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Abstract Suppose X is a superdiffusion in R? with general branching mechanism 1, and Y., denotes
the total weighted occupation time of X in a bounded smooth domain D. We discuss the conditions on
1) to guarantee that Y, has absolutely continuous states. And for particular vz) = 2P 0o<p <,
we prove that, in the case d < 2+ 2/8, Y., is absolutely continuous with respect to the Lebesgue
measure in D, whereas in the case d > 2+ 2 /B, it is singular. As we know the absolute continuity and
singularity of Y-, have not been discussed before.
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1 Introduction and Main Results

Let L be a uniformly elliptic differential operator in R?, & := {&,,1I,,s > 0,2 € R?} denote the

diffusion in R¢ with generator L, and let
Y(z,2) = a(x)z + b(x)2? + / (e7"* — 1+ uz)n(x,du), (1.1)
0

where n is a kernel from R? to (0, 00) and a(z), b(x) and fooo uAu?n(x,du) are positive bounded
Borel functions on RY.

For every Borel-measurable space (E, B(F)), we denote by M (FE) the set of all finite mea-
sures on B(F) endowed with the topology of weak convergence. The expression (f, u) stands
for the integral of f with respect to u. We write f € B(E) if f is a B(E)-measurable func-
tion. Writing f € pB(E)(bB(E)) means that, in addition, f is positive (bounded). We put
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bpB(E) = bB(E) N pB(E). If E = R?, we simply write B instead of B(E) and M instead of
M(RY).

We denote by 7T the set of all exit times from open sets in R%. Set Fe<r = 0(&s,8 < 1);
For = 0(&s,s > 1) and Foo = V{F<,,7 > 0}. For 7 € T, we put F' € F>, if F € Fo, and if,
for each v, {F,7 > 1} € Fx,.

According to Dynkin [1] there exists a Markov process X = (Xy, P,) in M such that the
following conditions are satisfied:

(a) If f is a bounded continuous function, then (f, X;) is right continuous in ¢ on R™;

(b) For every v € M and for every f € bpB3,
Puexp<—f, Xt> = eXp<_’Ut7/’(‘>7 ne M: (12)

where v is the unique solution of the integral equation

vn(w) + L | /0 (6 va(€0)ds] = IL (). (13)

Moreover, for every T € 7, there are corresponding random measures X, and Y, on R? associ-
ated with the first exit time 7 such that, for f,g € bpB,

P,uexp{f(fa XT> - <97YT>} = exp<7u,u>, 14 € M7 (14)

where u is the unique solution of the integral equation

) 10 [ vt utens] =1 [6) + [ ateoas] (1.5

We call X = {X;, X, ,Y;;P,} the superdiffusion with branching mechanism ¢ (enhanced
model). Throughout this paper 7p denotes the first exit time of £ from an open set D in
RY, ie., 7p = inf{t : & ¢ D}. And we call Y; the total weighted occupation time of X in D. It
is obvious that the support of Y, is contained in D.

For bounded smooth domains D, the states of exit measures X, have been studied by some
authors. When 1 (z, z) = 2'+7,0 < 3 < 1, the states of exit measures X, were studied by Sheu
[2]. Ren [3] discussed the absolute continuity of X, with general branching mechanism 1 and
general branching rate function A(dt). (In this paper, the branching rate function is dt). But
as we know the absolute continuity of Y, has not been discussed before. And the studying of
states of Y, should have the same importance as that of states of X, . So in this paper we
discuss when the states of Y, are absolutely continuous with respect to the Lebesgue measure
in D and when they are singular.

Before giving the statements of the main results of this article, we introduce some notations.
From this point on we always assume that D is a bounded smooth domain in R?. Let Gp(z,v)
denote the Green function of the diffusion £ in D. For f € bB(D) and v € M;(D), define

Gpf(r) =TI, / " peds = /D Go(e.y)f(W)dy: Gpu(z) = /D Gop (& y)w(dy).

