the
Llog L condition is satisfied i.e., [ ylogy m(dr) < 0o. We write W; = e~tY; for each

t > 0.

Proposition 2.10. Suppose that t — k; is a strictly positive function on [0, c0) such that
k; — 0 and k;e® — oo ast — oo. Then, for each x > 0, there exist C,§ > 0 such that

P.(0 <W; <ki) <O +e7 %), t>0.

Proof. Step 1. We recall some known facts about the CSBP (Y;). For each A > 0, we
denote by ¢ — v;(\) the unique positive solution of (2.10). Letting A — oo in (2.10), we
have by monotonicity that 7; := limy_, v¢(\) exists in (0, 00| for all ¢ > 0, and that

P.(Y;,=0)=e " t>0,2>0. (2.11)
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It is known, see [28, Theorems 3.5-3.8] for example, that under Grey’s condition v :=
lim;_, o U+ € [0, 00) exists and is the largest root of ¢ on [0, 00). Letting ¢t — oo in (2.11),
we have by monotonicity that

P,(3t>0,Y;, =0)=¢ ", 2>0.

Note the derivative of v, i.e.,
W) =—atzprs [ (- ), 20
(O’Oo)

is non-decreasing. This says that 1) is a convex function. Also notice that ¢'(0+) = —a < 0
and that there exists z > 0 such that ¢(z) > 0. Therefore we have (i) v > 0; (i) ¥/(z) <0
on z € (0,0); and (iii) ¢¥/(z) > 0 on z € (¥,00). It is also known, see [28, Proposition
3.3] for example, that (i) if A € (0,7), then 0 < XA < v:(\) < ©; (i) if A € (7,00), then
7 < v(A) < A < oo; and (iii) for each A € (0,00) \ {7} and ¢ > 0, we always have
fv’:(/\) ¥(2)"'dz = t. Taking A\ — oo and using the monotone convergence theorem, we
have that ~ 4
z
e t, t>0. (2.12)

Step 2. We will show that, for each x > 0 there exists a constant ¢; > 0 such that

P.(0 < Wi <kt) <er(|o— vy e )|+ o, —0]), t>0.
In fact, for all x > 0 and ¢ > 0, we have

P, (0 < W, < k) =Pyle kW >e ! W, >0)
< Pyl F VW, > 0] = e(Pye ™ 7] — P (W, = 0))

—zv; (ke )

=e(e —e ) <ex(|v — ve(ky e )| + |v — 7)),

as desired in this step.
Step 3. We will show that there exist ¢, d1,t9 > 0 such that

|'Dt — TJ| S 026_61t, t 2 t().

In fact, since ¢ is a convex function, we must have 7 := ¢’(¢) > 0 and that ¢(z) >
(z — v)7 for each z > ©. According to Grey’s condition, we can find z, > ¥ such that
to = f::’ ¥(2)1dz < co. For each t > tg, according to (2.12), we have

t—tg= *dx [ dz [ dz
T Ut ¥(2) 20 P(2) B Ts (2)
zo d
< | T = 7 osten — )~ loa(a ).

Rearranging, we get 7, — o < (29 — 9)e"7(*=%), for all t > t,. This implies the desired
result in this step.
Step 4. We will show that there exist c3, 2,1 > 0 such that

10— vi(ky e < esk?, t >t
Define p; := 1 + (logk;)/(t) for all t > 0. By the fact that k; ‘et = e=?¢* for all t > 0

and the condition that k;e®? t—> 0o, we have p;t t—> 0. Since the Llog L condition
—00 —00
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is satisfied, we have (see [29] for example), W; ta_&) Weso, where the martingale limit
— 00
W4 is a non-degenerate positive random variable. This implies that

vi(e™ ) = —log P1[e~"] = —logPi[e W] =: 2* € (0,00).

L— 00
The Llog L condition also guarantees that (see again [29] for example) {W,, = 0} =
{3t > 0, X; = 0} a.s. in P;. This and the non-degeneracy of W, imply that
z* = —logP1[67W°°] < —logP; (W =0) = 0.

Fix an arbitrary € € (0,7). According to the fact that 7 = ¢/(?) > 0, there exists
20 € (0,0) such that for all z € (z,7), we have —(z) > (v — 2)(7 — €). Fix this z,. For
t large enough, we have 0 < k; 'e=* < v;(k; 'e=**) < . Then we have for t > 0 large
enough,

1)1,(]6;16*(“) dz Uptt(efapf,t) 20 1)1,(16;167(“) dz
Lol S et )
kyte—at *"/)(Z) e—aptt Uyt (e=aPtt) 20 —d)(z)

’L)t(k‘fleiat) dz
= pit + 0(1) +/ :
‘ 20 _1/}(2)

where we used the fact that

oo 72 [ =

ptt

Now we have, for ¢ large enough,
vt(kt—le at) dz
téptt+0(1)+/ e
. (v—2)(r—¢)

=pt+0(1) — ﬁ(log (B — vy (e ")) —log(v — z0)>.

Rearranging, we get, for ¢ large enough,

e~ HT—e) > e—ﬂtt(T—e)-&-O(l)(@ - Ut(e_aptt)).
Therefore, there exist c3 > 0 and ¢; > 0 such that for all ¢t > ¢;,
7 — v (ke < et OHIHEEE (T =) +O(1) < Cgkt%ﬂ

This implies the desired result in this step.
Finally, by Steps 2-4, we have for each = > 0, there exist ¢4, d3,%2 > 0 such that

Po(0 < Wy < k) < ea(k¥ +e7%Y), ¢ >t

Note that the left hand side is always bounded from above by 1, so we can take ¢t =0 in
the above statement. O

2.7 Moments for super-OU processes

In this subsection, we want to find some upper bound for the (1 + v)-th moment of
X:(g), where v € (0,4) and g € P.

Lemma 2.11. There is a (§* vV '*7)-controller R such that forall 0 <t <1,g € P, A >0
and 1 € M.(R%), we have

A 2/)\
PL(IZXi(9) > V) < 5 / j(R|0g)do.
—2/A
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Proof. It is elementary calculus (see the proof of [12, Theorem 3.3.6] for example) that
for w > 0 and x # 0,

IR 25i
E/ (1—e"%)doh =2 — bz;um 2 luz>o.

—Uu

Denote by R the (92 vV 01+5)-controller in Lemma 2.5.(4). Then, using Lemma A.1 we get

P -
PLITX (o) > V)] < |3 /wu R g
A 2/ . A 2/
< 2/2/>\ |1 _ ell‘(Ut(eg)_lpf, (99))|d9 < 5 /2/)\ M(|Ut(99) _ Z-Pta(eg)l)da
A2/
<2 / u(RI0g])do. 0
—2/x

Lemma 2.12. For all h € Pt and u € M.(R?), there exists C > 0 such that for all
k€Zy, A>0and0<r<s<t<oowiths—r <1, we have

e(t—s)(a—r;b)

gepszggggh]P““IiXt(gﬂ > )\) < Ce(*r((f)prﬁ n (e(tL)(\"—”b))z)

Proof. Denote by R the (62 v §'*#)-controller in Lemma 2.11. Fix h € PT, y € M.(R%)
k€Zyand 0 <r < s <t < oowith s—r < 1. Suppose that g € P satisfies Qg < h.
Using the Markov property of X, we get

P(IZ:Xi(9) > A) = Py [Pl Xo(PELog) = X, (P,9)| > A7 ]|

=P, [Px, (| Xsr(P9) — Xo(PLg)] > N)]

s—1 o )\ 2/ e’
= Pu[Px, (55 Xor (P9 > N] S Pu[3 [ X (RSP ol)d8]
—2
A 2
<P[5 [ Xo(Rlget = Dp))do)
2 J o/
A 2/ b) |1 b)|2
< PuXo(Rh))5 / (jgelt = DD g |gelt=o) o=t |2) g
—2/A
928 (tmamkb) 145 93 elt=s)(arb) 3
_“(PTRh)(QJrﬁ( ) ) 3( ) ))
(=5} (@=kb)\ 145/ olt=s)(a=rb) | 2
< ar - -
scer((—) +(==—))
243 3
where C := (22+ﬁ + 2g),LL(QORh) > 0. O

For each random variable {Y;P} and p € [1, 00), we write |V ||p,, := P[|Y|?]'/P. Recall
that we write « = ¢, for each u # —1.

