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ABSTRACT. A computational model for the total energy, including surface
energy, of second order laminated microstructures is proposed. By studying
the minimization property of this energy, we can numerically reveal how the

twin widths of a second order laminated microstructure are related to the
specimen’s length and the surface energy density of a crystalline material.

Numerical experiments on a 2-dimensional Ericksen-James type elastic model
for crystals show that the twin widths of the first and second order laminates

satisfy certain cubic rule.

1. INTRODUCTION

Microstructure is a commonly observed phenomenon in many elastic crys-
tals. Martensite crystals are a kind of such crystals which have a high tempera-
ture phase (austenite) and a low temperature phase (martensite). Under certain
temperature, austenite and martensite can transform from one to another, this
temperature is called the transformation temperature. Austenite with a unique
variant is a higher symmetric phase and martensite with several symmetry-related
variants is a lower symmetric phase. Below the transformation temperature dif-
ferent variants of martensite can coexist and mix with each other in fine scales.
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The simplest martensite microstructure is the so called simple laminates in
which the twinned layers of two variants of martensite form into a laminate per-
pendicular to a certain direction. Laminates can be nested within a layer of
another laminate to form a higher order laminated microstructure. In a lam-
inated microstructure, a laminate is called the first order laminate if it is not
nested in a layer of any other laminates, and is called a second order laminate
if it is nested in and only in a layer of the first order laminate, and is called a
kth order laminate if it is nested exactly in a layer of a (k — 1)th order laminate.
A laminated structure is called a kth order laminated microstructure, if £ is the
highest order of the laminates in the structure. Figure-1 is an example of a higher
order laminated microstructure [3].

FIGURE 1. Higher order laminated microstructure

The length scales, that is the widths of the twinned layers of the laminates,
are found to depend on the specimen’s dimension as well as the surface energy
density on the interfaces between the martensite variants [1, 8, 9]. Mathematical
analysis and numerical computations on the length scales of simple laminated
microstructures with surface energy can be found in [5, 8, 9, 16, 17] among many
others.

In the present paper, a mathematical model for computing the length scales

of second order laminated structures is established. The idea is to minimize the
total potential energy which is the sum of the elastic energy of the needle-like



structures of the second order laminates near the interfaces between the layers of
the first order laminate and the elastic energy near the specimen’s boundary and
the surface energy on the interfaces of second order laminates, and these poten-
tial energies can be considered as functions of the length scales, the specimen’s
dimension and the surface energy density defined on the sharp interfaces between
the layers of the second order laminates. The key to an accurate numerical result
is to accurately compute the elastic energy of the bending needle-like structures
near the interfaces of the layers of the first order laminate. To minimize the
mesh dependence of the numerical result, which can be significant and can cause
serious problems [11, 17, 19], the mesh transformation method is applied so that
the mesh lines can follow the twin boundaries of the needle-like structures.

The rest of the paper is arranged as follows. In section 2, a mathematical
model for the average energy density and the length scales of a second order
laminated microstructure is established. The numerical experiments and results
are presented in section 3, where we see that the twin widths of the first and
second laminates satisfy certain cubic rule, more precisely, they are proportional
to (12 e,)'/? and (I €2)'/? respectively, where [ is the length of the square specimen
and ey is the surface energy density defined on the interfaces between the two
martensite variants.

2. AVERAGE ENERCY DENSITY AND LENGTH SCALES
OF SECOND ORDER LAMINATED MICROSTRUCTURE

2.1. Structure of second order martensite laminated microstructure.
We restrict ourselves in the two-dimensional model. Let ®(Vu(z),6) be the

elastic energy density for deformation gradient Vu at temperature . Assume, for
6 lower than the transformation temperature O, the energy density ®(Vu(z),0)
has two energy wells SO(2) Uy and SO(2) Uy, where SO(2) = {R € R**?: RTR =

I, det R = 1.} is the set of all rotational matrixes, and

VI—Zz 0 1+Z 0
Uy = ¢ 7 U, = c , (2.1)
0 1+é 0 JVi—é

where £ is the transformation strain. Then it is easily verified that there exist
R* € SO(2) such that Uy and R*U; are in rank-one connection. More precisely,



let ;; =vV1—¢&, no=+v1+¢£, and let

P
RE — ( mne =*€ ) 7 (2.2)

