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1 Introduction

1.1 Previous results

Suppose that {Z,,,n > 1} is a Galton-Watson process with offspring distribution {p,}, i.e., each particle
lives for one unit of time; at the time of its death, it gives birth to k particles with probability py for
k=0,1,...; and Z, is the total number of particles alive at time n. Let L be a random variable with
distribution {p, } and m := Y7 np, be the expected number of offspring per particle. Then Z, /m"
is a non-negative martingale. Let W be the limit of Z,,/m™ as n — co. Kesten and Stigum [16] proved
that, when 1 < m < co (i.e., in the supercritical case), W is non-degenerate (i.e., not almost surely zero)
if and only if

E[Llog" L] = annlogn < 0. (1.1)

n=1
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This result is usually called the Kesten-Stigum L log L criterion. In [1], Asmussen and Hering generalized
this result to the case of branching Markov processes under some conditions.

In 1995, Lyons et al. [24] developed a martingale change of measure method to give a new proof for the
Kesten-Stigum L log L criterion for (single type) branching processes. Later this approach was applied
to prove the Llog L criterion for multitype and general multitype branching processes in [3,18].

In [23], the martingale change of the measure method was used to prove an Llog L criterion for a class
of superdiffusions. In this paper, we will establish a pathwise spine decomposition for multitype superdif-
fusions with purely non-local branching mechanisms. Our non-local branching mechanisms are special in
the sense that the types of the offspring are different from their mother, but their spatial locations at birth
are the same as their mother’s spatial location immediately before her death. We will see below that, a
multitype superdiffusion with a purely non-local branching mechanism given by (1.4) below can also be
viewed as a superprocess having a switched diffusion as its spatial motion and 12)\(13, i;+) defined in (1.20)
as its (non-local) branching mechanism. Using a non-local Feynman-Kac transform, we prove that,
under a martingale change of measure, the spine runs as a copy of an h-transformed switched-diffusion,
which is a new switched diffusion. The non-local nature of the branching mechanism induces a different
kind of immigration—the switching-caused immigration. That is to say, whenever there is a switching
of types, new immigration happens and the newly immigrated particles choose their types according to
a distribution 7. The switching-caused immigration is a consequence of the non-local branching, and it
does not occur when the branching mechanism is purely local. Note that in this paper we do not consider
branching mechanism with a local term. It is interesting to consider superprocesses with a more general
non-local branching mechanism and with a local branching mechanism. For this case, one can see the
recent preprint [26], where the spine is a concatenation process.

Concurrently to our work, Kyprianou and Palau [21] considered super Markov chains with local and
non-local branching mechanisms. Note that if particles do not move in space, our model reduces to the
model considered in [21] with a purely non-local branching mechanism. Kyprianou and Palau [21] also
found that immigration happens when particle jumps (they call this immigration jump immigration),
which corresponds to our switching-caused immigration.

1.2 Model: Multitype superdiffusions

For integer K > 2, a K-type superdiffusion is defined as follows. Let S := {1,2,..., K} be the set of
types. For each k € S, L is a second order elliptic differential operator of divergence form

d

9 k 0 d
i,j=1 ¢
with A*(z) = (a¥

¥:(2))1<i j<a being a symmetric matrix-valued function on R? that is uniformly elliptic
and bounded:

d
Alo* < Z af,j(x)vivj < Aovf?* forall veR? and zeR?
ij=1

for some positive constants 0 < A; < Ay < oo, where afj (r) € C?>7(RY),1 < i,j < d for some 7 € (0,1).
Throughout this paper, fori = 1,2,..., C*7(R%) stands for the space of i times continuously differentiable
functions with all their ith order derivatives belonging to C7(R?), the space of y-Hélder continuous
functions on R<.

Suppose that for each i € S, &% := {¢i,t > 0; 1L, 2 € R?} is a diffusion process on R? with generator £;,
independent to each other. In this paper, we always assume that D is a domain of finite Lebesgue measure
in R?. For z € D, denote by &P := {¢"P ¢ > 0; I’ |2 € D} the subprocess of £ killed upon exiting D,
ie.,

wD 55 if t<7—£7
‘ 9, if t=715,
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where 75 = inf{t > 0;&} ¢ D} is the first exit time of D and 4 is a cemetery point.

Let M1 (S) denote the set of all probability measures on S, and Mg (D x S) denote the space of finite
measures on D x S. For any measurable set E, we use By(FE) (resp. B, (E)) to denote the family of
bounded (resp. bounded positive) B(E)-measurable functions on E. Any function f on D is automatically
extended to Dy := D U {9} by setting f(9) = 0. Similarly, any function f on D x S is automatically
extended to Dy x S by setting f(9,i) = 0,7 € S. If f(t, x,4) is a function on [0, +00) x D x S, we say f is
locally bounded if sup,¢ (o 715UP(, epxs |f(t,,9)| < 400 for every finite 7' > 0. For a function f(s,z,7)
defined on [0, +00) x D x S and a number ¢ > 0, we denote by f:(-) the function (z,7) — f(¢,x,i). For
convenience we use the following convention throughout this paper: For any probability measure P, we
also use P to denote the expectation with respect to P. When there is only one probability measure
involved, we sometimes also use E to denote the expectation with respect to that measure.

We consider a multitype superdiffusion {x;,t > 0} on D, which is a strong Markov process taking
values in Mp(D x S). We can represent x; by (xi,...,xX) with x{ € Mp(D) for 1 < i < K. For
f € B (D x S), we often use the convention

f((E) = (f(l',l),,f(l’,K)) = (fl(x)a'“afK(w))v SL'€D,

and (f, x¢) = Zf:1<fj, x1) . Suppose that F(z,i; du) is a kernel from D x S to (0, 00) such that, for each
i € S, the function

m(x, 1) := /OOO uF(x,i; du)

is bounded on D. Let n be a bounded Borel function on D x S such that n(z,i) > m(z,i) for every

(x,i) € D x S, and p;i)(l‘), i,j € S, be non-negative Borel functions on D with Z;il p;l)(x) = 1. Define

K
m(w,i) = D5y (23, (),
j=1

where §(, ;) denotes the unit mass at (z,7). Then 7(z,i;-) is a Markov kernel on D x S. For any
f € B (D x S), we write 7(z,i; f) = Zjil pgl)(x)fj(x) Define

Clayi; f) = n(x,i)m(x,i; f) + /Ooo(l —emum@if) _ ur(z, 5 f))F(x,i; du).

Note that we can rewrite ((x,i; f) as

C(ais f) = A iym(e, i f) + /0 T (1 e @) P i du),

where
n(x,i) == n(x,i) —m(z,i) > 0. (1.3)

C(z, k; f) serves as the non-local branching mechanism, which is a special form of [8, (3.17)] with d
(corresponding to n in the present paper) and n (corresponding to F in the present paper) independent
of m, and G(z, i; dm) being the unit mass at some 7 (x, ;) € M7(S), i.e., the non-locally displaced offspring
born at (x,i) € D x S choose their types independently according to the (non-random) distribution
m(z,i;-). Suppose b(z,i) € B (D x S). Put

¢(xai§f):b(xai)(fi(m)_g(mvi§f))v (Qi,i)GDXS, fEBlj(DXS) (14)

Without loss of generality, we suppose that pl(-i)(x) = 0 for all (z,4) € D x S, which means that ¢ is a
purely non-local branching mechanism. The Laplace-functional of x is given by

P, exp(—f7 Xt> = exp(—u{(-), :u>7 (1'5)
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where u{ (z,1) is the unique locally bounded positive solution to the evolution equation

t
u{(x,i)+ﬂi[/ w(ee? uf_)ds| = L fi(&7), for >0, (1.6)
0
where we use the convention that wf(z) = (uf/(x,1),...,uf (z,K)). This process is called an

((Ly,...LK),¥)-multitype superdiffusion in D. It is well known (see, e.g., [14]) that for any non-negative
bounded function f on D x S, the uf (z,7) in (1.6) is a locally bounded positive solution to the following
system of partial differential equations: for each i € S,

Pt i ,
W :ﬁz(t,x,z)—@b(x,z,u{), (tyx) S (0,00) ><l)7
u! (0,2,1) = fi(x), zeD, (1.7)
ul (t,x,i) =0, (t,z) € (0,00) x OD.

