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total mass for superdiffusions corresponding to the
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Abstract

Consider a superdiffusion X on R? corresponding to the semilinear operator
A(u) = Lu + Bu — ku?, where L is a second order elliptic operator, 3(-) is in the
Kato class and bounded from above, and k(-) > 0 is bounded on compact subsets
of R? and is positive on a set of positive Lebesgue measure.

The main purpose of this paper is to complement the results obtained in [8], in
the following sense. Let A\, be the L*°-growth bound of the semigroup correspond-
ing to the Schrodinger operator L+ 3. If Ao # 0, then we prove that, in some sense,
the exponential growth/decay rate of || X¢||, the total mass of Xy, is Aoc. We also
describe the limiting behavior of exp(—Asot)||X¢|| in these cases. This should be
compared to the result in [8], which says that the generalized principal eigenvalue
Ao of the operator gives the rate of local growth when it is positive, and implies local
extinction otherwise. It is easy to show that Ao, > Ao, and we discuss cases when
Aoo > A9 and when Ay = Ag.

When A, = 0, and under some conditions on 3, we give a sufficient and necessary
condition for the superdiffusion X to exhibit weak extinction. We show that the
branching intensity k affects weak extinction; this should be compared to the known
result that & does not affect weak local extinction (which only depends on the sign
of A2, and which turns out to be equivalent to local extinction) of X.
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1 Introduction

1.1 Model

For any positive integer 7 and n € (0, 1], let C*7(R?) denote the space of i times contin-
uously differentiable functions with all their i-th order derivatives belonging to C"(R?).
(Here C"(R?) denotes the usual Holder space.) For any z € RY, we will use {&;,I1,,t > 0}
to denote the L-diffusion with I1,(§, = ) = 1, where

1
L= 5v-av+b-v on R?,
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and a, b satisfy the following
(1) the symmetric matrix a = {a; ;} satisfies
d
Aru)? < Z a;;(v)vw; < Aglv?,  for all v € R? and x € R
ij=1

with some Aj, Ay > 0, and a;; € CY" 4,5 =1,--- ,d, for some n in (0,1];

(2) the coefficients b;, ¢ = 1, -+ , d, are measurable functions satisfying
d
D lbi()| < C(1+ Ja]), for all z € R
i=1

with some C' > 0;

(3) there exists a differentiable function Q : R — R such that b = aVQ.
Remark 1.1 Under (1)—(3) above, the diffusion process £ is conservative on R That is,
(& € RY Wt > 0) =1,

for all z € R?; equivalently, the semigroup corresponding to ¢ leaves the function f = 1
invariant. For a proof, see, for instance, [28, Theorem 10.2.2].

Define
m(z) = e*9@), r € R (1.1)

Then £ is an m-symmetric Markov process, that is, the semigroup of ¢ in L?(R? m(x)dz)
is symmetric. If C°(R?) denotes the space of infinitely differentiable functions with
compact support, then the Dirichlet form (€, D(€)) of € in L*(R? m(z)dz) is the closure
of the form given by

E(u,v) = %/Rd(VuaVv) exp(2Q)dx, w,v € CF(RY).

For any measurable space (E, B), we denote by M (FE) the set of all finite measures on B.
We consider the measurable space (M (E), M) with M being generated by the functions
fe(p) = p(B) with B € B (i.e., we use the weak topology). The space of finite measures
with compact support will be denoted by M.(E). The expression (f,u) stands for the
integral of f with respect to pu.

With 3 belonging to a certain Kato class and k being locally bounded from above and

nonnegative, we will define the fundamental quantity Ay in (1.4) and show that Ay < co.

3



We will write ({X;}i50;Pyu, 1 € M(R?)) to denote the superprocess (a measure-valued
Markov process) with IP,(Xo = p) = 1, corresponding to the semilinear elliptic operator
A(u) := Lu + Bu — ku? on R% For the precise definition, see Definition 1.3 below. As
we will see in Theorem 1.2 and Theorem 1.4, the superprocess is well defined and has a

cadlag version.

1.2 Motivation

The main purpose of this paper is to complement the results obtained in [8]. In particular,
we study the growth/decay rate of the total mass of X and weak extinction of X. Whereas
in [8], the local behavior of the mass has been shown to be intimately related to the
generalized principal eigenvalue corresponding to the expectation operator, here we will
show that the global behavior of the mass is linked to another important quantity, the
L*>-bound for the semigroup.

1.3 Known results

We first recall some definitions from Englénder and Kyprianou [8].

Definition 1.1 Fix 0 # p € M(R?) with compact support.
(i) We say that X ezhibits local extinction under P, if for every bounded Borel set
B C R?, there exists a random time 75 such that

P,(tp <o0)=1 and P,(Xy(B)=0forallt>7)=1

(ii) We say that X exhibits weak local extinction under P, if for every bounded Borel
set B C R P, (limy_o X¢(B) =0) = 1.
(iii) We say that X ezhibits extinction under P, if there exists a stopping time 7 such
that
P, (r<o0c)=1 and P, (X,(RY) =0forallt>r7)=1.

(iv) We say that X ezhibits weak extinction under P, if P, (lim; ., X;(RY) = 0) = 1.

In [23], Pinsky gave a criterion for the local extinction of X under the assumption that
[ is Holder continuous, namely, he proved that X exhibits local extinction if and only if
Ao < 0. In particular, local extinction does not depend on the branching intensity k, but it
does depend on L and . (Note that, in regions where 3 > 0, 5 can be considered as mass
creation, whereas in regions where 5 < 0, 3 can be considered as mass annihilation.) Since
local extinction depends on the sign of Ay = A\o(f3), therefore, heuristically, it depends on



the competition between the outward speed of particles and the mass creation. The main
tools of [23] are PDE techniques.

In [8], Englénder and Kyprianou presented probabilistic (martingale and spine) argu-
ments for the fact that Ay < 0 implies weak local extinction, while Ay > 0 implies that,

for any A < Ay and any nonempty relatively compact open set B,

P, <lim supe M X, (B) = oo) >0
t—o00
holds for any nonzero initial measure .

Putting things together, one concludes that in this case local extinction is in fact
equivalent to weak local extinction and there is a dichotomy in the sense that the process
either exhibits local extinction (when Ay < 0), or there is local exponential growth with
positive probability (when Ay > 0).

We will see that, on the other hand, extinction and weak extinction are different in
general. The intuition behind this is that the total mass || X;|| may stay positive but decay
to zero, while drifting out (local extinction) and on its way obeying changing branching
laws. (For a concrete example see Example 5.3.) This could not be achieved in a fixed
compact region with fixed branching coefficients.

In [8] an analogous result has been verified for branching diffusions too, by using the
same method. (Note that for branching diffusions, weak (local) extinction and (local)
extinction are obviously the same, because the local/total mass is an integer.) It was also

noted that the growth rate of the total mass may exceed Ay (see [8, remark 4]).

1.4 Our main results

It is important to point out that weak extinction, unlike local extinction, depends on the
branching intensity k as well. It is natural to ask whether 3 or k plays the more important
role. The answer: [ plays the main role, k£ only has a minor significance. We will prove
that the exponential growth rate of the total mass is A, defined by (1.8). More precisely,
there are three cases:

1. If mass creation is large enough so that A\, > 0, then the total mass of X tends to
infinity exponentially with rate A\, > 0;

2. if annihilation is strong enough so that A\, < 0, then the total mass of X tends to
zero exponentially with rate Ao, < 0, even under survival;

3. if Ao = 0, then weak extinction depends on k.



Concerning the third case, under some further conditions on 3, we will give a necessary
and sufficient condition for X to exhibit weak extinction (see Remark 1.10).

In all the work mentioned above, (3 is assumed to be Holder continuous. In this paper,
we relax this condition by using results of [2, 4, 13, 14, 30] on Schrédinger operators.
Before we give the main results of this paper, let us introduce some definitions and

notations.

Definition 1.2 (Kato class) A measurable function ¢ on R? is said to be in the Kato

class K(&) if
t
lim sup II, (/ \q(fs)\ds) = 0.
tl0 peRrd 0

It is easy to see that any bounded function is in the Kato class K(¢). For any ¢ € K(¢),

denote .

eq(t) = exp (/0 q(ﬁu)dU) , (1.2)
and define .

e,(00) == exp </0 q(ﬁs)ds> , (1.3)

whenever the integral on the righthand side makes sense.
Assumption 1.1 In the remainder of this article, we will always assume that 5 € K(&).
One may define a semigroup {Ptﬂ h>o on LP, for any p € [1, 00|, by

PP f(x) = T, [es(t) f(£)]-

For any p € [1,00], || - ||, stands for the operator norm from LF(R% m) to LP(R% m). It
follows from [5, Theorem 3.10] that, for any ¢ > 0 and p € [1,00), [P |lpp < 1P lscsee <
ec1'te2 for some constants ¢y, ¢y, and that {Pf }i>0 s a strongly continuous semigroup in
LP(R% m) for any 1 < p < co. We define

o1
Xo(0) 1= Jim 7 1og | P2 (1.49)
In Section 2 we will prove the following probabilistic characterization of As(3)

1
Ao(B) = sup lim —logsupll, (es(t); 74 > 1). (1.5)
AccRrat—oe zeA

(Here A cC R means that A is a bounded set in R%.) In general, when 3 is Holder-

continuous, A2(f3) coincides with the so-called generalized principal eigenvalue of L + 3
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defined in [22] . In our symmetric setting however, for such a (3, the situation is even
simpler: Ay(f3) is the supremum of the L*-spectrum for the self-adjoint realization of the
symmetric operator L + 3 on R?, obtained via the Friedrichs extension theorem. (See
Chapter 4, and especially Proposition 10.1 in [22] for more explanation).

