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1 Introduction

Let (Z,P,) = (Z,P, : t > 0) be a continuous state branching process with immigration, starting from
x > 0, with branching mechanism 1 and immigration mechanism ¢ (see [18, p.287] for definition). The
Laplace transform of Z is given by

t
E.e ¥ = exp (—xut()\) _/ @(Us()\))ds) ;o 120, A>0, =0, (1.1)
0

where the function wu;(\) satisfies

uo(\) = A, gtut()\) + (ug(N) = 0. (1.2)
Here
Y(A) = aph + aX? + /Oo(e—“ — 14 Azl <qy)(dz), (1.3)
0
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and
o)) = /O T = e M)A (da) + b,
with ag € R, @ >0, b > 0, IT and A being nonnegative measures on (0, co) such that
/000(1 A 22)TI(dz) < oo, /000(1 A 2)A(d) < 0o, (1.4)
Usually the process Z = (Z¢,¢ > 0) is called a CBI(¢, ¢). In particular, if ¢ = 0, CBI(¢, 0) is a continuous
state branching process (without immigration), which is denoted by Z = (Z;,t > 0) in the present paper

and is called CB(¢) (see [18, p.271] for detailed definition).
Furthermore, for the processes without immigration, under stronger condition

/Oo(x Az (dx) < oo (1.5)
0

than (1.4) for the measure II, one has E,Z; < co and can write ¢ in (1.3) in the form

W) = —mA + aX? + / (6= 14 \o)TI(da) (1.6)
0
with the growth parameter m = —/(07), i.e., E,Z, = ™. We assume m > 0 in this paper, which

corresponds to the supercritical case.
For the process CB(v), according to [14, p.676], the martingale

Wyi=e ™27, W ast— oo, Pyas. & L' (1.7)

for some finite and non-degenerate random variable W, if and only if
/ 22 A (|zlog z)I(dz) < co. (1.8)
0
For the process with immigration, from [19],

eT™Z, W ast— oo, Pgas. (1.9)

for some non-degenerate and finite random variable W, if and only if
/ (2% A |z log z|)TI(dz) < oo, / (x A |logz|)A(dz) < 0. (1.10)
0 0

In order to study the small value probability of W in this paper, we assume throughout the condition
(1.10) which is equivalent to the existence of non-trivial limit . The small value probability of W is
studied in [3]. One main result is stated below (others are stated in Theorem 5.1):

Theorem 1.1 (See [3]).  Assume the branching mechanism 1 is not corresponding to the Laplace
exponent of a subordinator and [~ 1/9(N\)d\ < co. Then

Py(W=0)=e"7 with ~v=inf{s>0:9(s)=0}.
Write p = ¢'(y)/m > 0, then
Pi(0<W <e)~Ce” ase— 0", (1.11)

for some constant C > 0.
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Here and throughout this paper we use f(z) ~ g(x) as x — 0" (00) to represent f(z)/g(x) — 1 as x —
0" (00), and C to represent constant which can be different in different lines.

The proof of Theorem 1.1 in [3] is based on the link between continuous state branching processes
and Lévy processes via time change, see, e.g., Theorem 10.2 of [18]. The Laplace exponent ¢(A) =
—logE;e™*W has inverse function ©, which can be expressed through the branching mechanism v, as
seen in Theorem 4.2 of [3]. Through the study of ©, the asymptotic behavior of W was obtained in [3].
In the next section, we give a simpler proof for Theorem 1.1 without the use of ©. Our approach is based
on the prolific backbone introduced in [2].

The small value probability for branching related processes has been studied by many authors, starting
from the pioneering work of Harris [15]. Especially for the Galton-Watson process, more and more refined
estimates are obtained in [4,7,8,10,12,13]. For continuous state branching processes, the constancy
phenomena happens, see [16,17] and [3]. For example, in the non-subordinator setting, the limit

lim e™"P1(0 < W < ¢)

e—0t
exists for some constant p > 0, which is not necessarily true in discrete time discrete state branching
processes, see [9] and the related references therein.

