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Y.-X. Ren et al.

1 Introduction
1.1 Motivation

It is well known that for a critical Galton-Watson process {(Z,),en; P}, we have

2
nP(Zn>O)———>—2 (1.1)
n—oo o
and
Zn law 02
— P(|Z,>0) —> —e, (1.2)
n n—oo 2

where o2 is the variance of the offspring distribution and e is an exponential random vari-
able with mean 1. The result (1.1) was first proved by Kolmogorov in [26] under a third
moment condition, and the result (1.2) is due to Yaglom [42]. For further references to these
results, see [21, 24]. Ever since these pioneering papers of Kolmogorov and Yaglom, lots
of analogous results have been obtained for more general critical branching processes. For
continuous time critical branching processes, see [3]; for discrete time multitype critical
branching processes, see [3, 22]; for continuous time multitype critical branching processes,
see [4]; and for critical branching Markov processes, see [2]. We will call results like (1.1)
Kolmogorov type results and results like (1.2) Yaglom type results. Similar results have also
been obtained for some superprocesses. Evans and Perkins [16] obtained both Kolmogorov
type and Yaglom type results for critical superprocesses when the branching mechanism
is (x,z) > z? and the spatial motion satisfies some ergodicity conditions. Recently, Ren,
Song and Zhang [38] obtained similar limit results for a class of critical superprocesses with
general branching mechanisms and general spatial motions.

The proofs of the limit results in the papers mentioned above are all analytic in nature
and thus not very transparent. More intuitive probabilistic proofs would be very helpful. This
was first accomplished for critical Galton-Watson processes, see [17, 32] for probabilistic
proofs of (1.1), and [18, 32, 35] for probabilistic proofs of (1.2). For more general models,
Vatutin and Dyakonova [41] gave a probabilistic proof of a Kolmogorov type result for
multitype critical branching processes. Recently, Powell [34] gave probabilistic proofs of
both Kolmogorov type and Yaglom type results for a class of critical branching diffusions.
As far as we know, there is no probabilistic proof of Yaglom type result for multitype critical
branching processes, and there are no probabilistic proofs of both Kolmogorov type and
Yaglom type results for critical superprocesses yet.

In this paper, we will use the spine method to give probabilistic proofs of both Kol-
mogorov type and Yaglom type results for a class of critical superprocesses. We will first
establish a size-biased decomposition theorem for superprocesses (Theorem 1.2) which will
serve as a general framework for the spine method. Then, we will establish a spine de-
composition theorem for superprocesses (Theorem 1.5) which is more general than those
previously considered in [12, 13, 31]. We will also establish a 2-spine decomposition theo-
rem for a class of critical superprocesses (Theorem 1.9). Those spine decompositions are all
special forms of the aforementioned size-biased decomposition. Finally, we use these tools
to give probabilistic proofs of a Kolmogorov type result (Theorem 1.10) and a Yaglom type
result (Theorem 1.11) for critical superprocesses under slightly weaker conditions than [38].
To develop our decomposition for critical superprocesses, we first prove a size-biased de-
composition theorem for Poisson random measures (Theorem 1.3), which we think is of
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independent interest. Before we present our main results, we first give a brief review of
earlier results on the spine method.

The spine method was first introduced in [32]. Roughly speaking, the spine decompo-
sition theorem says that the size-biased transform of the branching process can be inter-
preted as an immigration branching process along with an immortal particle. This spine
approach is generic in the sense that it can be adapted to a variety of general branching
processes and is powerful in studying limit behaviors due to its relation with the size-
biased transforms. In this paper, by the size-biased transform of a stochastic process we
mean the following: Suppose that we are given, on some probability space (§2,.%, P), a
process (X;);er, with I" being an arbitrary index set, and a non-negative random variable

G with P[G] € (0,00). We say a process {(X,),gp; P} is a G-transform of the process

((XDier; P} if {(XDser; P} fdd {(X))ier; PCY}, where P is a probability measure on £2

given by d P¢ := (G/P[G])d P. (This also give the definition of a size-biased transform of
a random variable since a random variable can be considered as a stochastic process whose
index is a singleton.)

Using the spine decomposition theorem for the Galton-Watson process (Z,),>0, Lyons,
Pemantle and Peres [32] investigated the Z,-transform of the process (Zk)0<k<,,, which is
denoted by (Zk)0<k<n Their key observation in the critical case is that U - Z is distributed
approximately like Z, conditioned on {Z, > 0}, where U is an independent uniform random
variable on [0, 1]. If one denotes by X the weak limit of % conditioned on {Z, > 0}, and by
X the weak limit of Z” , then [32] proved that X is the X-transform of the positive random

law

variable X and X = U X, which implies that X is an exponential random variable.

The spine method is also used by Powell [34] to establish results parallel to (1.1) and (1.2)
for a class of critical branching diffusions {(Y;);>0; (Px)xep} in a bounded smooth domain
D C R?. As have been discussed in [34], a direct study of the partial differential equation
satisfied by the survival probability (¢, x) — P, (||Y;]| # 0) is tricky. Instead, by using a
spine decomposition approach, Powell [34] showed that the survival probability decays like
a(t)¢(x), where ¢ (x) is the principal eigenfunction of the mean semigroup of (Y;) and a(z)
is a function capturing the uniform speed. In this paper, our proof of the Kolmogorov type
result for critical superprocesses follows a similar argument.

The spine method for superprocesses was developed in [12, 13, 31] and is very useful in
studying limit behaviors of supercritical superprocesses. Heuristically, the spine is the tra-
jectory of an immortal moving particle and the spine decomposition theorem says that, after
a martingale change of measure, the transformed superprocess can be decomposed in law
as an immigration process along this spine. The spine decomposition theorem established in
this paper is more general than those in [12, 13, 31]. We will say more about this in the next
subsection.

Very recently, we developed a 2-spine decomposition technique in [35] for critical
Galton-Watson processes and used it to give a new probabilistic proof of Yaglom’s re-
sult (1.2). One of the facts we used in [35] is that, if X is a strictly positive random variable
with finite second moment, then X is an exponential random variable if and only if

law

XZX+U-X (1.3)

where X and X’ are independent X-transforms of X; X is the X2-transform of X ;and U
is again an independent uniform random variable on [0, 1]. We then proved in [35] that the
Z,(Z, — 1)-transform of the critical Galton-Watson process (Z)o<k<n, Which is denoted as
Z ,f"))ofkg,,, can be interpreted as an immigration branching process along a 2-spine skele-
ton. One of those two spines is longer than the other. The spirit of our proof in [35] is to
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show that the immigration along the longer spine at generation n is distributed approxi-
mately like Z,, while the immigration along the shorter spine at generation # is distributed
approximately like Zj;, . Here Z, and Z, are independent Z,-transforms of Z,. Roughly

speaking, we have Z,(I”) Z&w Z,, + Z'{U,M, and therefore, if X is the weak limit of % condi-
tioned on {Z, > 0}, then X is a positive random variable satisfying (1.3). In this paper, we
adapt the method of [35] to develop a 2-spine decomposition for critical superprocesses and
then use this 2-spine decomposition to give probabilistic proofs of Kolmogorov type and
Yaglom type results for superprocesses. The spirit of this paper is similar to that of [35], but
the arguments are more complicated.

The idea of multi-spine decomposition is not new. It was first introduced by Harris and
Roberts [19] in the context of branching processes. Our 2-spine methods for Galton-Watson
trees [35] and for superprocesses in this paper are both inspired by [19]. An analogous
k-spine decomposition theorem also appeared in [20] and [23] in the context of continuous
time Galton-Watson processes. The k-th size-biased transform of Galton-Watson trees is
also considered in [1]. A closely related infinite spine decomposition is also established in
[1] for the supercritical Galton-Watson tree.

There is another decomposition theorem for supercritical Galton-Watson trees with in-
finite spines which is first introduced in [3, Sect. 12] and is now known as the skeleton
decomposition. The infinite spines in [1] and the skeleton decomposition in [3, Sect. 12] are
two different decomposition theorems. Our 2-spine methods for Galton-Watson trees [35]
and for superprocesses in this paper are more relevant to [1].

‘We mention here that the analog of the skeleton decomposition in [3, Sect. 12] for super-
critical superprocesses is also available and is very popular. Heuristically, the skeleton is the
trajectories of all the prolific individuals, that is, individuals with infinite lines of descent.
The skeleton decomposition says that the supercritical superprocess itself can be decom-
posed in law as an immigration process along this skeleton. For the skeleton methods and its
applications under a variety of names, see [5, 6, 9, 12, 14, 15, 28, 29, 33, 36]. If we consider
critical superprocesses conditioned to be never extinct, then we will get the transformed su-
perprocesses (after a Doob’s h-transformation) considered in [12, 13, 31] for the classical
spine decomposition theorem. In this situation, there will be only one prolific individual
which is exactly the spine particle. So the natural analog of the skeleton decomposition in
the critical case is the classical spine decomposition. The skeleton decomposition will not
be used in this paper.

1.2 Main Results

Let E be a locally compact separable metric space. We will use bZg and pZg to denote
the collection of all bounded Borel functions and positive Borel functions on E respectively.
We write bp B for bABr N pAg. For any functions f, g and measure u on E, we write
I flloo :=supyep | f O] w(f) := [ fdu, (. f) = [ fdp and (f, g), := [, fedu as
long as they have meanings. We use 0 to denote the null measure and use f = 0 to mean
that f is the zero function. If g (¢, x) is a function on [0, 00) x E, we say g is locally bounded
if sup,¢fo.71.xer 18(f, )| < 0o for every T > 0.

Let the spatial motion & = {(§,),>0; (Px)xce} be an E-valued Hunt process with its life-
time denoted by ¢ and its transition semigroup denoted by (P;),>o. Let the branching mech-
anism 1 be defined as a function on E x [0, co) by

¥(x,z) =—B(x)z +a(x)z? +/ (ef" —1 +zr)71(x,dr), xekE, z>0,
0
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with B € bABg, o € bp B and m(x, dy) being a kernel from E to (0, co) satisfying that

sup/ (y A yz)n(x, dy) < oo.
(0,00)

xeE

Define an operator ¥ on pZ%g by
W) =¥ (x, f(x)), fepBe xeE.

Let .#; denote the space of all finite measures on E equipped with the weak topology.
A (&, Y)-superprocess is an ./ ¢-valued Hunt process X = {(X,)>0; (Pﬂ)ueﬂf} satisfying

P le ¥ P =e VD t>0, nedy, febpB, (1.4)

where, for each f € bp A, the function (¢, x) — V, f(x) on [0, oo) x E is the unique locally
bounded positive solution to the equation

Vif(x) + P, [ / (w_sfxss)ds] =P.[f()]. 1>0, x€eE. (1.5)
0

We refer our readers to [8, 10] and [30, Sect. 2.3 & Theorem 5.11] for detailed discussions
about the existence of such processes. Notice that we always have Py(X; = 0) = 1 for each
t > 0, i.e. the null measure 0 is an absorption state of the superprocess.

We will always assume that our superprocess is non-persistent:

Assumption 1 Ps (X, =0) > 0 foreachx € E and ¢ > 0.

By a size-biased transform of a measure we mean the following: For a non-negative
measurable function g on a measure space (D, .%p, D) with D(g) € (0, c0), we define the
g-transform D# of the measure D by

dD? := —5_4D.
D(g)

Note that, the measure D is not necessarily a probability measure, but after the g-transform,
D# is always a probability measure.