Obviously, if v(dy) = fdy, Gpf = Gpv.
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We write p € M.(D) if p € M(D) and has a compact support in D, and pu € My(D) if
p € M (D) and p has finite points support. Let M (D) denote the set of all measures v in M (D)
such that Gpv is super-harmonic in D. Set N, = {z,Gpr(z) = co}. Then N, is a closed set
having zero Lebesgue measure. Clearly My(D) C M;(D) and for v € My(D), N, = suppv.
For v =" N6y, y1,---,Ym € D, let

vn(dy) = fn(y)dy, (1.6)
where )
m YR 1 7)) ° B(ylv 1/77’)7
) = SN = VOB Iy Y E (L.7)

V(B(yi,1/n)) being the volume of B(y;,1/n). Clearly as n — oo, v, converges weakly to v.

Consider the following integral equation:

u(z) + 11, /OTD (&, u(&s))dt = Gpr(z), =€ D\N,, (1.8)

where v € My(D).

Theorem 1.1  Assume that there exist a sequence of bounded smooth domains D, satisfying

D,, T D and a Borel subset N of Lebesque measure 0 such that, for all v € My(D) with finite

points support contained in D\N, 1 satisfies one of the following conditions (C1) and (C2):
(C1) 9 is given by (1.1) with a(xz) =0 and,

lim sup IT,, /TD (Gpun(€s))?ds — 0(k — o), for x € D\N,, (1.9)

n—00 Dy,

with v, defined by (1.6);
(C2) v is given by the particular form:

(z,z) = 'y(x)zHﬁ, 0<p<1, (1.10)
with v € bpB, and
limsupﬂgc/ (Gprn (€)' TPds — 0(k — 00), for x € D\N,, (1.11)

D

with vy, defined by (1.6).

Then we have:

(1) For fized p € M.(D) N My (D), there exists a random measurable function yp defined
on D such that

PA{Y:p(dy) = yD(y)dy} = 1;

(2) For each finite collection yi,...,yx of points in D\N\N,, the Laplace function of the

random vector [yp (Y1), - - -, Yp(Ym)] with respect to P, is given by

P.U'exp [_ <faY‘rD> _Z)‘zyD(y'L)] :eXp<_ua:U’>7 >‘17"'7>\H 2 07 (112)
i=1
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where p € M. (D)NM; (D), and u is the unique positive solution of (1.8) with v(dy) = f(y)dy +
2 i1 iy (dy).-
Theorem 1.2 (1) If ¢¥(x,2) is given by the general form (1.1) with a(x) = 0, then in the
case d < 3, condition (1.9) holds for all v € My(D).

(2) If Y(x,2) is given by the form (1.10), then in the case d < 2+ 2/3, condition (1.11)
holds for all v € My(D).

Therefore, under one of the above two conditions, the states Y., are absolutely continuous.

Theorem 1.3  Assume that (x,z) = 2'17,0 < 8 <1 andd > 2+2/3. For every u € M (D),

Y., is Py-a.s. singular with respect to the Lebesgue on D.

Fundamental solutions of the integral equation (1.8) play an important role in the investi-
gation of absolute continuity of Y;,. So, in Section 2 we first discuss fundamental solutions of
(1.8). The proofs of Theorem 1.1 and Theorem 1.2 are given in Section 3. The last section is
devoted to the proof of Theorem 1.3.

Throughout this article the notation C' always denotes a constant which may change values

from line to line.

2 Fundamental Solutions

For ¢ € pB put
ro
H¢(rq,r9) = exp( —/ c(§s)ds), 0<r; <mrs.

T1

Theorem 2.1 (Fundamental Solutions)  Suppose 1 is given by (1.1), D is a bounded smooth
domain. Let v € My(D) and let v, and f, be defined by (1.6) and (1.7), respectively. Assume
that there exists a sequence of bounded smooth domains {Dy} satisfying Dy, 1 D asn T 0o such
that condition (1.9) holds.

(1) (Existence and Uniqueness) There is exactly one measurable non-negative function U[v]
defined on D which satisfies Eq. (1.8).

(2) (Continuity of Regularization) The solution Ulv] is continuous with respect to the oper-

ation of regulation of v in the following sense:
Ulvn](4) LN Uv](-)(n — o0) in each compact subset K of D\ N,. (2.1)

(3) (First Derivative with Respect to Small Parameter) If a(z) = 0 in the formula of ¥
given by (1.1), then

AU LN Gpv(-)(A— o) in each compact subset K of D\ N,,. (2.2)

Proof For simplicity, we write 7 and 7, in parallel with 7p and 7p, respectively.

