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Abstract

In this paper, we establish a central limit theorem for a large class of general supercritical superprocesses
with spatially dependent branching mechanisms satisfying a second moment condition. This central limit
theorem generalizes and unifies all the central limit theorems obtained recently in Mito$§ (2012) and
Ren et al. (2014) for supercritical super Ornstein—Uhlenbeck processes. The advantage of this central
limit theorem is that it allows us to characterize the limit Gaussian field. In the case of supercritical
super Ornstein—Uhlenbeck processes with non-spatially dependent branching mechanisms, our central limit
theorem reveals more independent structures of the limit Gaussian field.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Central limit theorems for supercritical branching processes were initiated by [13,14]. In
these two papers, Kesten and Stigum established central limit theorems for supercritical mul-
titype Galton—Watson processes by using the Jordan canonical form of the expectation matrix
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M. Then in [4-6], Athreya proved central limit theorems for supercritical multi-type continuous
time branching processes, using the Jordan canonical form and the eigenvectors of the matrix
M;, the mean matrix at time . Asmussen and Keiding [3] used martingale central limit theorems
to prove central limit theorems for supercritical multitype branching processes. In [2], Asmussen
and Hering established spatial central limit theorems for general supercritical branching Markov
processes under a certain condition. However, the condition in [2] is not easy to check and es-
sentially the only examples given in [2] of branching Markov processes satisfying this condition
are branching diffusions in bounded smooth domains. In [1], Adamczak and Mito$§ proved some
central limit theorems for supercritical branching Ornstein—Uhlenbeck processes with binary
branching mechanism. We note that branching Ornstein—Uhlenbeck processes do not satisfy
the condition in [2]. In [18], Milo$ proved some central limit theorems for supercritical super
Ornstein—Uhlenbeck processes with branching mechanisms satisfying a fourth moment condi-
tion. In [19], we established central limit theorems for supercritical super Ornstein—Uhlenbeck
processes with (non-spatially dependent) branching mechanisms satisfying only a second mo-
ment condition. More importantly, the central limit theorems in [19] are more satisfactory since
our limit normal random variables are non-degenerate. In the recent paper [20], we obtained
central limit theorems for a large class of general supercritical branching Markov processes with
spatially dependent branching mechanisms satisfying only a second moment condition. The main
results of [20] are the central limit theorems contained in [20, Theorems 1.8, 1.9, 1.10, 1.12].
[20, Theorem 1.8] is the branching Markov process analog of the convergence of the first and
fourth components in Theorem 1.4. [20, Theorem 1.9] is the branching Markov process analog
of Remark 1.9, while [20, Theorems 1.10, 1.12] are the branching Markov process analogs of the
results in Remark 1.10.

It is a natural next step to try to establish counterparts of the central limit theorems of [20] for
general supercritical superprocesses with spatially dependent branching mechanisms satisfying
only a second moment condition. This is far from trivial. For a branching Markov process {Z; :
t > 0}, to consider the proper scaling limit of ( f, Z;) as t — oo, where f is a test function, it is
equivalent to consider the scaling limit of (f, Z,4,) as s — oo for any r > 0. Note that Z,; =
D ouel, Z¢"", where L, is the set of particles which are alive at time ¢, and Z;"' is the branching
Markov process starting from the particle u € £,. So, conditioned on Z;, Z; is the sum of a
finite number of independent terms, and then basically we only need to consider central limit
theorems of independent random variables. However, a superprocess is an appropriate scaling
limit of branching Markov processes, see [8,17], for example. It describes the time evolution of a
cloud of uncountable number of particles, where each particle carries mass 0 and moves in space
independently according to a Markov process. The particle picture for superprocesses is not very
clear. Recently [15] gave a backbone decomposition of superdiffusions, where the backbone is a
branching diffusion. One could combine the ideas of [19] with that of [20] to use the backbone
decomposition to prove central limit theorems for general supercritical superprocesses with
spatial dependent branching mechanisms satisfying only a second moment condition, provided
that the backbone decomposition is known. However, up to now, the backbone decomposition
has only been established for supercritical superdiffusions with spatial dependent branching
mechanisms.

In this paper, our assumption on the spatial process is exactly the same as in [20], while our
assumptions on the branching mechanism are similar in spirit to those of [20]. We will use the
excursion measures of the superprocess as a tool to replace the backbone decomposition. With
this new tool, the general methodology of [20] can be adapted to the present setting of general
supercritical superprocesses.
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Actually, we will go even further in the present paper. We will prove one central limit theorem
which generalizes and unifies all the central limit theorems of [18,19]. See the Corollaries and
Remarks after Theorem 1.4. The advantage of this central limit theorem is that it allows us
to characterize the limit Gaussian field. In the case of supercritical super Ornstein—Uhlenbeck
processes with non-spatially dependent branching mechanisms satisfying a second moment
condition, our central limit theorem reveals more independent structures of the limit Gaussian
field, see Corollaries 1.5-1.7.

1.1. Spatial process

Our assumptions on the underlying spatial process are the same as in [20]. In this subsection,
we recall the assumptions on the spatial process.

E is a locally compact separable metric space and m is a o-finite Borel measure on E with
full support. 9 is a point not contained in £ and will be interpreted as the cemetery point. Every
function f on E is automatically extended to Ey := EU{d} by setting f(d) = 0. We will assume
that & = {&, I} is an m-symmetric Hunt process on E and ¢ := inf{r > 0 : & = 9} is the
lifetime of &. The semigroup of & will be denoted by {P; : t > 0}. We will always assume that
there exists a family of continuous strictly positive symmetric functions {p;(x, y) : t > 0} on
E x E such that

P f(x) =/Epz(x,y)f(y)m(dy).

It is well-known that for p > 1, {P; : t > 0} is a strongly continuous contraction semigroup on
LP(E, m).

Define a;(x) := p;(x,x). We will always assume that a;(x) satisfies the following two
conditions:

(a) For any ¢t > 0, we have
/ a;(x) m(dx) < oo.
E

(b) There exists 7o > 0 such that a,(x) € L*(E, m).
It is easy to check (see [20]) that condition (b) above is equivalent to
(b') There exists 7y > 0 such that for all 7 > 1y, 4, (x) € LE(E, m).

These two conditions are satisfied by a lot of Markov processes. In [20], we gave several
classes of examples of Markov processes, including Ornstein—Uhlenbeck processes, satisfying
these two conditions.

1.2. Superprocesses

In this subsection, we will spell out our assumptions on the superprocess we are going to work
with. Let B, (E) (B;'(E )) be the set of (positive) bounded Borel measurable functions on E.

The superprocess X = {X; : t > 0} we are going to work with is determined by three
parameters: a spatial motion & = {&;, II,} on E satisfying the assumptions of the previous
subsection, a branching rate function 8(x) on E which is a non-negative bounded measurable
function and a branching mechanism ¥ of the form

Yx, X)) = —ax)r +b(x))»2 +/ (e —1 + M)n(x,dy), xeE, »>0, (1.1)
(0,4-00)
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where a € By(E), b € B;(E) and n is a kernel from E to (0, co) satisfying

o0
sup/ yzn(x,dy) < 00. (1.2)
xeE JO

Let Mp(E) be the space of finite measures on E equipped with the topology of weak
convergence. The existence of such superprocesses is well-known, see, for instance, [10] or [17].
X is a cadlag Markov process taking values in M (E). For any u € Mg (E), we denote the law
of X with initial configuration u by P,,. As usual, (f, u) = f f)u(dx) and |l = (1, u).
Then for every f € B;L(E) and u € Mp(E),

—logP,, (e‘”’x”) = (s (. 1), ), (1.3)

where u r(x, t) is the unique positive solution to the equation
t

ugp(x, 1)+ Hx/O V(& up(&s,t —s))BEs)ds = Iy f (&), (1.4)

where ¥ (9, A) = 0, A > 0. Define
o
a(x) = Bx)a(x) and A(x):= B(x) <2b(x) —|—/ yzn(x, dy)) . (1.5)
0

Then, by our assumptions, «(x) € By (E) and A(x) € Bp(E). Thus there exists M > 0 such that

sup (Ja(x)] + A(x)) < M. (1.6)

xeE

For any f € By(E) and (z, x) € (0, 00) x E, define

T = I [eh @ 4 f gy (1.7)

It is well-known that T; f (x) = P5_(f, X;) forevery x € E.
It is shown in [20] that there exists a family of continuous strictly positive symmetric functions
{g:(x,¥),t > 0} on E x E such that ¢,(x, y) < ™' p,(x, y) and for any f € Bj(E),

T f(x) = /E 4k f () m(dy).