Our first result is about a decomposition theorem of the size-biased transforms of super-
processes. To state it, we need to introduce the Kuznetsov measures (N, ),cg (also known as
the excursion measures or N-measures) of the superprocess X .

Lemma 1.1 ([30, Sect. 8.4 & Theorem 8.24]) Under Assumption 1, there exists an unique
family of o -finite measures (N, )< defined on the Skorokhod space of measure-valued paths

W o= {w = (W;)s>0 : W is an M y-valued cadlag function on [0, 00) having 0 as a trap}

such that

(1) N {Vt >0, w, =0} =0 for each x € E,
(2) N {wg # 0} =0 for each x € E;
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(3) foreach p € My, if A (dw) is a Poisson random measure on W with mean measure
N, (dw) ::/ENx(dw)u(dx), wew,
then the process defined by
io = )?, = /w w; A (dw), t>0,

is a realization of the superprocess {X;P,}.

The measures (N,),cg are called the Kuznetsov measures of the superprocess X . Note
that, the superprocess X itself can be considered as a # -valued random element. Roughly
speaking, the branching property of superprocess says that X can be considered as an “in-
finitely divisible” % -valued random element. The Kuznetsov measure N, can then be inter-
preted as the “Lévy measure” of X under Ps_. We refer our readers to [11] and [30, Sect. 8.4]
for more details about such measures.

In the remainder of this paper, we will always use (N, ),cr to denote the Kuznetsov mea-
sures of our superprocess X. We will always use w = (w,),;>o to denote a generic element
in % . With a slight abuse of notation, we always assume that our superprocess X is given
by

Xo = p; X,::/ w; A (dw), t>0,
w

where, for each u € .#y, {#";P,} is a Poisson random measure on % with mean mea-
sure N,,. Recall that, for any w € # and ¢ > 0, w, is a finite measure on E, and thus
w; () = [ f(x)w,(dx) forany f € pABp.

Our first result is about the .4 (F)-transform of the superprocess X, where F is a non-
negative measurable function on % with N,[F] € (0, oo) for a given u € .#. In this case,
according to Campbell’s formula, we have

P[4 (F)]=N,[F] € (0,00).

Therefore, both le —the F-transform of N,,, and Plj‘/ ) —the ¥ (F)-transform of P, are
well defined probability measures.

Theorem 1.2 Suppose that Assumption 1 holds. Let u € .#; and F be a non-negative

measurable function on W with N, (F) € (0, 00). Let {(Y;),>0; Q,.} be a # -valued random

element with law Ni. Then we have {(X,;);0; Plj‘/(”}fd:'d' {(Xi +Y)i20: Py ® Q).

In order to prove Theorem 1.2, we develop a decomposition theorem for size-biased
transforms of Poisson random measures which we think should be of independent interest:

Theorem 1.3 Let (S, .”) be a measurable space with a o -finite measure N. Let {N; P}
be a Poisson random measure on (S,.”) with mean measure N. Let g € p.# satisfy
N(g) € (0, 00). Denote by N¢ and PN® the g-transform of N and the N(g)-transform

of P, respectively. Let {; Q} be an S-valued random element with law N$. Then we have
law

{N; PN®O}={N+8y; P ® Q).
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Define (S;),>0 the mean semigroup of the superprocess X by
S f(x) =P, [ehP@U fe)]. xeE. 120, fepByp.

For each u € .#y, we define (ulP)(-) := fE P, (-)u(dx). Note that uP is not necessarily a
probability measure. It is well known (see [30, Proposition 2.27] for example) that for each
we Myt >0and f € pHBe,

PX ()] =N [w ()] = WP [ P& % fentr ] =n(S, /). (16)

Thanks to Theorem 1.2, in order to study the size-biased transform of a superprocess
we only have to study the corresponding size-biased transform of its Kuznetsov measures.
We first consider the case when the function F in Theorem 1.2 takes the form of F(w) =
wyr(g) where T > 0 and g € pBE with u(Srg) € (0, 00) for a given u € .#y. In this case,
according to (1.6), we have

P.[X7(9)] =Ny [wr ()] = P 7624 g (&)1, ] € (0, 00).

Therefore, PY7®'—the Xr(g)-transform of P,, N!7®—the wy(g)-transform of the

T
Kuznetsov measure N, and P{"—the (elo P& s g (g1 )-transform of the mea-

sure ulP, are all well defined probability measures. Also note that, in this case, we have
X1(g) = A (F), therefore Pi7® =P ") Recall that the superprocess X itself can be
considered as a % -valued random element. Denote by P, (X € dw) the push-forward of P,
under X, i.e., the distribution of X under P,. Then, P, (X € dw) is a probability measure
on # . Recall that we always assume that Assumption 1 holds.

Definition 1.4 Suppose that u € .#y, T > 0 and g € pZ satisfy u(Srg) € (0, 00). We
say {(§)o<i<r> (Yioi<r, nr; P} is a spine representation of N7 if the following are
true:

(1) The spine process {(&:)o<i<r; I"if'r)} is a copy of {(§)o<i<r: P 7).
(2) Conditioned on o (& : 0 <t < T), the immigration process {(Y,)o<i<T; l.)ff*T)} is an
M ¢-valued process given by

Y; :=/ w,_gnr(ds,dw), 0<t<T, (1.7)
O,t]xw
where, ny is a Poisson random measure on [0, 7] x # with mean measure

mi;(ds, dw) :=2a(&)Ng, (dw) - ds —l—/ yPy,;&_ (X edw)n(&,dy)-ds. (1.8)
(0,00)

We are now ready to present our theorem on the spine decomposition of superprocesses:
Theorem 1.5 Suppose that Assumption 1 holds. Suppose that uw € #y, T > 0and g € pHBg

satisfy n(Srg) € (0,00). Let {(§)o<i<r, (Y1)o<i<7, D7} PLg*T)} be a spine representation of

- .d.d.
NUT®. Then, ((Y,)<r; PETYE (wy)<r; NUT®),

As a simple consequence of Theorems 1.2 and 1.5, we have the following:
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Corollary 1.6 Suppose that Assumption 1 holds. Suppose that u € My, T > 0 and
g € pPr satisfy j1(Srg) € (0,00). Let {(§)o<i=r> Yi)o<i=r.nr: P} be a spine repre-

sentation ofN;fT(g). Then, {(X;)i>0; Pij(é’)}f'did' (X, +Y)0: P, ® l"ff'T)}.

Corollary 1.6 can be considered as a generalization of the classical spine decomposition
theorem for superprocesses developed in [12, 13, 31]. In these earlier papers, the testing
function g is chosen specifically to be the principal eigenfunction ¢ of the mean semigroup
of the superprocess (which will be introduced shortly). In the classical case (i.e. g = ¢), the
four families of probability measures (P)7¢)) 7=, (P7)) 70, (l.)}f*T))BO and (N;‘jT(g))BO
are all consistent, but in the general case (i.e. g # ¢), they are typically not consistent. More
details about these consistencies will be provided in Lemma 3.4 and Remark 3.6.

In the papers mentioned in the paragraph above, the Kuznetsov measures have already
been used to describe infinitesimal immigrations along the spine. However, our Theorem 1.5
provides another relation between immigration and the Kuznetsov measures: the total im-
migration {(Y;);>0; Pff’T)} actually has the law of a size-biased transform of the Kuznetsov
measures. It seems that this fact has not been exploited before, even in the classical case.

The study of the limit behavior of superprocesses X relies heavily on the spectral property
of the mean semigroup. In this paper, we assume the following:

Assumption 2 There exist a o -finite Borel measure m with full support on E and a family
of strictly positive, bounded continuous functions {p(¢, -, -) : ¢ > 0} on E x E such that,

Ptf(x):/ pt,x,y)f(y)mdy), t>0,x€kE, [ebF, (1.9)
E

/p(r,x,wm(dx)fl, >0, y€eE, (1.10)
E

//p(t,x,y)zm(dx)m(dy)<oo, t>0, (1.11)
EJE

and that x — [, p(¢,x, y)*’m(dy) and y > [, p(t,x, y)>m(dx) are both continuous on E.

In the reminder of this paper, we will always use m to denote the reference measure in
Assumption 2.

Assumption 2 is a pretty weak assumption. (1.10) implies that the adjoint operator P;*
of P, is also Markovian, and (1.11) implies that P, and P;* are Hilbert-Schmidt opera-
tors. Under Assumption 2, it is proved in [38] and [39] that the semigroup (P;),;>o0 and
its adjoint semigroup (P);>o are both strongly continuous semigroups of compact oper-
ators on L2(E,m). According to [38, Lemma 2.1], there exists a function g (¢, x,y) on

(0, 00) x E x E which is continuous in (x, y) for each ¢ > 0 such that

e 1Blloct 1Blloot

pt,x,y)<q(t,x,y)<e pt,x,y), t>0,x, yek,

and that forany t > 0,x € E and f € bZp,

S, f(0) = / q(t. %, ) (m(dy). (112)
E

(From (1.6), we see that g (¢, x, y)m(dy) can be roughly interpreted as the density of the
expected mass of X, at position y, under probability Ps .) Define a family of transition
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kernels (S;);>0 on E by
So=1;, S'fy):= / qt,x,y)f(x)m(dx), t>0, yeE, febPBg.
E

It is clear that (S;),>o is the adjoint semigroup of (S;),>¢ in L*(E,m). It is proved in [38]
and [39] that (S;),>0 and (S;);>0 are also strongly continuous semigroups of compact oper-
ators in L2(E,m). Let L and L* be the generators of the semigroups (8)s=0 and (S});0,
respectively. Denote by o (L) and o (L*) the spectra of L and L*, respectively. According
to [40, Theorem V.6.6.], A := supRe(o (L)) = supRe(c(L*)) is a common eigenvalue of
multiplicity 1 for both L and L*. Using the argument in [38], the eigenfunctions ¢ of L
and ¢* of L* associated with the eigenvalue A can be chosen to be strictly positive and con-
tinuous everywhere on E. We further normalize ¢ and ¢* so that (¢, @), = (P, ¢*) = 1.
Moreover, for each ¢ > 0, x € E, we have S,¢(x) = eM$(x) and SF¢p*(x) = e p*(x). We
call ¢ the principal eigenfunction of the mean semigroup (S;);>0-

Remark 1.7 Note that we do not require the operators (P;),> to be self-adjoint in L*(E,m),
i.e., we do not assume p(t,x,y) = p(t,y,x) for each x,y € E and ¢t > 0. In other word,
the spatial motion & considered in this paper is not necessarily a symmetric Markov process
with respect to the measure m. As a consequence, (S;);>o are not necessarily self-adjoint
either.

We will use the following function

A(x) :=2a(x) —i—/ yzﬂ(x, dy), xeFE
(0,00)

in Assumption 3 below.

For all + > 0 and x € E, it is now clear that Ps [X,(¢)] = S;¢(x) = eMp(x). If A >0,
the mean of X,(¢) will increase exponentially; if A < O, the mean of X,;(¢) will decrease
exponentially; and if A = 0, the mean of X, (¢) will be a constant. Because of this, we say X
is supercritical, critical or subcritical, according to A > 0, A =0 or A < 0, respectively. In
this paper, we are mainly interested in critical superprocesses with finite second moments.
So, for the remainder of this paper, we always assume the following:

Assumption 3 (1) The superprocess X is critical, i.e., A = 0.
(2) The function ¢pA : x — ¢ (x)A(x) is bounded on E.

Assumption 3.(2) is satisfied, for example, when ¢ and A are bounded on E. These
conditions appeared in the literature and was used by [38] in the proof of the Kolmogorov
type and the Yaglom type results for critical superprocesses.