Multitype superdiffusions can be obtained as a scaling limit of a sequence of multitype branching
diffusions (see [8] for details). The multitype superdiffusion x considered in this paper are the scaling
limits of multitype branching diffusions whose types can change only at branching times.

Define

ra(x) = n(x,i)pl(i)(ac), xeD, iles. (1.8)

Let v(t,x,i) = Ps, , (f, x¢). Using (1.5) and (1.6), we see that for all (¢,,i) € (0,00) x D x S,

t K
o) =LA + T [ 06 (Yo ral€ o (@20 v a(€,0) )as. (19)
=1

Then v(t, z,4) is the unique locally bounded solution to the following linear system (see, e.g., [14]): for
eachi € S,

. K
t
W = Liv(t,x,1) + b(x, 1) Z(m(x) —dy)v(t,x,l), (t,x) € (0,00) x D,
1=1 (1.10)
v(0,%,4) = fi(x), z €D,
v(t,x,1) =0, (t,z) € (0,00) x OD.
Letting v(¢,z) = (v(t,z,1),...,v(t,z, K))T, we can rewrite the partial differential equations in (1.10) as
%v(t,x) = Lo(t,x) + B(z) - (R(z) — DNv(t, ), (1.11)
where
£; 0 - 0
0 Lo O
L= ,
0 0 - Lg
b(z,1) 0
0 b(x,2
B(z) = ( : )
0 0 b(z, K)
and
rii(z) ra(z) - ra(x)
Rz = ro1(x) raa(x) -+ Toq(x)

rr1(z) Tr2(z) - rrK(T)
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In this paper we assume that B(z) - R(z) is symmetric, i.e.,
b(x,i)n(z,i)py) (x) = b(x,j)n(x,j)pgj)(x), forall 4,5€S5, xz€D. (1.12)

We remark that we assume the symmetry of B(z)- R(z) and the symmetry of the operators Ly, (i.e., Ly, is
given by the divergence form (1.2)) for simplicity. If the £;’s are of non-divergence form and B(z) - R(x)
is not symmetric, we can use the intrinsic ultracontractivity introduced in [17].
Note that
R(z) — 1 =R(z) — N(z) + (N(z) — I), (1.13)

where

Then by (1.8) and (1.13),
B(x)- (R(x) - I) = B(x) - (P(x) = I) + B(z)(N(z) - ), (1.14)

where
B(z) = diag(b(z, Dn(z,1),...,b(z, K)n(z, K))

and
P(z) = (pij(2))ijes, pij(z) =p\ (@).

Put Q(z) = (gij(x))i jes = B(z) - (P(z) — I). We assume that the matrix @ is irreducible on D in the
sense that for any two distinct k,l € S, there exist ko, k1, ...,k € S with k; # ki1, ko = k, k, = [ such
that {x € D : qx,x,,, () > 0} has positive Lebesgue measure for each 0 <4 <r —1. Let {(X;,Y;),t > 0}
be a switched diffusion with generator A := £ + Q(z) killed upon exiting from D x S, and II, ;) be its
law starting from (z,7). {(Xy,Y:),t > 0} is a symmetric Markov process on D x S with respect to dz x di,
the product of the Lebesgue measure on D and the counting measure on S.

Define . .
G, is f) = n,i)m(w,i ) = n(e,i) Yo (@) flw) = > ra(e) filz) (1.15)
i=1 1=1
and -
Colzyis f) = / (1-— e um(@if) _ um(z,i; f))F(x,4; du). (1.16)
0
Then
Letting

Uf(t,x):(Uf(t,x,]_)7,,,,uf(t,1'7K))T and CQ(xaf):(€2(x,1;f)a"'7C2(x7K;f))Ta
in view of (1.4) we can rewrite the partial differential equation in (1.7) as

%uf(t,x) = Luf (t,2) + B(z) - (R(z) — ) u? (t,z) + B(z) - Gz, ul), (1.18)

which, by (1.13), is equivalent to
%uf(u z) = Luf (t,2) + B(z) - (P(z) — Duf (¢, 2)

+ B(z) - [(N(2) — Dl (t,2) + G (w,ul)). (1.19)
For f € B (R? x S), define

~

V(35 f) == =blz,i)n(z, i) fi(x) + bz, 1) (fi(z) = C(x, 5 f)). (1.20)
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Then applying the strong Markov property of the switched diffusion process (X,Y) at its first switching
time and using the approach from [5] (see in particular [5, p.296, Proposition 2.2 and Theorem 2.5])
and [14], one can verify using (1.19) that u/ (z,4) satisfies

t
0

This means that {x:,t > 0} can be viewed as a superprocess with the switched diffusion (X3,Y}) as its
spatial motion on the space D x S and ¢(z,14;-) as its (non-local) branching mechanism. See [10,11] for
a definition of superprocesses with general non-local branching mechanisms.

2 Main result

It follows from [5, Theorem 5.3] that the switched diffusion {(X¢,Y;),t > 0} in D has a transition density
p(t, (z, k), (y,1)), which is positive for all z,y € D and k,l € S. Furthermore, for any k,l € S and ¢t > 0,
(x,y) = p(t, (z,k), (y,1)) is continuous. Let {P; : t > 0} be the transition semigroup of {(X4, Y:),t > 0}.
For any ¢ > 0, P, is a compact self-adjoint operator. Let {e”** : k = 1,2,...} be all the eigenvalues
of P, arranged in decreasing order, each repeated according to its multiplicity. Then limy_, o, vy = —00
and the corresponding eigenfunctions {¢y} can be chosen so that they form an orthonormal basis of
L?(D x S,dx x di). All the eigenfunctions ¢y, are continuous. The eigenspace corresponding to e”'? is of
dimension 1 and ¢; can be chosen to be strictly positive.
Let {P{LH_B'(N_I),IS > 0} be the Feynman-Kac semigroup defined by

PtAJrB.(N*I)f(m’i) =g {f(XuY}) exp (/Ot b(Xs, Ys)(n(Xs, Ys) — 1)d8>:|.

Then, by (1.13), P{4+B'(N7[)f(x,i) is the unique solution to (1.10) and thus
A+B-(N—I .
Paco (fxe) = BP0 p i), (2.1)

Under the assumptions above, PtA+B (N-I)

uous in (z,y) € D x D, such that

admits a density p(t, (z,4), (y,7)), which is jointly contin-

PATBOND p( ) = 3 / B, (@), (v ) £ (9, )y,

jes’D

for every f € B (D x S). {PtAJrB‘(D*I),t > 0} can be extended to a strongly continuous semigroup on
L?(D x S,dz x di). The semigroup {PtA+B'(N7[)7t > 0} is symmetric in L?(D x S,dx x di), i.e.,

Z/ f(z, i)PtA+B'(N7[)g(Jc, i)dx = Z/ g(x, i)P{LHB'(N*I)f(as7 i)dx

ies /D ies /D

for f,g € L>(D x S, dx x di). For any t > 0, PtA+B'(N_I) is a compact self-adjoint operator. The generator
of the semigroup {P{AJFB‘(N_I)} isA+B- (N-I)=L+B-(R—-1I).