FE mn

then, we have
RiUl = Uo—l—ai@ni, (23)

where a* = /24(1;, F12)7 and n* = \%(1, +1)7T,

Thus the laminates can be formed between Uy and R*U; with an arbitrary

given volume fraction 7 € (0, 1). We denote the laminates with the average
deformation gradients of the form Q* Af £ Q ((1—p)Up+pRTUy) and Q™ A, £
Q™ (1 =XN)Us+AR™U) for some Q* € SO(2) and u, A € [0, 1] the Martensite-1
and Martensite-2 respectively. It is not difficult to show that the Martensite-1

and Martensite-2 are in rank-one connection. In fact, we have [12]
A = QA +a®n(p), (2.4)

where

siné  cosé

0= ( cosé —siné >’ (2.5)

a\/a2 + 0% —in; — by
b\/a2 + b2 — mn3 4+ amne
where a = mno(1 — 2A\ué?), b= (A + p)é — 2\ué? and n(B3) = (cos 3,sin B)*.

For given A\, pu, o € [0, 1] satisfying (A(1 — X) + p(1 — p))o(1 — o) > 0, a

second order laminated microstructure with average deformation gradient

¢ = arctan , (2.6)

A, = (1 —0)AT +0QA; (2.7)

can be constructed by the layers of Martensite-1 (with average deformation gradi-
ent A7) and Martensite-2 (with average deformation gradient QA ) with volume
fractions (1 — o) and o respectively, and it is easily seen, by (2.4), that n(3) is
the unit normal to the interfaces between the layers of the first order laminate
(see Figure-2 and Figure-3).



F1GURE 2. Twin layers of Martensite-2 laminate.
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FIGURE 3. second order laminated microstructure constructed by
Martensite-1 and Martensite-2 laminates.

2.2. Energy of needle-like structures. As the twinned layers of a second order
laminate approach the interface of the first order laminate, they will, forced by
the deformation continuity condition, bend into a needle-like structure satisfying
certain energy minimizing property.



In this subsection, taking Martensite-2 as an example (see [16] for further
information on needle-like microstructures), we will discuss the energy of a needle-
like structure.

By Figure 2 and (2.4) (see [16] for details), it is easily seen that, for a = —7/4
(notice that n~ = n(—n/4)), the periodic relationship

won (B + %) B won(f + ) B )
u(m+ |cos(a—6—i§)\) — QA (m+ \cos(a—ﬁjg)]) =u(zr) — QA x

(2.8)

holds for both the deformation of the twinned Martensite-2 with the twin width
wy and the average deformation of the twinned Martensite-1. This allows us to

consider a periodic problem for the needle-like structure on a parallelogram with
one pair of parallel sides, of which the length is |cos(a — § + F)|w, ! perpen-
dicular to n(f) and the other pair of parallel sides, of which the length is Iy,
perpendicular to n(«a) (see Figure 2 and Figure 4). Let €5 be such a parallel-
ogram centered at 0. The boundary condition for the deformation u(x) of the

needle-like structure can be given by

R |C:;2Z<? 5 E)%)I) Y C;?Z(f 5 E)%n

un(z) = QUs(z — wa(X — Mm(a)) + /;2 o )f,\(s)dsa,_, on 0y,

| A5 (o — wa(d - (), on 9,
(2.9)

where 8(2;: are the pair of sides perpendicular to n(a) and 9, are the pair of

+
, on 08},

sides perpendicular to n(/3), and

where J is the set of all integers.

Notice that, if u(x) = wu,(z) on 0, then it satisfies the periodic relation
(2.8) and takes the value of the Martensite-2 twin laminate on 025, and a linear
function, which reflects the average deformation gradient of the Martensite-2 as
well as that of the Martensite- 1 twin laminates, on 0€2,_.
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FIGURE 4. Admissible decomposition of €25 for needles

The domain €2, is said to have an admissible decomposition for needles, if
2y can be divided into three disjoint connected subdomains Qs;, i € {0, 1, 2},

with Lipschitz continuous boundaries 9§, = 9, \ 0094, i = 1, 2, each of which
consists of two piecewise smooth curves as shown in Figure 4.

