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‘We derive a large deviation principle for occupation time of super a-stable process in
R< with d > 2a. The decay of tail probabilities is shown to be exponential and the rate
function is characterized. Our result can be considered as a counterpart of Lee’s work
on large deviations for occupation times of super-Brownian motion in R¢ for dimension
d > 4 (see Ref. 10).
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1. Introduction and Main Result

Assume that ¢ = {&,t > 0} is a symmetric a-stable process in R?, whose char-
acteristic function is e *1*I". Let S denote the corresponding semigroup and
A, = —(—A)?% the infinitesimal generator. The domain of A,, is denoted by D(A,,).

Let M (R?) denote the space of positive Radon measures on B(R?), the Borel o-
algebra of R?. M (R?) carries the vague topology. C(R%) denotes the Banach space
of continuous bounded function on R? equipped with the usual sup norm || - ||. We
also define:

M, (RY) = {pn€ M(R?) : (1 + |2|") " du(z) is a finite measure}, 7> 0.
Cr(RY) = {f € CRY) : | f(x)-|al"|| < o0}, Cr(RY); ={f € Cr(R), >0}
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54 Q.-Y. Li & Y.-X. Ren

Let D(RL, M, (R%)) denote the Polish space of cadldg paths form R} to M, (R?)
with the Skorokhod Ji-topology. And let 0 < @ < 2 and r < d + « in case a <
2. According to Ref. 13, there exists an M,.(R%)-valued Markov process X;, with
sample paths in D(RY, M, (R?)) almost surely, such that

Ep[exp(— (¥, X4))] = exp[—(u(t), )],  p € Mp(R),9 € Cr(R)4,

where wu(t) is the mild solution of the evolution equation:

{u(t) = Aqu(t) — u3(t),
u(0) =1

We call X = (X;;t > 0) the super a-stable process. Specially, when a = 2, the
process is known as super Brownian-motion.

Let V : RY — R be Holder-continuous with compact support. Define the V-
weighted occupation time D7y by

Dry = % /0 ’ / V(2)X,(dx)ds .

Assume that V' > 0 and V is not identically equal to zero. Iscoe and Lee'? studied
the large deviations for occupation times of super-Brownian motion in dimensions
3 and 4, and their results show slower than exponential decay of tail probabilities.
Lee'® studied the large deviation results of super-Brownian motion in dimension
d > 4. Lee proved that for dimension d > 4 the tail (as 7' — 0o0) probability that
%fOT X,ds deviates from Lebesgue measure (i.e. Dy deviates from [p, V(z)dx)
decays exponentially, and showed that the rate function is

I(v) = / de, v > 0,7 —1¢€ C*R?) and has compact support .
re  4y(2)
Where A is the Laplace operator on RY. Now assume that o € (0,2) and that X =
(X;,t > 0) is a super a-stable process on R%. There have been some results about
Super a-stable process when dimension d satisfies d < 2ca. Zhang'® generalized
results of Iscoe and Lee'# to super a-stable process with dimension d = 2 (< 2a).
We note that Zhang’s result in Ref. 18 is just for dimension d = 2, but his result
remains true when d < 2o and his proofs also work for the general case d < 2a.
The question that we are going to address in this paper is the following: can
one estimate the asymptotic probability that % fOT Xsds deviates from Lebesgue
measure when dimension d > 2a? As far as we know, this question has not been
addressed in the literature. Lee’s proof in Ref. 10 was based on analytic techniques
of PDEs related to the operator A. But these techniques are unclear for nonlocal
operator A,, the generator of symmetric a-stable process. It seems that, to answer
the question above, one has to develop some results on solutions of differential
equations related to A,. In this paper, we are going to tackle the question above
by using Dirichlet form of symmetric a-stable process and results on Schrodinger
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operator A, + p with g in class K35, (see Definition 2.1) developed by Takeda and
Uemura (see Ref. 15).
For the occupation time process % fOT Xds of super a-stable process X, Fleis-

chman and Gértner” proved the strong law that as T — oo, % fOT Xsds converges
(in the vague topology) with probability one to the Lebesgue measure A when d > a.
This is the starting point of large deviation theory.

The following theorem is our main result:

Theorem 1.1. Let d > 2a, define

A ={V :V is a Holder continuous function in R? with compact support} ,

g= {'y : v is a Borel measurable function in R? satisfying:

iI;f’)/(I) >0, v—1€D(A,), /]Rd Aa(fyl)(:c)|2dx<oo}.

