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o Coarse expanding conforamal system: Developed by
P. Haissinsky and K. Pilgrim.

@ Results: The existence of equilibrium states of CXC system.

@ Approach: We establish the equilibrium states by showing
that CXC system is asymptotically h-expansive.

@ Further study: The statistical properties of CXC system.
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An intruduction to CXC system: FBC map

Degree and local degree map:
Suppose X, Y are locally compact Hausdorff spaces, and let
f: X = Y be a finite-to-one continuous map.

@ The degree of f is
deg(f) =sup{card (f '(y)):y e Y}. (1)
@ For x € X, the local degree of f at x is

deg(f;x):ir&fsup{card(ffl(z)ﬁU):zef(U)}, (2)

where U ranges over all neighborhoods of x.
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An introduction to CXC system: FBC map

Finite branched covering (FBC) map:

Suppose that X, Y are locally compact Hausdorff spaces, and let
f: X = Y be a finite-to-one continuous map. The map f is a
finite branched covering (abbr: FBC) map if deg(f)<oco and

(i)
Z deg(f; x) = deg(f)
xef~1(y)
holds for all y € Y

(ii) for every xp € X, there are compact neighborhoods U and V
of xp and f(xp), respectively, such that

> deg(f;x) =deg(f;x0)
xelU, f(x)=y

holds for all y € V.
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An introduction to CXC system: Definition

Let X, X1 be topological spaces satisfying the following
assumptions:

(i) Xo,X; are Hausdorff, locally compact, locally connected
spaces, each with finite many connected components.

(i) X1 is a open subset of Xy and X, is compact in Xg.

Let f:X; - X be an FBC map of degree deg(f) = d > 2. For
each n> 0 we define
Xne1 = £ (Xn)

and the repellor is defined as
X = {XE%”f”(X) E%l,VDZO}

and we make a technical assumption that f|x : X - X is an FBC
map of degree d.
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An introduction to CXC system: Definition

the following properties hold for X, and X.

(1) flx,,, : Xnt1 — X, is again an FBC map of degree d.

(2) Xpi1 ¢ X, and X,,1 is compact in X, since f is proper.

(3) X is totally invariant: f~1(X) = X = f(X).

(4) X=nN X,= N X, holds for all k>0, thus f and
fk|x:€:N3€k - 55? have the same repellor X.

(5) The definition of repellor X and the compactness of X,
implies that given any open set Y 2 X, X,c Y forall n
sufficiently large.
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An introduction to CXC system: Definition

Let Uy be a finite cover of X by open, connected subsets of X;
whose intersection with X is nonempty. A preimage under f of a
connected set A is defined as a connected component of f~1(A).
Inductively, we define for each n >0

Upit = {U: U is a preimage of U for some U € Un}.

The elements of U, are connected components of f~"(U), where
U ranges over Uy. We note that, for each Ue Ups1 and U €U, if
U is a preimage of U, then flu: U — U is surjective, and that
fk(U) € Un_y for all k < n. We can see that U, is a finite open
cover of X by connected open sets in X,y1.
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An introduction to CXC system: Definition

We say f: (X1, X) - (Xo,X) is coarse expanding conformal
with repellor X if there exist a finite cover Uy as above such that
the following axioms hold:

1. Expansion Axiom ( abbr: [Expans| ) : For any finite open
cover V of X by open sets of Xg, there exist N such that for
all n> N and U €U, there exist V €V with Uc V.

2. Irreducibility Axiom ( abbr: [lrred] ) : For any x € X and
neighborhood W of x in Xg, there exist some n with
f"(W)os X.

3. Degree Axiom ( abbr: [Deg] ) : The set of degrees of maps
of the form fk]U U — U where Ueld,, Ueld,,x and n, k are
arbitrary, has a finite maximum, denoted by p.
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Let C denote the Riemann sphere, and let f : C — C be a rational
function of degree d > 2 for which the critical points either
converge under iteration to attracting cycles, or land on a repelling
periodic cycle (such a function is called subhyperbolic). For such
maps, every point on the sphere belongs either to the Fatou set and
converges to an attracting cycle, or belongs to the Julia set J(f).
One may find a small closed neighborhood V{ of the attracting
periodic cycles such that f(Vp) cint(Vp). Set X9 =C - V; and

X1 =f"1(X0). Then f:X; - Xo is an FBC of degree d, the
repellor X = J(f), and f|x : X = X is an FBC of degree d.

