Available online at www.sciencedirect.com % 5 .
SOIENGE@DIREOT' \
Acta Mathematica Scientia 2006,26B(2):358-370 ﬁ % % @ % m

www.wipm.ac.cn/publish/

ABSOLUTE CONTINUITIES OF EXIT MEASURES
AND TOTAL WEIGHTED OCCUPATION TIME
MEASURES FOR SUPER-o-STABLE PROCESSES*

Zhang Jing ( #%# )
College of Science and Technology, Inner Mongolia University, Hohhot 010020, China
School of Mathematical Sciences, Peking University, Beijing 100871, China

Ren Yanzia ( 12#% )
LMAM School of Mathematical Sciences, Peking University, Beijing 100871, China

Abstract Suppose X is a super-a-stable process in R?, (0 < a < 2), whose branching
rate function is dt, and branching mechanism is of the form ¥(z) = z!*? (0 < B < 1). Let
X and Y- denote the exit measure and the total weighted occupation time measure of X
in a bounded smooth domain D, respectively. The absolute continuities of X, and Y, are
discussed.
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1 Introduction

For every Borel-measurable space (E,B(E)), we denote by M(E) the set of all finite
measures on B(E) endowed with the topology of weak convergence; denote by M (E) the set
of all finite measures on B(FE) with compact support; denote by My(FE) the set of all finite
measures on B(E) with finite points support. The expression {f, u) stands for the integral of f
with respect to p, that is, (f,u) = [ f(z)u(dz). We write f € B(E) if f is a B(E)-measurable
function. Writing f € pB(E)}(bB(E)) means that, in addition, f is positive (bounded). We put
bpB(E) = bB(E) N pB(E). If E = R?, we simply write B instead of B(R?) and M instead of
M(R?).

Let £ = {&,II;,s > 0,z € R?} denote a symmetric a- stable process (0 < o < 2).
We denote by T the set of all exit times from open sets in R%. Set F<, = o(&,s < r);
Fsr=0(&,5 >r1) and Foo = U{F<r, 7> 0}. For 7 € T, we put F € F>, if F € F and if for
each r,{F,7 > 1} € F>r.

Throughout this article, C denotes a constant which may change values from line to line.
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For 3 € (0,1], there exists a Markov process X = (X;, P,) in M such that the following
conditions are satisfied:

(1) If f is a bounded continuous function, then (f, X) is right continuous in ¢ on [0, 00).

(2) For every p € M and for every f € bpB,

Py exp(—f, Xt) = exp(—ve, ), (1)

where v is the unique solution of the integral equation
t
v(z) + 1L, / (vs-5(&5))HPds =TI, f(&)- (2)
0

Moreover, for every T € J, there are corresponding random measures X, and Y, on R? asso-
ciated with the first exit time 7 such that, for f, g € bpB

P, exp{—(f, X-) — (g, Yr)} = exp(~u, p), 3)

where u is the unique solution of the integral equation
u(w) + 1 [ (ule)) s = L[ [ a(eas+ 1) (4)

We call X = {X;, X,,Y;, P,} the super-o-stable process with branching mechanism z!*4.
Throughout this paper 7 denotes the first exit time of £ from an open set D in R4, that is,
T = inf{t > 0: & ¢ D}. And we call X, the exit measure of X in D, Y, the total weighted
occupation time measure of X in D. From the properties of the super-a- stable process, we
know that the support of X is contained in ﬁc, the support of Y, is contained in D. We will
discuss the absolute continuity of X, and Y.

