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1 Introduction

We consider the positive solutions of the differential equation:
1
—§Av(x) +y(x)v(z)* = p(x) for z € D, (1)

where A is the Laplace operator, 1 < « < 2, D is a domain in R%(d > 3) such that its
complement D¢ is compact. Here () and p(x) satisfy the following condition:

xy(x), p(x) € C**(D) are positive bounded integrable functions in D, where C°*(D)
denotes the Holder continuous functions in D with exponent A € (0, 1].

The differential operator %A is the generator of a Brownian motion & = (&, I1,.) in R4,
Let R? be the Borel o-algebra in RY, M be the set of all finite measures on R¢ and M
be the o-algebra in M generated by the functions f(u) = u(B) with B € R<. There
exists a measure-valued Markov process X = (X, P,) in (M, M) such that:

(a) If f is a bounded continuous function in R, then (f, X,) is right-continuous in ¢ on
R (writing (v, ;1) means the integral of v with respect to y);

(b) for every u € M,

P,u eXp{_<f7 Xt>} = eXp<_Ut> :U‘>>
where v, is the unique solution of the integral equation

Ut(w) + 11, At V(SS)Ut—S(§S)adS = wa(ft)
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Moreover, for every open set D € R<, there exist correspondingly the random measures
X, and Y, on R¢ associated with the first exit time 7 = inf{t : £, ¢ D} from D, such
that:

P, exp{—{p,Y:) — (f, X:)} = exp(—v, ), )

where

o)+ 1L [ (€ u(E,) ds =11, [ / Cp(€)ds + FEN e | @)

We call X=(X,, X, Y; P,) the super-Browian motion with parameters (£ A, y(z)z).

For every e > 0, we denote by R, the minimal closed set which contains the supports
S; of X, forallt > e. And the set R = R, is called the range of X.

We say that B is S-polar if, for every . € M and every e > 0, there exists an analytic
set A O B suchthat P,(R. N A # 0) = 0. Dynkin[!l proved that an analytic set B is
S-polar if and only if

Ps, (RNB#0)=0 forall z ¢ B. (4)
Suppose D is a regular Greenian domain, and ~ and p satisfy the condition *. Let

 be a positive bounded continuous function on 9D and has limit ¢ at infinity if 0D is
unbounded. Consider the boundary condition

v(x) = ¢(a) as v —a € dD,z € D; (5)

v(x) — ¢ as |z|| = o0,z € D. (6)

Let {D,, } be a sequence of bounded domains such that D, C D, and D,, T D, here
the sign D,, denotes the closure of set D,,. Let 7,, denote the first exit time from D,,.

Ren, Wu and Yang!? proved that there is a unique bounded solution of (1), (5) and (6):

U(‘T) = _log P5m eXp{—<p, Y‘r> - <(ID7XT> - CZD}7 (7)
where
Zp = lim (IL(r = 00), X, ). )

Dynkin? studied some analytic properties of the range of X and S-polar sets, and
obtained some connections between S-polar sets and the solutions of partial differen-
tial equations. He assumed there that D is bounded and ~y(z) satisfies the condition:
inf, v(x) > 0. More generally, this paper arrives at the similar results to Dynkin’s by
using more relaxed confinements on D and ().

We organize this paper as follows. In Section 2, we obtain the minimal and maximal
positive solutions of the problem

%Av(x) =v(z)v(z)* in D,
v(z) = +0o0 as D>x—acdD, (E1)

v(z) — ¢ as ||lz|| — oo.
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Using the results obtained in Section 2, we give several necessary and sufficient condi-
tions for a compact set I to be S-polar in different cases in Section 3.

