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Abstract

We establish a scaling limit theorem for a large class of Dawson—Watanabe superprocesses whose under-
lying spatial motions are symmetric Hunt processes, where the convergence is in the sense of convergence in
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process on R whose Lévy exponent ¥ (1) is bounded from below by ¢|5|% for some ¢ > 0 and « € (0, 2)
when || is large, a stronger almost sure limit theorem is established for the superprocess. Our approach uses
the principal eigenvalue and the ground state for some associated Schrodinger operator. The limit theorems
are established under the assumption that an associated Schrodinger operator has a spectral gap.
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1. Introduction

Let A(x) = (a;j(x))1<i,j<a be a symmetric matrix-valued function on R that is uniformly
elliptic and bounded:

d
A1|v|2 < Z aj,j(x)viv; < /12|v|2 forall v e R? and x € R?,
i,j=1

for some positive constants 0 < A; < Az < 00, and its entries {a;;(x),1 <17, j < d} are clv.
smooth on RY for some y € (0, 1). Assume that b(x) = (b; (x), ..., bg(x)) is a C1¥-smooth
R4-valued function on R? and define

A=V-AV+b-V onR
Consider a super-diffusion {X;, ¢ > 0} corresponding to the operator Lu := Au + Bu — xu?
on R¥, where 8 and k > 0 are C? -functions. Denote by A. the generalized principal eigenvalue
for operator A+ B on R4, i.e.,

=inf{L € R: A+ B — X possesses a Green’s function}

(see [17,18], for example). Let A denote the formal adjoint operator of A. The positive eigen-
function of the operator A + B corresponding to Ac, if it exists, will be denoted by ¢, and the
positive eigenfunction of the operator A+ B corresponding to A will be denoted by ¢ Pinsky
[18] proved that if A+ B — A, is critical and if f¢(x)¢(x)dx < 00, then

lim e /Py (X,, g) = (1. $) (¢, g) forany g € CF(R?), (1.1)

ttoo

where (f, g) := [pa f(x)g(x)dx, and ¢ and & are normalized to have f¢(x)$(x)dx = 1. Here
ct (R?) denotes the space of non-negative continuous functions on R? having compact support.
Englidnder and Turaev [11] proved that if A; > 0, k¢ is bounded and the initial state u is such
that (u, ¢) < oo, then for g € CH(R?),

lim e~ (X,, g) = N, (¢, g) in distribution,

t—00
where the limiting non-negative non-degenerate random variable N, was identified with the
help of a certain invariant curve. Later, Englédnder and Winter [12] improved the above result
to show that the above convergence holds in probability. Very recently Engldander [10] further
extended the above convergence in probability result to some superdiffusions without assuming
that [ ¢ (x)¢(x)dx < 0.

The present paper is devoted to establish that the above convergence in probability result
holds for a large class of Dawson—Watanabe superprocesses whose underlying spatial motions
are symmetric Hunt processes which can have discontinuous sample paths. Moreover, when the
underlying spatial motion is a symmetric diffusion on R? with infinitesimal generator

d

d
A=p@)™' Y — T ( (¥)aij(x) 5— ) (12)

i,j=1
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where A(x) = (a;;(x));; is uniformly elliptic and bounded with g;; € Cé (Rd) and the function
o0 € Cé (R?) is bounded between two positive constants, or a symmetric Lévy process on R?
whose Lévy exponent ¥ (n) is bounded from below by c|n|* for some ¢ > 0 and « € (0,2)
when |n| is large, we can establish an almost sure scaling limit theorem for superprocesses.
Here Cé (Rd) is the space of bounded continuous functions on R that have bounded continuous
first derivatives. Although almost sure limit theorem for branching Markov processes has been
studied by several authors during the past 40 years (see [6] and the references therein), as far as
we know, this is the first time that an almost sure scaling limit theorem has been established for
SUperprocesses.

Our approach is quite different from that of Pinsky [18], Engldnder and Turaev [11] and
Englidnder and Winter [12]. Motivated from Chen and Shiozawa [6], where an almost sure limit
theorem is established for branching symmetric Hunt processes, we use the principal eigenvalue
and the ground state of an associated Schrodinger operator to establish a scaling limit theorem in
the sense of convergence in probability for a large class of superprocesses. More specifically, let
& be a symmetric Hunt process on state space E with symmetrizing measure m, which can have
discontinuous sample paths. Let .4 denote the infinitesimal generator of £. Consider an (A, B, k)-
superprocess X, where 8 and « are related to mean and variance of the offspring distribution
for the particle model of the superprocess. Under some Kato class condition on 8, we show
that A + B has a non-negative L?-eigenfunction & with first eigenvalue —(8). (Observe that
—A1(B) is the same as the generalized principal eigenvalue A. mentioned above.) Under the
assumption of A1 (8) < 0, we show that for every bounded L2(E , m)-integrable function f,

—>0o0

lim 7 (f X,) = M f f(x)h(x)m(dx) in probability with respect to Ps_.
E

Here Mgo is the limit of the non-negative martingale M, := eM BT X,). When & is a diffusion
process in Euclidean space, it is known (see [18]) that 11 (8) < 0 is equivalent to the superprocess
X of no local extinction.

The proof of the limit theorem for superprocesses in the sense of convergence in probability
is very similar to that in Chen and Shiozawa [6], which is applicable to a large class of super-
processes. However there is significant new difficulty in obtaining an almost sure scaling limit
theorem for superprocesses. One of the main steps in [6] to establish the almost sure limit the-
orem for branching symmetric Hunt processes is first to obtain the almost sure limit result at
discrete times and then extend it to all times. But we are unable to carry out this strategy for
superprocesses when the underling spatial motion is a general symmetric Hunt process. When
the underling spatial motion is a symmetric diffusion mentioned above with Cbl-smooth coeffi-
cients or a symmetric Lévy process on R? whose Lévy exponent ¥ (1)) is bounded from below
by c|n|* for some ¢ > 0 and « € (0, 2) when |7]| is sufficiently large, we can establish an almost
sure scaling limit theorem for superprocesses with the help of an Ito’s formula for superprocesses
developed by Perkins [16].

The remainder of this paper is organized as follows. We start Section 2.1 with a review on
definitions and basic properties of Kato class functions for symmetric Hunt processes as well as
of symmetric Lévy processes. We then show that the working hypothesis of this paper (Assump-
tion 2.1 and condition (2.4)) are satisfied by a large class of symmetric diffusions and symmetric
Lévy processes. The latter extends [6, Remark 2.6] and has its own independent interests, as these
conditions are also the working hypothesis for paper [6] on scaling limit theorems for branching
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Markov processes. Section 2.2 recalls some results established in [6] on Schrédinger semigroups
that will play a crucial role in our approach to scaling limit theorems for superproceses. Ba-
sic properties of Dawson—Watanabe superprocesses and the Ito type formula for superprocesses
established by Perkins are reviewed in Section 2.3. The proof of scaling limit theorems for su-
perprocesses (both convergence in probability version and almost sure convergence version) are
given in Section 3.

Throughout this paper, we will use Cc(RY) and Coo(R?) to denote the space of continuous
functions on R having compact support and the space of continuous functions on R? that vanish
at infinity. The space of functions in C.(R?) that has continuous first derivatives (respectively,
continuous derivatives up to second order) will be denoted as C Cl (R%) (respectively C Cz (Rd )). For
a real number a € R, we define a’ := max{a, 0} and a~ := max{—a, 0}.