It follows immediately that, for any p > 1, {T; : t > 0} is a strongly continuous semigroup on
LP(E,m) and
I fl < "™ 1 £ 115 (1.8)

Define a;(x) := g;(x, x). It follows from the assumptions (a) and (b) in the previous subsec-
tion that a, enjoys the following properties:

(i) For any t > 0, we have
/ a;(x)m(dx) < oo.
E

(ii) There exists 7o > O such that for all # > f, a;(x) € L2(E, m).

It follows from (i) above that, for any ¢+ > 0, T; is a compact operator. The infinitesimal
generator L of {7, : t > 0} in L>(E, m) has purely discrete spectrum with eigenvalues
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—A1 > —Ap > —A3 > ---. It is known that either the number of these eigenvalues is finite,
or limg_, oo Ax = 00. The first eigenvalue —A; is simple and the eigenfunction ¢ associated
with —X; can be chosen to be strictly positive everywhere and continuous. We will assume that
lé1ll2 = 1. ¢1 is sometimes denoted as ¢§1). For k > 1, let {¢;k),j = 1,2,...,n,} be an
orthonormal basis of the eigenspace (which is finite dimensional) associated with —Ag. It is
well-known that {¢(.k), j=12,...,nk =1,2,...} forms a complete orthonormal basis of

L2(E, m) and all the eigenfunctions are continuous. Forany k > 1, j = 1,...,nrand r > 0,
we have 7,¢\" (x) = e /¢ (x) and

M 20|(x) < @02, x € E. (1.9)

It follows from the relation above that all the eigenfunctions qb;.k) belong to L*(E, m). For any
x,y € Eandt > 0, we have

Nk

gix,y) = e " e (), (1.10)
k=1

=1

where the series is locally uniformly convergent on £ x E. The basic facts recalled in this
paragraph are well-known, for instance, one can refer to [7, Section 2].

In this paper, we always assume that the superprocess X is supercritical, thatis, A1 < 0. Under
this assumption, the process X has a strictly positive survival probability, see the next paragraph.
Note that the number of negative eigenvalues is infinite except in the case when the total number
of eigenvalues is finite.

We will use {F; : t > 0} to denote the filtration of X, thatis F; = o(Xs : s € [0, 1]).
Using the expectation formula of (¢, X;) and the Markov property of X, it is easy to show that
(see Lemma 1.1), for any nonzero u € Mp(E), under P, the process W; = eMipr, X,)is a
positive martingale. Therefore it converges:

Wi — Weo, Py-as. ast — oo.

Using the assumption (1.2) we can show that, as r — 0o, W; also converges in LZ(IF’,L), so Weo
is non-degenerate and the second moment is finite. Moreover, we have P, (Wx) = (¢1, ). Put
& ={Ws =0}, then P, (£) < 1. Itis clear that £ C {X,(E) > 0,Vt > 0}.
In this paper, we also assume that, forany t > Oand x € E,
Ps {1 X[l = 0} € (0, 1). (1.11)

Here we give a sufficient condition for (1.11). Suppose that ¢(z) = infycg ¥ (x, z)B(x) can be
written in the form:

o
d(z) = az +b> + / (7% — 1+ zy)n(dy)
0

with @ € R,b > 0 and 7 is a measure on (0, 00) satisfying fooo(y A Y)R(dy) < oo. If
b +7(0, 00) > 0 and P(z) satisfies

* 1

then (1.11) holds. For the last claim, see, for instance, [8, Lemma 11.5.1].
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1.3. Main result

We will use (-, -}, to denote inner product in L*(E, m). Any f € L%(E,m) admits the
following eigen-expansion:

oo Nk
Fa =33 "d¢ ), (1.13)

k=1 j=I

where alj‘. = (f, ¢§.k)) m and the series converges in L2(E, m). a 11 will sometimes be written as

ay.For f € LZ(E,m),deﬁne
y(f) :=inf{k > 1 : there exists j with 1 < j < nj such that af # 0},

where we use the usual convention inf & = oo. Note that y (f) = oo if and only if f = 0, m-a.e.
We put L := 00.
For any f € L2(E, m), we define

y(f)
f*(x) = Z a}/(f)qsﬁ.”(f))(x),

j=1

We note that if f € L*(E,m) is nonnegative and m(x : f(x) > 0) > 0, then (f, ¢1)m > 0
which implies y (f) = 1 and f*(x) = a1¢1(x) = (f, ¢1)mP1(x). The following three subsets of
L2(E, m) will be needed in the statement of the main result:

ng
C = Ig(x): > Zb’;qs;")(x):b’;emandg;éo},

kihg>20y j=1

n
C.= {g(x) => b () 120 =21, bk e Rand g # 0}
j=I

and

Cs = {g(x) e L*(E,m)NL*E,m) : g#0and 1| < ZAy(g)} .

Note that C; consists of these functions in L2(E,m) N L*(E, m) that only have nontrivial
projection onto the eigen-spaces corresponding to those “large” eigenvalues —X; satisfying
A1 > 2Xk. The space C; is of finite dimension. The space C, is the (finite dimensional) eigen-
space corresponding to the “critical” eigenvalue —A; with A; = 2Aj. Note that there may not
be a critical eigenvalue and in this case, C. is empty. The space Cy consists of these functions in
L%(E, m) N L*(E, m) that only have nontrivial projections onto the eigen-spaces corresponding
to those “small” eigenvalues — Ay satisfying A; < 2A,. The space Cj is of infinite dimensional in
general.

In this subsection we give the main result of this paper. The proof will be given in Section 3.
In the remainder of this paper, whenever we deal with an initial configuration © € Mg (E), we
are implicitly assuming that it has compact support.

1.3.1. Some basic convergence results
Define

HYY = X)), 10,
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Using the same argument as in the proof of [20, Lemma 3.1], we can show that
Lemma 1.1. H is a martingale under P,. Moreover, if A1 > 2\, Sup;~ 34, ,L(H 1)2
Thus the limit

Hy kI = lim H J

—>00

< OoQ.

exists Py,-a.s. and in Lz(]P’M).
Theorem 1.2. If f € L2(E,m) N\ L*(E, m) with ki > 2k (y), then, ast — oo,
Ny (f) )
MDUL Xy > Y P HED i L2y,
Jj=1
Proof. The proof is similar to that of [20, Theorem 1.6]. We omit the details here. [

Remark 1.3. When y(f) = 1, H,l’1 reduces to W;, and thus H01<31 = Wy. Therefore by
Theorem 1.2 and the fact that a; = (f, ¢1)m, we get that, as t — oo,

MU X)) = (f, d1)mWoo,  in L2(P).

In particular, the convergence also holds in [P, -probability.

1.3.2. Main result
For f € C; and h € C,, we define

U%=/WJWMnﬂ%mmw (1.14)
0
and

=@#¢Q. (1.15)

For g(x) = Y 0, i, Z”k bkqb(k) (x) € C;, we define

Lg) = Y. Zemb" O@) and g2 /Ooe*MS(A(ISg)Z,m) ds. (1.16)

k2Ap <Ay j=1

Theorem 14. If f € Co,h € Ce and g(x) = Y4y, o, 1 B0 (x) € €, then o
00, ,0}2, < o0 and ,3§ < 00. Furthermore, it holds that, under P, (- | £°), as t — oo,

f <

€. X)— ¥ —Wiwkk’

eklt(d)l X,) k21 <A1 j=1 <h,X;> (f, X;)
A . X oL X e X0
L (W*, G3(g). Ga(h), Gi(f)). (1.17)

where W* has the same distribution as Weo conditioned on £¢, G3(g) ~ N (0, ,Bgz), Gor(h) ~
N0, o ) and G1(f) ~ N(0, o]%). Moreover, W*, G3(g), Go(h) and G (f) are independent.
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This theorem says that, under IP,, (- | £), as t — 00, the limits of the second, third and fourth
components on the right hand side of (1.17) are nondegenerate normal random variables. Further-
more, the limit normal random variables are independent. As consequences of this theorem, we
could also get the covariance of the limit random variables G (f1) and G1(f2) when f1, f> € Cs,
the covariance of the limit random variables G (h1) and G, (h) when hy, ho € C,, and the co-
variance of the limit random variables G3(g) and G3(g2) when g1, g2 € C;.