2 Minimal positive and maximal positive solutions

Lemmal. Suppose D is aregular domain. -y is a positive bounded integrable func-
tion in D such that for every bounded subset D, satisfying D, C D,

inf ~(z) > 0. )

x€Dy

Foreachzg € D, letU = {x : |z — x| < R} with R small enough such that U C D.
Put

u(w) = AR — %) 77,
where r = |x — x| and

A= cR+T (10)

with ¢ being a constant depending only on «, the dimension d and the lower bound for ~
in U. Then we have )

§Au —yu®* <0 in U, (12)

and lim wu(x) =ooforalla € OU.

rx—a,xeU

Proof. By adirect computation we get

1 2a
§Au —yu® = ANR? —r?) 75T [eyr? + cod(R? — 1?) — A7, 12)
where ¢; = 4(a+ 1)(a — 1)7%, ¢ = 2(a — 1)1, Clearly (12) implies (11) if
c1r? + cod(R* —1?) — A1 <0 forall 0<r < R. (13)

Let A = inf~(z). The condition (9) implies A > 0. So (13) holds if A" > (& +
U
2 d) R?, which is true for A given by (10).
LemmaZ2. Suppose D is a regular domain satisfying D ¢ being compact. Let C?(D)

denote the class of all functions which are twice differentiable in D and all their partial
derivatives are continuous in D. If u and v belong to C'?(D) and satisfy

%Au(m) —y(z)u(x)® > %Av(:n) —y(z)v(x)* forall z € D, (14)
and
lim sup[u(z) — v(x)] < 0; (15)

llz||—o0
if 9D is not empty, and u, v also satisfy
limsup [u(z) —v(x)] <0 forall a € 0D, (16)

r—a,x€D

then u(z) < v(z) in D.

Proof. Suppose 9D is not empty. The case when D = R< is similar. Let w = u — v.
If the statement is false, then D := {z € D : w(x) > 0} is not empty. Clearly D is
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open and not loss of generality, we assume that D is connected. If we can prove that D
is bounded, then by Theorem 0.5 in Dynkin!l, w(x) < 0 in D, which contradicts the
definition of D.

So we are left to prove that D is bounded. If not, choose a point z, € D. Since
0D is bounded, there exists a constant A > 0 such that for every » > A, we have
D N 8B(xo,7) # 0. By (15), lim SUD |, |—oo W(z) < 0. Then there exists a constant
R > A, such that for every = € B(zg, R)°, w(z) < sw(xo). Let Dy = D\ B(zo, R).
By (14),

%Aw(w) = %Au(w) - %Afu(ac) > vy(z)u(z)® —y(x)v(z)* =0 in Dj.

By (16), limsup w(z) < 0 forall a € 8D \ dB(zo, R), and notice that w(z) <
r—a,x€D

sw(zo) on dB(xo, R). Then the maximum can not be reached on the boundary of D ;.

This contradicts the maximum principle for linear elliptic equations in D (see, Theorem

2.7.19 in ref. [3]). Now we complete the proof.

Assume hereafter that () satisfies the condition (9), D is a regular domain satisfying
D¢ being compact, and 7 denotes the first exit time from D.

Theorem 1. we . p(x) := —log Ps, {1(x,=0) exp(—cZp)} is the minimal positive
solution of the problem

%Av(:n) =~v(x)v(z)* in D,

v(x) — 400 as D>x—acdD, (E1)
v(z) —c as ||lz|| — oo.
Proof. By (7), vip(x) = —logPs {exp(—(k,X,) — ¢Zp)} is a solution of the
problem
%Av(m) =v(x)v(z)* in D,
v(z) — k as D>z —a€cdD,
v(z) — ¢ as ||z|] — oc.
Then

Ps {exp(—(k,X;) —cZp)} | Ps,{1(x,=0)exp(—cZp)}, as kT oo,
so we get v (%) T Voo, e, p(T).