Denote by ///}ﬁ the collection of all the measures € .# such that u(¢) € (0, 00). It

will be proved in Proposition 4.2 that P, [ X, (¢)*] < oo foreach u € A ? and ¢ > 0 provided
the function ¢ A : x > ¢ (x)A(x) is bounded on E.

Taking u € ///}Z’ T > 0 and g = ¢ in Definition 1.4.(1), it will be proved in Lemma 3.4
that the family of probability measures (P¢"))7-( is consistent, i.., there exists an

E-valued process {(§;);>0; PM} such that
fdd :
{(Et)Oﬁth; ]P),(?’T)} = {(Sz)OgthQ P/L}s T=>0.

The process {(§/):>0; PM} is exactly the spine process in the classical spine decomposition.
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It will also be proved in Proposition 4.2 that, under Assumptions 1, 2 and 3, for all
we ///f and T > 0, we have

T
N, [wr(@)?] = (1, )P, [ /0 (A¢)(ss>ds} € (0, 00).

As a consequence, NL”T(“’)Z—the wr (¢)*-transform of N, and f@fp—the ( fOT (AQ)(&,)ds)-
transform of IP’M, are both well defined probability measures. Recall that we always assume
that Assumptions 1, 2 and 3 hold.

Definition 1.8 Let u € ///]‘f and T > 0. We say

{(5t)0§t§Ts K, (Sf/)KStST’ (Yo<i<r, nr, (Yf/)xgrsT’ n/T, (X;)KSIST’ (Z1)o<i<1s f),(LT)}

. . . 2 .
is a 2-spine representation of N!/7 " if the following are true:

(1) The main spine {(&)o<i<r: f’fp} is a copy of {(&/)o<s<r; ].PLT)}.
(2) Conditioned on (& )o<,<7, the splitting time k is a random variable taking values in
[0, T'] with law

- lo<s<7(A®) (&) ds
PLT)(K c d5|(§z)0§t§T) — (L{]'—¢§)

Jo (Ap) (&) dr
(3) Conditioned on (&),<r and «, the auxiliary spine (£/),<;<r is defined such that

{E Dozrer PP CE O E { Eozrzr—ei Py, ). (1.13)

(4) Write & :=0{(&)i<r, &, (§))c<i<r}. Conditioned on ¥, the main immigration (Y;)o<;<r
is given by

Y, :=/ w;—gnr(ds,dw), t€[0,T],
O,t1x#w

where n7 is a Poisson random measure on [0, T] x # with mean measure

mET(ds, dw) :=2a(&)Ng, (dw) - ds +/ yPys (X € dw)m(&,dy) - ds.
(0,00) )

(5) Conditioned on ¥, the auxiliary immigration (Y/).< <r is given by
Y, ::/ w,_ Ny (ds,dw), telk, T],
(e t1x W

where n is a Poisson random measure on [k, 7] x % with mean measure

mi:T(dS, dw) := ZQ(S;)NEX’ (dw) -ds +/

yPys, (X € dw)m (&, dy) - ds.
(0,00) !

(6) Conditioned on ¥, the splitting-time immigration (X;),<;<r is defined by

{(Xts)omrer o PuCID T E {(XDor=r—c: Pe, }.
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where, for each x € E, the probability measure P, is given by

20()PY()+[g o0y Y2 Pysy O (r,dy) .
Bo)im | Bt may 0 TA® >0, (1.14)
Po(), if A(x) =0.

(7) Conditioned on ¢, the main immigration {Y, nr}, the auxiliary immigration {Y’, n’}
and the splitting-time immigration X’ are mutually independent. Setting ¥/ = 0 and
X} =0 for each t <k, the total immigration (Z,)o<;<r is given by

Z,;=Y,+Y +X, 0<r<T.
We are now ready to state our 2-spine decomposition theorem for critical superprocesses:

Theorem 1.9 Suppose that Assumptions 1, 2 and 3 hold. Let |1 € ///j‘f and T > 0. Sup-
pose that {(§)o<i<7, K, (5,/):(515% (Yt)o<i<r, 07, (Yt/)KStSTs n,Ts (X;)thsT, (Z)o<t<r; PLT)}
is a 2-spine representation ofN;‘t’T(d’)z. Then {(Z)<r; f’fp}/‘d:'d‘ {(ws)i<r; N;’L’T(‘f’)z}.

As mentioned earlier in Sect. 1.1, this 2-spine decomposition theorem for superprocesses
is an analog of the 2-spine decomposition theorem for Galton-Watson trees in [35], and
is closely related to the multi-spine theory appeared in [19, 20, 23], and [1]. Of course,
depend on the choice of F, there are many versions of Theorem 1.2. We only consider the
cases when F(w) takes the forms of w,(g) and w,(¢)?, because they are sufficient for our
purpose to give probabilistic proofs of the Kolmogorov type and Yaglom type results for
critical superprocesses.

‘We now turn our attention to the limit behavior of critical superprocesses. First, we want
to consider the asymptotic behavior of v, (x) := —logP;s (X, =0), where t >0 and x € E.
(They are well defined thanks to Assumption 1.) From (1.4) and monotone convergence, we
have

v (x) = lim V,(@1p)(x), >0, x€E, (1.15)
and
P,(X,=0)=e """ ey t>0, (1.16)

where the operators (V;),>¢ are given by (1.4). We call (V;),>o the cumulant semigroup of

the superprocess X, because it satisfies the semigroup property in the sense that, for all

fepPBe,t,s >0and x € E, itholds that V, V; f (x) = V1, f (x) (see [30, Theorem 2.21]).
Let v be a function on E x [0, co) defined by

Yolx,z2) :=¢(x,2) + B(x)z :oe(x)z2 —l—/ (e_rZ —1 —l—rz)rr(x, dr), xe€kE, z>=0.
(0,00)

Let ¥, be an operator on p A defined by
W f)(x):= wo(x, f(x)), fepPBg, xekE.

It is known, see [30, Theorem 2.23] for example, that for each f € bpZBg, (t,x) — V, f(x)
is the solution of the equation

sz(X)-Ir/ Si—s Vs H(x)ds =S, f(x), 1=0, xeE. (1.17)
0
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Indeed, (1.17) can be obtained from (1.5) using a Feynman—Kac type argument. It is also
clear that

‘/,,US (x) - _ logPSX [e—(Xt,limg‘)w VS(QIE))] — _ Gll)n.}o IOg PB,\- [e—(Xr,VS(GlE))]
= _Ohm ViVi(@1p)(x) =v,45(x), s, t>0, x€E. (1.18)
—00

So, if we allow extended values, it follows from (1.17) and (1.18) that we have the following
equation for (v;);>0:

t
Vygs (X) +/ (S—rWvr4s) () dr = S;v5(x), x€E, t>0. (1.19)
0

In order to study the asymptotic behavior of (v;),>¢ using (1.19), we need to understand the
asymptotic behavior of the mean semigroup (S;),>0. The following assumption is commonly
used for this purpose:

Assumption 2’ In addition to Assumption 2, we further assume that the mean semigroup
(Sy)¢>0 is intrinsically ultracontractive, that is, for each ¢ > 0 there exists ¢, > 0 such that
forall x, y € E, we have (¢, x,y) < c;¢(x)d*(y).

The concept of intrinsic ultracontractivity was first introduced by Davies and Simon [7] in
the symmetric setting and was extended to the non-symmetric setting in [25]. Assumption 2’
is a pretty strong condition on the mean semigroup (S;),>¢. For instance, it excludes the case
of super Brownian motions in the whole space. However, it is satisfied in a lot of cases. For
a long list of (symmetric and non-symmetric) Markov processes satisfying Assumption 2/,
see [37, 38].

A consequence of this assumption is that (see [25, Theorem 2.7]) there exist constants
¢ >0 and y > 0 such that

M—l‘gce’y’, X€E, t>1. (1.20)
¢ (X)P*(y)
We will see in Sect. 3.2 that, under Assumption 2, the spine process {(&;);>0; (IEI’x)x€ E}in
the classical spine decomposition is a time homogeneous Markov process with invariant
measure ¢ (x)¢*(x)m(dx). It can be verified that its transition density with respect to mea-
sure ¢ (x)p*(x)m(dx) is ¢"(¥)’;;‘(’i). Therefore Assumption 2" implies that the spine process
in classical spine decomposition is exponentially ergodic.

Define v(dy) := ¢*(y)m(dy). Under Assumption 2, v(dy) is a finite measure on E.
In fact, according to (1.20), for r > O large enough, there is a ¢, > 0 such that ¢*(y) <
q(t,x, y)(c;)‘lqﬁ‘l (x), and clearly, the right hand of this inequality is integrable in y with
respect to measure m. Therefore, we can consider a superprocess X with initial configuration
v. Under Assumptions 1 and 2’, it will be proved in Lemma 5.2 that the following statements
are equivalent:

o S,u;(x) < oo forsomes >0,t>0andsomex € E.
e P,(X; =0) > 0 for some ¢t > 0.

Note that, in order to take advantage of (1.19), we need S, v,(x) to be finite at least for some
large s, ¢ > 0 and some x € E. Therefore, we also need the following assumption:
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Assumption 1’ In addition to Assumption 1, we further assume that P,(X, = 0) > 0 for
some t > 0.

We are now ready to state our Kolmogorov type and Yaglom type limit results for super-
processes:

Theorem 1.10 Suppose that Assumptions 1, 2" and 3 hold. Then,

(1, ¢)
© J(AD, ¢¢*)n

where m is the reference measure appeared in Assumption 2.

1P (X #0) — pe.dy,

Theorem 1.11 Suppose that Assumptions 1, 2" and 3 hold. Let f € bp%ﬁ and | € //l?
Then, ‘

law

_ 1
{7 X PuCIX, £ 0} —— (g7, f), (04, 6¢7) e,
where e is an exponential random variable with mean 1, and m is the reference measure in
Assumption 2.

As mentioned earlier, our Kolmogorov type and Yaglom type results for critical superpro-
cesses are established under slightly weaker conditions than [38]. We now make this more
precise. In [38], the authors considered a (£, ¥)-superprocess {(X;);>o; (PM)MGJ,,/.} which
also satisfies Assumption 1, 2 and 3.(1) as the basic setting. In addition to that, [38] assumed
the following

(a) the transition semigroup (P;) of the spatial motion is intrinsically ultracontractive,
(b) the principal eigenfunction of (P;) is bounded,

(c) the function A is bounded, and

(d) there exists fy > 0 such that inf,cz Ps, (X,; =0) > 0.

It is shown in [38] that, under conditions (a) and (b), the mean semigroup (S;) is also intrinsi-
cally ultracontractive, and the principal eigenfunction ¢ of (S,) is also bounded. Therefore,
conditions (a), (b) and (c) combined together are stronger than our Assumption 1’ and 3.
Condition (d) is stronger than our Assumption 2’ because according to (1.16), we always
have the following:

P,(X;,=0) :exp{—(v[, v)} = exp{<logP5. (X;=0), u)}, t>0.

2 Size-Biased Decomposition
2.1 Size-Biased Transform of Poisson Random Measures

In this subsection, we digress briefly from superprocesses and prove the size-biased decom-
position theorem for Poisson random measures, i.e., Theorem 1.3. Let (S, .) be a measur-
able space with a o-finite measure N. Let {N; P} be a Poisson random measure on (S, .%)
with mean measure N. Campbell’s theorem, see [27, Proof of Theorem 2.7] for example,
characterizes the law of {N; P} by its Laplace functionals:

P[eiN(g)] = NI= e p.
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According to [27, Theorem 2.7], we also have that P[N(g)] = N(g) for each g € . with
N(|g|) < oo. By monotonicity, one can verify that

P[N(g)]=N(). geps.
Lemma2.1 Ifge L'(N) and f € p.7, then N(g)e N is integrable and
P[N(g)e N = P[e NP |N[ge /] (2.1)
Furthermore, (2.1) is true for each g, f € p.7 if we allow extended values.