Assume that the functions Vi, Va, ..., V, are non-negative and belong to the class

A. Define
v = (% /OT/Vl(x)XS(d:E)ds,%/OT/VQ(QC)X (dz)ds

% /0 ’ / Vn(x)Xs(dx)ds>.

Then there exists a neighborhood O of

( i Vi(z)dz, [ Va(x)dz,..., Vn(x)d:c)

Rd Rd
such that if U C O is open and C C O is closed, then

_1 > _
hmlnf og P(Dypy € U) irelfUI( ),

1
. <_
llénjolip T log P(D7,y € C) ){Ielfc I(v),

where A = [V (z)y(x)dx, I(7) = [z de,v €g.

Remark 1.1. When the function V satisfies f]Rd x)dx = 0, the large deviation
for D7y of super-Brownian motion with dlmensmn d = 3 was first studied by
Lee and Remillard!! in 1995, and left a conjecture. In 1998, Deuschel and Rosen®
developed complete large deviations for Dr v of super-a stable process (1 < a < 2)
with dimension d < 2a < 2 + d, and answered Lee and Remillard’s conjecture.
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To prove the main theorem, we need to develop some results on the following
two nonlinear differential equations:

% = Aqu+[ul’ +V(z), (t2)€ (0,00) xR, (1.1)

and
Agu+ulf +V(z)=0, zecR?. (1.2)

We will prove that if d > 25 (p > 1), V € Aand [V] < M(1+ |z[)(e=Dp 3 c RY
for some constant M > 0, then Eq. (1.1) has a unique proper solution (see definition
given in Sec. 3) u(t,z,V); furthermore, the limit function

u(z, V) = 75lim u(t,z,V)

exists pointwise and is a proper solution of Eq. (1.2). This result is of independent
interest and will be addressed in Sec. 3.

2. Preparation: a-stable Schréodinger Operator

In this section, we will give some results about symmetric a-stable process and
related Schrodinger operator A, + . The symmetric a-stable process £ = {&;,t > 0}
in R? has a transition density p(¢,z,y) = p(t,r — y) with respect to the Lebesgue
measure. When « < d, the process ¢ is transient and its potential density G(z,y) =
G(z — y) is given by

Gla,y) = / p(t, 2, y)dt = Ay (dy )| — 4,
0

where A (d, a) = 2797~ 5T(452)I'(¢)~*. For any function V, we define

GV (x) = / Gl —y)V(y)dy.

By a signed measure we mean in this paper the difference of two non-negative
measures at most one of which can have infinite total mass. For any signed measure
on RY, we use u+ and 1~ to denote its positive and negative parts, and |u| = ut+u~
its total variation. For any signed measure u, we define

Gulo) = [ Glo— yhuldy).
The Dirichlet form (€, F) of £ is given by
Blu) = bt [ [ M) =t

|z — y|dte
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where
_lalr(se)
21-aqd/2P(1 - §)

A2 (d7 70‘)
The following result is well known (see Corollary 1.3.1 in Ref. 9).

Proposition 2.1. D(A,) C F, and
E(u,v) = (—Aqu,v),u € D(Ay),v € F.

Definition 2.1. (1) A signed Radon measure p on R? is said to be in the Kato

class Kg o, if
d
lim sup 7|M( v) =0,
d—a
=0 peRd Jjz—y|<r |z —y|

where |u] is the total variation measure of u.
(2) A signed Radon measure y on R? is said to be in K3°,, if for every € > 0,
there exist a compact set K and a constant 6 > 0, such that

sup [ G(z,y)|ul(dy) <e,
zeRY JKe
and for any measurable set B C K with |u|(B) < 4,
sup [ Glay)lul(dy) <.
z€RYJ B
(3) A function f on R is said to be in the class Kq,0 or K32, if p:= f(z)dx is

in the corresponding spaces (see Ref. 2).