Definition 1.3 (The (L, 3, k)-superprocess) An (L, (3, k)-superprocess is a measure-
valued Markov process ({X;}i>0; Py, p € M(R?)) such that P,(Xo = p) = 1, and for any
bounded Borel f > 0 on R?, one has

P, exp(—f, X;) = exp(—u(t, ), u), (1.6)

where u is the minimal nonnegative solution to

u(t,x) + HCC/O k(gs)(u(t - 8768))2d8 - Hx/o ﬁ(gs)u(t - 57€s>d3 = Ha&f(ft) (17)

We will also say that ({X;}is0; Py, € M(R?)) is the superprocess ‘corresponding to the

semilinear elliptic operator A(u) := Lu + fu — ku® on R4

Theorem 1.2 Suppose that § € K(&), and k > 0 is locally bounded. The (L,[3,k)-

SUperprocess exists.

Remark 1.3 (Minimality and uniqueness) Under our general condition on k, we do
not claim the uniqueness of the solution to the cumulant equation (1.7). In the Appendix,
we will construct a minimal solution instead. If, however, k& € K(£) holds as well, then

the solution is unique, see Remark 6.1.

Right after the construction of the superprocess, one of course would like to know what

regularity properties of the paths one can assume.

Theorem 1.4 Suppose that § € K(§) and is bounded from above, and k > 0 is locally
bounded. The superprocess constructed in Theorem 1.2 has a version which has cadlag

paths (that is, right continuous paths with left limits in the weak topology of measures).
Throughout this paper, the following assumption will be in force:

Assumption 1.2 (Regularity assumption) The superprocess X has cadlag paths.
The proofs of Theorems 1.2 and 1.4 are relegated to the Appendix.

Remark 1.5 (f unbounded from above) Note that to get a regular version of X we
supposed that 3 is bounded from above. This was a purely technical assumption, and in
fact, this is the only reason we meed this condition. All of the arguments in this paper
work for any € K(§) except when we need the regularity of X.
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Returning now to the analytic tools needed, another very important quantity besides A,
is given in the following definition.

Definition 1.4 (L*°-growth bound) Define

1 .1
Ao(B) = lim n 10g || P[] 000 = lim 7 log suﬂgd .es(t). (1.8)
xre

We call Ay, = Aoo() the L®°-growth bound.

As already mentioned, A\, plays a crucial role in describing the behavior of the total mass
of the superprocess, while Ay describes the behavior of the local mass. Indeed from (1.4)
and (1.8) it is obvious that A (5) > Aa(/5).

In fact, Ao () = Xo(8) and Ao () > A2(B) are both possible. For conditions under
which A\ (5) = A2(3), we refer to Chen [3, Section 4] and the references therein. We will
give some examples of Ao () > A2((3) in Section 5.

For simplicity, we will write A2(3) as Aa, and A () as Ao when the potential [ is
fixed.

The following quantity is of fundamental importance.

Definition 1.5 (gauge function) For any § € K(&), we define
gs(7) = I,(ep(x0)), = €RY, (1.9)

when the right hand side is well defined. The function gg, called the gauge function, is
very useful in studying the potential theory of the Schrodinger-type operator L + (.

We are now ready to state the main results of this paper, the first of which treats the

‘overscaling’ and ‘underscaling’ of the total mass || X;|| := (1, X).
Theorem 1.6 Suppose p € M(RY) and p # 0.

(1) For any A > A,
P, (tlim e X,|| = 0) ~1 (1.10)

In particular, if Ao < 0, then X suffers weak extinction.
(2) Assume that k is bounded. If \oo > 0 and
li%ninf P71 ,ep(t) >0 for all z € R (1.11)

holds, then for any A\ < A,

P, <limsupe_M||Xt|| = OO) > 0. (1.12)
t—00



The next two theorems give some insight as to what happens when the scaling of the
total mass is exactly at A.

Theorem 1.7 (Scaling at \,,) Suppose u € M(R?) and p # 0.

(1) Assume that Aoy > 0 and that (1.11) holds.

If
tlim M,es . (t) =00 forallz € RY (1.13)
then
P, (limsup e Xy = oo) > 0. (1.14)
t—o00

(2) If gg—»..(x) =0 in R? and

sup 11, (sup €8—os (t)> < 0, (1.15)
z€RY t>0
then
P, <lign inf et X, || = 0) ~ 1. (1.16)

If, in addition, 3 < 0 on RY, the superprocess suffers weak extinction.

Theorem 1.8 Assume that there is a bounded solution h > 0 of (L4 — Ax)h =0 in

R? in the sense of distributions. If there exists an xy € RY such that

I, / " s (5)k(€,)ds < 0o, (1.17)
0

then limy oo e < (h, X;) exists Py-a.s. and in L*(P,), for all 0 # u € M. (R?). In
particular, P, (|| X¢|| > 0, Vt > 0) > 0, i.e., no eztinction.
If, in addition, h satisfies that

inf h(z) >0, (1.18)

zeRd

then the scaling at Mo is the correct one in the sense that for every nontrivial u € M.(R?),

P, (limsup e | X || < oo) =1 (1.19)
t—00
and
P, (litm inf e~ X, || > 0) > 0. (1.20)

Now we give a partial converse of Theorem 1.8. To state this result, we need to

introduce another function class.



Definition 1.6 (The class K., (§)) Suppose that £ is transient. A function ¢ € K(&) is

said to be in the class Ky (&) if for any € > 0 there exist a compact set K and a constant

9 > 0 such that for any subset A of K with m(A) < 4,

sup [ Gaglay)imly)dy < (1.21)
(RA\K)UA

z€R4

where m is the function defined in (1.1) and G(z,y) is the Green function corresponding
to & with respect to m(x)dz in R4

The class K (&) was first introduced in [4, 2]. When ¢ is transient and 8 € Ko (),
we have Ao > 0. In fact, it follows from [4, Proposition 2.1] that IL, (f;~|8|(&)ds) is
bounded in R?%. Let M be the upper bound. By Jensen’s inequality, we have

I es(t) > exp (—HI /OO |5’(§s)ds) > e M,

0
which implies that

1
—log sup I,es5(t) > —M/t.
t reRI

Thus by definition,
1
Aoo = lim sup n log IT,e5(t) > 0.

t=00 peRrd
It follows from the gauge theorem (see [4, Theorem 2.2] or [2, Theorem 2.6]) that, if £ is
transient and 3 € K, (€), then gz is either bounded or identically infinite. It follows from
2, Corollary 2.9] that the boundedness of gg implies that sup,cga IL(sup;sq es(t)) < oo
for every x € R, and hence Ao (3) = 0.

Theorem 1.9 (Weak extinction in the radial case) Assume that k and 3 are radial
functions, and L is radial (i.e., a;j, 1,7 = 1,2,--- ,d, and Q are radial functions). Suppose
that & is transient, 8 € Ko (§), and that gs(x) is not identically infinite (which implies
that gg is bounded and hence oo = 0). If

11, {/ 6ﬁ($)k(£s)d5:| =00 forall v € RY (1.22)
0
then for every u € M(R?),
IP’#(tlim | X =0) =1. (1.23)

Remark 1.10 In particular, if € is transient, € K (€) and gs is not identically infinite,
then gg is a solution of (L + B)u = 0 in the distribution sense, and is bounded between
two positive numbers. In this case, Theorem 1.8 and Theorem 1.9 imply that condition
(1.22) is a necessary and sufficient for X to exhibit weak extinction.

In Section 5 we will give some examples for which the conditions of our theorems are
satisfied.
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2 Preparations: Feynman-Kac semigroups

Recall that 3 is in the Kato class K(§). In this section, we present some preliminary
results on the Feynman-Kac semigroup. Recall from Section 1 that

P f(x) = [es(t) f(&)],

and that {P’,t > 0} is a strongly continuous semigroup on LP(R% m) for every 1 < p <
0.

For any domain D C R? and x € D, we will use dp(r) to denote the distance from x
to D°. Let &P be the subprocess of ¢ killed upon exiting D. We will use {Pf’D,t >0} to

denote the semigroup of £P:

PP f(x) ==T,[es(t) f(&), t < Tp),

where

p =inf{t > 0:& ¢ D}.

When D¢ is non-polar, that is, when II,(7p < 0o) is not identically zero, &P is tran-
sient. In this case, we will write Gp to denote the Green function of £¢” with respect to
the Lebesgue measure. Then G p(z,y) := Gp(z,y)/m(y) is the Green function of £ with
respect to m(y)dy.