Proof Since N 1is a o-finite measure on (S, .¥), there exists a strictly positive measurable
function 4 on S such that N (h) < co. According to [27, Theorem 2.7.], N(k) has finite mean.
For any g € bp." :={g € p.¥ : |h " 'glloo < o0} and f € p.#, it is clear that N(g) and
N(g)e N are integrable. Therefore, by the dominated convergence theorem, we deduce
that

P[N(g)e N = P[—0glo—oe N7 = —dylg—o P[e N/ T]

—N(1—e~(f+08) —N(—e—f —(f+0g
= —glo=oe ™M1 7T = Mg g N (1 — eTVH)

= P[e NN ge ' ].

For any g € p.” and s € S, define g™ (s) := h(s) min{h(s)~'g(s), n}. Then (g"),cn is a
bp."-sequence which increasingly converges to g pointwise. Note that (2.1) is true for
each g™ and f. Letting n — 0o, by monotonicity, we see that if we allow extended values,

then (2.1) is true for each g, f € p.#. In the case when g € L'(N), we simply consider its
positive and negative parts. ]

Proof of Theorem 1.3 By Lemma 2.1, it is easy to see that, for any f € p.&,

PYO[e NP =N ()" P[N(9)e M| = N(g)™' P[e M| N[ge™]
= P[e*N(f)]Né’[e*f] =(P® Q)[efN(f)*f(ﬁ)] —(P® Q)[e—(NM,;)(f)]’

which completes the proof. |
Lemma 2.2 Forall g, f € L'(N) N L?>(N), N(g)N(f) is integrable and

P[N(@N(/)] = N(@N(f) + N(gf). 2.2)
Furthermore, (2.2) is true for all g, f € p.& if we allow extended values.

Proof Since N is a o-finite measure on (S, .¥), there exists a strictly positive measurable
function 7 on S such that N(ﬁ) < 00. Define h(s) := min{fz(s), ﬁ(s)l/z} for each s € S.
It is clear that A is a strictly positive measurable function on S such that N (k) < oo and
N (h?) < 0o. According to [27, Theorem 2.7], N(k) has finite 1st and 2nd moments. For any
g febpst :={geps:|h'gle < 00}, it is easy to see that N(g), N(f), N(f)N(g)
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are integrable. Thus, using Lemma 2.1 and the dominated convergence theorem, we have

P[N(@N(f)] = —P[3slo=oN(g)e "] = —34|6—o P[N(g)e "]
= —lo—oP[e NN (ge ")
= ~Nighulo-oP[e™] = lo-on (s™)
=—N(g)P[dlo—oe N""] — N(3lo=oge ")
=N@N)+NEH.

Forany g, f € p.# and s € S, define g™ (s) := h(s) min{h(s)~'g(s), n}. Then (g™),cy is
a bp."-sequence which increasingly converges to g pointwise. Define £ similarly. Then
from what we have proved, (2.2) is true for g™ and ™. Letting n — 0o, by monotonicity,
(2.2) is true for each g, f € p.# if we allow extended values. In the case when g, f €
L'(N) N L%(N) we simply consider their positive and negative parts. a

2.2 Size-Biased Transform of the Superprocesses

Let X = {(X})/>0; (Pu)ﬂeﬂf} be the (£, ¥)-superprocess introduced in Sect. 1.2 which sat-
isfies Assumption 1. In this subsection, we will give a proof of Theorem 1.2. Recall that,
for any u € 4y, {#';P,} is a Poisson random measure with mean measure N, and our
(&, ¥)-superprocess (X,);>o is given by

Xo:=p: X,():=H[w()], t>0.

For any T > 0, we write (K, f) € 7 if f :(s,x) — f;(x) is a bounded non-negative
Borel function on (0, 7] x E and K is an atomic measure on (0, 7] with finitely many
atoms. For any (K, f) € %7 and any .#-valued process (Y;);~0, we define the random
variable

K(QT](Y) 3:_/(. . Y, (f)K(dr), s€l0,T]

It is clear that the two .#-valued processes (Y;);~o and (X,);~o have same finite-
dimensional distributions if and only if

E[e X6r0) E[eKon™], (K. f)er. T >0.

Proof of Theorem 1.2 Since N, (F) € (0, 00), it follows from Campbell’s formula that
P,/ (F)] =N, (F) € (0, c0). Therefore, P;V(F)—the A (F)-transform of P,,, and N/ —
the F-transform of N, are both well defined probability measures. Notice that, under
P X £ 4 is deterministic, and so is Xo + Y, under P, ® Q, since X, + Yo = p.
Therefore, we only have to show that,
fdd.
{(Xt)t>0§ P{(F)} = {(Xt + Y0 Py ® Qu}

It then immediately follows from Theorem 1.3 that
law
(AP OVEAN +8y: P @ Qul.
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This completes the proof since for any 7 > 0 and (K, f) € 7,
PO [e*K(f),rﬁX)] =P [eme{O,T]w)J] — P, ® QM)[e—WMy)LK(QT](w)J]

= (P, ® Q,)[¢ K0, O

3 Spine Decomposition of Superprocesses

The classical spine decomposition theorem characterizes the superprocess X after a martin-
gale change of measure, and has been investigated in the literature in different situations, see
[12, 13, 31] for example. The martingale that is used for the change of measure is defined
by M, := e *X,(¢), where ¢ is the principal eigenfunction of the generator of the mean
semigroup of X with A being the corresponding eigenvalue. After this martingale change
of measure, the transformed process preserves the Markov property, and thus, to prove the
spine decomposition theorem, one only needs to focus on the one-dimensional distribution
of the transformed process.

In this section, we generalize this classical result by considering the X7 (g)-transform
of the superprocess X, where g is a non-negative Borel function on E. If g is not equal
to ¢, the X7 (g)-transformed process is typically not a Markov process. So we have to use a
different method to develop the theorem. Thanks to Theorem 1.2, we only have to consider
the wr (g)-transform of the Kuznetsov measures.

3.1 Spine Decomposition Theorem

Let X = {(X;)/>0; (PM)He/ﬂf} be the (&, ¥)-superprocess introduced in Sect. 1.2 which sat-
isfies Assumption 1. In this subsection, we will give a proof of Theorem 1.5. Recall that
(Ny) cg are the Kuznetsov measures defined in Lemma 1.1. We now recall a result from
[30] which is useful for calculations related to (N, ), cf.

Lemma 3.1 ([30, Theorems 5.15 and 8.23]) Under Assumption 1, for all T > 0 and
(K, f) e, we have

f r
N, [1 - e %6n™] = u@u,) = —logP,[e *en™], s€[0, T, ne.u;,

where the function u : (s, x) — ugz(x) on [0, T] x E is the unique bounded positive solution
to the following integral equation:

T
us(X)=1Px[ Jr(&—) K (dr) —/ (‘I’ur)(ér_s)dr], s€[0,T], xeE.

(s,T]

We now prove the following lemmas:
Lemma 3.2 Forallx e E,T >0, (K, f) € #7 and g € pPBg, we have

f ,
N, [wr (g)e Kon ] =B, [g(&p)e o ¥ Eus@nas], 3.1)

where

¥'(x,2) :=32W(x,z)=—ﬂ(X)+2a(X)z+/ (1—e)ym(x.dy), x€E, z>0,

(0,00)

andu: (s,x)— ug(x) on [0, T] x E is defined in Lemma 3.1.
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Proof We first prove assertion (3.1) in the case when g € bpZg. Throughout this proof, we
fix (K, f) € 7 and consider 0 <6 < 1. Define

W0 (x) = N, [1 — e K6 —vr=@9] o5 0 yeE. 3.2)
Let
K (dr) :=1o< 7 K (dr) + 87 (dr),
fri=Yocror o+ Lo (K({T}) fr + 0g).

Then (15 , f ) € 7 and (3.2) can be rewritten as

e f
ul (x) == N,[1 - eiKU-le(w)], s>0, xeE.

It follows from Lemma 3.1 that, for any 6 > 0, (s, x) uf (x) is the unique bounded posi-
tive solution to the equation

T
u§<x)=Px[ frE—)Kdr) — f (wf)@,_s)dr}, s€[0,T], x€E,

(s,T]

which is equivalent to

T
uf<x>=Px[ Fr & DK (dr) +0g(Er_y) — / (wf)@rq)dr] (3.3)

(s,T]
We claim that uf (x) is differentiable in 6 at 6 = 0. In fact, since

f f
Kl —ur—68) _ ,~K{ 1),

0

le

<wr_s(g), 0<6=<1, 3.4

and
-T—s
N, [wr_s(9)] = Sr—sg(x) =P, [eh P g(gr_ )] < WPl | g]|, (3.5)

it follows from (3.2) and the dominated convergence theorem that
f
ity () 1= g lo=ou] () = N [wr s (g)e ™ en™] < TPl g . (3.6)
From (3.2), we also have the following upper bound for uf (x)with0<6<1:

Mf (X) = Nx [/ Wy —s (fr)K(dr) + wr—s (Og):l
(s,T]

= / N, [wrfs (fr)]K(dr) + N, [was (eg)]
(s.T]

< I (1 fllooK (0, T1) + l1gl) = Lo. 3.7

By elementary analysis, one can verify that, for each L > 0, there exists a constant Cy, ; > 0
such that foreachx € Eand0<z,z0 <L,

1V (x,20) = ¥ (x,2)| < Cy.L]z — 20l (3.8)
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In fact, one can choose Cy 1 := || Blloc + 2Ll ||co + max{L, 1} sup, . f(o,oo) (Y AYH)m(x,dy).
This upper bound also implies that

|v/'(x.2)| <Cy1, x€E,0<z<L.

Therefore, we can verify that PP, [ f ST(II/uf)(S,_x) dr] is differentiable in 0 at 6 = 0. In fact,
by (3.8), (3.7), (3.2), (3.4) and (3.5), we have

[(Pul)(x) ; P ul)(x)] <cyu, qu(x);uf(x)l

<Cyry-e"Pgllee, 0<6<I.

Therefore, by the bounded convergence theorem, we have

T T
30|e:0]P’x|:/- (&”u‘f)(s,-_s)dr]ﬂx[/ w/(ér_s,u?(sr_s))ur(s,_»dr]. (3.9)

Now, taking dy|9—o on the both sides of (3.3), we obtain from (3.9) that

T
"‘ts(x) = ]Px |:g(§T—s) - f w/(Sr—sv u?(é;:r—s))’/‘tr(%‘r—s)dr:l» s € [0, T]? x€eE. (310)

Notice that the function i : (s, x) > ii,(x) is bounded on [0, T] x E by e’fl~ | g||o; g is
bounded on E by ||gllo0; and ¥ (x, u?(x)) is bounded on E by Cy ;. These bounds allow
us to apply the classical Feynman—Kac formula, see [10, Lemma A.1.5] for example, to
equation (3.10) and get that

io(x) =P, [g(gT)efJL)T VG ) ds] 311
The desired result when g € bp % then follows from (3.6) and (3.11).