The following proposition was shown by Chen? and Chen and Song?:

Proposition 2.2. Assume that 11 is a measure in Kgq 4.
(i) p is in the class Kg5, if and only if

tim sup [ Gla.y)lul(dy) =0, (2.1)
TR0 zeRd J|y|>r
(ii) If p € K35, then
sup | G(z,y)|u|(dy) < oo. (22)
rcR4 JRE

Proposition 2.3. Suppose d > a. For p > o, {V € Kqqo : V() = O(|z]|7") as
|.’L‘| - OO} g K((i),ooz'

Proof. When ¢ is a Brownian motion with dimension d > 2, this was proved in
Ref. 19. An argument similar to that of Proposition 2 in Ref. 19 shows that the
result holds for symmetric a-stable process with d > «. O

Definition 2.2. Suppose V and f are measurable functions.
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(1) We say that u is a solution of a—“ = Aqu + Vu+ f, if u a continuously
differentiable curve: R — D(A,) satlsfymg au(t 2 = Aqu(z) + V(x)u(z) + f(z),
r € R4

(2) We say that u is a solution of Ayu+ Vu+ f = 0 in RY, if u € D(A,) and
satisfies Ayu(z) + V(z)u(z) + f(z) =0, x € R4

Proposition 2.4. Let d > «. Suppose that f € Kgo and |f| = O(|z|™?) with
p > «. Then the function Gf is a bounded continuous solution of Aju = —f.
Conversely, if u is a bounded continuous solution of Aqu = —f, then u = Gf + ¢
for some constant c.

Proof. By Proposition 2.3, f € Kg5,. Then by Proposition 2.2, G f is bounded in
R?. Since

t
Sth:Gf*/ Ssfds
0
and Ssf — f uniformly as s — 0 it follows that Gf € D(A,) and AL (Gf) = —f.

Assume that u is a bounded continuous solution of A,u = —f. Then u — Gf is
bounded, continuous and satisfies A, (u—Gf) = 0. Since ¢ is transient, we get that
u — G f = c for some constant c. O

Note that the Harnack inequality holds for the operator A, + V (see, for in-
stances, Chen and Song?). If the Green’s function, denoted by G" (x, %), exists for
the operator A, + V, from the general theory of Markov processes and their poten-
tial theory (see, for instance, Ref. 8), we know that there exists a positive solution
of (A + V)u = 0. This motivates the following classification of operators.

Definition 2.3. (1) We say that V' is subcritical if the operator A, + V' admits a
Green function.

(2) We say that V is critical if A, + V' is not subcritical but admits a positive
solution of the equation (A, + V)u = 0.

(3) We say that V is supercritical if A, + V' does not admit a positive solution
of the equation (A, + V)u = 0.

The following proposition is well known for Brownian motion (see, for instance,
Ref. 12). But for symmetric a-stable processes, we were unable to point out an
actual reference and we give the proof in detail. The idea of the proof comes from
Theorem C.8.1 in Ref. 16 and Theorem 2.4 in Ref. 12.

Proposition 2.5. If there exists an essentially nonzero function ¢ > 0 such that
(Ay +V + q)u = 0 has a positive solution, then V is subcritical.

Proof. Assume that u is a positive solution of (A, + V + q)u = 0. We first prove
that for ¢ € D(A,)

GtV saip = [ [ DAy,
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that is to say, Aq +V + ¢ < 0. Since V 4+ ¢ = —u"'A,u we have

(Aa +V +a)p,0) = =E(p,0) + (V +¢,¢%)
= —E(p,p) — (u A, ¢)
—E(, ) = (Aau,u™lp?).
By Proposition 2.1, —(Aqu,u"1p?) = E(u,u"1p?), so
(Aa +V +q)p, 0) = —E(p, ) + E(u,u™te?).

By a direct calculation, we get

(0, 0) + Euu 1) /Rd /Rd (p(x)uly ; - so(y)u(m))2dxdy.

u(@)u(y)le —yl+e

Then we proved (2.3).
We can choose a bounded Borel set A of positive measure such that A ¢ R¢
and

a = inf{q(z);x € A} > 0.

Put w(x) = ala(z), where I4 is the indicator function of A. Let {D;,j > 1} be a
sequence of bounded smooth domains such that

D;j C Dj41 and D; T RY,

where D, is the closure of D;. Denote by ijq “(z,y) the Green’s function for
the operator Ay +V 4 ¢—w in D; with the zero Dirichlet boundary condition. For
j with A C Dj, define a function h; on D; by

hj(e) = Gp* " w(),

where G} T97" is the integral operator with kernel ijq “(z,y). We have that h;
belongs to D(A,) and (Ay +V + ¢ —w)h; = —w. By (2.3),