2. Preliminaries
2.1. Symmetric Hunt processes and Kato classes

Let E be a locally compact separable metric space and E 5 := E U {A} its one point com-
pactification. Denote by B(E) and B(E,) the Borel o-fields on E and E 4, respectively.
Let By(E) (respectively, BT(E)) denote the set of all bounded (respectively, non-negative)
B(E)-measurable functions on E. The space of continuous (respectively, bounded contin-
uous) functions on E will be denoted as C(E) (respectively Cy,(E)) and for f € Cy(E),
| flloo := supg|f(x)|. Let m be a positive Radon measure on E with full support. Let § =
(.QO, QO, g?, 0:, &, I, ¢) be an m-symmetric Hunt process on E, where {g?}t>o is the minimal
admissible filtration of &, {6;, ¢ > 0} is the time-shift operator satisfying & o 6; = &, identically
for s, >0, and ¢ = inf{t > 0: & = A} the lifetime. The L’-infinitesimal generator of & will
be denoted as (A, D(A)). The same notation (A, D(A)) will also be used to denote the Feller
generator of & when £ is a Feller process. When (A, D(A)) is used to denote the Feller gener-
ator of a Feller process &, we will say so explicitly. Let { P;, # > 0} be the Markovian transition
semigroup of &:

Pif(x)=TI[f(&)] for feB*(E),

where [1, is the distributional law of £ starting from x. The symmetric Dirichlet form on
L%(E; m) generated by & will be denoted as (€, F) (cf. [13]):

F = {u € L2(E,m): tlirr(l);/(u(x) — Ptu(x))u(x)m(dx) < oo},
E
E(u,v) = lin%);/‘ (u(x) — Ptu(x))v(x)m(dx) foru,v e F.
t—
E

The Dirichlet form (€, F) is known to be quasi-regular [15] and hence is quasi-homeomorphic
to a regular Dirichlet form on a locally compact separable metric space [8]. But we will not use
these properties in this paper.

Throughout this paper we assume the following.
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Assumption 2.1. For each ¢ > 0, the process £ has a bounded symmetric transition density
function p(t, x, y) with respect to the measure m that is continuous in x for every fixed y € E:

Ptf(x):/p(t,x,y)f(y)m(dy) foreveryfeLl(E,m) andx € E.
E

It can be shown that Assumption 2.1 is equivalent to the following two properties:

(i) (Strong Feller property) For any f € By(E), P; f is abounded and continuous function on E.
(i1) (Ultracontractivity) For any t > 0, it holds that || P;|l1,cc < 00, where | - ||, 4 denotes the
operator norm from L? (E, m) to L1(E, m).

Clearly Assumption 2.1 implies (i) and (ii). Conversely, using Chapman—Kolmogorov equa-
tion and Riesz representation theorem for the dual of LY(E,m),itis easy to see that (i) and (ii)
also imply Assumption 2.1.

For o > 0, let Gy (x, y) be the a-resolvent kernel of £ defined by

o0

Go(x,y) = / e Y p(t,x,y)dt.
0

When o = 0, we omit the subscript 0 and denote Go(x, y) by G(x, y). We call G(x, y) the Green
function of &. If £ is transient, its Green function G (x, y) is finite on E x E off the diagonal.

Definition 2.2. (i) A measurable function ¢ is said to be in the Kato class K(§) if

lim suE/Ga(x,y)|q(y)|dy=0-

—
o OOXE

(i1) If € is transient, a measurable function ¢ € K(£) is said to be in the class Ky (), if for
any ¢ > 0, there is a compact set K C E and a positive constant § > 0 such that

sup f G(x,y)|g()|m@dy) + sup SUP/G(x,y)|q(y)IM(dy)<8.
xeE m?l%li(s xeE %

(iii) If & is recurrent, we define Koo (€) :=[),~0 Koo (6%). Here for & > 0, £&% denotes the
a-subprocess of £ killed at rate . Note that for 0 < a1 < ap, Koo (%) C Ko (§%2).

For g € K(§), put

¢
eg(t) == exp([ﬂ(&)ds), t >0, 2.1
0
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which is well defined since for every x € E and ¢ > 0, fé |B(&s)|ds < oo Ili-a.s. In fact by
Khasminskii’s inequality (cf. [7, Proposition 2.3]), for every 8 € K(§) and ¢ > 0,

sup I [eg(s)] < o0. 22)
xeE,se€[0,t]

Let {P,'S ,t 2 0} be the Feynman—Kac semigroup given by
PPfe) =M e f &), f€BE).

It is known that the quadratic form associated with the semigroup {P,ﬂ ,t >0} in L2(E, m) is
(EB, F), where

EP (u,u) ::S(u,u)—/uz(x)ﬂ(x)m(dx) for u € F.
E

The function g is said to be gaugeable if

sup ITi[ep(0)] < 0.

xeE
Theorem 2.3. Suppose that B € Koo (§). Then the following are equivalent:
(i) B is gaugeable;
(ii) inf{e(u, u) + f u(x)? B~ (x)m(dx);u € F, / u(x)?>Bt(x) mdx) = 1} >1;
E

(iii) sup Hx[ sup eﬂ(t)] < 0.
xeE 0<1<¢

Moreover, if one of the above holds, then

¢
@iv) sup Hx|://<(§,)eﬁ(t) dtj| <00 forany0 <k € Ky(§).

xeE
0

Proof. Parts (i)—(iii) are proved in Chen [5, Corollary 2.9 and Theorem 5.2]. For 0 < « € K (§),
define By := BT 4+« and B := B~ + k. Then B, B2 € Koo(§) and B = B; — B>. Assume now
that (¢, B) is gaugeable and define

N

7 ::inf{s}O: /(|ﬂ|+/<)(§r)d">l}, t>0.

0
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Using the above definition for t; and with fo Bi1(&s)ds and f() B> (&5) ds playing the role for A
and A~ there, the same proof for [5, Theorem 2.8] yields that

xeE

¢
sup E, U ep()(18] +x)(gt)dz] < 00.
0

This in particular implies (iv). O

For B € K (§), define

xl(ﬂ)zinf{gﬁ(u,u): u € F with /uz(x)m(dx)zl},
E

and

Xo ::inf{E(u,u): u € F with /u2(x)m(dx) = 1}.
E

If
the embedding of (F, &) into LZ(E; ,3+) is compact, 2.3)

where &1 (u,u) == E(u,u) + f B u(x)m(dx), then by the Friedrichs theorem, the spectrum of
o (EP) less than A consists of only isolated eigenvalues with finite multiplicities. Note that if
A is of the form (1.2), then the generalized principal eigenvalue A for operator A + 8 on R¢
equals —A(B). Let & be the normalized positive L2-eigenfunction of A 4+ 8 corresponding to
A1 = A1 (B) with fE h?(x)m(dx) = 1. Let A2(B) denote the second bottom of the spectrum of
o (EP):

M (B) =inf{5ﬁ(u,u): u Gf,/uz(x)m(dx) = 1,/u(x)h(x)m(dx) =O}.
E

E

Then A2(B8) — A1 (B) > 0if L1 (B) < Ao.
In the remainder of this paper, we fix f € Ko (£) and a nonnegative function k € K (£). We
assume that

the embedding of (F, &) into L2(E; ,3+) is compact, 2.4)
and
r(B) <O0. (2.5)
Note that, since Ao > 0, the condition that A1 (8) < Ao is automatically satisfied if A1(8) < O.

Now we give some concrete sufficient conditions on symmetric process £ so that the As-
sumption 2.1 is satisfied and that condition (2.4) holds for every 8 € K (£) with non-trivial 8.
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Recall that a Lévy process Z taking values in R is a process that has stationary independent
increments. Its one-dimensional distribution and hence the process itself can be characterized by
its characteristic exponent ¥':

E, [exp(—in -(Z, — ZO))] =e W for everyt > 0and n € RY.