For any n > 1, put D,, = B(0,n). We will use the shorthand ¢™ to denote £P and
G, to denote Gp,. It follows from [15, 17] that G,, is comparable to the Green function
of the killed Brownian motion in D,,. Therefore, there exists ¢; = ¢;(n,d) > 1 such that
when d > 3,

ol (1/\ 0p(x)0p(y)
|z —y|?

65(2)dp(y)

, T,y €B (2.1
g ) )

1
) < Gp(z,y) < Clm (1 A

for any ball B C D,,; when d = 2

c; ' log (1+M) < Gp(r,y) < clog (14—%(53(3)) , r,yeB (2.2)
|z =] |z =yl
for any ball B C D,,; and when d =1
cr ' (0p(2) Nop(y)) < Gp(z,y) < c1(0p(z) Adp(y), =,y€B (2.3)

for any ball B C D,,.
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2.1 The 3G inequalities and the Martin kernel

For convenience, we define
d
u(z) =< loglx|™!, d=2 (2.4)
d=1

Using (2.1)—(2.3), we get that there exists ¢ = ¢(d,n) such that, when d > 3 (by [5,
Theorem 6.5])

GB(xa y)GB(y) Z)
Gp(z,2)

<clulzr—y)+uly—=2), =zy,z2€B (2.5)

for any ball B C D,; when d =2 (by [5, Theorem 6.15])

GB(xa y)GB(ya Z)
Gp(z,2)

<c(IVulz—y)+(1Vuly—=2))], =y z€B (2.6)

for any ball B C D,;; and when d = 1, by direct calculation,

GB('Tay)GB(yvz) <c
Gp(z,2) -7

x,y,z € B (2.7)

for any ball B C D,,. The three inequalities above are called 3G inequalities. For any ball
B, let Mg(x,2),(z,2) € B x 0B, be the Martin kernel of ¢Z:

o . GB(xay)
MB(*I’ Z) T BaylilgleaB m

for some xy € B. Then one can easily deduce from the 3G inequalities above that there
exists ¢ = ¢(d,n) > 0 such that, when d > 3,

Gp(z,y)Mp(y, 2)
Mp(x, 2)

<clulr—y)+uly—=2), z,y€B,z€0B (2.8)

for every ball B C D,,; when d = 2,

GB(xa y)MB(ya Z)

Mp(z, 2) <c(IVulz—y)+AVuly—=2))], =xyeB,z€dB (2.9)

for every ball B C D,,; when d = 1,

x,y € B,z € 0B (2.10)

for every ball B C D,,.
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It follows from [16, 17] that for any n > 1, there exist ¢; = ¢;(n) > 1, i = 1,2, such
that the heat kernel p§”> associated with €™ satisfies

oyt <1 A iﬁ) (1 A 5”\%)) e < P (a,y)
< ¢yt~ 4? (1 A %;?) (1 A M\/?) o=t (2.11)

for all (t,z,y) € (0,1] x D,, x D,
We then have the following result.

Proposition 2.1 If g € K(§), then for anyn > 1,

lim, sup /| eIy =o.
y—x|<r

r—0 2€Dy,
Proof. It follows from (2.11) that there exist constants ¢;,co > 1 such that for any

(t,x,y) € (0,1] x D,, X Dy,

2
Pt w,y) > ot exp {—M} :

Since

/Ot IL[|3(&)[]ds > /Ot/nlU(nJrl)(s,a:,y)|ﬂ(y)’dyds7

we can apply the arguments in the proof of [5, Lemma 3.5] and the first part of the proof
of [5, Theorem 3.6] to get the conclusion of our proposition. O

2.2 Probabilistic representation of A\,

The following result is a generalization of [22, Theorem 4.4.4] and it implies that (1.5) is
valid when § € K(§).

Proposition 2.2 (Probabilistic representation of \;) Let
[ 1 . >
To = i0f{t: & & Du}, n > 1.
Then

1
A2(B) = sup lim —log sup I, (es(t);t < 7,).

n t—00 Q?EDn
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Proof. Let P’ stand for PP and let
. 1 n
Ay »= lim —log 157" |2,2,

where || P”"||5 stands for the operator norm of P*™ from L*(D,,m) to L*(D,,m). It is
well known that

—Xa(B) = inf{%/ (Vfan)ewdx_/ f2pe*@dx : f € C2RY), || fll2 = 1} (2.12)
Rd Rd
and
neay _ 1 2Q 20 2Q 1. . 0o _
-\ (B) = 1nf{§/Rd(Vfan)e dx — /Rdf pe*“dx . f € C(Dy), || fll2 = 1}. (2.13)

For any n > 1, by using (2.1)—(2.3) and Proposition 2.1 we can easily see that § €
Ko (£€™) (The definition of the Kato class Ku(¢£™) is similar to Definition 1.6; see [4]
for details.). Thus it follows from [3, Theorem 2.3] that for any n > 1,

1
-\ (B) = tlim ~log sup P"1(x).

—00 xEDn

Now combining this with (2.12)—(2.13) yields the conclusion of our proposition. O

2.3 Properties of the gauge function

The following basic properties of gg will be used later.

Lemma 2.3 (1) For any open set D C R? and nonnegative measurable function f on
0D, if the function ggf(x) = I [es(7D) f(&rp) L rp<oo}) 45 mot identically infinite on D,
then for any compact set K, ggf is bounded on K and there exists A = A(D, K, [(3) > 1,
independent of f, such that

() < Ainf gf (x). 2.14
sup g1 (¢) < A inf gj1(x) (2.14)

Furthermore, gf; is a continuous solution of (L + 3)h =0 in D in the sense of distribu-
tions.

(2) If gs is mot identically infinite in R, then for any compact set K C R%, gg(z) is
bounded on K and there exists an A = A(K,[3) > 1 such that

sup gg(x) < A inf gs(z). (2.15)
zEK ek

Furthermore, g s is a continuous solution of (L + B)h = 0 in R? in the sense of distribu-
tions.
(3) If gg is not identically zero in R?, then gg(z) > 0 for all x € RY.
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Proof. (1) The proof follows the same line of arguments as that of [5, Theorem 5.18].
Without loss of generality, we may and do assume that K C B(0,n) and that there exists
21 € K such that ggf(:vl) < 00. Then by the definition of gé)’f and the strong Markov
property, for any ball B = B(xy,r) C B(xy,r) C D, we have

95.¢(@1) =1L, [es(75)95 1 (&75)]-

By (2.8)—(2.10) and Proposition 2.1, for any € > 0, we can choose ry = ro(n, ) € (0,1]
such that for any r € (0,7) and any (z,2) € B x 0B:

B 1
Hi/ ep(t)dt < -,
) 2

where IIZ stands for the law of the Mp(-, z)-conditioned diffusion, i.e., the process such
that for all bounded Borel function on B and t > 0,

ML) = 37y (€ Mpl6r, 2t < 7]

Repeating the argument of [5, Theorem 5.17], we get that
1
E S H;eg(TB) S 2.

Put v(x,z) = [IZeg(7p), then by [5, Proposition 5.12] (which is also valid for £ by the
same arguments contained in [5, Section 5.2]) we have

g0 (1) = /a oo, 2) Ko, )98 (20(d:)

where o stands for the surface measure on 0B and Kp is the Poisson kernel of B with
respect to £. It follows from the Harnack inequality (applied to the harmonic functions
of £) that there exists some ¢ > 1 such that
sup Kp(r,2))<c inf Kpg(z,z), Vz € OB.
z€B(z1,7/2) x€B(x1,r/2)

Since, for z € B,
i) = [ ot 2)Kale g8y (o(d2),
B
therefore we have

D ) 5
Sup r)<c inf ).
wEB(arl,r/z)gB’f( ) :ceB(xl,r/Q)gB,f( )

Now (2.14) follows from a standard chain argument. The last assertion of (1) can be
proved by repeating the argument of the Corollary to [5, Theorem 5.18] and we omit the
details.

(2) The proof of (2) is the same as that of (1).

(3) The proof of this part is the same as that [5, Proposition 8.10] and we omit the
details. O
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2.4 The operator G”
For any f > 0 on R?, set

6 fa) =1L, [ ealo)f(€0) ds. (2.16)
G°f will be denoted as G'f. The following result will be needed later.

Lemma 2.4 Suppose that f > 0 is locally bounded on R?. If there exists an 1 € R? such
that GP f(z1) < oo, then GPf is locally bounded on R as well.

Proof. The proof is similar to that of the first part of Lemma 2.3. For convenience,
we put f := GPf in this proof. Without loss of generality, we may and do assume that
the compact set K satisfies K C B(0,n), and furthermore, that there exists an z; € K

such that f(x1) < co. Let v(z,2) := [IZeg(7p). By the strong Markov property, for any
B = B(zy,r), we have

[e.9]

Flan =1, [ et s)as+ 11, [emmgm / eﬂ<s>f<§s>ds}

1L, [ el f€ds+ [ vlon2)Ka(en F()a(dz).