2 Absolute Continuity of X,

From this point on, we always assume that D is a bounded smooth domain in R®. Let
Kp(z, z) denote the Poisson kernel of £ in D. For v € M(D°), f € bB(D"), define

/_ Kp(z, Av(dz), d=1,
Hpy(z) = { ’P° (5)
A(d, a)/_ Kp{z,2)v(dz),d > 2;
B¢
[ Ko af@es =1,
" Hpf(z) =T f(&) =4 "0 | (6)
Ald, o) /_ Kp(z,2)f(z)dz, d > 2,
B°
where reatn
A(d,a)=a2 NG

w21 (1 - %)

Obviously, if v(dy) = f(y)dy, then Hp f = Hpw.
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The study of the fundamental solutions of the following integral equation plays an impor-
tant role in the investigation of the absolute continuity of X,

u(z) + I, /(;T ultP(g,)ds = Hpr(z), z€ D, (7)

where v € Mo(ﬁc).
For v = Y A\ib,, with 21,20, -, 2m Eﬁc, MERT,i=1,2,---,m, let
i=1
Un(dz) = fo(2)dz, (8)

where dz denotes the Lebesgue measure on D' and

falz) =D Nif(2), (9)
=1
1
— ,ZEB(Zi,l/n),
fZ(2) = V(D N B(z,1/n)) (10) .
07 Z¢B(Zia1/n)

with V(D° N B(z;,1/n)) being the volume of D° N B(z;,1/n). Clearly, as n — 00, vy — v. vy,
is called the regularization of v.

We now give a theorem on the fundamental solutions of the integral equation (7).

Theorem 2.1 Suppose D C R? is a bounded smooth domain, v = i Ailz,, 21,29,y
i=1
zZm €D N ERT,i=1,2,---,m. Let v, be defined by (8), (9) and (10). Then we have
(1) (Existence and Uniqueness) There is exactly one measurable nonnegative function U[v]
defined in D which satisfies the equation (7).
(2) (Continuity of Regularization) The solution U[v] is continuous with respect to the
operation of regulation of v in the following sense:

Ulwgl(-) 2 U]()(n — 00) in D. (11)
(3) (First Derivative with Respect to Small Parameter)
AU () 2 Hpy()(A = 0) in D. (12)

Using the above theorem we get the main result with respect to the absolute continuity of
X
Theorem 2.2 Suppose g € M (D), there exists a random measurable function zp
defined on D° such that
P {X;(dz) =zp(z)dz} =1.

that is, X, is P,-a.s. absolutely continuous with respect to the Lebesgue measure dz on D
3 Absolute Continuity of Y,
Let Gp(z,y) denote the Green function of £ in D. For v € M(D), f € bB(D), define

GDV(x)szGD(SC,y)V(dy),
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Gpf(z) = / f(€x)ds = / G (2, ) f(y)dy (13)

Obviously, if v(dy) = f(y)dy, then Gpf = Gpv.
The study of the fundamental solutions of the following integral equation plays an impor-
tant role in the investigation of the absolute continuity of Y :

u(z) + 11, /T ultP(¢,)ds = Gpv(z), x € D\N,, (14)
0

where N, = {:L' Gpv(z) = oo}, v € Mo(D).
Forv = Z Aiby, with y1, 42, -, ym € D, s e R, 1 =1,2,---,m, let

Vn(dy) = gn(y)dy, (15)

where dy denotes the Lebesgue measure on D and

0n@) = 3 Mgt (), (16)
i=1
1 z € B(y;, 1/n)
g¥i(2) = { V(DN B(y;,1/n))’ Yo (17)
0, ygB(yial/n)'

vy, is the regularization of v.
Note that for v = E Aidys Y1,Y2,  ,Ym € D, \; e RT, i =1,2,---,m, we have N, =
Supp(l/) {yh Y2y, ym}
We now give a theorem on the fundamental solutions of the integral equation (14).
m
Theorem 3.1 Suppose D C R¢ is a bounded smooth domain, v = 3 Aiby,,
i=1
Y1,Y2,  Ym € D, € RT,i=1,2,--- m. Let v, be defined by (15), (16) and (17). Assume
that there exists a sequence of bounded smooth domains {D,}22, satisfying D,, 1 (D\ N,) as
n T oo and

lim sup Hz/ (Gpvn(€s))1tPds — 0(k — o0), for z € D\ N,, (18)
Tk

n—oo

where 7, = inf{t > 0: & & Dg}. Then we have

(1) (Existence and Uniqueness) There is exactly one measurable nonnegative function U[v]
defined in D which satisfies the equation (14).