It is known that every Lévy process is a Feller process, that is, for every f € Coo(RY),
P feCux (RY)Y for every t > 0 and lim;_,¢ P; f = f uniformly (see, e.g., [3, Proposition 1.5]).
Here Coo(RY) is the space of continuous functions on R? that converges to 0 at infinity and
{P;,t > 0} is the transition semigroup of the Lévy process. If for every 1 > 0, e =¥ (=" js L1-
integrable on R¢, then Z has bounded continuous transition density function p(z, x, y) given by
(cf. [3, p. 24])

p(t,x,y) = (271)*‘1/e*"(xi")'”e*“p(*”) dn. (2.6)
R4

We say a Lévy process Z is symmetric if —(Z — Zp) has the same distribution as that of
Z — Zy. This is equivalent to say that the transition semigroup {P;,t > 0} of Z is symmetric
in L2(R?, dx). It is easy to see that a Lévy process Z is symmetric if and only if its character-
istic exponent ¥ is an even function, that is, ¥ (—n) = ¥ () for every n € R?. It follows from
the Lévy—Khintchine formula (cf. [3, p. 3]) that for symmetric Lévy process Z, its characteristic
exponent can be expressed as

d
1
HOEEDY al-jnmj+f(1—cos(n-x))f(dx» n=0n,....,na) €RY, (27

ij=I1 Rd

where (a;;)1<i,j<q 1S @ symmetric semi-positive definite constant matrix and J(dx) is a non-
negative measure on R? \ {0} with

/(1 Alx]?) J (dx) < oco. (2.8)
R4
This implies in particular that the characteristic exponent ¥ of a symmetric Lévy process takes

non-negative real values. The measure J in (2.7) describes the jumps of the Lévy process Z and
is called the Lévy measure of Z. If ¥ has the property that

w(n) = nl“¥(n/Inl) forevery n € R\ {0},

where 0 < a < 2, the Lévy process is called an «-stable process. The Lévy exponent ¥ of a
general a-stable process has the form

00
W () 2/ f (1 _ ei’;‘-re"e Tt -reiel{rgl})r_l_a drv(do),
0 gd—1
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where §9-! is the (d — 1)-dimensional unit sphere in R? and v is a finite measure on S¢~1. An
isotropically symmetric «-stable process corresponds to the case where v is the constant multiple
of the surface measure on $¢~1. This corresponds to ¥ (1) = ¢|n|%, where ¢ > 0. In this case, the
expression for ¥ in (2.7) has a;; =0 and J(dy) = c(d, o)y~ % dy.

For a complex number z =a +ib witha,b € R, set 7 :=a —ib. Foru € Lz(Rd), let

n(x) = (2n)—d/2/e”'yu(y) dy
R4
denote the Fourier transform of u. It is known that (see [13, pp. 30, 31]) the Dirichlet form (£, F)

of a symmetric Lévy process Z with characteristic exponent ¥ is given by

E(u,v) = /Ti(x)’v_\(x)llf(x) dx. 2.9)

R4

Thus,

Eu, 1) =/ () |* @ (x) dx

Du(x) dux)
/Z i roae v drty [ (e —uw) sdydx,

Rd BJ=1 RY x R4\ {0})
(2.10)

F={ueL*(R? dx): Eu,u) <oo). 2.11)
Clearly, CC1 (Rd) C F. For o > 0, we define
Eou,u) :=E(u,u) +a/u(x)2dx foru e F.
R4

For « € (0,2), let (@, F@) denote the Dirichlet form for isotropically symmetric «-stable
process in R¢ with characteristic exponent ¥ () = ||%. We see from above that

@(x +y) —u(x))?

—~ 2
E(“)(u,u)zflu(n)l Inl*dn=cd,a) / i dxdy, (2.12)
R RY x (R9\(0))
]—'(o‘)z{ueLz(Rd,dx): Eu,u) <oo}, (2.13)

where c(d, o) is a positive constant that depends only on dimension d and «. It is well known
that C2° (R%), the space of smooth functions with compact support on R<, is 51(‘1) -dense in F©,
The Hilbert space (F®), Sl(a)) is the Sobolev space (or Bessel potential space) We/22(RY) of
fractional order. The following compact embedding theorem is known to experts. However we
are unable to find a direct, explicit reference so we record it here for future reference.
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Theorem 2.4. Let D C R? be a bounded open set. For every a € (0,2 Ad) and 1 < p < 2L

—a’

the map u v+ 1pu is a compact embedding from (F®, El(a)) into L? (D, dx).
Proof. For s > 0, define the Bessel kernel
gs(x) = <2n>—d/2fe—”'"(1 +1nl?) " dn, xR,
Rd

which is a decreasing function in |x| (see [1, (1.2.11)]). The Bessel potential space £52(R9) is
defined to be

L£52(RY) = {u: u= gy f with f € L*(R?, dx)},

with norm [luls2 := || fll L2(re 4x)- Here for two functions f, g, f*g(x) := fRd fx—y)g(y)dy
whenever it is defined. For u = g5 * f, since

—s/2 =

am=gmim=>0+mn* """ fFm,

by Plancherel’s identity,

||u||§,2=/!f(x)!zdx=f|ﬁ(n>|2(1+|n|2)"dn.
R4 R4

So for a € (0,2), F@ = £2/2.2(R9Y and there is a constant ¢; > 1 such that
e ullayan < 51(a)(u, W' < crllullajpn  forevery u e F@,

Let Cap, be the I-capacity of Dirichlet form (€@, F@) (cf. [13]). That is, for every Borel
set F,

Cap,, (F) := inf{é‘l(“)(u, u): u e F@ withu > 1 q.e. on F}

Here g.e. is the abbreviation for £-quasi-everywhere, which means that everywhere except for a
set that having zero & -capacity (cf. [13]). From the norm comparison above, we have

CI_ICapa/z’z(F) < Cap, (F) < c1Capy p »,(F)  for every Borel set F C R

Here Cap,, , , denotes the Bessel capacity of order («/2, 2) defined by
Cap,,p o (F) == inf{||ulla/2.2: u € L**R?) withu > 1 g.e. on F}

for every Borel set F C R?. Let j1(dx) := 1p(dx)dx. By Theorem 7.3.1 in [1], the restriction
map u +— lpu is a compact embedding from (F@), 5](a)) into L?(D, dx) if and only if the
following two conditions are satisfied:

5 n(K)
im sup

r—=0 g pd Capa(K)P/Z_
diam(K)<r

(2.14)
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and

lim sup wK) (2.15)

P=% K CRi\B(0,p) CaPL(K)P/?

Here B(0, p) denotes the ball centered at 0 with radius p. Since p is compactly supported,
condition (2.15) is automatically satisfied for every p > 0. Let m denote the Lebesgue measure
on R?. It is clear that both m and the capacity Cap,, are translation invariant. For (2.14) to hold,
it suffices to show

m(K)
lim sup —————> =
r—0 g cg(0.r) Cap, (K)P/

(2.16)
For 0 <r <1, with u, (x) :=u(rx),

(u(x +y) —u(x))?
|y|d+a

E@Du,,uy) =r*"%(d, @) dxdy =r*E W, u).

R (RT\{0})

This combined with [1, Proposition 5.1.4] yields that there is a constant ¢ > 1 such that for
every 0 < r < 1 and Borel set K C R? with diam(K) < 2r,

cglrd_“Capa (r~'K) < Cap,(K) < cord=*Cap, (r'K).
Hence

m(K) rm(r—1K) 4 d=ep m(F)

sup ————= <2 sup — — <or 2 sup —————-.
kcB©.r) Capy (K)P/? KcB©.r) (ri=%Cap, (r—1K))P/? FeB,1) Cap, (F)P/?