Lemma 2.13. Forallh € P, p € M.(R?) and v € (0, 3), there exists C > 0 such that for
alk e Zy and 0 <r <s<t<oowiths—r <1, we have

sup [ Z3Xi(9)|[p,14y < Otz (0T 700),
gEP:Qrg<h
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Proof. Fix h € P and pu € M.(R%). Let Cj be the constant in the Lemma 2.12. For all
k€Zi, 0<r<s<twiths—r<1,geP with Q.9 <h, and ¢ > 0, we have

PLIZ3X, ()] = (14 ) / T NPT X (g)] > A

<) [ XDy [TNR(ZRG)] > Nay

)(a—kb) t—s)(a—kb)

> (t=s)(a= 1+8 (t— - 2
< Cl+’y+00€ar(1—|—’y)/ ((8)\) + (%) ))\’Yd)\
e(14+8)(t—s)(a—rb) N ez(t—S)(a—){b))
G-me A

< cl+vear+coear(1_~_,y)(

Taking ¢ = e(!=9)(@=5b) we get

1
P, [|Z: X1 (g)[1+7] < eFME=s)arb) ar(1+00 + Ly +7).

B—n ]
Note that
(T+9)(t—s)(a—krb) +ar=(t—s)a+ (t—s)(ya—(1+7)kb) + ar
<ta+ (t—s)(yo— (1+7)xb).
So the desired result is true. O
Lemma 2.14. Forallh € P, yu € M.(R%), v € (0,8) and k € Z, there exists a constant
C > 0 such that for allt > 0, we have
1. supyep.q.g<n Xt (9P, 144 < Celo=r0t provided oy > kb;
2. supyep.g.g<n I Xe(@) P, 1404 < Ctet " provided a7 = kb;
3. suPyep.g, g<h Xt (9P, 144 < Cem " provided oy < kb.
Proof. Fix vy € (0,8) and p € M (R?). Let C be the constant in Lemma 2.13. Using the
triangle inequality, for all k € Z,, g € P with Qg < h and ¢t > 0, we have
[t]—1
1 t—|t o
1Xe(9) e, 14 < Z T X,y + I X9 oy, + 1(P2 )]

Lt]
T T Z yo— fc(1+’v)b e(ainb)t‘u(h)_

=0

By calculating the sum on the right, we get the desired result. O

3 Proofs of main results

In this section, we will prove the main results of this paper. For simplicity, we will
write P, = IP,(-|D°) in this section.

3.1 Law of large numbers

In this subsection, we prove Theorem 1.5. For this purpose, we first prove the almost
sure and L't (PP,) convergence of a family of martingales for v € (0, 3). Recall that L is
the infinitesimal generator of the OU-process. For f € P N C?(RY) and a € R, we define

t
M= e (amabltx () — / e (@=as X (L + ab)f) ds. (3.1)
0

Let (.%,);>0 be the natural filtration of X. The following lemma says that {M"* : ¢ > 0}
is a martingale with respect to (%;):>0.
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Lemma 3.1. Forall f € PN C2(R%), a € R and i € M.(RY), the process (M]"*);>¢ is a
IP,,-martingale with respect to (.%):>o.

Proof. Put f := (L + ab)f. It follows easily from Ito’s formula that

t
P f(x) = f(x) +/ P f(x)ds, t>0,zcR?, (3.2)
0
where P2t := ¢ P, For 0 < s < t, we have

t
P M| F,] = e~ =P [X,(f)].F] - PM{/O e~(@=ablux (F) du‘ﬁzs] (3.3)

s t
_ ef(afab)tXS(Pta_sf) _ / e*(aiab)uXu(f_') du — / ei(a*ab)qu(PS_sz) du.
0 s

Using (3.2) and Fubini’s theorem, we have
/ —(a— ab)uX (Pa f) du = e~ (a— ab)s/ X, Pab

— e—(a—ab)sXs (/ Pabf du) —¢ —(a—ab)s (Xs(Pta_bsf) _ Xé(f))
0
— ef(afab)tXS (Pta—sf) _ ef(afab)sXs(f).
Using this and (3.3), we get the desired result. O

Recall that, for p € Zi, ¢p is an eigenfunction of L corresponding to the eigenvalue
—|p|b and HY = e~ (@~ IPIY)t X, (¢, for each t > 0.
Lemma 3.2. Forall y € M.(R%) andp € Z2¢, (H});>0 is a P,-martingale with respect to
(Z)e>0. (P,,) for each v € (0, 5).
Thus the limit H?, := lim;_,, H} exists P,-a.s. and in L'*7(PP,) for each v € (0, 3).

Proof. Fix a i € M.(R?) and a p € Z%. It follows from Lemma 3.1 that (H});>o is a
P,,-martingale. Further suppose that of > |p|b. Then there exists a vo € (0, 5) which is
close enough to 3 so that oy > |p|b for each v € [yg, 8). Using Lemma 2.14 and the fact
, we get that, for each « € [y, §), there exists a constant C' > 0 such that

||H§)H]Pu;1+’)’ < Ce—(oz—|p|b)te(a—\p\b)t — 07 t>0.
For each v € (0,~,) there exists a constant C’ > 0 such that

7 14 < 1HE|

Puil4yo < c’, t=0.
Therefore, for each v € (0, 8), the martingale (H} );>o is bounded in L*7(P,,). O

Lemma 3.3. Suppose that u € M.(R?) and that p € Z¢ satisfies af > |p|b. Then for
each vy € (0,0)

|Hf — HE||p, ;14 < Ce™(@7IPI)s 0 < 5 < 1 < o0,

Proof. Thanks to Lemma 3.2, we only need to prove the inequality when 0 < s < ¢ < oo.
Suppose p € Z%, i € M. (R?) and ~ € (0, 3) with a7 > |p|b are fixed. Using Lemma 2.13
with g = ¢, and k& = |p|, we know that there exists a constant C; > 0 such that for all
0<r<swiths—r <1,

1HE = HE|[p, 14 < Cre @770,
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Thus there exists Cy > 0 such that forall 0 < s < ¢,

IH} — HE|[P,. 14~
)
< ||Hf5J+1 - H§||1Pu;1+7 + Z HHZ+1 - H]Zi‘)”]P/,L;lJF'Y + HHf - Hftj+1||1P,L;1+7
k=|s]+1
L)
< (e—m—\p\b)s + Y ek e—(a%—\p\b)t) < Cye= (7= Iplb)s 0
k=|s]+1

Proof of Theorem 1.5. Fix f € P such that a8 > rsb(1 + 3) and u € M.(R?). Write

f= > (fonebp=" >, (f.p)ebp+ I

PEZY :|p|>ky pEZ :Ipl=ry

Then B
e (f) = Y (fidp)HE + e @TVIX(f), t>0.
PEZLY:|p|=ry

According to Lemma 3.2, we have

Y. (LoeH! = Y (Ldn)eHE,

PEZS :|p|=ky PEZS :|p|=ry
P,-a.s. and in L't (P,) for each v € (0, 8). Therefore, it suffices to show that
Jt = 6_(a_nfb)tXt(f~), t> O,

converges to 0 in L'*7(P ) for all v € (0, 3), and converges almost surely provided f is
twice differentiable and all its second order partial derivatives are in P.

Step 1. Let g € P. Let x > 0 be such that k < K, and kb < aB. We will show that for
each v € (0, 8) there exist C1,d; > 0 such that

le™ =X (g)llp, 14y < Cre™", £ 20,

In order to do this, we choose a 7y € (0, 8) close enough to 8 such that kb < a7 for each
v € [0, 8). According to Lemma 2.14, we have for each v € (0, 3),

1. if v € [y0, 8) and & > k4b, then there exists Cy > 0 such that
||e_(a_nb)tXt(g)H]P#;l+v < Cze—(oz—nb)te(oc—mgb)t < Cv2€—(mg—f-i)bt7 t > 0;
2. if y € [y, 8) and oy = k4b, then there exists C5 > 0 such that
||67(aimb)tXt(g)||]PH,;1+fy < Cgtef(ozfnb)teﬁt _ C3tef(a’yfmb)t, t> 0;
3. if ¥ € [, ) and oy < k4b, then there exists Cy > 0 such that
”e—(oz—nb)t)(t(g)H]PH;H_’y < 046—(a—nb)teﬁt — 046—(a”y—ﬁb)t, t>0;
4. if v € (0,7p), then thanks to (1)-(3) above and the fact that
le X (g) e 4 < e T X () 18110
there exist Cs, 6o > 0 such that

le= =X (g) Py < Cse™™", ¢ 20.
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Thus, the desired conclusion in this step is valid. In particular, by taking g = fand
k = k¢, we get that J; converges to 0 in L'*7(P,,) for any v € (0, 3).

Step 2. We further assume that f € C?(R%) and D?f € P. We will show that J;
converges to 0 almost surely. Fora > 0, ¢t > 0, and g € P N C?(RY) satisfying D?g € P,
we define

t t
Ly ::/ e~ X (L + ab)g)ds, Y ;:/ e~ (@3 | X (L + ab)g)|ds.
0 0

Now choose ag € (kr, ks + 1) close enough to x; so that apb < aﬁ. According to (3.1),
Jy = e~ (womrnbt(apfeo 4 plaoy g >,
So we only need to show that
e~(wompbtfan 0 emlaommbtpfe 0 P as.
t—o0 t—o0

Notice that K(Ltaoh)f = KFF 2 Kr + 1> ag. By Step 1, for any fixed v € (0, 3), there exist
Cs, 03 > 0 such that for each ¢t > 0,

le™ = P X (F)llp,4e < Coe™%", (e @7 P X (Lf + aobf)lp, 14+ < Coe™ "

Now, by the triangle inequality, for each ¢t > 0,

ILE 0l < 1Yl i14n
t CG

t ,
< / |e~(@—aod)s x (Lf + aobf)||p,;14~ds < C(;/ e %%ds < e
0 0

Since th **° s increasing in ¢, it converges to some finite random variable YOJS“O almost
surely and in L' ™7 (P,,). Consequently, we have

lim e_(a"_”f)bt\Lf’aﬂ < lim e_(ao_“f)bt|Y;f’a°| =0, P,as.
t—o0 T t—oo

On the other hand, the martingale Mtf"a0 satisfies
7 o ~ 7 _ 1
1M [p, 14 < lle™ X (F) 4 + IET P14 < Cole™™" + 5 120

This implies that the martingale converges almost surely. Consequently,

lim e~ (@0—r)b %0 — 0 P-as.. O

t—o0

3.2 Central limit theorems for unit time intervals
In this subsection, we will establish the following CLT.
Theorem 3.4. If i € M.(R%) and f € P\ {0}, then under P,(-|D¢), we have

v ._ Xep1(f) = Xe(PPf) 4

: a ¢
¢ X7 t—soo 07

where ¢/ is a (1 + j3)-stable random variable with characteristic function § — e(Z1(01):2)
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In fact, we prove a stronger result:

Proposition 3.5. For all u € M.(R?) and g € P \ {0}, there exist C,§ > 0 such that for
allt>1and f € Py :={0T,9g:n € Z,0 € [—1,1]}, we have

P, [’Pu[eiﬁ - 6<Z1f’¢>§Dc|y’f]” < Ce?