((Aa +V +q)hj hy) <0

Then we have that

1/2 1/2
/wh?dx < /whjdx < (/whfdx) </wdx) .
/wh?dw < /wdx,

2
a2/ dz (/ Ggqu(x,y)dy> < a/ dx .
A a7’ A

Thus

which implies
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This shows that Gg:rq*w(x,y) converges, which means that A, +V + ¢ — w is
subcritical. Denoting by G%j (x,y) the Green’s function for the operator A, + V in
D; with the zero Dirichlet boundary condition, we have

Since ¢ —w > 0 and G[V)J_ > 0, we thus obtain that G[V)J_ < G[V)jq_w. This together

with the convergence of Gg:rqfw shows that A, 4+ V is subcritical. |

Definition 2.4. Let p € Kg5, and A*(t) be the continuous additive functional of
¢ associated with p. We say that u is g-harmonic in R? if

u(x) = Epfu(&ry )e?" 0], zelU

for every bounded open set U.

The following proposition is taken from Takeda and Uemura'®:

Proposition 2.6. Let d > «, p € KJ° and A*(t) be the continuous additive
functional of & associated with p. Then the following conditions are equivalent:

() wo() = Eufed" )] £ oo, z € R,

(") supgepa o(z) < o0;

(ii) the operator Ao+ p admits a Green function G*(x,y) satisfying G*(z,y) < oo
forx, y e R x £ y;

(ili) there exists p-harmonic function u so that inf,cgpe u(z) > 0.

Moreover, if one of the above conditions hold, then ug(z) = E,[e"(®)] is a

p-harmonic function satisfying 0 < inf,cga uo(x) < sup,cpa to(z) < 00.

Throughout this paper, the notation C' always denotes a constant which may
change values from line to line.

3. Nonlinear Differential Equations

To prove the main theorem, we need to develop some results on nonlinear differential
equations. Let d > ;‘Tpl and p > 1. Consider the following two equations:

ou

A, P t R?
5 u+ul? +V(z), (t,z) € (0,00) x R?, (3.1)
u(0) =0,
and
Agu+|ulP +V(z) =0, reRe. (3.2)

As in Ref. 10, a function u(z) is called proper if |u(z)| < C(1 + |z]|)*~¢ for
some C' > 0 and u(t,z) is called proper if sup,-q|u(t, z)| is proper. Lee’s analytic
techniques do not work for nonlocal operator A,. To overcome these difficulties,
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we first consider their mild solutions, i.e. solutions of their corresponding integral
equations:

u(t, z) / e (Juls, )P + V) (x)ds, (3.3)
and
u(z, V) = G(Jul” + V)(z), r e R?, (3.4)

and then prove that the mild solutions are solutions in the sense of Definition 2.2
under some conditions. Results proved in this section are not only sufficient to prove
our main results, but also have independent interest.

Lemma 3.1. If d > 1%, p > 1, then there exists a constant M > 0 such that

o(x) = M(1+ |z))(=DP 2 € RY satisfies

G < Soh
1
90290

Proof. First by G(z) < C|z|*~%, we have

Golr) _ Jpa Gl —y)ey)dy (1-1/p) L[\ dy
() o7 () = /(Ix—y|> (1 + |yl

For simplicity, we define

1+|x|>d“’ dy
J(x) =
(=) Afxm W+ )

We assert that J(z) is bounded in R%. Then we can choose M sufficiently small
such that Gy < %(p%

Now we are left to prove the assertion. Fix M > 0. We estimate J(x) separately
on the set {|z| < M} and the set {|z| > M}. On {|z| < M}, we have

1+ 2\ dy
J(x) = / +/ < )
=) ( ly—z|>1 y—x<1> |z —yl (1+ |y|)(d_a)p
dy dy
<c / S E— / —W_)<c
( (1 + |y|)(d—a)p lx—y|<1 ‘IE - y|da>

On {|z| > M}, we have

d—a
1 d
J(x) = / +/ ( +Ix|) y(dw
\y—w\z%lzl ly— I|<1H 2| ‘x7y| (1+ |y|) P

14|

dy de e 2 B
SC| | gy T+ (1 + ( a>P/ a=1g
- </ Ty TR D o7

<C.

Then we have J(x) is bounded in R¢, and the lemma is proved. |
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Theorem 3.1. Let d > & (p > 1), and ¢ as in Lemma 3.1. If V € A and

V| < o, then Eq. (3.1) has a unique proper solution u(t,x,V); furthermore, the
limit function
u(z, V) = 75lim u(t,z,V)

exists pointwise and is a proper solution of Eq. (3.2).