The main goal of this paper is to study the small value probability of Win (1.9). The precise connections
between Laplace transform and small value probability is standard, via Tauberian type theorems, see
Lemma 2.3. One can express the Laplace transform of W in terms of W and the immigration mechanism.
Then the small value probability of W is obtained by using the corresponding asymptotic properties of
W studied in [3], as stated in Theorems 1.1 and 5.1. Roughly speaking, there are two distinct behaviors.
The first is the polynomial decay rate analogous to Theorem 1.1 in the non-subordinator case. The other
behavior is the exponential decay rate analogous to Theorem 5.1 in the subordinator case, which is also
studied in [3]. Both are stated in Section 2, and their proofs are given in Sections 4 and 5, respectively.
In Section 3, we provide a simpler proof of Theorem 1.1 based on the prolific backbone.

2 Statements of results

Let W be the non-degenerate and finite limit of e™™!Z; under the necessary and sufficient condition
(1.10), where the growth parameter m is defined in (1.6). We first consider the polynomial decay rate.
Theorem 2.1.  Assuming as in Theorem 1.1, the branching mechanism 1 is not corresponding to the
Laplace exponent of a subordinator and [*° 1/9(N\)d\ < co. Then
Ege ™™ ~ Ce™ X7 as A — o0, (2.1)
where 7 = p(y)/m and C = exp(—(bC’ + C")/m) with constants C' and C" defined in (4.16) and (4.26),
respectively. Equivalently, we obtain the small value probability of WV,
Ce™®
P, <e)r~ T —07. 2.2
W <e) F(1+T)€ as € (2.2)
Note that the equivalence of (2.1) and (2.2) follows from Lemma 2.3(i) below.
Next, we consider the exponential decay rate analogous to Theorem 5.1 studied in [3] in the subordi-
nator case. In order to get the precise behavior of small value probability of W, we only consider the
immigration mechanisms that have the following special form,

o(s) =bs+s°, 0<p<1. (2.3)

Also note that in this setting, v is corresponding to a subordinator, that is, one has o = 0 and
Jo~ #Il(dz) < oo in (1.6). Therefore we can rewrite ¢ as

P(N\) = aX + /Ooo(e—Ar — DII(dx), (2.4)

where a = fooo xII(dx)—m is the drift of subordinator. Our result in this setting is the following estimates.
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Theorem 2.2.  Lel immigration mechanism be given in (2.3). Assuming as in Theorem 5.1, the
branching mechanism 1 is corresponding to the Laplace exponent of a subordinator.
(i) If v has zero drift and finite Lévy measure I1(0,00) = am, then as e — 07,

—logP, (W <¢) ~ (2m)*1ba . |10g€|2 + aﬁ(m(ﬁ + 1))*111{5,:0} . |10g5|/3+17 (2.5)

where I denotes indicator function.
(ii) If 4 has zero drift and infinity Lévy measure, then as e — 0T,

—logP,(W <e) ~m™'b- Ri(1/e) + Ijpoy - (xL*(1/e) + m™" - R3(1/e)), (2.6)

where L* is defined in (5.3), and R} and R} are conjugate functions to Ry and Ro respectively, with Ry
and Rsy being slowly varying functions defined in (5.9).
(iii) If v has drift a > 0 and the initial value x > 0, then as ¢ — 0T,

—log P, (W < &) ~ (z + b/a)™ ("™ . ga/tm=a) [ (1 /¢) | (2.7)

where L is the slowly varying function defined in Theorem 5.1(iii).
(iv) If ¢ has drift a > 0 and the initial value x = 0, then as e — 07,

—logPo(W < &) ~ (b/a)™ (M= . g=a/(m=a) [, (1 /¢)
4+ mm/ (m=aB) (g aﬁ)(aﬁ)—lﬂ{bzo} . gmaB/(m=aB) [ x(c—m/(m=aB)y, (2.8)
where L is the slowly varying function defined in Theorem 5.1(iil), L} is the conjugate slowly varying

function to Ly and Ly(\) = Ly(\)Pm=a)/(m=aB) “where L, is the slowly varying function defined in
(5.11).

For more details about the above-mentioned slowly varying functions, see the remark after Theorem 5.1
in Section 5. Note also that all asymptotic expressions involved in slowly varying functions are the simplest
possible but still somewhat implicit due to the use of conjugate functions.