Foreach zy € D, let U = B(xo, 5), U = B(x, 7). Choose r being small enough
suchthat U C D, then u(x) = — log Ps, exp(—uvy, X, ) is the solution of the problem
1 .
{ iAu(:E) =y(z)u(x)* in U,

uloy = V.
By the uniqueness of the above problem, we get

u(z) = vp(x) = —log Ps, exp(—vi, X,,) in U.
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And by Lemma 1, there exists a function w(z) such that
1 -
EAw(ac) <Y(z)w(x)*, zeU,

lim _w(z) = oo, ae€dl.

rx—a,xeU

By the maximum principle, v, < w in U. Then we have for all positive integers k,
vp(z) < meagcw(:n) =M < o0, Vxel. 17)
By the dominated convergence theorem,
Voo, e, 0(T) = klim vi()
= klim (—log Ps, exp{—vy, X.,,))
= —log Ps, exp{—Voo. ¢, 0y Xryy), Y € U.
Then v, ., p also satisfies

{ %Au(w) =vy(x)u(z)* in U,

U‘BU = voo,c,D-
Since zq € D is arbitrary, we have %Avoo’c, D=7V . pinD.

Notice that v, < vo, ., p for all k£, we get for every a € 9D,

meggﬂa Yoo, c, D(:E) = oo

Andby lim v(z) = ¢, we have

llzl|—o0

liminf vy . p(z) = c. (18)

llzl|—o0

Let D, be a regular domain such that D¢ is compact and D, C D. Since every open

covering of 9D, has a finite sub-covering, by (17), we have A := sup supwvi(z) < oo,
z€OD1 k
and then

vp(z) = —log Ps, {exp(—(k, X;) — cZp)}
= —log Ps, {exp(— (v, XTD1> —cZp,)}
< —log Ps, {exp(—(A, X,, ) —¢Zp,)} :=u(z), foreach z € D;.
Letting £ — oo, we get v .. p(z) < u(x) for each = € D;. However, u(x) has the

limit ¢ at infinity, so
limsup vy, ., p(x) < c. (19)

llz||—o00
Combining (18) and (19) we get | llilm Voo,e, () = ¢. Thus ve, ., p is & solution of
(EQ).

Let . > 0 be any solution to problem (E1), then by Lemma 2, v, < w in D and
therefore v, .. p < u, which says that v, . p is the minimal solution to problem (E1).

Lemma3. Let oy be the first exit time from B, = B(0, k) and 7, = o A 7, then
klim (Il. (1 = ), X,,) exists Ps -as.forall z € D.
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Proof. We claim that, {exp(—II (7 = o), X, ); F>,, Ps, } is a submartingale.
In fact,
By, (exp(=IL(r = 00), X+, )/ Fr, )
— Py, (exp(~IL(7 = %), X,,)) (20)

exp(—v, X,, ,), €D,

Th—

where v(x) satisfies

o(@)+ 1L [ 9(€)u(6) ds = L (I, (7 = o0).
Since IT (7 = oco) = 0 on 9D, we have
I (Ilg,, (T = o))
IL, (e, . (1= 00)) = I,(Ilg, (7 =00),7>0%) (21)
IL, (1 = 00,7 > 0y) < I, (T =00), x€D,
then v(x) < II.(7 = o0). So, by (20),

Ps_(exp(—1II (7 = 00), X,,)/Fr._,) = exp(—1L (T = 0), X,,_,),

and therefore {exp(—II (7 = 00), X, ); F»,., Ps, } is a submartingale.

By the convergence theorem of bounded submartingale, llim exp(—II (7 = 00), X, )
exists Pj, -a.s., and then klim (Il (1 = 0), X, ) exists Ps -as.,z € D.

Lemmad4. Suppose { D} is a sequence of regular domains such that D, C Dy, 1,

Dyg is compactand Dy, T D. Let oy, 73 be the first exit time from B, = B(0, k) and D,
respectively. Then for every z € D,

likminf(H,(T =00), Xr,rolop,) =0 Ps -as.