For fi, f» € Cs, define

o (f1, f2) =/0 S (AT fO)(Ts ), $1)m ds.
Note that o (f, f) = aj%.

Corollary 1.5. If fi, f> € Cs, then, under P, (- | £),

< (f1. X)) (f2, Xi)
Ve Xo) ' Ve Xo)
where (G1(f1), G1(f2)) is a bivariate normal random variable with covariance

Cov(Gi(f), Gi(fi) =o(fi, fj), i,j=12. (1.18)

Consider the special situation when both the branching mechanism and the branching rate func-
tion are non-spatially dependent, and ¢y is a constant function (this is the case of Ornstein—

) L (GI(f).Gi(R). 1= 0,

Uhlenbeck processes). If f1 = ¢;k) and f, = qb(.]f/) are distinct eigenfunctions satisfying
A <2 g and A < 2Ap, then G1(f1) and G1(f2) are independent.

Proof. Using the convergence of the fourth component in Theorem 1.4, we get
Lo (LX) (2, X))
P <exp {191— +i0——=1 |E°
8 Vier Xy VLX)
1,
gc) —> eXp{—EU(91f1+92f2)} . ast — o0,

_p ( {.(91f1+92f2,Xz)}
=P, |exp{i
(¢1, Xi)

where
2 T s g
T1 fi+0212) =/0 e (AT (01 f1 + 02/2)7, p1)m ds
= 070} + 2000 (f1, f2) + 20

Note that exp {—% (9120]2,1 + 26160 (f1, f>) +9201202)} is the characteristic function of

(G1(f1), G1(f2)), which is a bivariate normal random variable with covariance Cov(G1(f;),
Gi(f)) =o(fi, fi),i, j =1, 2. The desired result now follows immediately.
In particular, if both the branching mechanism and the branching rate function are non-

spatially dependent, then A(x) = A is a constant. If ¢ is a constant function, and f; = qb;k) and

= d)j.]f/) are distinct eigenfunctions satisfying A1 < 2A; and A1 < 2Ay/, then

© ’
o(f1, ) = Adn f Mm@ G0),, ds =0
0

and thus G1(f1) and G{(f>) are independent. [
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For hy, hy € C., define

p(h1, ha) = (Ah1ha, $1)m.

Using the convergence of the third component in Theorem 1.4 and an argument similar to that in
the proof of Corollary 1.5, we get

Corollary 1.6. If hy, hy € C., then we have, under P, (- | £),

< (hi, X¢)  (h2, Xy)
Vi@, Xi) Vi1, Xo)

where (Gy(hy), G(h2)) is a bivariate normal random variable with covariance

> L (Galhy), Ga(ha)), 1 — o0,

Cov(Ga(hi), Ga(hj)) = p(his hj), i, j=1,2.

Consider the special situation when both the branching mechanism and the branching rate
Sfunction are non-spatial dependent and ¢ is a constant function. If hy = ¢>§.k) and hy = ¢;’f)
are distinct eigenfunctions satisfying ,1 = 2 k, then G (h1) and G, (hy) are independent.

For g1() = Y <y 2y B (0 and 2(6) = Ypas <, X5y i) (), define

Blgr. g2) = /0 e (AL, 1)Ly 2), 1) dis.

Using the convergence of the second component in Theorem 1.4 and an argument similar to that
in the proof of Corollary 1.5, we get

k k
Corollary 1.7. If g1(x) = 3 0, <3, 2 b{;?ﬁ '(x) and g>(x) = Dk e C§¢§ )(x),
then we have, under P, (- | £°),

ng . ng .

_ k, — k,

(€L X)) — X MY BRHY (00, X)— X eTM Y kHY
k20, <Ag j=1 k20 <A Jj=1

’

{f1, X1) (f1. X1)

L (G3(g1). G3(g2)).

where (G3(g1), G3(g2)) is a bivariate normal random variable with covariance

Cov(G3(gi), G3(g))) = B(gi gj), i, j=1,2.

Consider the special situation when both the branching mechanism and the branching rate
function are non-spatial dependent and ¢ is a constant function. If g1 = ¢§.k) and gy = q)(.]f,)
are distinct eigenfunctions satisfying A1 > 2\ and Ay > 2\, then G3(g1) and G3(g2) are
independent.

Remark 1.8. If 2X; < A1, then, it holds under P, (- | £¢) that, as t — oo,

(@, X0 = e HsT)

(1, X)1/2

d
e)\lt<¢17x[>v - (W*’ G3)’



Y.-X. Ren et al. / Stochastic Processes and their Applications 125 (2015) 428457 437
where Gz ~ N (O, ﬁ(A(qbﬁ.k))z, qbl)m). In particular, for ¢, we have

((¢1, X)) — e_}”'tWoo)
(#1, X,)1/2

<€W(¢1,Xr), ) LW Gy, 1 oo,

where G ~ N (0. == [ A@) (@1 (x))* m(dx)).

All the central limit theorems in [19] are consequences of Theorem 1.4. To see this, we recall
the following notation from [19]. For f € L?*(E, m), define
ng k
fom = Y Y d¢w),
k2 <ip j=1
ng '
fayx) = k' (x),
JvJ
1

k:2)tk>},l j=
fo@) = f&x) = fio(x) — foyx).

Then fy € Ci, fip € Cc and fyy € Cs. Obviously, [19, Theorem 1.4] is an immediate
consequence of the convergence of the first and fourth components in Theorem 1.4. Now we
explain that Theorems 1.6, 1.10 and 1.13 of [19] also follow easily from Theorem 1.4.

Remark 1.9. If f € L2(E,m) N L*(E, m) with A1 = 21, (s), then f = f(o) + fu). Using the
convergence of the fourth component in Theorem 1.4 for f{;), it holds under P, (- | £¢) that

X o
1{¢1, X1)

Thus using the convergence of the first and third components in Theorem 1.4, we get, under
]P)M(' | (C/’C),

o (f. X0) ) o

e 1, Xr), ——=) = (W", Ga(f(0))), t— o0,
< ' t(¢15 Xt) ©

where W* has the same distribution as Wo, conditioned on ¢ and Ga(f(¢)) ~ N(O, szf(c>)-

Moreover, W* and G2 ( f(.)) are independent. Thus [19, Theorem 1.6] is a consequence of The-
orem 1.4.

Remark 1.10. Assume f € L2(E, m) N L*(E, m) satisfies A1 > 24, (s).

If foy = 0, then f = fu) + f(s). Using the convergence of the first, second and fourth
components in Theorem 1.4, we get for any nonzero u € Mg (E), it holds under P (- | £¢) that,
ast — 0o,

<<f’Xt)— > e—Akfﬁa’;Hi;f')

2hk <A j=1

At
oL X, @1, X) 12

L ow, Gi1(fay) + G3(fis)),

where W*, G3(f(s)) and G1(f(;)) are the same as those in Theorem 1.4. Since G3(f(s)) and

G1(f@) are independent, G (f)) + G3(f(s)) ~ N (0, 0%(1) + /3%(3)). Thus [19, Theorem 1.10]

is a consequence of Theorem 1.4.
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If f(;) # 0, thenast — oo,

B ng k.
((f(l) + fo, Xe) — Y e Y a];Hooj>

2hk <Aq j=1
1{¢1. X1)
Then using the convergence of the first and third components in Theorem 1.4, we get

— 0.

20k <Ay

t{d1, Xy)

<<f, X)— Y e é"] a';.Hé%")

Mgy, X,), LW, Ga(fo)

where W* and G»(f(.)) are the same as those in Remark 1.9. Thus [19, Theorem 1.13] is a
consequence of Theorem 1.4.