Assume that, for each n, u, is a non-negative solution of the cumulate Eq. (1.8) with v

replaced by v,. We want to show that, for any compact subset K of D\N,, there exists an



On States of Total Weighted Occupation Times for Superdiffusions 73

integer mg, such that u,, is uniformly bounded in K, and for fixed z € K, {u,(x);n > 1} is a

Cauchy sequence. Note that there is a constant C' depending only on D such that
Gp(z,y) < Cp(x)p)lz =27, z €D, yeD, (2.3)

where p(z) = d(x,0D). First of all, for a fixed compact subset K of D\ N,, there exists an
integer ng such that, for n > ng, f, = 0 in a neighborhood of K. Thus we have the following

domination:
0 <up(x) < / Gp(z,y) foly)dy < C/ faly)dy = Cvy (D) < C, forx e K,n>ng. (2.4)
D D

Therefore, for every k, there exists an integer ny such that, for n > ng, f, = 0 and Gp f, are

uniformly bounded in Dy. Let
Ri(x,2) = cp(z)z —P(z,2);  cr(z) = (a+ M) (2);

Ae(z) = 2b(x) + /Ooou AuPn(z,du)My; My =( sup  Gpfa(z)) V1.

r€EDE,n>ng
Then
|Ri(,21) — Ri(, 22)| < Ap(@)|21 — 22|, z€RY, 0< 2z, 2 < M. (2.5)

(See Ren [3].) Using Lemma 2.1 in Ren [3] with ¢ = ¢, F = f:k (frn — (&, un(&s)))ds,
9(x) = up(x) and w(x) = fn(z) + Ri(z,un(x)), and by noticing that, for all n > ny, f, =0 in
Dy, we get

) = L1 0.m) | [

T

(fn(&s) — (s, Un(&S)))dS] * Hx/‘lo—kHCk (0, 8) Ri(&s, un(&s))ds.

Tk

For z € Rd, put
Note that u,(z) < My for n > ng, x € Dy. By (2.5) we have, for sufficiently large k (satisfying

x € Dy), and m,n > ng,

[t — upl(x) < TI,H*(0,7%)

i, [ ;(fn ~ f)(€)ds

on

+HmHCk (07 Tk)H€7A. / Gm,n (gs)ds
"J 0

Jer/OkHCk (0, 8) (Mg |um — unl) (§s)ds.

Iterating the above inequality [ > 1 times yields

U, — up|(7) < 11,

I, / 0(fn = Jm)(&s)ds| + 11, / Gm.n(&s)ds o)

Tk Ak (€)dr)!
+OMII, / Ho (0, 5) o2 E01)
0
Notice that for fixed k,

Hm/;—fn(gs)ds = Gpfu(z) 2’ Gpv(z)(n — o), forx e Ek.



74 Ren Y. X.

From the dominated convergence theorem and domination (2.4), we obtain

Jim T T, [ (= fa6)ds| o (2)

and . l
T Ak (&r)d

lim Hx/ He (O,S)Mds —0. (2.9)

l—o00 0 l!
Since ¥ (z,2) < C(z + 22),2 > 0,z € R, by (1.9) and the Holder inequality, for every z € D,

lim sup Hz/ Gm.n(&s)ds — 0, as kT oo. (2.10)

m,n— oo T

Combining (2.7), (2.8), (2.9) and (2.10), we have

limsup |un(x) — upm(z)] =0, =z € D\ N,.

m,n— oo

Therefore there exists a non-negative measurable function u in D \ N, such that, for each
compact subset K C D\ N,, uy,(z) LN u(z)(n — oo) in K. Thus Statement (1) holds. The
proof of Statements (2) and (3) is similar to that of Theorem 2.1 in Ren [3]. We omit the
details.

Remark  Checking the above proof we find that if ¥(z, 2) is given by the particular form
(1.10) and if condition (1.9) is replaced by condition (1.11), the results of Theorem 2.1 also
hold.