(2) (Continuity of Regularization) The solution U[v] is continuous with respect to the
operation of regulation of v in the following sense:

Ulwn](+) Lz, UlY](-)(n — oo) in each compact subsect K of D\ N,,. (19)
(3) (First Derivative with Respect to Small Parameter)
AU 2, Gpv(-)(A — 0) in each compact subsect K of D \ N,.. (20)

Using the above theorem we get the main results with respect to the absolute continuity of Y.
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Theorem 3.2 Suppose there exists a Borel subset V of D with 0 Lebesgue measure such
that for every v € My(D\ N) condition (18) holds. Then for u € M_(D), there exists a random
measurable function yp defined on D such that

P, {Y-(dy) = yp(y)dy} = 1.

that is, Y, is P,-a.s. absolutely continuous with respect to the Lebesgue measure dy on D.
Theorem 3.3 Suppose g € Mc(D). When d < a + a/f, Y, is P,-a.s. absolutely
continuous with respect to the Lebesgue measure dy on D.

4 Proofs of Theorems in Sections 2 and 3

In the sequel we will use the following two lemmas. By the Fubini theorem and the Markov
property of £, using an argument similar to that appearing in Lemma 2.1 in [1], we have the
following lemma:

Lemma 4.1 LetT €7, g € bpB, C is a positive constant. Assume that w € B, F € F>,
satisfy

nz/ lw(E,)|ds < 00, TL|F| < oo, ze€RE
0

Then ’ .

g(z) =11, [e_CTF +/ e_csw(ﬁs)ds]
Jo

if and only if

o() + 10, / " Cole)ds =L [F + /0 w(E)ds].

We will also use another lemma which is a modification of Lemma 2.7.1 in [2].
" Lemma 4.2 Let Y be a random measure defined on a probability space (2, B(E), P)
with values in M(FE). Assume that
(1) there exists a Borel subset N of E of Lebesgue measure 0 such that for Vz € E\ N,
there exists a sequence ¢,(z) — 0 (n — 00), and as n — o0

Y(0.,(2)) 4
V(0. e

where O, (z) = {a: : ||z — 2|] < €}, € > 0, and 7(2) is a random variable with Pn(z) < ooc.
(2) P = [ f(2)Pn(2)dz for all f € bpB(E).
Then there exists a random measurable function y in E such that

P{Y(dz) = y(2)dz} = 1,

and for Vz € E\ N, the random variable y(z) and 7(z) are identically distributed. In particular,
Y is P-a.s. absolutely continuous with respect to dz in E.

Proof of Theorem 2.1 Assume that, u,,n = 1,2,--- is a nonnegative solution of the
equation (7) with v replaced by v,, that is, u, satisfies the following equation

un(z) = Hpvy(z) — I, / T ultP(€,)ds =TI, fn (&,) — T, / ’ ul*P(¢,)ds. (21)
4] 0
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However, for z € D,

/_ Kp(z,2)vp(dz), d=1,
DC

Hzfn(ff) =
Ald, a) /_ Kp(z, z)vn(d2), d > 2.
DC
Suppose d = 1, without loss of generality, let D = (a,b). From [3] we know for x € D,z €
Ec, the following estimate holds:

|z — a|*/?|z —b|*/2 1

|z — al®/?|z — b|*/? |z ~ 2|

|z — a|*/?|z —b|*/? 1

< — 22

_Clz—a|"‘/2|z—b]°‘/2 3(z) (22)
1 1 1

< <

S O me 5(s) < Cae

KD(LL', Z) S C

where §(z) = min{|z — a|, |2 — b]}.
Suppose d > 2, from [4] we know for z € D,z € D", the following estimate holds:

Clz — z|*/? 1
<
Koler2) < SEyrti + 6l oo
C 1
= 23
SRR+ 872 [z — 272 #)
C 1 C

= 5@ (1 + ()72 6(z)a-aT2 = 5(z)%"

where d(z) = d(z, D) denotes the distance between z and dD.
Noticing that vy, is only charged on B(z;,1/n),i = 1,2,.-.,m, from (22) and (23), we
conclude that there exists an ng such that, for n > ng,

I fu(ér) < c[ﬁc vn(dz) < C.

Then from v,, — v it follows that
IL fa(&7) e, Hpv(z), n—o0, z€D. (24)
Let

M=(_sup Hpfa(@)) V1, n=(1+HM", R(z)=nz-2".

z€Dn>ng

From (21) it follows that for z € D, n > ng, 0 < up(z) < M. Since 0 < 1(%522 < 7 for
z € (0, M), we have |R(z1) — R(22)| <7ml|z1 — 22|, 0L 21,22 < M.
Then we get, for z € D, m,n > ny,

|R(um(z)) — R(un())| < nlvm(z) — un(z)l- (25)
Using Lemma 4.1 with

g = Unp, F= fn(&f)’ W= NUp — u};i—ﬁ’ C= 7
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we get
n(2) = Tale™™ fal6r)] + 1Lz [ € Rlun(6)ds. (26)
0
From (25) and (26) we have for z € D, m,n > ny,

[um (2) — tn(x)| < Tee™™ | fm(&r) — fn(&r)l + Hx/o e" M n{um(§s) — un(és)lds- (27)

Iterating the inequality (27) [ > 1 times, using the strong Markov property of £ and the fact
_ 1 (s s
that f”.f0<81<“‘<81<s -0 fo "'fo’ we get

-r l
im(2) = un(0)] < Ll (6r) = o)+ 201 [ e~ il (28)
From (24) we have
mljlrgocnxlfm(g‘r) _fn(gr)l =0, z€D. (29)
Noticing I1,7 < oo, and by using the dominated convergence theorem it follows that
T i
Jim 10, / ne-ﬂs(—”ﬁlds = 0. (30)
_‘ﬂw 0 .

Combing (28), (29) and (30), we have

lim sup |[upm{z) —un(z)| =0, z€ D.

m,n—00
Therefore there exists a nonnegative measurable function u in D such that,

un(z) LN u(r), n—o oo, z€D.

By the dominated convergence theorem it follows that, u solves the equation (7). Repeating the
procedure from the beginning with two different solutions of the equation (7) instead of u,, and
Um, Tespectively, we can conclude that u is uniquely determined by the equation. Summarizing
the above , we now have proved the statements (1) and (2) of Theorem 2.1.

It remains to verify the asymptotic property (12). Let U[Av] be the nonnegative solution
of the equation (7) with v replaced by Av, then

IAT'U[M] - Hpyl(z) =11, / i ATTUMB A (€, )ds
0
<, /T ATY(AHpr(€,)) Pds (31)
0

= MIL, / T(HDu(gs))Hﬁds.
0

Noticing that v is only charged on finite points, we know that Hpuv(-) is bounded in D, it
follows that

IL, /T(HDV(§3))1+Bds < o0.
Q

Let A | 0 in (31), it follows that

i -1 _ <1 8 ’ 1+83e —
lﬁx(}|/\ U] Hpul(z)_lﬂg)\ HI/O(HDU(§3)) ds =0.
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Therefore we conclude that
AU () 2 Hpy()(A - 0) in D.