As already indicated earlier, various Tauberian type theorems are very useful in this paper. And thus
we collect them in the following lemma for the convenience of readers. The case (i) below is exactly
Theorem 1.7.1 of [5], and the case (ii) is Theorem 4 and Corollary 1 of [6].

Lemma 2.3. Assume V is a positive random variable.
(i) (Karamata Tauberian Theorem) For constants C > 0 and « > 0 and a slowly varying function L,

Ee ™ ~ CAT*L()\) as A\ — oo,

if and only if

P(V <t) ~ t*L(1/t) ast—07.

(14 «)

(ii) (de Bruijn’s Tauberian Theorem) Assume 0 < o < 1 is a constant, L is a slowly varying function
at infinity, and L* is the conjugate slowly varying function to L defined in [6]. Then

logEe ™V ~ —AY/L(N)'™% as A\ — oo,
if and only if
log P(V < t) ~ —(1 — @)a®/(A=)g=a/0=e) pr=1/(0=a)y g5 ¢ 07,
In particular, when o = 0, then

logEe ™Y ~ —1/L(\) iff logP(V <t) ~—L*(t71).
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Note that there are two useful results about the conjugate slowly varying function in our arguments
in Section 5. Namely,
(i) For any constant C > 0,

(CL)*(z) ~C™1 - L*(z). (2.9)
(ii) For any integer k£ > 0 and constant «,

((logy z)*)" ~ (logj, )™, (2.10)

where log;, is the k-th iterate of log. Both of them can be found in Proposition 1.5.14 and Appendix 5
of [5].

3 The prolific backbone approach

The main goal of this section is to provide a simpler proof of Theorem 1.1 based on the prolific backbone.
The prolific backbone, according to [2] and further research in [11], is a decomposition of a continuous
state branching process with initial mass @ > 0 into three types of immigration along a continuous time
Galton-Watson process. Denote the backbone as (P(t,a),t > 0), and assume the branching mechanism
in (1.3)

a>0 or /(0700)(1 A x)II(dz) = co. (3.1)

Then the following property about the backbone holds as described in Theorem 5 of [2].

Theorem 3.1 (See [2]).  For every a > 0, the process P(-,a) is an immortal branching process in
continuous time, with initial distribution given by the Poisson law with parameter ay. Its reproduction
measure p is characterized in terms of the branching mechanism of Z by

o0

O(s) =Y (" —s)u(n) =7 - p(y(1 =), s€0,1],
n=2
where v = inf{s > 0: ¢(s) = 0} and p is given explicitly in [2].

Note that the prolific backbone decomposition for supercritical superprocesses is studied in [1]. The
degenerate case of superprocesses without spatial motion gives the prolific backbone for the continuous
state branching processes.

We start with a basic property of the continuous time discrete state branching processes.

Lemma 3.2.  There exists a finite and positive random variable W,
e ™ P(t,a) — W ast— oo, (3.2)
with
W =49, (3.3)

where W is the martingale limit of the continuous state branching process Z defined in (1.7).

Proof.  Since e"™P(t,a) is a positive martingale, (3.2) naturally holds for some finite and positive
random W. In order to prove (3.3), we only need to show

Eexp(—Xe ™ P(t,a)) — Eje MW,
From [2] it is known that

Eexp(—Xe ™ P(t,a)) = E, exp(—(1 — exp(—Xe”""))vZ;)
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— exp(—auy((1 — exp(=Xe""))7). (3.4)

Define the Laplace exponent of the martingale convergence limit W in (1.7) as

p(\) = —logEie W, (3.5)
For the Laplace functional u defined in (1.1), one has

ur(Me™™) = —logE; exp(—Xe ™ Z;) — ¢(A\) ast — oo.
Together with exp(—Xe™™%) ~ 1 — Ae™™* when t is large, one can obtain from (3.4),
Eexp(—Ae ™ P(t,a)) — e ) = E e MW,

which implies (3.3).
Proof of Theorem 1.1.  From the connection between branching rate r and branching mechanism @

of a continuous time discrete state branching process, it is easy to check that for (P(¢,a),t > 0) in
Theorem 3.1 one has

r=—2(0) = ¥'(3). (3.6)

