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Williams decomposition for superprocesses
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Abstract

We decompose the genealogy of a general superprocess with spatially dependent
branching mechanism with respect to the last individual alive (Williams decomposi-
tion). This is a generalization of the main result of Delmas and Hénard [5] where
only superprocesses with spatially dependent quadratic branching mechanism were
considered. As an application of the Williams decomposition, we prove that, for some
superprocesses, the normalized total measure will converge to a point measure at its
extinction time. This partially generalizes a result of Tribe [27] in the sense that our
branching mechanism is more general.
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1 Introduction

Let X be a superprocess with a spatially dependent branching mechanism. We
assume that the extinction time H of X is finite. In this paper we study the genealogical
structure of X. More precisely, we give a spinal decomposition of X involving the
ancestral lineage of the last individual alive, conditioned on H = h with h > 0 being a
constant. This decomposition is called a Williams decomposition, in analogy with the
terminology of Delmas and Hénard [5]. For a superprocess with spatially independent
branching mechanism, the spatial motion is independent of the genealogical structure. As
a consequence, the law of the ancestral lineage of the last individual alive does not differ
from the original motion. Therefore, in this setting, the description of X conditioned
on H = h may be deduced from Abraham and Delmas [1] where no spatial motion
is taken into account. On the contrary, for a superprocess with spatially dependent
branching mechanism, the law of the ancestral lineage of the last individual alive
should depend on the spatial motion and the extinction time h. Delmas and Hénard [5]
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Williams decomposition for superprocesses

gave a Williams decomposition for superprocesses with a spatially dependent quadratic
branching mechanism given by

U(,2) = B(z)z + a(2)2?,

under some conditions (H2) and (H3) on S(z) and «(x). Conditions (H2) and (H3) in
[5] amount to saying that 1/« belongs to the domain of the infinitesimal generator £
of the spatial motion, and the function 3 — a£(1/a) is in the domain of £/® where
LY (u) := a(L(u/a) — ul(1/a)). In [5], the Williams decomposition was established for
superprocesses with spatially dependent quadratic branching mechanism by using two
transformations to change the branching mechanism ¥(x, z) to a spatially independent
one, say ¥, and then using the genealogy of superprocesses with branching mechanism
U, given by the Brownian snake. As mentioned in [5], the drawback of this approach is
that one has to restrict to quadratic branching mechanisms with bounded and smooth
parameters.

The goal of this paper is to establish a Williams decomposition for more general
superprocesses. Our superprocesses are more general in two aspects: first the spatial
motion can be a general Markov process and secondly the branching mechanism is
general and spatially dependent (see (2.1) below). We will give conditions that guarantee
our general superprocesses admit a Williams decomposition. The conditions are satisfied
by a lot of superprocesses. We obtain a Williams decomposition by direct construction.
For any fixed constant A > 0, we first describe the motion of a spine up to time h and
then construct three kinds of immigrations (continuous immigration, jump immigration
and immigration at time 0) along the spine. We prove that, conditioned on H = h, the
sum of the contributions of the three types of immigrations has the same distribution as
X before time h, see Theorem 3.5 below. Note that for quadratic branching mechanisms,
there is no jump immigration.

As an application of the Williams decomposition, we prove that, for some superpro-
cesses, the normalized total measure will converge to a point measure at its extinction
time, see Theorem 3.7 below. This partially generalizes a result of Tribe [27] in the sense
that our branching mechanism is more general.

2 Preliminary

2.1 Superprocesses and assumptions

In this subsection, we describe the superprocesses we are going to work with and
formulate our assumptions.

Suppose that F is a locally compact separable metric space. Let Ey := E U {0} be
the one-point compactification of . 0 will be interpreted as the cemetery point. Any
function f on F is automatically extended to Ey by setting f(9) = 0.

Let Dy be the set of all the cadlag functions from [0, c0) into Fy having 0 as a trap.
The filtration is defined by F;, = 7, where 7} is the natural canonical filtration, and
F =V,>o Ft. Consider the canonical process & on (Dg, {F:}+>0). We will assume that
¢ = {&,11,} is a Hunt process on E and ¢ := inf{t > 0 : & = 9} is the lifetime of £. We
will use {P; : t > 0} to denote the semigroup of £&. We will use By(E) (B, (E)) to denote
the set of (non-negative) bounded Borel functions on E. We will use Mg (FE) to denote
the family of finite measures on £ and Mz (FE)° to denote the family of non-zero finite
measures on FE.

Suppose that the branching mechanism is given by

U(z,2) = —afx)z + b(x)2? —|—/ (e =14 zy)n(z, dy), z€E, z>0, (2.1)
(0,400)
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where a € B,(E), b € B (E) and n is a kernel from E to (0, co) satisfying

sup / (y Ay*)n(z, dy) < oo. (2.2)
2€E J(0,4-00)

Then there exists a constant KX > 0 such that

la(z)| + b(z) + /( At dy) < K

The boundedness assumption on «, b and the kernel n above is not absolutely nec-
essary. For example, the boundedness of « can replaced by some kind of Kato class
condition on . However, under the Kato class condition, the argument will be more
complicated, see [2, 9] for example. One might be able to get around of the boundedness
assumption on b and (2.2) by changing the ds in (2.4) below by dA; with A being an
additive functional of ¢ satisfying certain conditions. However, this would require that
we rework most of the argument of this paper. Thus, in this paper, we will always assume
that the boundedness assumption above is in force.

We equip Mp(FE) with the topology of weak convergence. As usual, (f,u) =
J f(@)p(dx) and ||u]| := (1, ). Let D be the collection of the cadlag functions from [0, co)
to Mp(FE) having zero measure as a trap. Let X; be the coordinate process on D and
(G, (Gt)+>0) the minimal augmented o-fields on D generated by the coordinate process.
According to [19, Theorem 5.12], there exist probability measures {IP, : u € Mp(E)}
such that X = {D,G,G;, X;,P,} is a Hunt process satisfying that, for every f € B, (E)
and p € Mp(E),

—logP, (e*<f’Xt>) = (us(t,-), 1), (2.3)

where uf(t, ) is the unique non-negative solution to the equation

t
wp(t, ) +Hm/ W(Es, up(t — 5,6,)) ds = I, £ (&), 2.4)
0

where ¥(9,2) =0, z > 0. X = {X, :t > 0} is called a superprocess with spatial motion
& = {&, 11, } and branching mechanism ¥, or sometimes a (¥, {)-superprocess. In this
paper, the superprocess we deal with is always this Hunt realization. For the existence
of X, see also [4] and [6]. For any f € B,(F) and (¢,z) € (0,00) x E,

Py, (1. X0) = IL [eld =€ 2 £(g,)).
Since |a(z)|] < K, we have
IPs, (f, X)| < [[flloce™". (2.5)
Define v(t, ) := —logPs, (|| X¢|| = 0), and H := inf{¢t > 0 : || X|| = 0}. It is obvious
that v(0, z) = oo. By the Markov property of X, we have, for any h > 0,

e—v(he) — P (67<vh,s,x5>) ., se[o,h), (2.6)

where, for any ¢ > 0, v; denotes the function  — v(¢, x). In this paper, we will consider
the critical and subcritical case. More precisely, throughout this paper, we assume that
X satisfies the following uniform global extinction property.

(H1) Foranyt > 0,
supv(t,z) < oo and lim v(t,x) = 0. (2.7)

z2€E t—o00
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Remark 2.1. Note that Assumption (H1) is equivalent to

inf P, (| Xi| =0)>0 forallt>0 and Py, (H < oc)= lim Py, (| X =0) = 1.

(2.8)
We also assume that
(H2) Foranyx € Fandt > 0,
ov
t = ——(t 2.9
w(t,z) =~ (t.2) 2.9)
exists. Moreover, for any 0 < r < t,
sup sup w(s,x) < 0. (2.10)

r<s<tzeF

Note that, since ¢t — v(t, ) is decreasing, we have w(t,z) > 0. We also use w; to
denote the function =z — w(t, x).

Example 1. Assume that the spatial motion ¢ is conservative, that is P;(1) = 1, and the
branching mechanism is spatially independent, that is, there exist a > 0, b > 0 and a
measure n on (0, 00) with [;*(y A y?)n(dy) < oo such that

U(x,2) = U(2) := az + bz? —|—/ (e7¥* — 1+ yz) n(dy). (2.11)
0

We also assume that U satisfies the Grey condition (see [11]):

U(00) = 0o and /oo @(12) dz < 0.

Then {||X;[|,¢ > 0} is a continuous state branching process with branching mechanism
U(z). So v(t,z) = v(t) < oo does not depend on z, and lim;_, ., v(t) = 0 (see [11, 25]),
thus Assumption (H1) holds immediately. Moreover, for ¢t > 0, we have that

d ~

w(t) := —&v(t) = U(v(t)).

Thus Assumption (H2) is satisfied. See [14, Theorem 10.1] for more details.

Remark 2.2. Let \T/(z) be a spatially independent branching mechanism satisfying the
conditions in Example 1. Let X be a continuous state branching process with branching
mechanism ¥(z), and let ©(¢) be its extinction probability at time ¢.

If U(x, z) > U(z), then one could show that (see the proof of [23, Lemma 2.3])

supv(t,z) < o(t) -0, t— oo.
zek

Thus Assumption (H1) holds.