3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 Note that
<U(V)7IU/> < <GDV7 /’L> = <GD,U/7V> < ClA‘v (31)
where |A\| = max;\;. For fixed y € D\ N, U(Xoy)/A < Gp(-,y), (Gp(-,y),r) < oo, and

U(Noy)/N — Gp(:,2) as. -u, as A — 0. By the dominated convergence theorem, we have

lim (U(A3,)/, 1) = (Gp (), ). (3.2)

Repeating the arguments of Theorem 2.1 in Ren and Wang [4], and using Theorem 2.1, the
Remark in Seclion 2, and (3.1) and (3.2) above, we find that the results of Theorem 1.1 hold.

Proof of Theorem 1.2 We prove only (2); assertion (1) can be proved similarly. For z € D and
any integer k,

lim II, /Tk(GDVn)Hﬁ(gs)ds =11, /Tk(GDV)lw(gs)ds < 0.
0 0

Consequently, condition (1.11) is satisfied if

lim [ Gp(z,y)(Gpra) ™ (y)dy =/ Gp(z,y)(Gpv)' P (y)dy < oo. (3.3)
D D
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From the dominated convergence theorem,

lim Gp(z,y)(Gpra) TP (y)dy = Gp(z,y)(Gpr) TP (y)dy < .

n—oo Jp, Dy,

From Fatou’s lemma, to prove (3.3) it is sufficient to prove

sup / Gl y)(Gora) P (y)dy — 0, ask | . (3.4)
D\ Dy,

n>1

Without loss of generality, we can assume that x belongs to Dy, k& > 1. Then there exists a
constant C such that Gp(z,y) < C, y € D\ Dy. Hence it is sufficient to show

sup/ (Gpvn)* P (y)dy — 0, as k1 oco. (3.5)
D\Dy,

n>1

Put g,(x) = Gpun(z), an(N) = fDﬂ(GDun>)\) dy. For M > 0, we have

/ (Govn) 2 (y)dy < M1 / dy + / 61+ (y)dy (3.6)
D\Dy, D\ Dy, DN(gn>M)
and -
/ gy — — / Ao, (M), (3.7)
DN(gn>M) M

Then estimate

Aag, ()

IN

/ gn(y)dy :/ Vn(dyl)/ Gp(y,y1)dy
DN(gn>X) D DN(gn>A)

C sup Gp(y,y1)dy.
y1€DJ DN(gn>N)

IN

Choose a > 1 + 3; from Hoélder’s inequality, we have
1

Aan(A) < C sup (B(y1))= (an(N) 7,

where B(y1) = fD Gp(y,y1)*dy, % + é =1
When d > 3,

diamD
Bu)<C [ Jy-ml*Peay<c [ e,
D 0

where diam D is the diameter of D. Since d < 2+ 2/, we can choose o > 1 + ( such that
fdlamD 7’(2_d)a+d_1d7' < 00
o .

When d = 2,

B(ynsc/Daog*ny—ylnH)a < c
0

1 diamD
/ (—logr)ardr+/ rdr] < 0.
1

When d = 1, it is obvious that B(y;) < C.
Thus we conclude that in any dimension d > 1,

an(\) < Can(N)a,  forall A>0, n>1.
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Since o > 1 + 3, we have, by integration by parts, that

_ / M HPday, (\) = M Pay, (M) + (1+ 5) / an(MNdA < CMIHPe, (3.8)
M M

Therefore (3.5) follows easily from (3.6) (3.7) and (3.8).

4 Proof of Theorem 1.3

Let F be a closed subset of D. Consider the following boundary value problem:

Lu = u'*? in D\ F.
{ uu: O,u 7 on 83 \’F, (4D
where 0 < 5 < 1.
Lemma 4.1  If u is a solution of the boundary value problem (4.1), then
u(z) < Cd(z, F)™%/8, zeD\F, (4.2)

where C' is a constant depending only on L, 3 and D.

Proof The proof is similar to that of Sheu [2]. We give only an outline here. Put w(x) =
u(x) — 1,z € D, and h(z) = g(w(z)) I3, , for all z € RY, where

D\F
0, if r <0,
g(r) =14 r%/2, fo<r<i,
r—1 if r > 1.