By the Sobolev embedding theorem (see [1, Theorem 1.2.4]), for every p € (1 ], there is a

constant ¢3 > 0 such that

’doz

lullr(B,1),dx) < 6351(a) (u,u)"/?  forevery u € F@.
It follows that for every F C B(0, 1),
m(F) < c§ Cap, (F)?/%,

Therefore for 1 < p < =, (2.16) holds and so the map u + 1pu is a compact embedding from
(F@, &) into LP(D, dx). 0

Lemma 2.5. Let (£, F) be the Dirichlet form of a symmetric Lévy process on R%. Suppose
¢ € Cc1 (RYY and u € F. Then ug € F and there is a constant ¢ > 0 independent of u such that

Ewp,up) <c&(u,u).
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Proof. By (2.8) and Cauchy—Schwarz inequality,

Eue, up)
/ Z PRSI f () +y) — Wp)(0) T(dy) dx
— 3)61' 3)6}' 2
Rd = R x (RY\{0})
</u(x)2zd: d+/¢(x)2a Ou du_
b d i,j=1 ”8 dx i,j=1 lja 3)6
R 5

+ f B0 + )2 (ulx 4+ y) — u(x)* J (dy) dx

RYx (RI\{0})

+ / w2 (px +y) — (1))’ I (dy) dx
R4 x (R4\{0})

c[u(x)zdx + 20 lloo€ (u, u) + / u(x)z( / (B +y)— ) J(dy)) dx

R4 R4 {yeR4: 0<|y|<1}

+ / u(x>2< / (B (x+y)—d(x)’ J(dy)) dx

R4 {(yeR4: |y|>1}

c/u<x>2dx 201 o (t, 1) + / u(x)z( / IVI2 Iy 2 J(dy)) dx

R4 R4 {yeR4: 0<|y|<1}
+/u<x)2< / a2, J(dy)) dx
R4 {yeRd: [y|>1}
<céi(u,u),

where in the last inequality we used (2.8). This proves that u¢ € F. Note that the constant ¢ > 0
varies from line to line but it is independent of u € 7. O

Recall that for a symmetric Markov process & and « > 0, we denote by £¢ the «-subprocess
of £&. As we noted previously, Ky (§) C Ko (£%). The following theorem extends [22, Theo-
rem 2.7], where the result is established for isotropically symmetric a-stable processes on RY.

Theorem 2.6. Let £ be a symmetric Lévy processes on R¢ with characteristic exponent W. As-
sume that there are constants co > 0, Ro > 0 and ay > 0 so that

() = colnl*  for Inl = Ro. (2.17)

Then Assumption 2.1 holds for & and the condition (2.4) holds for every B € |, - o Koo () with
non-trivial B.
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Proof. As for every 1 > 0, e ¥ is L1 (R?)-integrable, the Lévy process & has a continuous
transition density function

pt.x,y)=Qm)™* / e MW (=) gy
R4

with respect to the Lebesgue measure on R4 (see Breiman [4, Theorem 8.39]), which is bounded
in (x, y) for each ¢ > 0. Thus Assumption 2.1 holds for &. The proof that condition (2.4) holds
for every B € U, - o Koo (§%) with non-trivial 87 is similar to that for [22, Theorem 2.7] except
that we use Lemma 2.5 above instead of [22, Lemma 2.6]. For reader’s convenience, we spell
out the details of the proof.

Without loss of generality, assume that 8 is a non-negative non-trivial function in Kgo(§*!)
for some oy > 0. Note that the Green’s function of £*! is G, (x, y), the oy -resolvent kernel of £.
Since B € Koo (%) C K(£91), by [19], for every o > 0, we have

/u(x)zﬂ(x)dx < 1GyBllocle(u,u) forevery w > oy andu € F. (2.18)

R4

As limy_, 00 [|GoBlloo = 0, it follows that for every & > 0, there is a constant M, > 0 so that

/u(x)z,B(x)dx gegl(u,u)JrMs/u(x)zdx for every u € F. (2.19)

Rd Rd

By decreasing the value of o in (2.17) if necessary, we may and do assume that g € (0, d). De-
note by (@0, F(@0)) the Dirichlet form of an isotropically symmetric cg-stable process on R,
It follows from condition (2.17) that there is a constant ¢ > 0 so that

1+ %) =c(1+n*) forevery neRY.
Thus by (2.10), (2.11),
FCcFe and &@u,u)> cé'](a()) (u,u) foreveryue F.

In other words, Hilbert space (F, £1) embeds continuously into (F (@) g ](O‘O) ). On the other hand,
by Theorem 2.4, for every k > 1, the restriction map u +— 1p,u is a compact embedding from
(F@o), Efa(’)) into L2(By, dx). Here By is the ball in R centered at the origin with radius k.
Therefore the restriction map u — 1p,u is a compact embedding from (F, £1) into L%(By,dx)
for every k > 1.

Let {u,,,n > 1} C F with SUp,>1 E1(up, uy) < oo. Taking a subsequence if necessary, we may
and do assume that u, converges weakly to some u in (F, £1) and % 27:1 u;j converges to some
vin (F, &y). Clearly u = v € F. Furthermore by taking a subsequence if necessary, we may and
do assume that

for every k > 1, u, converges strongly to u in L*(Bi, dx) as n — . (2.20)
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Let ¢ € Cl(RY) so that 0 < ¢ < 1 on R? and ¢ = 1 on By. Then by (2.19) and Lemma 2.5,
for every ¢ > 0,

[ ) = o oy
By
< [ lnde )~ uwon e da
R4

< e&1(wn — Wi, (n — w)r) + M / () — u ) e (x)? dx
R4

< st SUp &1t ) + M / () — 00) 2 ()2 .
n>1
Rd

It follows from (2.20) that

limsup/ |un(x) - u(x)|2,3(x) dx < ecpsup &1 (uy, up).

n— 00 n>1
By -

On the other hand, by (2.18),

f i () = 1 ()|* B(0) dx < |Gy (e B) | o Eory (i — 0, 1y — 10)
By

<2|Go, (e B)| o sup Eopy ().
nz

By the definition of 8 € K (§*!), for every € > 0, there is some kg > 1 such that

2” Gy, (lB,g :3)”00 sup g()t] (tn, up) <e.
0 n>1
The above implies that

limsup/ ’un(x) — u(x)‘z,B(x) dx
n—oo Rd

=limsup</ }un(x)—u(x)|2,3(x)dx+/ |un(x)—u(x)|2,3(x)dx)

n—oo
C
Bi, B

< &gy sup E1 (up, up) + &.
n>1

Since ¢ > 0 is arbitrary, we have lim,_, » fRd lu,(x) — u(x)lzﬂ(x) dx = 0. This establishes the
theorem. 0O
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Remark 2.7. Examples of symmetric Lévy processes on R? with characteristic exponent ¥
satisfying condition (2.17) are the following.

(i) Isotropically symmetric a-stable process on R?, where ¥ (1) = c|n|* for ¢ > 0 and « €
(0, 2]. Note that when o = 2, it is just Brownian motion on R¥.

(ii) Relativistic a-stable process on RY, where ¥ (1) = (c|n|> + m*)*/?> — m® with ¢ > 0,
o € (0,2) and m > 0. Recall that for 0 < p < 1, we have the reversed triangle inequality:
(a+b)P? =aP +bP fora,b>0.So ¥(n) > c*/?n|*.

(iii) Sum of an isotropically symmetric a-stable process on R¢ with any independent symmetric
Lévy process on RY, where « € (0, 2].

(iv) Sum of a relativistic a-stable process on R with any independent symmetric Lévy process
on R?, where « € (0, 2).

Now we turn to the case that the motion £ is a diffusion process.

Theorem 2.8. Let & be a symmetric diffusion whose infinitesimal generator A is of the form
(1.2) with a global Lipschitz p that is bounded between two positive constants. In this case,
(E,m) = (R?, p(x) dx). Then Assumption 2.1 holds for & and the condition (2.4) holds for every
B € Koo (§) with non-trivial B+.