In Section 3 we will give our Williams decomposition under conditions (H1) and (H2),
see Theorem 3.5 below. Note that Delmas and Hénard [5] gave a Williams decomposition
under their conditions (H1), (H2) and (H3). Our condition (H1) is similar to (H1) in
[5]. Conditions (H2) and (H3) in [5] are not easy to check. The only examples given
in [5] are superdiffusions and multi-type Feller processes. It is easy to check that our
Assumptions (H1) and (H2) hold for multi-type Feller processes. In Section 5, we will
give more examples, including some class of superdiffusions, that satisfy Assumptions
(H1) and (H2). Our examples cover all examples considered in [5].
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2.2 Excursion law of {X;,t > 0}

We use WOJr to denote the collection of right continuous functions from (0, c0) to
Mrp(E) having zero measure as a trap. We use (A, A;) to denote the natural o-fields on
WJ generated by the coordinate process.

Let {Q¢(p,-) =P, (Xt €-):t >0, p € Mp(E)} be the transition semigroup of X.
Then by (2.3), we have

[ e UQud) = exp(-(Vif )} for € M(E) and ¢ >0,
Mp(E)

where V, f(x) := uy(t,z),z € E. This implies that Q; (¢ + po, ) = Qu(p1, ) * Q¢ (e, -) for
any pi, 2 € Mp(E), and hence Q;(u, -) is an infinitely divisible probability measure on
Mg (E). By the semigroup property of @, V; satisfies that

ViV =Vips foralls,t > 0.

Moreover, by the infinite divisibility of @);, each operator V; has the representation

Vif(z) = \e(z, f) +/ (1 - e_<f’”>) Li(z,dv) fort>0, fe B (E), (2.12)

MEp(E)°

where A\ (z,dy) is a bounded kernel on E and (1 Av(1))L¢(z, dv) is a bounded kernel from
E to Mp(E)°. Let QY be the restriction of Q; to Mp(E)". Let Ey :={z € E: \i(z,E) =
0 forall ¢t > 0}.

For A > 0, we use V;\ to denote V;f when the function f = A. It then follows from
(2.12) that for every x € F and t > 0,

Vidla) = Mla, B+ [

— _/\<1)V>
e (1 e )Lt(x,dl/).

The left hand side tends to —log P, (X; = 0) as A\ — +oo. Therefore, Assumption (H1)
implies that A\;(z, E) = 0 for all ¢ > 0 and hence = € E,, which says that £ = Fj.
For z € F, we get from (2.12) that

th(a,‘):/ (1-e9) Li(w.dv) fort>0, f e By (B).
Mp(E)°

It then follows from [19, Proposition 2.8 and Theorem A.40] that for every x € E, the
family of measures {L:(z,-) : t > 0} on Mp(E)° constitutes an entrance law for the
restricted semigroup {QY : ¢t > 0}. Then one can associate with {Ps, : z € E} a family
of o-finite measures {IN,, : € E} defined on (W', A) such that IN,({0}) = 0 (where
{0} = {w e W 1w, =0,Vt > 0}), and, for every 0 < t; < --- < t, < co, and nonzero
s s pin € Mp(E),

]Nm(wtl S d/lh e 7wtn S dlffn)
:Lt(‘r7 dﬂl)IPm (th—tl € dMQ) e ]Pﬂn—l (th_tnfl € d:u’n) (2.13)

Thus, we have that for f € B, (E) and ¢ >0,

/ (1—e_<f’w‘>)]NI(dw):/ (1 —e "N Li(x,dv) = —logPs, (e~ X)), (2.14)
Wit Mp(E)°

According to Theorem [19, Theorem 8.22], for N,-a.e. w € WOJr we have w; — 0

and |w¢|~t'w; — &, in Mr(E) as t — 0. This measure N, is called the Kuznetsov
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measure corresponding to the entrance law {L;(x,-) : t > 0} or the excursion law for the
superprocess X. For earlier work on excursion law of superprocesses, see [7, 12, 18].
It follows from (2.14) that for any ¢ > 0,

N ([Jwel| # 0) = —log s, ([|X¢[| = 0) € (0, 00). (2.15)

Therefore, for any r > 0, N, (||w,|| > 0) < co. We define a new probability measure
N = N, (-, [lwr || > 0)/No(wp|| > 0). By (2.13), ((ws)i>r, NS”) is a Markov process with
transition semigroup Q¢(u, dv). Thus {w(t),t > r; lNSZ)} has a Hunt realization. Thus, by
[19, Proposition A.71, {w(t),t > r; N’} has a modification {@,t > r} which is a cadlag
process on [r, c0). Since w; is right continuous, thus, w; = &¢,t > r, a.s., which yields that,
IN,-a.e., on (w(r) > 0), w(-) has left limits on (r, 00). Since r > 0 is arbitrary, N,-a.e. w()
has left limits on (0, c0). Therefore, for any « € E, the Kuznetsov measure IN, is actually
carried by cadlag paths w € Wgr . Recall that D is the collection of the cadlag functions
from [0, 00) to M p(E) having the zero measure as a trap. Thus we may regard IN,, as a
measure on (D, go), where G° is the natural o-field on D generated by the coordinate
process.

3 Main results

In this and the next section we will always assume that Assumptions (H1)-(H2) hold.
Recall that H := inf{t > 0: || X|| = 0}. Note that

Fy(t) =P, (H <t) =P,(|X:]| = 0) = e~ V1, (3.1)
By the continuity of v(¢, x) with respect to ¢t € (0,00), we get that for any ¢ > 0,
P,(H <t)= hﬁl]PN(H <t—e¢) = 11%1 e~ (Wime) = =) — P (H < 1), (3.2)

Taking derivatives with respect to h on both sides of (2.6) gives
w(h,z)e ") = Py ((wh,&XS)e_@“*“XS)) , s€][0,h).

Note that the left-hand side does not depend on s. This suggests that
{(wp_s, Xs)e~(n=sXs) s € [0, h]} is a martingale. In fact, for h > 0, define

(wh—y, X;)e~ On-rX0

MP =
R TS AP T

0<t<h. (3.3)

Then, under P, {M}',0 < t < h} is a nonnegative martingale with mean one (see
Lemma 4.2 below). Since the density of the distribution function Fp is given by
(w, ,u>e_<“"“>, this martingale change of measure would give the desired effect of condi-
tioning on H = h. The following theorem says that this is indeed the case.

Theorem 3.1. Suppose that Assumptions (H1)-(H2) hold. For any h > 0 and t < h,
151&11P,L(A|h <H<h+e) =P, (1aM), VAcG,.

We define, for each i > 0,
P,(:-|H=h) := hﬁ}IPu(‘m < H<h+e).
Then, by Theorem 3.1, {X;,t < h;P,(-[H = h)} has the same law as {X;,t < h; P},
where ]PZ is a new measure defined via the martingale M}:

dph
12 t
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Corollary 3.2. Suppose that Assumptions (H1)-(H2) hold. For any A € G,, we have
oo
P, (AN{H >t}) :/ P (A)Fy(dh).
¢

Proof. It follows from Fubini’s theorem that
/too P! (A)Fy(dh) = /too P, (1aM])Fy(dh)
— /OO P (La(wy_s, Xp)e On=0X) dp
t
=P, <1A /Oo<wh,_t,Xt>67<”h—"’Xt> dh>
t

= IPM (1,4 /oo<wh,Xt>€_<vh”X"> dh)
0
=P, (AN{X, #0}) =P, (AN {H > t}),

where in the fifth equality we use the fact that

/ (wp, X;)e~WnXe) dh = lim e (VmXe) — Jim e~ (vnXe) = 1x,+0)- O
0

h—o0 h—0

It can be proved that

w(t+s,2) =1l (exp { /Ot W (s 0(t+ 5 — 1, 6u)) dU} W(S,&)> ;

where U/, (z,z2) = % see (4.9) below. Thus, for any » > 0 and ¢ € [0, k), using the

equality above with ¢ and s replaced by h — ¢ and ¢ respectively, we get

w(h,z) =TI, <exp {— /Ot U (Eu,v(h —u,&4)) du} w(h — t,{ft)> .

Note that the left-hand side of the equality above does not depend on ¢ (in fact, w(t — s, z)
is harmonic with respect to the operator % + L — ¥ (x,v(h — s,2))). This suggests that
we can construct a martingale. For any h > 0 and ¢ € [0, h), we define

Y,h — w(h — t,&)e, g WL (guw(h—u,Eu)) du.
'LU(h,fo)

Then we have the following result whose proof will be given in Section 4.

Lemma 3.3. Suppose that Assumptions (H1)-(H2) hold. Under II,, {Yth,t < h} is a
nonnegative martingale satisfying I1,(Y,") = 1.

Remark 3.4. In Example 1, w(¢, z) and v(¢, ) do not depend on z, and for any h > 0 and
0 <t < h, Y,» = 1. For the particular branching mechanism ¥(z, 2) = 3(x)z + a(z)2?, it
was proved in [5] that a martingale change of measure via the martingale {Y,",¢ < h}
will lead to the motion of the last survivor. Our Williams decomposition (see Theorem 3.5
below) says that this is also true for general branching mechanism.

Now we state our main result: the Williams decomposition. We will construct a new
process {A} ¢t < h} which has the same law as {X;,t < h; P, (-|H = h)}.
Let 7, := \/,.;, Ft- Now we define a new probability measure 11" on (Dg, Fr_) by

dm’
| =Y}l telo,h).
xr t
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Under 117, (&t)o<t<n is a conservative Markov process. If v is a probability measure on

FE, we define
nig ::/ " v(dx).
E

Then, under Hﬁ, (&)o<t<h is a Markov process with initial measure v.
We put

H(w) :=inf{t >0: ||w]| =0}, weD.