0 oB
By (2.8)—(2.10), Proposition 2.1 and the argument of [5, Theorem 5.17], for any € > 0, we

can choose ry = ro(n, 3) € (0, 1] such that for any r € (0,79) and any (z,z) € B x 0B:

(2.17)

1
5 = Mles(s)] < Iifeys (75)] < 25 L7h <2 Ifes(n)] < 2.

Then we have

fla) > = [ Kplay,2)f(2))o(d2)

OB
and

fa) =1, /TBeﬁ<s>f<fS>ds+ / v(z, 2)Kp(x, 2)[(2)o(d2)

< CT (rpe g (78)) + / ol ) Kl ) f(2)o(d)

< Ol P lea (7)) + [ (o, 2)Kn(a,2)F(2)(d),
OB
where C' is the upper bound of f on B. It follows from the Harnack inequality (for

harmonic functions of £) that there exists some ¢ > 1 such that

sup  Kpg(z,2)) <c inf Kg(z,z).

z€B(x1,r/2) z€B(z1,7/2)
Thus
sup  f(z) <20 + 4ef(x1).
z€B(z1,r/2)
Now the assertion of the lemma follows from a standard chain argument. O
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3 Proofs of Theorem 1.6 and Theorem 1.7

For 0 # pu € M(R?), define
II, = / [T, p(dx). (3.1)
D
The following result is [7, Lemma 1.5].

Lemma 3.1 We can rewrite the above equation (1.7) as

u(t,z) +11, / ea(s)k(E) (u(t — 5,6))ds = Ty (es(t) F(&)). (3.2)

Combining (1.6) and (3.2), we get the following expectation and variance formulas:
for any bounded nonnegative function f on R? and any nonzero u € M(R?),

Pu(f, Xo) =11.(f(&)es(t)) (3.3)
and

Var, (f, X¢) = 11, (/0 e(s)k(€s)2[Me,e5(t — S)f(ft—s)]zdS) : (3-4)

where Var, stands for variance under PP,.

Lemma 3.2 If A\, > 0 then
t
lim inf pru\ml/ | PP1]| s ds < 0. (3.5)
— 00 O

Proof:  For convenience, we denote |[P1|| by A(t) in this proof. Suppose that the
statement is false. Then

s () |

and so for any K > 0, there exists Tx > 0 such that for ¢t > Tk,

7 h(s)ds
RO

ie.,
t

1 [ 1
h(t <—/hsd3:a+— h(s)ds,
0 < [ 1o 7 he

1 [Tk
where a = % [; " h

o h(s)ds. By Gronwall’s lemma, we get

h(t) <« (e(t—T2)/K —-1).
However, if 1/K < 2= (K > %), this contradicts to the fact that
log h(t) - Ao

lim ————= > .
t—o0 t 2

This contradiction proves the lemma. O
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3.1 Proof of Theorem 1.6

For the proof of the theorem, we will need the following slight generalization of Doob’s

maximal inequality for submartingales.

Lemma 3.3 Assume that T' € (0,00), and that the right continuous, filtered stochastic
process (M, Fi, P)o<i<r satisfies that there exists an a > 0 such that

E(M, | Fs) >aM,, 0<s<t<T.

Then, for every a € (0,00) and 0 < S < T,

P ( sup M; > a) < (aa) 'E[Mjg].
t€[0,5]

Proof:  Looking at the proof of Doob’s inequality (see [27, Theorems 5.2.1 and 7.1.9]

and their proofs), one can see that, when the submartingale property is replaced by our

assumption, the whole proof goes through, except that now one has to include a factor

a~! on the right hand side. O

Proof of Theorem 1.6: (1) By a standard Borel-Cantelli argument, it suffices to prove
that with an appropriate choice of T' > 0, it is true that for any given € > 0,

ZP;L ( sup e AT X s > e) < 0. (3.6)
n s€[0,T]
Pick
v > = (3.7)
Then
P, ( sup e M| X, ]| > 6) <P, ( sup €| X, > € e(””") . (3.8)
s€[0,T] s€[0,T]

Let M{™ = || X, || for t € [0,T]. Pick a number 0 < a < 1 and fix it. Let
F = 0(Xpqr 7 €[0,s]). If we show that for a sufficiently small 7> 0 and all n > 1,
the process {Mt(n)}OStST satisfies that for all 0 < s <t < T,

Pu(Mt(n) ‘ ]:s(n)) > aMs(n)? (3-9>
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then, by using Lemma 3.3, we can continue (3.8) with

(s L g n
Pu ( sup e Ant )HXn—&-sH > 6) S —¢ (A+7) P,u [67( +T)||Xn+T|H
s€[0,T] ae
1
_ ae()\Jr'y)Tef/\(n+T)IED“HAX”+TH

< Me()\+'y)T€—/\ (n+T)|| p H

ae n+T1HOO'

Since A > A\, and || n+T1||OO =exp(Ao(n +T) + 0o(n)) as n — oo, therefore (3.6) holds.
It remains to check (3.9). Let 0 < s < ¢t < T. Using the Markov and branching

properties at time n + s,
P (MM | FO| = Prn @O X ] = (B, X X (da)
= (P59 Xy, "X, (d2)) . (3.10)
At this point we are going to determine 7' as follows. According to the assumption
B e K(),
hm sup I, / 18](&5) ds = 0.

0 zcRrd

Pick T > 0 such that .
vt + Hz/ B(&)ds > loga,
0

for all 0 < ¢t < T and all z € R%. By Jensen’s inequality,

t
vt +log Il exp (/ ﬁ(ﬁs)dS) > loga,
0

and thus .
Ps, e || X;|| = €11, exp (/ B(&s) ds) > a
0

holds too, for all 0 < ¢ < T and all x € R%. Returning to (3.10), for 0 < s <t < T,

PM™ | FO) > (a, @)X, (d2)) = aM,

s

yielding (3.9).
(2) First note that to prove (1.12) it suffices to prove that there exists ¢y > 0 such
that for all K > 0,
P,(limsup e (1, X;) > K) > co. (3.11)

t—o0
Since
{limsup e || X;|| > K} D limsup{e | X,|| > K},
t—o00 t—o00
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we have by Fatou’s lemma,

P, (limsupe || X,|| > K) > limsupP,(e | X,|| > K)
t—o00 t—00 (312>
= limsup P, (e || X;|| — K > 0).

t—o0
The assumption A < A, implies that
tlim P, (e M| X)) = tlim e M ,es(t) = oo. (3.13)
By the Paley-Zygmund inequality (see, for instance, [6, Ex. 1.3.8]), we get for large t,

(Pae ™| X,|| — K)*

P,(e M| X — K >0) > 3.14
M( || t” - )— ]P),u(e_)\tHXt“)Q ( )
By (3.3) and (3.4), (3.12) and (3.14) yield
P,(limsup e || X;|| > K)
t—o00
At
> limsup (e es(t
e (IT, e~ ep(t))? 4+ 2e2MI1 / k(&) [Me,ep(t — s)]*ds
BUNE I, (e ( s(t) Jo k(E)e ep(t — ) ds) . (3.15)
= limsup(l—K ) 142
t—o00 H,ueﬁ(t) (Hﬂeﬁ( ))
. -1
i L (eat) Jy k(€ e,e5(t — 5) ds)
= limsup
t—oc (I.es(t))?
Note that
Me,ep(t — ) < | P7_ ) 1loo-
Thus we have
t t
1, (ea(t) [ H€Mgeote = 9)s) < ltlen(t) | [ 1711 ds
t
= Irlttest) | [ 1P
So, we have for every K > 0,
-1
kllool| PP [71PP1| o0 d
P, (limsup e || X, > K) > (1 + 2lim inf I1*lloc] 3 [ fo 121 S) (3.16)
t—o00 —>oo ||P 1|| H 63( )
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By Lemma 3.2,

lim inf 1P|t /Ot | PP1]| s ds < 0. (3.17)

By Fatou’s lemma and (1.11),
lim i || P12 Les(t) = (g lim inf [ P12 TLes(6) > 0. (3.18)
Combining (3.18) and Lemma 3.2, we arrive at (3.11). 0

3.2 Proof of Theorem 1.7

(1) Using Fatou’s lemma, we get

lim inf e~ *>'T1,e5(t) = litm infIl,ep_»_(t) > <lim infIT.eg_»_ (1), ,u> = 00,

t—o0 —00 t—o0

which means that (3.13) holds with A replaced by Aw. So the proof of Theorem 1.6(2)
works with A replaced by A.
(2) By (3.3), we have

Pufexp(—Aoc) [ Xel] = Hueponn (£). (3.19)
Letting ¢ — oo and using Fatou’s lemma, we get
P#(ligglf exp(—Axt) || Xy]]) < ligglf Oes . (1) (3.20)
Note that IT,es_»__(t) = (ILeg_x_ (), 1). Using (1.15) we get

lim I, eg-x. () = (lim I.eg__ (1), n) = (gp—r.., i) =0,

t—o00 t—o00

where in the first equality we used the inequality IT.es_»_ (t) < sup,cga Il (Supssg €s-a. (1))
and the fact that p is finite measure, and in the second equality we used the inequality
eg-x. (t) < sup;sgep_n.(t) < 0o Il-a.s. for any « € RY, and (1.15). Hence by (3.20) we
get

P, (hgigfexp(—)\oot)HXtH = 0) =1,

which implies (1.16).