Denote
Ultn; Q) = {u € W 1 ugg, = u,},
where p > 2 is determined by the energy density ®(-, ). Let the set of admissible
functions U, (uy,; Q) C U(uy;Q2) be the set of all functions u € U(u,;)s) such
that the sets

Qo0 = {z € Qg [Vu(z) — Af| < |Vu(x) — QR™UL| A |Vu(z) — QUsl},

Qo1 = {7 € Uy : Vu(z) — QUo| < [Vu(x) — QR™UL| A [Vu(z) — At}

Qoo = {z € Qg [Vu(z) — QR™UL| < [Vu(z) — AL A [Vu(r) — QUol},

where a A f = min{«, $}, give {2 an admissible decomposition for needles.
Let v € Uy, (un;Q2), denote the elastic energy of the corresponding twin nee-

dles by
Ezn(lzo,(.Ug,’U) é F(U, Qg) = / (I)(V’U, 9) dﬁ?,

Qo

and define the elastic energy of the minimizing twin needles by

EQn(lgo, WQ) = veUi(nuf 0 ) E2n<l20, W, U). (210)

7



To calculate Ey,(lag,ws) is equivalent to solve the problem

{ find u € Uy (un; s) such that (2.11)

F(u; Qo) = infoeu, (un:0.) F(v; Q2).

Let v € Up(uy;€s), denote by l~2n(l20,w2,v) the total length of the corre-
sponding twin needles’ interface Q3 U 9Q%. Define
lgn(lgo, u)g) = l?f) lim inf ZQn(l20; wa, u(a)), (212)
{ul®)} a—co
where the infimum is taken among all the possible minimizing sequences {u(®} C

Up(ty; o) of the problem (2.11). By a change of the integral variables, we have

the following scaling relations [16]
Egn(dlgo, 5&)2) = (52E2n(l20, u)2> (213)

and

lgn(dlgo, 5(4}2) = 5l2n(l20, CUQ). (214)

For given surface energy density e, and the size of y: lyg > we > 0, the
total potential energy of the twin needles is given as the sum of the elastic en-
ergy Es,(lao,ws) and the surface energy egla, (lag, w2). Similar results can also be

obtained for the twin needles of Martensite-1.

2.3. Total energy of Martensite-1 and Martensite-2 laminates. The total
energy of the Martensite-1 and Martensite-2 laminates includes four parts: the
elastic energy of the twin laminates, the elastic energy of the twin needles, the
surface energy on the interfaces of the twin laminates and the surface energy for
the twin needles. More precisely, taking the Martensite-2 laminate with the total
length 5 and needle length [y and twin width ws as an example, we can write

the total energy on a twinned layers of the Martensite-2 laminate as [16]

EZ(Z% lag, w2) = Pg(ly — lag)wa + Eon(lag, wa) +2(ly — lag)es + 1o (lao, wa)es, (2.15)
where e, is the surface energy density and

Sy =& =& = i o
b (o, 0) (01,0) {U€R2>r<2:1<§1etU>0} (U,9)

is the elastic energy density of the martensite variants at temperature 6. Since

on a unit length in n(a) = n~ direction there are w™! pairs of the twin layers,
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by (2.15) and the scaling relations (2.13) and (2.14), the total energy of the
corresponding Martensite-2 laminate on per unit width in n(«) direction can be

written as
EQ(ZZa ZQ()aWQ) 2 Ey(ly, lag, wo)wy L = ®y(ly — iQOWQ> + EQn(ZZ(b 1w+
2[268(4)2_1 + (lgn(igo, 1) — 2[20)65, (216)

where lAgo = lyowy ! is the so called the characteristic length of the needles.

By the energy minimization principle, for a given specimen of Martensite-2
laminate with total laminate length l5, the twin width ws and the minimizing

characteristic needle length I are given by the solution of the following problem

EQ(ZQ,ZQO,WQ) = _ inf EQ(ZQ,Zgo,LD), (217)

lao€lr, lo@w~1] , @>0

where 7 > 0 is a constant depend loosely on the elastic properties of the crystal.

Theorem 2.1. Assume that (ly,ws) is a solution of (2.17), then

~ 2l2€ ?
Wy = Wa(lgg) & . s , 2.18
= @allo) (Ezn(l2071)—q)el2o> 219

and thus the minimizing energy of Martensite-2 laminate has the form

2l2€5
EQn(Z20, 1) — Dylag

= (I)glg —|— 2(2[265(E2n(igo, 1) — @9[20))% —|— (lzn(igo, 1) — 2[20)63. (219)

NI

Es(ly, Iz) 2 Ea(ly, lao, (

)?)