Proof. Let & be a symmetric diffusion whose infinitesimal generator A is of the form (1.2)
with a global Lipschitz p that is bounded between two positive constants. Clearly this includes
Brownian motion as a special case. Note that we can rewrite 4 as

d a1 )
4= 32 (o) 3 (Lo B2 oL

111 =1

By Aronson [2, Theorem 10], the diffusion process & has a jointly continuous transition density
function p(t, x, y) such that for every T > 0, there is a constant cr > 1 so that

—v|2 _v2
cft“”%xp(—@) p(t,x,y) <crt dﬂexp(—@) (2.21)
cr

for every (z, x, y) € (0, T] x R? x R?. Therefore the symmetric diffusion process & satisfies the
Assumption 2.1. When p =1 on R4, it is known that (see, e.g., [20, (1.0.10)]) that the positive
constant c¢r in (2.21) can be chosen to be independent of 7' > 0.

We claim that when £ is a symmetric diffusion whose infinitesimal generator A is of the form
(1.2), condition (2.4) holds for every measure 8 € K (§). Note that for (2.4), we do not need
to assume the function p in (1.2) is Lipschitz continuous. The diffusion process & is symmetric
with respect to the symmetrizing measure m(dx) := p(x) dx on R? and its Dirichlet form (£, F)
in L2(R?, p(x)dx) is given by

F=W"2RY = {ueL*(R? dx): Vue L*(R?, dx)}, (2.22)
d
5(u,v)=/ 3 p@aij(x )8”()6)%(” foru, v € F. (2.23)
J

Rd Bi=1
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For o > 0, define

Eo(u,u) :=€(u,u)+a/u(x)2m(dx) foru e F.

R4

Clearly there is a constant ¢ > 1 so that for every « > 0 and u € Wl’z(Rd),

¢! /(|Vu(x)|2+au(x)2)dx < Ey(u,u) <0/(|Vu(x)|2+au(x)2)dx,

Rd Rd

Hence the classical Rellich—Kondrachov compact embedding theorem for Sobolev space
W12(R?) (or Theorem 2.4) tells us that the restriction map u > 1p,u is a compact embed-
ding from (F, &) into L?(Bg, dx) for every ball Bi. The rest of the proof is the same as that for
Theorem 2.6. O

Remark 2.9. Kato classes K(&) and K (§) can be defined for signed measures, see [5]. The-
orems 2.6 and 2.8 in fact hold for any signed measure B € Ky (£) with non-trivial g+, with
exactly the same proof. These two theorems provide more examples for which the main results

in [6] apply.
2.2. h-Transform

Let h be the normalized positive L2-eigenfunction of A + B corresponding to A1 := A1 (B)
with [, h*(x) m(dx) = 1. Then

hx) =" PPh(x), xeE. (2.24)

The function £ is called the ground state for Schrodinger operator A + 8. It follows from [6,
p. 379] that & is bounded, continuous and strictly positive.
We do h-transform for Schrodinger operator A + . For t > 0 and x € E, define

e)»]l

chf(x) = m

M [ephE) f(E)],  feBHE).

It is easy to check that {P,h,t > 0} forms a strongly continuous Markovian semigroup in
L*(E, h*m). In fact, forx € E,t >0 and f € BY(E),

atreEn] =Pt

defines a family of probability measures {Hi’, x € E} on (.QO, ng, {Qo,t > 0}). For emphasis,
the Hunt process & under these new probability measures {H;’, x € E} will be denoted as &". It
is shown [9] that £" is h2m-symmetric and irreducible. Moreover, if we denote by (", F") the
symmetric Dirichlet form of £" in L?(E; h?m), then we have by [9] that f € F" if and only if
fh € F and that for f € F",
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EME ) =E(fh, fh) — / FO)? ) (k1 + B(x)) m(dx)
E

= P (fh, fh) — Ay f FEPh()? m(dx).

E

The constant function 1 belongs to F" and £”(1, 1) = 0. Consequently, " is recurrent. Hence
the bottom of the spectrum of o (€ hy is 0, that is

A (B) :=inf{5h(u,u): u ej—‘h,/u2(x)h2(x)m(dx)= 1} =0.

Let Ag = kg (B) be the spectral gap of the self-adjoint operator associated with (£, F"):

AL (B) ::inf{é’h(u,u): u e]-"h,/uz(x)hz(x)m(dx): 1, /u(x)hz(x)m(dx)zo}.

E E

It follows that
My =12(B) — Mi(B) >0, (2.25)
which implies the following Poincaré inequality:
_qh
2260 2qgpem < €4 W0lli2ceom (2.26)

for any ¢ € L%(E; h*m) with ngp(x)hz(x)m(dx) = 0. It is proved in [6] that there exists a
constant C > 0 such that

_sh
|h(x)Plo()| < Ce™2 @l 2(pup2my  fort>1, (2.27)

forevery ¢ € L2(E, h*m) with [, ¢(x)h?(x) m(dx) = 0. Taking ¢ (x) = g(x)/h(x) with g being
a function in L2(E, m) and satisfying fE gx)m(dx) =0, we get

s h
M I [ep()gE)] < Ce ™2 Ngll2(gumy Tort > 1.

Therefore by (2.2) for any function g in L2(E,m) N L®(E, m) satisfying fE gx)ym(dx) =0,
we have

ok
M, [eﬂ(t)g(.ft)] < Ce™! gl 2(g.m) foreveryt > 0. (2.28)
The following result was proved in [6].

Lemma 2.10. Suppose that conditions (2.4) and (2.5) hold. For any f € L*>(E, m), we have

tglgoek‘tﬂx[e,s(t)f(&)] =h(X)/f(y)h(y)m(dy), xekE. (2.29)
E
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2.3. Dawson—Watanabe superprocesses

In this section, assume that £ is a symmetric Feller process on E; that is, for every f € Coo(E),
P, f € Coo(E) for every ¢t > 0 and lim;_,o P; f = f uniformly on E. Here { P, t > 0} is the tran-
sition semigroup of £. The infinitesimal generator of £ in the Banach space (Co(E), | - |loo)
is called the Feller generator, which will (also) be denoted as (A, D(A)). Let Mp(E) denote
the set of finite measures on E, and assume that 8 € Ky (&) and 0 < ¥ € K (§). Suppose
X =1{X;,20,P,, n € Mr(E)} is a time-homogeneous (A, B, k)-super-Markov process corre-
sponding to the operator Au + Bu — xku>. More precisely, X is a strong Markov process with
X; € Mp(E), t > 0, and the Laplace functional

Pulexp ((—f, Xi)) ] =exp({ — v(t, ), u)) (2.30)

with u € Mp(E), f € B;r (E), where v is the unique solution of the integral equation

t

v(t, x) + I [f Kk(s)ep(s)v(t — s, Ss)2d5i| = [ep (1) f(&)].

0

The minimal augmented filtration of X satisfying the standard condition will be denoted as
{G;,t > 0}. The first two moments for X, are given as follows: for every f € B{f (E)andt >0,

Pu[(f. X0)] = Mulep () fEN], (2.31)
Var, ((f, X)) = 2HM|:/K(§r)elg(r)(ng [es (1 — r)f(é,_r)])zdr:|. (2.32)
0

Suppose that g is a non-negative, bounded, Borel function on E. Let v(¢, x) be the unique
solution of the integral equation: for > 0 and x € E,

t t

v(t,x) + I, |:/ eg(rk & )v( —r, Er)zdr:| =TI, |:/ eﬁ(r)g(fr)dr:|. (2.33)

0 0

Then
t
P, |:exp (— /(g, X,) dr>j| = exp(< —v(t, ), ,u)) fort >0, ue Mr(E). (2.34)
0

Replacing the above g by 6¢ and then differentiating (2.33) and (2.34) at & = 0 yields that for
t >0and u € Mp(E),

t

t
]P’M|:/(g,X,)dr:| :HM[/eﬁ(r)g(ér)dr:| (2.35)
0

0
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and

t t t—ri 2
Var, (/(g,Xr)dV) =2nu|:/eﬁ(rl)/<(§r1)<n§,1 |: / eﬁ(rz)g(érz)dr2}> drl}.