2
Note that, for every « € D \ F, we have either w(z) =u —1 <1 or h(z) = u(z) — 3/2. Since
D is bounded, it is sufficient to show that

h(z) < Cd(z,F)™?/5, zeD\F. (4.3)
From arguments similar to those of Sheu [5], we can check that
Lh>h'*? on R*\ F. (4.4)

For every € D\ F, using Lemma 3.1 and Theorem 0.5 in Dynkin [1] in B(z,d(z, F)), we
obtain that (4.3) holds.

Lemma 4.2 Let K be a compact subset of D. For every integer n, put
K,={x:2 € D,d(z,K) <d(K,0D)/n}. (4.5)

Then for every n, there exist two constants C' and €y (depending only on L, 8, D, K and n)
such that if uc is a solution of (4.1) with F = B(zg,€) N D for some 2o € D\ K, and € < ¢,
then we have

ue < Cel=27%8 e K. (4.6)
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Proof Choose €g = 5-d(K,0D). Then, for ¢ < €, we have K N B(zg,€) = 0. Let 7. =

min{7p, TB(z,,2¢) }- From (1.5),

UE(x) < Hm(ue(fn)) = Hm(ue(f‘re);TB(zo,ZE) < TD)' (4~7)

On 7g(z9,2¢) < Tp, We have, from Lemma 4.1, uc(&r,) < Cd(&,,, F)~2/% < Ce?/8, Then
from (4.7),
() < Ce 2P (TR(y.20) < 00).- (4.8)

From Theorem 3.1.6 in Port and Stone [6], I, (75 (z,,2¢) < 00) = (2€/||z — xo)*~2 A 1. Noticing
that ||x — zo|| > d(K,0D)/n > 2¢, we get

m d—2
I, < |— -2, 4.
(TB(x(JvQE) < OO) — |:d(K7 6D):| € ( 9)

Our conclusion follows from (4.8) and (4.9).

Lemma 4.3  Suppose F is a closed subset of D. v(x) = —logPs, (Y, (F) = 0) is a solution
of (4.1).

Proof Note that v is, as A — oo, the limit of functions vy = —log Ps_ exp(—AY;, (F)), and vy

satisfies

wm+m/mﬁ@mznyf%ﬂ@m (4.10)
0 0

For every x € D\ F, choose € small enough such that B(x,e) C D\ F. By the strong Markov
property of &,

™D

’U)\(i) + H:c[) ’ Ug(fs)ds =1II, [H.fTB [) (/\IF + U?)(ﬁs)ds s

where 75 is the first exit time of £ from B(x,e¢). Thus, from Theorem 1.1 in Dynkin [1],
Lvy = v§ in B(z,¢), and hence in D\ F. From (4.10), it is obvious that vy =0 on 9D\ F'. So,
for every A > 0, vy is a solution of (4.1). Note that similar results to Theorem 1.2 in Dynkin
[7] hold for the elliptic case. Therefore v, the limit of vy, is also a solution of (4.1).
Proof of Theorem 1.3 Fix u € M (D) and put K = supp (u). Let K, be defined by (4.5) and
let YTIZ\K” be the restriction of Y;, to D\ K,. It is sufficient to prove that, for every n, Y;,
as a measure on E\ K, is P“—a.s_., singular with respect to the Lebesgue measure on D \ K.
Fix n, and set K, = supp(YTg\K"). For all m > 1, let {By, i }icr,, be an open covering of
D\ K,, and diam(B,, ;) = 2~™. By the regularity of D, we can assume the cardinality of I,

is less than C2™¢, where C is a constant independent of m. Set

Hy, = Z IB,,MOK,:L#@; Ui = —log Ps, (Y7, (Bim,i) = 0).
i€l

Then from Lemma 4.3, v,,; is a solution of (4.1) with F = Em,i N D. Thus from Lemma 4.2,

P,H, = ZPM(YTD >0) = Z (1 — exp(—vm,i, 1))

i€l €1,

S (Vs i) < C(27m) 72728,

i€,

IN
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which implies, for m sufficiently large,
P ((27™)2*¥PH,) < C < .

Then from Fatou’s lemma and the definition of the Hausdorff dimension, P, (dim(K,) < 2+
2/8) = 1. Since dim(D \ K,,) =d > 2+2/3, Y, as a measure on D \ K,, is P,-a.s., singular.
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