To prove the theorem, we need some lemmas.

Lemma 3.2. Let d > ;‘Tpl (p > 1), and ¢ as in Lemma 3.1. Suppose V € A and
|V| < . The integral Eq. (3.3) has a unique proper solution u(t,z, V).

Proof. We begin with the existence of a solution. Define the usual Picard iteration
scheme {u,(t,z,V)}:

UQZO,

¢
up = / S V(x)ds
0

t
Uiy = / ¢ (Junl? + V) (@)ds,
0

then we have
—Go(z) < un(t, z) < 2Gp(x).

In fact, by the construction of u,, we easily have

n(t,x) /Stas x)ds > — /Stasgo (x)ds > —Go(x).

On the other hand, it is easy to see ug < 2Gp(z), u1 < Gp(z) < 2Gp(x). Then it
1
follows by induction and by noticing that Gp < %cpi, we have for each n,

t
wn(t ) < / S (12GlP + o) (@)ds < 2Ce(a).
0
Thus we get
fun(t, 2)] < 2Gip(a) < "7(a).,

and then |u, (¢, )| is bounded in [0, 00) x RY. To prove the limit function u(t, z, V) =
limy, 00 wn (t, 2, V') exists, we only need to prove, for any fixed t > 0 and any « € R9,
the series

Z Unt1(t, 2, V) —un(t,z, V)] (3.5)
n=1
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is convergent. We claim that

VI (ctmt
C (n+1)!°

[tnta(t) = un (@) < (3.6)

We prove this claim by induction. In fact, for n = 0, we have ||ui(t) — uo(t)| =

| fot S¢ V(x)ds|| < ||V||t. Now suppose that the claim (3.6) holds for n = k. Using
the fact that |2f — 25| < pmax(|z1|, |z2])|z1 — 22|, we have

uper(6) — wa(t)| = H [ st sl = ) wlas

¢
<C H/ Sigluk — ug—1|(x)ds
0

t
< C’/ lug — uk—1]|ds
0

4l /t (Cs)*
<. 21 A
SO ), Tw

_ VI (eptH

c  k+D

(3.7)

That is (3.6) also holds in the case when n = k+1. Therefore the claim above is valid.
It follows from the claim above that, for any ¢ > 0, the series Y~ [up41(t, 2, V) —
un(t,2,V)] is convergent in the sup norm || - ||. Now by the boundedness of ¢
and the bounded convergence theorem, we obtain that w is a solution of (3.3).
Since sup;~q|un(t, z, V)| < 2Gp(z), by Lemma 3.1, u(t,z, V) is a proper solution
of (3.3).

Then we are left to prove the uniqueness of the solution of Eq. (3.3). Assume
that u,w are two solutions of (3.3). Then we have

t
u(t, z) —w(t, ) —/0 Sizs(lu()[” = Jw(s)|P) (x)ds .
By an argument similar to that of (3.7), we have
Jutt) ~ (@] < € [ ats) — wslds

By Gronwall’s inequality, we have ||u(t) — w(t)|] = 0. So u(t,z) = w(t, z) for any
tZOandanyxERd. O

Lemma 3.3. Let d > =% (p > 1), and ¢ as in Lemma 3.1. Suppose V € A and
|V | < . Consider the followmg integral equation

wlt,z) = S2V(z) + / 52 [plu(s) P~ sen(u(s) w(s)) () ds (3.8)
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where u is the unique solution of (3.3). There exists a unique solution to the above
equation, and

d+
Eu(t) = w(t).

Proof. The existence and uniqueness of solution to (3.8) can be proved by a similar
argument as that in the proof of Lemma 3.2. We omit the details. Set
u(t+h,x) —u(t, x)

wp(t,x) = o , h>0.

By (3.3),

t+h
ult + hyz) = / 82 n_s(lu(s)P + V)(@)ds

h t+h
= [ St P VI@ds + [ St (u(s)P + V) @ds
0 h

t

h
- / Sg(Ju(h — )P + V) (x)ds + / S (Julh + )P +V)(x)ds
0 0

Then we have
1 h
wn(t,z) = E/ 52 (lulh — s)|P + V) (x)ds
0

1 ! «a P _u(s)|P)(x)ds
+E/o Sis(lu(s + h) [P = [u(s)[P)(z)ds .