Proof. Since (ly,w,) minimizes the energy Es(ly, lag, ws), we have, by (2.16),

O E (1, Iy, w2)
&ug

— —Bylyy + E2n(i20, 1) — 2lse,wy* =0,

and thus the theorem follows. O
Similarly, for Martensite-1 laminate, we have

El(ll,ilo,wl) = 1nf E1<ll,l~10,aj), (220)

lo€lr, ho=1] , >0

9



and

~ 2l1€ 2
wy = &1 (lyy) £ — : 2.21
1= lho) <E1n<l107 1) — (I)elm) (221

For sufficiently small surface energy density ey, if ZiO, i =1 (or 2), is a solution

to the following minimization problem (see [16])

Ei(lzw[io) = iin>f E;(l;, Zio)
i0>T

+ (lin(le’ 1) - lio)es] (2.22)

=

= inf [®gl; + 2(2le5(Ein(li0, 1) — Polig))

lio>T

~ ~ ~

and w;(l;0) is given by (2.21) (or (2.18)) , then (l;0, w;(l;0)) solves (2.20) (or (2.17)).

2.4. Elastic energy in the boundary layer. The energy on the specimen’s
boundary is also an important part of the total potential energy in determining
the length scales of the second order laminated microstructure. In our model, the
hard boundary condition, i.e. the Dirichlet boundary condition, is used, thus the
energy on the specimen’s boundary is given by the elastic energy defined on a
boundary layer of the specimen. Since the first order laminate is periodic in the
direction n(f3), for simplicity, we consider a rectangular specimen with its sides
either parallel or perpendicular to n(3) and the length in n(3) direction being
a multiple of the period (i.e. the twin width 2w) (see Figure 3). Thus we only
need to compute the boundary layer elastic energy for a twinned layers of the
first order laminate on the part of the specimen’s boundary which is parallel to
n(8).

Taking a layer of Martensite-2 as an example, we show how the boundary
layer elastic energy is computed. Let {29, be a rectangle centered at 0 with one
pair of sides Q3;, of which the length is 20w, parallelling to 7(3) and the length
of the other pair of sides (9,4 is v (the width of the boundary layer). Let the

boundary condition of u(x) be given by

QA;ZL‘, S 8QQb:|:,
up(v) = Az, oz €00,
QA z, x €08y,

10



Notice that on {29+ the macroscopic deformation of Martensite-2 is imposed. This
approximation is reasonable and necessary in computation, since wy << w. Now,

the corresponding boundary layer elastic energy Egb(Qaw, v) can be obtained by

solving the following problem

{ find u € U(up; (22) such that (2.23)

F(ua Q2b) = infUEU(ub;ng) F(U, QQb)-

The boundary layer elastic energy E1,(2(1—0)w, v) corresponding to Martensite-1
can be obtained in the same way.

The average boundary layer elastic energy of Martensite-1 and Martensite-2
in the boundary layer with length w (in the n(3) direction) and width v is given
by

By(w, v) = %[Eu,(zu 0V, v) + Eap(20w, ). (2.24)
By a change of the integral variables, it is easily seen that the scaling relation
Ey(w,v) = W Ey(1,w ') (2.25)
holds for all w > 0 and v > 0.

2.5. Energy of second order laminated microstructure. For a given square
specimen of a second order laminated microstructure with its sides of length [
either parallel or orthogonal to n(f), the total potential energy is the sum of the
total energy of Martensite-1 and Martensite-2 laminates and the elastic energy
in the boundary layer, that is

Er(l,w) = (1 — 2v)[2( By (11 (w), l10(w)) + Ba(la(w), l2o(w)))] - LJF

2w
~ [
2Ey(w,v) - — (2.26)
w
where 2w is the twin width of the first order laminate, and

hi(w)=(1-0)w|cos(f — g —a)|™, (W) = ow| cos(B + g — )|t (2.27)

with a; = 7/4 and ap = —7/4 (recalling n* = n(47/4)), and v is the width of

the boundary layer, and where l1g(w) and ly(w) are the minimizing characteristic
needle lengths of Martensite-1 and Martensite-2 needles (see (2.17) and (2.22)).