Let {eM! : k = 1,2,...} be all the eigenvalues of P{LHB'(NJ) arranged in decreasing order, each
repeated according to its multiplicity. Then limg_, o Ay = —o0 and the corresponding eigenfunctions { ¢y }
can be chosen so that they form an orthonormal basis of L?(D x S, dz x di). All the eigenfunctions ¢y, are
continuous. The eigenspace corresponding to e*'* is of dimension 1 and ¢; can be chosen to be strictly
positive. For simplicity, in the remainder of this paper, we will denote ¢; as ¢.

Throughout this paper we assume that {x,¢ > 0} is supercritical and ¢ is bounded on D x S, i.e., we
assume the following assumption.

Assumption 2.1. X\; > 0 and its corresponding positive eigenfunction ¢ is bounded.
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Define 4
?(x) = T? T r¢» x) =ri@ d)(x,j) =n(z,? pig-z)(x)d)(x,j)
R (@) i= (rf (@), (o) i= rig(a)’ g = o) =2 (2.2)
and
K .
m(O)(w,1) = 7,15 8) = o (@)6(, 1), (w,) €D x 8. (2.3)

Let {&;t > 0} be the minimal augmented filtration generated by the switched diffusion (X,Y") in D.
Define a measure H?x 0 by

ane .
(1) _ 7>\1tM < b(X. V. 2.V — 1\ > o
dH(x’Z) € € (b(x’l) p /0 ( Sy S)(n( CRl s) ) S |. ( )

Then {(X,Y), H?x i)} is a conservative Markov process which is symmetric with respect to the measure

¢?(x,i)dx x di. The process {(X,Y), 117, i)} has a transition density p®(¢, (z,4), (y, 7)) with respect to
dy x dj given by

e M1o(y, )
o(x,1)

Let {Pfs : t > 0} be the transition semigroup of (X,Y) under H?Z i Then ¢? is the unique invariant
probability density of {Pf5 :t >0}, ie., for any f € B (D x 9),

K . K
2 . N st iV
;/D¢> (z,1) P f(x,z)dx;/Df( i)é(x,i)2d

Since the infinitesimal generator of {(X,Y"), I, ;) } is £+ B(z) - (P(x) — I) with zero Dirichlet boundary
condition on D x S, it follows from [25, Theorem 4.2] that the generator of {(X,Y), H((bw i)} is

po(t (2,4), (y,5) = p(t, (2,1),(y,9)),  (x,7) € D xS,

[L(ud) + B(z) - (P(x) — I)(ug) — u(L($) + B(z) - (P(z) — )¢)]
[£(ug) + B(z) - (P(z) — I)(ud) + B(z) - (N(z) — I)(ug) — Mug]

[£(ug) + B(z) - (R(x) — I)(ug)] — hu
= L%+ B(z) - (R®(z) — Du — \u,

where in the first equality above we used the fact that ¢ is an eigenfunction of PtA+B'(N_I) and (1.14).
Define 0
b(z,9) ¢ p; (x)p(x, j)

pij(x) = Wﬁj(@ = T r@ig) i,jes, xe€D

and _
P(z) = (pij(v))ijes-
Note that
Bx) - (R — 1) = A = diag(b”;(@ @ P K)) (P(x) - 1)
+ B(x) {diag<””q§¢’) (z,1),..., "”;‘ZS) (a:,K)) - I] W
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Thus the generator of {(X,Y), H‘(Z i) s

Lo+ diag(bn:;(qb) (2,1),..., bm;(‘b) (z, K)) (P(z) - I), (2.5)
which is the generator of a new switched diffusion. Here,
£yt o
0 £5“P ... o0
- 2
0 0 .-Lpef
with 1
¢(')k7) o—
L2 @) = S L4 o).

For any measure 1 on D x S such that (¢, u) < oo, define

1

By (2.5), the jumping intensity of (X,Y’) under qu is bm;(‘b) (x,4) at (z,i) € D x S.

Throughout this paper, we assume the following assumption.

Assumption 2.2.  The semigroup {P; : t > 0} is intrinsically ultracontractive, i.e., for any t > 0,
there exists ¢y > 0 such that

p(t, (z, k), (y,1) < ceop(z, k)d(y, 1), =z,ye D, kleS.
It follows from [7, Theorem 3.4] that the semigroup {P{LHB'(N_I)

contractive, i.e., for any ¢t > 0, there exists ¢; > 0 such that

p(t, (z, k), (y, 1) < eep(z, k)p(y, 1), z,ye€ D, k,leS.

: t > 0} is also intrinsically ultra-

As a consequence, one can easily show (see, for example, [2]) that for any tg > 0, there exists ¢ > 0 such
that for all £ > tg,

e MIp(t, (x, k), (y,1)) ’
o2 B e oy e D, kilES.
oz, k) (y. 1) Y

Hence for any 6 € (0,1), there exists to > 0 such that for all ¢ > ¢,

eiAltﬁ(tv (LE, k)? (y’ l))
¢>($a k)(b(y, l)

Thus for any f € By(D x S), t > tg and (z,i) € D x S,

—1‘<6, z,ye D, kles.

PP f(i) / f(y,j)aﬁ(y,j)zdydj‘ <5 / T, )0y, 1) 2dyd. (2.6)
DxS DxS
It follows from (2.6) that for any f € B;," (D x S) N LY (¢*(x,i) dx x di), t > to and (z,i) € D x S,
(1-4) / F(ys )6y, ) 2dydi < PP F(asi) < (14 6) / Py, §)b(y. 5 dydi. (2.7)
DxS DxS

Lemma 2.3. Define
Wi() := e (g, xu). (2.8)

Then {Wi(¢),t > 0} is a non-negative P,-martingale for each nonzero pp € Mp(D x S) and therefore
there ezists a limit W (¢) € [0,00) P, -a.s.
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Proof. By the Markov property of x and (2.1), and using the fact that ¢ is an eigenfunction corre-
sponding to A;, we get that for any nonzero u € Mp(D x 5),

1
P, [Wits(9)| Fi] = e P [em M (B, s
wWirs(9) | Fil N xel€” (e Xs)]
Lt/ —Ais pA+B-(N=I)
= e~ M (em 18 Py o, X
AT g
L e
= ——e Mo, xi) = Wi(9).
G @l =O)
This proves that {WW;(¢),t > 0} is a non-negative P,-martingale, so it has an almost sure limit W, (¢) €
[0,00) as t — oo. O

We define a new kernel F™(%)(z,4; dr) from D x S to (0,00) such that for any non-negative measurable
function f on (0, 00),

/oo Fr)VF™ ) (x,i;dr) = /OO f(r(z,i;¢)r)F(x,i;dr), (x,i) € D x S.
0 0

Define oo
Iz, i) = / rlogt (r)F™) (z, i; dr). (2.9)
0

The main result of this paper is the following theorem.

Theorem 2.4.  Suppose that {x;t > 0} is a multitype superdiffusion and that Assumptions 2.1 and 2.2
hold. Assume that p € Mp(D x S) is non-trivial. Then Woo(¢) is non-degenerate under P, if and only if

/ d(x,0)b(z,9)l(z,i)dr < oo for every i€ S, (2.10)
D

where | is defined in (2.9). Moreover, when (2.10) is satisfied, Wy(¢) converges to Woo(¢) in L' under P,,.