Note that wy(0,2) = %foh S%(Ju(h — 8)|P + V) (z)ds and S§* is a contraction semi-
group. We have

t
Jaen(®l < Jun0)] + [ ffun(o)ds.
By an application of Gronwall’s inequality, we have
lwn ()] < [lwn (0) "

Since u and V are both bounded, it is easy to see that ||wp(0)|| is bounded in h, so
|lwr (t)]] is also bounded in h.
Similarly we have, for z € R¢,

wp(t,2) —w(t,x)

h
=1 | sssiun—op v - Vi@

Lo (st (P
+ [ sy, (el P s u(s) ) ()i
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Note that

h
wn(0,2) — w(0,x) = % /0 S (ju(h — )P + V)(@)ds — V(x),
and that
|U(S + h)|2 - |u(5)|p o p|u(5)|p_1sgn(u(s))wh(s)

Then we have V € > 0, there exists a d > 0, such that for every h satisfying |h| < 9,

as h — 0.

)

[wn(t) —w(®)]] < [lwn(0) — w(0)]| + CTe + C/Ot [wn(s) —w(s)|lds, t<T.
Using Gronwall’s inequality, we get
lon(t) = w(t)|| < (Jwn(0) = w(0)|| + CTe)e™,  t<T.
It is easy to see that ||wp(0) — w(0)|| — 0, as h — 0. Therefore, for any ¢ > 0,
du(t) = w(t). O

The next lemma says that to consider solution of Eq. (3.1) is equivalent to
consider solution of the integral Eq. (3.3).

Lemma 3.4. Let d > 5 L (p > 1), and ¢ as in Lemma 3.1. Suppose V € A and

V| <. uisa solutwn of the integral Eq. (3.3) if and only if it is a solution of
Eq. (3.1).

Proof. By Lemma 3.3 and a standard lemma (see p. 239, Ref. 17), u(t,z, V) is
actually continuously differentiable, and it is straightforward to check that u(¢, z, V')
satisfies

{ wt) = aU+\UIp+V()

(0) =
Conversely, the solutlon of (3 1) also satisfies the integral Eq. (3.3). In fact,
if u satisfies (3.1), let w(t) = fo Sg (lu(s, )P + V)(z)ds, so w satisfies %—’f =
Aqw(t)+|u[P4+V (z) and we have ANul)2w®] — A, [u(t)—w(t)] and u(0) = w(0) = 0,
so w(t) = u(t). |

Proof of Theorem 3.1. It follows from Lemmas 3.2 and 3.3 that Eq. (3.1) has
a unique proper solution u(¢,x,V’). From the integral equation (3.3), it is easy to
see that [u(t,z, V)| < u(t,z,¢). Let w(t, @) = 2ULEL) 4y v) = 2ulbeV) gy
Lemma 3.3, w(t, ¢) and w(t, V') satisfy

w(t, ¢) —wa(xH/O St slplu(s, @)I"~ sgn(u(s, ¢)) - w(s, @)](x)ds

and

w(t, V) = / SeIplus, V)P sgn(u(s, V) - w(s, V)] ()ds
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respectively. Let {w,(t,),n > 0} and {w,(t,V),n > 0} be the Picard iteration
sequences corresponding to w(t, ) and w(t, V'), respectively. By induction, it is
easy to check that |w,, (¢, V)| < wy(t, ), and then w(t, V) < w(t, ). That is to say
a[u(tv €z, 50) - u(ta Zz, V)]

ot

Then wu(t, z, ) — u(t,z, V) is increasing in ¢, and then

>0, t>0, r e Re.

u(te,x, V) —u(ty,z,V) < ulte,z,0) —u(ty,z,0), 0<t; <tg, r eR?.
(3.9)

Similarly, we can also prove that u(t, z,¢) + u(t, z, V') is increasing in ¢ and

—[u(ta, x, V) —u(ty,z, V)] <ulte,z,0) —u(t,z, ), 0<t; <ty, z€ R?.
(3.10)

Combining the above (3.9) and (3.10) to arrive at

lu(te, x, V) —u(ty, 2, V)| < ulte,z,¢) —ulty,z, @), 0<t; <t z eR?.
(3.11)

Since ¢ is non-negative, u(t, x, @) is increasing in ¢ and then the limit u(z, p) =
lim; o u(t, z, ) exists. By the above inequalities, u(x, V) = lim;_, o u(t, z, V) also
exists. By Lemma 3.1 and the dominated convergence theorem, we have

u(z, V) = /0C>C SE(|ulP + V) (z)ds, reRY,
which can be written as
u(z,V) = G(julP + V) (z), reR.
Since wu(t,z, V) is proper, the limit u(x, V) is also proper. Then Proposition 2.4
implies that u(x, V) satisfies
Aju+ [ulP +V(z) =0, zeR?.