Let Up be a finite cover of J(f) by open spherical balls contained
in X1, chosen so small that each ball contains at most one forward
iterated image of a critical point. Then it can be checked that the
axioms [Expans], [Irred], [Deg] hold.
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An introduction to CXC system: metric CXC

Suppose we have a topological CXC system f : X1 - Xg with
repellor X and level-0 good open cover Uy, and Xy is endowed
with a metric compatible with its topology. The metric dynamic
system is called metric CXC system if it satisfies the following
two axioms:

4. Roundness distortion Axiom ( abbr: [Round] ) : There
exist continuous increasing embeddings p, : [1,00) - [1, 00)
and p_:[1,00) > [1,00) such that
for all n,k >0 and U elU,, Ueldyk, yelU, ye U, if

A U)=U, ) =y,

then _
Round(U,y) < p-(Round(U, y)),

Round(U, y) < p,+(Round(U,7)).
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An introduction to CXC system: metric CXC

5. Diameter distortion Axiom ( abbr: [Diam] ) : There exist
increasing homeomorhisms ¢, : [0,1] - [0,1] and
d-:[0,1] - [0,1] such that
for all ng, n1, k>0 and U € Uy, U €Uy, U € Ung+k:
U’ € Un,+k, UcU UcU,if

F(0) = U, F{U") =V,

then

diamUZ <5 (diam U’)
diam U diam U
diam U" _ - (diale’)‘
diam U diam U
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Equilibrium state

@ Z = compact metric space

@ g:Z — Z continuous map

e ¢:Z — R continuous function (“potential™)

e M, = {g-invariant Borel probability measures on Z}

Topological entropy: hop(g)

Topological pressure: P(g, )

Measure-theoretic entropy: h,(g)

Measure-theoretic pressure: P,(g,¢) = h,(g) + [¢dv
Variational principle:

P(g,¢) =sup{P,(g,¢):v e Mg}.

Equilibrium state: ug: Py, (g,¢) =sup{P.(g,¢) : v € Mg}.
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Equilibrium state of CXC system

We prove the existence of equilibrium states for metric CXC
system by showing that metric CXC system is asymptotically
h-expansive.
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Asymptotic h-expansiveness

Topological conditional entropy: Let Z be a compact metric
space and g : Z — Z be a continuous map. For each pair of open
covers £ and 7 of Z, we denote

H(&|n) = log (rﬂg;({min{card Eaépcé, Ac UEA}})

For a given open cover )\, the topological conditional entropy
h(g|\) of g is defined as

—+00 N—+00

h(g|)\)— lim lim — (

\/gJ(A)

where {£} e, is an arbitrary refining sequence of open covers.

Hanyun Zheng On equilibrium states of CXC system



Asymptotic h-expansiveness

Topological tail entropy:
The topological tail entropy h*(g) of g is defined by

1 n-1 i
h*(g)= lim lim lim —H(\_/()g_’(gl)

m—>+00 [s400 N—>+00 N

vg‘j (nm)) :
j=0

where {£}en, and {7m}men, are two arbitrary refining sequences
of open covers.

Asymptotically h-expansive:

We say a continuous map g : Z — Z on compact metric space Z is
asymptotically h-expansive if h*(g) = 0.

Hanyun Zheng On equilibrium states of CXC system



Asymptotic h-expansiveness

A consequence of asymptotic h-expansiveness is the existence of
equilibrium state:

Proposition

Let g: Z — Z be a continuous map on a compact metric space Z.
If g is asymptotically h-expansive, then the map

h(g): Mg >R, v~ h,(g)

is upper semi-continuous.

Since M, is weak™* compact, there exist 11 € M, that attains the
supremum

sup{P,(g,#) : v e Mg}.

and such g is an equilibrium state.
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Main result

We prove that a metric CXC system is asymptotically h-expansive
under assumptions below
The Assumptions:

(1) Xo,X; are Hausdorff, locally compact, locally connected
spaces, each with finite many connected components.