Let & := {(&)o<i<n, 11"}, where v(dz) = % p(dr). Given the trajectory of ¢”,
we define three processes as follows:

Continuous immigration Suppose that V""" (ds, dw) is a Poisson random measure on
[0,h) x D with intensity measure 21y ) (5)1 g (w)<h—sb(&s)Ne, (dw)ds. Define, for
te[0,h),

XN / / wi_ NV (ds, dw). (3.4)
0,1]

Jump immigration Suppose that N> (ds, dw) is a Poisson random measure on [0, h) x D
with intensity measure 1o 5)(s)1gr(w)<n—s [ yn(&s, dy)Pys, (X € dw)ds. Define,
fort € [0,h),

2P / / wim NP (ds, dw). (3.5)
[0,¢

Immigration at time 0 Let {Xf ho<t< h} be a process distributed according to
the law P, (X € -|H < h).

We assume that the three processes X", X1."N and X2/F are independent given the
trajectory of £". Define

A= X4 X PN X PP (3.6)

We write the law of A” as Pflh).

Theorem 3.5. Suppose that Assumptions (H1)-(H2) hold. The process {A!,t < h}
under PLh) has the same finite dimensional distributions as {X;,t < H} under P,
conditioned on H = h.

If we define A} = 0, for any ¢ > h, then we have the following result.

Corollary 3.6. Assume that Assumptions (H1)-(H2) hold. {X;;P,,} has the same finite
dimensional distributions as

/OC P (A" € ) Fy(dh).
0

Proof. Let fy € B (E), k=1,2,--- ;nand 0 =ty < t; <ty < -+ < t,. We put t,,41 = 00
and define (¢, tn+1] := (tn, 00). We will show that

M:

P, exp{ <fj,Xt>} /(OOO)P’(ZL) exp{ ivaAh} Fy(dh).

1 j=1

J
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Since Al =0, for t > h, we get that

(R) - ALY
\/(0700) PH exp { Z f]v } FH(dh)

j=1
= - (h ’ P ldh
7;0 /(t7')t'r'+1] exp{ Z:: f] } H( )
7;)/(t,.,t,.+1] eXp{ = {fi> X1 } Fy(dh)

T

=S Pu [ exo{ = D5 Ko fite < H <ty
r=0

Jj=1

=P, exp{ Zf];Xt } )
j=1

where the second equality follows from Theorem 3.5, and the third equality follows from
Corollary 3.2. The proof is now complete. O

The decomposition (3.6) is called a Williams decomposition or spinal decomposition
of the supperprocess {X;,t < h} conditioned on H = h, and &" = {(&)o<t<n, 1"} is
called the spine of the decomposition. It gives us a tool to study the behavior of the
superprocesses X near extinction, see Theorem 3.7 below. To state Theorem 3.7, we
need the following assumption:

(H3) For any bounded open set B C F and any t > 0, the function
t
z — —logP;s, (/ X,(B°)ds = 0)
0
is finite for z € B and locally bounded.
Theorem 3.7. Suppose that (H1)-(H3) hold and that for any u € Mp(E),
the limit 1t1Tn}[ll &, exists H’V’-a.s., (3.7)

where v(dz) = %u(d@"). Define &,— := limyy, . Then there exists an E-valued

random variable Z such that

lim —— =4y, P,-as.,

tHH | X ]| g

where the limit above is in the sense of weak convergence. Moreover, conditioned on
{H = h}, Z has the same distribution as {&,_, 11"}, that is, for any f € C; (E),

o0
P,f(Z) = [ () Fa(dn) 3.8
0
Note that, if the martingale {Y;*,0 < ¢t < h} is uniformly integrable, then condition
(3.7) holds. In fact, under this uniform integrability condition, the almost sure limit
limyyp, Vi =: Y} exists, we also have I1,Y;" = 1 and
it v

dll, |7, o
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Since {limyq, & exists } € Fj_ and ¢ is a Hunt process under II,, we have that

Hm(Yhh,ltiTr}llgt exists ) v(dz) = / I, (V") v(dz) = 1.

I (1 ists ) =
V(tlTrgft exists ) / .

E

Assumption (H3) is a technical condition which is kind of strong. It would be
interesting to weaken this condition. If £ = R4, then (H3) is equivalent to the condition
that, for any bounded open set B ¢ R¢ and any ¢ > 0,

lPaw( |J supp(X,) C E) >0,
s€0,t]

where supp(u) denotes the support of the measure y € M f(IRd). If the spatial motion
is an a-stable-process, a € (0,2], with a spatially independent branching mechanism
cz%, where c is a positive constant, then it is known that, if « € (0,2), then for any ¢ > 0,
supp(X;) =0 or R¢ almost surely, see [22, Example II1.2.3]. Therefore, super-a-stable
processes with a € (0,2) do not satisfy Assumption (H3). But Tribe [27] proved that
Theorem 3.7 is true for super-a-stable processes with branching mechanism z2. This
also shows that Assumption (H3) is not really necessary. Super-Brownian motion in R4
(corresponding to o = 2) does satisfy condition (H3). See Example 2 below for more
general cases where Assumption (H3) holds.

Example 2. Assume that ¢ is a diffusion on R? with infinitesimal generator

0 0 0
L=Y aj(z)s—H— bi(2) 5,
> ()5 o > (@) 5,
which satisfies the following two conditions:

(A) (Uniform ellipticity) There exists a constant v > 0 such that
Zam(x)uiuj > ’yZu?, z € R
(B) a;; and b; are bounded Holder continuous functions.

Suppose that the branching mechanism ¥ (z, z) satisfies that, for some « € (1,2] and
>0, ¥(x,z) > cz for all v+ € RY.

Let {X,PP,} and {)Z', I?’“} be a (&, ¥)-superprocess and a (£, cz®)-superprocess respec-
tively. Then, for any open set B C R¢,

—logPs, (exp{—)\/ot X, (B°) ds}) = u(t, z),

where u(t, ) is the unique bounded positive solution on [0,#] x R? of

t

u(t,z) + I, /t U (&g, u(t —s,&))ds = )\ch/ Ipe(&5)ds.
0 0

—log Ps, (exp{/\/ot )?S(BC)ds}) = a(t, z),

where 4(t, z) is the unique bounded positive solution on [0,¢] x R? of

Similarly

t

at, @) + 10, /t T(E,,a(t — s,6,)) ds = AIl, / Ipe(€4) ds.
0 0
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Observe that @ is also the unique bounded solution of

t

t t
ﬂ(tax)‘i’nr\/o Q(fg,ﬂ(t*S,fg))dS:AHxA IBL(gs)d5+Hr/0 g(t75,§s)d5,

where

g(s,x) :=V(z,u(s,x)) — U(z,u(s,x)), se0,t],z¢€ RY,
is a bounded positive Borel function on [0, ¢] x Re. By [19, Theorem 5.16],

i(t,z) = —log Py, (exp {— / COXL(B) + (9100 X)) d}) |

where gs(z) = g(s,z),z € E. Therefore, u(t,z) < 4(t,z), which is equivalent to

—log Ps, <exp{—)\/0t X,(B°) ds}) < —log P, (exp{—)\/ot )?S(BC)ds}).

Let R be the range of X, the minimal closed subset of R¢ which supports all the measures
X, t > 0. Then

t
—logPs. <exp {)\/ X (B%) ds}) < —logPs, (R C B),
0

hence we have

t
—logPs_ <exp {)\/ Xs(B%) ds}) < —logPs, (R C B).
0

Thus, by the monotone convergence theorem, we have that

t t
—logIP(;z(/ X,(B°)ds = 0) = lim —logP;, <exp{—/\/ X,(B°) ds})
0 0 0
< —logP;, (R C B).

By [6, Theorem 8.1], z — —log f’am (R C B) is finite and continuous in z € B. Therefore
the superprocess X satisfies Assumption (H3).

Remark 3.8. Now we consider the superprocess in Example 1. We assume that ¢ is a
diffusion in R¢ satisfying the conditions in Example 2, and the branching mechanism V¥(z)
satisfies that, for some « € (1,2] and ¢ > 0, ¥(z) > cz®. Thus Assumption (H3) holds.
Since Y;h =1 and HZ = II,., condition (3.7) holds automatically. Therefore, Theorem 3.7
holds and Z has the same law as £y, where &, ~ v(dz) = u(dz)/||u||. Moreover, £ and H
are independent.

Compared with [27], the example above assumes that the spatial motion £ is a
diffusion, while in [27], the spatial motion is a Feller process. However, in [27], the
branching mechanism is binary (¥(z) = 2?), while in the example above, the branching
mechanisms is more general. Thus Theorem 3.7 is a partial generalization of the results
in [27] and it does not cover the results in [27]. Our result is more general in the sense
that we consider more general branching mechanism, while the spatial motion in [27] is
more general than ours.

Recently, there are lots of work on spine decomposition (see [8, 15, 20, 24] for
instance) and backbone decomposition (also called skeleton decomposition) (see [8,
16] for instance) for superprocesses with spatially dependent branching mechanism.
Intuitively, on the survival set, the superprocess is decomposed into a ‘thinner’ process
which almost surely survives and which is decorated with immigrations. For the spine
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decomposition, the ‘thinner’ process is a Markov process of one particle (the spatial
motion of the spine), and for the backbone decomposition the ‘thinner’ process is a
branching Markov process. The Williams decomposition gives a spinal decomposition
of X conditioned on H = h with & > 0 being a constant, where the ‘thinner’ process
is the spatial motion process of the last individual alive. These decompositions are
important tools for studying limit behaviors of superprocesses. The above Theorem 3.7
is one application of the Williams decomposition. It would be interesting to explore other
applications.