But A~*U[Av](-) are dominated by Hpv(-) and Hpv(-) is bounded in D. The statement (3)
follows.
Proof of Theorem 2.2 (1) We choose z1, 22, -+, zm € D" and let

n(d2) = 3 Nef(2)ds,
i=1

where fZi(z2) is given by (10), \; € R*,2=1,2,---, m. We have by (3)

Puexp(= Y Niff, Xr) = exp(~U(vn), ),

i=1
where Ulv,] is the unique solution of (7) with v replaced by v,,. Clearly
Vp —> v = Zx\idz,., n — 00.
i=1

By Theorem 2.1
Ulvn] 2 Uly](n — 00) in D, (32)

where U{y] is the unique solution of (7). Then it follows that
exp{—Ulwn], ) — exp(-U[v], ), n — oo. (33)

Let On(z) = (zeD’: |z -2zl < 13}, then the left-hand side of (33) determines the Laplace
transform of the random vector

(XT(On(Zl)) X7(On(22)) X‘r(on(zm)))
V(On(21)) " V(On(22)) * " V(On(zm))

Note that

(Uv),u) < (Hpv,p) < |lpll sup Hpv(z) < C|A|,
cEsupp(p)

where |A| = max; A;. Therefore the right-hand side of (33) determines the Laplace transform of

a random vector, we denote (1(z1),1(22),--,7(2m)). Consequently as n — oo,
X+ (On(21)) X7(On(22)) X7(On(zm)) d .
(Voo Vo Fiomesy ) = et aten)
where ™
Puexp{ =Y An(z) | = exp(-Ulw, u). (34)
i=1

Assumption (1) of Lemma 4.2 is satisfied.
(2) Set m =1, and write A and z instead of A; and z1, respectively. Then

Py exp{—An(2)} = exp(-U[A&:], ). (35)
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Differentiating with respect to A at A ='0in (35), we get

dU[AG,)

Pa(=1(2)) = exp(~UD8.], i)~ =52, ) ao-

Further by (12)
Pu(n(2)) = (Hpé:, u)
(Kp(, / Kp(z, z)u(dz), d=1,

(4@ @K(. 2 = [ Ald)Kp(e,Dulde), 422
DC
By (3) it follows that for Vf € bpB(D°)

Pu exp<_’\f’ X'r) = eXp<_v)\a :u'>’ (36)

where v, is the unique solution of the integral equation

va(@) = AL (&) - I, /0 "8, )ds. (37)

Differentiating with respect to A at A = 0 in (36), we get
Pulf Xe) = (£ = [ TLaf(6)utda)
D
([ wa) [ Kola2)f(z)az, d=1
D D°
/ p(dzx) /_ A(d,a)Kp(z,2)f(z)dz, d=>2
\J/D D°
( /_ £(2) / Kp(z, 2)u(dr)dz, d=1

/ f(z) /AdaKD(a: 2)u(dz)dz, d>2

- [ s

Assumption (2) of Lemma 4.2 is satisfied.

Therefore the statements of Theorem 2.2 follow from Lemma 4.2.

Proof of Theorem 3.1 Assume u,,n = 1,2, - is a nonnegative solution of the equation
(14) with v replaced by v, that is, u, satisfies the following equation

un(z) = Gpvnfe) ~ Lz [ ul(€)ds = [ Golenoatu)dy T [ ub(e)ds. (39
0 D 0
From (3] and {4] we know that for x,y € D the following estimate holds: for d =1

C| ln —, a=1,
Gpla,y) < vl (39)
C“T - |a— ’ a 7/’_ 1;

ford > 2

1
Gp(z,y) < Cm- (40)
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Let K be any fixed compact subset of D\ N,,. Noticing that gy, is only non-zero on B(y;,1/n),i =
1,2,---,m, we have there exists an ng such that, for n > ng, g, = 0 in a neighborhood of K.
Therefore, there exists constant C' > 0 such that