Since (2.10) does not depend on p, it is also equivalent to that W, (¢) is non-degenerate under P, for
every non-trivial measure y € Mp(D x 5).

The proof of this theorem is accomplished by combining the ideas from [24] with the “spine decompo-
sition” of [12,23]. The new feature here is that we consider a different type of branching mechanisms.
The new type of branching mechanisms considered here is non-local as opposed to the local branching
mechanisms in [12,23]. The non-local branching mechanisms we consider here result in a kind of non-local
immigration, as opposed to the local immigration in [23].

In the next section, we show that when D is a bounded C''! domain in R?, Assumption 2.2 holds.
In Section 4, we give our spine decomposition of the superdiffusion x under a martingale change of
measure with the help of Poisson point processes. In Section 5, we use this spine decomposition to prove
Theorem 2.4.

3 Intrinsic ultracontractivity

In this section, we show that when D is a bounded C*! domain in R?, Assumption 2.2 holds, i.e., the
semigroup {P; : t > 0} is intrinsically ultracontractive and the first eigenfunction is bounded.
Throughout this section, we assume that D is a bounded C''' domain in RY. Let po(t,z,y) be the
transition density of the killed Brownian motion in D. For each i € S, let p;(¢,z,y) be the transition
density of §ti’D, the process obtained by killing the diffusion with generator £; upon exiting from D.
It is known (see [6]) that there exist positive constants C;, i = 1,2,3,4, such that for all ¢ € (0, 1],
7=0,1,...,K and z,y € D,

pi(t,z,y) > 01(513/(;) A 1) <5[\’/(§’) A 1>td/zew, (3.1)
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p;(t,z,y) < 03(5?/(5) A 1) (55\’/%’) A 1>t—d/2e—c“ty'2. (3.2)

Using these we can see that there exists Cs > 0 such that for any t € (0,C,/Cs] and z,y € D,

p;(t,z,y) < Cspo(Cat/Cy,z,y). (3.3)

It follows from [5, Theorem 5.3] that for any =,y € D and k,l € S,

p(tv (:17, k)v (y’ l)) = 6klpk <t7 €T, y)

oo
+Z Z // / .../pk(tl,x,yl)qkll(yl)
=0 1<y, <K 0<t1 <to<--<tp <t J D D

li#kln#LLiF#lLip 1
X piy (ta = t1, 91, ¥2)Qyis (Y2) - qi,1(Yn)
X pi(t = tn, Yn, Y)dyn - - - dyrdty, - - - dty. (3.4)

Let M > 0 be such that
lg(z)| < M, x€ D, kileSs.

Then it follows from (3.3) and (3.4) that for t € (0,Cy4/C4], x,y € D and k,l € S,

p(tv (ZL‘, k)’ (yr l)) < C5p0(02t/04, €, y)

+Z(MKC5)W/.../ // po(Cat1/Cu,z,y1)
n=0 0<t1<to<--<tp<tJD D

X po(Ca(ta —t1)/Casy1,y2) -+ po(Ca(t—tn)/Cay yn, y)dyn - - - dyrdiy, - - - diy

— (MKCst)"
< Cspo(Cat/Caywy) + ) %m(@t/@, z,9).

n=0

Thus there exists tg € (0,C4/Cs) such that for t € (0,tg], 2,y € D and k,l € S,

p(t, (.CE, k)? (yv l)) < 06p0(02t/c47 €z, y) (35)

for some Cg > 0.
Now we prove a similar lower bound. It follows from (3.4) that for any t € (0,1], x,y € D and k € S,

p(t, (. k), (y, k) = pr(t, 2, y). (3.6)

Now suppose k # l. Let lo,l1,...,l, € S with l; # l;11, lo = k, l,, = | such that {x € D : ¢;,;,,,(x) > 0}
has positive Lebesgue measure for i =0, 1,...,n — 1. Then it follows from (3.4) that

D, (@, k), (4,1)) > / / / / Pt 2y )i, (41)
0<t1 <to <<t <t JD D

X pi, (ta = t1, y1, ¥2) @1, (Y2) - @11 (Yn)
X Pi(t =ty Yn, Y)dyn - - - dyrdty, - - - dty.

Thus it follows from (3.1) that there exists C7; > 0 such that for any ¢t € (0,1], ,y € D,

p(t, (z, k), (y,1)) 2 07(%\/(;) A 1). (3.7)

Combining (3.6) and (3.7) we get that for any t € (0,1], ,y € D and k,l € S,

Dt (2. k), (5.1)) > Ci <5f/(§) A 1) (3.8)
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for some Cg > 0.
It follows from (3.5) and (3.8) that there exist positive constants Cy < Cyg such that for all (z,k) €
D xS,

CgéD($) < ¢($,k) < Clo(SD(l').

Combining this with (3.5), and using the semigroup property, we immediately get the intrinsic ultarcon-
tractivity of {P; : ¢ > 0}. The boundedness of ¢ is an immediate consequence of the display above.

4 Spine decomposition

Let {F:;t > 0} be the minimal augmented filtration generated by {x:,¢ > 0}. We define a probability
measure P,, by
dp, | 1
P, |7~ (6.1)

Wi(¢). (4.1)

The purpose of this section is to give a spine decomposition of {x;,¢ > 0} under f’ﬂ. This decomposition
will play an important role in proving Theorem 2.4

The spine decomposition is roughly as follows: Under ﬁﬂ, {xt,t = 0} has the same law as the sum of
the following two independent measured-valued processes: the first process is a copy of x under P, and
the second process is, roughly speaking, obtained by taking an “immortal particle” that moves according
to the law of {(X,Y), Hi u} and spins off pieces of mass that continue to evolve according to the dynamics
of x.

Define

n(z,i;\) = / e “MuF(x,i;du), A>0, (x,9) € DxS. (4.2)
0

We first give a formula for the one-dimensional distribution of x under p 1

Theorem 4.1.  Suppose p € Mp(DxS) and g € B, (DxS). Let D be the set of jump times of (X,Y).
Then

P, (exp(—g,xt))

n(Xs,YGQW(XSvY€§U§—s)) ﬁ(Xs,Ys)
=P, (exp(—g, x:))11% [exp( log( + . (4.33)
/ ( t ) P SED%;S@ N(mes) n(meS)

where uf_ is the unique locally bounded positive solution of (1.6) with f replaced by g.
Proof. By (4.1),

— A1t

Pu(exp(—g, x1)) = W W (6 X0) exp(—g, x2)
e*’\lt 0
= Fg L n(exp(=g =00, x2)) lo=o
e Mt 9
_ <¢ >39 exp< g+ ¢ >|0:0

—>\1t a

- M>. (4.4)

9199 is the unique locally bounded positive solution of the

Note that exp(—u{, p) = P, exp(—g, xt), and uf
integral equation

t
u§+0¢(xvi) + H(w,i) |:/0 1/1(X57Y57Uff§¢)d5} = H(z,i)[(g + 0¢)(Xta Y%)]a t > 0.
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Taking derivative with respect to 6 on both sides of the above equation, and then letting 8 = 0, we have

that ve(x, ) := %ufwd’ lo=o satisfies

t
’Ut(‘r7i) - H(m,i) A b(X57 Ys)(n(styts) - 1)’Ut75(X5, sz)ds

t K
+ (s / b(Xo, Vo) (m(X,, Ya) — (X, Yo m(Xo, Yasul ) D03 (Xo)ve—s( X, 5)ds
0 =1

=140 [0(Xs, 1)) (4.5)

