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ABSTRACT. We report some numerical results on the computation of needle-
like microstructrues at mesoscopic scale obtained by applying the mesh trans-
formation method, which basically includes a mesh optimization into the finite
element approximations, on a nonquasiconvex elastic crystal model. Numer-
ical experiments show that the branched needle-like microstructures can be
well resolved near the interfaces between twinned layers of martensite and a
single variant of martensite, which are in good qualitative agreement with the

physical experiments.

1. INTRODUCTION

Crystalline microstructure is a typical phenomenon commonly found in solid
crystal materials. A geometrically nonlinear theory [1, 2] models the phenomenon
by a problem of minimizing a potential energy

F(u; Q) :/Qf(Vu(:r;))dx (1.1)

with a nonquasiconvex energy density f : R™ — R! on a set of admissible
functions

Uug; Q) = {u € W(Q; R™) : u = ug, on 0}, (1.2)

where 2 C R" is a bounded open set with a Lipschitz continuous boundary 052,
08 is a subset of 002 with positive (n — 1)-dimensional measure and 1 < p < 0.

It is well known that such a variational problem fails, in general, to have a
solution, and the minimizing sequences of the potential energy can develop finer
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and finer oscillations and lead to microstructures [1, 2], which are characterized
by the gradient Young measure [3]. To compute the microstructures, or rather
the highly oscillating minimizing sequences of F'(-, ) in U(ug; ), is challenging
and is of great interests both in theory and in applications. Great progress has
been made in recent years, and many numerical methods have been established
(see among many others [4]-[23]). Numerical analyses and experiments revealed
that the numerical results often depend strongly on the mesh and shape func-
tions, and can sometimes lead to pseudo-microstructures [7, 11, 14]. A rotational
transformation method established by Li [15] and the discontinuous finite ele-
ment method established by Gobbert and Prohl [17] somehow reduce the mesh
dependence of the numerical results. The rotational transformation method is re-
cently further developed into a mesh transformation method [18] and a periodic
relaxation method [19] which turn out to be very successful in computing macro-
scopic information, i.e. the gradient Young measure, of the twinned laminated
microstructures.

While the periodic relaxation method is efficient in computing twinned lam-
inates at macroscopic scale, it is not designed to capture the mesoscopic phe-
nomenon of microstructures, for example the needle-like microstructure near the
interfaces between twinned layers and single variant of martensite [22]-[26]. How-
ever we shall see in the present paper that the idea of the mesh transformation
method (see [18, 19]) can be applied for such a purpose. Basically, the advantage
of the mesh transformation method is that it allows the mesh to be aligned with
the interfaces during the process of optimization, so that a sharper numerical
approximation can be made and a much relaxed discrete optimization problem is
produced.

In section 2, we shall introduce the mesh transformation method and prove
its convergence. In section 3, some numerical results, which are obtained by ap-
plying the mesh transformation method to a two-dimensional model for elastic
crystals and using the conjugate gradient method to solve the resulted discrete
optimization problem, are presented to show the efficiency of the method in com-
puting at the mesoscopic scale the needle-like microstructures and their bending
and branching near the interfaces between the twinned layers of martensite and
single variant of martensite, which are in good qualitative agreement with the
experiment of Chu and James [24, 27].



It is worth noticing that, instead of resulting from the balance of the elastic
energy and the surface energy across twin boundaries as in [28], or a fixed length
scale of twinned layers in the boundary data as in [23], our computation shows
that initially existing twinned layers can also branch and produce needle-like
microstructures as the initially existing twinned layers approach the interfaces of
laminate-single variant of martensite. Of course, what the method produces are
local minimizers or metastable states of the elastic energy. Numerical evidence
shows that there can be many stable local minimizers or metastable states which
have bending and branching needles.

2. THE MESH TRANSFORMATION METHOD

Let Q C R™ be a polyhedron and let 9€2 be its boundary. Let 0€)y be a subset of
9Q with positive (n—1)-dimensional measure. Let f : R™™ — R! be a continuous
function which satisfies the following hypotheses for a constant p > 1:

(h1): max{0, a1 + b1 €]} < f(§) < ag + b[E)7,
(h2): [£(§) = fm)] < CAL+ [P+ [nP~H)IE =l

where a; € R', as > 0, by > b; > 0 and C > 0 are constants. Consider the
problem of minimizing the functional

F(u; Q) = / f(Vu(z)) dz (2.1)
Q
on a set of admissible functions
U(ug; Q) = {u € WH(Q; R™) : u(x) = uo(x), on 0}, (2.2)

where ug is a given Lipschitz continuous boundary data.
Define

T(Q2) = {bijections L : Q@ — Q|L € Wh>(Q; R"), L' € W'*(Q; R"),
L(09Q) = 09, and det VL > 0, a.e. in 2}.