GD(xay) < Ca Vz € Kay € B(yz’l/n)(n 2 nOai = 1a23"'7m)-
Hence we have

0 < un(z) < / Gp(z,y)gn(y)dy < C/ gn(y)dy =Cw(D)<C, z€K, n>mng. (41)
D D

Therefore for Yk > 1, there exists an integer ny such that, for n > ng, g, = 0 and Gpg, are
uniformly bounded in Dy. Let

M, = ( sup GDgn(z)) v m=(1 +B)M5, Ry (2) = mez — 2118,
€Dk, n>nk

From (38) it follows that for £ € Dg,n > ng, 0 < up(z) < M. Since 0 < ﬂ%ﬁ) < 7y for
z € (0, My), we have

|Ri(21) — Ri(22)| < mler — 22|, 0 < 21,20 < M.
Then we get, for £ € D¢, m,n > ng,
|R(um(z)) = R(un())| < nkltim () — un(z)|- (42)

Using Lemma 4.1 with

T T
g=un, F= / gn(€s)ds — / ultP(E,)ds, w=mptn + g —ult?, C=m,
Tk T

k

and noticing that, for all n > ng, g, = 0 in Dy, we get

un(z) =Tz [e_ﬂka / (gn(&s) — u:{'-ﬁ(fs))ds] + I /OT’C e” ™ R(un(£,))ds. (43)

Tk

T

From (42) and (43), using the strong Markov property of £ and noticing that for z € D,
Um(z) < Gpgm(z), un(z) < Gpgn(z). We have for z € D\ N,,, m,n > nj and sufficiently large
k (satisfying z € Dy),

[um () — un(z)| < My e” T

I, /0 " (Gm(€s) — gnlEa))ds
e [ (GpgnlE))* + (Gpgm(&n)) s (44)

+Hm/0 k e” ™ g [um (€s) — un(&s)|ds.

Using Fubini theorem and the Markov property of &, iterating the inequality (44) ! > 1 times
yields '
[um(z) — un ()] < I,

fe,, [ (on(6) - snle)as
. [ T(Ggm(€)1? + (Gbgn(£:))+F]ds (45)

Tk l
F2MIL, / nke_”‘“"’g%Ts)ds.
0 .
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From v, — v, it follows that for fixed k,
Hz/ gn(€s)ds = Gpgn(z) = Gpup(z) iGDV(:c), n— o0, z € Dy.
0
From the dominated convergence theorem, we obtain

lim I,
o0

m,n—

T, [ (om(6) = sne)as| 0. )

Noticing I, 7 < oo, and using the dominated convergence theorem, it follows that
Tk 1
lim II, / mee=ms () 4 o (47)
Combining (45), (46), (47) and the condition (18), we have

limsup |um(z) — un(z)] =0, z € D\N,.

m,n—o0

Therefore there exists a nonnegative measurable function u in D\ N, such that, for each compact
subset K C D\ N,,

Un(z) 2>u(:c), n—oo, z€K.

Repeating the procedure from the beginning with this u instead of u,, we conclude that u
solves the equation (14). By similar arguments we conclude that v is uniquely determined
by the equation. Surnmarizing the above, we now have proved the statements (1) and (2) of
Theorem 3.1.

It remains to verify the asymptotic property (20). Let U[Av] be the nonnegative solution
of the equation (14) with v replaced by Av, then

AU ] - Gprl(z) =11, /O ' ATTUMP A (E,)ds
<11, [ (A 06pue) s (48)
= M1, /0 T(GDu(ga))W’ds.
Condition (18) and Fatou Lemma imply that
I, / T(GDu(gs))Hﬁds -0, k— oo
Tr
Noticing that for n > ng, Gpv, is uniformly bounded in Dy, then it follows that
1, [ (Govl6) s < oo,
Let A | 0 in (48), it follows that
limsup (A"1U[M] — Gpr|(z) < lim M1, /T(Gpu(fs))H'ﬂds =0.
ALO Alo o
Therefore we conclude that

AU 2 Gpr()(A = 0) in D.
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But A"1U[M\](:) is dominated by Gpv(:) and Gpv(-) is bounded in any compact subset K of
D\ N,, the statement (3) follows.