Let
J((@, k), d(y,1)) = 0(z — y)qui(x)L gy dydl,  (x,k) € D xS, (4.6)

where dl stands for the counting measure on S. Then (J((z,k),d(y,!)),t) is a Lévy system of (X,Y).
Define

n(x,i;m(x, i uf_g)  m(x,i)

F(t — 5, (2,), (9,7)) = log ( -

(@,9) (@, + 1) Lizj. (4.7)

Clearly, F' < 0. We would like to apply Lemma A.1 with £ = (X,Y), q(¢t — s, (z,1)) = b(z, ) (n(z,i) — 1),
J given by (4.6) and F given by (4.7). Since ¢;;(z), i,j € S, are bounded in D and D has finite Lebesgue

measure, we have sup(, ;epxs J (@, k), D x §) < co. By Remark A.2(iii), (A.1) and (A.2) are satisfied.
Thus we can apply Lemma A.1 to get

_ (X, Yoy m(Xs, Ysuf_y))  m(Xs,Ys)
=11, I — 1
ve(x, 1) (2,i) [exp { E og < n(Xa,Y2) W(Xo,Y,) +
seD j,0<s<t

+ /Ot b( X, Y)(n(X,, Ys) — 1)d5}¢(Xt7Yt)}
—esanty[on{ 52 e (PEEEIEER L TR .

Combining (4.4) and (4.8), we obtain

P, (exp(—g,xt)) = Pu(exp(—g, xt))

i {3 (S S

seD j,0<s<t

This completes the proof. O

Define 1
F(z,i;du) =

(n(,4)00 + L(0,00)u F'(,4; du)). (4.9)

n(x,1)
Then, by (1.3) and (4.2), ﬁ(:c, i;-) is a probability measure on [0, 00) for any (x,i) € D x S and
n(x,i;\)  n(z, i)

n(x,1) n(x,1)

:/ e " F(z,i;du) for every A > 0.
[0,00)

Thus we may rewrite (4.3) as

P.(exp(—g, xt))

:Pu(exp<—g,xt>)-ﬂﬁu{ 11 /Oooexp(—Uﬂ'(Xs,Ys;uf_s))ﬁ(Xs,Ys;du). (4.10)

s€Dy,0<s<t

From (4.10) we see that the superdiffusion {x;,t > 0; 13#} can be decomposed into two independent
parts. The first part is a copy of the original superdiffusion and the second part is an immigration process.
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To describe the second part precisely, we need to introduce another measure-valued process {¥,¢ > 0}.
Now we construct the measure-valued process {X;,t > 0} as follows:

(i) Suppose that (X,Y) = {(X;,Y;),t > 0} is defined on some probability space (,P,4), and (X,Y)
has the same law as ((X,Y); Hf; ) (X,Y) serves as the spine or the immortal particle, which visits every
part of D x S for large times since it is an ergodic process. Let D; be the set of jump points of ()/(\', }7)
D is countable.

(ii) Conditioned on s € D, a measure-valued process x° started at msd (I € S) is immigrated at

(Xs,0)
the space position )?s and the new immigrated particles choose their types independently according to
the (nonrandom) distribution 7(x,;-). We suppose {ms;s € D;} is also defined on (2, P, 4) such that,
given s € Dy and ()A(S, ffs), the distribution of my is f()?s, )A/S; dr).

(iii) Once the particles are in the system, they begin to move and branch according to the ((X,Y),
1Z(:1c7 i,+))-superprocess independently.

We use (i, t > s) to denote the measure-valued process generated by the mass immigrated at time s
and spatial position X,. Conditional on {()?t, }A/t),t > 0;ms,s € Dy}, {xi,t > s} for different s € D are
independent ((X,Y), J(x,i, -))-superprocesses. Set

=Y. x (4.11)
s€(0,t]ND sy
The Laplace functional of X; is described in the following proposition.
Proposition 4.2.  The Laplace functional of X under P, 4 is equal to

I

/ exp(—rm(Xs, Ys;uf_ S))ﬁ(XS,YS;dr)}.
€(0,t]ND [0,00)

Proof.  For any g € B (D x S), using (1.5), we have

PM,¢[exp<—<g,>a>>1:PW{PW[eXp(— > o)

o€ (0,t)ND;

exp( ()?sv?saug—s))}

(X 7)m)| |

P
s€(0, t]nDJ

~

p,¢{Pu,¢|: exp(_msw(—‘)’fsuyvsvutgfs))

|
g

(X 7]}

s€(0, t]ﬁD]

H

" exp(—mr(Xs,Ys,ufS))F(XS,YS;dr)}.

€0, ]mD, [0 o0)

This completes the proof. O

Without loss of generality, we suppose {x:, ¢t > 0;P, 4} is a multitype superdiffusion defined on
(Q,P, 4), having the same law as {x;,t > 0;P,} and independent of X = {Xxt,t > 0}. Proposition 4.2
says that we have the following decomposition of {x;,¢ > 0} under P,: for any t > 0,

(xt:Pu) = (x¢ + Xt» Pug) in distribution. (4.12)

Since {x:,t > O;f’u} is generated from the time-homogeneous Markov process {x:,t > 0;P,} via a
non-negative martingale multiplicative functional, {x;,t > 0;13#} is also a time-homogeneous Markov
process (see [27, Section 62]). From the construction of {X,t > 0; P, 4} we see that {X¢,t > 0;P, 4} is a
time-homogeneous Markov process. For a rigorous proof of {X¢,t > 0;P, 4} being a time-homogeneous
Markov process, we refer our readers to [13]. Although the paper [13] dealt with the representation of
the superprocess conditioned to stay alive forever, one can check that the arguments there work in our
case. Therefore, (4.12) implies the following theorem.

Theorem 4.3. It holds that
{xt,t = 0;P,} = {xs + X1, t = 0; Py} in law. (4.13)
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5 LloglL criterion

In this section, we give a proof of the main result of this paper, Theorem 2.4. First, we make some
preparations.

Proposition 5.1.  Let h(z,i) = mPg(m‘i)(Wm(gﬁ)). Then

(i) h is a non-negative invariant function for the process (X,Y); H?x i)).
(ii) Pither Woo is non-degenerate under P, for all nonzero p € Mp(D x S) or Ws is degenerate
under P, for all p € Mp(D x §).

Proof. (i) By the Markov property of x,

h(z,i) = ﬁPaw) nggo@—m(tﬂ)@ Xt+s>}
—A1t
_ hmw [th (slggo<e—xls¢7xs>)}
e—Alt
= o) e Px (Weo)]
oMt
= ot o {(h), x2)]
A1
- ;(ac ;) Py 0 (hg), e D.

By the definition of H((z’x ;> We get that h(z,i) = II? . [h(X;,Yy)]. So his an invariant function of the

(1)
process ((X,Y); H((bw i)). The non-negativity of h is obvious.

(ii) Since h is non-negative and invariant, if there exists (zg,7) € D x S such that h(zg,i) = 0, then
h=0on D x S. Since P,(Wx(¢)) = (ho, u), we then have P, (W (¢)) =0 for any p € Mp(D x S). If

h>0on D xS, then P,(Ws(¢)) > 0 for any nonzero u € Mp(D x S). O

Using Proposition 5.1 we see that, to prove Theorem 2.4, we only need to consider the case duy =
¢(x,1)dxdi, where di is the counting measure on S. So in the remaining part of this paper we always
suppose that du = ¢(z,1)dxzdi.