Finally, when § < 0, trivially A, < 0; hence P, (liminf, . || X:|] = 0) = 1. On the
other hand, || X|| is a supermartingale by the expectation formula and the branching
Markov property, and thus, lim,_. ||-X;|| exists P,-a.s. Hence, we can improve the liminf
to a limit. O
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4 Proofs of Theorems 1.8 and 1.9

4.1 A ‘spine’ proof of Theorem 1.8

We start with a lemma.

Lemma 4.1 Assume that 8 € K(§) and that h > 0 is a bounded solution to
(L+ B —Aoo)h =0 in R

in the sense of distributions. Let 0 # u € M(RY) and F; := o{X,,r < t}. Then the
process (e_x__(t)(h, X1); Fi)io is a positive P,-martingale.

Proof. Recall that D, = B(0,n) and 7, is the first exit time of £ from D,,. Since h is
harmonic with respect to the operator L + 3 — A\, we have

h(z) =11, [eg—r (t A Tn)h(&nr,)],  for every n > 1 and ¢t > 0, (4.1)
see the proof of [26, Lemma 2.1]. Since h is bounded, bounded convergence yields
h(xz) =11, [eg_r (t)h(&)], for every ¢t > 0. (4.2)
By the branching and Markov properties, for r < s < t, we have
Py (8)(h, Xi)| Fs)
= e (O)Px (h, X, )
(ep(t = s)h(&i—s)) , Xo) (4.3)

)(IL
)<H (65(t - S)h(gtfs)) 7Xs>
s)(h, X,

I
)

(
Ao (1
= €,AOO (t
(

= 6_)\

oo

which means that e_»__(t)(h, X;) is a martingale under P,,. 0

Since M" defined by
M = exp(—Aat) (b, Xy)

is a nonnegative P,-martingale, therefore lim; ., M]* exists P,-a.s. It follows from (4.4)
and Lemma 2.4 that

11, /000 eg-an.. (8)k(&)ds < 0.

Define IF’M by the martingale change of measure

1 h

= M.
s )

P,
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Following [8] we make the following observations. First, the probability measure f”u
corresponds to the so-called ‘spine-decomposition’ of the process. Secondly, M" is a
positive [P ,-supermartingale, and thus it has a P,-a.s. limit. Finally, by [8, Theorem

5(i1)], t
E0f) = (o) + 11, [ e nimes)

= (42 [ ey eas),

gﬁh - Z(é;)) exp < /0 - 5(55))018) :

where G = (& : s € [0,t]). (In [8], the domain was bounded and instead of h, the
unique solution to the Dirichlet boundary value problem was considered. However, the

where

only property of the solution that was used in the proof was its invariance under the
Feynman-Kac semigroup. We have this property for our h too by (4.2).)
After the observations above, the rest is just standard measure theory. Namely, by
Fatou’s lemma,
E, (M%) < lim E,(M!" < .

t—o0
Consequently, limy_., M" < 0o, P,-a.s., and therefore M} converges in L'(P,).
Finally, suppose that, with probability one, || X;|| = 0 for some ¢ > 0. Since conver-
gence in mean implies that lim, ., M} is not identically zero, we get a contradiction. [J

4.2 Alternative proof of Theorem 1.8

The following result will imply Theorem 1.8 very easily.

Theorem 4.2 Suppose that § € K(§) and that h > 0 is a bounded solution (L + [ —
Aso)h = 0 in RY in the sense of distributions. If there exists an xo € R? such that

IL,, [ | ermomene) ds] < oo, (1.4)

then for 0 # p € M.(R?), one has limy_.o, exp(—Axt)(h, X;) exists P,-a.s. and in L*(P,),
and )
0<P, an exp(—)\oot)<h,Xt>] < o0,

which implies that

P, (tlggo exp(—Aut) (h, X;) = o) <1 (4.5)
and
P, (tlg?o exp(—Aoot) (b, Xi) = oo> = 0. (4.6)
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Indeed, Theorem 1.8 immediately follows from this result, because under (1.18), (4.4)
is equivalent to (1.17), and (4.5) and (4.6) imply (1.20) and (1.19), respectively. The
assertions of Theorem 1.8 follow easily.

It remains to prove Theorem 4.2.

Proof. We have seen that the martingale limit lim, ., M/ exists P,-a.s. By the martin-

gale property, we have
Pthh = exp(—Aoct) I [es(t)h(&)] = (h, p).

It follows from (4.4) and Lemma 2.4 that

n, [ [ eaan (e as] < e
Thus by the variance formula (3.4) and (4.1), we have
P, [M}]"
= (o + (-2t | [ eal I ealt — e ds]
= o+ 1L | [ ) p(- 2N e (¢~ s)hle ) o

= G 1, | [ e e as).

By the L2-convergence theorem, M]* converges to some 7 in L*(P,). In particular,

0< Pt = (o + 10, [ s (HENIHE)) ds < ox,
0

and therefore,
P,(n<o0)=1, and P,(n=0) <1 O

4.3 Preparation for the proof of Theorem 1.9

In the remainder of this section, we suppose A\, = 0 and that h > 0 is a bounded solution
to (L + B)u = 0 in R in the sense of distributions. For ¢ > 0, put

Uen(t, ) = —log Ps, exp(—c(h, X})), (4.7)
then u.,(t, z) is a solution of the following integral equation:
t
uch(t7 l’) + Ha:/ [k<€7") (uch<t -7 57“))2 - ﬁ(&")uch(t -7 57")} dr = Cﬂxh(€t> (48>
0
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By Lemma 3.1, the above integral equation is equivalent to

uen(t, ) + Hx/o es(r)k(&) [uen(t —r,&)]" dr = cIL, [es(t) h(&)]

Since h is a bounded positive solution to (L + B)u = 0, we have

I [es(t)h(&)] = h(x).

Thus (4.9) can be rewritten as

uen(t, z) + 11, [/ es(r)k (&) [uen(t —r, &) dr| = ch(z).
0
In particular,
Uen(t, x) < ch(x).

Put
Uen(z) = —log Py, exp(—ctlim (h, X1)).

(4.10)

(4.11)

(4.12)

By Lemma 4.1, under P, exp(—c(h, X)), t > 0 is a bounded submartingale. Thus

uen(t, ) is non-increasing in ¢. Hence, by the dominated convergence theorem, for every

x € R4,

uen(t, @) | uen(z) ast 1 oo,

Note that if k£ and [ are radial functions, and if L is radial, then u.,(+) is a radial function,

ie.,

uen() = uen(|z]])-
Lemma 4.3 (1) For any x € R? and r > 0,
Uen (%) < Ty (Uen(§rpy,,))e8(TB@)))-
(2) If L, k and 3 are radial, then
Uen () = ten([|2]]) < ven(R)a(es(Ta0.1))), 7]l < R.

Proof. (1) By the special Markov property, for every fixed x € R, one has

exp(—ue(z)) = Ps, exp(—climy_ (h, X}))
= P, (PX : exp(—climtqoo<h,Xt>)>

TB(z,r
= Ps, exp<—uch,XTB(z’T)>.
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By Jensen’s inequality,

exp(—uen()) > exp(—Ps, (ucn, Xﬁg@,ﬂ)) = exp[_Hx(uch(&B(z,r))eﬁ(TB(x,r)))]a

which implies wup, () < Hm(uch(fTB(m))eﬁ(TB(xvr))).
(2) Similarly we have, for z € B(0, R), that

Uen () < uen (R)IL,(es(TB(0,R)))-

Note that ue,(z) is increasing in c. Let
on(2) 1 1 () = — log By (Jim (1, X) = 0). (4.14)
Lemma 4.4 Either uq (1) =0 or uy € (0,00] in R That is, if
£ (.31
then either Ps (E,) = 1,Vo € R%, or Ps, (E),) < 1,Vz € R4

Proof. We first prove that if there exists a measurable set A C R? with positive Lebesgue
measure such that u,, > 0 on A, then uy(x) > 0 for every z € R? Indeed, for every
x € RY,
Pgm (hmt_wo <h, Xt> )

= Ps,(Pxqa)(limy_oo(h, X;) = 0)) (4.15)

= By expl—un, X (1)
Note that

Ps, (too, X (1)) = I (100 (&1)eg(1)) > 0. (4.16)

(4.15) implies that Ps, (lim; oo (h, X¢) = 0) < 1. Thus we have uq(z) > 0.
Now we prove that if u,, = 0 almost everywhere, then u,, = 0. By (4.16), we know
that Ps, (us, X (1)) = 0, and thus (us, X (1)) = 0, Ps,-a.s. By (4.15),
Ps, (lim (h, X;) =0) = 1.

t—o0

Hence 1., (z) = 0 for every x € R4 O
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4.4 Proof of Theorem 1.9