4 Proofs of main results

We will use PP, 5, to denote the law of X starting from the unit mass ¢, at time r > 0.
Similarly, we will use II, , to denote the law of £ starting from z at time r > 0. First, we
give a useful lemma.

Lemma 4.1. Suppose that f € B} (E) and g; € B} (E), i = 1,2,--- ,n. Forany 0 < t; <
to <---<t,and0 <r <t,, we have

Py | (/) th>exp{ - > <gj,th)}
ity >

tn
= / I, , (exp{— / \D;(fu,uq(u,fu»du} f(gtn) pu(dz)e= Uslrm, (4.1)
E r

where

Ug(r,z) := —log P, s, (exp{ — Z (gj,th>}).

jitj>r

In particular, for any f € B, (E) and g € B (E), we have
t

Ps, ((f, Xt)e_@’X‘)) =11, (exp {—/ U (Eu,y ug(t — u,gu))du} f(ft)> e ue(b?) - (4.2)
0
Proof. By [19, Proposition 5.14], we have that, for0 <r <t,,
- IOgIPr,;L €xXp { - Z <gj7th> - 9<f7 th>} = <F9(r7 ')7/1'>a
jitj=>r

where Fy(r, x) is the unique bounded positive solution on [0,¢,] X E of

Fofrea) + s [ W6 o) du= 30 Moagy(6) + 0L f6,). 43

jitj>r
Let Fj(r,x) := %Fg(r, x). Then,
P, | (f, th>exp{ - Z <gj,th>} S %6*<F9(r,-),l‘«>|9:0+
jit;>r
—(Fy(r, ), e Colr)on),

Differentiating both sides of (4.3) with respect to # and then letting & — 0, we get that
tn
Fy(ra) + T [ W0, U6 B, ) du = 112 £ (6.
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Then, by [6, Lemma 1.5] with 7 = t,,, we get that
Fj(r,) =y [em 117 Velentatuendu g, ],
Therefore (4.1) holds. O

Recall that v(t,z) = —logPs, (|| X¢|| = 0) and w(t,z) := —2¢(¢t,z) > 0. Recall the
definition of M in (3.3).

Lemma 4.2. Suppose that Assumptions (H1)-(H2) hold. Under P, {M}'t < h}isa
nonnegative martingale with P,,(M}') = 1.

Proof. Forany h > 0 and 0 < ¢ < h, by Assumption (H2) and the dominated convergence
theorem, we get that

—Vh—t 9 —(Vp—t
]PN |:<wh—t7Xt>e (vh—t,Xt) — %Pﬂe (Vp—t,X¢)
- %fww = (wp, phe o, (4.4)

where in the second equality, we used the Markov property of X. Thus, it follows that
P, (M) = 1.
By the Markov property of X, we obtain that, for s <t < h,

P, [<wh7t, Xt>e_(7}h7t,X,,)

gs] =Py, {(whft,Xt78>e—(v;L7t,X,75>}
= <wh—S7XS>€7<vh’—57XS>,

which implies that, under P, {Mth,t < h} is a nonnegative martingale. The proof is
complete. O

Proof of Theorem 3.1: For any A € G,;, by the Markov property of X,

(AN{h < H< h+e€})
P,(h<H<h+e)

_ P,(14Px,(h—t<H<h—t+¢))
- €7<’Uh+€:y’> — @‘(Uh”@

P (Alh < H < h+e) = 2o

IP;J,(lA (e—<’U}L—t+57Xt> _ e—<’Uh—t7Xt>))

e~ (Vhtesp) — e~ (Vh,1)

By Assumption (H2), we get that

i & (e—<uh+e,u> _ e—mm) ) (4.5)
el0 €
and
Jim © (e*<”h—t+~xt> - e*<”h-f*Xt>) = (Wp—y, Xy)e~ nr o), (4.6)
el0 €
Note that, for0 < e < 1,
L X0) o~ (on_0,X) 1
7(6 h—t+e,At) _ o h—tsXt ) S 7(1 _ eXp{_<’Uh7t _ Uh7t+e;Xt>})
€ €
= Uh—tres X
<P mvene X o (s, 2) (1, X,
€ h—t<s<h—t+1z€EE
EJP 23 (2018), paper 23. http://www.imstat.org/ejp/
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By Assumption (H2) and (2.5),

P, ( sup sup w(s,x)(l,XQ) < 0.
h—t<s<h—t+lzx€eFE

Thus, it follows from the dominated convergence theorem that
1
lim P, (L (et - em X)) P (L (g, X oo XY (@7)
€ €

Thus, by (4.5) and (4.7), we have that
leiirgIP#(A|h <H<h+e) =P, (1aM}).
The proof is now complete. O
Proof of Lemma 3.3: By the Markov property of X, we get that,
e ST = Py (Xyps = 0) = Py, (Px, (Xs = 0)) = P, (e o X), (4.8)
which implies that u,_(t,z) = v(t + s, z). By (4.4) with h =t + s and yu = ¢,, we get that

w(t+ s, 2)e ) = Py ((wy, X,)e v Xe))
t

=11, (exp {—/ U (u,v(t+ 5 —u, &) du} w(s, &)) e—v(t+s)
0

where in the last equality we used Lemma 4.1 and the fact that u,, (t,z) = v(t + s, ).
Thus, it follows immediately that

w(t+s,z) =1, (exp {— At U (&, v(t+ 5 —u, &) du} w(s, {t)> . (4.9)
For 0 < s < t, by the Markov property of ¢, we have that
11, (w(h —t,&)e Jo Ve lGurhmutw) du|]:5)
= o= J§ ViEuwvlh—ugu)) dugy (w(h —t,6)e S VLo (hmug) du‘;s)
= o= Jo Vebuw(hmuga)) dupy, (w(h 6 e Jo T PEuv(hmsugl) du)
= e~ Jo Velww(hmugn)) duy,(p g ¢ ),
where the last equality above follows from (4.9). The proof is now complete. O

4.1 Williams decomposition

Proof of Theorem 3.5: Let fj, € B;(E) k=12, nand 0 =ty < t; <ty < -+ <
t, =t < h. We will show that

n

]PZ exp _Z<fj7th> :P(h exp ij,Ah
j=1

j=1
By the definition of A?, we have

B (e { - 20501 })

Jj=1

:/EMN(dI')HZ{PLh)(exp{ zn: fJ’Ah }|£h)} (4.10)

Jj=1

EJP 23 (2018), paper 23. http://www.imstat.org/ejp/
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By the construction of A", we have

o (onlE00))

:Pu(exp{ Z(fJ,Xt >}|H<h) xPh)(exp{ z_: [i: X lh]N }|§h)

7j=1

P09 (exp { = 30015 X2 i)

j=1
—(I) x (IT) x (IIT), (4.11)
Define, for s < h,
Jo(h @) i= —log Py, e ZimtnXu-hesuix, | = o], (4.12)

We first deal with part (I). By (4.12), we have
Jo(h,z) = —log Ps, (exp{ - Z<fj’th>}; |1 Xn] = O). (4.13)
j=1

By (3.2), P, (H <h)=P,(H <h)= e~ (wr: ) Thus we have
(1) = elv(hy)s ) o= (Jo(hy), 1) (4.14)

Next we deal with part (II). By the definition of X LN and Fubini’s theorem, we have

n n t
UL HEED D N KUNEIN B ST
j=1 j=170 /D
+ n
:/ /Z(fj,wtj_snmjvah(ds,dw). (4.15)
0 /D5
Therefore,

t n
(I1) =P | exp — / / > (firwi—s)lact, NV (ds, dw) o [€"
0 YD

¢
—exp{—/ 2b(§s)ds/ (l—e_zj=1<fj,wt_rs> o<t )]-H(w)<h «INe, (dw)}.
0 D

By the dominated convergence theorem, we obtain that, for s #¢;, j =1,2,--- ,n,

/]D (1 _ 6_2?:1<fj7wtj75>13<tj) 1H(w)<h—sIN£s (dw)
:/]D (1 B eiz;”:l«fj’wtjif» T ) 1”wh HZO]Ngs (dw)

b (1 _ 6*27:1<fithj—s>ls<tj> e—«‘)‘lwhszINES (dw)
D

60— o0
:alim (1 _ 6—2?:1(fj»wtj—s)ls<tj —anh—sH) INgS (dw) _ / (1 _ e—9|\whfs||> ]Nis (dw)
> Jp D

— hm _log]P5 e_Z;:1<f_77th—S>l-<<tj _GHths” +10g]P§ e_GHXh—sH
000 &s £s
= —logP;,. [6*22;1(&’»)(”_5)15@1; 1 Xn_sl = 0} +log Ps,. (|1 Xn_s|l = 0)

*Js(hafs) - U(h - S,gs)'

EJP 23 (2018), paper 23. http://www.imstat.org/ejp/
Page 15/33


http://dx.doi.org/10.1214/18-EJP146
http://www.imstat.org/ejp/

Williams decomposition for superprocesses

Hence,
(II) = exp{ / 2b(§s)( S(hy &) —v(h — s,gs)) ds}. (4.16)

Now we deal with (IIT). Using arguments similar to those leading to (4.15), we get that