Now the theorem is proved. O

Lemma 3.5. Letd > 1% (p>1), and ¢ as in Lemma 3.1. If V € A and |V] < ¢,
then the differential equation

{ Ao(f = 1)+ p(sgn(u(@, V) u(z, V)P~ f =0, z €R?,

(3.12)
[>0, flx) =1, as z — o0,

has a unique solution, written as f(xz,u(-,V)), where u(x, V) is the proper solution
of (3.2) constructed in Theorem 3.1.

Proof. Let w(z) = p(sgn(u(z, Vp))?\u(x, V)P~ u(dz) = w(z)dz. Since |u(x, V)| <

C(p%(x), we have |w(z)| < Cp~ 7 (z) = O(|z|~@ToP=dP=1) a5 & — co. So the
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assumption d > ;‘Tpl implies that —a+ap —d(p—1) < —a. Then we have p € K%,
by Proposition 2.3.
Let U(z) = u(x, ) —u(z, V). It is easy to see that U > 0 and

O )

u(z, p) —ulx, V) u(x, ) —ulz,V
We denote the above equation simply by (A, + w + q)U = 0, where
q= uig(c;p;; _ZEZ “;;p — p(sgn(u(z, V)))|u(z, V)P~ + u(f,(ag;; _Z((;)V) .
By the convexity, we have
u(z, o) —u(z, V)
u(z, ) —u(z,V)

> p(sgn(u(z, V)))lu(z, V)P,

then g > 0. Thus the Schrédinger equation (A, +w+¢q)u = 0 has a bounded solution
U. This implies that A, + w is subcritical by Proposition 2.5. By Proposition 2.6,
ug(z) = Eylexp( [, w(&s))ds] is a bounded w-harmonic function.
Now we show that ug(x) — 1, as |z| — oo. Similar to the proof of (32) in Zhao,'®
we can also prove
uo(r) =1 = y Gz, y)w(y)uo(y)dy .

And by (2.1), { [z G(z,y)w(y)dy,x € R} is uniformly integrable. Since ug is
bounded, we easily get

| llim LG y)w(y)uoly)dy = 0.

xr|—00 R

Therefore, lim ;| uo(7) = 1. By Proposition 2.4, ug satisfies A, (ug —1) = —wug
in RY, which means that ug is a solution of (3.12).

We are left to prove the uniqueness. Assume that u is a solution of (A, +w)u = 0
and satisfy lim|, o u(x) = 0. It suffices to prove that u = 0. By Proposition 2.4
and that lim,| . (u + G(wu)) = 0, we have u + G(wu) = 0, which implies that
u=0. O

4. Proof of the Main Result
For d > :‘Tpl and 1 < p <2, define
L(y) = (p~"/®~D — p7#/(P= D) / [Aa(y = 1)(@)P/ P Vy(z) VP Ve, yegG.
(4.1)
This definition makes sense because V v € G, we have
inf () > 0. /]R Au(y —1)(2)|PTdz < oo,

by which we can get I,(y) < cc.
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Lemma 4.1. Suppose d > %, p > 1, and ¢ as in Lemma 3.1. If V € A and
V| < ¢, then
1
Jim 7 [t V)de = [(lu@ V)P -+ V@)da(= 1)),

where u is the unique solution of (3.1).
Proof.

—/Rdu(t,x, V)da = %/;/Sf‘s(u(s,-,V)|p+V)(x)d:rds
_ %/Ot //Pa(t — s,z — ) (|u(s, 5, V)P + V(y))dzdyds

— 7 [ [t vy + viynas.