Since # € Ky (§), by the Gauge Theorem (see [4, Theorem 2.2] or [2, Theorem 2.6]),
the assumption that gs is not identically infinite implies that gs is bounded between two
positive numbers. By [2, Corollary 2.16], we have

< oo, VreR%

I, [ sup. es(t)

0<t<o0

By dominated convergence,

g5(z) = lim o, (es(Tpor)), «€R%

R—o0

Take h = gg. We know that h is a bounded solution of (L + #)u = 0 and satisfies (1.18);
by Lemma 4.4 we only need to prove that if for every z € R?, Ps, (lim;_o || X;|| = 0) < 1,
then ~
Hr/ eo(s)k(6)ds < 00, T €RY (4.17)
0

First note that the assumption that Ps, (lim;_. || X;]| = 0) < 1,2 € R? implies that
uen(2) = —logPs, exp(—clim;_ .o (h, X;)) > 0 for every z € R%.
Since U (s, ) > uen(z) for every s € [0,¢] and x € R, by (4.10), we have

11, /t es(s)k(&)u?, (&) ds < ch(x), x € R%
0

Letting t — o0, we get

I, [T e HENE) s < o). @ e R
0
which can be rewritten as
/Rd Go(a,y)k(y)uz(y)m(dy) < ch(z), = eR? (4.18)
Letting R — oo in (4.13), one gets
Uen () < h(z) liminf u,(R).

R—o00

Since uep(x) > 0 and 0 < h(z) < oo, we have liminfg_ o uen(R) > 0. Then (4.18) implies
(4.17). O
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5 Examples

5.1 Some super-diffusions with A\ > A9
We start with an example in one dimension and with constant mass creation.

Example 5.1 Consider the elliptic operator

on R, where by > 0 is a constant. Then the diffusion corresponding to L is conservative
and transient. It is easy to see that the corresponding generalized principal eigenvalue is
A2(0) = —b2/2. Let the potential 3 be a nonnegative constant. We have \y(3) = 5 —b2/2
and Ay (0) = 8. The Green function of £ is G(z,y) = %—g exp (—2bp(z — y)*) . Note that
L— 034+ Xo(B)=L.

For the large time behavior of X the following hold.

(i) According to [23, Theorem 7 and Example 1], X exhibits local extinction if and only
if 8 € [0,b%/2]. Furthermore, when 3 € (b3/2,00), X does not exhibit local extinction,
and the exponential expected growth rate of the local mass is (3 — b2/2). More precisely,
for any continuous function g on R with compact support and any 0 # pu € M.(R), one
has

2
lim P, (g, X;) = 0 0= 8 =b/2
fmoo +00, 0> [ —03/2.
In fact, by [8], the local mass grows exponentially with positive probability, that is, not
just in expectation.

(ii) If B > 0, since Ies(t) = €/ for all x € R and ¢ > 0, (1.11) is satisfied. Thus by
Theorem 1.6, we have that, for any A > (3,

P, (ligci)?fe_)‘tHXtH - o) =1,
and that if £ is bounded, then, for any A < f3,
P, <lil;nsup e M| X || = oo) > 0.
(iii) Since u = 1 solves Lu = 0, by Theorem 4.2, if there exists an xy € R such that
I, /00 e k(&) ds < o0, (5.1)
0

then for 0 # p € M.(R?), the limit lim;_, exp(—03t)|| X¢|| exists P -a.s. and in L*(P,),
and )
0<P, [tlim exp(—ﬁt)HXtH] < .
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Hence,
B, (lim exp(—01)| X, = 0) < 1,

and
P, (Jim exp(—31) [X;]| = 00) = 0.

(iv) Since L is radial, by Theorem 1.9 we have that in the case of critical branching

/m exp (—bo(z — y)) k(y)dy + /OO k(y)dy = o0, z €R, (5.2)

then
P, <tlim 1%, = o) ~ 1
In summary,

(a) If 5 > 0, the exponential growth rate of the total mass is (.

(b) If B = 0, weak extinction depends on the branching rate function k: the superprocess
exhibits weak extinction if and only if (5.2) holds.

In the next example the motion component is a multidimensional ‘outward Ornstein-

Uhlenbeck’” process.

Example 5.2 Consider the elliptic operator
1
L:§A+7x~v on RY,

where d > 1 and v > 0. Then the diffusion corresponding to L is conservative and
transient, and A\2(0) = —vd. Let the potential § be a positive constant. Then \y(5) =

B —~d, and A\ (5) = S.
(i) X exhibits local extinction if and only if 5 € [0,~d]. If 5 € (vd,>0), X does not
exhibit local extinction, and the exponential growth rate of the local mass is 3 —~yd. More

precisely, for any continuous function g on R? with compact support,

lim P9 X,) = Nu/ g(z) exp(—v|z[*/2)dz,  in P,—probability
Rd

t—o00

for some random variable N, with mean [, exp(—v|z|?/2)u(dz) whenever
k(z) < Kexp(ylz[/2), K >0,

and the starting measure p = X, satisfies
[ expl=lal/2u(do) < oc.
R
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See [11, Theorem 1] and [10, Example 23].
(ii) By Theorem 1.6, we have that, for any A > 3,

Pu(li{ninfe_MHXtH =0) =1,
and that if k¥ is bounded in R?, then, for any A\ < 3,

P, (limsup e || X;|| = 00) > 0.

t—oo

(iii) Obviously, u = 1 is a bounded solution to Lu = 0, and using Theorem 4.2, we

have that if the branching rate k satisfies
I, /OO e k(€ ds < 0o, x€RY,
0
then for 0 # pu € M.(R?), there exists lim;_, exp(—3t)[| X;|| P,-a.s., and
P [Jim exp(—08) ]| € (0.00).

Hence,
P, (lim exp(—5)[1 X, = 0) < 1,

and
B, (lim exp(—)[[X,]| = o0) = 0.

5.2 Extinction and weak extinction

Next is an example illustrating the difference between extinction and weak extinction. The
superprocess X below exhibits local extinction and also weak extinction, nevertheless it

survives with positive probability.

Example 5.3 (Weak and also local extinction, but survival) Let B, e > and con-
sider the super-Brownian motion in R with #(z) = —B and k(z) = exp [$ 2(B+ e)as] :

that is, let X correspond to the semilinear elliptic operator A, where

1d%u 5
A(u) == 4z Bu — exp [:F 2(B+ e)m} u”.

By Theorem 1.6, X suffers weak extinction:
lim e~ X, || = 0.
t—0
Also, clearly, A\ = —B, yielding that X also exhibits local extinction.
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Now we are going to show that, despite the above, the process X survives with positive
probability, that is
BL(IX]| > 0, ¥ ¢ > 0) >0,

for any 0 # p € M(R?). In order to do this, we will use the definition and basic properties
of h-transforms and weighted superprocesses. These can be found in Section 2 of [9].
The function h(x) := eV 2597 transforms the operator A into A", where

1 1d%u du
Al (u) = EA(hu) =552 ++/2(B + e)a + eu — u’.

(Note that h”/2 — (B +¢)h = 0). The superprocess X" corresponding to A" is in fact the
same as the original process X, weighted by the function h, and consequently, survival
(with positive probability) is invariant under h-transforms. But X" has a conservative mo-
tion component and constant branching mechanism, which is supercritical, and therefore

X" survives with positive probability; the same is then true for X. o

5.3 The super-Brownian motion case

In this subsection we focus on the special case when the underlying motion process
is a Brownian motion, that is, when L = A/2; in the remainder of this section we will
always assume that this is the case. In this case § € K(&) if and only if

1mm/|m%wmmFa
y—x|<r

=0 peRrd

where u is the function defined in (2.4). When d > 3, K (&) coincides with the class K°
defined in [30]. We recall the definition of the class K defined in [13, 14] in the case
d<2.

Definition 5.1 (The classes K{°(¢) and K$°(§)) Let L = A/2.

(1) If d = 1, a function q € K(§) is said to be in the class K°(€) if
/ lyg(y)ldy < oco.
ly[>1
(2) If d = 2, a function ¢ € K(&) is said to be in the class K3°(§) if

/|>1 In(|y])|q(y)|dy < oo.
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5.3.1 The d > 3 case

We first recall the following definition from [25].

Definition 5.2 (Criticality in terms of A\,) Let L = A/2 and § € K(£). Then 3 is
said to be

(a) supercritical iff Ao (5) > 0,
(b) subcritical iff Ao () = 0, and Moo ((1 + €)3) = 0 for some € > 0.

(c) critical iff A\po(B) = 0 and Ao ((1 + €)3) > 0 for all € > 0.

Note: The reader should not confuse the above properties of the function g with the
(local) criticality (or sub- or supercriticality) of the branching, which simply refer to the
sign of  (in certain regions).

The following result relates the above definition to the solutions of
(L+ B)u =0, (5.3)
and is due to [30].