11



Hence, by (2.26) and the scaling relation (2.25), the average energy density of the

corresponding second order laminated microstructure is given by

Br(l,w,9) = [By(h(w), how)) + Balba(), bo(@))] = +
2(Ey(1, 0)w — (By (I (w), lio(w)) + Ea(la(w), z}o(w)))m%, (2.28)
where 7 2 vw~! is the characteristic boundary layer width. Define
Ey(w, ) = By(1,0)w — (By(h(w), ho(w)) + Ba(la(w), I (w))) 2.
Denote 0(w) the minimizer of the following problem
Ey(w,(w)) = inf Ep(w, D). (2.29)

7>0
Now, for given specimen’s length [ and the surface energy density e, the average
energy density of a second order laminated microstructure Er(l,w, 7(w)) can be

viewed as a function of the first order laminate’s twin width w. Thus, the energy
minimizing principle leads to the consideration of the problem

{Find w > 0 such that (2.30)

Er(l,w, 9(w)) = infseo Br(l, @, 9(@)).

2.6. Length scales of second order laminated microstructure. The length
scales of the second order laminated microstructure, that is the twin width w of
the first order laminate, the twin widths w; and wy of the second order twin
laminates of Martensite-1 and Martensite-2, should be taken so that the average
energy density Er(l,w,?(w)) is minimized. Hence, to study the scaling law, we
need to recover the the average energy density Er(l,w,?(w)) as a function of the
specimen’s dimension [, the surface energy density e, and the twin width w. For
given (I, es, w) with e, sufficiently small, by (2.28), the function can be evaluated
by solving the problems (2.22) and (2.29) using the functions Ej, (Lo, 1), Lin (lio, 1)
and Ey(1,7) (i = 1,2) obtained by solving the corresponding minimization prob-
lems for needle structures and boundary layers (see (2.11) and (2.23)).

In computation, the functions Ey, (L, 1), lin(lio, 1) and Ey(1,9) (i = 1,2) are
approximated by data fitting using numerically obtained discrete sample data

12



(B, DYy, {1, 1)}, and {E;(1,0%)},. Substitute these approxi-
mate functions into (2.22) and (2.28), the function Er(l,w,?(w)) can be evalu-
ated approximately, and the length scales can then be obtained by solving the
problem (2.30) numerically using, for instance, the golden section method.

3. NUMERICAL EXPERIMENTS AND RESULTS

In our numerical experiments the following Ericksen-James type two dimen-

sional energy density ®(Vu(x),0) £ ®(C, ) for elastic crystals is considered:

2(0,0) = "D, — 0y~ D0y — cwpicn -l
- %)(CH — Cp)* + fOL, + g(trC — 2)?, (3.1)
where
C £ (Cy) = (Vu)'Vu, b(0) = [1 + aarctan £(0 — 07)]doé?,
c(0) =2[1+ 1+ 2704 arctan (0 — O7)|doé, d(0) = [1 + yaarctan (6 — O7)]dy,

and where dyg > 0, f >0, g > 0 are the elastic moduli, £ is the transformation
strain, o ~ % , £ >0, v <1 are the material constants used to reflect the
change of elastic moduli and the energy barriers as the temperature varies. It
is known [16] that, for 6 < 6r, ®(C,0) has two symmetry related rotationally
invariant potential wells SO(2)Uy and SO(2)U; defined by (2.1). In our numerical
experiments, we set a = %, £=0.25,7v=0,¢=0.05,dy =500, f =3.5, g =15,
0 =—20°C, Or =70 °C.

For simplicity, in our computation, we take A = 0.5, p = 1 and o = 0.5, thus
there is only one martensite variant (no laminated structure) in Martensite-1 and
we only need to consider Martensite-2.

Let 5 be a parallelogram as shown in Figure 4 with ws = 0.1 and the sample
characteristic length Zgo varies from 7.5 to 25. Let the initial mesh be a uniformly
distributed ”English flag” shaped mesh introduced by N x M lines parallel to
the sides and (N 4 M) /2 lines parallel to each of the diagonals. The initial mesh

is introduced by taking M=N=8, and is refined by a factor of 2 whenever it is
necessary. Let (29, Q297 and (299 be a decomposition of {2y as shown in Figure 4

13



with the area of both 29, and €295 slightly greater than one eighth of the area of

()5, and let the initial deformation ug(x) be given in the following way

( QU7 if 27 € Mand 27 € Oyy,
. R~ Uy27, if 27 € O and 27 € Qo
up(z’) = “ l.x 1 x‘ e - (3.2)
RYU 2, if 7 € 00y,
\ Un Qo Qogs 25), otherwise,

where N is the set of all the nodes of the mesh and w, (03—, Qo4 ; x;) is the linear

interpolation of u, (see (2.9)) along the direction n(5).