0 0 0
(2.36)

In order to adapt the Perkins’ extension of the time dependent martingale problem, let us
describe the martingale problem for X. X is the unique solution of the following martingale
problem:

Pu(Xo=p) =1,

and for every ¢ € D(A),

t

M (¢) = (¢, X1) — (¢. Xo) —/((A+ﬁ)¢,xs)ds (2.37)

0

is a {G;}-local martingale such that

(M), = / (k¢?, X,)ds

0

Perkins [16] extends the above result to time dependent functions. For the convenience of
readers, we now recall some definitions and results from [16]. Let P be the o-field of {G,}-
predictable sets in Ry x £2, and define

£r= {g:R+ x 2 x E — R: gis P x B(E)-measurable,

t

P#(f(Kg?,Xs>ds> <oco Vi >0}.

0

It is shown in [16, Proposition I1.5.4] that there is a martingale measure M (¢, x) so that for every
¢ € D(A), the M,(¢) in (2.37) can be expressed as fot [ ¢ (x)dM(s, x). Moreover, for g € L2,

stochastic integral M;(g) := fé f g(s,x)dM (s, x) is well defined and is a square integrable {G; }-
martingale with

M(g) / /cgy, s)ds foreveryt >0 as. (2.38)
0

Definition 2.11. Let T > 0. A function g:[0, T] x E — R is said in D(/T)T if and only if:
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(i) For any x in E, t — g(z, x) is absolutely continuous and there is a jointly Borel measur-
able version of its Radon—-Nikodym derivative g—‘f (t, x) which is bounded on [0, T] x E and
continuous in x foreach t € [0, T'].

(i) For any t € [0, T], g(t,-) is in the domain of the Feller generator of .4 and that Ag, is
bounded on [0, T].

The following result is taken from [16, Proposition I1.5.7].

Proposition 2.12. If g € D(Jé_()r, then a.s. for every t € [0, T,

t t
d

(gz,Xz>=<go,Xo>+ffg(s,X)dM(s,X)+/<<£ +A+ﬂ)g(s,x),xs>d&

0 0

3. Limit theorems

Throughout this section, we assume 8 € Koo (£) and « € Koo (§)", where £ is a symmetric
Hunt process on state space E with infinitesimal generator A. Let (X, P, u € Mr(E)) be the
Dawson—Watanabe superprocess corresponding to operator Au + fu — «u?.

Lemma 3.1. Assume condition (2.4) holds and that .1 := x1(B) < 0. Then for any f € L*(E,m),

t@ge“%[(ﬁ X)) =h(X)/f(y)h(y)m(dy) foreveryx € E. (3.1
E

Proof. By (2.31),
M'Py[(f. Xi)] = M M[ep () £ 6],
So (3.1) follows immediately from (2.29). O
Let
Mt =M h, Xy, 120 (3.2)

Lemma 3.2. For every x € E, Mth is a positive martingale with respect to Ps_, and therefore
there exists a limit Mgo € [0, 00), Ps, -a.s.

Proof. By the Markov property of X, (2.31) and (2.24),
Py [M}' | Fi] = ' Px,[e"15 (h, X,)] = (e .[eg()n ()], X ) = M (h, X)) = M.

This proves that M" is a positive martingale and so it has an almost sure limit M. é’o ast —o0o. O



2008 Z.-Q. Chen et al. / Journal of Functional Analysis 254 (2008) 1988-2019

Proposition 3.3. Suppose that condition (2.4) holds and that L1 := X1 (B) <O.

(i) Forevery f € L>(E;m) N By(E) and x € E,

—00

lim !’ (f, X:) = Mé’o / fx)h(x)m(dx) in probability with respect to Ps_. (3.3)
E

(i) Let {t,} be any sequence such that Z;il et < 0o for some € € (0, (=A — 1) A (2)»121)).
Then for every f € L*>(E;m) N By(E) and x € E,

n—oo

lim e)‘””(f, X,n):Mgo/f(x)h(x)m(dx) Ps, -a.s. 3.4
E

Proof. The main idea in the following proof is as follows. For any f € L*(E; m) N By(E), we
decompose it orthogonally into ch + g and show that ¢*1/ (g, X;) vanishes as 1 — oo.
(i) Let f € L2(E;m)NB(E) and gx)=fx)—hx) fE f(x)h(x)m(dx). Then

M, Xt>=M:’/f<x>h<x>m<dx)+er<g,Xt>.
E

By (2.31) and (2.32),
Ps [(¢"" (g, X1))*] = 1 (Bs, [ (g, X)])” + Vars, ((g, X)) =T +11, (3.5)
where
1= (T, [ep(0g(E)]) = (h) Pl (g/ ) (),

and

t

H:=2e2*"nx[ / K (E)ep(r) (Mg, [ep(r — r)g(s”)])zdr}-

0

Note that since g and & are orthogonal in L2(E,m), p:=g/he L2(E, h*m) with

/w(x)hz(x)m(dx) =/g(x)h(x)m(dx) =0.

E E

Therefore by (2.27),

—oph 2 —oh 2
I<c1e™2Mg/ Bl o g = 1€ 2 N8N 2 gy 121 (3.6)
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We rewrite II as

t

=21, [/ K (Erepn () (e Mg [ep(r — r)g(étr)])zdr}
0
Lete € (0, (A1) A (2)»3)). We have by (3.6)

t

o=
< 2clnx[ / K (Erepran, (e 20" dr} g 172 gy
0
¢

< Cze_gtﬂx |:/ K(%-r)eﬂ+2k1+e(r) dri| ”g”iz(E;m)'

0

By definition of A; = A1 (B),
inf{S(u,u)—(ZM +8)/u2m(dx)—/u2,3m(dx)i u E}—,/u2(x)m(dx)= 1}
E E

=—A—¢e>0.

This implies by [21, Lemma 3.5] that

inf{E(u,u)—(Z)q +8)/u2m(dx)+/u2,3_m(dx): u ef,/uz(x)ﬁ+m(dx)= 1} > 1.
E E E

Let o := —(211 + ¢) and £ be the subprocess of & killed at rate . Clearly Koo (&) C Koo (§%).
As the Dirichlet form of £% is (&4, F), applying Theorem 2.3(iv) to process £%, we have

xeE

¢
sup nx|:fK(§r)65+ZAl+a(r)dr:| < 00,
0

and so

- 2
i < cze e ”g”LZ(E;m)'

‘We conclude then

Ps, [(* (2, X)) '] < (cre™ + c3e ™) g1 pomy- (3.7)

This implies that e’ ( f, X,) — M,h ]E f(x)h(x)m(dx) converges to 0 in L2(IP5X) ast — oo and
50 (3.3) follows as M converges to M" a.s. as t — ooc.
(ii) Let f and g be the same as above, respectively. By (3.7),

o]

ZR;X[( Min (g X)) CZe & < 00.

n=1
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By Borel-Cantelli’s lemma, we have lim,,—, o0 €M1 (g, X:,) =0 as. and so (3.4) holds as
lim; s oo Mth = Mé’o as. O

We remark that Proposition 3.3 remains true if condition x € Ky (§) is replaced by
K € Bg(Rd). This is because in this case, sup, g Il [foz Kk (&r)epion,+¢(r)dr] in above proof
can be bounded by

¢ %)
ll< lloo Sup Hx|:/€_8r€ﬁ+2x1+e+5(r)dr:| <C/e_5r dr < oo,
xeE
0 0

where § > 0 is a sufficiently small constant so that —A; — & — § > 0. Here in the first inequality,
we used Theorem 2.3(iii) applied to the subprocess €% with @ = —2A; — & — 4.