2. Preliminaries
2.1. Excursion measures of {X;,t > 0}

We use D to denote the space of M g (E)-valued right continuous functions ¢t — w; on (0, c0)
having zero as a trap. We use (A, A;) to denote the natural o-algebras on D generated by the
coordinate process.

It is known (see [17, Section 8.4]) that one can associate with {Ps. : x € E} a family of
o -finite measures {N, : x € E} defined on (D, A) such that N, ({0}) = 0,

/(1 — e VN, (dw) = —logPs, (e Xy, f e Bf(E), t >0, (2.1)
D
and, forevery0 < f; < --- < t, < 00, and nonzero i, ..., Uy € Mp(E),
Ny(wy €duy, ..., o € duy) = Ny(oy € du)Py (Xe,—1 € diuz)
e ]P)U«n—l (th_tn—l (S dﬂn) (22)

For earlier work on excursion measures of superprocesses, see [12,16,11].

For any u € Mp(E), let N(dw) be a Poisson random measure on the space D with intensity
fE Ny (dw)u(dx), in a probability space ({2, 7, P,). Define another process {A; : ¢t > 0} by
Ap = u and

Ay :=/a),N(da)), t > 0.
D

Let -7?r be the o-algebra generated by the random variables {N(A) : A € A;}. Then, {4,
(F1)1=0, P} has the same law as {X, (F;);>0, Py}, see [17, Theorem 8.24] for a proof.

Now we list some properties of Ny. The proofs are similar to those in [11, Corollary 1.2,
Proposition 1.1].

Proposition 2.1. If Ps_|(f, X;)| < oo, then

/D(f, w) Nx(dw) =Ps, (f, X). (2.3)
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If Ps, (f, X;)* < 00, then

/D(f, o)? Ny (dw) = Vars, (f. X;). (2.4)
Proposition 2.2.
Ny (ol # 0) = —log Ps, (I X[l = 0). (2.5)

Remark 2.3. By (1.11) and Proposition 2.2, for each t > 0 and x € E, we have
0 < Ny(llex |l # 0) < 0.
Thus, we can define another probability measure KTX on D as follows:

_ Ne B0 {llonll #0H

N, (B) = 2.6
e Ny (Jlorl # 0) (26)

Notice that, for f € L2(E,m),Nx((|f|,wt)) = T:| f1(x) < oo, which implies that N, ({| f|,
w;) = 0o0) = 0. Thus, for f € L>(E, m),

P, (eie<f,x,>) P, (em(f,/m) —P, (eie Jolfion) N(dw))

= exp {/ / (eig(f’“”> - 1) Nx(da)),u(dx)} .
E JD

Thus, by the Markov property of superprocesses, we have

Py [exp (i0(f. Xi16)} 1X(] = Py, (ef9<f,xs>)

= exp{/ /(d’“-ﬁwx) — 1)Nx(da))Xt(dx)}. 2.7)
E JD

2.2. Estimates on the moments of X

In the remainder of this paper we will use the following notation: for two positive functions
fand gon E, f(x) < g(x) means that there exists a constant ¢ > 0 such that f(x) < cg(x) for
allx € E.

First, we recall some results about the semigroup (7;), the proofs of which can be found
in [20].

Lemma 2.4. Forany f € L2(E, m),x € Eandt > 0, we have

00 ny
Tif)= Y. ey akeP ) 2.8)
k=y(f) Jj=1
and
RS
Jim M OITf () =) a7 ), 2.9)

j=1
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where the series in (2.8) converges absolutely and uniformly in any compact subset of E.
Moreover, for any t; > 0,

sup DT, £(x)] < PO ( / a, /2(X)M(dx)) an ()2, (2.10)
E

>t

sup e Py Ay ()t ieM./)thf(x) — f*(x)|
1>1

< Sronn £l ( fE an/z(x)m(dX)> (ar, ()12, 2.11)

Lemma 2.5. Suppose that {f;(x) : t > 0} is a family of functions in L*(E,m). If lim;_,
I f:ll2 = O, then for any x € E,

Jlim M, fi(x) = 0.

Recall the second moments of the superprocess {X; : ¢t > 0} (see, for example, [17, Corollary
2.39]): for f € Bp(E), we have for any ¢ > 0,

t
Pu(f, X0)? = (Bulf, X)) + /E /0 TS [A(Ti—s £)*1(x) dspu(dx). (2.12)

Thus,

t
Var,(f, X) = (Vars (f, X,), ) = /E fo TLIA(T_y £)°106) dsp(dx), 2.13)

where Var, stands for the variance under IP,. Note that the second moment formula (2.12) for
superprocesses is different from that of [20, (2.11)] for branching Markov processes.

Forany f € L2(E,m) N L*(E, m) and x € E, since (Ty_y f)*(x) < eME=)T,_ (f?)(x), we
have

t
f LA P10 ds < M T () < oo,
0

Thus, using a routine limit argument, one can easily check that (2.12) and (2.13) also hold for
f e L*>(E,m) N L*(E, m).

Lemma 2.6. Assume that f € L*(E, m) 0 L*(E, m).
(D) If A1 < 2Xy (), then for any x € E,

Jlim MR (f, X)) =0, (2.14)
— 00

lim ' Vars, (f, X;) = 071 (x), (2.15)
=00 E

where 02(f) is defined by (1.14). Moreover, for (t, x) € (3ty, 00) x E, we have

HMVars, (f, X)) < ag(x)'/2. (2.16)
(2) If A1 =2y (), then for any (t, x) € (319, 00) X E,

M Vars (f, Xi) — ppdr (0| S 17 ayy (012, (2.17)

where p%. is defined by (1.15).
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(3) If A1 > 2y (p), then for any x € E,
. 2\ (f)l‘ .2
lim ™ Varg, (f, Xi) = 0 (x), (2.18)
t—>00

where
o0
0 (x) = / e DST(AS*)P) (x) ds.
0
Moreover, for any (t, x) € (3ty, 00) x E,

By (f, Xi)? S agy ()2, (2.19)

Proof. Since the first moment formulas for superprocesses and branching Markov processes
are the same, we get (2.14) easily. Although the second moment formula for superprocesses is
different from that for branching Markov processes, we can still get all results on the variance of
the superprocess X from the proof of [20, Lemma 2.3]. In fact,

t
Var, (. X;) = fo LLAT—s £)71x) ds.

The limit behavior of the right side of the above equation, as t — oo, was given in the proof
of [20, Lemma 2.3]. O

Lemma 2.7. Assume that f € LZ(E, m) N L*(E, m). If M1 < 2Ly (y), then for any (t,x) €
(319, 00) X E,

‘eklfvar(sx(f’ Xt) _ U]%(pl (.X)‘ S (e()tl—2)»y(f))l + e()nl—)n2)1> ato(-x)l/z- (220)

Proof. Without loss of generality, we assume that m(x : f(x) # 0) > 0. By (2.13), we get, for
t > 31,

M Vary (f, X,) — / AT, ), ¢1)m st (x)
0

t o0
Mt fo Ti—s[A(T, £)*1(x) ds — fo (AT, )2, d1)m dsr (x)

t—1
< e)»]l‘/
0
o0

t
s / Ty [A(T, f)X1(x) ds + / AT, )%, 1) dsr ()
t

—1Ip —t

=: Vi(t,x) + Va(t, x) + Va(t, x). (2.21)
For V; (¢, x), by [20, (2.26)], we have

T s LACT P21@) = €M AT ), 1)y (0] ds

Va(t, x) < et =2 (i)ig, (x)1/2, (2.22)

For V3(t, x), by (2.10), for s > t —to > to, | Ty f ()] < e %, (x)1/2. By (1.9), ¢1 (x) <
eM0/2q, (x)'/2. Thus, we get

o0
Va(t,x) < / M2 ds (g, 1) mep (x)

t—ty

< e(x.—zxy(h)lato(x)l/z_ (2.23)
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Finally, we consider Vi (¢, x). Let g .= A(Ts f )2, noticing that g is nonnegative and non-trivial,
we have that y(g) = 1 and g*(x) = (A(Tsf)z, d1)md1(x). Using (2.11) with f replaced by g,
fort — s > g, we have