Note also from Theorem 3.1 that each individual of P(t,a) reproduces at least two offsprings at each
splitting time. Thus the extinction of P(t,a) happens if and only if {P(0,a) = 0}. Then one can obtain

P (tlggo P(t,a) = o) =P (P(0,a) =0) =,

since P(0,a) is Poisson distributed with parameter ay. Note that conditioned on {P(0,a) = k} for any
positive integer k, (P(t,a),t > 0) is a continuous time discrete state branching process initiated from k
individuals, with branching mechanism ® defined in Theorem 3.1. Then

Efe P9 P(t,a) > 0] = E[e P9, P(0,a) > 0]

k
( ) e—a’yEe—)\X(t,k), (37)

o

a
k!

>
Il

1

where (X (¢,k),¢t > 0) is a copy of (P(t,a),t > 0) conditioned on {P(0,a) = k}. Define the generating
function

Fy(s) = RsX®D), (3.8)

Then continuing with (3.7) and using the branching property of (X (¢, k),t > 0), one has
E[e—)\P(t,a) P(t CL) > 0] — e~ i (arY)kF (e—A)k
o R L
=1

=e Y (exp(ayF,(e ) —1). (3.9)

By the classic result of continuous time discrete state branching process, e™™! X (¢, 1) is a positive mar-
tingale and has a positive and finite limit, denoted as W. Then one has

Fy(exp(—Xe™ ™)) = Eexp(—Ae ™ X(t,1)) — Ee— W .= gg()\) as t — oc.
From (3.13) and Lemma 2.3(i), ¢ has the following asymptotic behavior,
HA) ~ CAY' /™ a5 X = o0, (3.10)
for some constant C' > 0. Combining (3.9) and (3.10), one can obtain

Elexp(—Ae "™ P(t,a)), P(t,a) > 0] = ¢~ (exp(ayp(N)) — 1) as t — oo
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~e ayC - A~ (/m as A — oo.
Note {W = 0} = {P(t,a) — 0} a.s. Therefore the martingale limit W satisfies
]E[e_mvl, W > 0] ~ CAY /M a5 X — o0,

for some constant C' > 0. Then using Lemma 2.3(i) and the connection between W and W in (3.3), the
small value probability of W in (1.11) is obtained.

Remark 3.3.  For the continuous time discrete state branching process (X (¢,1),¢ > 0) with branching
mechanism ® defined in Theorem 3.1, its embedded chain (X(n,1),n = 0,1,...) is a Galton-Watson
process with generating function f(s) = Es¥(11 and also has the same martingale limit W. Assume
(Pk, k > 0) is the distribution of X (1,1) and m is its mean. Then one has

po=P(X(1,1)=0) =0,
p1 = P(X(-,1) does not split during (0,1)) =e" = e ¥' ),
Mm=EX(1,1)=e¥® =¥ 0" = gm, (3.11)
Thus by classic result about the small value probability of Galton-Watson process we have
P(W < ¢) x ellosPil/logm — ' (0)/m, (3.12)
Since there is no oscillation for the continuous time branching process (see [4,16,17]), we obtain
P(W < &)~ Ce?' /™ ase 0t (3.13)

for some constant C' > 0. One may say more about the constant C' mentioned above according to the
argument of Theorem 5.2 of [3].

4 Small value probabilities of W

In this section, we consider the small value probability of W, which is the limit of e™™! Z;. Recalling that
u¢(+) in (1.2) is the Laplace functional of Z;, and ¢ in (3.5) is the Laplace exponent of W in (1.7) as the
martingale limit of e~ Z;, we have

E, exp(—=Xe ™ Z;) = exp(—zus(Ae™ ™)) = exp(—zp(N)) as t — oc. (4.1)

In order to get the expression of the Laplace transform of W, we start with the Laplace transform of
e ™ Z,. Using (1.1), one has

t
Eexp (—Ae™ ™ Z;) = exp (—J;ut()\e_mt) - / @(us(/\e_mt))ds>
0
t
= exp (—xut()\e_mt) — / go(utr()\e_m(t_r)e_mr))dr)
0