‘We now turn our attention to almost sure scaling limit theorem for superprocesses. Throughout
the remainder of this section, we assume that either

() (E,m)= (R?, dx) and & is a symmetric Lévy process in R¢ with characteristic exponent ¥
satisfying condition (2.17); or
(i) (E,m)=(R?, p(x)dx) and & is a symmetric diffusion on R? with infinitesimal generator

A=px)"'V . (pAV)=V-(AV)+ AV(logp) - V, (3.8)

where A(x) = (a;j(x))1<i, j<a is bounded and uniformly elliptic on R? with a;; € C}(R9)
and p € Cg (R?) is bounded between two positive constants.

We further assume that 8 € Koo (§) N Cp(R?) and « € B;" (RY).

Note that a diffusion process & with infinitesimal generator 4 given by (3.8) is symmetric
with respect to the measure m(dx) := p(x)dx and its Dirichlet form (£, F) in Lz(Rd, m) is
given by (2.22), (2.23). It is known that in both cases, the process &£ has double Feller property;
that is, it has strong Feller property as well as the Feller property (i.e. P;(Cxo (RY)) C Coo (RY)
for every ¢ > 0 and lim;—, oo [| P f — floo = O for every f € Coo(R?)). Moreover, C2(R?) is in
the domain of Feller generator .4 of &.

Here is our main result on almost sure scaling limit theorem for superprocesses.

Theorem 3.4. Under the above assumption, suppose that L1 := A (B) < 0. Then there exists
§20 C £2 of probability one (that is, Ps_(§20) =1 for every x € RY) such that, for every € §2
and for every bounded Borel measurable function f on R with compact support whose set of
discontinuous points has zero m-measure, we have

im0 = b, [ £ md). (3.9)
R4

Note that by Theorems 2.6 and 2.8, under the condition of Theorem 3.4 for process &, As-
sumption 2.1 is satisfied and the condition (2.4) holds for every 8 € Koo (£) with non-trivial 8.
So Proposition 3.3 applies. To prove Theorem 3.4 we need some lemmas. Let U be a bounded
open set in R4, For every ¢ > 0, choose ¢, € CCZ(R‘J) such that 0 < ¢, < 1y and ¢, = 1 on
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Ut ={x eU,d(x,0U) > g}, where d(x, dU) denotes the distance between x and dU. Clearly
we have

(Lyh, X¢) 2 (peh, Xi), t20. (3.10)
Lemma 3.5. Assume that either:

(1) (E,m) = (Rd, p(x)dx) and & a symmetric diffusion with infinitesimal generator A given
by (3.8); or

(i) (E,m) = (R%, dx) and & is a symmetric Lévy process in R? with characteristic exponent ¥
satisfying condition (2.17).

Assume that B € Ko (&) N Cb(Rd). Then both h and ¢:.h are in the domain of the Feller
generator A of & with

M := sup |A(¢€h)(x)| < 00.

xeRd
Moreover, A(¢p.h)(x) € L' (R?, m).

Proof. Recall that (see Section 2.2) the function / is bounded continuous and strictly positive,
and

h(x)= e“’]’[x [e,g (t)h(S;)] =11, [€ﬂ+)\l (t)h(S;)] for every x € R? and ¢ > 0.

It follows by the Markov property of & and the double Feller property of &,

-t

M [h(E)] — hx) = — 1 / (B(&) + A1)l BEI+R0dry ) ds}
-0

-t

= -1l /(ﬁ(és) + M) (&) ds]~

-0

This implies that %Hx [A(&)] — h(x) converges uniformly on R? to —(B + A1)k as ¢ | 0; that is
h is in the domain of the Feller generator A of & and Ah = — (8 + A)h.

When & is a symmetric diffusion whose infinitesimal generator A is given by (3.8), as
V(AVh) = —(B + A1) ph, it is known (cf. [14]) that & € C!(R?). Therefore

t t
1
;m[(@(&) — ¢e(60) —/A%(Es)dS) (h(ét) — h(é0) —/Ah(és)d5>:|
0 0

t

1
=1L [/ Ve (&s) - A(Es)Vh(gs)dSi|

0

converges uniformly on R? to Ve, (x) - A(x) Vh(x) as t |, 0. We denote the latter by I (¢¢, h)(x).
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When £ is a symmetric Lévy process in R? with characteristic exponent ¥ satisfying condi-
tion (2.17), it is known in this case that Cg (R%) c D(A). Moreover, since for every k > 0 and
p=1,

13
ke e LP(RY) and / Inlkes¥Y M gs e L”(Rd) for every ¢t > 0,
0

we have forevery # > O and f € L*(RY), P, f € C'(R?) and fot P, f ds € C'(R?). (Furthermore,
the transition density function p(z, x, y) of &, which is given by (2.6), is C°°-smooth in x and
iny.) As Ah = —(B + A1)k and h € L>(R?) N By(R?), we deduce from the identity

t t
h=Pth—/PxAhds=Pth—i—/Ps((,B—i—M)h)ds
0 0

that 4 € C'(R?). Recall that the characteristic exponent of & has decomposition (2.7). The func-
tion

d
! 9. (x) dh(x)
o) ::52,- L s +/(¢g<x+y>—¢€(x>)(h(x+y)—h<x>)J<dy),
i,j= Rd

is bounded on R?, as by mean-value theorem, the last term above can be bounded as

+ / )(qss(x 1) — $e(0) (x4 y) — h(x) J(dy)‘

{yi<y {lylI=1}

<

(Voe(zry) - ¥) (Vh(zrs) - ) J(dy>] T 41eloo Mhllood ({131 > 1))

{ly=xI<1}

<l (swp V@) [ 1P Iy +41elc Il ({131 1))

v 0<IyI<1

< 00,

where z y in the second inequality is a point in the line segment that connects x and x + y,
and (2.8) is used in the last inequality. Moreover, a similar calculation shows that ¢(x) can be
approximated uniformly on R¢ by

1L 9 (x) ok
o)== Y aij ‘gx(_x) 85‘)+ f (Be(x +3) = $e(0)) (h(x +y) — h(x)) J (dy)
i j

2 -
hj=l {Iyl>1/k)

and so ¢ is bounded and continuous on R¢. Now using the Lévy system of &, we see that



Z.-Q. Chen et al. / Journal of Functional Analysis 254 (2008) 1988-2019 2013

t t
1
;m[(%(&) —%(Eo)—/Aqﬁs(«‘Es)dS) (h(f;“z) —h(Eo)—/Ah(Es)dS):|
0 0

t

= ey, [ f go(sods}

0

converges uniformly on R4 to ca.a@(x) as t | 0. We denote the latter as I" (¢, h)(x).
Thus in both cases of &, we have

1

lim - (T (@) () = 9 (0h(x))

1
= 1{1&1 ;Hx[(%h)(sz) — (peh)(€0)]
1 1
= 1{1&1 ~h(0 M, (e (&) — pe(E0)] + 1}?& —¢e (O, [hE) —hEo)]

1
+ 1}&)1 el [(#: (&) — ¢:(60)) (&) — h(80))]

converges uniformly on R¢ to
h(x) Age (x) + ¢ (X) Ah(x) + I (e, h)(x).

This proves that ¢.h is in the domain of the Feller generator D(A) of &. In particular,
I A(peh) |0 < 00. That A(psh)(x) € L' (R4, m) follows from the Cauchy—Schwarz inequality
and the fact that £ (¢, ¢pe) + E(h, h) <oc0. O

Remark 3.6. The assumption that £ is either a symmetric diffusion having infinitesimal generator
A of type (3.8) or £ is a symmetric Lévy process on R? with characteristic exponent ¥ satisfying
condition (2.17) is only used in this paper to show that ¢,/ is in the domain of the Feller generator
of & and that it satisfies the Assumption 2.1 and condition (2.4). The proof above for / being in
the domain of Feller generator of § requires only that & has double Feller property. Lemma 3.5
is used below in order to apply Ito type formula (Proposition 2.12) for superprocess X.