Zf]a Qh]P //ij,wtj s 5<t ./\/'Qh(ds dw)
j=1

Thus,

(I11) = P (exp{ / / Z firwe;—s)Ls<t; NQ’h(ds,dw)}gh)
= Xp{/ dS/ fg,dy yse. [(17672?:1<fj’xtj—s>lb<t )1H<h 9:|}
= Xp{—/ / (s, dy) y”(’”’gs)—ey*’s(“s))}. (4.17)
0

Recall that
W(2,2) = —a(o) + @)z + [ (1= e na,dy)
0
Combining (4.16) and (4.17), we get that

(IT) x (III)

—e {~ [ (edntne) + [ (1 0 ey as)
<o { [ (et —s.eo— [T y(1- e nien i) as
=exp{ /\P’<£s, s(h,&s)) s}><exp{/Ot\lf;(ﬁs,v(h—s,és)>ds}- (4.18)

By (4.11), (4.14) and (4.18), we get that, for h > ¢,

" [p}ﬁ) (exp {ZUJ-,A@} |§h> ]
j=1
—e(v(hs)s ) o= (Jo(hy), 1)
t t
H;L {_ \Il/z s> Js(h, &s d} { qj{z S5 h_>sd}
<11 exp / (&0, Ju(h,£)) ds xexp/ (€ v(h—s.6)ds ||

:e<v<h«),u>e—<Jo<h«)ﬁmngp[((h;)&) Xp{ /\If’(fs, s(h,&s))d }}

So, by (4.10), we obtain that

- (v(h,),m)
P | ex S Ay b = C T o~ ohy) )
' ( ’ { =1 fj tj <whau>

J

x /E nﬁ[wm—t?&)exp{— / t (Wi To(h60)) ds}]mdx). (4.19)
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Now we calculate J;(h,z) defined in (4.12). For 0 < s < ¢t < h, by the Markov property
of X, we have that

Js(h’ $) ~ g ]P(;x [e_Z;;l(fj,thfs)lsgtj IPXFS(

Xt = 0)]
_ IOg ]P5 [67 Z;'Z:1<fjfxij*5>18§tj 7(v(h7t,-),Xt,S>:|

= —logP, s {e_ Z}‘:Mff’th>lssw—<v<h—t='>vxt>} . (4.20)

Using Lemma 4.1 with » = 0, we have that

e~ ol ) /E I, [w(h — 1, &) exp {— / t (W& Jo(h60)) ds}} ju(de)

= [<w(h ), X exp{ Z £, X1) (hft,~),Xt>H.

3

Thus, by (4.19), we get that
P (exp { = 2205084 }) = Bl exe { = 30485 X |
j=1 j=1
Now, the proof is complete. O
4.2 The behavior of X; near extinction

Recall that, for any u € Mp(E), &" = {(&)o<i<n, 117}, where v(dz) = mu(daj)
Theorem 4.3. Suppose that Assumptions (H1)-(H3)) hold and that for any u € Mp(E),

the limit hTI?’(ll ¢ exists T"-a.s.,
t

where v(dz) = <w(%" %) (dz). Define &, := limyy, &. Then, for any h > 0,
i (h)
lim =4 P,
h ||Ah|\ e .

Proof. By the decomposition (3.6), we have
AP = XM x PPN x PP

Define
Ho:=inf{t>0: X" =0} and H(A"):=inf{t>0:A"=0}.

Then by the definition of X", we have Hy < h. By Theorem 3.5, H(A") = h. It follows
that on

lim Xy -0 (h)_

tth || A}]] ’ "
Note that Ey is a compact separable metric space. According to [26, Exercise 9.1.16 (iii)],
Cy(Ey; R), the space of bounded continuous R-valued functions f on Ej, is separable.
Therefore, C;" (E), the space of nonnegative bounded continuous R-valued functions f
on F, is also a separable space. It suffices to prove that, for any f € C;r(E)

lh]N 2,h,IP
X77>
p() [ fip P X )+ (U X =0 =1, (4.22)
g <tTh A2

(4.21)
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where f,(z) = f(z) — f(£,—). Note that

' x LhN x2hP
sz)(hmm,t )+ U XY

tth A2
_p® | p® (1im (s XN + (i, XPMT) — olen
PP\t A2 '
Therefore, it suffices to prove that, for any f € C’; (E),
LA 2:hP
P | lim i X7 t<fh’ ) oje" | =1, PM-as. (4.23)
tth AL

Step 1 We first prove that given ¢”,

LN
lim 7@0}“ ¢ )

=0, PM.as. (4.24)
tth |7l .

Note that given ¢”,

t
U XEN) = [ (o DN s, ),
o Jp
where V1" (ds, dw) is a Poisson random measure on [0, h) x D with intensity measure

21[07;1) (S) 1H(w)<h—sb(§s)]NEs (dw)ds.

Let I; be the support of the measure A", Note that I; is a random subset of [0, k) x D.

In the remainder of this proof, we always assume that ¢" is given. Since f € C;f (E),
for any € > 0, there exists d; > 0, depending on &,_, such that |f(z) — f(&x-)| < € for
all |z — &,—| < 6;. It follows from the fact that &,_ = limgyp, &, there exists d; € (0,h),
depending on &;,_, such that |{; —&,—| < d1/2forall s € (h—da,h). Let B := B(&p—,d1) =
{r € E:|x—¢&,—| <d1}. Then, for any ¢t € (h — 62/2,h), we have

[ X =1L, X+ (fad pe, X))
<e(L XN 4 2] flloo (1, XM

h—0d2
<e(L, AP) + 2|l / /}D (L, we p N (ds, duo)

t
2 flle / / (L e, we— e )NV (ds, duo)
h—385 JD

=1€(1,AL) + 2| fllocJ1 () + 2| flloc T2 (2).- (4.25)
It follows that AN
|(fn, X;" ) Ji(t) Jo(t)
e < e+ 2| fllo + 2| fll oo . (4.26)
| AX] A A

First we deal with J;. For s € (0,h — ) and ¢t € (h — 02/2,h), we have t — s > §2/2.
Thus, for t € (h — 02/2, h), we have

h—6s
Ji(t) = / / (1,wi— )N (ds, dw) = Z (1, wi—s),
0 w(62/2)#0, H(w)<h—s

(s,w)e(I1NS1)

where
Sy :={(s,w) : 8 €[0,h —d2), w(d62/2) #0 and H(w) < h—s}. (4.27)
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Notice that
/S21[0,h)(s)1H(w)<h—sb(£s)IN§s(dw)ds
1
h—82
< 2K/0 N, (w(d2/2) # 0)ds
h—82
_ 2K/ 0(62/2,€,)ds < 2K h|jvs, 2loe < 00, (4.28)
0
which implies that given &”,
NBR(S)) < o0, P&h)-a.s.

That is, given ¢", {1, N S1} < oo, PLh)-a.s. For any (s,w) € (I1NS1), we have s+ H(w) < h,
which implies that H; := max(,,)e(r,ns,)(s + H(w)) < h. Thus, for any t € (Hi,h),
Ji(t) = 0, which implies that given &,

111 Jl (t) =
ot AT

0, PM-as. (4.29)

To deal with J5, we define
D, = {OJ :du € (0,(52),51101’1 that <1Bc,wu> > 0}, and Sy = [h — (52,]1) x Dy. (4.30)

Then,

Lt)= Y (Apewio)li.

(s,w)e(I1NS2)

We claim that #§{I; N S2} < co. Then using arguments similar to those leading to (4.29),
we can get that given ¢”,

Ja(t) ()
im —0, PM-as. (4.31)
eth [|AZ]] !

Now we prove the claim. It suffices to prove that given ¢"
/ 21[07;1) (S)IH(w)<hfsb(§s)IN§5 (dw)ds < 0. (4.32)
Sa

Note that

h
/S 21[0,h)(5)1H(w)<hfsb(€s)]N£S(dw)dsSQK s ]NES(]Dl)dS.

For w € D, we have

D; ={w € D : Ju € (0, 62), such that (15.,w,) > 0}

2

:{wEID:/ <ch,wu>du>O}
0
02

C wE]D:/ (1ge,wy)du>0p.
0
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Thus,

02
N, (D;) <IN, (/ (1ge,wy) du > O)
0

02
= lim IN, (1 —exp{—k/ (1ge,wy) du})
A—00 0
02
= lim —logP;, (exp{—/\/ <ch,Xu>du}>
A—00 0

d2
= —logPs, (/ (1pe,wy) du = O) . (4.33)
0

Combining (4.33) and Assumption (H3), we get

/S 20101 (5) L g1y < sb(Ex)Ne, (dew)ds
2

02
<2Kdo sup {flogIPgm / (1ge,wy)du =0 ] < 0.
2€B(Ep—,01/2) 0

Combining (4.26), (4.29) and (4.31), we get (4.24).
Step 2 Next we prove that given ¢”,

X2,h,]P
lim <fh7 t >

=0, PM.as. (4.34)
tth || AZ]l .