In the case when g € p &y, we write g (x) := min{g(x), n} for x € E and n € N. Then,
from what we have proved, we know that

N, [wT(g<"J)e*’<<fo,n<w>] =P, [goz) (Sr)e’foT W it (Es))ds]’ neN.
Letting n — oo we complete the proof. |
Lemma3.3 LetT >0,k e[0,T]and (K, f) € H7. Let u € My and g € p Ay, satisfy that

w(Srg) € (0, 00). Suppose that {(§)o<t<1, Yi)o<i<T,DT; Pl(f"T)} is a spine representation
ofNﬁ’T@. Then, we have

. f r
—log P e faen™g] = / Vo (& s (5-)) ds, (3.12)
k
where the function u is defined in Lemma 3.1.

Proof Throughout this proof, we denote by nr_; and msT_ « the restriction of ny and mET on
[0, T — k] x # respectively. It follows from properties of Poisson random measures that,

conditioned on &, ny_; is a Poisson random measure with mean measure mngk.
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It follows from (1.7) and Fubini’s theorem that

KL oY) = f Y, (f)K (dr)

(k,T]

- / K (dr) oty (f)0r (ds. dw)
(k,T) 0,r—k]x //lf

- / nrds.dw) [ wr g (f)K @r)
O.T—kIx A 5 (k5,71

= / Kooy 1y (wIn7_i(ds, dw). (3.13)
Conditioned on &, it follows from Campbell’s formula and Lemma 3.1 that
“log P;(f'T) [e—K(f;T](Y) €] = —log I‘,gg.r) [e—fK(/,:HYT](w)nT,k(ds,dw) €]

f
:/(1 — e K™ Ymi._, (ds, dw)
T—k f
B / (%(&)N& [1— e wn®]
0
f
n / yPyaé_ [1 _ e*K(kﬁ».r.T](X)]jT(‘;;:S’ dy)) ds
©0o0)
T—k
:/ (2“<ss)uk+s<ss) + / (1= e‘”’"ﬂ“”)yn(éndy)> ®
0 (0.00)

= /OTk Vo (&, usi(€)) ds = /]:T Vo (&s—k us(E5—1)) ds,
as desired. .
Proof of Theorem 1.5 We only need to prove that
((Fomrer: PET} 1 ()0, s NUTO)

since both {YO;P;f*T)} and {wo; N27®} are deterministic with common value 0. By
Lemma 3.2 and 3.3, we have

Nzr(g) [e_K(j;.r](w)] =N, [wT(g)]_l N, [wT(g)e—K(de](w)]
= 1(S78) B, [g(Er)e T Vs
= ]P’ff*T) [e*foT WE)(ZEJ”‘X(&J))(IS] _ PE;"T) [P;(f'” [efl(({)yr](}’) |;§]]
BT K]

The proof is complete. ]
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3.2 Classical Spine Decomposition Theorem

Let X = {(X})/>0; (Pu)ue/ftf} be the (£, ¥)-superprocess introduced in Sect. 1.2 which sat-
isfies Assumptions 1 and 2. In this subsection, we will recover the classical spine decompo-
sition theorem for X which is developed previously in [12, 13, 31].

It is clear that {(e ¢ (&,)efo P& ds 1,2¢)i>0; (Px)rcr} is a non-negative martingale. De-
note by {(&)>0; (IP’,C))CE £} the martingale transform (also known as Doob’s A-transform) of
{(&)>0; (Py)xep} via this martingale in the sense that

dr,
|9’IE — e_*t@eféﬁ(mdslmg, xeE, t>0,
dP.] ;s ¢ (x) -

where (f’if),zo is the natural filtration of the spatial motion &. It can be shown that (see
[25] for example) {(&;);>0; (I.P’x)x€ £} is a time homogeneous Markov process. Its semigroup
is Doob’s h-transform of (S;),>0 with & = ¢ and its transition density with respect to the
measure m is

q(t,x,y) :=67“%q(t,x,y), x, yeE, t>0.

It can also be verified that ¢ (x)¢* (x)m(dx) is an invariant measure for {(&,),>0; (PX)XGE}.

Recall that, for each 7 > 0, P{*'") is defined as the (efOTﬂ(év)dsqb(ST)1;<T)-transform of
the measure uP(-) := [, Py () u(dx).

Lemma 3.4 Let u € //f}p Define a probability measure P,L(-) = p(p)™! fEd)(x)IP’X(-) X
w(dx). Then, for each T > 0, we have {(§,)o</<T; IF’E?’T)} law {(E)o<i<r: PM}.

Proof Let A € fiﬁ Then we have

POD(4) = (MP)[IAeTfO ﬂ<¥.j%~?¢(57)17<{]
(uP)[elo P& s (£7)17 -]

= (@) (uP)[Lye T el PO By 1, ]

= p(¢)”"! / P, [1ae~elo PEI g £ 17, pidx)
E

=u(@) ™! / ()P (A) u(dx) =P, (A). O
E

Fix a measure u € ///? Define M, := e *X,(¢) for each t > 0. It is clear that

{(M;);=0; P} is a non-negative martingale. Let {(X/)/>0; Pl’f } be the martingale transform
of {(X;):>0; P,} via this martingale in the sense that

dPZ’Lg/,-tx . M,
TS

We now give the classical spine decomposition theorem:
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Theorem 3.5 (Spine decomposition, [12, 13, 31]) Suppose that Assumptions 1 and 2 hold.
Let n e ///f Let the spine immigration {(§,);>0, (Y;);=0, 0; P} be defined as follows:

(1) The spine process {(£),=0; P} is a copy of {(&)i=0; Py}
(2) The immigration process {(Y;);>o; P} is an .4 s-valued process given by

Y, ::/ w,_n(ds,dw), t=>0,
©.1]x W

where, conditioned on &, n is a Poisson random measure on [0,00) X # with mean
measure

me (ds, dw) = 2a(&)Ng, (dw) - ds + / yPys (X € dw)m (&, dy) - ds.
0,00)

d.d. -
Then, {(X;):>0; Pﬂ/j}f: {(X; + Y)i=0; PM ®Pu}-

Proof Fix T > 0. We only need to show that
M fdd. :
{(Xz)z5T§PM} = {(XI+Y[)[ST;P;L ®P,1}~

From Lemma 3.4, we can verify that

{(Yt)th; P;L} o {(Yt)th; P#’T)}. (3.14)

Also it follows easily from the definitions of P’ and PX7(? that

f.dd.
{(XD i< PYY (X )< PYT@, (3.15)
The desired result then follows from Corollary 1.6. a

Remark 3.6 Lemma 3.4 indicates that {(§)o</<r; P\?""} are consistent. From (3.15) we

have that {(X;)o<,<r; P}7®} are consistent. From (3.14) we have that {(Y,);<r; I"ff’”}

are consistent. According to Theorem 1.5, we have {(w,);<7; N7} fdd {(Y)i<r; I"EL"”T)}

which implies that {(w,),<r; N7} are also consistent.

4 2-Spine Decomposition of Critical Superprocesses

4.1 Second Moment Formula

Let X = {(X1)r>0; (Py) e, } be the (§, ¥r)-superprocess introduced in Sect. 1.2 which sat-
isfies Assumptions 1, 2 and 3. In this subsection, we give a second moment formula for

superprocesses.

Lemma 4.1 Suppose that Assumptions 1, 2 and 3 hold. Let g, f € bp9§’¢, ne //[f and
t > 0. Suppose that {(&)o<s<i> (Ys)o<s<s» Ny; l"ff*”} is the spine representation of N1'®.
Then,

PEOLY,(f)IE] = /O AG) - (S NE)ds <t ADllld™ Fllows  PED-as.
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Proof Define G(s, w) := 1,<,w,_;(f) for all s > 0 and w € #'. Under Assumption 3, it is
clear from (1.8) that

m (G) = /0 206N [wro (/)] ds + /0 ds /(0 Py [X (D], dy)
,00)

= [ sep@ds+ [as [y ey
(0,00)

=/ A&) - (Si—s (&) ds.
0

Since, conditioned on &, {n,; l"ff*”} is a Poisson random measure on [0, ] x # with mean
measure m‘f, we conclude from Campbell’s theorem that

PEO[Y,(f)1E] = PO [0,(G)IE] = mi (G) = fo AE) (S f)E)ds, PfD-as.

Noticing that

/ AGE) - (S (&) ds = f [(AGYD' S,y (667 1)]E) ds < 11 ADlwlld™ Flle.
0 0
we have our result as desired. O

Proposition 4.2 Under Assumptions 1,2 and 3, forall g, f € b%g, nE ///;f andt >0, we
have that X,(g) X,(f) is integrable with respect to P, and
t
PL[X ()X, ()] = (w, S,8) s S )+ (s, ¢>PM[(¢”g)@,) f A (St_sf>(ss)ds}.
0

4.1)

Proof We first consider the case when g, f € bp%‘?. In this case, the right hand of (4.1) is
finite. Actually, by Lemma 4.1, the right side of (4.1) is less than or equal to

(. S (s S f) + (. 9P [(07'8) En ]t | Adlisllo ™ £
< (1. 9)? + (. D)l Adl o]0 g | o' £ < o0

We can also assume that m(g) > 0. Since if g € bpBr with m(g) = 0, then according to
(1.12), (1.6) and Lemma 3.4, we have

Szg(X)=/q(t,x,y)g(y)m(dy)=0, t>0,x€kE,
E

P.[X/(9)]=u(Sg) =0, ne.y, t>0,

n(Sig) _

Pulo™ e @] =P g@] == 0 =0, ety 1=0.

These imply that the both sides of (4.1) are 0.
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Now in the case when g, f € bp%‘é and m(g) > 0, from Theorem 1.5 and Lemma 4.1
we know that, for each x € E,

N [w, ()] = ng”) [v.(H)]= Pfsf") [pgf,n (Y. ()|&]]

=P [ fo AE)- (SHf)(Ss)dS] =PE [ /0 AE)- (S,,sf)@s)ds]

=S,g(x)"'P, [g(é'z)ef‘iﬁ(s”ds/ A(g) - (Sz_sf)(fs)dS]-
0
Therefore,
N, [we (@) wi (f)] = Ny [w, (&) [NV ® [w, ()]

=Py [g(éﬂ)ef3 ped / A&) - (Si—s (&) dS]
0

— (0P, [(dflg)(s» /0 A - (Sfos.v)ds].

Integrating with u € .# ?, we have

N, [wi (@w, ()] = (1, ¢>PM[(¢*‘g)(s,) f AGE) - (s,_sf)(sods] 4.2)
0
It then follows from Lemmas 1.1 and 2.2 that
P [ X ()X, ()] = Npu[w, (@) [Ny [wi ()] + Ny [wi (@) w, ()]

= (1, Sig) (. S f) + (. $)P, [(qﬁ*‘g)(ér) /0 (ASi—s 1)) dS]

as desired. For the more general case when g, f € b A, we only need to consider their
positive and negative parts. a

4.2 2-Spine Decomposition Theorem
Let X = {(X})i>0; (PN)I’-E/”f} be the (£, ¥)-superprocess introduced in Sect. 1.2 which sat-
isfies Assumptions 1, 2 and 3. In this subsection, we will prove the 2-spine decomposition

theorem for superprocesses, i.e., Theorem 1.9.
First, we give a lemma which says that N‘"jT(q’)z—the wr (¢)?-transform of N, and

]'P’LT)—the ( fOT (Ad)(&,) ds)-transform of P, are both well defined probability measures.
Lemma 4.3 N,,[wr(¢)*] = n(@)P,.Lf; (Ap)(&) ds] € (0, 00) forall € #¢ and T > 0.
Proof According to (4.2), we have
T
NM[wT(¢)2] = u(@)P, |:/ (A¢)($x)ds] S u(@T|APlloo < 00.
0

According to N, [wr(¢)] = (¢) > 0, we must have Nu[wT(¢)2] > 0. O
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Remark 4.4 Note that Nl"jT("’)z is also the wy (¢)-transform of N7(*1In fact, the size-biased
transforms satisfy the following chain rule: If g, f are non-negative measurable functions
on some measure space (D, .Z%p, D) with D(g) € (0, c0) and D(gf) € (0, 00). Denoted by
D? the g-transform of D, then (D8)/ =D&/ i.e., the f-transform of D? is the g f-transform
of D. This is true because it is easy to see that

D&/ (ds) := g(s) f(s)D(ds) _ _ f(9)D¢(ds) :(
D[gf] De[ f]

D%)’ (ds), ses.