Proof. Fix € M.(R%) and g € P\ {0}.
Step 1. Write A;(e) := {|| X¢|| > e{®=9)*} for t > 0 and ¢ > 0. We will show that for all
f€P\{0}, e >0andt >0, it holds that

P, [|]PH[6Z-T{ _ €<zl<f>,w>;DC|yt]|} < JL(t )+ L (t,€) + T (t,e),

where
J(t€) =P IIX (2" (0 ); Ar(e)], TSt €) =PI Xi(Z1(0:f)) — (Z0f. )] Au(e)],
Ja(t,€) := 2P, (A ()AD®), 6, := || X4|| ==,
In fact, it follows from (2.2), the definitions of Uy, Z{” and Z;, that for all ¢ > 0,
A f . . a
]Pu[emt |- F] = P lexp{if: Xiy1(f) — i0: X (P1 f) }HF4] (3.4)
= exp{X; (U1 —iP)(0:£))} = exp{X:((Z1 + Z1")(0:£))}-

From Lemma 2.8, we get that § — (Z1(0f), ¢) is the characteristic function of some
(1 + B)-stable random variable, and then Re(Z; f, ¢) < 0. Using this, (3.4), (A.8) and the
fact |e7® —e Y| < |z —y| for all z,y € C;, we get for each ¢t > 0 and € > 0,

o f
P, [’Pu[eﬂt —e<Zlf"p>;Dc|ft]H
< P[Pl — B9 A, (71| + 2P, (A ()ADC|F) |
[[Pule™ | 7)) — 2t At(e)} + Ja(ty€)

<P, [|eX (A6 e(zlf,w,;At(e)] 1 st €)

< Pu||IX((Z1+ Z0)(0D) ~ (Z1£.9)]; 49| + Ta(t. )
< JL(t, ) + JL(t, €) + Js(t, ).

Step 2. We will show that for ¢ > 0 small enough, there exist C5, 2 > 0 such that for
allt > 1and f € P, we have Jlf(ae) < Chye 02t

In fact, let 6y > 0 be the constant in Lemma 2.5.(7) and let R be the corresponding
(628 v/ g1+F+%) _controller. According to Step 1 in the proof of Lemma 2.6, there exists
hy € P* such that for each f € P, it holds that |f| < hy. Then, we have for all ¢t > 0,
e>0and f e P,

ha _14B4p
" < < _ < (a—e)t .
2 (00 )1 a, o) < RO )0 < R(em—e)tu—m) < Y e Rhy

Pe{ﬁg,l}
Thus forallt >0, e >0and f € P,,
Hito< Y RO IR X (Rh) < S p(QoRha)e T

96{50)1} p€{5071}

where @ is defined by (2.3). By taking ¢ > 0 small enough, we get the desired result in
this step.
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Step 3. We will show that for ¢ > 0 small enough there exist C3, 3 > 0 such that for
allt > 0and f € P,, we have JI(t,€) < Cse%t. In fact, for all t > 0, and f € P,,

Xi(Z1(01) — (Zaf, 0) = 0P X2 f) — (20, ) = th(Zlf (Lt

and therefore,

T (t¢) = ]Pu[ Xi(Zyf = (Z1f. )

e A4(9)] < OB, X, g

X

where ¢5 = Z1f — (Z1f,p) € P*. It follows from Lemma 2.9 that there exists h3 € P such
that for each f € P,, we have Q1(Regy) < hs and Q1(Imgy) < hs, where @ is given
by (2.3) with x = 1. In the rest of this step, we fix a v € (0, 8) small enough such that
ay < b < (1+v)b. According to Lemma 2.14.(3) (with x = 1), there exists C3 > 0 such
that forallt > 0 and f € P,,

]PM HXt(Qf) ] < ”Xt(Re qf)||lpu,1+’y + ”Xt(lm qf)H]Pp.,1+‘y

<2 swp [ Xel@)p,aiy < CaeHE.
g€P:Q19<hs

Therefore, forallt > 0,e > 0 and f € P,, we have
Tt €) < Cyem@tets < Cye(@T-91,

By taking € > 0 small enough, we get the required result in this step.
Step 4. We will show that, for each ¢ € (0, «), there exist Cy4,d, > 0 such that for all
t > 1, J3(t,€) < Cye™%t, In fact, we have forall t > 0,¢ > 0,

Pu(Ae(€), D) = PulP,(D]F2); Arle)] = Pufe 11 Ay (e)] < exp(—v]ulle!*=").

On the other hand, by Proposition 2.10, for each e € (0, «), there exist Cy, 4 > 0 such
that forall ¢ > 0,

P, (Ai(e), D) <P, (0 < e || X4|| < ) < Oye™ 0t 4 %t

Combining these results, we get the desired result in this step.
Step 5. Combining the results in Steps 1-4, we immediately get the desired result. O

The following corollary will be used later in the proof of Theorem 1.6.

Corollary 3.6. If g € P\ {0} and 1 € M .(R?), then there exist C,§ > 0 such that for all
I <ninZ; and (f;)}_; C Py,

1

‘113“ 11 ] St ’ < e, (3.5)

=l =

Proof. Forl <ninZy, k € {l,...,n} and (f;)}_, C P, define

ap = I?’#{Hemjf'j} X ( ﬁ e<Zlfj,¢’>>'

J=l Jj=k+1
Thenforalll <ninZ,, k€ {l,...,n}and (f;)}_; C Py, we have

k—1 n

T -~ ‘
ap — ap_1 = IPM(DC)—llPM {(eszk _ e(Zlfk,Lp>) H esz7 : Dc} ( H e(Zlf],Lp))
j=l j=k+1
s k—1 I3 n
= Pu(D) R, [Py — o2 Do T (] e 9).
J=l Jj=k+1
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By Lemma 3.5, there exist Cy,dy > 0 such that foralll < nin Z,, k € {l,...,n}, and
(fj)7=; C Py, we have

|Cllc N ak71| < P“(DC)—lPIL UIP szk . e(Z1fk,¢>;DC|yk]|} < Coe_éok.

Therefore, there exist C,J > 0 such that for all / < n in Z; and each (f;)7_, C P,, we
have

LHS of (3.5) = |an — a;—1] < Z lak — ap—1] < ZC’Oe_‘SOk < Ce 0, O
k=l k=l
3.3 Central limit theorem for f € C,

Proof of Theorem 1.6.(1). Fix u € M.(R%), f € C, and ¢, > 1 large enough so that
[t —Int] < [t] — 1 forall t > t,. For each t > t,, in this proof we write 6; = || X;|°~!,

[t—Int]

0. Xo(f) = 1 )+ (1) + 1 () (Z 0Tk X(f)

[t]-1
(0 XN+ Y AT X)) + 0 X)), (B.6)
k=[t—Int]
and 17 () := bt TT"f iy Wheref = eB-D) f
Step 1. We show that Ig( t) t—) ¢/. In fact, for each k € Z,, we have T}f €
—00

Pji= {0T,f :n € Z,0 € [-1,1]}. Therefore from Corollary 3.6 we get that there exist
C4, 61 > 0 such that

[t—Int|
IPM[e“g(t)] — exp( Z (Z\Twf, Sé’))’ < Crem il g >
k=0

On the other hand, using (2.6) and the fact that ¢(z)dz is the invariant probability of the
semigroup (P;);>o, we have

S (AT ¢) Z / (—iP D)), ) du (3.7)
k=0
— aui(_;pa ~1+B’ d
I;J/Oe«zlukf) o) du
oo 1 oo
=5 [HCiTenoa g du= [T ) du = i)
k=0

Therefore, we have f’“[eutf(t)] —— e™l/], Since Ig(t) is linear in f, we can replace f
with 6f, 6 € R, and then the desi_lzgfi result in this step follows.
Step 2. We show that I{(t) — Ig(t) ﬁ 0. In fact, by [12, Lemma 3.4.3] we have
that for each t > tg,
[t—Int]
[Bufe! O] 1 < 37 Bu[[¥in
k=0

I, (3.8)

where Y} ;, := exp(iTtTf{:_l — iGtItt:,f_lXt(f)) — 1. We claim that there exist C5,d > 0
such that P,,[|V; 4[] < Coe=%2(=%=1 forall k € Z, and ¢ > k + 1. Then there exists C > 0
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such that for each t > t,, [P, [ei/{ (010 ()] — 1| < C4+=% which, combined with the fact
that I7 (¢) — I({(t) is linear in f, completes this step.

We will show the claim above in the following substeps 2.1 and 2.2. First we choose
7 € (0, B) close enough to 3 so that there exist 7,7 > 0 with a5 > 1 > n—237' > aff—a7 >
0; and define for k€ Z, and t > k + 1,

Digi={|H; — Hi_j1| <e "FD [, ) > 2e~ 1 (t=k=1)y

where H; := e~ || Xy]|.