Note that given £”,

¢
U XEE) = [ [ (o2 ds, do),
0o Jp
where N'?"(ds, dw) is a Poisson random measure on [0, h) x D with intensity measure
Loy (N rcarcnms | om(Eesdp)Bysg, (X € dw)is.
0

Let I, be the support of the measure N'?". Note that I, is a random countable subset of
[0, ) x D. Using arguments similar to those leading to (4.25), we get that

h—62
(s X2y <e(1, AR + 20| e / / (L, we )N (ds, duo)
0 D

20l /h - /}D (1 g, wi_s)NZN (ds, o)
LA+ e Y Gwed+2fle Y (Lpows)

(s,w)e(I2NS1) (s,w)e(I2NS2)
=e(1, AY) + 2l| flloo J3(t) + 2[1f oo Ja (1),

where S; and S, are the sets defined in (4.27) and (4.30) respectively. It follows that

(£, X0 J5(t) Ja(t)
b < e+ 2 flloo o + 20 fllo : (4.35)
IAY] IAY] IAY]
So, to prove (4.34), we only need to prove that
J3(t) (h)
im =0, P,"-as., (4.36)
tth [|AY | !
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and J ( )
alt (h)
im -2 =0, PM.as. (4.37)
tth [ A2 a

Note that
/S 1[O,h)(8)1H(w)<h—s/ yn(&s, dy)Pys. (X € dw)ds
1 0

h—0d2 [
< / / yn(Enr dy)Pys. (X5, /2 # 0)ds
0 0

h—385 1 h—35 )
<[z [ niadnis+ [ [ iy as
0 0 0 1
<Kh(||vs, 2]l + 1), (4.38)

where in the second inequality we used the fact that
Pyse, (Xs,0 #0) =1 = Pys (X5,72 = 0) = 1 — e 228 < yu(62/2,&).

Thus, N'>"(S) < oo, a.s., which implies that (4.36).
To prove (4.37) we only need to show that, given ¢”,

/ / yn(&s, dy)Pys. (X € dw)ds < oc. (4.39)
Sy JO

In fact,

/ / yn(&s, dy)Pys, (X € dw)ds
Sz J0

h oo 52
§/ / yn(&s, dy)Pys, (/ (1pe, Xy,) du > O)ds
h—62J0 0
1

S/}:62 /looyn(fs,dy)ds—|—/h}:62 <_logIP5€s(/052<13c,Xu>du=0))/0 V(Es, dy)ds

d2
<Kh+ Kh sup [—log]P(;w(/ (ch,Xu>du:O)} < o0,
x€B(&n—,01/2) 0

where in the second inequality, we used the fact that

b2

IPy(;&s(/052<1Bc,Xu>du>0) :17exp{ylogIP5£S(/0 <130,wu>du:0)}
<—y10gIP5§S(/62<136,Xu>du:0>.
0

The proof is now complete. O

Proof of Theorem 3.7: Since {X;,t > 0} is a Hunt process, t — X; is right continuous,
which implies that

{1‘ Xt exists} { li Xt exists}
im—— = im — ,
tHH [| X| teQTH || X¢|]

where Q is the set of all rational numbers in [0, 00). And, note that

H=f{teQ:|X,| =0}
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Thus, by Corollary 3.6 and Theorem 4.3, we get that
h

X, o0 A
P [ lim —— exists} :/ P(h)[ lim —t— exists} Fr(dh) =1.
g o B LA A r(dh)

Let V := limy g Hﬁ—zu Then, for any f € B, (E), by Theorem 4.3,

P, lexp{—(f,V)}] :Pu[ lim exp{ - VX H

teQtH 1 X ]]
[e%e] Ah>
{A 1eQin P exp ( HAgH) n(dh)

_ / " I exp(— F(€))] Frr(dh).

0

Thus, V is a Dirac measure of the form V = §; and the law of Z satisfies (3.8). The proof
is now complete. O

5 Examples

In this section, we will list some examples that satisfy Assumptions (H1) and (H2).
The purpose of these examples is to show that Assumptions (H1) and (H2) are satisfied
in a lot of cases. We will not try to give the most general examples possible.

5.1 Examples in Delmas and Hénard [5]

Example 3. Suppose that P, is conservative and preserves C,(E). Let £ be the infinites-
imal generator of P; in Cy,(F) and D(L£) be the domain of £. Also assume that

U(z,2) = —afx)z + b(z)22,

where sup,cpa(z) < 0 and inf,cgb(x) > 0 and 1/b € D(L). Then by Remark 2.2, we
know that Assumption (H1) is satisfied. One can check that

71 "
(Egﬁﬂe—mw@gaumggmatzo)
b=!(z)

is a positive martingale under II,. Thus we define another probability measure Hgl/ b by

mm/®
11,

o b=z

—1 .
V&) - fsencamends 4> g,

Let £'/? be the infinitesimal generator of ¢ under IT*/%. If —a(x)—b(z)L(1/b)(x) € D(LY?),
then it follows from [5, (3.10) and Lemma 4.9] that w(¢, z) exists and satisfies

1 ct /Bgeﬁ(ﬁ

t <
w(t,z) = infpepb(a)” (et —1)2

where c, 8y are positive constants. Using this, one can check that Assumption (H2) is
satisfied. This example shows that our result covers Delmas and Hénard [5, Corollary
4.14]. Since ¥(z,2) > cz?, where ¢ = inf,cz b(x), we have seen in Example 2 that if
L = L with L being given in Example 2, then Assumption (H3) is satisfied.

Now we give some examples of superprocesses, with general branching mechanisms,
satisfying Assumptions (H1) and (H2). We will see that Assumption (H3) is satisfied by
some examples.
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Recall that the general form of branching mechanism is given by
U(x,2) = —a(x)z + b(z) 2> +/ (e7Y* — 14 yz)n(x,dy).
0
By (2.2), there exists K > 0, such that

|a(x)] + b(x) + /Ooo(y Ay )n(z, dy) < K.

Thus we have
|U(z,2)] < 3K (2 + 2?), r e R (5.1)

5.2 Examples of some superdiffusions

In the next two examples, we always assume that £ = R? and that U satisfies the
following condition:

(C1) V¥ satisfies the conditions in Remark 2.2 and is Holder continuous in the first
variable, locally uniformly in the second variable, in the sense that for any M > 0,
there exist ¢ > 0 and 7o € (0, 1] such that

W(x,2) — U(y,2)| <clz—y|°, z,y € R ze0,M]. (5.2)

By Remark 2.2, Assumption (H1) is satisfied. Therefore, in the following examples,
we only need to check that Assumption (H2) and Assumption (H3) are satisfied.

Example 4. Assume that the spatial motion ¢ is a diffusion on R? satisfying the conditions
in Example 2. The branching mechanism V¥ is of the form (2.1) and satisfies condition
(C1). Then the (&, ¥)-superprocess X satisfies Assumptions (H1) and (H2). We have
seen in Example 2 that under the condition that there exist o € (1, 2] and ¢ > 0 such that
U(z, z) > cz® for all € RY, Assumption (H3) is satisfied.

We now proceed to prove that Assumption (H2) holds for this example. The main
result is as follows:
Proposition 5.1. Assume the conditions in Example 4 hold. The function t — v(z)
is differentiable in (0,00), and for any s > 0 and t € [0,1/2), w(t + s,z) = —%Ut+5(l')
satisfies that

0 Lo
w(t+ s,x) = —EPt(vs)(x) + aPt_u(\I'S+u)(x) du + Uy (). (5.3)
0

Moreover, t — w(t,z) is continuous and for any so > 0, sup,. ., SuUp,cra w(s,x) < 0.

We will prove Proposition 5.1 through several lemmas.
Lemma 5.2. For f € B,(R?) and x» € RY, the function t — P, f(x) is differentiable on

(0,00). Furthermore, there exists a constant c such that for any t € (0,1], z € R? and
f € By(RY),

B
aPtf(z) <[ flloot™ (5.4)

Proof. For t € (n,n + 1], P.f(z) = Pi_n(P,f)(x). Thus, we only need to prove the
differentiability for ¢ € (0, 1]. It follows from [17, [V.(13.1)] that

1 — colz—y|?

aatp(t,x,y)‘ <eptmiTlem (5.5)
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Thus by the dominated convergence theorem we have that for all ¢ € (0,1] and = € RY,

0 0
GPI@ = [ St ) do

and that for all t € (0, 1], z € R¢ and bounded Borel functions f on R,

0

‘atptf(x)

_d_q 702\171/I2
Serllflle [ ite gy
R
o0 d
e oot / e du = ey flloot
0

where the first equality above is due to a simple change of variables. The proof is now
complete. O

Lemma 5.3. Assume that f,(z) is uniformly bounded in (s,z) € [0,1] x RY, that is, there
is a constant L > 0 so that, for all s € [0,1] and z € R¢, |fs(z)| < L. Then there is a
constant c such that for any t € (0,1] and =, 2’ € RY,

¢ t
/ P_sfs(x)ds — / P fs(2)ds
0 0

<cL(|lz —2'| A1),

Proof. It follows from [17, IV.(13.1)] that there exist constants ¢y, ¢y > 0 such that for all
t € (0,1 and =, 2’ € RY,
+1 _ colz—y|?

IVap(t,,y)| < et T e 7, (5.6)
Thus

C, T —1 2 c 1/7, 2
p(t, 2, y) — p(t, ', y)] < es((t /2] — a']) A )2 ( W e ) RNERD
Hence for any ¢ € (0,1] and z, 2" € RY,

1

< csL/ 5_1/2|x —'|ds < cg Lz — 2| (5.8)
0

O

¢ ¢
/ Py_sfs(x)ds — / P, fs(x)ds
0 0

Lemma 5.4. Assume that f,(x) satisfies the following conditions:

(i) There is a constant L so that, for all (s,z) € [0,1] x R, | fs(z)| < L.

(ii) For any t € [0, 1], limg_,s, sup,cga | fs(x) — fi,(z)] = 0.