Proof of Theorem 3.2 Using an argument similar to that of the proof of Theorem 2.2,
we can prove the results of Theorem 3.2. hold. We omit the details.

Proof of Theorem 3.3 We need only to prove that for every v € My(D), condition
(18) holds. For z € D \ N, and any integer k, from the proof of Theorem 3.1 we know that,
there exists an integer nj such that, for n > ng, Gpvy,(+) is uniformly bounded in Dy. Then

n—o0

Tk
lim Hz/ (Gpun(£s))Pds < 0.
0

Consequently, condition (18) is satisfied if

lim Hz/ (Gpvn (&) Pds =III/ (Gpr(&)) Pds < oo,

that is,
lim [ Gp(z,y)(Gpua(y) Py = / G (,4)(Gpr(y)*+*dy < . (49)
D D

n—oo

From the dominated convergence theorem,
lim [ Gp(a,y)(Gpra(y)+Pdy = / Go(,y)(Gor(y))+dy < oo.
n=x /p, : Dy, '

It is sufficient to prove

sup / Gp(z,y)(Gpva(y))™Pdy — 0, ask — cc. (50)
D\Ds

n>1

Without loss of generality, we can assume that ¢ € Dg,k > 1. Then there exists a constant C
such that Gp(z,y) < C,y € D\ Dy. Hence it is sufficient to show

sup/ (Gpun(y))*Pdy — 0, k — . (51)
n>1JD\D,

Put g,(z) = Gpvn(z),an(A) = fDﬂ(GpV,;)/\) dy. For M > 0, we have

[ Gomuyray<m* [ ay+ [ g5 (y)dy, (52)
D\Dy, D\ Dy D(gn>M)
and o

/ APy = [ X dan(). (=)

Dn(gn>M) M
Then we have the estimate

Aan(X) < / gn(y)dy = / n(dy1) Gp(y,y1)dy
DN(gn>A) D

DN(gn>X) (54)

< C sup / Gp(y,y1)dy.
y1€D JDN(gn>N)

Choose a > 1 + 3, from the Holder inequality, we have

/ Go(y,u1)dy < (B1))* (an (),
DN(gn>A)
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where B(y1) = [, Gp(y,y1)*dy, 2 + § = 1. Then from (54), it follows that

Aan(N) < C sup (B(y1))* (an(A)) .
- n€eD

Using the estimate of the Green function in [3] and [4], we can conclude that when d > a,
1 a diamb
B(yi) = / Gp(y,1)*dy < / C (—d—_> dy < / Crolx-d+i-lgr,
D D ly — y1]d-e 0
where diamD is the diameter of D. Since d < a + /8, we can choose a > 1 + 3 such that

f:iamD Crie-—d+d-l4, « 5. Whend=a =1,

1
ly =l

diamD
B(y1)=/ Gp(y,yl)“dyS/DCHn |"dy$/O C|lnriedr .
D .

1 diamp
= / C(—Inr)*dr +/ C(lnr)*dr < oco.
0 1

Whena >d=1,

diamp
B(y:) = / Gp(y,1n)*dy < / Cly —y|**Vdy < / crele=Ndr < oo.
D D 0
Thus we conclude that in any dimension d < o + /5,
Aan(A) < Clan(M]F,  A>0, n>1,
that is,
an(A) < CA7°, A>0, n>1. (55)

Since a > 1 + 3, by integration by parts we have
~ / M*da,(\) = M Po, (M) + (14 8) / an(A)NdA < CMIFA-e, (56)
M M
Combining (52), (53) and (56), we have

/ (Gprn(y))HPdy < M8 / dy + CM*A-a, (57)
D\D; D\ Dy

Letting k — 00,M — oo in the above inequality, we conclude that (51) holds.
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