For each u € //j‘f’ let the spine immigration {(&;);>0, (Y;)s>0, 1; PH} be given by Theo-
rem 3.5. We first state a property of {Y; PM}, which is needed later.

Lemmad4.5 P, (Y, =0)=0forall .4} andt > 0.
Proof According to Theorem 1.5, we have
P, (Y, =0)=N"P (w,(¢) =0) = (1, ¢) "Ny, [w; ($) 1, y=0] = 0. O
The proof of Theorem 1.9 relies on the following lemma:

Lemma 4.6 Forany u € ///;’, T >0and (K, f) € 7, we have

T
P, [Yr(@)e K0nD ] = B, [e K00 D] / (AG)(E )Py, [e VB, [ Ken ] s,
0

where IN’X is defined by (1.14) for each x € E.

Proof Define G (s, w) =1l,<rwr_s(¢) forall s >0 and wew. Notlce that from (3.13),
under the probability PH, we have Y7 (¢) =n(G) and K(O T](Y) = n(K(S T](w)) From Lem-
mas 4.1 and 4.5 we know that

0<P,[Yr@)E] <oco, P,-as.

Therefore, we can apply Lemma 2.1 to the conditioned Poisson random measure n, and get

P, [n(G)e "Ken®[e] = B, [ "KEn ™ || mE [Ge K6, 4.3)

It is clear from the definitions of mé, N*/® and PM that
-k/ ) ! k5w
mf[Ge "o ] = / (206(&)1\1& [wr_s(¢)e Fon]
0
e f
+/ YPys [Xr-s(@)e Ku-ﬂ“]n(ss,dy)) ds
(0,00)
T &)
=/ (2(a¢)(ss)N“” e o]
0
e f
+ / YHEPY, [e ’ﬂvvr'“)]n(a,dy)) ds. (4.4)
(0,00)
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According to Theorem 1.5, we have
W O] =Kl 1@ _ . [oKer1 D] — P [o—Klm® —K{ X
NYT=@[e 26 ] =Py [e " 6n ] =Py [e " 6n T |Py[e 6], 4.5)

where we used the fact that Py(X, =0, for any ¢ > 0) = 1. It follows from Theorem 3.5 that
forany s € [0, T],x € E and y € (0, 00),

PY [ K6n O] = by, [ KbnOH D] = by [ Ken® Ry, [ K6 ®] @)

Plugging (4.5) and (4.6) back into (4.4) and rearranging terms, we have that
£~ —K/ ’ : -k k! 0

m [Ge (S,T](u))] = 2((x¢)(§3)135{§v [e (s,T] ]Po[e (s,T] ]

0

. f )
+ f V2P E)IPs, [e7 VP, [e Kon D&, dy)) ds.
(0,00)
! ; kS
= / $(E)Ps, [e "0 T]
0

f f
x <2a(ss)Po[e*le(X>] + / VP [e 0 n (g, dy)) ds
Y Py

(0,00
! ; -kl 1 1K X0
= / (AP)()Ps,, [e (.71 ]P& [e (.71 ]ds. 4.7)
0
Plugging (4.7) back into (4.3), we get the desired result. |

Proof of Theorem 1.9 Note that {Z; f’l(f)} and {wo; Nﬁm’)z} are both deterministic with

common value 0. So we only have to proof {(Z,)o<;<7; iil(f)} fdd. {(w)o<r=T; NZ’T(‘P)Z}' In
order to show this, according to Theorem 1.5 and Remark 4.4, we only need to show that
{((Z)o<i<r; Pff)} is the Y7 (¢)-transform of process {(¥;)o<<r; Py}

Let (K, ) € #;. Similar to (3.13), we have K/ ;,(Y) =ns[K/ . ;] and K/ ;,(Y') =

n;[K (J; +.py) for each r < T. Therefore, using Campbell’s theorem and an argument similar
to that used in the proof of Lemma 3.3, one can verify that

3 T
~logh, [e 500 |y] = / Vo (& us(€)) ds (4.8)
0
and

T
~togl,[e 60 9] = [ ui (el (5) s, 49)

where u : (s, x) — u,(x) is the function on [0, T'] x E defined in Lemma 3.1. It is then clear
from (4.9), (1.13) and Lemma 3.3 that

P, [e—K({).T](Y/) |$, ] = B, [e_fKT V(] s E]) ds |§, «]

=P, [e*./'rT Tllé(fi—ryus(és—r))ds] = Pé,g, [e—l({:_T](Y)] . (@410)
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By the construction of the splitting immigration X’ at time «, we also have

B, [e~ 01| g] =B, [ en ]| @11

Using (4.8), (4.10), (4.11) and the construction of the 2-spine immigration, we deduce that
B[ 0n 9 6.1 = B, B[ 0n7 5]
= B, [B, [ 0n B, [ 0n ], [ 0n o ][e. ]
= i Vit nip, [ KB, [ Km0
Therefore, from the conditioned law of x given &, we have
o= Jo ViEsus)ds

B ) =
0 r

T .
[ oy, e B, [ in ] ar,
0

(4.12)
Taking expectation, we get that

. e 4.12) ==
Pu [e K(O,T](Z)] @.r ) e8]

m

{ o= Jo ViEsusE)ds
[ (Ap) (&) dr
) o Jo VoG us &) ds

_ ]pui L
P.Lf, (Ap)(E)dr

T .
/ (Ad) )Py, [ K0, [~ K] dr}
0

T .
: / (A9) &)y, [ - B, [e ] dr}
0

5 (Ko™ T
G12)p { .Pu[e T E] f (AD)(E)P oKt P, oK™ dr}
LB (Ap) &) dr o ol el ]

Lemma 4.6 P {PM[YT (¢)e_K£,7‘](Y)|S] } B PM[YT (¢)e_K£,7‘](Y)]
’ P.1Yr(#)] P, [Yr ()]

where in the second equality we used the definition of ].Ii)g). The display above says that
(Z;)o<i<r s the Y7 (¢)-transform of the process {(¥;)o</<7; I.’M}, as desired. O

5 The Asymptotic Behavior of Critical Superprocesses

5.1 Intrinsic Ultracontractivity

Let {(X;):>0; (PH)ME/,[]} be the (&, ¥)-superprocess introduced in Sect. 1.2 which satisfies
Assumptions 1 and 2’. In this subsection, we give some more results related to intrinsic

ultracontractivity.

Lemma 5.1 Suppose that F(x,u,t) is a bounded Borel function on E x [0, 1] x [0, c0)
such that F(x,u) :=1im,_, o, F(x, u,t) exists for all x € E and u € [0, 1]. Then we have,

1 5 1
f FEaou)du % [ (F(,u),¢¢"), du, xeE.
0 —>00 0
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Proof We first show that

P [F(&uou.1)] — (F(.u).¢9%) , x€E, ue(0,). (5.1

- m’

In fact,
. q(ut, x,y)
BFEun] = [ 18052 p (687 midy).
o F 0] £ (@¢)(y) (#7)
Note that [ (¢¢*)(y)m(dy) is a finite measure, (y, 1) — ’f;f;j)‘()’)) F(y,u,t) is bounded by
(1 + ce™"")||F||lo for t > u~', and ‘fgg,;;‘(';))F(y, u,t) — F(y,u). Using the bounded
—00

convergence theorem, we get (5.1). By Fubini’s theorem,

1 1
PX[/ F@m,u,odu]:/ B[Furu0)]du, xeE.
0 0

Since P [F (&, u, )] is bounded by || Fll« and Py [F(Epu, 1)] —> (F (1), ¢ ), by

1—00

the bounded convergence theorem, we get

P, [/01 F(Eurou,t) dui| —cr :=f01<F(~,u),¢¢*)m du.
Using (1.20) and a similar argument, one can verify that forany O <u <v <1,
P [F € u, OF Gy v, )]
= /E/Eé(ut,x, M —wt, y,2) F(y,u, 1) F(z, v, )m(dy)m(dz)
— (F.w).6¢"),(F (. v). 097),,.

The above convergence is also true for 0 < v < u < 1 since the limit is symmetric in # and
v. We have again, by Fubini’s theorem and the bounded convergence theorem,

1 2 1 |
]P’x|:</ F(Sut,M,l)dM) ] :f du/ Px[F(Em,M,l)F(EU,, th)]dv N C%—.
0 0 0 1—00

Finally, we have

1 2
le:(/ F(éun”J)dM—e,;) ]
0
. 1 2 . .
:Px[(/ F(ém,u,t)du> j| _ZCF]Px[/ F(u, M,t)du:| +C2F
0 0

—0,
—>00

as desired. O
As mentioned earlier in Sect. 1.2, in order to study the asymptotic behavior of (v;);>0

and take advantage of (1.19), we need S, v,(x) to be finite at least for some large s, r > 0 and
for some x € E. The following lemma addresses this need.
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Lemma 5.2 Under Assumption 1 and 2', the following statements are equivalent:

(1) Svs(x) < oo forsomes >0,t>0and x € E.

(1) There is an sy > 0 such that for any s > so, t > 0 and x € E, we have S,v;(x) < 00.
2) (v, p*)m < 00 for some s > 0.

(2") There is an sy > 0 such that for any s > sy, we have (vs, ¢*),, < 0.

(3) There is an so > 0 such that for any s > sy, we have v, € bp By,

@ P,(X,=0)>0forsomet>0.

(5) ¢~ 'v, converges to 0 uniformly when t — oo.

(6) Foranype.#f,P,(3t>0, st X, =0)=1.

Proof We first give some estimates. In this proof, we allow the extended value 4-00. Ac-
cording to (1.16) and the fact that 0 is an absorption state of the superprocess X, we have

(vg. #*) = —logP,(X,, =0)

=

(5.2)
> —logP, (X, =0)=(v;,¢%) . 0<sp<s.

According to Assumption 2, we have for each ¢ > 0, there is a ¢, > 0 such that g (¢, x, y) <
c:¢(x)¢*(y). Using an argument similar to that of [25, Proposition 2.5], we have for each
t >0, there is a ¢; < O such that ¢ (¢, x, y) > c,¢ (x)¢*(y). Therefore, we have

¢ (x)vs, d)*)mc; < Siv,(x) < P (0)(vy, qb*)mc,, s>0,1>0,x€E. (5.3)

Let ¢, y > 0 be the constants in (1.20). Notice that ¢ is strictly positive, using (1.17), one
can verify that

Vif@) _ S f()
$px) T ox)
Taking f = V;(61g) in (5.4) and letting 6 — oo, by (1.15) and (1.18), we have that,

<(1+ce”)(f.¢*), febpBr,xecE,1>1. (5.4)

M) < (e o), v =005, 63

We can also verify that
Sivs(0) < 1197 Vs lloo i@ () = I~ s oo (x) 5,1 >0,x € E. (5.6)

Now, we are ready to give the proof of this lemma using the following steps: (1') =
D=2 =2)= 3= (1) and 2) = (5) = (6) = (4) = (2). In fact, it is obvious
that (1) = (1). For (1) = (2) we use (5.3). For (2) = (2) we use (5.2). For 2') = (3) we
use (5.5). For (3) = (1) we use (5.6).