= exp (—xut()\emt) - / ga(utr()\em(tT)e"”))l[{r@}dr) , (4.2)
0

where we used the variable substitution 7 = ¢ — s. Recalling e"™*Z, — W in (1.9) and letting ¢ converge
to infinity in (4.2), one can get

Ene=™ = exp (—w(x) _ /0 h <p(¢(/\e_“"))dr> . (4.3)

In fact, the convergence in (4.3) can be assured by the dominated convergence theorem. To be more
precise, using Jensen’s inequality and E;Z; = ™ we have

uy(\) = —logEre™ %t < Xe™.
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Therefore, by the increasing property of ¢ we have
plue—r(Xe™™)) < p(he™™").

—mr

Using variable substitution s = Ae , we have for any A > 0,

00 A
/ p(Ae™™)dr = / (ms)tp(s)ds < oo, (4.4)
0 0

where the finiteness can be seen from (4.15) and (4.25). This ensures the dominated convergence theorem.
For convenience in the following argument, we define

a0 = [T -eaa) (45)

Then (4.3) can be rewritten as

A
o = exp (= a0 = [ m0)" - (on 0(0) + boo) ). (16)

We start with the asymptotic behavior of the Laplace exponent ¢ defined in (3.5). Using Lemma 2.3(i)
and the small value probability of W in (1.11), we get for some constant C' > 0,

Ele*twﬂ{ww} ~Ct™? ast— oo.

W = e + Ere W50y, one can get

Furthermore, using E;e™
o(t) = —logEie™ ™" = v —log(1 + eVEle*tWH{Ww}).
Thus it is easy to check that
0<y—ot) ~ eVEle*tWH{Ww} ~(Ct " ast— oo, (4.7)

and 0 < ¢(1) < ~, which is used in the following.
Lemma 4.1.  For ¢y defined in (4.5), we have

0<¢,(t)<C (4.8)
uniformly on [p(1),00), for some constant C > 0.
Proof.  For any t > ¢(1), we have
oL (t) = /0 ~ et A(dr)
< /0 ’ zA(dz) + / h ze *MZA(dx).

e

By the property of the measure A in (1.4), we have
/ zA(dz) = O, (4.9)
0

where C} is a positive constant. Moreover, there is a constant B > 0 such that xze~?()* < B on [e, 0o).
Therefore we obtain

b re " A(dz) < b BA(dz) := Oy, (4.10)
/ /

where Cy is a positive constant since (1.10). Combining (4.9) and (4.10) we obtain the result in the
lemma with C = Cy + Cs.
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Proof of Theorem 2.1.  In order to obtain the small value probability of W, we only need to estimate

the asymptotic behavior of its Laplace transform near the infinity, which is expressed as in (4.6). Firstly.
we consider fOA t~1p(t)dt, which can be written as

A 1 A
—1 _ —1 —1
/Ot qs(t)dt_/ot qs(t)dtjt/1 t~Lg(t)dt. (4.11)

By Jensen’s inequality, for any ¢ > 0,
0 < ¢(t) = —logEre ™ <tE,W =t.

Thus the first term of (4.11) is a positive constant determined by ¢ and bounded by 1. For the second
term of (4.11), it can be written as

yogr— [ - s =g~ [T omans [T, @)
From the asymptotic behavior of ¢ described in (4.7), we obtain that
/:O t7 1y — @(t))dt ~ /:O Ct=P7ldt ~ p7'CA™P as A — oo. (4.13)
Therefore, it is easy to obtain that
JERCROL (4.14)

is a finite and positive constant, determined by v and ¢.
Combining (4.11)—(4.14), we obtain

A
/t_lqb(t)dt:'ylog)\—i—C' as A\ — oo, (4.15)
0
with
1 e’}
C' = “Lo(t)dt — Ly - dt. 4.16
| temar= [t = a)ar (4.16)

For the rest in (4.6), it is similar to check that

A 1
/ N (6(8))dE = o1 (1) log A+ / o (6(1))dt
0 0

-/ T () — 1 (Bt + [ e e @)

Firstly, we need to prove that the second term of (4.17) is a finite constant determined by ¢ and ;.
Note ¢1(z) is increasing with respect to « and 0 < ¢(t) < ¢, hence