(iii) There exist constants sy € (0,1), C > 0 and v € (0, 1] such that for all s € [0, so| and
x,2' € RY with |z — 2’| < 1,

|fs‘(‘r) - fs(xl)| < C|1' - I/p' (5.9)
Then, t — fg P,_, fs(x) ds is differentiable on (0, s¢), and fort € [0, so),
o [t Lo
a/0 Pr o fua(w)ds = /O S P fula)ds + (). (5.10)
Proof. Let G(t,x) := fot P,_,fs(x) ds. First, we will show that for any = € R¢,

tl0

¢
limt_l/ P_sfs(x)ds = fo(x). (5.11)
0
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Since fo € Cy(R%), we have limg_,¢ P fo(z) = fo(z), which implies that

t t
1imf1/ Pi_ fo(x) ds:thn(l)fl/ P, fo(z)ds = fo(z).
0 - 0

t—0

Thus, it suffices to prove that

t
lim fl/ Po_o(fs — fo)(x)ds = 0. (5.12)
0

t—0
Notice that .
[ VP = @) ds < sup = fol =0
ast — 0. Thus, (5.11) is valid.
Forany 0 <t <t +r < sg, by the definition of G(¢, z),
% (G(t+r,z) — G(t,x))

= /Ot (Pevrofol@) = Proaful@)) ds + /tm e

:/75 Pipr_sfs(x) — P_sfs(x
0

) ds + 1 / P._sfiis(x)ds
T ™ Jo

=:(I)+ (II).

By (5.11), we have
liﬁ)l(II) = fi(x). (5.13)

Now we deal with part (). For 0 <t <t +r < sg, using (5.28), we obtain that

Pt+rfsfs(x) - Pt75f5($)

.
t+r— L) —pt — )
-| [ s SRSt (1 ) foga) dy
R4 r
<ea [ 1) = (e — ) E e
§c5/ |$—y|7(t—s)_%_1e*%dy
Rd
<cg(t —s)7* (5.14)

Thus, using the dominated convergence theorem, we get that, forany 0 <t <t +r < s,

lim(J) = /t lim Prir—sfs(®) — P_sfs(x
0

) _/ta
lim lim . ds = ; atPt,sfs(x)ds. (5.15)

Combining (5.13) and (5.15), we get that

lim = *Pt—sfs(x) d5+ft(:17)'

Gt+rx)—G(t ) /1t 0
rl0 r o Ot

Using similar arguments, we can also show that

. Glt,x) — Gt —r,x) )

1 = —P_fs(x)d .

7}?8 . /0 pTAL fs(x)ds + fi(z)
Thus, (5.10) follows immediately. The proof is now complete. O
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Recall that v(s, -) is a bounded function and

ot + s,2) + /0 Pru(Wo o) (@) du = Py(vs)(2),

where
U, (z) = ¥(x,v(u,x)). (5.16)

Lemma 5.5. For any s > 0, there is a constant c(s) such that fort € [0,1/2) and z,y € R4,
[Vets(2) = vegs(Y)] < cls)lz =yl

Moreover, ¢(s) is decreasing in s > 0.

Proof. Let e(s) := 142, Note that ¢ + e(s) € (e(s), 1).

t+e(s)
'U(t + s, x) + / Pt+6(5)7U(\II(" 'Usfe(S)Jru(')))(x) du = Pt+e(s) (vsfe(s))(x)-
0
It follows from (5.7) that there exists a constant ¢; such that for all x,y € R4,

|Pite(s) (Vs—e(s)) () = Prye(s) (Vs—e(s)) ()]
<l vs—e(s) oo ((E+ €(s)) 72|z —y[) A 1)
<l|vs—es)llos (t+ €(5)) 2| — y]
<cllvgjalloo(e(s)) 2|z — yl. (5.17)

Since v(s —e(s) +u,x) < v(s—e(s),x) <wv(s/2,z), we have for u > 0,

||\Il('7US—e(S)+u('))”OO < 3K(||US/2||OC + ||US/2||C2>0)’

Applying Lemma 5.3, we get that there is a constant ¢, > 0 such that for ¢ € [0,1/2) and
z,y € RY,

t+e(s) t+e(s)
/O Pt—&-e(s)—u(\Ij(” vs—e(s)+u(')))(x) du — /0 Pt—i—e(s)—u(\lj('a vs—e(s)+u(')))(y) du
<ea3K ([|vsallo + [vs2llZ) (Jz =y A ). (5.18)
The conclusions of the lemma now follow immediately from (5.17) and (5.18). O

Lemma 5.6. The function ¥, (x) given by (5.16) satisfies the following two properties:
(1) For any ug > 0,
lim sup |U,(z) — ¥y, (x)] = 0;

UUO e R

(2) Fort, € (0,1), there exists a constant ¢ > 0 such that for any |[x — 2'| < 1, s > 1
andt € [0,1/2],
[Wsit(2) — Vape(2")] < clz — 2’|

Proof. (1) For z; < z3 € [0, a], we can easily check that
| (z,21) — U(z, 22)]

o0
<la()llz1 — 22| + b(x)|f — 23] + / |e7¥% +yz1 — eV — yz| n(z, dy)
0

<K(1+42a)|z — 22| +/ (2 A (ya))y|lz1 — zo|n(z, dy) < K(3+ 3a)|z1 — 23], (5.19)
0
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where in the second inequality above we use the fact that

d
|@(€_m+$)| =l-e"<2Au.

Thus, for |u — ug| < up/2, we have that
W (@) = W (@)] < BE(L+ [0 2lloc) [0 () — v (@), (5.20)

Thus, it suffices to show that ¢ — v;(z) is continuous on (0, o) uniformly in z.
It follows from Lemma 5.5 that, for any ¢ > 0, x — v;(x) is uniformly continuous, thus

lim || Povy — =0.
#{8” Ut — Ut oo

Forr > 0 and ¢t > 0, we have that

0(2) = v @] <|Pren(o) = @) +] [ ProulBir))dul
0
<Pyt = villoo + 3K (ol + )y 0, 7 L0,

where in the last inequality we used (5.1) and the fact that vy, (z) < vi(z).

The proof of lim, ¢ [|[v; — V4—r|lcc = 0 is similar and omitted. The proof of part (1) is
now complete.

(2) For any s > to, and ¢ € [0,1/2], v(t + s,2) < ||vg,||co. By our assumption on ¥, there
exist ¢; > 0 and 7o € (0,1] such that for |r —y| <1, s > tgand ¢t € [0,1/2],

(U (2, vs44(2)) = Uy, veqe(2))] < crlw —y|™.

By Lemma 5.5, there exists ¢y = ¢a(tp) such that for s >ty and ¢ € [0,1/2],

[Vs1¢(2) — vsrt(y)| < calz —yl.

Thus, for [z —y| <1, s > tg, and ¢t € [0,1/2],

[Wsit() = Usie(y)]
<[U (@, vs4e(2)) = VY, vsqe ()| + [V (Y, vste(2)) — U (y, Vst (y))]
S| (@, vs4e(2) = V(Y vott(@))] 4+ 3K (1 + [[vgg [loo) [vs4e () — Vst (y)]
<cilz —y[™ + 3K (1 + [Jvgg [|oc ) c2|z —
<cslz — y|°. (5.21)

The proof of (2) is now complete. O

Proof of Proposition 5.1: For any t,s > 0,

o(t + 5, 2) +/O Pru(Wara) (@) du = Py(vs)(x).

Thus, combining Lemmas 5.2, 5.4 and 5.6, (5.3) follows immediately.

For fixed ¢t € (0,1/2), we deal with the three parts on right hand side of (5.3) sepa-
rately.

Since ¢ — v(t,z) is continuous, the function s — U, s(z) = ¥(z,v(t + s,2)) is
continuous and, by (5.1),

Up W (@) < K1y + [0 ) < o0 (5.22)
s>to
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By (5.4),

0
sup |5Pt(vs)(x)| < egljvgy [t ™t < 00 (5.23)
s>tg

By (5.14) and Lemma 5.6 (2), we get that, for any s > t,

¢
sup sup |/ %Pt,u(\IlSJru)(x) du| < oo. (5.24)
0

s>to zeR4

Combining (5.22) -(5.24), we get that, for ¢, > 0,

sup sup w(t+ s,x) < 00,
s>to xeRd

which implies that, for any s > 0, sup,..,, Sup,ege w(s, ) < co. O

Let L be as in Example 2. Let F be a bounded smooth domain in R? and let p(t, =, Y)
be the Dirichlet heat kernel of L in E. It follows from [10, Theorem 2.1, p. 247] that
there exist ¢; > 0,4 = 1,2, 3,4, such that for all ¢ € (0, 1],

_calz—y|?
T

0
atp(tvx7y)‘ S Clt7%71€ ’ and

_calz—y|?
t

Vap(t,a,y)| < est™ T e
Using these instead of (5.5) and (5.6), and repeating the arguments for Example 4, we
can get the following example.
Example 5. Assume that £ be is bounded smooth domain in R? and that the spatial
motion is ¢¥, which is the diffusion ¢ of Example 2 killed upon exiting E. The branching
mechanism W is of the form in (2.1) and satisfies (C1). Then the (5E7 U)-superprocess
X satisfies Assumptions (H1) and (H2). Using the same argument as in Example 2,

one can see that under the condition that there exist o € (1,2] and ¢ > 0 such that
U(z,z) > cz* for all x € F, Assumption (H3) is satisfied.

5.3 Examples of some superprocesses with discontinuous spatial motion

Now we give an example of a superprocess with discontinuous spatial motion and
general branching mechanism such that Assumptions (H1) and (H2) are satisfied.