T [A(T )?1(x) — e M N AT )2 1) md1 (0| S e 2N AT, )2 l2ar, ()2
For s > 19, by (2.10), | Ts f (x)| < e * % ay (x)!/2. Thus,

IACT, )2 S e 2D lay, -
For s < 19, by (1.8), it is easy to get

IAT )%l < MI T, fll3 < MM £113

Therefore, we have

t—19 fo
Vl (t,.x) § e}qt/ e—)»z(l—s)e—z)ty(f)s ds azo(x)l/2 +€)th\/\ e—kz(t—s) ds ato(x)l/z
o 0
< <e()»1—2)\,y(f))[ 4 e()hl_)Q)l) ar, (x) /2. (2.24)

Now (2.20) follows immediately from (2.22)—(2.24). [

Lemma 2.8. Assume that f € L*>(E,m) N L*(E, m) with .1 < 2Ay sy and h € L*(E,m) N
L*(E, m) with .1 = 2Ay ). Then, for any (t, x) € (319, 00) x E,

Covs, (M'2(f. X0). 17 12M 2 h, X1)) < 1712 (g ()2, (225)
where Covs, is the covariance under Ps_ .

Proof. By (2.13), we have
Covs, (M1, X,), 171 2eH12 4, X,))|
1
= f‘ﬂwz |(Vars, ((f + h), X;) — Vars ((f — h), X))

— 12t

t
/0 Ty [ACT, f)(Tyh)] (x) ds

<1712 ( fo T AN T ds + / tt T, A |<Tsf><Tsh>|](x)ds)
= Vu(t, x) + V5(t, x). '
First, we deal with V4(¢, x). By (2.10), for t — s > 1y,
T [A (T T 1) S e MO AT £)(Toh) 2 (agy (0)) 2.
If s > t9, then by (2.10), we get
IACT, f)(Th) 2 S e P20 gy .
If s <19, by (1.8), it is easy to get
IACT )Tk 2 < MITs fllall Tehlla < M| £llallh s
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Therefore, we have

—1 1
V4(t,x) 5 t—l/ze)»]t (/ 0e—k](t—s)e—(kl/2+ky(/.))s ds +/0€—A1(I—s) dS) at()(-x)l/z
fo

0
t—1to o
— -2 (/ eM/2=hy(n)s g +/ M ds) ay, (x)!/?
fo 0
< t_1/2%(x)1/2_ (2.26)

For V5(¢, x), if s > t — ty > 2tp, then by (2.10), we get

t
Vs(t,x) S t_l/ze)‘”/ e_()‘]/2+)‘y(f>)sTz—x(@to)(x) ds
t—ty

To
_ t,1/ze(xl/2f)»y(f))t‘/ e(k1/2+ky<f>>sTs(a%)(x)ds
0

fo
< t—1/2e()»1/2—)‘y<f))t/ Ty (azy)(x) ds
0

St 2 @ ()2 (2.27)

The last inequality follows from the fact that

fo
/ Ty(a2) (x) ds < ayy(0)'/?, (2.28)
0
which is [20, (2.25)]. Therefore, by (2.26) and (2.27), we get (2.25) immediately. [
3. Proof of the main theorem

In this section, we will prove the main result of this paper. The general methodology is similar
to that of [20], the difference being that we use the excursion measures of the superprocess rather
than the backbone decomposition (which is not yet available in the general setup of this paper)
of superprocess.

We first recall some facts about weak convergence which will be used later. For f : R” — R,

let | fllL = sup,, [f(x) = fWI/lIlx —ylland [| fllBL := | flloo + || f |- For any distributions

v1 and v; on R”, define
[ rav= [ rav

Then d is a metric. It follows from [9, Theorem 11.3.3] that the topology generated by d is
equivalent to the weak convergence topology. From the definition, we can easily see that, if v
and v, are the distributions of two R”-valued random variables X and Y respectively, then

d(i, ) SEIX —Y| < JEIX - Y| (3.1

The following simple fact will be used several times later in this section:

) n s\ n+1 2x |
A ™) min< ™ 2lx] ) (3.2)
— m! n+ 1! n!

d(vi, vp) = SUP{

S fllBL < 1}-
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Before we prove Theorem 1.4, we prove several lemmas first. The first lemma below says that
the result in Lemma 1.1 also holds under N,.. Recall the probability measure N, defined in (2.6).
On the measurable space (DD, A), define

A @)= (9P o), 120, weD.

Lemma 3.1. For x € E, if A1 > 2Ay, then the limit

HJ'—hmHJ

11— 00
exists Ny-a.e., in L (Ny) and in L3(N,).

Proof. On the set {w € D : ||w1|| = 0}, we have w; = 0,t > 1, thus, it J(a)) = 0. Thus, we

only need to show H!fo exists N -a.s. and in LZ(NX)
Fort > s > 1, since {||w1|| = 0} C {||ws|| = 0} C {|lo¢|| = 0}, we have

N (60, 00 il # 014, ) = N (18, 0 1A,) = P, (161, Xi-0))
= MG ),
which implies {ﬁtk’j, t > 1} is a martingale under Nx. By (2.4), we have
Ny (67, 00 o1l #0) = Ny (¢, 00)?) = Vars, (¢, X,).
gk 1)2

Then by Lemma 1.1, we easily get limsup,_, N (H, < 00, which implies ﬁclfoj exists

N -a.s. andlan(N ). O

Lemma 3.2. If f € C;, then O'sz < 00 and, for any nonzero . € Mg (E), it holds under P, that

d
(eM11or Xa), ML X)) > (Woer GHNIV W) 1 00,
where G1(f) ~ N (0, aj%). Moreover, Woo and G1(f) are independent.
Proof. We need to consider the limit of the R2-valued random variable U (¢) defined by

U0) = (M (@1, X}, (1.0 (3.3)

or equivalently, we need to consider the limit of U (¢t + s) as ¢ — oo for any s > 0. The main
idea is as follows. For s, t > t,

UrGs +1) = (1591, Xows) V2, Xopy) — 1T 1 X))

T (0, M2 £ x,)) . (3.4)

The double limit, first as ¢+ — oo and then s — o0, of the first term of the right side of (3.4) is
equal to the double limit, first as 1 — oo and then s — o0, of another R2-valued random variable
Uj(s, t) where

Us(s. 1) i= (€M (@1, Xo), MO X o) = MOEAT 7 x,) ).

We will prove that the second term on the right hand side of (3.4) has no contribution to the
double limit, first as t — oo and then s — 00, of the left hand side (see (3.12)).
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We claim that, under P,,,

Us(s. 1) > (Woo, w/WooGl(s)), ast — 0o, (3.5)

where G1(s) ~ N(0, UJ% (s)) with U]% (s) to be given later. In fact, denote the characteristic
function of U, (s, t) under P, by « (01, 62, 5, 1):

k(01,6251 = By ((exp {i6re ! (g1, X1)

+ i0eM IRL Xo) — i0pe TN £ X))

=P (exp{z@le e, X //(exp 10, T2 ) }

— 1 — iR, ws>)Nx (dw)x,(dx)D, (3.6)
where in the last equality we used the Markov property of X, (2.3) and (2.7). Define

Ry (6, x) = / (expwef, ws)} — 1 —i0(f, o5) + %92<f, ws>2> N, (dw).
D

Then, by (2.4), we get

K(61,602,5,1) =P, (exp{z@le)“ (b1, X1) //( g2 f, a)s)z)

x Ny (do) X, (dx) + (Ry (e T/%0, ), X,) })
1
=P, (exp {iele“’m, X;) — Eege*”m, X;)

+ (Ry(eMF9/2, 1, X»}) : (3.7)

where Vi (x) := ek”Vargx (f, Xs). By (3.2), we have

hi(t+9)/2
Ry(eMF9720,, x)| < 07M TN, ((f, ;) (e Mt LA 1))

6

) )\.IZ/ZY
= 62M'N, (Yf (ﬂT A 1)) , (3.8)

where Y, = e*15/2( f, wy). Let

) Alt/2Y~
h(x,s, 1) = Ny (Yf (ﬂT A 1)) .