Lemma 5.1 Let L = A/2, 8 € K (§) and d > 3. Then the following conditions are

equivalent:
(a) B is subcritical.
(b) gs(x) = U,ez(00) is bounded in RY.
(c) There exists a solution u to (5.3) with inf cga u(x) > 0.
(d) There ezists a solution u to (5.3) with 0 < inf,cga u(x) < sup,eps u(z) < oco.

Moreover, if (5 is subcritical, then (5.3) has a unique (up to constant multiples) positive

bounded solution and the solution must be of the form cgs(x) for some ¢ > 0.

However, if  — A\, is critical, there is no positive solution bounded away from 0.
Pinchover [21] proved the following result (see [21, Lemma 2.7]).

Lemma 5.2 Let L =A/2, € K(§) and d > 3. If B is critical, then there is an h > 0
satisfying (5.3) on RY and such that

h~cqlz)*™,  as|z| — oo, (5.4)
where cq 1is a positive constant depending only on d.
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It is easy to check that, for any p > d/2, 8 € L*(R%) N LP(RY) implies that 3 € K (€).
In this special case, the following result shows that h can be obtained as large time
asymptotic limit of Schrédinger semigroup (see [25, Theorem 3.1]

Lemma 5.3 Let L =A/2, 3 € LY(RY) N LP(RY) and d > 3. If 3 is critical, then

Jim £(8)7" sup Mafes(t)] = C. (5.5)
and
lim f) ' les(t)] = h(z), VaeRY (5.6)

where C' is a positive constant, h > 0 is bounded and solves (5.3) (general theory implies,

in the critical case, the existence of such a solution) and

t, d>5,
f(t) =14 t/(Int), d=4, (5.7)
/2 d=3.

Lemma 5.4 Let L =A/2 and d > 3. If \oo(8) > 0 and 3 — Ao € L*(RY) N LP(RY), then
conditions (1.11) and (1.13) are satisfied.

Proof. Note that

g5(t) = sup I,es(t) = e sup Mep . (2).
zeRd zeRd

By Lemma 5.3 we have
galt) ~ CO=1f(1),  ast— o0

with f(t) defined by (5.7), and

) _ 1. _
Jim g5 ()TLaes(t) = = im ()T Taesa (1) > 0,

which means that conditions (1.11) and (1.13) are satisfied. O

5.3.2 The d <2 case

The following Lemma is due to [13, 14].

Lemma 5.5 Let d <2, L = A/2 and § € KP(§). The following conditions are equiva-
lent.

33



(a) B is critical.
(b) There exists a positive bounded solution to (5.3).

Moreover, if 3 is critical, the positive bounded solution h to (5.3) is unique (up to constant

multiples), and h possesses the following representation:

h(O) limTw erﬁ(TB(O,r))a d=2
h(0)e(Ty), d=1.

h(z) =

where for every open set B, Tp = inf{t > 0;& € B} denotes the first hitting time of B,
and Ty = Tioy denotes the first hitting time of £ at the point 0. h is also bounded below
from 0.

It follows from the lemma above that, in the case d < 2,if Ao (3) > 0, B—A(5) € K
and 3 — Ao () is critical, then the assumption (1.18) of Theorem 1.8 is satisfied.

Remark 5.6 Let d < 2 and L = A/2. If B ~ |z|™" (p > 4) as |z| — oo (obviously
B € K°) and B is subcritical, Murata proved that there exists a positive solution h to
(5.3) such that

(27) " log % +0(1), ford=2,

YY"z + O(1), for d =1,

as |z| — oo. See [20, Theorem 4.1]. o
Thusifd <2, L =A/2, -\ € K and §— X is subcritical, then there is no positive

bounded solution to (L + f — A)h = 0. In order to deal with the subcritical case, we

need to develop some results on Schrodinger semigroups. We believe, that these results
are also of independent interest.

Lemma 5.7 Let d <2, L=A/2 and § € K. If \oo(8) =0, then

sup sup I, es(t) < oo. (5.8)

t20 a;E]Rd

Proof. Since \(5) = 0, 5 is either critical or subcritical. For the subcritical case we

will prove a stronger result later, see Lemma 5.7. Now we suppose that 3 is critical. Then
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Lemma 5.5 asserts that there exists a bounded solution 1 to (5.3) such that ¢» > 0 and

Sup,cra ¥ (2) < co. Then we have

Maes(t) = Ma(es(t)(™¢) (&)
(sup,epa ¥ () o (es(t)¥(&1))
(Sup,era ™" (2)) ¥ ()

< Sup,epa Y(2)/ infera ¢(z) < o0

IN

This proves (5.8). O

Remark 5.8 Murata (see [20, Corollary 1.6]) proved the above result for d = 2 under
the condition that B ~ |x|=" (p > 4) as |z| — oo, which implies that § € K. Our proof
above goes along the line given in the proof of [20, Corollary 1.6(ii)). o

If 8 is subcritical, we have the following stronger result.

Lemma 5.9 Let d <2, L=A/2 and § € K. If B is subcritical, then

sup II, sup es(t) < 0. (5.9)
zeR 0<t<oo

Proof. We first prove the result for dimension d = 2. For » > 0 we denote the open ball

of radius r with center at the origin and its open exterior by
B,={zeR? |z|<r};, B ={zcR? |z|>r).

According to [14, Proposition 2.2], there exists an 79 > 0 such that for all » > ry and
x € B,
Meep+(1pr) <2, e 2 <Tes(tp:) < 2. (5.10)

Choose 7y large enough such that Suppp C B,,. We fix two real numbers r» and R with
R > r > rg. Since 3 is subcritical, by [13, Theorem 2.1},

,e5(tp,) < 00, Vx € Bp.

We define
S =T, +Tp: o0 QTBR.
Put
S():O; Sn:Sn_1+SOQSn71, 7’LZ 1.
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In particular, S; = S. For any f € C(9B,), we define

(Asf)(x) = Tu(ep(S)f(€s)), = € OB

Note that
sf(x) =10, [eg(Sn) f(Sn)], z € 0B,

The spectral radius of Ag is defined by
A(B) = lim || A5]".

It follows from [14, Theorem 2.4] that A(3) < 1. Thus there exists & > 0 such that
A(B) + 4 < 1, and sufficiently large n such that, ||A%]| < (A(q) + 6)™. Therefore we have

Z sup |[A5l(z)| = Z sup I e3(Sy,) < oo. (5.11)

n—( TERI n—0 TERY

By the strong Markov property applied at 75,, and by (5.10), we have

S TBRr B TB
Hl,/o 65(t)ﬁ+(t) dt = HI/O eg(t)ﬁJf(t) dt + 11, HgTBRA eﬁ(t)ﬁ(t) dt}
< II, /TBR eﬁ(t)ﬁJr(t) dt +II, |11, /TB: €g+<t>ﬁ+(t) dt}
oTBR L PR Jo
= Hx/ es(t) 37 (t) dt + 11, HgTBR€g+(TB;;)] -1
0 L

< 10 /TBR es(t)B7(t) dt + 1.
0

Let 8% denote the Brownian motion killed upon exiting Bg. Since 3 is subcritical,
(£Pr,1p,03) is gaugeable, where 15, is the indicator operator on Bg. It follows from [2,
Theorem 2.8] that

sup HI/ . es(t)B7 () dt < co.
0

r€BR

Thus s
C = sup Hm/ e5(1)F* (£) dt < oo, (5.12)
0

T€IB,

By the strong Markov property, applied at S,,, and by (5.11), and (5.12), we have

> Snt1
sup Hq;/o es(H)BT(t)dt < D07 sup,epa L, [/S es(t)57 (1) dt]
! S
- 21010:0 SUPeRrd 11, [eﬁ(sn)ngsn / eﬁ(t)ﬁ'i‘ (t) dt:| (513)
0

< O sup,epa Ies(S,) < oo.
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Observe that . .
es(t) =1 +/0 eg(s)B(s)ds < l—l—/o es(s)B7(s)ds,

and so ~
sup eg(t) <1 —i—/ es(s)B(s)ds.
0

0<t<oo
Using (5.13) we get (5.9) and we finish the proof for dimension d = 2.
Now suppose d = 1. Define

u(a,b) = M,es(Ty), a,be R,

where T, is the first hitting time of £ at the point b. By Theorem 4.8 in [13], u(a, b)u(b, a) <
1 for any a,b € R, For any x € R!, define

S:C - TCE-i—]. —|_ TCE (6] 9Tm+1'

Then
Mye5(5:) = u(z,z + Lu(z+ 1,z) < 1.

Repeating the above proof for d = 2 with S replaced by S, we can similarly obtain (5.9)
for d = 1. We omit the details. O

Lemma 5.10 Letd <2, L =A/2 and f € K. If B is subcritical, then

lim H,es(t) = Hyeg(o0) =0 in RY 5.14
B B

t—o00

Proof. By (5.9) and by dominated convergence, it suffices to show
M,e5(c0) =0, VoecRY (5.15)

We continue to use the notations in the proof of Lemma 5.9. We first prove (5.15) for
dimension d = 2. Using the strong Markov property of &, applied at 75,, and Fatou’s

lemma, we get
Hoes(00) = Ty [€a(&es, )M, €5(00)]

< Il [66(TB7”) lim,, oo |(Ag)1(§mr)”
< [Hoeg(7p,)] limy—oo || Al
< [Moes(r, )] imae(3(5) + 6)" = 0

Thus by Lemma 2.3, I,e5(c0) = 0 in R2.
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Now we suppose d = 1. For any x € R, let S, be defined as in proof of Lemma 5.9.
By the strong Markov property of ¢ applied at S,, we have, for any z € R!,

I es(00) = IL,ep(S;) L es(00).