(2) Xp is endowed with a metric compatible with its topology, and
the minimum diameter of connected components of X is
positive.

(3) X1 is an open subset of Xo and X; is compact in Xo.

(4) f:X1 > Xpis an FBC map of degree deg(f) = d > 2 with
repellor X, and f|x : X - X is an FBC map of degree d.

(5) There exists a cover Uy of X by open, connected subsets of
X1 whose intersection with X is nonempty such that axioms
[Expans], [Deg], [Round], [Diam] hold.
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Main result

Theorem (Asymptotic h-expansiveness)

Let f: (X1,X) — (X0, X) be a metric coarse expanding conformal
system with repellor X. If The Assumptions are satisfied, then
flx : X = X is asymptotically h-expansive.

Theorem (Existence of equilibrium states)

Let f: (%1,X) = (X0, X) and Uy satisfy The Assumptions, then
for each real-valued continuous function ¢ € C(X), there exists at
least one equilibrium state for the map f|x and potential 1.
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Main idea of the proof

We aim to prove

1 n-1 . n-1 i
h*(g)= lim lim lim —H|\/ g"(&)| V &”(m)]=0,
m—>+00 [»+00 N—>+00 N i=0 j=0

by giving an upper bound of

H(&n) = Iog(n;ea);({min{card Eaépacé, Ac UéA}})

for some refining sequence &;, 1, of finite open covers of X.
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Main idea of the proof

We define a sequence of finite open cover
Wh={UnX:U¢el,}

Note that h* behave well under iteration, i.e. h*(g") = (h*(g))",
we can choose N € N such that {Whp}nen, is a refining sequence.
And we can check that fN: (Xpy, X) - (X0, X) also satisfy The
Assumptions we mentioned before.

WLOG, let W, be a refining cover, it suffice to prove

n\/lg_j(wm)) =0
j=0

m—>+00 [->+00 N—>+00 N j=

n-1 i
h*(g)= lim lim lim lH(.Og_'(l/\/l)
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Main idea of the proof

We will give an upper bound for

H ('T\_/:g_"(W

-1 )
ona)

:Iog( max {min{card{Anggr_’\__/(;Lg_i(W/), AEUfA}})

AEV" g i (W)

For each Ae W,,, set
A=W ={xeW: f(x) e W™, ie{l,2,...,n}}
i=0

where W™ € Wy, for each i€ {0,1,...n}.
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Main idea of the proof

First, we denote for all m,ne Ny, and U” €Uy, i €{0,1,...,n}

Em(Uén,...7U,r7711; Ur:n)
={U™" € Upen: F(U™") = U™, and
FIU™MNnUMnX#@,i€{0,....,n-1}},

and we can prove that

For all m,n e Ny, and W™ =U"n X, U™ eUp,, i €{0,1,...,n},

n 5
NFi(wm e U U™" A X, (3)
i=0 umtneEn(Ug,..., UM ;UT)
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Main idea of the proof

Next, we give an upper bound for
card (E,(UY", ..., U1, UT))
We construct a "tree":

T= U {fU):UecE(UF,...,Ul1; UM},

0<k<n

and define the k-th layer L of the T by
Li={f*U): UeEn(UJ,...,UT1; UM}
Our result is: card(Lp) < pin L. card(L,), which is equivalent to
card (Em(UZ, ..., UM U™)) < piin ™t

where M,,, — oo as m — oo.
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Main idea of the proof

We can also prove that

There exists Tg > 1 such that for each ne Ny, ke N, W" e W,,
there exist T € Wi« such that card(Z) < (pTo)¥, where p is the
constant in axiom [Deg], and

w"cJZ,

Combined with our previous result, we have
n

min{card €aiépc \/ ffj(W/), Ac UfA} < PM*'lnﬂ(pTo)lfm,
j=0
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Main idea of the proof

Finally, we have

h*(f) = lim lim lim 1H(n\_/lf—f(w,)

m—+00 [>+00 N—+00 N j=0

n-1 .
Jron)

1
< lim lim lim —Iog(pMm (pTo)l_m)

m—>+00 [—»400 N—>+00
log p

m

lim

m—+00

=0
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Further research

To be filled...
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End

Thank you!

Hanyun Zheng On equilibrium states of CXC system