Since |u(s, V)P < Cpand [, ¢(x)dz < oo, by the dominated convergence theorem,

tim [ (Jult. VP + Vs = [ (V)P + V)dy.

t—oo R

Hence,

1
lim = [ w(t,z,V)dz = lim (lut,y, V)P + V(y))dy

t—oo t R t—oo Jpd
= [ (vl + V. .
Lemma 4.2.
sw | [r@v@as-aw)] <nm). vaeo. (12)
0<V<ep
sup {/ v(x)V (z)dx — Ip(’y)} =J(V), YOSV <op. (4.3)
yeEG

Proof. By Lemma 4.1,
J(V) = / [z, V)P + V(2))dz.
Then
/ V@)V (2)dz — J(V)
- / @)V (@) — u(w, V)P — V(2)de

- / (/@) = DIV(@) + ulz, V)P] - A(@)u(z, VIP}da
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— [102) = D(-20) = Y (@)uler, V7)o

=&(y—1u)— /’y(x)u(x,V)pdx.

Note that in the third equality above we used the fact that —A,u = V(x)+u(z, V)P,
which holds by (3.2). By Proposition 2.1, E(y—1,u) = [(—As(y—1)(2))u(z, V)dz,
and then

[r@v@is =) = (-0 = Dlute, V) = y(o)ule, V)Y,
An argument similar to the proof of Lemma 1.8 in Ref. 10 shows that (4.2) holds
and the supremum in (4.3) is attained when (x) satisfies
—Aa(y = 1)(2) = p(sgnu(e, V) lu(e, V[P~ y(x) in R

By Lemma 3.5, there exists a bounded positive solution of the above equation,
written as f(z,u(-,V)), such that inf,cga f(z,u(-,V)) > 0. If we can prove that
f € G, then (4.3) holds and the lemma is proved. To prove f € G it suffices to check
that [L, [As(f—1) 51 (z)dx < 0o. Obviously, |Aq(f —1)|7-1 < C|u/P. Recall that
u is a proper solution of (3.2). Then

/‘Aa(f_lﬂp%ldxﬁc/m\pdxgC/\(p|d$<oo. O

With the help of Lemma 3.5 and using the argument of Lemma 1.7 in Ref. 10,
we have

Lemma 4.3. Let Vq, Vs, ..., V, be as in Theorem 1.1 and define

()
4= eRe Vi(z)

1<i<n

n
A(a17a2>~-~7an):J<Zai‘/i> , —a; <a; <a;.
i=1

Then the functional A is strictly convex, continuously differentiable and

(AA)(0) = < /R Vi(a)da, /IR Vala)da,..., /IR d Vn(x)dx) ,

where 0 is the origin in RY.

In the following we state two lemmas for super a-stable process without proof,
which can be considered as counterparts of the super-Brownian motion case in

Ref. 10.

Lemma 4.4. Suppose p = 2,d > 2a, V € A and 0 <V < ¢, where ¢ is as in
Lemma 3.1. Then there exist analytic functions F(t,z1,22,...,2n), |21],- .-, |2n] <
1, ¢t > 0, such that

F(t,al,ag,...,an):/ u(t,x,ZaiVi)dx for0<t,—-1<ay,...,an <1.
Rd
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Lemma 4.5. Letp =2 and d > 2«. Suppose u(t,x, V) is the unique proper solution
of Eq. (3.1). Then for every V € A and |V| < o,

E {exp [/Ot/V(x)Xs(dx)ds} } = exp [/u(t,x, V)d:c} . t>0.

The above two results are the analogues of Lemmas 1.9 and 1.10 in Ref. 10.
Proof of Theorem 1.1. The argument is similar to that of the proof of Theo-
rem 1.1 in Ref. 10. Here we only give an outline for the proof. Set

a=(a,as,...,an), a=(a,as,...,an).
From Lemmas 4.1, 4.3 and 4.5, we have
Jim g B{exp(Ta- Dry)} = Ala)

for —a; < a; < @;. Define O = {(VA)(a) : —a; < a; < a;}, which is an open
neighborhood of (VA)(0). A general large deviation result (see Ref. 6, for instance)
ensures two estimates:

1
liminf — log P(D U)>— inf a—A
il loa PDrv € U) 2 = I —aigaissug,lgign[a a- A,
. 1 :
limsup —log P(Dr,v € C) < — inf sup [o-a—A(a)].
T—oc T 7€C —g,<a;i<a;,1<i<n

The discussion in the proof of Theorem 1.1 in Ref. 10 implies that

inf Ir(y) = sup [c-a—A(a)], foroeO,

r=g —a;<a;<a;,1<i<n
where + is as in Theorem 1.1. The theorem is proved. O
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