For any L € T'(2) and u € U(ug;2), let A € R™ and let u(x) : & — R™ be
defined by
u(z) = u(L(x)) — A L(z). (2.3)
Then it is easily seen that u € U(uo; 2), where ug(z) = uo(L(x)) — A L(z),

/Q F(A+ Va()(VL() ") det VL(z) do = F(u: ), (2.4)
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and

ael}gzﬁ;ﬁ) F(u,L; Q) = uel}afo;ﬁ) F(u; Q), (2.5)
where
Fla, L Q) = / FA+ V() (VI(2)™) det VL(z) da. (2.6)
Q

Let F5(£2) be regular triangulations of §2 with mesh sizes h [31]. Let

Th(Q) ={L € T(Q) : L|k is affine VK € T,(Q)}, (2.7)
Un(Q) = {u € C(; R™) : u| is affine VK € T,(Q)} (2.8)

and
Uh(v; Q) = {U € Uh<Q) : u‘aQO = U}. (29)

In the mesh transformation method, we consider the linear boundary condition

u|on, = up = Az and solve the following discrete problem:

(DP) {ﬁnd (u, L) € Up(0; Q) x T5(€2) such that (2.10)

F(u, L; Q) = inf(w 1heu, 0, )xm, @ F(u', L' Q).

Theorem 2.1. Let the sequences h; > 0 and ¢; > 0 satisfy lim; .o, h; = 0 and
lim; o &; = 0. Let the functions (tun,, Ly,) € Up,(0; Q) x Ty,(Q2) be a sequence of
approzimate solutions to (DP) (see remark 2.1) with

(@,L)€EUp, (0; Q) xTh, ()
Then
lim F(up,, Lp,(2)) = lim F(ayp,, Ly,; Q) = i?f Q)F’(u, Q), (2.11)
1—00 1—00 u€U(up;

where uy, (x) = up, (L, () + Az and uo(z) = Az for x € 0 (see (2.3)).

7

Proof. 1t follows from (2.5) that

inf  Fl(u; Q)= inf F(u,Ly; Q) < F(u, Ly Q). 2.12
UGH}?M();Q) (u’ ) ﬁeﬂlJl(lo; Q) (u’ hi» )— (uhz7 hi» ) ( )

On the other hand, for the identity map I : 2 — €0, we have

F(uy,, Ly Q) < inf F(u,I; Q i 2.13
(uhm his )_EEUL?(O;Q) (u7 ) )+€ ( )
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Now, let {u;} C WP(Q; R™) be a minimizing sequence of F(u; Q) in U(ug; ).
By the continuity of the functional F(u; Q) in W'?(Q2; R™), which is a conse-
quence of the hypothses (h1) and (h2), and the fact that C*(Q2; R™)NU(0; Q)
is dense in U(0; ) in the strong topology of W'?(Q; R™) [32], without loss of
generality it may be assumed that {u;} are smooth functions. By the standard

finite element interplation theory [31], we have
Uiy — ug, in WHP(Q; R™) as h — 0,

where u; j, is the finite element interpolating function of u; in U(ug; 2). Thus, by
the continuity of the funtional F(u; Q) in W1P(Q; R™), we have

lim inf F(u,l; Q)= inf F(u,l; Q) = inf F(u; Q). (2.14)
hi—0aelp, (0; ) u€U(0; Q) w€U(up;)

This completes the proof. O

Remark 2.1. The minima of (DP) may not be attainable, since the mesh can be
so singularly deformed that the measure of some of the elements goes to zero.

Remark 2.2. We may use the conjugate gradient method to search for a minimizer
of (DP). Since it is a local method, only local minimizers can be found. In fact,
lack of surface energy, what we are most interested in are those most easily
formed local minimizers or metastable states of the elastic energy. As in the
case of the global convergence given by Theorem 2.1, we can also expect better
numerical results by the mesh transformation method for the metastable states
or local minimizers, since the method enriches the finite element function spaces
and thus can provide a better approximation. We also found in our numerical
experiments that allowing the mesh to move greatly improves the convergent
speed of the minimizing procedure.

3. NUMERICAL EXPERIMENTS AND RESULTS

In the following numerical examples, we use a modified Ericksen-James two
dimensional energy model for elastic crystals with f(A, ) = ®(ATA, 0) and
b(6 c(6
2(C, )= "D(c — - Wicn — cmpion - ol

d(6
+ 1(—6)(011 — 022)4 + 60122 + g(trC — 2)2, (31)



where
b(0) = (1 + ccarctan u(6 — 07))doe?,

c(0)=2(1+ Lt 2704 arctan (6 — 07))doe,

d(0) = (1 + yaarctan u(6 — 07))dy,
and where dy > 0, e > 0 and g > 0 are the elastic moduli, 0 < ¢ < 1 is the
transformation strain, 67 is the transformation temperature,

2
ar —, p>0,and y<1
T

are the material constants used to reflect the change of elastic moduli and the
energy barriers as the temperature varies.