Since I,e5(S;) = u(x,x + )u(z + 1,x) < 1, the above equality yields II,eg(c0) = 0 for
every r € R. O

Remark 5.11 [t follows from the two results above that, if d < 2, L = A/2, \o(5) > 0,
B —Ao(B) € K and 5 — Ao (0) is subcritical, then the assumptions of Theorem 1.7(2)

are satisfied.

5.4 Compactly supported mass annihilation

We conclude this section of examples, as well as the whole article, with two simple exam-
ples which satisfy the assumptions of Theorem 1.7(2). In both cases we consider compactly
supported mass annihilation terms.

We start with a two-dimensional example.

Example 5.4 (d=2; constant annihilation in a compact) Let { be planar Brown-
ian motion, and B(z) := —alg(x) with a > 0 being a constant and K C R? a compact

with non-empty interior.
Proposition 5.12 In this case weak extinction holds.

Proof: It is well known that [ is subcritical (see, e.g., [20, Theorem 1.4]). By |1,

Corollary 2], as t — oo,
1, exp ([ 36 as) | ~ etiog 7,
0

where ¢ is a positive constant determined by z, K and «. Therefore, for any v € R2,
Aoo(B) = limy .o 7 logIzep(t) = 0. It is obvious that A(3) < 0. Then Ay = 0 and
9p-x.. () = 0. It is obvious that (1.15) holds since 5 < 0. Using again that § < 0, we are
done by part (2) of Theorem 1.7. 0

Finally, we discuss an example in one-dimension.

Example 5.5 (d=1; compactly supported mass annihilation) Let ¢ be a Brown-
ian motion in R, and # < 0 a continuous function on R with compact support.
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Proposition 5.13 In this case weak extinction holds.

Proof: It is well known that [ is subcritical (see [24]). By [29],

lim ¢~ 1/2/ B(E, ds—n/ Bz (5.16)

t—o0

in distribution, where 7 is a random variable with 7 # 0 a.s. This implies that

t
tim 0, exp (tw | s ds) _ 11, exp(an).

where a = ffooo B(x) dz. Using Jensen’s inequality, we get

—1/2

htfﬂg}f {HI exp (/Otﬁ(&) dS)} > I, exp(an),

which implies that

t
lim inf t =2 log [HI exp (/ B(&s) ds>] > log I, exp(an).
0

t—00
t
litm inf ¢t~ log [Hl, exp (/ B(&s) ds)} > 0.
—00 0

The assumption § < 0 implies that

limsupt ! log [Hm exp (/tﬂ(gs) ds)} <0.
t—o00 0
Moo = lim tlog [Hx exp (/tﬁ(fs) ds)] =0
t—o0 0

By (5.16), we have
o) =eesp ([~ steras) =0
0

As before, (1.15) holds since 5 < 0. The proof is then finished exactly like in the proof of
Example 5.4. O

Thus

Hence
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6 Appendix

Proof of Theorem 1.2 Suppose D,,n > 1, is a sequence of smooth bounded domains
such that D, T RY. According to Dynkin [7], for each n, the (L|p, — 87, 8% A n, k)-
superdiffusion (X/',t > 0) exists, where L|p, is the generator of the process £ killed upon
leaving D,,, and 8% and (3~ are the positive and negative parts of 3, respectively. Also
note that (X/',t > 0) can be regarded as a (L|p,, 8 A n, k)-superdiffusion.

Let f be a positive bounded measurable function on R?. According to Dynkin [7], for
each n, there exist unique bounded solution u,, to the following integral equation:

un(t, ) + 1, /OtATn[—(ﬁ(ﬁs) An)uy(t = 5,6) + k(E)u*(t — 5,6)]ds = T [f(&) ¢ < 7,

where 7, is the first exit time of the diffusion £ from D,,. We rewrite the above equation

in the following form (according to a result similar to our Lemma 3.1):

tATh
un(t,x)—i-l_[x/ et pn ()87 (Es)un(Esy t—8)+k(E)u? (&g, t—35)]ds = T [egrnn(t) f (&), t <
’ (6.1)
By the (weak) parabolic maximum principle (see [19, p. 128] for example), u,, is increasing.
Let u,(t,z) T u(t,x) as n T co. Letting n — oo in the above integral equation, we get

u(t, r) + Hz/o e (s)[B7(E)ult — s,&) + k(E)u(t — 5,&)]ds = TL[es+ (1) f(&)]  (6.2)

The assumption that 3 is in Kato class implies that u(t,z) < IL,[eg+ () f(&)] < et T for
some positive constants.

To see the minimality of u, let v be an arbitrary nonnegative measurable solution to
(6.2). By the (weak) parabolic maximum principle, v|p, > w, for all n > 1, and thus
v > u on RY.

Equation (6.2) can be rewritten as

u(t,z) + Hm/o [—B(Eu(t — s,&) + k(&)U (t — s,&)]ds = TL[£(&)]. (6.3)

Then following the arguments in Appendix A of Engliander and Pinsky [9], we can get the
existence of our superdiffusion. O

Remark 6.1 If k € K(§) as well, then using Gronwall’s lemma, u is the unique solution
(bounded on any finite interval) of the integral equation (6.3).
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Before turning to the proof Theorem 1.4, we remark that [18, Appendix A] explains some
important concepts (e.g. Ray cone, Ray topology) we will be working with, and that [18,
Chap. 5] discusses regularity properties of superdiffusions, using similar methods, albeit
under different assumptions on the nonlinear operator.

For the proof we first need a lemma. The function f is called! a-supermedian relative
to PY for a > 0, if e=PYf < f for t > 0.

Lemma 6.2 Assume that § € K(&) satisfies § < B for some constant B > 0, and f is
a-supermedian relative to PP for some a > 0. Then for every u € M(R?),

(i) My := e~ BT f X,) is a P,-supermartingale.

(it) Py (supg<y<treq(l, Xi) < oo for all t > 0) = 1.

Proof. (i) It is easy to see that it suffices to check
E,(M;) < My = (f,v), t >0, Vv € M(R?). (6.4)
This is because for 0 < s < t, by the Markov property at time s,
E, (e PHf, Xo) | Fo) = Ex,My_ye” BT < (f, X, )e BT = M,

where in the last inequality above we used (6.4) with v = X;. Using the assumption that

f is a-supermedian, we obtain

Es, M, = e~ PP f)(2) < e P f(x) < f(2).

Therefore (6.4) holds.
(ii) By the proof of Theorem 1.6, there are a,y > 0 and a sufficiently small 7" > 0
such that M, := e"(1, X,.) satisfies

P, [M,|Fs] > aMy, 0<s<r<T withr,seQ.

Then by Doob’s inequality (Lemma 3.3 in discrete time),

Pﬂ( sup (1, X,) > K) < (aK)'P,M; < (aK) 0BT

0<r<T,reQ

Letting K T 0, we see that for any fixed ¢t > 0, P, (supy<, <7, ,eq(1, X;) = 00) = 0. Since

we can split [0, 00) to intervals of length T, the result of (ii) holds. O
Proof of Theorem 1.4 Let (Rd,B(Rd)) be the Ray-Knight compactification of

(R4, B(R?)) associated with the semigroup {P? : t+ > 0} and a suitably chosen countable

n [18] a slightly different terminology is followed.
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Ray cone (see the last paragraph on [12, p. 342]), and let Mr(ﬁd) be the space of finite
measures on R with the weak Ray topology. Suppose W is the space of right continuous
paths from [0, 00) to M, (RY) with left limits in M, (Ed)7 where M, (R?) carries the relative
topology inherited from M, (Ed). We write X = (X;,t > 0) for the coordinate process
on W and put G = J{Xt;t > 0). Using the above lemma, the argument in the proof of
[12, Theorem 2.11] is applicable to our setup, so for any given u € M(R?) there exists
a unique probability measure P, on (W, G) such that P,(Xo = u) = 1 and (X;,t > 0)
under P, has the same law as the superprocess X under P,.

Let My(R?) be the space of finite measures on R? with the weak topology induced by
the mappings (f, )~(t> as f runs through the bounded continuous functions on R¢. (The
Borel o-algebras on M,(R%) and My(R?) both coincide with M.) Since the diffusion
process & is continuous, using the arguments of [12, Section 3], we have that if f is a
bounded continuous function on R? then (f, X.) is right continuous on [0,00) almost
surely; and if f(£.) has left limits on [0, c0) almost surely, then so does (f, X.). That is
to say X is a cadlag process on the state space My(R?). O

Acknowledgement The first author owes thanks to Zenghu Li for valuable discus-

sions about path regularity questions.
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