Recall from (2.3) and (2.9) that

and
l(m,i)z/ rlog+(r)F”(¢)(ac,i;dr):/ Tﬂ(x,i,(b)log+(r7r(ac,i,(/)))F(x,i;dr).
0 0

Lemma 5.2.  Let (my; t € Dy) be the Poisson point process constructed in Section 4, given the path
of (Xs,Ys),s = 0. Define

c0=0, o;=inf{s€ Dy;s> ai,17ms7r()?s7§73;¢) >1}, ni=ms, i=1,2,...
Q) IF oK, [ d(y, Dby, )iy, i)dy < oo, then

Z e mm (X, Ve 6) < o0, P¢-a.s. (5.1)
seDy

(i) If S20, [ é(y, D)b(y, 1)l(y, i)dy = oo, then

lim sup e_)‘lg"’nm(f(gi,f/gi; ¢) =00, P,4-a.s. (5.2)

i—00



Chen Z-Q et al. Sci China Math  August 2019 Vol. 62 No.8 1453

Proof Since ¢ is bounded from above, o; is strictly increasing with respect to i.

i) Suppose that i)b(y,1)l(y,i)dy < co. For any & > 0, we write the sum in (5.1) as
i= 1 D
Z ei)\lsmsﬂ(styrs; ¢ Z e Mm Xea Ye; d)) {msm(Xs,Ve100)<es}
se€Dy s€Dy
+ Z e*)\lsmsTr()A(s, }A/s; ¢)1{msﬂ()?s,f’s;¢)>9“}
seDy
—A1s v V.
= Z e msﬂ-(Xs’}/S’¢)1{ﬂ()?s,?s;¢)ms<e“}
seDy
- al
+ Ze T (X0 Vo O (n R, Fpriy>em)
=T+1I. (5.3)

Note that the jumping intensity of {(X,Y),P, 4} is bm;(d)) (z,i) at (z,i) € D x S. Thus

ZP/J,¢ T 0'17 017¢)>e€01)

P#,¢[Pu,¢(ni7r(Xm ) i}m ; ¢) > e

Mg

I
—

?

o(X,Y))]
=P 4 “¢(Zl{n >esvin(Xo, Yo, i0) 1} o(X, Y)ﬂ
=1

15, | [Comm@yoec( [T Ry Jas),

m(Xs,Ys3¢) " tes

Recall that under Hﬁu, (X,Y) starts at the invariant measure ¢?(x,i)dxdi. By the definition of F given
in (4.9), we get

o0

Z Puomim(Xe,, Yo, @) > e°7%)
i=1

=/ dsZ/ dy(bd) (y, j /<ym> Casﬂ(y,jw)rF(y,j;dr)
10g(r7r(6y,j;d>))
= (bo) )d o) Fy, j;d d
Z/ )y, ) y/ﬂ(ym)l(yﬂb)r (y.J 7’)/0 s
=1 (b)) (y, )y, j)d
;/D Y, )1y, 5)dy

By the assumption that Zle fD (b)) (y, 5)(y, j)dy < co and the Borel-Cantelli lemma, we get

Puos(im(Xo,, Yoi;0) > €% 1.0.) = 0 (5.4)
for all £ > 0, which implies that
IT < o0, P,g4-as. (5.5)

Meanwhile for € < Aq,

=1 Y V.
PM;¢I = PM;¢|: Z e smsﬂ-(Xsa Ys; ¢) {ms<essn(X,,Ya;)~1}
seDy

%) T(Xe,Ye;0) Test bnr ¢ -
:ng/o dte_’\lt/o ¢( )(Xt,Yt)w(Xt,Yt;qS)rF(Xt,Y;;dr)
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0o > b
<Hiu/ dte—()\l—e)t/ ?(Xt’y;)rF(XuY};dr),
0 0

where for the inequality above we used the fact that r < m(Xy,Y;, ¢) " Le®! implies that rr(Xy, Y, ¢) < e,
By the assumption that sup(, ;jepxs JoS rF(x,i,dr) < co, we have

K o0
Puol € 572 3 [ oonidnloni 1ot [ ra-i.dnidy

1
<
/\1—8

18] e < o0.

/ rF(y,i,dr)
0

oo

Thus
I <oo, P,g4-as. (5.6)

Combining (5.3), (5.5) and (5.6), we obtain (5.1).
(ii) Next, we assume Zfil S5 () (y,1)l(y,i)dy = co. To establish (5.2), it suffices to show that for
any L > 0,
lim sup e_AlgfniW()?gi,}Afgi;gb) > L, P,g4-as. (5.7)
71— 00

Put Lo := 1V (max(, ;)epxs ¢(z,4)). Then for L > Lo,

L inf N> 1.
(w,i)lngSgb(x’Z)

Note that for any T € (0, 00), conditional on o()A(, f/),
8{i: 0y € (0,T);m > L(Xy,, Vo, ¢) LMo}

is a Poisson random variable with parameter

T o0

| anoyo®T [ PR Tadr)
0 Lm(X¢,Ye;0) " lert

Since ()?,?; P,.¢) has the same law as (X, Y; H;%)’ we have
T e
b IR IR
P / ™) (%, 7)) / rF(X;, Visdr)
0 ¢ Lﬂ()?t,f’t@)_le’\lt

o0

T K
- / dt; /D dy (b (8)8) (. §) / rE(y, js dr) < oo.

m(y,j;p) ~tettt

Thus

T 0

b ~ o~ ~ o~

/ dt 7r("b)(xt,yt)/ rF(X,,Yidr) < 0o, Pgas.
0 ¢ Lr(Re, Vi)~ Lert

Consequently, we have
8{i: 0y € (0,T);m > L(Xy, Vi3 0)'eM%) < 00, P, g-ass. (5.8)

So, to prove (5.7), we need to prove

/ dtbﬂg(f) (‘)?h?t)/ rF(X,,Yi;dr) = oo, P, ¢-a.s.,
0 L

m(Xe Yisg)~lerrt

which is equivalent to

/ ™D (x, v) / rF(Xe,Yedr) = oo, 11 -as. (5:9)
0 ¢ Lr(Xe,Yesg) Lttt
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For this purpose we first prove that

A
(0 o

Applying Fubini’s theorem, we get

o

/ (y,J)m yy¢)¢yjdy/ dt/ rE(y,j;dr)
Lr(y3¢)lklt

(oo}
br(9) (Xt,Yt)/ rF(XhYt;dr)} = . (5.10)
¢ L(Xy,Yiid)—tertt

(Xt,Y;s)/ rF(Xt,Y};dr)}
Lm(X¢,Yy;0) ettt

K 00 ﬁ log( Tﬂ(yL,jw))
N o d dr) dt
;/D Y, J)m y]¢>)¢(yj)ll/h(y]¢)l F(y,j; r/
K 1 o
N ; M /D by, )m(y. 7: )6 (v, 7)dy /Lﬂ(w;@l(log[m(yd; ¢)] —log L)rF(y, j; dr)
K 1 o
Z 2.5 [, b 0)m(y. J; ,J)d 1 Ji @) F(y, jidr) — A
=) N /D (v, )7 (y, 3; 9)(y, J) y[/wwm—lr oglrm(y, j: &) F(y, j; dr)

<.
I
—

(b8) (v, J)dy/ rlogr F™®)(y, j; dr) — Z / (b6) (y, )7 (y, j; ¢y,

[l
M=
X~
S—

<.
Il
—

—1

for some constant A > 0, where in the inequality we used the facts that Lx(y,7;¢)~t > 1 for any

(y,5) € D x S and sup(, jyepxs [ rF(y, j;dr) < co. It is easy to see that

K
A _ A
§ 7/ bo)(y, 3)m(y, J: #)dy < — bl e < 0.