Substep 2.1. We show that there exist (51,021 > 0 such that for all £ € Z, and
t>k+1, ]f’#[|Yt7k\;Df,k} < Cy1e 9%210=F) In fact, it follows from Proposition 2.10,
Lemma 3.3 with |p| = 0 and Chebyshev’s inequality that there exist C 1,45 ; > 0 such
thatforallk >0andt >k +1,

P,(D§ ) < Pu(|Hy — Hj1| > e " F D) 4 P (Hyjy < 2¢ 7 (t=h=1))
<P (D) e TR IP (| Hy — Hy oo |] + (D) T Py (Hy ooy < 277 07F70; Do)
< P#(Dc)_len(t_k_l)HHt _ Htfk71||]Pu;1+»y + IPM(DC)_lP#(O <H 4, < Qe—n/(t—k—l))
< O e OFMU—k=1) o1 =0 (t-k1),
This implies the desired result in this substep, since |V} x| < 2 a.s..
Substep 2.2. We will show that there exist Cs 3,022 > 0 such that for all k¥ € Z, and

t > k41, it holds that P, [|Y; |; D; 1] < Ca0e%2(=F) In fact, noticing that for f € C,
and k € Z, we have T, f = e*(#~V* P2 f; and therefore forall k € Z, and t > k + 1,

_ X w(Tef) = Xo e a (PPTLS) Lk Xulf)

X |5 lexEHD X, gy |15

Ti f
T

Since |e!® — e®| < |z — y| for all z,y € R, we have forall k € Z, and t > k + 1,
PoullYenli Dead < PulIZE Xe(D) - [l X |57 = X775 D
< e GOP 1T F X (f)] - K],

where

Note that, since ' < 7, we have almost surely on D; j,

H,>H; 1 — efn(tfkfl) > 26777'(157]@71) o efn(tfkfl) > efn'(tfkfl).

Therefore, for all k € Z, and t > k + 1, almost surely on D, j,

- H 7P| < (U - Bymax{H, ", H | _ Y| He — Hi_y|

’ ]_ ’ 2 ~ ’
< (1 — ) max{e” k=1 5677 (k=11 Bg=n(t=k=1) < (1 — B)e~(1=)(t=k=1)

and |H} PH"J || > 278 ¢=20—k=1) Thus, there exists ('}, > 0 such that for all
k>0,t > k+ 1, almost surely

Kip < 05'26—(77—377')(t—k—1).
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Now, by Lemma 2.13, there exists C%, > 0 such that forall k > 0and ¢ > k+ 1,
Poul[Yikl; Dik] < Ch e PP [|TF_ X, (f)[le= (3 (k=D

BT X (f)p e (TR

< O ye a(B=A)t o(aF—r yb)k ,—(n—3n") (t—k) < Cé/Qea(ﬁf’?)(tfk)67(777377’)(%1@)7

as desired in this step. In the last inequality, we used the fact that f € Cs and therefore
aff < Kkfb.
Step 3. We show that If(t) % 0. First fix a v € (0, 8) in this step. From the fact
— 00

that kb — oy > 04(6 %), we can choose € > 0 small enough so that ¢ := kb — a¥y >
(B — ) + 2¢(1 — B). Now writing & := {|| X;|| > e(®~9*}, according to Proposition 2.10,
there exist C3, d3 > 0 such that

~ 1
P.(&) < P,(0 < e X, <e ) < Cze %t t>0.
P B0 t
Therefore, B , B
[P, [e2®) — 1, &7 < 2P, (EF) < 2C3e~%t, ¢ > to. (3.9)

According to Lemma 2.13, there exist C%, CY,C4’ > 0 such that for each t > ¢y > 1,

Pul(e® = 1) 8] < P (1)]; &)
5 -1 _
<Y BT X+ Pz X))

k=[t—Int]
[t]—1

< (@@ (N I XD e 1T X (Dl
k=[t—Int]

Lt] [t]

< Céea(ﬁ—:y)tee(l—,é)t Z plaT—r b)k < Céeqte—e(l—ff)t Z e~k
k=[t—Int] k=[t—Int]

< Oé/eq(tf[tflnﬂ)efe(lfﬁ)t < C«é/tqefe(lfé)t.

From this and (3.9), we get that P ule it 2 (1)) P 1. Note that If( t) is linear in f so we
can replace f with f for § € R and get the de51red result in this step.

Step 4. We will show that If( t) —> 0. In fact, we have

XO("P f|) Oétiﬁfbt)(()(sz) P,-a.s

VERe o)) _ elaB—ksbtpgf-1y RN}
B0l < 25=F S i I Xo(Qf) T
Step 5. Combining Steps 1-4, we complete the proof of Theorem 1.6.(1). O

3.4 Central limit theorem for f € C,
Proof of Theorem 1.6.(2). Fix p € M. (R%), f € C. and t, > 1 large enough so that
[t —Int] < [t] — 1 for each ¢t > t;. For each t > t, in this proof we write §; = ||tX;]|?~!,
define I7(t) using (3.6) for i = 1,2,3, and set If(t) := tF~! th Int) TT’“f
f=exB-Dy.

Step 1. We show that I] (t) ﬁ ¢f. In fact, for each t > to(> 1) we have t#~1 < 1;
and therefore, for each k € Z, we have t#~1T,,, f € Py :={0T.f :n€Zi,0c[-1,1]}.

_1, where
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Therefore from Proposition 3.6 and that B —1=
such that

1+ﬂ we get that there exist C,; > 0

[t—Int]

o 1 _
P[0 ] — exp (; Z <Zlka7%0>)‘ < Cpe~rt=lt=int]) <

k=0

Since f € C.\ {0}, we have Twf = f foreach k € Z. . Similar to the argument in (3.7) we
have

[t—Int]

lim — > (ZTef,0) = (Z1f.0) = (=)', ) = mlf]
k

Therefore P, [¢id ()] — ¢!/, The desired result in this step follows.
—00

Step 2. We show that I{ (t) — Ig(t) % 0. In fact, similar to Step 2 in the proof of
—00

Theorem 1.6.(1), we have (3.8) is valid with Y} ;, := exp(ztﬁ 1Tf"£ 0TI X(f) 1.
Similarly, we claim that there exist Cs, d5 > 0 such that IPHHYt,kH < Che92(t=k=1) for a]]
k€ INandt > k + 1, and then the desired result in this step follows.

We will show the claim above in the following substeps 2.1 and 2.2. First we choose
~ € (0, 8) close enough to 3 so that there exist 7,7 > 0 with a§ > 1 > n—37" > aff—a7 >
0; and define, for k € Nand ¢t > k+ 1, Dy := {|H; — Hi_p_1| < e "CFD H, 4y >
2677’]/(157’671)}.

Substep 2.1. Similar to Substep 2.1 in the proof of Theorem 1.6.(1), there exist
C.1,02.1 > 0 such that for all k € N and t > k + 1, P,[|¥;]; Df )] < Cape %100, We
omit the details.

Substep 2.2. We will show that there exist Cs.2,02.9 > 0 such that for all £k € IN and
t > k+1, P,[|Vir]; Dis] < Cone ®2(=F) In fact, noticing that for f € C. and k € Z,, we
have T}, f = e*(#~Dk pe; and therefore forall k € Z, and t > k + 1,

té_lTT’“f _ thk(TkJ;) - Xt,k,lng‘ka) _ I: l}cc 1Xt(f) ~
[ [teektD X, oy |25

The rest is similar to Substep 2.2 in the proof of Theorem 1.6.(2). We omit the details.

Step 3. We show that I (¢) —> 0. In fact, writing & := {|| X;|| > t~/2e°}, according
to Proposition 2.10, there ex1st Cg, 03 > 0 such that

- 1
P, (&) < P, (0 < e | X,|| <t7V/2) < Ca(t7% +e7%Y), t>0.
P, (D)
Therefore,
P20 — 1,£0]] < 2P, (£°) < Cs(t™% +e~%1), ¢ >t (3.10)

Choose a 7 € (0, 8) close enough to 3 so that a(3 — 7) < 11— f3). According to Lemma
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2.13, there exist C%, C%, C4’ > 0 such that for each ¢ > ¢((> 1),

PL[(e2 ) — 1)1g,]| < Pu[|I(1)]1g,]
1 lt]—1

< @) (Y PSR+ Pl Y x(N)
k=[t—Int]

[t]-1

1(G-1) a(f— - -
el (D DN N AT [P > AC P
k=[t—Int]

B ~ [t] [t] ~
< Cét%(ﬁ—l)ea(ﬁ—"?)t Z elav—rib)k C’tg(ﬂ 1)604(5 )t Z e—a(B—k
k=[t—Int] k=[t—Int]
< Cé/t%(/;—l)ea(é—’?)(t—ft—lﬂﬂ) < Cé’t%(/;—l)t@(f;—’?)_

From this and (3.10), we get the desired result in this step.