We note that h(x, s, t) | Oas¢ 1 oo and by (2.16), we get
h(x,s, 1) < No(Y2) = 5Vars ((f, X)) < ay(0)'/? € LA(E, m).
Thus, by (2.9), we have, for any u < f,
limsup e*' T; (h(-, s, 1)) <11msupeA"T,(h( s, ) = (h(, s, 1), 1) md1 (x).

—00



446 Y.-X. Ren et al. / Stochastic Processes and their Applications 125 (2015) 428457
Letting u — oo, we get lim;_, oo eMIT, (h(-,s,1)) = 0. Therefore we have

Py [(Ry(e*11F9/20, ), X )| < 03eM Ty (h(-,5,1)) = 0, ast — oo,
which implies

Jim (R (eM1U+9/29, ) X;) =0, in probability.
—00

Furthermore, by Remark 1.3 and the fact Vi (x) < ay, )2 e L2(E, m) N L*(E, m), we have

lim e (Vy, X,) = ajzc (s)Wso, in probability,

t—00

where (7]% (s) == (Vs, ¢1)m- Hence by the dominated convergence theorem, we get

1
Jim k(61,6251 =Py (exp{i@l Weoo} exp {_Eega}:(s)wm}) , (3.9)
—00

which implies our claim (3.5).
Since ) (g1, X, ) — e (¢p1, X;) — 0 in probability, as 1 — oo, we easily get that
under P,,,

Us(s. 1) = (1561, Xy, 102 f, X = (T f. X))
% (Wooe VWeG19)))

ast — 00. By (2.15), we have lim;_, o Vs(x) = 0]%¢1(x), thus limg_, o (TJ% (s) = 0%. So
lim d(Gi(s), G1(f)) =0. (3.10)
§—> 00

Let D(s +t) and 5(s, t) be the distributions of Uy (s + t) and Uz (s, ) respectively, and let D(s)
and D be the distributions of (Weo, v/ WooG1(s)) and (Weo, v Weo G1(f)) respectively. Then,
using (3.1), we have

limsupd(D(s + 1), D) < limsup[d(D(s + 1), D(s, 1)) + d(D(s, 1), D(s))

—00 —

+d(D(s), D)]
< limsup(P, (" T/ 2T, £, X, ) + 0+ d(D(s), D).(3.11)

—0o0

Using this and the definition of lim sup,_, ., we easily get that

limsupd(D(t), D) = limsupd(D(s +t), D)
o

—00 t—

< limsup(P,, (e /(T f, X, N)HYV? + d(D(s), D).
11— 00

Letting s — oo, we get

limsupd(D(t), D) < limsup lim sup(PM(e)"<’+s)/2(Tgf, X,))z)l/z.

—>0o0 §—>00 —0o0

Therefore, we are left to prove that

lim sup lim sup e*1 TP, (T £, X,))* = 0. (3.12)

§—>00 [—>00
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By (2.13) and (2.10), we have for any x € E,
t
MHIWVars (T, f, Xi) = 10H) / Ti—ul AT )*1(x) du
0
t
— e()n]—Z)W(f))S/ e()\l_Z)Ly(f))ue)hl(t_u)’thu[A(e)LY(f)(x—i_u)Ts+uf)2](x) du
0

t
5 e(AI_Z)‘V(f))S (/ E(M_ZAV(‘f))uekl(t_”)thu[aztO](x) du)
0

and

!
/ e(M—2)~y<f))”e)‘1(t_")T;—u (a24) (x) du
0

t—toy t
_ ( / N / ) =2y MU= T,_ (a5, ) (x) dt
0 (1
p

100 ]
< / ePM1=2hy(p))u dua,o(x)l/z 4 / M —2hy () t=u) ph1u T (a2s) (x) du
0 0

fo
5a,0(x>”2+f0 T (a2e) (x) du < agy(x) V2.

The last inequality follows from (2.28). Thus,
lim sup "1 9 Var,, (T, f, X;) = limsup ™ ™) (Vars (T f, X;), )

—00 t—>00
< M7y, (012, ). (3.13)
By (2.14), we get

lim *MF2P (T, f, X)) = Jim MU o fop) = 0. (3.14)

t—00

Now (3.12) follows easily from (3.13) and (3.14). The proof is now complete. [

Lemma 3.3. Assume that f € Cy and h € C.. Define

Vi) =220 Xy, ) = M X)), >0,
and

Y, = Y1(t) + Ya(t).

Then for any ¢ > 0,8 > 0 and x € E, we have
lim P, (lY,|2; Y| > ce‘”> = 0. (3.15)
—00

Proof. For any € > 0 and n > 0, we have

IA

Ps, (10135 1%,1 > ce) = 285, (1N Y] > ce™) + 285, (12002 Y] > ce™)

IA

2Ps, (|Y1 O Y1) > ee‘”) +26%eP'Ps, (1Y,] > ce™)

+2P5, (1207 120 > n) + 208, (Y] > &)
= J1(t,€) + (t, €) + It m) + JaCt, ),
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Repeating the proof of [20, Lemma 3.2] (with the S; f there replaced by Y;(¢)), we can get
hmJﬂn@:ZhmP&OHOWJﬂON>630=O. (3.16)
t—00 —>00
By (2.14) and (2.15), we easily get
lim Ps, (IY2()[*) = 071 (x). (3.17)
—o0
By (2.17) and the fact Ps_(Y1 (1)) = t~/2h(x), we get
Tim Ps, (Y1 (OF) = lim (Vars, (1(0) + 7 020)) = o (o),
Thus,
limsup s, (|,%) <2 lim Ps, (Y1(0]* + [V2(01%) = 2(0F + o)1 (x). (3.18)
11— 00

Thus by Chebyshev’s inequality, we have
lim limsup Jo(t,€) <2 hr%e ¢ % lim supIP’(sX(IY,| )=0. (3.19)

e>0 >0 t—00

For J3(t, n), by Lemma 3.2, Y>(t) 4 Gi1(f)vWx.Let ¥, (r) =ron[0,n—1], ¥,(r) =0
on [n, oo], and let ¥, be linear on [ — 1, n]. Then, by (3.17),

timsup Py, (1V2(01% V20 > n) = timsup (P, (1120
=00

—00

— B, (10 0P <))
< timsup (Ps, (1207) = s, (#,(120P)))

—0o0
= 0761() = Py, (8,(G1(/)?Wew)).

By the monotone convergence theorem and the fact that G| (f) and W, are independent, we
have

lim Bs, ((G1(£)*Weo)) = Bs, (G1(£)*Weo) = Bs, (G1(£)?) B, Weo = 071 (x).
Thus,
hm limsup J3(¢, n) = 0. (3.20)

—00

By Chebyshev’s inequality and (3.18),
limsup Ja(t, n) < 2nc™ 2 hm sup e_zat]P’(sx(|Y ) =0. (3.21)

—>00
Thus, (3.15) follows easily from (3. 16) and (3.19)—(3.21). O
Lemma 3.4. Assume that f € C; and h € C.. Define
N(0)() =172 wp),  H)() =M (fwr), t>0,0eD,
and

Y, = Y1(t) + Ya(b).
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For any ¢ > 0 and § > 0, we have

lim N, (|17,|2; VAR ce‘”) —0. (3.22)
—00

Proof. Fort > 1,
vi2.1v St\ _ vi2.v 5t
N (1T 11 > o) = N, (1T 17 > ce™, i #0).
Thus, we only need to prove
lim NX <|)7t|2; |)7,| > ce‘”) =0.
1—0o0

For any x € E, let~N (gia)) be a Poisson random measure with intensity Ny (dw) defined on the
probability space {{2, F, Ps_} and

A[ = / C()[N(da))
D
We know that, under Ps_, {/;, ¢ > 0} has the same law as {X;, # > 0} under Ps_. Define

AF :=/ﬁ)w,N(da)) and Y, (A%) == V22 (1 AF) - MU2(F, AT,

where D= {w € D: ||lof|| # 0}. It is clear that for r > 1, A} = A; and Y;(A*) 4 Y;. Since
N, (D) < oo, AF is a compound Poisson process and can be written as

K .