Since
K oo
Z/ (b0) (. j dy/ rlogr F™9)(y, j; dr) =
and
K L
Z/ (b¢>)(y7j)dy/ rlogr F™)(y, j;dr)
oo 1
K
<LloLY [ (00) ) Flu. i 6] 20))dy <
j=1"P
we get that

K o
’ 7() () 5o A} —
;/Jj(b¢)(y,3)dy/L rlogr F™® (y, j;dr) = oo

and therefore, (5.10) holds.
By (2.7), there exists a constant to > 0 such that for any ¢ >ty and any f € B;f (D x 9),

L @wi . )dydi < / PP (¢, (), (s 1)) f (5, §)dydi

2 DxS DxS

<2 > (y,5) f(y, j)dydi (5.11)
DxS
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holds for any (x,7) € D x S. For T > tg, we define

e — /0 ™9 (x, v,) / h rF(X,, Yy dr)

¢ Lr(Xy,Ye;0) " tert?

and
AT—Z/ dt/ (bb)(y, dy/ rE™9) (y, j; dr).
LeMt

Our goal is to prove (5.9), which is equivalent to

goo:/;o

Since {£,, = oo} is an invariant event, by the ergodic property of {(X,Y), Hﬁ“} it is enough to prove

b o0
m(¢) (Xt,Yt)/ rF(Xe,Yeidr) = 0o, IS, -a.s. (5.12)
Y Lr(X,,Ye36) -ttt

17, (§oc = 00) > 0. (5.13)

Note that
I3,&r Z/ dt/ (b9)(y,J dy/Le . rF™ Oy, jidr) > Ar (5.14)

and

hm H¢ Z/ dt/ (bd)(y, j dy/ rF™®) (y, j: dr)
Le? it

= Z/ (b6)(y 5) dy/ <A1 (logr —log L) —to)TF”(¢)(y jsdr)
Le*ito

5 [ @)ty = o<, (5.15)
j=1"P
where c¢ is a positive constant. By [9, Exercise 1.3.8],
( ¢ fT)2
I <£T > = L&) > (5.16)
P 2 ¢l 4H¢ (fT)
If we can prove that there is a constant ¢ > 0 such that for all T > ¢y,
e 2
ULy, £r)" g (5.17)

4H$ﬂ<§%>
then by (5.16) we would get
¢
H(;sp, <§T 2 ¢M€T> =z G,

and therefore
II goo>*H fT > 11 §T>*H ET >E>O
du = 2 foyns = )7 = foyns = :

Since limyp_,o0 Hf;M{T = oo (see (5.15)), the above inequality implies (5.13). Now we only need to
prove (5.17). For this purpose we first estimate H$#(§%):

T [e%)
b ()
¢ 2:H¢/dt/ X, V) rF(X;, Y. d
¢H§T op 0 Lr(Xe Yeid)—ledtt ¢ ( ty t)r ( ty Lt T)
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T ')
Lm(Xs,Ys;¢) " ters d)

b
o / it / "0) (X, Yo)rF (X, Yis dr)
L(X¢,Ye;0) ~Ler1t ¢

y / ds / 0) (% FyuF (X, Y du)
LTrX Yei0 *1 et ¢

b
_— / " / ™) (X, vi)r (X, Vs dr)
L‘IT(XmYu —lerit ¢

(t+to)A
Lm(Xs,Ys;¢)ters ¢

omr? / it / O) (X, VyyrF(X,. Ve dr)
L(X¢,Ye;0) " ter1t ¢

b
x / ds / m(9) (X,, Yo)uF (X,, Ys; du)
(t+to)AT Lm(Xs,Ys;0) " ter1s ¢

=111+ 1V,

where

T ')
II] = 2H$M/ dt/ br(¢) (X4, Yo )rF(X,, Ys; dr)
0 L (X,Ye;0)— 1 Art ¢

(t+to)AT 00 b
X / ds/ W((b) (XS7YS)UF(XS;Y9;du)
t Lr(X.,Yosp)—terrs @

and

T [e'e]
b
IV = 2H£#/ dt/ bn(9) (X, Y)r B (Xy, Yy dr)
0 Lr(Xy,Yi;0) ettt o}

T %)
y /( ds /L b"9) (. Y, uF (X, Y du)

t+to)ANT m(Xs,Ys;) " ter1s ¢

—22/ dt/ (b8)(y, j dy/ r(y, j; 9)F(y, j; dr)
Lr(y,j;¢)~ ettt

- z Mz z - wF(z. k: du
x /M)ATds/D P#(s — £, (.0 (=) 2, k) F o, ks du).

¢ Lm(z,k;p)—ler1s

By our assumption we have || [~ rF(+ dr)|s < co. Since Linf(, ;epxs ¢(x,7)"" > 1, we have
IIT < eI,

for some positive constant ¢; which does not depend on T'. Using (5.11) and the definition of n™(@) we
get that

T 0o
[ s [ 6=t e T s [ WF (i du)
(t+to)AT D qﬁ Lm(z,k;p)~ler1s
< 2/ ds/ (b¢)(z,k;)dz/ (2, k; @)uF (2, k; du)
(t+to)AT D Lo (z,k;¢p)—Le s

T )
<2 / ds / (bg)(z, k)dz / rF™®) (2 k; dr)
to LeXr1s

K
:22/ ds/ bo)(z, k) dz/ rF™9 (2, k; dr) = 2Ar.
=1Vt Le*s
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Then using (5.14), we have

IV < AA7TI) 6 < AT 1)

Combining the estimates above on I11 and IV, we get that there exists a co > 0 independent of T" such
that for T > to,

15, (67) <45, (6r))° + aI), (6r) < eo(T15, (7))

Then we have (5.17) with ¢ = 1/¢3, and the proof of the theorem is now completed. O

Definition 5.3. Suppose that (2, F,P) is a probability space, {F:,t > 0} is a filtration on (2, F)
and G is a sub-o-field of F. A real valued process Uy on (2, F,P) is called a P(-|G)-martingale (resp.
submartingale, supermartingale) with respect to {F;,t > 0} if (i) it is adapted to {F; V G,t > 0}; (ii) for
any t 2 0, E(JU;| | G) < oo and (iii) for any ¢ > s,

E(U | FsVG) = (resp. 2,<) Us, as.

We need the following result. For its proof, see [23, Lemma 3.3].

Lemma 5.4.  Suppose that (Q, F,P) is a probability space, {Fi,t > 0} is a filtration on (Q, F) and G
is a o-field of F. If Uy is a P(- | G)-submartingale with respect to {F,t > 0} satisfying

supE(|U:]|G) < o0 a.s., (5.18)
>0

then there exists a finite random variable Uy, such that Uy converges a.s. to Us.

We are now in the position to prove the main result of this paper.

Proof of Theorem 2.4. Recall that, by Proposition 5.1, to prove Theorem 2.4, we only need to consider
the case du = ¢(x,4)dxdi, where di is the counting measure on S.