Step 4. Similar to Step 4 in the proof of Theorem 1.6.(1), we can verify that
INPI,—a.s. . .
I5(t) t’—> 0. We omit the details.
—00

Step 5. Combining Steps 1-4, we complete the proof of Theorem 1.6.(2). O

3.5 Central limit theorem for [ € (;

Proof of Theorem 1.6.(3). Fix u € M.(R?%) and f € C;. Define N := {p € Z% : af > |p|b}.
In this proof we write for each ¢ > 0,

Xe(f) — Zpezi;aég\p\bqa Pp) e P HE,

= Z (f, ¢p) o[ Xe(dp) — el P HD ]

X5 = 15
= Z (f, dp)e el lplb)t(Hp Z Z frbp) we(a Iplb)th+k Ht+k+1
= 1225 = X215
%]
zrtkf(ZTtk)ﬂL( Z Ttk) )JFIf()
k=0 k=[t2]

2 —_ f r — —
and Ig(t) = Zg:é THT,ff where f := ZpeNe (a—[plb) (f, Dp)pOp-
Step 1. We show that Ig(t) % ¢~ 1. In fact, since T}.f € Pjforeach k € Z., from

Corollary 3.6 we have INPH[e“g(t)} - exp{33 (Z1Ti(—f),)}. Using (2.6) and the
fact that ¢(z)dz is the invariant probablhty of the semigroup (P;):>o we have

SUAT(=P) =Y [ PGP )
k=0 k=070
=5 [ e P D) ) du
> / (P T )P,
_ [ i +8 = - 7 1+8 U =m|—
—kZ_O/O«Tk+ Y /O<(Tf) ) du = m([~f]

The result in this step follows.

Step 2. We show that Iif(t) — If (t) L) 0. In fact, by [12, Lemma 3.4.3] we have, for

- . F
each ¢ > 0, that [P, [ei(/f (=15 () — 1]| < ZU I P, [Y.k|] where Y, := = e(Ten="r ")
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We claim that there exist Cs, 63 > 0 such that IIBHHYt,kH < Cye %t forallt >0and k € Z,.
Then | B, [/ O=15(®) — 1]| < (2 + 1)Cye %! which completes this step.

We will show the claim above in the following substeps 2.1 and 2.2. First we choose
~v € (0,3) close enough to 3 so that oy > |p|b for each p € N; and even closer so
that there exist 1,7/ > 0 satisfying a5 > 1 > 1 — 37 > (3 —4) > 0. We also define
Dy = {|H; — Hyyp| < e H, > 2e 7"t}

Substep 2.1. Similar to Substep 2.1 in the proof of Theorem 1.6.(1), we have that
there exist Cs.1,021 > 0 such that forall k € Z, and ¢ > 0, I~PH[|§Q,;€\;D§7,€] < Oy e 0211,
We omit the details.

Substep 2.2. We show that there exist C5 2,022 > 0 such that for all k € Z, and t > 0,
we have E’M[\Yt,tht,k] < Oy e %22t In fact, it can be verified that for all k € Z., and
t>0,

r-Tef _ Xesk(PRTof) — Xeqng1 (T f)
t+k

[
_ Z Fod) —(afi—|pbk Xtk (P p) — Xt:&-k+1(¢p)
pEN [ Xernll*=4
H? , — H?P
= Z<f7 pp) el TP bk Ttk
pEN le=ok Xy g1 =5

Therefore forall k € Z, and t > 0,

1 1
Yerlto, S( A el 0" t+k Hf+k+1|>( 5 : ~>1Dt'
" gf [ XA fle ok Xyt =5 ’
- (Z I{f, ép)e el IP* | Y t+k Hf+k+1|)€a(5il)th,k
pEN
= (D2 [fs0pole P HE | — HE ) Ko,
PEN
where
1
K 7‘&‘
t,k Hl b Di k-
t+k

Similar to Substep 2.2 in the proof of Theorem 1.6.(1), we can verify that for all k € Z
and ¢t > 0, almost surely K, ;, < Cé{ze_("_3’7/)t. From this and Lemma 3.3 we know that
there exists C%’, such that forall k € Z; and ¢t > 0,

P, [[Yi1l; Dep) < Pu(D) " P, (Ve k] De il
< Pu(D) 710803 (f, 6, ) ple @B PR [~ HE

pEN

< IPM(D)—lcé{?e—(n—i%n Jt Z ([, ¢p>w|e(aﬁ_|plb)tHHf+k - Hf+k+1||11’u;1+7
peEN

<P.(D)” IC” —(n=3n")t Z (f, dp) |6 (af— [p[b)t o —(a¥—|p|b) (t+F)
pEN

< Cé/_/gef(nf?an’)te(aﬁfaﬁ)t?

as desired in this substep.
Step 3. We show that I (¢) L> 0. In order to do this, choose an € € (0,«) and
ay € (0,08) close enough to 3 so that for each p € N, it holds that oy > |p|b. Define
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& = {||X¢|| > el®=9*}. According to Proposition 2.10, there exist C3,d3 > 0 such that
,|Pufet? (O —1;£¢)| < 2P, (£¢) < Cse~%t. On the other hand, according to
Lemma 3.3, we know that there exist C%, CY > 0 and % > 0 such that

oo

@mWWmMSMM|&s§j Tl €]

|HY = HY
TS gl #[ b My,
k=[t2] peN’ Xl
<P, (DY) teloma 01 Z D 1L dp)elet T PO HY  — HE Ll s
k=[t2] peN
§C§e(a*6)(571)t Z Z|<f7¢p><p|e(a*Iplb)te*(aiflplb)(“rk)
k=[t2] peN

_ Célea(Bffy)tee(lfﬁ)tefzsgﬁ.

To sum up we have that P ule i (t)] —> 1, which completes this step.
Step 4. Combining Steps 1-3, we complete the proof of Theorem 1.6.(3). O

A Appedix
A.1 Analytic facts

In this subsection, we collect some useful analytic facts.
Lemma A.1. For z € C,, we have

- 2" 2z
A , ne€ly. Al
‘ Z‘B k! ‘ n+ 1! nl * 4.l

Proof. Notice that |e~*| = ¢ = 1] = | [y e?72d0| < |z|. Also,
notice that |[e7* — 1] < |e7?| 4+ 1 < 2. Thus (A.1) is true when n = 0. Now, suppose that
(A.1) is true when n = m for some m € Z,. Then

m+1 m k

-z —Qz _ (_HZ)
‘e k;' ’_ ‘/ Kl )Zde‘
k—O
1 m—+1 m m+2 m—+1
|0z|™+ / 2|92| 2| 2|z|
< —|2|dO d A ,
< ([ Grre) n () S 1240) = g A G
which says that (A.1) is true forn = m + 1. O

Lemma A.2. Suppose that 7 is a measure on (0, co) with f(o Oo)(y A y*)m(dy) < oo. Then
the functions

e = [ (e T gady), € s,
hh)tkwpewMM@xze@+

are well defined, continuous on C and holomorphic on Cﬂ. Moreover,

h(Z) — h(Z())

zZ— 20 Ci3z—20

h/(Zo), 2o € C+.
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Proof. 1t follows from Lemma A.1 that 4 and »’ are well defined on C_ . According to [42,
Theorems 3.2. & Proposition 3.6], #’ is continuous on €, and holomorphic on Cg.

It follows from Lemma A.1 that, for each zy € C,, there exists C > 0 such that for
z € C; close enough to zp and any y > 0,

‘e_zy —e Y 4 (2 — 2)y

1 1
’ - ’/ (_ye—(OZ+(1—9)Zo)y +y)(z — zo)de‘
z— 2o |z — zo|

< y/ |1 — e~ O=+1=0)20)y|dp < (2y) A / |0z + (1 — )zo|d(9) Cy Ay?).
Using this and the dominated convergence theorem, we have

B
zZ— 20 (0,00) zZ— 20

m(dy)
/ (1 —e7*¥)yn(dy) = h'(z0),
Ci3z—20 (0,00)

which says that h is continuous on C; and holomorphic on Cg. O

For each z € C\ (—o0,0], we define log z := log|z| + i arg z where argz € (—m,7) is
uniquely determined by z = |z|e’®"8*. For all z € C\ (—o0,0] and v € C, we define
27 := e¥1°8%  Then it is known, see [43, Theorem 6.1] for example, that z — logz
is holomorphic in € \ (—o0,0]. Therefore, for each v € C, z — 27 is holomorphic in
C\ (—00,0]. (We use the convention that 07 := 1,—(.) Using the definition above we can
easily show that (z129)7 = 2 7] provided arg(z129) = arg(z1) + arg(2o).

It is known, see, for instance, [43, Theorem 6.1.3] and the remark following it, that
the Gamma function I' has an unique analytic extension in C\ {0,—1,—2,...} and that

I'(z+1)=2I'(2), zeC\{0,-1,-2,...}.

Using this recursively, one gets that

nfl

I'(z) ;/Oootw 1( Z

k=0

) —n<z<-n+1lnelN

Fix a 8 € (0,1). Using the uniqueness of holomorphic extension and Lemma A.2, we
get that

s} B dy
A= Y —1)———, 2€C
: /0 (€ )F(—ﬁ)y1+5’ e

and similarly that

— dy
1+8 _ 2y _
z —/0 (e 1—|—zy)F( 1= )= z€Cy. (A.2)

Lemma A.2 also says that the derivative of 2! is (1 + 8)z” on CY.

Lemma A.3. For all zy,z; € C;, we have
120" — P < (14 B)(|201® + 211%) |20 — 1.

Proof. Since z'*” is continuous on C,, we only need to prove the lemma assuming
20,21 € CY. Notice that

|2P| = |ePloslzlHiBarez| — gBloglzl — |18 » e €\ (—00,0].
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Define a path v : [0,1] — CY such that
v(0) = 20(1 —0) + 0z, 0€][0,1].
Then, we have
1
707 =" < +B)/ Y (0)°]- 1 (0)ld0 < (14 8) sup |y(0)]” - |21 — zo]
0 0€[0,1]
< 1+ B)(Iz1)7 +120/) |21 — 2. O
Suppose that ¢(0) is a continuous function from R into C such that ¢(0) = 1 and
»(0) # 0 for all § € R. Then according to [41, Lemma 7.6], there is a unique continuous
function f() from R into C such that f(0) = 0 and e/(¥) = ¢(#). Such a function f
is called the distinguished logarithm of the function ¢ and is denoted as Log ¢(6). In
particular, when ¢ is the characteristic function of an infinitely divisible random variable
Y, Log ¢(0) is called the Lévy exponent of Y. This distinguished logarithm should not be

confused with the log function defined on C\ (—oo,0]. See the paragraph immediately
after [41, Lemma 7.6].