Proof. By Fatou’s Lemma,
Ps_ (liminf, . (II (7 = 00), X1, row oDy )
< liminfy, o Ps, ((IL.(7 = 00), X, nov|oDy, )
= liminfy, o I, (I, ., (7 = 00); {7 om0, € ODg).
Notice that IT (7 = 00)|sp = 0, then
lim inf 1, (T, (7 = 00); 5,00, € OD;) = 0.

So we have
h/]cm inf(II (7 = 00), X; a0 lop,) =0 Ps,-as.
Theorem 2. V. . p(x) := —log Ps, {exp(—cZp); R C D} is the maximal solu-
tion of the problem (E1).

Proof. Let {D,} be a sequence of regular domains such that D;, C Dy, D5 is
compactand D, T D. Let 7, be the first exit time from D, and o, the first exit time from
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B;.. Then 1, A oy, is the first exit time from B, N D,.. Suppose k is large enough such that
0D C By,. Thenforx € D,

Veo.e.p(z) := —log Ps,{exp(—cZp); R C D}
= —log Ps_{exp(—climy_ (I (T = 00), X7, 0, )); Une 1 (Xr, = 0)}
= limy_,o, —log P5, {exp(—c(Il (T = 00), X+, r00)); Xrp, = O}
By the special Markov property,
Voo, e, p(x) = limy_, o, —log Ps, {exp(—c(IL (T
= lim_.., — log Ps, {exp(—{(cIl (7
-

OO)7XTk/\(7k>) : PXTk/\Uk (XTk = 0)}
OO)’XTk/\Uk>) : eXp<_Uk7XTk/\ak>}
OO) +UI€7XTk/\G'k>)}

= limy,_ o, — log Ps_{exp(—c(II (

= limy_ o ux(z), x= € D,
where vy () is the minimal positive solution of the problem
%Av(:n) = y(z)v(z)* in Dy,
v(z) — 400 as Dy >z — acdDy,
o(x) = 0 as lz]l — oc,
and uy () is the solution of the problem
{ %Au(:n) =y(z)u(x)® in DN By,

ulo(p,np,) = cIL(T = 00) + .
Then as the same argument in Theorem 1, V., . p(z) satisfies

S AV e p(2) = 1@V, ple)", @€ D,
Notice {R C D} C {X, = 0}, then
Ve e.p(x) = —log Ps_{exp(—cZp); R C D}
> —log P {exp(—cZp); X, = 0} = v . (@),
where v . p is the minimal positive solution of the problem (E1). Therefore
Voo,c,D‘(?D = Q.

Now we prove that
lim Vg .p(x)=c

llzl|—o0

First, by Vo . (%) = Voo, e, p(z) and lim wve, . p(z) = ¢, we have

||| =00

liminf V. p(z) > c (22)

|zl —o0

Put
v, (x) = —log Ps, {exp(—cZp,); X,, = 0}.
By Lemma 2 and Theorem 1, V, .. p(x) < v,(z) in D,, and therefore
Voo e, p(z) < liminfo,(z) in D. (23)

Suppose n is large enough, let {D,i”)} be a sequence of regular domains such that
p!" 1 D,, DI ¢ D,(C’_fl and (D,(C"))C is compact. Let 7\ be the first exit time from
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D™, o, be the first exit time of B, and o\ := 7™ A o, By the definition of Zp, (see

(@),
ZD = kh_)m <H.(Tn = OO)7XU;(CH)>

n

= klim (IT (7, = OO)7XU,(C"> lop,) + klim (IL(7, = OO)7XG'I(:) ’aD,i")>

N

likn_l}gf(l_[,(Tn = 00), X7 rop) + kh_)Iglo<H(’7'n = oo),XU;Cm |6D£n)>,
Using Lemma 3 and Lemma 4 continues the above domination:
Zp, < le%lo<H'(T” =00), Xr, ro,) Ps,-as., Yz € D.
Then we have
vn(z) = —log Ps, {exp(—cZp,); X,, = 0}
—log Ps, {exp(—ckli_}r{)lo(ﬂ, (Th = 00), X5, ror ) ); Xr, = 0} (24)
= kh_)rgo —log Ps, {exp(—(cIl (1, = 00), X1, rov.)); X, = 0}.