/ =i (6(1))dt < /0 o (t)dt = / / (1 — =) A(dar)d. (4.18)

Then using Fubini’s theorem and variable substitution xt = s, we get

/0 t~ oy (t)dt = / / (1 — e *)dsA(dz)
// 11 —e™*)dsA(dz) + / / 11— e*)dsA(dz). (4.19)
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Since e7® > 1 — s on [0, 1], the first integral of (4.19) satisfies

// 11— e dsA(da:)\/leA(da:)<oo. (4.20)

The last inequality follows from (1.4). For the second integral of (4.19), when = > 1,

x 1 x
/ 3_1(1—e_s)ds:/ s‘l(l—e_s)ds+/ 5711 — e=%)ds
0 0 1
1 xT
g/ 1ds+/ s_lds:l—i—logx.
0 1

Then for the second integral of (4.19) we have

/ / 11 — e *)dsA(dx) < /100(1 +logz)A(dx) < cc. (4.21)

For the last inequality, (1.10) is used. Combining (4.18)—(4.21), we obtain that

/0 t~ Loy (p(t))dt (4.22)

is a finite and positive constant determined by ¢ and ;.
For the last term of (4.17), using ¢(¢) 1 v as t T oo, Lemma 4.1 and the asymptotic behavior of ¢ in
(4.7), we obtain

| i em - e
< / C -t~y — ¢(t))dt ~ constant - \™” as A — ooc. (4.23)
A
Furthermore, from (4.23) we obtain

/ T 1) — e ()t (4.24)

is a finite and positive constant determined by =, ¢ and ;.
Combining (4.17) and (4.22)—(4.24), we obtain

A
/0 t_lgal(qb(t))dt =p1(y)log A+ C" as A — oo, (4.25)
with
¢ = [ e [ T o) — e (G0t (4.26)

Combining (4.15) and (4.25), together with (4.6) and (4.7), we obtain (2.1).

5 The subordinator case

In this section, we investigate the small value probability of YW when the branching mechanism ) is
corresponding to a subordinator. Firstly we introduce the small value probability of W in this setting,
which are due to [3, Section 5].

Theorem 5.1.  Assume 1) is corresponding to a subordinator.
(1) If ¢ has zero drift and finite Lévy measure I1(0,00) = am, then

Py(W <e)~e®L(l/e) ase— 0" (5.1)
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for some function L varying slowly at infinity. One can take L constant if and only if

1
/ M I(dz) < oco. (5.2)
0
(ii) If ¢ has zero drift and infinity Lévy measure, then
—logPy (W <¢e)~ L*(1/e) ase— 0T, (5.3)

where L* is a slowly varying function of the form

L*(z) = /1 " L (u)du

with L slowly varying.
(iii) If ¢ has drift a > 0, then

—logPy(W < &) ~ e~ M= [(1/e) ase— 0" (5.4)

for some function L slowly varying at infinity.

Remark 5.2. In [3], these slowly varying functions mentioned in Theorem 5.1 are described in detail.
For example, the slowly varying function L in Theorem 5.1(i) was defined in the following way. Note
¢ is the Laplace exponent of W defined in (3.5). Suppose © is its inverse function. Then according to
Theorem 4.2 of [3], © satisfies

O'(5)/0(s) = —m/1)(s), 0<s< o0,
O(s) = sexp (— /Ok (m/¢(u) + 1/u)du> , 0<s< oo,

from which one can deduce that e=¢(®) is —a-varying at infinity, and L is defined as s®e~®(*).

In the remaining part of this paper, we assume that the immigration mechanism satisfies the special
form in (2.3). Next, we will give the proof of Theorem 2.2, i.e., the small value probability of W in the
subordinator setting.