For (2) = (5), we follow the argument in [38, Lemma 3.3]. Note that, from what we
have proved, (2) is equivalent to (1), (1"), (2') and (3). Integrating (1.17) with respect to
the measure v, by Fubini’s theorem and monotonicity, we have that, for any f € p%g and
t>0,

= (Vs [ (5rvov 4 i
0

=(Vif.¢%) + / (V. f.¢%) dr. (5.7)
0
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Define
v(x) == lim v, (x) = lim (—logP;s (X, =0)) = —logP;, (31 > 0, s.t. X, =0).
1—>00 —00
Since v, (x) = —logP; (X, = 0) is non-increasing in ¢, and by (3), we know that v, € bp%‘g

for ¢ large enough. Therefore, we have v € bpﬂ‘g C L*(E, m). Taking f = V,(61g) in (5.7)
and letting & — oo, by monotonicity and (2'), we have that, there is an s > 0 such that

t
/ (Wovr e @), dr = (v 6", —(vierd®), . 5250, 120, (5.8)
0

Letting s — oo, by monotonicity, we have

/(; <lp0va ¢*)m dr = t(lp()U, ¢*)m = (U, ¢*)m - (U, ¢*)m = O

Since ¢* is strictly positive on E, we must have ¥(v) = 0, m-a.e.. This, with (1.9), implies
that S;¥,(v) =0 for any ¢ > 0. By (1), we know that S,v,(x) take finite value for s large
enough. Letting s — oo in the (1.19), by monotonicity, we have

v(x) =S v(x) — / S, Y)(x)dr = S,v(x), xeE,t>0,
0

which says that the non-negative function v, if not identically 0, is an eigenfunction of
L corresponding to A = 0, where L is the generator of the semigroups (S;);>0. Since v €
L2%(E,m), by the uniqueness of the eigenfunction in L?(E,m) corresponding to A = 0,
there is a constant ¢ € R, such that v(x) = c¢(x) for all x € E. So with ¥;(v) =0, m-a.e.,
we must have v = 0. Using the fact that v,(x) converges to 0 pointwise, by monotonicity
and (5.5), we can verify the desired result (5).

For (5) = (6), note that, by the definition of v,, for any u € .# ¢ we have

—logP, {3t >0, s.t. X, =0} = lim (—logPM(X, = 0)) = lim (u, v;) =0.
t—00 1—00
Finally, note that (6) = (4) and (4) = (2) are obvious. O
5.2 Kolmogorov Type Result
Let {(X;)>0; (PH)ME/,[]} be the (&, v)-superprocess introduced in Sect. 1.2 which satisfies
Assumptions 1" and 2" and 3. In this subsection, we will give a proof of Theorem 1.10.
Thanks to Lemma 5.2, we know that each of the statements in 5.2 is true. In particular,

v;(x) /¢ (x) converges to O uniformly in x € E.

Lemma 5.3 Under Assumptions 1', 2" and 3, we have

v, (x)

sup -1 0
xeE (U,, ¢*>m¢(x) =00

Proof We use an argument similar to that used in [34] for critical branching diffusions. Fix
a non-trivial u € //}b and let the spine immigration {(§;);>0, (Y;)/>0,n; P,} be given by
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Theorem 3.5. For any ¢ > 0, we have

(. [ (i) ']
G14) (w, ¢>PL¢’T) [(Y, (¢))71]

P, oIN O [(wi(9) ] =Ny fwi(9) > 0} = lim N, [1 = 7]

CmpbeZ MU i (—log P, [e X1 @]) = —log P, (X, = 0}

A—00

W 0 v,). (5.9)

Taking © = 8, in (5.9), we get v, (x)/¢p(x) = ng[(Y,(¢))‘1]. Taking u = v, we get
(vy, ) = P,[(Y:(¢))']. Therefore, to complete the proof, we only need to show that

o LA CACH NI
P.[(Y:(¢)']

xeE

—>00

For any Borel subset G C (0, ¢], define
v° = / w;_sn(ds, dw).
GxW

Then we have the following decomposition of Y:
Y, =y 00l Lyl 0 <<t < oo. (5.10)

It is easy to see, from the construction and the Markov property of the spine immigration
{Y,&; P}, that for any 0 < 7y < t < 00,

PI(Y @) [ Z ] =Py, [(Yi@) 1= (& vii) ).

Therefore, we have

P\) [(Yt(lo’t] (¢))7I] = P\) [(¢7l Ut*t())(gt())] = (vtft()v ¢*>

m

and
25 [(r (@) T ) = Bu(0 i) (6] = f §(to, %, ) (¢ vimy) Im(dy).  (5.11)
E
By the decomposition (5.10), we have

¢~ v () =Py, [(Yi(¢) ]
=P, (v @) ]+ (B, [(5" @) ] - B @) )
+ (s [(@) " = (1) ')
=: (V1. %), + €1 (t0. 1) + €5 (10, 1). (5.12)
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Suppose that 7y > 1, and let ¢, y > 0 be the constants in (1.20), we have
e}t )] = [Ps, [(v ") = P [(x @) ]|

= ‘/ q.(t07 X, y)(¢7lvt—t0)()’)m(d)’) - (vfff()v ¢*>m
E

/ye g (o, x. y) — (6™ ) N[ (d ™ vi—sy) )m(dy)
<ce "0(v_y, ¢*) . (5.13)
We also have
|20, 0] = s, [(¥@)) ™ = (1" 9) ]|
=P, [v" @) - (Y(@®) " (v ()]
(n"e) ]

1ZE]- B [(r @) [ ) (5.14)

i
=P, [IY,(O"O](¢)>0

= ng [ng [IY,<O’10](¢)>O

Notice that, by Campbell’s formula, one can verify that
P, [e—<Y,(°"0],elE> 78] = o I E Vi O12) 6 ds
N o .
Letting & — oo we have
; £ — [0l (s vr—s (&) d
P;, [1Y!(0,,0]:0|,9‘10] — o Jo Vo vi—s €y ds

We also have

W (36, v (1)) = 20 () vy (1) + / (1= e @)yz(x, dy)

(0,00)

< (2a<x)+ / yzn(x,dy))vt_s(x)
(0,00)
=AW (x) < [Adlloo ¢~ vis | .,
Therefore

l.)b'x [1Y(()’[()]¢0|yfi] =1- e_f(;o 'P(/)(Ex,vr_y(&))ds < t0||A¢||OOH¢_1vt—t0 Hoo (515)
t

Plugging (5.15) into (5.14), using (5.11) and letting ¢, y > O be the constants in (1.20), we
have that

|€2(t0, )] < 10l Ao (¢ i) | 5. [(¥ () 7' |5 ]
< toll Al (¢ vr) f (i 3, ) (6 v Im(dy)

< 10llA@lloo]| ™ vimsy || (1 + ce™7 ) vi—sy. %), (5.16)
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Combining (5.12), (5.13) and (5.16), we have that

¢~ (x)
(vtftov ¢*)m

el (1o, 1) e (10, 1)
<vt7t09 ¢*>m (vtft()a ¢*>m

<ce + 1o)| Adllos ¢ vimsy | (14 ce77).

=

(5.17)

Since we know from Lemma 5.2(5) that [|¢~'v;||oc — O when ¢ — oo, there exists a map

t — ty(t) such that,

00 = 00 1O6 v | 2 0

Plugging this choice of 7y(¢) back into (5.17), we have that

—1

sup ¢ ) -1 0.

xeE <Ut—t0(t)7¢*)m =00
Now notice that

* -1
<Uts¢ )m _1‘5/ ¢’ Ut(x) —1‘¢¢*(x)m(dx)
(UI—I()(I)a O*)m (Ut—to(m o*)
—1
<sup o v —1 0.
xeE (Ut—to(t)»d)*)m =00

Finally, by (5.18), (5.19) and the property of uniform convergence,

ol
(V. )

0’

sup

xeE =00

as desired.

Lemma 5.4 Under Assumptions 1',2" and 3, we have

v l(A )
0@ o 240 PP

(5.18)

(5.19)

Proof We use an argument similar to that used in [34] for critical branching diffusions.

According to [38], we have that, for any x € E and z > 0,

1
R(x,2) :=1o(x,2) — EA(x)Zz <e(x,2)7%,
where

1
e(x,2) ::/ yz(l /\—yz)n(x,dy)fA(x).
0.00) 6
By monotonicity, we have that

e(x,z2) ——g 0, xekE.
—>
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Taking b(t) := (v, ¢*),, and writing [, (x) := v,(x) — b(t)¢(x), Lemma 5.3 says that,

su L) ———> 0
Pt

xeE

(5.21)

Now, taking sy > 0 as in (5.8), we have that ¢ > b(t) is differentiable on the set
C= {t > 5o : the function 7 — (lllo(v,), d)*)m is continuous at t}

and that

d 1
Eb(t) = —<lI/0(U,), ¢*)m = —<§A . Uf2 + R(-! Ut(')), ¢*>

m

1
= —<§A (B +1)" +R( v (), ¢*>

m

=—b(1) [ (Ap. p9") +g(t)], tecC, (5.22)

where

. l 1 lt 2 2 % R(',Ur(')) 2 4%
0=z 200} +3\(g) 40 + (S0,
=:g1(t) + g2(t) + g3(2).

From (5.21), we have g,(¢) — 0 and g,(¢) — 0 as t — oo. From

R(x,v(x)) _ e(x,v,(x)) - v;(x)? L)
bR = b (x))< " b(t)¢(x))
using (5.21), (5.20), Lemma 5.2 (5) and the dominated convergence theorem (e(x, v,(x)) is

dominated by A(x)), we conclude that g3(t) — 0 as t — oo.
Finally, from (5.22) we can write

A1\ dby 1 .
E(%) = perar = 214 99), e, 1eC. 629

Notice that, since the function ¢ > (¥ (v,), ¢*),, is non-increasing in ¢, the complement of
C has at most countably many elements. Therefore, using (5.8) and (5.23), one can verify
that 1 —~ ﬁo is absolutely continuous on the interval [sg, fo] as long as sy and 7, are large
enough. This allows us to integrate (5.23) on the interval [so, fo] with respect to the Lebesgue

measure, and get that

1 1o
o — ds, forO<sy<tyl h.
b(to) b(so) < ¢. d¢" ) (o SO)":[O g(s)ds or 0 <s¢ <19 large enoug

Dividing by #; and letting #y — oo in the above equation, we have

1

b(t)t t—>00 2<A¢ 99" )

as desired. O
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Proof of Theorem 1.10 For u € 1///_4-’, from Lemma 5.2.(5) we know that

(. v) = f w0 = [ 20 udx) — 0. (5.24)
E £ ¢(x) =00
From Lemma 5.3 we know that
(1, vy) / v (x)
— dx) — {(u, @). 5.25
o~ e g ) P OO T2 i 8 ©:2)

It then follows from (5.24), (5.25) and Lemma 5.4 that

(o) 1= e

1P (X, #0)=1(1 —e” ") = 1o, ¢*)<v G 1, V)

(1, @)

T , x€ekE. O
o0 E(A¢a¢¢*>m

5.3 Yaglom Type Result

Let {(X;)>0; (PM)ME_//[f} be the (&, v)-superprocess introduced in Sect. 1.2 which satisfies
Assumptions 1" and 2" and 3. In this subsection, we will give a proof of Theorem 1.11.