Figure 1 shows ®(Cjs, ) as a function of 6 with o = 2.02/7, p = 0.25, v = 0,
e = 0.05, dy = 500 and 67 = 70°C for various €, where

140 0
Cs =
0 1—90
It is not difficult to verify (see [29], see also [6, 7, 30]) that the energy density

f(Vu, 0) = ®((Vu)'Vu, 6) has

(i): a unique potential well SO(2) for 6 > O7;

(ii): two symmetry related rotationally invariant potential wells SO(2)U,
and SO(2)U, for 6 < Or,

where SO(2) is the set of all 2 x 2 rotational matrices, and
V1—e¢ 0 U v1+e 0
ive) 0 vi—g)

Furthermore, Uy and R*U, are in rank-one connection. More precisely, let n; =

V1—cand n =1+ ¢ and let

Rt — (771772 :I:g) 7 <33)

+E  MmN2

Uy = (3.2)

then, we have
RiUl = Uo—i-ai@ni, (34)
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FIGURE 1. The energy density ®(Cs, 6) with 7 = 70°C.

where at = \/2¢(n1, F12)T and n* = (L £

It is also well known [1, 2] that, if the affine boundary condition u(z) = Afz,

where
A= (1= MU+ ARFU;,, 0<A<1 (3.5)

is imposed on the boundary 052, then the Young measure derived from any min-

imizing sequence of the elastic energy F(u; €)) is unique and is given by

13(€) = pM (&) = (1= N)ou, (&) + Adrers, (), (3.6)

where 0g is the Dirac measure centered at F, and typical minimizing sequences
of F(-; Q) are essentially given by the finer and finer twinned layers, where the
deformation gradient takes its values at Uy and R*U; with the volume fractions
(I — X) and A, modified only in a corresponding small neighbourhood of the
boundary 9 by a linear interpolation so that the boundary condition can be
satisfied.



In our numerical examples, the initial twinned layers are taken of the following
form (cf. [7, 11])

uy 5(z) = Upw + 5(/0619“1 oxs(8) ds)a_, (3.7)

where 0 5(s) = 0(07's) and

0, k<s<k+1-A\Vked,
O')\(S):{ (3.8)

1, E=X<s<k,VkeT,

and where J is the set of all integers. It is easily seen that the gradient of the
deformation u) 5 takes its values at Uy and R~U; with the volume fractions (1—\)
and A and the width of a twinned layer is .

We can easily establish rank-one connections between the twinned martensite

Af and a single variant of martensite. Let

212

0?\ = arctanw, (39)
Ae(1 /\2 2\ 2,2

6, = arctan e+ X6 miny — ae (3.10)

(]_ + (1 + a)/\2€2)n1n2 ’

where @ = 1 — A\ + Ae?, then it is easily verified that there exist a} € R? and
ni € S' = {z € R?*: ||z| = 1} such that

AL — ROVDU; =al @n), i=0,1, (3.11)

where, in (3.11) and in the rest of the paper,
cosf —sinf
R(0) =
sinff  cos#
is a rotational matrix, and we have for \ # 1

n} -n~ = O(¢?) and n} -n~ = O(e). (3.12)

Let Q = Lo(a, 5)D where D = (—a, a) x (=b, b) is a 2a x 2b rectangular
domain, Ly(a, 3) is defined by

Lo, B) (x) _ R() (:C + y tan(a — ﬁ)) |
Yy Yy
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where R(«) is a rotational matrix. It is easily seen that the domain  so defined

is a parallelogram with sides of length 2a and 2by/1 + tan?(a — 3) perpendicular

to n(a£m/2) and n(f) respectively (see figure 2), where n(7) = (cos(7), sin(7))7.

In the following examples, « is taken to be 7/4 so that the laminate is parallel
to the sides of length 2a.

n(a + 102) T

0Q

n(B)

FIGURE 2. The reference configuration  (when o < f3).