A.2 Feynman-Kac formula with complex valued functions

In this subsection we give a version of the Feynman-Kac formula with complex valued
functions. Suppose that {(&t)ie[r,00); (Ir,2)ref0,00),2c£ } is @ (possibly non-homogeneous)
Hunt process in a locally compact separable metric space E. We write

(h)
Higp

t
= exp {/ h(u,fu)du}, 0<s<theBy(0,8] x B,C).
Lemma A.4. Lett > 0. Suppose that p1, ps € By([0,t] x E,C) and f € By(E,C). Then
g(r,x) =11, [H(Tplt;rm)f(&)] rel0,t],x € E, (A.3)

is the unique locally bounded solution to the equation

g(r.x) = Lo [H{) F(6)] + 1| / () pa(s.6)9(s. &) ds|. re(0,1],a e .

Proof. The proof is similar to that of [13, Lemma A.1.5]. We include it here for the sake
of completeness. We first verify that (A.3) is a solution. Notice that

t
e [ ) on(n 6B ] < [ ool | <

T

Also notice that 5
ds H<(s t; - _H(pt)/’2(8 &), s€(0,2).

Therefore, from the Markov property of £ and Fubini’s theorem we get that

t
oo [ HE (020)(5.65) ds] =Thoa| | CHY pal, €T e [HES) £(60)] d ds|

-1, / H{fi)pz EVH [(&) ds| =T, [ 1) () — 1)
= g(r,x) = T [H) £(&)].
For uniqueness, suppose g is another solution. Put h(r) = sup,c g |g(r, ) — g(r,z)|. Then
t
h(r) < et“pl”c’chgHoo/ h(s)ds, r <t.

Applying Gronwall’s inequality, we get that h(r) = 0 for r € [0, ¢]. O
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A.3 Superprocesses

In this subsection, we will give the definition of a general superprocess. Let F
be locally compact separable metric space. Denote by M(FE) the collection of all the
finite measures on F equipped with the topology of weak convergence. For each
function F(z,z) on E x R and each R, -valued function f on E, we use the convention:
F(z,f) = F(z, f(z)),z € E. A process X = {(X¢)i>0;(Pu)uer(p)} is said to be a
(&,v)-superprocess if

* the spatial motion { = {(&)i>0; (Iz)zer} is an E-valued Hunt process with its
lifetime denoted by (;
* the branching mechanism ¢ : F x [0,00) — R is given by

V(x,2) = —p1(2)2 + p2(2)2? + / (e7?Y =1+ zy)m(z, dy). (A.4)
(0,00)
where p; € By(E), p2 € By(E,Ry) and n(x,dy) is a kernel from E to (0,00) such
that sup,cp f(o’oo)(y Ay )m(z, dy) < oo;
* X = {(X¢)t>0; (Pu)pem(r)} is an M(E)-valued Hunt process with transition proba-
bility determined by

P le XD = #Mh > 0,0 e M(E), f € B (E),

where for each f € By(E), the function (¢,x) — V;f(x) on [0,00) x E is the unique
locally bounded non-negative solution to the equation

tAC
Vif(a) + 10, [/0 U Vimaf)ds| = IL[f(E)Liec]. 1202 € .

We refer our readers to [28] for more discussions about the definition and the existence
of superprocesses. To avoid triviality, we assume that ¢ (z, z) is not identically equal to
—p1(x)z.

Notice that the branching mechanism 1 can be extended into a map from E x C, to
C using (A.4). Define

P (x,2) = —p1(x) + 2p2(z)2 —|—/( )(1 —e Nyn(z,dy), z€E,ze€Cy.
0,00

Then according to Lemma A.2, for each z € E, z — ¢(z, z) is a holomorphic function
on CY with derivative z — ¢/(z, z). Define yy(z,2) = ¥(z, 2) + p1(z)z and ¢(z, z) ==
V' (2, 2) + p1().

Denote by W the space of M(F)-valued cadlag paths with its canonical path denoted
by (Wi)i>0. We say X is non-persistent if Ps_(||X;|| = 0) > 0forallz € E and ¢t > 0.
Suppose that (X;):>o is non-persistent, then according to [28, Section 8.4], there is
a unique family of measures (IN,),cg on W such that (i) N, (vt > 0,|W:|| = 0) = 0;
(i) IN,(||Wo]|| # 0) = 0; and (iii) if A is a Poisson random measure defined on some
probability space with intensity IN,,(-) := [}, N, (-)p(dz), then the superprocess {X;P,}
can be realized by X, = u and )Zt(-) := N[W;(-)] for each ¢ > 0. We refer to (N, ),cr as
the Kuznetsov measures of X.

A.4 Semigroups for superprocesses

Let X be a non-persistent superprocess with its Kuznetsov measure denoted by
(IN,)zecp. We define the mean semigroup

PP f(z) =M, [elo & p(e)1, ], t>0,2 € E, f € By(E,Ry).
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It is known from [28, Proposition 2.27] and [27, Theorem 2.7] that for all ¢t > 0, u € M(E)
and f € By(E,Ry),
N, (Wi ()] = Pu[Xe(f)] = n(PL* ). (A.5)

Define

Li(§) :=={f € B(E):Vz € E,t >0, IL[[f(&)[] < oo},
Ly(€) == {f € B(E) : |fI* € L1(§)}-

Using monotonicity and linearity, we get from (A.5) that
N, [(Wi(f)] = Ps, [Xe(f)] = P f(z) € R, [ € Li(§),t>0,x€E.

This says that the random variable X;(f) is well defined under probability P provided
f € L1(¢). By the branching property of the superprocess, X;(f) is an infinitely divisible
random variable. Therefore, we can write

Up(0f)(z) := Log Ps, [e9X¢(D], £ >0,f e Li(£),0 e R,z € E,

as its characteristic exponent. According to Campbell’s formula, see [27, Theorem 2.7]
for example, we have

P;, [e9Xt()] = exp(IN, [V () —1]), t>0,feLi(£),0 eR,z € E.

Noticing that § — IN,[¢?*"+(f) —1] is a continuous function on R and that IN, [e?W:(f) —1] =
0 if & = 0, according to [41, Lemma 7.6], we have

Up(0f)(z) = N[ee 0 — 1], t>0,f e Li(£),0 eR,z € E. (A.6)

Lemma A.5. There exists a constant C > 0 such that for all f € L1(§),x € E andt >0,
we have

(2, ~Uef)| < CPP*|fl(x) + C(P| fI())*. (A7)
Proof. Noticing that e Ui/ (@) = |Ui/(2)| = |P;s [e!X¢(f)]| < 1, we have
ReUif(x) <0. (A.8)

Therefore, we can speak of ¢ (z, —U, f) since z — 1(z, z) is well defined on C,. According
to Lemma A.1, we have that

Usf ()] < N[l D — 1)) < N [[iWe(f)]] < (P [f]) (). (A.9)

Notice that, for any compact K C R,

o .
N, [ sup [ (D = 1)|| < NL[Wi()l) sup 6] < (P £)(x) sup |0] < oc.
PeEK 0K 0K

Therefore, according to [12, Theorem A.5.2] and (A.6), U:(6f)(z) is differentiable in
0 € R with

SUO)() = W)™ D], e R

Moreover, from the above, it is clear that

sup | L0,07)(2)| < (B2 ). (A.10)
6eR
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It follows from the dominated convergence theorem that (0/00)U;(0f)(x) is continuous
in 6. In other words, 6 — —U,(6f)(z) is a C! map from R to C . Thus,

Yz, ~Uf) = / V' (2, =Ui(01)) 54 Ut<9f)( ) do (A.11)
Notice that
¥/ (2, ~Uf)|
= |~ 1(2) —202() U ) + /( et dy)

- ‘ = p1() = 2p2 ()N, [ — 1] +/

yPys, [1 — e Drn(a, dy)‘
(0,00)

< 1P lloe + 202(@)Na[Wi (L F1)] + /( YPs. 2 A X, (| )]z, dy)

0,00

< lprlo + 2loall P17V ) + (00 [ gPnCad) IS + 2500 [y dy)
z€E J(0,1] z€E J(1,00)

=: Oy + Co(PPH|£])(2), (A.12)

where C7, C; are constants independent of f, x and ¢. Now, combining the display above
with (A.11) and (A.10) we get the desired result. O

This lemma also says that if f € L?(), then 11, [fo Y(&s, —Ut,sf)ds} eCxeE,t>0,

is well defined. In fact, using Jensen’s inequality and the Markov property, we have

[ [ e -tnepias] <[ [ (@renie) s careisiena] ez

< [ (eI M (€l + Cac? Vo ML (1610 )| ds

0

= /0 (Cre VP [|f (€] + Coe® 1L [ £(&4) 7)) ds < oo

A.5 A complex-valued non-linear integral equation

Let X be a non-persistent superprocess. In this subsection, we will prove the
following:

Proposition A.6. If f € L5(£), then forallt >0 andz € E,

(@) = [ [ o6 ~ie.p)is] = ML if(6) (a14)

t
Ui f(x) — /0 PP b (-, —Usf)(z) ds = iP{* f(x). (A.15)

To prove this, we will need the generalized spine decomposition theorem from [34].
Let f € By(E,Ry), T > 0 and = € E. Suppose that Ps_[X7(f)] = N, [Wr(f)] = P2 f(z) €
(0,0), then we can define the following probability transforms:

aP; ) = Xrlf) ip, . ANWT () = Wrlf) ..
PP (@) PP f(x)

Following the definition in [34], we say that {£, n; Qéf ’T)} is a spine representation of
ISAERERT:
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* the spine process {(&:)o<t<T; Q;f’T)} is a copy of {(&)o<i<T; chf’T)}, where

T p1(€s)ds
g - L
Pr'f(x)
given {(&)o<i<r; Qs 7" '}, the immigration measure {n(¢, ds, dw);Qz" " ' [-|(&)o<t<7]}
is a Poisson random measure on [0,7] x W with intensity
m(&,ds, dw) = 2ps(&,)ds - N, (dw) + ds - / yPys. (X € dw)m(&s, dy); (A.16)
y€(0,00)
e {(M)o<t<r: QY ™} is an M(E)-valued process defined by
Y, = / wi—sn(§,ds,dw), 0<t<T.
(0,6]xW
According to the spine decomposition theorem in [34], we have that
{(Xs)820§ PgiT(f)} f'id. {(Xa + Ws)sZO§ P(Sz ® ]NZVT(f)}a (A~17)
iy fedd.
{(W)ossers NY O E {(V) 120, QD (A.18)
Proof of Proposition A.6. Assume that f € By(E). Fixt > 0,r € [0,t),z € FE and a

strictly positive g € B,(E). Denote by {¢, n; Q:(Dg’t)} the spine representation of 11\13"“@.

Conditioned on {¢; Q&g’”}, denote by m(¢, ds, dw) the conditional intensity of n in (A.16).
Denote by II, , the probability of Hunt process {{;II} initiated at time r and position z.

From Lemma A.1, we have Q\?'-almost surely

/ e+ _ 1m(¢, ds, dw) < / (we—s(f)] A 2)mE, ds, duw)
[0,¢] xW [0,t] x W

< [ (oaeme Wshy+ [ P sFDir(Endy) +2 [y )as

)

< e emer+ [ ain)as s [ ey

(0,1] z€E
< (2loallc + sup [ ym(ody) eI+ 2500 [y dy) < oo
ve J(0,1) veE J(1,00)

Using this, Fubini’s theorem, (A.6) and (A.8) we have Qg(gq ’t)-almost surely,

/ (e =) — 1)m(¢, ds, dw)
[0,t]xIN
t . .
:/ (202 (€)Ne, (M=) — 1) + / YPys [ (€, dy) ) ds
0 (0,00)
t
— [ ottt + [ y@V ) - )i, dy)ds
0 (0,00)

t
. /0 (€~ o f)ds.

Therefore, according to (A.18), Campbell’s formula and above, we have that

W (@) [ We(1)] — Qo0 [exp { / (e — Dymy(g, ds,dw)H (A.19)
[0,t]xIN
t 17 ]_ t o1
— H(g;t) _ft wo(fs;_Ut—sf)ds — Hz _f P (fsx_Ut—sf)ds .
T [6 0 ] Ptp1g(x) [g(gt)e 0 ]
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Let ¢ > 0. Define f* = (fVO0)+eand f~ = (—f) V0+e¢, then f* are strictly positive and
f=fT — f~. According to (A.17), we have that

£ ,1 X+
Péz [Xt(f )6 (f)] = P; [6iXt(f)]INWt(fi)[eiXt(f)],
P, [Xi(f5)] ’ ’

Using (A.19) and the above, we have

P;, [Xi(f)eX D]
P5 [eiXt(f)]

x

=P;, [Xt(f+)]]NZVt(f+)[eixt(f)] ~ P, [Xt(fi)HNK/t(fi)[eiXt(f)]

= T [f(g)e™ o /(6 mtimelt,
Therefore, we have

9 P Xy (e XD (€ —Ui o (05))ds

since {(&r44)i>0: Mrw} = {(€&)e=0: 11, }, we have

%UtJ(ef)(:c) = T, [if (€-p)e™ fo ¥/ (6o mUimnme 0D

=TT [if(€)e™ o "W/ Cree mUimre CINB) 1 [if () S0/ (67U GO,

From (A.12), we know that for each 6 € R, (¢, z) — |[¢'(z, —U;f(z))| is locally bounded
(i.e. bounded on [0,7] x E for each T > 0). Therefore, we can apply Lemma A.4 and get
that

%Ut—r(ef) (l‘) + Hr,w |:/T W(fs’ _Ut—s(ef))%Ut—s(ef)(gs) d5:| = Hr,m[lf(gt)]
and
sl 8D(@) 41, [ [ el ety (6, U (69) iU (076 ds]

=T fiel 7100 1 (6.

Integrating the two displays above with respect to 6 on [0,1], using Fubini’s theorem,
(A.10), (A.11) and (A.12), we get

Ures$0) = T | [ 0060 ~0-o1) 5] = 011, 15(60)

and

t
Urrf (@) =T | / eI €I (6 Uy ) ds| = il fel €M f(g))
Taking r = 0, we get that (A.14) and (A.15) are true if f € B,(F).

The rest of the proof is to evaluate (A.14) and (A.15) for all f € Ly(§). We only
do this for (A.14) since the argument for (A.15) is similar. Let n € IN. Writing f, :=
(fT An)—(f~ An), then f, —— f pointwise. From what we have proved, we have

n—oo

Uitae) = | [ 00U af) as] = LI 60 (120

EJP 24 (2019), paper 141. http://www.imstat.org/ejp/
Page 39/42


https://doi.org/10.1214/19-EJP396
http://www.imstat.org/ejp/

Stable CLT for super-OU processes

Note that (i) II.[f(&)] —— IL.[f(&)]; (ii) by (A.6), the dominated convergence theorem
n— o0
and the fact that

e 1) < W1 f): NalWelIfD] = (P |f)(@) < oo,

we have U, f,,(z) —— U f(z), and (iii) by the dominated convergence theorem, (A.13)
n—oo
and the fact (see (A.7)) that

Wj(gs, 7Ut—sfn)| S Clptp_ls|f‘(€s) + CQPtp_ls|f|(€s)25

we get that Hm[jg (&, —U_sfn)ds] —— T, [fg (&, —U;_sf)ds]. Using these, letting
n—oo
n — oo in (A.20), we get the desired result. O

References

[1] R. Adamczak and P. Mitos, CLT for Ornstein-Uhlenbeck branching particle system, Electron. J.
Probab. 20 (2015), no. 42, 35 pp. MR-3339862

[2] S. Asmussen, Convergence rates for branching processes, Ann. Probab. 4 (1976), no. 1,
139-146. MR-0391286
[3] S. Asmussen and H. Hering, Branching processes, Progress in Probability and Statistics, 3.
Birkhauser Boston, Inc., Boston, MA, 1983. MR-0701538
[4] K. B. Athreya, Limit theorems for multitype continuous time Markov branching processes. I.
The case of an eigenvector linear functional, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete
12 (1969), 320-332. MR-0254927
[5] K. B. Athreya, Limit theorems for multitype continuous time Markov branching processes. II.
The case of an arbitrary linear functional, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete
13 (1969), 204-214. MR-0254928
[6] K. B. Athreya, Some refinements in the theory of supercritical multitype Markov branching
processes, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 20 (1971), 47-57. MR-0307367
[7]1]. Bertoin, Lévy processes. Cambridge Tracts in Mathematics, 121. Cambridge University
Press, 1996. MR-1406564
[8] J. Bertoin, B. Roynette and M. Yor, Some connections between (sub)critical branching mecha-
nisms and Bernstein functions. arXiv:0412322v1.
[9] Z.-Q. Chen, Y.-X. Ren, and H. Wang, An almost sure scaling limit theorem for Dawson-
Watanabe superprocesses, J. Funct. Anal. 254 (2008), no. 7, 1988-2019. MR-2397881
[10] Z.-Q. Chen, Y.-X. Ren, R. Song, and R. Zhang, Strong law of large numbers for supercritical
superprocesses under second moment condition, Front. Math. China 10 (2015), no. 4, 807-
838. MR-3352888
[11] Z.-Q. Chen, Y.-X. Ren, and T. Yang, Skeleton decomposition and law of large numbers for
supercritical superprocesses, Acta Appl. Math. 159 (2019), 225-285. MR-3904489
[12] R. Durrett, Probability: theory and examples, Fourth edition. Cambridge Series in Statistical
and Probabilistic Mathematics, 31. Cambridge University Press, Cambridge, 2010. MR-
2722836

[13] E. B. Dynkin, Superprocesses and partial differential equations, Ann. Probab. 21 (1993), no.
3, 1185-1262. MR-1235414

[14] M. Eckhoff, A. E. Kyprianou, and M. Winkel, Spines, skeletons and the strong law of large
numbers for superdiffusions, Ann. Probab. 43 (2015), no. 5, 2545-2610. MR-3395469

[15] J. Englander, Law of large numbers for superdiffusions: the non-ergodic case, Ann. Inst.
Henri Poincaré Probab. Stat. 45 (2009), no. 1, 1-6. MR-2500226