To compute EQn(ZQQ, 1) and lzn(igo, 1), the mesh transformation method [15]
is applied to the problem (2.11), and the discrete minimization problem thus
produced is solved by the conjugate gradient method. The idea of using the

mesh transformation method is to let the mesh distribution to be involved into
the minimization procedure so that the bending needle structure can be better

resolved by the mesh lines on a relatively coarse mesh. The numerical results of

Ean(lao, 1) and o, (lng, 1) at some sample characteristic needle lengths are shown

in table 1. Using the quadratic and cubic polynomials as the approximating

functions for Egn(ZQO, 1) and lgn(igo, 1) respectively, by applying the least square

method, we have

Egn(igo, 1) ~ ag + a1 + a2x2, (33)
lgn(igo, 1) ~ bo + blx + 621‘2 -+ b31‘3 (34)

with ag = 3.489 x 1073, a; = —2.993 x 107%, ay = 7.508 x 1079, by = —69.58,
by = 17.76, by = —1, by = 1.929 x 1072, and the corresponding numerical results
are shown in Figure 5, where the numerical data in table 1 are marked by the *s
and the approximate polynomials (3.3) and (3.4) are shown in solid lines.

TABLE 1. Numerical results of FE,, [, for various ZQO

a0 75 |10 | 125|115 | 175 |20 | 225 | 25
Eon(lao, 1) (x1073) | 1.773 | 1.101 | 0.889 | 0.704 | 0.597 | 0.550 | 0.561 | 0.662
lon(l20, 1) 15.23 | 27.53 | 34.40 | 37.57 | 36.19 | 40.22 | 45.18 | 50.13

14
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FIGURE 5. The numerical results of EQH(ZQO, 1) and lgn(lAzo, 1) for
A=0.5,and p=1.

In Figure 6 and Figure 7, we show two typical profiles of the needle structure
on the correspondingly transformed 16 x 16 meshes for the characteristic needle

lengths lyo = 12.5,17.5 respectively. Figure 8 shows the periodic structure of the

laminated needles for Zg() =17.5.

0.06 —

0.04 -

0.02 —

—0.02

—0.04 -

—0.06 I I I I I I I )
—0.8 —0.6 —0.4 —0.2 o 0.2 0.4 0.6 0.8

FI1GURE 6. Needle’s profile for A = 0.5, p =1 and ZQO = 12.5.

Similarly, We can establish the approximate function of Ej(1,7). From the

numerical results of E,(1, %) shown in Table 2, we see that F,(1,9) is very large
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FIGURE 7. Needle’s profile for A = 0.5, p =1 and loo = 17.5.

0.5 —

0.4

0.3

o.2 -

o.1
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-1 —0.8 —0.6 —0.4 —0.2 o 0.2 0.4 0.6 0.8 i

FIGURE 8. Laminated needles for A = 0.5, p =1 and lyo = 17.5.

when ¢ is sufficiently small and is almost a linear function for © € [0.4, 1] and
grows increasingly faster when © > 1. The approximate functions to Eb(l, 0) can
be constructed in the three intervals. In Figure 9, where the data in Table 2
are marked by *s, the numerical result of the approximate function to Ej on the
interval [0.3, 0.8] is shown, which is a linear function

Eb<1-, 1A)) = co + Cl’[}, (35)
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for © € [0.4, 0.8] with ¢y = 2.59 x 10711, ¢; = 4.02 x 10~*. Using the approximate
functions given in (3.3), (3.4) and (3.5), for any given w, we can easily find, by
solving the problem (2.29) with a 1-dimensional search, the approximate mini-
mizing characteristic boundary layer width (w), which is always found to be in

the interval (0.4, 0.8) in our numerical experiments.

TABLE 2. Numerical results of FE,(1,9) at various o .

o 0.2 0.4 0.6 0.8 1.0
Ey(1,9)| 257 156 x107* [ 2.41 x107* | 3.22 x 107* | 4.02 x 10~*
o 2.0 3.0 4.0 5.0 6.0
Ey(1,0) | 8.85x107* | 1.40 x 1073 | 5.03x1073 | 8.18x1072 | 1.19x10~"

4.5~

b

Boundary Energy E

I I I I I I I I I )
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8
Characteristic Boundary Layer Width

FIGURE 9. The numerical approximation of Ey(1,0).