n

N

Notice that X, 1o, |op, < X, and
Ps, (I (1, = 00), X)) = IL,(IL¢,, (7, = 00); 7, < 00) = 0.
Then
(IL (7, = 00), X pop) = (IL(70, = 00), X;, poiloBy),  Ps,-a.s. (25)
If k is large enough,
Xrnowlos, < XrinoploB, - (26)

Then by (24), (25) and (26), we have

vn(z) < “,?1 inf — log Ps, {exp(—(cIl (7,, = 00), X, rov.l6B.)); X7, = 0}
<ty inf g Py fexp(— (1. (7 = 00), Xru0.)) Xo, = 0)

= —log Ps_{exp(—cZp); X,, = 0}.

n

Letting n — oo, we get
limsupv,(z) < Vo e p(xz) in D. (27)

n—oo

By (23), (27) and {v,,(x) } being decreasing for all z € D,
U (x) | Voo, e.p(x) @ n — oo, for all z € D.

For each ¢ > 0, there exists R > 0 such that v,(z) < ¢+ ¢, Yz € B(0, R)°. Since
{v,(x)} is decreasing, v,(x) < ¢+ ¢, Vo € B(0,R)°. And therefore V. . p(z) <
c+ e forz € B(0, R)¢ then limsup Vo, . p(z) < ¢+ . Since € is arbitrary, we get

|zl —o0

limsup V. p(z) < c. (28)

||| —o0

Combining (22) with (28), we get | lﬁm Veo.e.p(x) = c. Thus V. p is a solution to
problem (E1).

By (27) and Lemma 2, we know that V. .. p(z) is the maximal solution of the problem
(E1). Now we complete the proof.
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Corollary 1. Vi o, p(z) := —log P5,(R CC D) is the maximal solution of the
problem
1 :
§Afu(ac) =~(x)v(xz)* in D,
v(x) — o0 as D>z —a€dD, (E2)
o) — +oo as ]| — oo,
where {R CC D} denotes the union of the sets {R C I'} over all compactsetsI" C D.

Proof. Let {D, } be a sequence of bounded domains such that D, C D,.; and
D, T D. Let 7, denote the first exit time from D,,. Then by Theorem 1.2 in Dynkin!!],

v, () = —log Pgml(X.,-n = 0) is the minimal positive solution of the problem
§Afu(ac) =~(x)v(x)* in D,,
v(x) — o0 as D,>x—a€dD,.

Clearly, v, (z) = —log P5,(X,, =0) | V. o p(x) = —log P5s,(R CC D). As the
same argument in Theorem 1, AV o p() = 7(#) Vo, 0o, p(x)* in D.

By the maximum principle, we have Vi, . p(z) < v,(z) in D,,. Then V. . p(z) <
Vo, 00, p(x) in D. Forz € 9D,

o0 = sziz%?GD VOO7C7D(w) S sziz%?GD VOO’OO7D(w).
And
c= lim Vg .p(x)< lim Vg o p(x).

Letting ¢ — oo, we have
lim Vg o p(x) = 0.

llzl|—o0

Thus V. o, p is a solution of (E2).

Suppose u > 0 is a solution to problem (E2), then by the maximum principle, v < v,
in D,, and therefore u < V. , p in D. Therefore, V., -, p is the maximal solution of
(E2).

3 Spolar sets
Theorem 3.  Each of the following conditions is necessary and sufficient for a com-
pact set I" to be S-polar:
A. If v > 0 satisfies the problem
1 .
{ §Av(az) =v(x)v(z)* in D=T¢

v(z) — 0 as [|z|| — oo, (E3)
thenv = 0.