We first prove that if Zfil Jp @(x,i)b(x,i)l(x,i)dr < co, then W, is non-degenerate under P,. Since
Wi(¢) is a non-negative martingale, to show it is a closed martingale, it suffices to prove P (W4 (¢)) =
P, (Wo(#)) = (¢, 11). Since W, '(¢) is a positive supermartingale under 13,“ Wi(¢) converges to some non-
negative random variable W (¢) € (0, oo] under f)u- By [9, Theorem 5.3.3], we only need to prove that

P, (Wa(4) < o0) = 1. (5.19)

By (4.12), (x¢,t > O;INDM) has the same law as (x: + X¢,t > 0;P, ), where {x;,t > 0;P, ) is a copy of
(Xtat 2 07 PM)? and )A(t - ZSG(O,t]ﬂD‘] X: Put

Mi(g) = > (i) e M (5.20)
s€(0,tNDy
Then
(We(d),t = 0;P,) = (Wi(¢) + My(¢),t > 0;P, ) in law, (5.21)

where {W;(#),t > 0} is a copy of the martingale defined in (2.8) and is independent of M;(¢). Let G be
the o-field generated by {Y;,m:,t > 0}. Then, conditional on G, (x§,t > s,P, ) has the same law as
(Xt—s,t =8, Py 5. ) and (xi,t > s,P,,4) are independent for s € D;. Then we have

v,

M) L DT W (9), (5.22)

s€(0,t]jND

where for each s € Dy, W7 (¢) is a copy of the martingale defined by (2.8) with p = ms0y. , and conditional
on G, {Wy(¢),t > 0} are independent for s € D;. To prove (5.19), by (5.21), it suffices to show that

Py Jim [Wi(6) + Mi(9)] < o0) = 1.
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Since (Wi(¢),t > 0) is a non-negative martingale under the probability P, 4, it converges P, 4 almost
surely to a finite random variable W, (¢) as t — co. So we only need to prove

PH@(tlg& My(¢) < oo) -1 (5.23)

Define Hy := GV o(X{;_,)i0 € [0,t] N Dm,s € [0,t]). Then (M(¢)) is a Py 4(-|G)-non-negative sub-
martingale with respect to (H;). By (5.22) and Lemma 5.2,

sup P#@(Mt(d)) ‘ g) = sup Z e_/\lsms¢(5€sv ?s)
20 20 sci0,nD,
< Z e*)‘lsmsrb()?s,?s) < oo, P,ge-as.
seDy

Then by Lemma 5.4, My(¢) converges P, 4-a.s. to M (¢) as t = 0o and P, (Moo (¢) < 00) = 1, which
establishes (5.23).

Now we prove the other direction. Assume that Zfil fD d(y,1)b(y,)l(y,i)dy = oco. We are go-
ing to prove that Wy (¢) = limy_,o Wi(¢) is degenerate with respect to P,. By [15, Proposition 2],
ﬁ is a supermartingale under P,, and thus 1/[M;(¢) + Wi(¢)] is a non-negative supermartingale
under P, 4. Recall that W;(¢) is a non-negative martingale under P, 4. Then the limits lim; o W:(¢)
and 1/1imy_, oo [M¢(¢p) + Wi ()] exist and finite P, g-a.s. Therefore lim;_, o M (¢) exists in [0, 00] P, 4-a.s.
Recall the definition of (1;,0;;4 = 1,2,...) in Lemma 5.2, and note that lim;_,,, 0; = co. By Lemma 5.2,

lim sup My(¢) > limsup M, (¢) > limsup e*)‘l‘”mgb()?a“f/m) =00, P, e-as.

t—o0 i—o0 00
So we have
tllglo M(¢) =00, P, 4-as.
By (5.21),
Pu(Wa(9) = 00) = 1.
It follows from [9, Theorem 5.3.3] that P, (W =0) = 1. O
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Appendix A Non-local Feynman-Kac transform

In this appendix, we establish a result on time-dependent non-local Feynman-Kac transform, which has
been used in the proof of Theorem 4.1.

Let E be a Lusin space and B(E) be the Borel o-field on E, and let m be a o-finite measure on B(E)
with supp[m| = E. Let {&,t > 0;II,} be an m-symmetric Borel standard process on E with the Lévy
system (J,t), where J(z,dy) is a kernel from (E, B(E)) to (EU{9},B(EU{9})).

Lemma A.1. Suppose that {&,t > 0;I1,} is an m-symmetric Borel standard process on E with Lévy
system (J,t). Assume that q is a locally bounded function on [0,00) x E and that F is a non-positive,
B([0,00) x E x E)-measurable function vanishing on the diagonal of E x E so that for any x € E,

Z F(t—s,&—,&)>—00 forevery t>0, Il;-a.s., (A1)
0<s<t
and .
sup I, {/ / (1 —eft=80) (¢, dy)ds| < oo for every t> 0. (A.2)
zeE 0 Ey

Foranyx € E,t>0 and f € B;'(E), define
h(t,z) i= I [efo 9t=s€)dst o o Fll=s. &€ £(g)). (A.3)

Then h is the unique locally bounded positive solution of the following integral equation:

t
h(t,z) =1, f(&) + 1, /0 q(t —s,&s)h(t — s,&s)ds
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+H4 /O ﬂE (==& v) — D)h(t — 5,y)J (&, dy)ds | (Ad)

Proof.  Note that under the locally boundedness assumption of ¢(¢, z) and (A.1), the function & of (A.3)
is well defined and positive, and there exists ¢ > 0 such that

h(t, z) < eI, [f(&)]-

Thus h(t,z) is bounded on [0,T] x E for any T > 0. The assumption (A.2) implies that the last term
of (A.4) is absolutely convergent and defines a bounded function on [0,T] x E for every T > 0. For s < ¢,
define .
A= [ at =&+ 3 Fle-r66),
s s<r<t

which is right continuous and has left limits as a function of s. Note that

er,t At Ao 1)
:/ —8,&)ds — Z (eA‘“ —eAS**‘)
0<s<t
:/ Q= 5,€)ds + 3 et (P €€ _ 1),
0<s<t

Hence we have
I [(et — 1) f(&)]
—1 | et - s ses] + 11| 3 etertoen s g
0

0<s<t
By the Markov property of £ and the fact that
t—s
As,t: </ Q(tfsfrafr)dr+ Z F(tfsira gr—agr))oesa
0 0<r<t—s

we have
t
h(t, x) = Hacf(ét) —+ Hx |:/ q(t — 57€S)Hfs (e 0 s q(tfsfr,fr)dTﬁLZ(Krgt—s F(t—s—r, Er7§r)f(§t_s)):|
0

+ H$|: Z (eF(t—s,gs,,gS) _ 1)1—[5‘[6 g q(t—s—r&r)dr+3 0 gy Ft—s—, gr_,gr)f(gt_s)]]

0<s<t

= 1L, f(&) + 11, / tq(t—s,és)h(t—s,»sadsmz[ D (Flmmtn ) —1)h(t—s,fs)]
0

0<s<t

t
— L f(&) +11, /O gt — 5, €t — 5, €,)ds
10, t Flt=s:&0) _ 1)\p(t — s,2)J (&, d d].
n [/[E< Vit — 5, 2)J (€0, dy)ds

Thus h(t, z) defined by (A.3) is a locally bounded positive solution of (A.4).
It follows from [22, Proposition 2.15] that (A.4) has a unique locally bounded positive solution. O

Remark A.2. (i) Lemma A.l can be easily extended to signed F (with the same argument) by
replacing (A.1) and (A.2) by

Z F7(t—s,&—,&)<oo forevery t>0, Il;-as., (A1)
0<s<t
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and

¢
sup 11, {/ / |1 — eF(ts’ES’y”(&s,dy)ds} < oo forevery t¢>0. (A.2)
zelE 0 JEs

(ii) If F' does not depend on ¢, the above result follows easily from the results of [4].
(iii) If sup,ep J(z, EU{0}) < oo, or if

t
sup I, [/ / |F(t—s,&, )| T (&, dy)ds] < oo forevery t>0, (A.5)
zckE 0 JEy

then (A.1) and (A.2) are satisfied.
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