With the above preparation, we are now able to compute, by applying a 1-
dimensional search, the numerical solutions to the problem (2.30) and thus the
length scales for the second order laminated microstructures. In Table 3, the nu-

merical results on the twin width w of the first order laminate and the twin width
wo of the second order laminate (Martensite-2) and the average energy density

E7r of the corresponding second order laminated microstructure, for the surface

energy density e, = 10~% and various sample lengths [, are shown. Furthermore,
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TABLE 3. The numerical results on w, wy and Ep for various [, in
the case of e, = 1078.

l 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800
w 270 | 430 | 5.64 | 6.83 | 7.93 | 8.95 | 9.92 | 10.84
wy (x1074) 10.721 [ 0.909 | 1.004 | 1.146 | 1.234 | 1.312 | 1.381 | 1.444
Er (x107%) 1 10.93 | 8.66 | 7.56 | 6.86 | 6.37 | 5.99 | 5.69 | 5.44

our numerical experiments show that, for different [ and e, the characteristic nee-
dle length l5o and the characteristic boundary layer width ¢ vary only slightly in
a neighborhood of 18.8 and 0.5 respectively, and Egn(ZQQ, 1) is almost a constant.

Thus, by (2.18) and (2.27), we see that the twin width wy of the Martensite-2

laminate is approximately a linear function of (wes)%, that is

Wy = C’l(wes)%. (3.6)

where (' is approximately a constant which in our case is about 43.8.

Recalling that the Martensite-1 is in this case a pure martensite variant and
the average total energy density of the second order laminated microstructure is
of the form

1
2

Er(l,w, 0(w)) = @ + [2(215(w) (Egn(igo(w), 1) — @gfgg(w))es) +
(lan(lao(w), 1) = 2 lao(w))es] i +2[E(1,8(w))w — Ex(la(w), lao(w))d(w)] %

where I, (w) is given by (2.27), ly(w) & 18.8 and #(w) & 0.5 are the corresponding
minimizing characteristic needle length and boundary layer width, we have the
following reduced formula

_ R es\ 2 w
ET(l,w, V(w)) ~ CI)Q + 02 (Z) + 037 (37)

Thus, by minimizing the right side of (3.7), we obtain the approximate scaling

law for w and the minimum average energy density Ep:

w = 04 (l2 63) s ET ~ 05 (l_l 63)

wl—=
Wl

(3.8)
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In fact, our numerical experiments show that Cy and C5 can be approximated in
high precision with the following functions

Cy = Cyo + Cyy exp(Cyaey), Cs = Cs0 + Cs1 exp(Csges) (3.9)

with Cyy = 58.205, Cy; = 82.967, Cyo = —0.75, Csy = 2.3461 x 1072, C5; =
1.1572 x 1072, Csy = —0.75 in our case, which tend to constants exponentially as
es goes to zero. In Table 4, some numerical results on Cy and C5 are shown.

TABLE 4. The numerical results for Cy, C5 for various e,

os (x1078) 1 2 3 4 5 6 7 8
C 58.410 | 58.463 | 58.500 | 58.530 | 58.554 | 58.576 | 58.596 | 58.613
Cs (x1072) | 2.3490 | 2.3497 | 2.3502 | 2.3506 | 2.3510 | 2.3512 | 2.3515 | 2.3518

=~

The numerical results on the relations between the twin width w, the average
energy density Fr and the sample length [ for the surface energy density {el}1%, =

i x 107% are shown in Figure 10 and Figure 11.

30

25

N
o

Twin Width w
&

—

[
]

e

o 1 1 1 1 1 1 1 1 J
100 200 300 400 500 600 700 800 900 1000
Sample Length

FIGURE 10. The relation between w and [ for various e;.
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N »
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100 200 300 400 500 600 700 800 900 1000
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FIGURE 11. The relation between Ep and [ for various es.

As a conclusion, by (3.6), (3.8) and (3.9) , we have the following cubic rule

for the scaling law
wrCL(Pe)s,  wr=C,(led)s, (3.10)

where

N|=

Cuy = C1CF = C1(Cyo + Cy1 exp(Chaes)) 2,

which tend to 334.16, as e, — 0 in our case.
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