B. The maximal solution of the problem (E3) in D is bounded.

Proof.  First by Dynkinl!l, T is S-polar if and only if Ps, (R N T" = () = 1 for all
x € D. Thenby Theorem 2, I" is S-polar if and only if the maximal solution Vi, o, p(x) =
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—log Ps, (R C D) of problem (E3) is equal to zero. So any nonnegative solution of the
problem (E3) can only be zero.

Clearly A implies B. If B holds, let { D,,} be a sequence of bounded domains such that
D, C D,y and D,, T D, and let 7,, denote the first exit time from D,,. For Ve,0,p 18
bounded, by (2.22) in Dynkin!!l, we have for every x € D, (V. o.p, X,) — 0, Ps, -
a.s. Also, for each n, Vi, o p(z) = —log Ps, exp{—(V,0,p, X,)} in D,,. Letting
n — oo, we get Vo o. p(x) = 0. So B also implies A.

Theorem 4.  Suppose I' is a compact set. If I" is S-polar, then the maximal solution
Ve, s, p Of the equation Av(z) = y(z)v(x)* in D = T coincides, in D, with the
maximal solution Vo, . ra Of this equation in R?; conversely, if Vo, 00, p IS bounded near
I, then I is S-polar.

Proof. By Corollary 1,
Ve, o0, p(x) = —log P;, (R CC D), z €D,
and
Voo,oo,]Rd(w) = _logpgm(R CcC Rd), x ERd.
If " is S-polar, then P, (R NI' = () = 1. Sowe get Vi, . p(z) = —log P5, (R CC
RY) =V oo ra(x) forz € D.
Now suppose V.. ~, p is bounded near I'. Clearly
VOO-,O-,D = —longx(RﬂF = (D) < Voo,oo.,D?

where V. o, p is the maximal solution of the problem (E3), then V. , p is bounded near
I". By Theorem 3B, I" is S-polar.

Moreover, we have

Theorem 5.  Each of the following conditions is necessary and sufficient for a com-
pact set I to be S-polar:

A. Forevery 0 < ¢ < oo, the solution of the problem
1
5Av(m) =~v(x)v(z)* in D=T¢
v(z) — ¢ as ||z]] — oo (E4)
is unique.

B. There exists 0 < ¢ < oo such that the maximal solution of the above problem in
D is bounded.

Proof. By Theorem 2, the maximal solution of problem (E4) is
Vio.e.p(x) = —log Ps {exp(—cZp); RNT = 0}.
By (7) and Lemma 2, the minimal solution of problem (E4) is

vo, e, p(x) = —log P5, {exp(—cZp)}.
So we get I is S-polar if and only if

Voo,c,D = vO,c,Da
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which is equivalent to say the solution of the problem (E4) is unique.

Clearly A implies B. Now suppose there exists ¢ > 0 such that V., .. p is bounded, we
getthat V. o, p is also bounded, where V. ¢ p is the maximal solution of problem (E3).
Then by Theorem 3B, I" is S-polar.

We say that an analytic set B is B-polar if
I1.{¢& ¢ Bforallt >0} =1, Vze B
It is easy to see that B is B-polar if and only if
II{oc =} =1, Vze B
where o = inf{t : &, € B}.
Lemmab. Suppose a compact set K is Contained~in adomain D. Let D = D \ K.
If K is B-polar, then Zp = Z5 Ps,-as, forall x € D.

Proof. Let {D,} be a sequence of bounded regular Greenian domains such that
D, C Dyyiand D, 1 D,N{Kn}Nbe a sequence of compact sets such that K,, | K.
Let D, = D, \ K,,, then D,, T D. Let o, o be the first hitting times of K, and K
separately, and let 7,, be the first exit time from D,,. Put 7,, = T N\ O, T =T A o, then
7,, Is the first exit time from D,, and 7 is the first exit time from D. So

(IL(T = 00), X5 )
= (IL(7 = o0), X: 9K, ) (29)
< AIL(7 = 00), X7,) + (IL(T = 00), X5 |ox,)-
As the same argument in Lemma 4, liminf < IL(7 = o0), X5 [ox,) = 0, Ps,-as.
Letting n — oo in (29), we get .
Zs < Zp Ps-as., VreD. (30)
Assume that we have proved
P;, (exp(—Zp)) = P, (exp(—Z5)), Va € D, (31)
then together with (30), we have Zp, = Z5 Pj,-as. forall z € D. Now we are left to
prove (31).