By Lemma 3.5, we can apply Proposition 2.12 to g (¢, x) = e’ ¢, (x)h(x) to get that for every
t €[nd, (n+1)4),

t
(1 eh, X,) = 17 o, Xos) + / / M5 b (1R (x) M (s, x)
né

+ / <<i + A+ ﬂ>em¢8h, Xx>ds.
as

né
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Note that

B
(g + A+ ﬂ)e%e(x)h(x) =" (A(@eh) (x) + (B + 11)ge (A (x)).
Put g(x) := [A(¢p:h)(x) + (B + A1)ps(x)h(x)|, which is bounded and L?(R¢, m)-integrable
by Lemma 3.5. Since f(x) is bounded in U, we have from the above and (3.10) that for
t €[nd, (n+ 1)5),

M (Ayh, Xp) = M (peh, X)) = e (geh, Xus) — | DE| — SO, (3.11)
where
t
Df=//e)"s¢g(x)h(x)dM(s,x) fort € [n8, (n + 1)§),
né
and
(n+1)8
Sof =eMm / (g, Xy)ds.
né

Lemma 3.7. Under the conditions of Theorem 3.4, for every probability measure . on R¢ and
each fixed ¢ > 0,

lim Df =0 P,-a.s. (3.12)

t—00

Proof. By the Borel-Cantelli lemma, it suffices to show that for every &’ > 0,

SB[ s |pf[ze] <o (3.13)
i>1 Crelks (e s]

Since D; is a martingale, we have by Doob’s maximal inequality that for each k > 1,

]PM[(ka+1)3)2]

Bl s D72 <0

te[kd, (k+1)8]
Recall that for f € By(R?),

PPro)y =M [est) f&)], xeRe 1>0.

By (2.24), (2.31), (2.38), and the Markov property of X, for every § € (0, 1),
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(k+1)8 )
Pu[(kaH)s)z]:Pu[( / /ek“vfbe(X)h(X)dM(s,X))}

ko

(k+1)8
gem'“m[/ (K(¢gh)2,xs>ds:|

ké
(k+1)8
=0 [ B (PY (ehR). Xes) ds
ks
(k+1)8
< lich | oge kD18 / P, [(*1 D PPk, Xis)] ds
ké
(k+1)8
= |lkch | soe Pk~ D18 f P, [(h, Xks)]ds
ké

= 8llich | ce® DM (RO pEy )

< lichlloce®DM2(h, ).

Thus we have

Zelekap ka+1)s) ] < 00,

which implies (3.13). O
Lemma 3.8. Under the conditions of Theorem 3.4, for every probability measure i on RY,

lim (S‘s -P, [Sg’£|gn5]) =0 Py-as.

n—oo

Proof. Note that

Pu[(sﬁ'g — Py [Ss’s‘gms])z] =Py []PM[(SfL’S)zygn(g] - (Pu[52’£|gﬂ5])2]-

By the Markov property of X we have

s 2
Pu[(52°)|Gus | =e“'"“IP>x,la< / <g,xs>ds> ,
0

2015
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and
s
[SS €|gn6 _eklnSP /
0
Then we have

5
Pu[(524)?|Gs] — Pu[S2%1Gns]” = €217 Vary,, (/(87 Xy) ds).
0

By the variation formula (2.36), we have for § € (0, 1),

8

Vary, </(g, X5) ds)

0
$ §—s

2
=2[Ix,, [f Eﬂ(S)K(Sx)(HgS[/ Eﬁ(r)g(ér)er dS:|

0 0
) 5—s

2
<2kl g2 x,s [ f ep(s) (17& [/ e dD ds}
0

0
8

<erlicloolTx,, [ / 6‘,3(S)d8}

0
< llclloo (1, Xns),

where in the last two inequalities, we used (2.2) with ¢ = 1. Therefore together with (2.31),
2
Pu[(S3 = Pu[S)¢]Gus])"] < 2 Ik loce™ ™ P,

{
= o2k llooe®™" (1. [ep (n8)], 1)
=callklloc €3I [e3; 45 (n8)]. 1)

1’ Xné)

By definition of A} = A1(B),

inf{é’(u,u) — %M/uzm(dx) —[uzﬁm(dx): u e]—',/uz(x)m(dx) = 1} = —%)\1 > 0.

R4 R4 R4

This implies by [21, Lemma 3.5] that

inf{g(u,u)— %Alfu2m(dx)+/u2ﬂ_m(dx): u ef,/uz(x)ﬂ+m(dx)= 1} > 1.

R4 R4 R4
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Let « := —3A;/2 and denote by £ the subprocess of & killed at rate «. Clearly the resolvent of
&% is dominated by that of £ and so K (§) C Koo (6%). As the Dirichlet form of £¢ is (&, F),
by applying Theorem 2.3(iii) to £%, there is a constant C > 0 such that

sup Hx[eikﬁrﬂ(t)] <C.
xeR4 130 2

Therefore we have

Bu(8° ~ Pl 1G]] < C ot

n

and consequently

o0

D Bu[(8) ~ s [875]Gus])’] < 0.

n=0

The lemma follows by an application of Borel-Cantelli’s lemma. O

Lemma 3.9. Under the conditions of Theorem 3.4, we have for every probability measure p
on R,

liminfe*! (1yh, X;) > Mgo/h(x)zm(dx) P,-a.s. (3.14)

t—00
U

Proof. Recall inequality (3.11). By Theorems 2.6, 2.8 and Proposition 3.3,

n—oo

lim M (¢oh, Xps) = ML, / e (X)h(x)* m(dx).
R4
Note that
8 8
PM[S2’€|Q,15]=e)‘1"‘3/(H.[eﬂ(s)g(és)],X,,g)ds=6M"6</Psﬂgds,Xms>.
0 0

It follows from (3.11), Proposition 3.3(ii), Lemmas 3.7 and 3.8 that for every ¢ > 0,

8

liminfe* (1yh, X;) >M§o/h(x)2m(dx) _Mgo/ (/ng(x)ds>h(x)m(dx).

=00
Ue BRI O
First letting 6 — 0 and then ¢ — 0, we obtain the desired result (3.14). O

Proof of Theorem 3.4. Let U/ = {Uy,k > 1} be a countable base of open sets on RY that is
closed under finite union. Define

Q0 := {we[): lim e*lf(lukh,xt(w))gMgo/h(x)2m(dx)}.
11— 00
Uk
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By Lemma 3.9, Ps, (§20) =1 for every x € RR¢. For any open set U, there exists a sequence of
increasing open sets {Up, , k > 1} in U so that U,fil U, = U. We have for every w € 29,

liminfe*(1yh, X;(w)) > liminf e (1, h,x,(w))sz;o(w)/h(x)zm(dx)
t—00 t—00 k
Un,

for every k > 1. Letting k — oo yields that

—>00

liminfe'(1yh, X, (w)) > Mé‘o(a))/h(x)zm(dx).
U

The remaining part of the proof is similar to that of [6, Theorem 3.7]. We omit the details. O
Combining Theorem 3.4 with Lemma 3.1, we obtain

Corollary 3.10 (Strong law of large numbers). Suppose that the conditions of Theorem 3.4 hold.
Let 20 be the same as in Theorem 3.4. Then

L Xi(B) @) ML)
=P [X(B)]  h(x)

for every w € 20, and for every relatively compact Borel subset B in R¢ having m(B) > 0 and
m(dB) =0.
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