Proof of Theorem 2.2.  We use Tauberian type theorems in Lemma 2.3 to prove this theorem. To this
purpose we need to get the asymptotic behavior of the Laplace transform of W in (4.6). These require,
in each case, the limit behaviors of the following functions as A — oo:

A A
6V, / o (6(6)dt and / ()t

where () = t7,t > 0 with 3 € (0,1).
(i) In this case, the small value probability of W is a-varying as expressed in (5.1). In particular
when the condition (5.2) holds, one obtains by Lemma 2.3(i),

Eiem™ ~ Ct™ ast — oo, (5.5)

for some constant C. Thus the Laplace exponent of W satisfies

o(t) = — logEie™™ ~ alogt ast— oo. (5.6)
Therefore we have
A
/ t‘%(t)dt ~27 1. (log /\)2 as A — oo. (5.7)
0

Meanwhile, if (5.2) does not hold, one can use Proposition 1.3.6(i) of [5], i.e., for any slowly varying
function L,

(log L(t))/logt - 0 ast— oco.
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Then according to (5.1), we still have (5.6) and thus (5.7) holds.
Similarly, we can obtain

A
/ t~ Yo (p(t))dt ~ P (B+ 1)1 (log\)PT as A — .
0
Therefore, using the identity (4.6), we obtain as A — oo,
—logE.e ™ ~ (2m)~tba - (log \)? + o (m(B + 1)) 'Ijp—oy - (log NPT

Finally, one can obtain (2.5) by Lemma 2.3(ii) and the property of slowly varying function (2.10).
(ii) Using Lemma 2.3(ii) and (5.3), we have

o(t) ~L(t)™" ast — oo, (5.8)

where f(t) is the conjugate slowly varying function to L* defined in (5.3). Then

—logE,e™™ ~ zL(\) "t +m b / (tL(t)) " dt +m -/: ¢t ()Pt
=2LA) P+ m - Ry +m - Ry(A) 7L (5.9)
Note that as A — oo, Z()\) — 0 and E()\)/Rl (A) — oo. Therefore one can get
—logE,e ™ ~m ™ Ry(A) 7Y+ Igpeoy (eL(A) "+ m 7 Ro(AN) 7Y as A — oo,

which implies (2.6) by Lemma 2.3(ii).
(iii) & (iv) In this case, using the small value probability of W expressed as in (5.4) and Lemma 2.3(ii),
one has
d(N) ~ AY LN as N — oo (5.10)

Here L;(\) is a slowly varying function at infinity and its conjugate varying function satisfies
Li(\) ~ m(m — a)~Y(m/a)®/ (M=) . L(\1=a/m) (5.11)
with L defined in Theorem 5.1(iii). Then for any £ > 0, there exists A. > 0 such that
1l—e <o) t™Y"Li )" <146, t> . (5.12)
Furthermore, using variable substitution ¢ = As, one has

A 1
/ ta/mflLl(t)a/mfldt _ )\a/m/ sa/mflLl()\S)a/mfldS
Ae A/

=L [ (L ) a0

Recall that in this case a > 0 is the drift of ¢ and 0 < a < m. Using Potter’s theorem (Theorem 1.5.6
of [5]), there is a constant A. > 0 such that L;(\s)/Li(\) < 2s(1=%/™)/2 for all A > \.. Using the
dominated convergence theorem, one can obtain

1 1
/ /=1 (L (As)/ Ly (A)/ ™ ds — / $/Mm=1ds = m/a as A — 0o, (5.13)
Ac/A 0
since L1 (As)/L1(\) — 1. Note that

Ae
/ t~L(t)dt - [AY™ (L (A)Y™ ™ 50 as A — oo
0
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Together with (5.12)-(5.13), we obtain that
/0A t7rp(t)dt ~ a7 m - AY™ (L1 (A)Y™ T as A — oo (5.14)

Using similar arguments, we can also obtain
/OA =Y p()Pdt ~ (aB)  m - XML N/ DE g X 5 . (5.15)

Combining the Laplace transform of W in (4.6), the asymptotic behaviors in (5.10), (5.14) and (5.15),
we obtain as A — oo,

—logE.e W ~ (z+b/a) - AY™Ly(A)*™ 1 when z > 0,
and
_logEoe—)\W ~a - )\a/le(/\)a/m—l + (aﬁ)_lﬂ{bzo} . )\aﬁ/le()\)(a/m—l)ﬁ.

Thus using Lemma 2.3(ii) and the properties of slowly varying functions (5.11) and (2.9), we obtain (2.7)
and (2.8) respectively.
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