Example 6. Suppose that B = {B,} is a Brownian motion in R? and S = {S;} is an
independent subordinator with Laplace exponent ¢, that is

Be St = e—te(N) t>0,A>0.

The process & = Bg, is called a subordinate Brownian motion in R?. Subordinate
Brownian motions form a large class of Lévy processes. When S is an («/2)-stable
subordinator, that is, p(\) = /2, ¢ is a symmetric a-stable process in R%. Suppose that
U is of the form (2.1) and satisfies (C1). Suppose further that ¢ satisfies the following
conditions:

1. fol @dr < 0.
2. There exist constants ¢ € (0,2] and a1 € (0,1) such that

aX () < p(), Az Lrzl (525)

then X satisfies Assumptions (H1) and (H2).
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Condition (5.25) can be rewritten in the form

) S an2, AL,

o(r)
and so it is a very weak lower scaling condition at infinity for ¢.
As we have seen in the paragraph before Example 2, Example 6 does not satisfy
Assumption (H3).
Proposition 5.7. Assume that the conditions in Example 6 hold. The function t — v:(x)
is differentiable in (0,00), and for any s > 0 and t € [0,1/2), w(t + 8,2) = — 2 v, (x)
satisfies that

9 ‘o
w(t + 5,2) :——Pt(vs)(x)+/ P (W) (@) dut U (). (5.26)
0

ot

Moreover, t — w(t, x) is continuous and for any so > 0, sup, ., SUp,cga w(s,r) < oo.

In the following, we will give several lemmas which are similar to those in the proof
of Proposition 5.1.

Now we proceed to prove the second assertion of the example above. The arguments
are similar to that for the second assertion of Example 4. Without loss of generality, we
will assume that (1) = 1. First we introduce some notation. Put ®(r) = ¢(r?) and let
®~! be the inverse function of ®. Fort > 0 and = € R?, we define

p(t,x) i= @ ((m + |m|) _1> (<I>11t1) . |x>‘d .

Fort >0, z € R? and 3,7 € R, we define
Pt ) == (t ) (|2l AD)p(t,x), t>0,2€R?.

Let p(t, z,y) = p(t,x—y) be the transition density of £ and let { P, : ¢t > 0} be the transition
semigroup of ¢. It is well known that {P; : ¢ > 0} satisfies the strong Feller property,
that is, for any ¢t > 0, P, maps bounded Borel functions on R4 to bounded continuous
functions on R¢.

Now we list some other properties of the semigroup {P; : ¢ > 0} which will be used
later.

Lemma 5.8. For f € B,(R?) and = € RY, the function t — P, f(x) is differentiable on

(0,00). Furthermore, there exists a constant c such that for any t € (0,1], z € R? and
f € By(RY),

<c|flloot™t (5.27)

1o}
‘atptf(z)

Proof. For t € (n,n + 1], Pif(z) = Pi—n(Pnf)(x). Thus, we only need to prove the
differentiability for ¢ € (0, 1]. It follows from [13, Lemma 3.1(a) and Theorem 3.4] that

0
’atp(t,a:) < cip(t, ). (5.28)
By [13, Lemma 2.6(a)], we have
/ p(t,x)dr < cpt™,  t€(0,1]. (5.29)
IR’d

Thus by the dominated convergence theorem we have that for all ¢ € (0,1] and = € R?,

0 0
GPI@ = [ Sata) ) dy
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and that for all t € (0, 1], z € R¢ and bounded Borel function f on R¢,

< esll flloet ™"

0
aptf(f)

The proof is now complete. O

Lemma 5.9. Assume that f,(x) is uniformly bounded in (s,x) € [0,1] x R%. Then there
is a constant c such that for any t € (0,1] and z, 2’ € R,
t t

P ofs(x)ds— | Pi_ fs(2')ds
0 0

< cL(|lz —2'|*/2 A1),

Proof. It follows from [13, Proposition 3.3] that there exists a constant ¢; > 0 such that
forallt € (0,1] and z,2’ € R4,

plt, ) — p(t,a)] < e1 (@7 (¢ — ') A L)t (p(t, @) + plt,2')) . (5.30)

Thus using (5.29) we get that for any ¢ € (0,1] and z, 2’ € R,

/tPt_sfs(a:)ds—/tPt_sfs(sc’)ds SCQL/t (@ (s e —2|)Al)ds.  (5.31)
0 0 0

When |z — 2| < 1, ®(|]z — 2/|~1) > &(1) = 1. Thus,

/t (@ (s Yz —a/) A1) ds < |z — 2| 1 o (s Vds + (D(jz —a2'|1)) 7
0 (@(lz—a'[71))~*
It is well known that ¢, the Laplace exponent of a subordinator, satisfies
o(Ar) < Ap(r), A>1,r>0.
Using this, we immediately get that
1) > A2 (r),  A>1,r>0.

For s € [(®(|z —2'|71)~1,1], by taking 7 = s~! and A = s®(|z — 2’| 1) in the display above,
we get
(b_l(S_l) < |(E —$/|_18_1/2((I)(|£B—.’L‘I|_1))_1/2.

Therefore

1
|a:—a:'|/ O~ (s Hds
(®(Jz—a'|~1))—1
1
< (@(|z — /|71y~ / 1245 < ey(@(|z— /1)) V2,
(®(lz—a'|~1))— L

Consequently for all ¢ € (0, 1] and z, 2’ € R? with |z — 2| < 1, we have

t
[ (@ @Dl =) a1yds < caf@(lo - |12,
0
By taking r = 1 and A = |z — 2| 7! in (5.25), we get
ar|z — 2|70 < Ol — 2| 7).

Thus for all ¢ € (0,1] and z, 2’ € R? with |z — 2’| < 1, we have

t
/ (D (s Y|z —2'|) A1) ds < caay Pz — 2|92 (5.32)

0
Combining (5.31) and (5.32), we immediately get the desired conclusion. O
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Lemma 5.10. Assume that fs(x) satisfies the assumptions of Lemma 5.4 with~ € (0,0/2].
Then, t — fg P,_.fs(x) ds is differentiable on (0, sg), and for 0 <t < sq,

gt Ptz )ds:/ aatp‘f Sol@)ds + fu(). (5.33)

Proof. Let G(t,z) := fo P,_sfs(z)ds. Forany 0 <t < t+r < sp, by the definition of
G(t,x),

% (Gt +72) — Gt 2))
1 t+r

ay (pm o) = Proafi@) s L[ Pt
/ Piyr_sfs(x Pt—s.fs('r)

1 T

ds + — / P._sfirs(x)ds
™ Jo

+ (I7).

Using the same arguments as those leading to (5.11), we get
t
lim¢~! / P fs(x)ds = fo(z),
tJ0 0
which implies that
liir&(H) = fi(x). (5.34)
Now we deal with part (). For 0 <t < ¢+ r < s¢, using (5.28), we obtain that

’Pt-&-r—sfs(z) — Pt—SfS(x)

r

- /R plttr=sa9) =Pl =$2.9) 00 by

r

<o [ 1) = £@lple = 5.0 =) dy

§04/ po(t — s,z —y)dy
R4
<cs(t—s) 7t ((t—5)7H) 7, (5.35)

where in the last inequality we used [13, Lemma 2.6(a)]. It follows from [13, Lemma 2.3]
that

t
/ (t— $)~101((t — 5)=1)Tds < @~ (t~1). (5.36)
0
Thus, using the dominated convergence theorem, we get that, forany 0 <t <t +r < s,

1im([) :/Othm Pt-‘r‘l‘—sfs('r) _Pt—sfs(x) ds = ‘ 0

0 rl0 r 8tPt sfs( ) (537)

Combining (5.34) and (5.37), we get that

lim Glt+rzx) —
rl0 T

G(t,x to
(t,x) :/ aPt,sfs(gc) ds + fi(x).
0
Using similar arguments, we can also show that

lim G(t,z) — Gt —r,x)

/ &P ofulw)ds + fule).

rl0
Thus, (5.33) follows immediately. The proof is now complete. O
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Lemma 5.11. For any s > 0, there is a constant c(s) such that for t € [0,1/2) and
z,y € RY,
|05 (@) = vess(y)] < e(s)lw —y|*2.

Moreover, c(s) is decreasing in s > 0.

Proof. The proof of this lemma is similar as that of Lemma 5.5. We use Lemma 5.9
instead of Lemma 5.3. Here we omit the details. O

Lemma 5.12. The function V¥, (z) satisfies the following two properties:

(1) For any ugy > 0,
lim sup |V, (z) — ¥y (x)| = 0;
U0 e R
(2) Forty € (0,1), there exists a constant ¢ > 0 and v; € (0,/2] such that for any
|z —2'| <1, s>tyandt e [0,1/2],

[Wstt(2) — Vore(2')] < clz — 2’|

Proof. The proof of part (1) is exactly the same as that of part (1) of Lemma 5.6.

Using arguments similar to that in the proof of part (2) of Lemma 5.6 and using
Lemma 5.11 instead of Lemma 5.5, we can get the result in part (2). Here we omit the
details. O

Proof of Proposition 5.7: Combining Lemmas 5.8, 5.10 and 5.12, and using arguments
similar to that in the proof of Proposition 5.1, Proposition 5.7 follows immediately. O

Remark 5.13. Actually, by the same arguments and the results from [13], one checks
that in the example above, we could have replaced the subordinate Brownian motion by
the non-symmetric jump process considered there, which contains the non-symmetric
stable-like process discussed in [3].
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