[16] J. Englander and A. Winter, Law of large numbers for a class of superdiffusions, Ann. Inst. H.
Poincaré Probab. Statist. 42 (2006), no. 2, 171-185. MR-2199796

[17] J. Englander and D. Turaev, A scaling limit theorem for a class of superdiffusions, Ann. Probab.
30 (2002), no. 2, 683-722. MR-1905855

EJP 24 (2019), paper 141. http://www.imstat.org/ejp/
Page 40/42


http://www.ams.org/mathscinet-getitem?mr=3339862
http://www.ams.org/mathscinet-getitem?mr=0391286
http://www.ams.org/mathscinet-getitem?mr=0701538
http://www.ams.org/mathscinet-getitem?mr=0254927
http://www.ams.org/mathscinet-getitem?mr=0254928
http://www.ams.org/mathscinet-getitem?mr=0307367
http://www.ams.org/mathscinet-getitem?mr=1406564
http://arXiv.org/abs/0412322v1
http://www.ams.org/mathscinet-getitem?mr=2397881
http://www.ams.org/mathscinet-getitem?mr=3352888
http://www.ams.org/mathscinet-getitem?mr=3904489
http://www.ams.org/mathscinet-getitem?mr=2722836
http://www.ams.org/mathscinet-getitem?mr=2722836
http://www.ams.org/mathscinet-getitem?mr=1235414
http://www.ams.org/mathscinet-getitem?mr=3395469
http://www.ams.org/mathscinet-getitem?mr=2500226
http://www.ams.org/mathscinet-getitem?mr=2199796
http://www.ams.org/mathscinet-getitem?mr=1905855
https://doi.org/10.1214/19-EJP396
http://www.imstat.org/ejp/

Stable CLT for super-OU processes

[18] C. C. Heyde, A rate of convergence result for the super-critical Galton-Watson process, ]J.
Appl. Probability 7 (1970), 451-454. MR-0288859

[19] C. C. Heyde, some central limit analogues for supercritical Galton-Watson processes, ]J. Appl.
Probability 8 (1971), 52-59. MR-0282422

[20] C. C. Heyde and B. M. Brown, An invariance principle and some convergence rate results for
branching processes, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 20 (1971), 271-278.
MR-0310987

[21] C. C. Heyde and ]. R. Leslie, Improved classical limit analogues for Galton-Watson processes
with or without immigration, Bull. Austral. Math. Soc. 5 (1971), 145-155. MR-0293731

[22] A. Tksanov, K. Kolesko, and M. Meiners, Stable-like fluctuations of Bgins’ martingales,
Stochastic Process. Appl. (2018). MR-4013869

[23] S. Janson, Functional limit theorems for multitype branching processes and generalized Pélya
urns, Stochastic Process. Appl. 110 (2004), no. 2, 177-245. MR-2040966

[24] H. Kesten and B. P. Stigum, Additional limit theorems for indecomposable multidimensional
Galton-Watson processes, Ann. Math. Statist. 37 (1966), 1463-1481. MR-0200979

[25] H. Kesten and B. P. Stigum, A limit theorem for multidimensional Galton-Watson processes,
Ann. Math. Statist. 37 (1966), 1211-1223. MR-0198552

[26] M. A. Kouritzin, and Y.-X. Ren, A strong law of large numbers for super-stable processes,
Stochastic Process. Appl. 121 (2014), no. 1, 505-521. MR-3131303

[27]1 A. E. Kyprianou, Fluctuations of Lévy processes with applications, Introductory lectures.
Second edition. Universitext. Springer, Heidelberg, 2014. MR-3155252

[28] Z. Li, Measure-valued branching Markov processes, Probability and its Applications (New
York). Springer, Heidelberg, 2011. MR-2760602

[29] R.-L. Liu, Y.-X. Ren, and R. Song, Llog L criterion for a class of superdiffusions, J. Appl.
Probab. 46 (2009), no. 2, 479-496. MR-2535827

[30] R.-L. Liu, Y.-X. Ren, and R. Song, Strong law of large numbers for a class of superdiffusions,
Acta Appl. Math. 123 (2013), 73-97. MR-3010225

[311 R. Marks and P. Mito$, CLT for supercritical branching processes with heavy-tailed branching
law, arXiv:1803.05491v2.

[32] G. Metafune, D. Pallara, and E. Priola, Spectrum of Ornstein-Uhlenbeck operators in L?
spaces with respect to invariant measures, J. Funct. Anal. 196 (2002), no. 1, 40-60. MR-
1941990

[33] P. Mito$, Spatial central limit theorem for supercritical superprocesses, ]J. Theoret. Probab.
31 (2018), no. 1, 1-40. MR-3769806

[34] Y.-X. Ren, R. Song, and Z. Sun, Spine decompositions and limit theorems for a class of critical
superprocesses, Acta Appl. Math. (2019).

[35] Y.-X. Ren, R. Song, and Z. Sun, Limit theorems for a class of critical superprocesses with
stable branching, arxiv:1807.02837v2.

[36] Y.-X. Ren, R. Song, and R. Zhang, Central limit theorems for super Ornstein-Uhlenbeck
processes, Acta Appl. Math. 130 (2014), 9-49. MR-3180938

[37] Y.-X. Ren, R. Song, and R. Zhang, Central limit theorems for supercritical branching Markov
processes, J. Funct. Anal. 266 (2014), no. 3, 1716-1756. MR-3146834

[38] Y.-X. Ren, R. Song, and R. Zhang, Central limit theorems for supercritical superprocesses,
Stochastic Process. Appl. 125 (2015), no. 2, 428-457. MR-3293289

[39] Y.-X. Ren, R. Song, and R. Zhang, Central limit theorems for supercritical branching nonsym-
metric Markov processes, Ann. Probab. 45 (2017), no. 1, 564-623. MR-3601657

[40] Y.-X. Ren, R. Song, and R. Zhang, Functional central limit theorems for supercritical super-
processes, Acta Appl. Math. 147 (2017), 137-175. MR-3592799

[41] K. Sato, Lévy processes and infinitely divisible distributions, Translated from the 1990
Japanese original. Revised by the author. Cambridge Studies in Advanced Mathematics, 68.
Cambridge University Press, Cambridge, 1999. MR-1739520

EJP 24 (2019), paper 141. http://www.imstat.org/ejp/
Page 41/42


http://www.ams.org/mathscinet-getitem?mr=0288859
http://www.ams.org/mathscinet-getitem?mr=0282422
http://www.ams.org/mathscinet-getitem?mr=0310987
http://www.ams.org/mathscinet-getitem?mr=0293731
http://www.ams.org/mathscinet-getitem?mr=4013869
http://www.ams.org/mathscinet-getitem?mr=2040966
http://www.ams.org/mathscinet-getitem?mr=0200979
http://www.ams.org/mathscinet-getitem?mr=0198552
http://www.ams.org/mathscinet-getitem?mr=3131303
http://www.ams.org/mathscinet-getitem?mr=3155252
http://www.ams.org/mathscinet-getitem?mr=2760602
http://www.ams.org/mathscinet-getitem?mr=2535827
http://www.ams.org/mathscinet-getitem?mr=3010225
http://arXiv.org/abs/1803.05491v2
http://www.ams.org/mathscinet-getitem?mr=1941990
http://www.ams.org/mathscinet-getitem?mr=1941990
http://www.ams.org/mathscinet-getitem?mr=3769806
http://www.ams.org/mathscinet-getitem?mr=3180938
http://www.ams.org/mathscinet-getitem?mr=3146834
http://www.ams.org/mathscinet-getitem?mr=3293289
http://www.ams.org/mathscinet-getitem?mr=3601657
http://www.ams.org/mathscinet-getitem?mr=3592799
http://www.ams.org/mathscinet-getitem?mr=1739520
https://doi.org/10.1214/19-EJP396
http://www.imstat.org/ejp/

Stable CLT for super-OU processes

[42] R. L. Schilling, R. Song, and Z. Vondracek, Bernstein functions. Theory and applications.

Second edition. De Gruyter Studies in Mathematics, 37. Walter de Gruyter & Co., Berlin,
2012. MR-2978140

[43] E. M. Stein and R. Shakarchi, Complex analysis, Princeton Lectures in Analysis, 2. Princeton
University Press, Princeton, NJ, 2003. MR-1976398

[44] L. Wang, An almost sure limit theorem for super-Brownian motion, J. Theoret. Probab. 23
(2010), no. 2, 401-416. MR-2644866

Acknowledgments. We thank Zenghu Li and Rui Zhang for helpful conversations. We
also thank the referee for very helpful comments.

EJP 24 (2019), paper 141. http://www.imstat.org/ejp/

Page 42/42


http://www.ams.org/mathscinet-getitem?mr=2978140
http://www.ams.org/mathscinet-getitem?mr=1976398
http://www.ams.org/mathscinet-getitem?mr=2644866
https://doi.org/10.1214/19-EJP396
http://www.imstat.org/ejp/

	Introduction
	Motivation
	Main results
	An outline of the methodology

	Preliminaries
	Branching mechanism
	Definition of controller
	Controllers for the super-OU processes
	Stable distributions
	A refined estimate for the OU semigroup
	Small value probability
	Moments for super-OU processes

	Proofs of main results
	Law of large numbers
	Central limit theorems for unit time intervals
	Central limit theorem for fCs
	Central limit theorem for f Cc
	Central limit theorem for fCl

	Appedix
	Analytic facts
	Feynman-Kac formula with complex valued functions
	Superprocesses
	Semigroups for superprocesses
	A complex-valued non-linear integral equation

	References