*_2 :~j

Al - X[’
Jj=1

where itj j =1,2,...arei.i.d. with the same law as w; under Nx and K is a Poisson random
variable with parameter N, (D) which is independent of X/, j = 1,2, .... Let

V(XU = 1 2 2 Xy 4 M2 X,
Then, Y; ()? J ) is independent of K and has the same law as 17, under N «. Therefore, forr > 1,
Ps, (1Y: %5 Y] > ce™) = Ps, (Ve (AN ¥, (A%)] > ce®)
> Ps, (1Y (XD 1Y (XY > ce K = 1)
= Ps, (K = DP;, (1Y, (X% 1¥:(X )] > ce™)
= Ne®e MO (TP 17 > ce).
Now (3.22) follows easily from Lemma 3.3. [

Lemma 3.5. Assume that f € C; and h € C.. Then

(M1 tor, X), 17 M2 0n, o), 41121, X))

5 (Woos VWosGa), V WesGi1 () (3.23)

where Go(h) ~ N(0, p?) and Gi(f) ~ N0, aj%). Moreover, Wy, G2(h) and Gi(f) are
independent.
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Proof. In the proof, we always assume ¢ > 3f9. We define an R3-valued random variable by
U = (1 gr, Xo), 17 2200, X0, 41121, X))

Letn > 2 and write
Urnr) = (""" (g1, Xur). (00) ™ 2P 200, X,), 72, X))

To consider the limit of Uy (¢) as t — 00, it is equivalent to consider the limit of U; (nt) for any

n > 2. The main idea is as follows. For t > fy, n > 2,

M2 ((hy Xi) = (Ta—nyeh, Xi))
(mn1/2

M f, Xty = (T f, Xt”)

’

Ul(nt) = (eklm(@a XI‘lt)v

(0, T RA T gk, Xo), AT f X)) (3.24)

The double limit, first as ¢ — oo and then n — 00, of the first term of the right side of (3.24)
is equal to the double limit, first as t — oo and then n — o0, of another R2-valued random
variable U, (n, t) where
2 ((h, Xpt) = (Tu—nyih, Xi))

((n—Dn)l/? ’

Ux(n,t) = (6”@1, X:),

M, Xe) = (Tt fo Xt>)> -

We will prove that the second term on the right hand side of (3.24) has no contribution to the
double limit, first as r — oo and then n — o0, of the left hand side of (3.24).
We claim that

Us(n, 1) % (Ww,J@Gz(h),MGl(f)), as 1 — 0. (3.25)
Denote the characteristic function of U, (n, t) under P, by k2 (61, 62, 63, n, t). Define

Yi(t,60) i= 00t~ V2M 2 (0, Xy),  Ya(t,63) = 6032 (f, X)), 1> 0,
and

Y1(02,63) = Y1(t,02) + Ya(t, 03).

We define the corresponding random variables on D as Y1(z,6), Ya(t, 63) and Y;(62, 63). Using
an argument similar to that leading to (3.6), we get

261,62 051.0) = Py (expli06 (91, X0+ [ [ (exp {12162, 80100
E JD

— 1= 1M 10 (02,.69) (@) N2 () X, (d) ).
Define

R)(x,6) :=/D(exp{ieﬁ(ez,eg)(w)}—1—i917t(92,93)(w)

125 2
+ 56’ (Y1 (62, 03)(w)) )Nx(dw)
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and
T, 1, x) = /D (eXp{ieMr/zY(n—l)t(QL 03) (@)} — 1 — i ¥, 1), (62, 93><w>) N, (dw).
Then
Jin, 1, x) = _%eh Ny (Fin1y¢ (62, 63))* + Ri,_ 1y (x, M2y,
and
K2(01, 0,03, n, 1) = By, (exp {i01e" (d1, Xi) + (T (n, £,), X} }) .
Let V" (x) == Nx(?(nfl)t(eb 63))2. Then

1
(11,9, X1) = =2V Xo) + (Riy oy € €179, X0
= Ji(n,t) + Jo(n, t).
We first consider Ji(n, t). By (2.4),

V/"(x) = Vars, (Y1) (62, 63))
= Vars, (Y1((n — 1z, 62)) + Vars (Y2((n — 1)1, 63))
+ Covs, (Y1((n — 1)t, 62), Y2((n — 1)1, 63)).
So by (2.17), (2.20) and (2.25), we have, for t > 3y,

V@) — @307 + 630D )|

< |Vars, (V1 (0 = D1, 62)) = 62931 (0)| + [Vars, (Va(01 = Dt 63) = 6301 ()
+ [Covs, (Y1 ((n = 1)1, 62). Ya((n = 1)1, 63)) |
< (e()»l_z)‘y(f))(n_l)t + 1= (=1t +((n — l)t)_1/2 +((n — 1);)—1> a;o(x)l/z

(3.26)
Thus, we have that as t — o0,
e“’( (x) — z 7Xt>
< (e(xlfzxy(f))(nfl)z _i_e(klf)hz)(nfl)t (=) 4+ (n— 1)071)
X eklt((ﬁlto)l/z, X:)— 0,
in probability. It follows that
LY, 2 2 2
in probablhty. (3.27)

For Jo(n, t), by (3.2), we have, for any € > 0,
1 3 - B ~
Rl (6, €M12)] < e, (IY(n—l)z(92,93)|3; Y1) (62, 63)| < ee wz)

+eMN, <|?(n—1)t(927 63)1%; Y1y (62, 63)| > Ee—Mtﬂ)
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€ At v 2
< i Ny (1Y(a=1)¢ (62, 83)]
At v 2.1v —\t/2
+ M Ny (1701002095 1 P10 (62, 6)| = ee™112)

€
- 6eM’v," (x) + M FM (x),
where F/'(x) = Ny (|Y<n71)t(92, 03)1%; | Y(u—1) (6, 63)] = ee—*”/z). Note that

PP (! (), X,) = VT (F]), ). (3.28)
It follows from Lemma 3.4 that lim,_, o F/'(x) = 0. By (3.26), we also have

Fl'(x) < V'(x) S ay ()2,
which implies that | F}* ||, — 0 as t — oco. By Lemma 2.5,

lim /T, (F")(x) = 0.

11— 00
Note that, by (2.10), e/ T,(F") < eM’Tt(atlo/z) < a,lo/z. Since p has compact support and ay,
is continuous, we have (a,,, u) < o0o. By (3.28) and the dominated convergence theorem, we

obtain lim,_, oo "', (F/'(x), X;) = 0, which implies that e*!" (F/"(x), X;) — 0 in probability.
Furthermore, by (3.27), we have that as t — oo,

%eklt(vtn, X)) — 2(922,0;21 + 0320%)Woo in probability.
Thus, letting ¢ — 0, we get that as ¢t — oo,
Jo(n,t) — 0 in probability. (3.29)

Thus, when t — o0,

exp{(J(n,1,-), X;)} — exp {—%(922,0,3 + ega]%)woo} (3.30)

in probability. Since the real part of J(n, ¢, x) is less than 0, we have
| (28Y {(](f’l, t, ')7 Xl)} | =< 1.

So by the dominated convergence theorem, we get that

1
lim i2(61, 62, 63.n.1) = P, |:exp {i0 Wao} exp {—E(ezzp,f + ega})wooH , (3.31)
—00

which implies our claim (3.25).
By (3.25) and the fact e (¢, X,.;) — ' (¢, X;) — 0, in probability, as t — oo, we easily
get
M2 ((hy Xur) = (Ta—1yih, X1))
(nt)1/2 ’

U3(n5 t) = (eklnt (¢1a Xnt)»

e)qnt/Z((f7 Xm) _ <T(;171)tf’ Xt)))

—1
4 (Woo, /nTMGg(h),mGl(f)>-
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Using (2.17) and the fact P, (h, X;) = (T}h, n) = e M2(h, 1), we can get
(nt) LM, (Te1yeh, X)) = (nt) e Vary (b, X)) + (nt) L™ (P, (h, X,))?
Snta+e7h. (3.32)
Using (3.13) with s = (n — 1)z, and then letting t — oo, by (2.14) we get

MR (Tt f. Xi))? S M 720D ay ()12, ) + MU(Ty f. 1) — 0.(3.33)
Let D(nt) and D (t) be the distributions of Uj(nt) and Us(n,t) respectively, and let D"
and D be the distributions of (Woo, @JW_OOGz(h), VWG (f)) and (Woo, v/ WooGa(h),
VW Gy (f)) respectively. Then, using (3.1), we have

limsupd(D(nt), D) < limsup[d(D(nt), D" (1)) + d(D"(t), D") + d(D", D)]
11— 00

—>0o0

< tim sup ((a0) ™ eH ™ P, (T 1y, Xi)?