Since K is B-polar, we have II,{c = oo} = 1, Vo € K° ThenIl, (7 = c0) =
I1,(7 = o0), Vo € K¢, and
Zp = lim (Il (1 = 00), X, )

n
n—oo

= lim (IT (7 = ), X,,). (32)

n
n—oo

op,) + (IL(7 = 00), X~

Tn

Notice that
P {exp(—IL(T = 00), X, )} = exp(—vn, ),
where v,, satisfies
() + T, /0 (€ o () ds = T, (1T, (7 = o0)).
And
P {exp(—IL(T = 00), X5,)} = exp(—0y, ),
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where v,, satisfies

(@) + 1L [ 967, (6)7ds = L(F = o0).
Notice that
Un(w) < Hw(Hﬁm (7~' = OO) < Hw(Hfrn (T = OO))
=1,(r=00) =1I,(T = ), Ve K.
Since 7,, < 7, by the special Markov property,
Py, (exp(~IL(7 = 00), X}/ F%,)
= Py, (exp(—1I (7 = 00), X)) = exp(—v,, X5,)
> exp(—II(7 = ), X;,), ze€D. (33)
Letting n — oo, by Theorem 2.2.4 in Renvez ¥ and by noticing (32), we have, for z € D,
P, (exp(—Zp)/|J F=.) = exp(—Z5) Pj,-as.

Taking the expectation on both sides of the above inequality, we get
Py, (exp(—Zp)) > Ps,(exp(—Z5)), =€ D.
This completes the proof.

Theorem 6.  Suppose a compact set I' is contained in a domain D. If I" is B-polar
and S-polar, then for every 0 < ¢ < oo, the maximal solution V__ 5 of the problem

{ SAu(@) =A(@p@)® i D=D\T,
v(z) —c as [[z]] — o0

coincides, in f), with the maximal solution V, . p of the problem
1
{ §Av(az) =~v(x)v(z)* in D,

v(z) — as ||x]| — oo,
and hence V__ 5 is bounded in a neighborhood of I".

Conversely, if there exists a constant 0 < ¢ < oo such that the maximal solution
V__ . 5 is bounded near ', then T" is S-polar.

Proof. By Theorem 2,
V_ . 5(x)=—log P, {exp(—cZ3),R C D}, zeD,

oo, Cy

and
Voo, e.p(x) = —log Ps {exp(—cZp),R C D}, =z € D.

If T" is S-polar, then P5, {R C I'*} = 1,Vx € I'. By Lemma5, Z5 = Zp, so we get
Vv Voo, e, p N INJ, and hence VOO oD is bounded in a neighborhood of I.

oo, ¢, 5 =

Conversely, suppose that VV___ ~ is bounded near I". Notice that —log P5, (R N T" =
0) < —logPs. (R C D) < —log Ps {exp(—cZ3), R C D} = V. . 3(), so
—log Ps,(R NI = () is bounded near T" and it is the maximal solution of the prob-
lem (E3). By Theorem 3B, I' is S-polar.
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Remark. If I is B-polar and S-polar, V. . ra(z) = —log Ps, {exp(—cZga)}

is the unique solution to problem (E4). In fact, Theorem 5 says that the solution is
unique, and by Theorem 6, the maximal solution Vi, . p coincides, in D = I'“ with
Vo e.ri(x) = —log Ps_ {exp(—cZga)}, the maximal solution of problem (E4) with D
replaced by R<.
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