Slutsky’s theorem is used quite often to prove convergence in law of two components, in
which one contributes to the limit, and the other one is negligible. The following proposition
says that under I",L, the weighted mass Y;(¢) coming off spine, normalized by ¢, converges
to a Gamma distribution as t — 00.

Proposition 5.5 Suppose that Assumptions 1', 2" and 3 hold. Suppose that u € ///j: Let

{()is0, Yi)is0, 1 I"M} be the spine immigration given by Theorem 3.5. Then W, := @

converges weakly to a Gamma distribution I" (2, cal) with ¢y := %(qﬁA, PP ).

Proof We only have to prove that

B !

— 6=>0, e,
oo (14 co0)? =Y he Ay

First we consider the case when p = §, for an arbitrary x € E. To simplify notation, for all
x € E,0>0and >0, we write

J(x,0,1) = (@A) )Py [e M B [e X (],

Jo(x,0,1) == ($A)(X)Ps, [e "™ ]
and

M(x,0,1):= -

L
Trepr ~Fule

Step 1. We will show that

Py, [ ] =Py, [e o 4li ot Gup(mwa1-0)], (5.26)
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In fact, we have

0

8—9P,3x [e"™|6] = —Ps, [Wie®"1|E], 120,60 >0.

Applying Lemma 4.6 with K (dr) =6;(dr) and f; = #, for each 6 > 0, we have

Py [We M)

0 : —oW,
_a_glong‘X[e f‘f]— Psx[€76W‘|5]

t
= ; /0 (AG) 6Py, [TV B [ =] ds

1
:f J (. 00 —uw), t(1 —w))du.
0

Integrating both sides of the above equation yields that

| )
~togby [ e] = [ au [ (6w o - w0001 -10) dp.
0 0
which implies (5.26).
Step 2. We will show that

L2(Ps,)

1 [4
/ du/ (Jo— D (Eurs p(1 =), t (1 —w))dp —> 0, 6 >0. (5.27)
0 0

t—00

To get this result, we will apply Lemma 5.1 with
0
F(x,u,t) ::/ dp - (Jo— ) (x, p(1 —u), 1 (1 —u))
0

0
— / dp - (A¢)(X)I.’ax [e_p(l—”)Wr(l—u)]Px[l _ e_XI(l—L¢)(p[_¢)]. (5.28)
0

Firstly note that F(x, u,t) is bounded by 0||¢p Al on E x [0, 1] x [0, 00). Secondly note
that F(x,u,t) —> 0 for each x € E and u € [0, 1], since |Jy — J| is bounded by [[¢A|l
—>00

and
(o= 1,60, 0| = (A9 (0) By, [ B [1 = e (P]
< (AP) ()P, (X, #0)

26 (P (X, #0) + fig 0, VPys, (Xi # O (x, dy)

= (A¢)(x) 20(x) + [(g.00) Y27 (x, dy)

—>0, xeE,60=>0.
t—00
Therefore, we can apply Lemma 5.1 with F(x, u, t) given by (5.28), and get (5.27).
Step 3. We will show that

o du O dy—ADCu)
7(1 F o)’ = lim Py, [e Jo dulo p(1+<‘op(l—u))2]’ 6>0. (5.29)
CO 1—00
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By elementary calculus, the following map
‘ (Ap)(x) (Ap)(x)6
(x, u) > dp =
o (I+cop(l—u))? L+ cof (1 —u)
is bounded by 8||A¢|l- on E x [0, 1]. According to Lemma 5.1, we have that

L (AP by, /1< 0Ad >
Y d
/0 du/(; (1+C0,0(1—u))2d:0 100 Jo 1+C()9(1—u)’¢¢ ; u
1
" 0
=(a0.0), | o

=2log(1 + cob).

Therefore, by the bounded convergence theorem, we get (5.29).
Step 4. We will show that

M(x,0):=limsupM(x,0,t)=0, xeE,0>0. (5.30)
—00
In fact,
M(x,0,t) <11 + L+ Is, (5.31)
where
U (0 (Ad)Eur)
I = _ S [effo ) Teopmal? dp] DE2 o,
(1 + cp0)? * 100

gy (0 (A®)Eur) .
L= Jo 4o T oot a? d"] By [0 S oG p1—a1-0)dp]
° x

Pg_}, [e

1 0
<P, [/ du/ (AP)ENM (ur, (1 =), 1(1 — u)) dp]
0 0

1 0
:/ du/ dprcz(m,x,y)(A«p)(y)M(y,p(l—u>,z<1—u>)m(dy),
0 0

and by (5.26) and (5.27),
I =P, [e—fo‘ du Jy Toturp(1-.11-u)dp] _ Py [o=0W]|

- ’pﬁi[e—fo‘ du fg ToGGur.p(1=0.1(1=0)dp] _ [e—fo' duf(?J(sm,pu—u>,t(1—u>>dp]|
. 1 0
<P, W it [ o= ) e p1 =101 - u))dpu —o.
0 0 — 00
Therefore, taking limsup,_, ., in (5.31), by the reverse Fatou’s lemma, we get

1 6
M(x,@)f/ du/ (ApM (-, p(1 —u)),p¢*) dp. x€E.0>0. (5.32)
0 0

Integrating with respect to the finite measure (Appd*)(x)m(dx) yields that
1 )
(A0mC.0).09°), = (49.06"), [ du [ (461 (. 001 =w).06),dp. 020
0 0
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According to [35, Lemma 3.1], this inequality implies that (A¢p M (-, 0), ¢p¢*),, = 0 for each
6 > 0. This and (5.32) imply (5.30), which completes the proof when u = §,.
Finally, for any u € ///?, since

(0, P[] = (1, SN @1 ] = N, [wi (@)e ™1 ]

wy (9)

=/ (DN [w (@)e™ ] = / p(dx)g ()P, [e],
E E

we have that, by the bounded convergence theorem,

<,

as desired. O

1
(14 ¢6)?

¢ (x)u(dx)

P[] —
ule™] (L. d) 1o

PSX [e—HW,] _

(14 ¢6)?

The following lemma says that, conditional on survival up to time ¢, the weighted and
normalized mass t~' X,(¢) (weighted by ¢, and normalized by ¢) has a limit distribution
which is exponential with explicit parameter. Later we will consider limit of ¢! X, ( f) with
a general f € bp%‘g.

Lemma 5.6 Suppose that Assumptions 1', 2" and 3 hold. Let n € .4 f Then it holds that

{t71X,(¢); P.(-|1 X, # 0)} converges weakly to an exponential distribution Exp(cy Y with
N | *
Co = §<¢A7 ¢¢ )m-

Proof We only have to show that

P, [ M@ X, £0] —>

. 0>0, pe.?.
=00 14 cob =0 f

Notice that, by Lemma 5.2(6), we have

law

{7'X,(¢); P} — 0.
t—00
Therefore, by Theorem 3.5 and Proposition 5.5, we have

M[,—071 X, (@) ; —01~ 1 (X +Y)) (9) 1
Pile |=®, P, 12 dveor

Also notice that, by elementary calculus

1— —Ou 6
7e=/ e "dp, u>0.
u 0

From Theorem 3.5 and Lemma 4.5 we know that Pﬁ” (X, = 0) = 0. Therefore by the
bounded convergence theorem, we have

L1 e—er’le(q)) " 0 21X, (4) o M _—pt~— X, (¢)
P [ e "d :/ P, le” ! d
"[ 1X,(9) ] g [/o p] o i

/9 1 do— (1 1
e Jo (It P~ 1+cb)
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Hence, by Theorem 1.10 we have

PM[I _e—et_IXt(¢)|Xt 7&0] =P, (X, 7,50)—11,u[(1 —e‘_et_lxt(q)))lX#O]

_ o X ()
=P, (X, £0)"'P [ | — e 07 Xi@) —]
e “| %@
P .- p 1 — e 0 ' X ()
= (P, (X , _
(P, (X, £ 0) ™ 11, 6) [ - }
1
— -
t—00 ]+COQ
which completes the proof. |

Now we consider limit of #~' X, ( f) with general weight f e bp%"z-. The main idea is to
use the following decomposition for f: f(x) = (¢*, f)md(x) + f (x), x € E. The following
lemma says that f has no contribution to the limit, and then we can easily get that the
conditional limit of ' X,(f) as t — oo is the contribution of (¢*, f).t~' X,(¢), which is
known from Lemma 5.6.

Lemma 5.7 Suppose that Assumptions 1, 2" and 3 hold. If f € b%‘g satisfies (f,¢*) =0,
then we have, for any u € # ?

{7'X (P PLCIX, £ 0)) —— 0, in probability.

Proof 1f we can show that P,L[(t‘IX,(f))le, # 0] — 0, then the desired result follows
1—00
by the Chebyshev’s inequality

P, (17 X, ()] = el X, £0) < e 2P, [ (7' X, (F))’1X, £0].
By Proposition 4.2 we have that
P.[( X, ()| X, #0]
=17"Pu (X, #0) P, [ X, ()’ 1x, 2]

LS, )2 . L 11! -
=1"'P,(X, 750)*1(@ + <u,¢>IP>M[(¢ lf)@,); /0 A(E,) - (SHf)@s)dsD.
(5.33)
Letting ¢, y > 0 be the constants in (1.20), we know that
IS, f () = (9", f), ¢ )| = l / (q(t.x,y)— ¢<x>¢*<y>)f(y)m<dy>‘
E
</ aexy) 1‘ 6@ () F ) |mdy)
~ Jel ¢ ()*(v)
<ce o))" f f (6¢*) ()m(dy)
E
——>0, x€ckE. (5.34)

=00
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Therefore, by the dominated convergence theorem,
(a8 f) —— (" f),,(n. #) =0.

Hence,

Whi) o sek. (535)

t t—00

By (5.34) and Lemma 5.1, we know that

1 t ~ 1 .
; / A(ga) : (St—sf)(gs)ds = / A(gm) : (St—utf)(sm)du
0 0

27 1 -
ﬂ/o (A, d¢") (6", ) du=0.

—>00

Hence, by Lemma 4.1 and the bounded convergence theorem we have that

. N ~
‘(/’Lad’)Pu [(cff'f)(éz);/o A(&) - (Stfsf)('i:s)dsj|

=< /M(dx)¢(x)

. N ~
Py [(Wlf)(&);/o A&) - (Stfsf)(gs)ds]

2]%
— 0. (5.36)

—>0o0

~ . 1 ! ~
<l¢7'fll.- / M(dX)¢(X)Px[ " fo AE) - (Si—s (&) ds

Finally, using Theorem 1.10 and combining (5.33), (5.35) and (5.36), we have that
P (X (D)X #0] =0
as required. ]
Proof of Theorem 1.11 Define a function f by
F@)=f@) — (" f),#x). xeE. (5.37)
It is easy to see that f € b%"g and ( f , ®*)m = 0. It then follows from Lemma 5.6 that

law 1

{1 X (¢ £),8): PuCIX, £ 0} ——

t—o0 2

(0", 1), (0A, 99", e, (5-38)

and from Lemma 5.7 that

[ X, (F); PuCIX, #0)) %0 (5.39)
The desired result then follows from (5.37), (5.38), (5.39) and Slutsky’s theorem. O

Remark 5.8 In the symmetric case, i.e. when (S;) are self-adjoint operators, (5.37) is exactly
an L2-orthogonal decomposition.
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