—00
Aint 2 172 n
+ MMP Tty f. Xo) ) +0+d(D", D). (3.34)
Using the definition of limsup,_, o, (3.32) and (3.33), we easily get that
limsupd(D(t), D) = limsupd(D(nt), D) < c/+/n +d(D", D),

t—00 t—00

where c is a constant. Letting n — oo, we get limsup,_, ., d(D(¢), D) = 0. The proof is now
complete. [J

Recall that
ng k ng k
g= D DM and Lgy= Y Y bkl o).
k2 <rp j=1 k2 <Ay j=1
Note that the sum over k is a sum over a finite number of elements. Define
ng .
Hxo(@) = Y Y 0hHY (), weD.
k:2hp<Ap j=1
By Lemma 3.1, we have, as u — oo
(I,g, wy) = Hso, Ny-ae., in L'(Ny) and in L2(Ny).
Since Ny (I, g, wy) = P(Sx (1,8, Xyu) = g(x), we get
Ny (Hxo) = g(x). (3.35)
By (2.4) and (2.13), we have

2
u "k
Ni(lug. 0u)* = Vars, (Lug, Xu) = /0 T, A( > Ze“‘?b’;qu?) (x)ds, (3.36)

k2 <Ay j=1
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which implies
00
Ny (Hoo)? = / T, | A Z Z bk ) | () ds. (3.37)
0 k2 i <hp j=
By (1.9), we have that for any x € E,
ng
AkS 1k k A 1/2
D0 > bk gk (0] S K tay, (x)! 2,
k2 <iy j=1

where K = sup{k : 2A; < A1}. So by (3.37), (2.10) and (2.28), we have that for any x € E,

o0
N, (Ho)? 5/ ePAKTIS AT (a5, ) (x) ds
0

1) o0
= (/ —}—/ )6(2)"(_)“)“6)‘”TS(azlo)(x) ds
0 o

Io [e%e]
5 / Ts(azzo)(x) ds +/ e(ZAKfM)s ds ato(x)l/z
0 Io
< ay()'V? € L2(E,m) N LY(E, m). (3.38)
Now we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Consider an R*-valued random variable Uy (#) defined by:

U4(t) = <€)L1t(¢],X[), e)qt/Z < g’ XI _ Z Z 7}\ktbk k, /)

k2 <A1 j=1

)th/Z(h X;)
e ,
T”ekﬂﬂ(ﬁ x)).

To get the conclusion of Theorem 1.4, it suffices to show that, under P,,,

d
Us(t) 5 (Woos VWoG3(8), v WosGa (), v WeuG1 (1)) (3.39)
where W, G3(g), G2(h) and G1(f) are independent. Denote the characteristic function of
Uy (t) under P, by k1(61, 62, 03, 04, t). Then, we only need to prove
tl_lglo k1(01,62,03,04,1) =P, <exp{i@1 Weo} €xp { (92,3 + 93 ph + 40f)Woo}) .
(3.40)

Note that, by Lemma 1.1, >0, _;, ’j“kzl e*/\kzb’;Hé‘é-/ = limyoo(lug, Xi1u), Py-as. We
have

€1(61,62,03,05,0) = lim P, (exp {10111 (61, X,) +i02¢"12((g Xi) = (Lug, Xivu))

u—o0

03712, X,) + 103, X))

lim P (eXp{191e Wy, Xo) + i3t~ 2M 2 (h, X,)

u—o0

i X))+ (ut, ), xt)}), (3.41)



Y.-X. Ren et al. / Stochastic Processes and their Applications 125 (2015) 428457

where

T, x) = / (exp {—i@zeWﬂ(Iug, a)u)} — 1 +i6eM (1, a)u)) N, (dw).
D

The last equality above follows from the Markov property of X, (2.7) and the fact

/ (1,8, wy )Ny (dw) = ]P;zﬁx (Iyg, Xu) = gx).
D
We will show that

lim J, (1, x) = N, (exp {—i@zeW/sz} 14 iezellf/zHoo) — It x).
u—>00

455

(3.42)

Foru > 1, |e=02¢""*{hig-ou) _ 1| < 21y, 0y (@). By Remark 2.3, N, (J|o1 || # 0) < oc. Thus,

by Lemma 3.1 and the dominated convergence theorem, we get

u—o0

By (3.35), we get Ny Hyo = Ny (I, 8, w,) = g(x). Then, (3.42) follows immediately.
By (3.2), we get

1 1
sup |, (1, x)| < =62e*" supNy (1,8, w,)? < ~03eM' N, H2, < oo.
u>0 2 u>0 2

Note that, by (3.38),
P (N.H2, X0) S Pulay”, Xo) = (Tay?, ) < oo,

tim_ | (exp {—ieze“/z(lug, wu)} - 1) N (dw) = N, (exp {—iezeM’/sz} . 1) .

which implies that (N.Hgo, X;) < 00, Py-as. So, by the dominated convergence theorem, we

get
lim (J,(z,), X;) = (J(1,), X1), Py-as.
u— 00

Using the dominated convergence theorem again, we obtain
k1(01, 6,605, 04, 1) = P, (exp {iele*"«pl, X,) + i3t~ 2R 2, X,
+ 0L X + U XD
Let
R@®, x) := N, <exp (i0Hx} — 1 —i0Hs + %e%;) .
Thus,
(J(t, ), X)) = —%ezze*lf(v, X,) 4+ (R(—e*%0,, 1), X,),

where V (x) := Ny (Hx)?. By (3.2), we have

klt/20 H
|R(—e"1"720,, x)| < €163, (|Hoo|2 (eTQ'“" A 1)) :

(3.43)



456 Y.-X. Ren et al. / Stochastic Processes and their Applications 125 (2015) 428457
which implies that

P [(R(=e"205,, X,)| < 03 MU T (kG 1), 1),

where
k(x, 1) := N, <|Hoo|2 <% A 1)) )

It is clear that k(x, ¢) | O ast 1 oco. Thus as t — oo, MIT(k(-, 1)) (x) — 0, which implies
Jim (R(—€™/%0,, ), X;) =0 in probability. (3.44)

Since V € LZ(E, m) N L4(E, m), by Remark 1.3, we have

lim e*(V, X;) = (V, ¢1)mWso in probability. (3.45)

t—0o0

Therefore, combining (3.44) and (3.45), we get
1

lim exp{(J (1, ), X)) = exp {—2

03(V, ¢1)mWOO} in probability. (3.46)

Since the real part of J(z, x) is less than O,
lexp {{(J(z,-), X))} < 1. (3.47)

Recall that limy_ o €M (¢, X;) = Weo, P,-a.s. Thus by (3.46), (3.47) and the dominated
convergence theorem, we get that as ¢t — oo,

1
Py (exp{(z‘m - 59%<v, ¢1>m> MUy, Xy) + 103t~ 2P 2 (h, X )

+i04eM12( f, X’)D — k101, 62, 63, 04, 1)

=P,

1
exp {(J(z, ), X;)} — exp {—5922(‘/, $1)me* ! (d1, Xt)” — 0. (3.48)

By Lemma 3.5,
Jlim P, (exp{(i@l — %eg(v, ¢1>m> ML, Xo) + 1038722, Xy
+ 042, X,)})
=P, (exp{i91 Woo) exp {—%(922(\/, $1)m + 0307 + Gfoﬁ)WooD : (3.49)
By (3.37), we get

Vo= [ e (AP o), ds.
0 m

The proof is now complete. [
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