To reduce the discrete error, the initial mesh should be introduced to allow
the twins to bend equally easily to the either side. Naturally, in our numerical
experiments, the initial mesh is introduced by T, (€2) which is a family of regular

triangulations defined by
Th(Q) = Th(Lo(a, B)D) = {Lo(a, B)K : VK € T(D)}, (3.13)

where T,(D), for h = hyy = 571/ (aM)? + (bN)? with N > 2 and M > 2, is

a family of regular triangulations of D introduced by the lines

y= —b+ 2, —M <i<M;

r= —a+3j, —N<j<N;
b 4b N N. <3'14)
E[E—Nk}, —5<k<5,

y= Zr+ 2Lk, LS<k<i

Let 0y = Lo(o, B){(x,y) € 0D : x = +a}, and let 02y = 904 U 0N_.
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Numerical experiments show, as is expected, that the finer initial mesh with
small random initial deformation generally leads to finer twinned layers, usually in
the mesh scale. To compute needle-like microstructures with a fixed length scale,
we started at a coarse mesh and refined the mesh by steps after the convergence is
achieved in each step. The initial mesh should be able to accommodate the thin
long needles which we expect to have, that requires a > b if M and N is taken of
the same scale. Our numerical experiments show that the needles so obtained are
stable, i.e. they keep topologically unchanged after mesh refinements, while in
the case when a > b is not satisfied needles are often difficult to form or unstable.

Noticing the periodicity of the twinned laminate, to further relax the discrete
problem, we can impose the boundary conditions in the following way (see [19]):

the mesh transformation L satisfies the periodic condition

(L = I)(Lo(ev, B)((x,0)")) = (L = I)(Lo(v, B)((z, =b)")), Yz € [=a, a], (3.15)
L(09y) = 99y, (3.16)

where [ is the identity map, and the deformation u(z) = u(L(z)) — A Lz is also
asked to satisfy the periodic condition

u(Lo(a, B)(z,0)") = a(Lo(c, B)(z, —b)"), Vz € [~a, a, (3.17)
u(z) =0, Yz e dQ. (3.18)

The problem is thus equivalent to computing, on a domain which is infinite in
the directions +Lg(c, 3)(0,0)T, a solution which is periodic in the corresponding
directions with period 2b/ cos(a — 3), and naturally this also allows us to focus
our computation on a couple of twins so that the scale of the computation and
the total cost are much reduced.

We emphasize here that our interest is to compute, under the given boundary
condition, those metastable states of F'(-, 2) which are associated to the initially
existing twinned layers. In our numerical experiments, the conjugate gradient
method, which is restarted at every 20 steps, was used together with a linear
search to solve the discrete problem (DP) (see (2.10)), where the mesh trans-
formation L was kept fixed until the energy gradient dropped to a certain level
(for example 10™*) so as to prevent the mesh from being distorted too much in
the region where the gradient of the initial energy is great. To guarantee that
the condition det VL (z) > 0 is satisfied, i.e. to keep the orientation of each
element unchanged, we check the condition on each element while searching for
the minimizer and reduce the step length if necessary.
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To visualize the numerical results, we displayed, in the reference configuration
or in the deformed configuration, an element white where the right Cauchy-Green

strain tensor C' = Vu! Vu is sufficiently close to Ul Uy and black where the right
Cauchy-Green strain tensor ¢ = Vu!Vu is sufficiently close to Ul'U;, which
represent the two single variants of the martensite phase, and we displayed an
element gray where the right Cauchy-Green strain tensor C' = Vu! Vu is neither
close enough to Ul Uy nor close enough to U] Uy, and the darkness depends on
the closeness to U] Uy and U{ U.

We consider the case for the laminate-single variant of martensite in which the
deformation gradient of the boundary data is rank-one connected to the average
deformation gradient of the initially given laminates as in [23], however we do
not limit our computation in a thin boundary layer (compare [23]), instead we
choose a physical configuration which is much longer in the direction parallel to
the laminate.

Example 1. Let Q = Ly(7/4, aro)D where D = (—a, a) X (=b, b) with a =3
and b = 0.05, and where «, ¢ is the angle between the vector n3 (see (3.11)) and
the x axis. The initial mesh is given by T,(Q2) = Tp(Lo(7/4, aro)D) (see (3.13)
and (3.14)) with My = 16 and Ny = 12. Denote the nodes of the mesh ¥ (D) by

_ 2q-1
m= O 0<i< M, 0<)< N,
—b+ 2b3-

and denote the corresponding nodes of the mesh %, (£2) by X;; = Lo(7/4, ax0) 4.
By (3.11), the matrix R(6%)Uy, which is a single variant of martensitic phase, is
rank one connected to the matrix Ay, which is the average of the gradients of
the twinning, and the rank one direction is n{. This allows us to take the initial
deformation u?\,(;(x) for the conjugate gradient iteration in the piece-wise linear

finite element function space by setting

.

U 35(Xig), if i <3,
u;%(Xij), else if 1 < 11 and 5 <5,
u375<Xij) =4 uy5(Xi), elseif i <11 and j > 5, (3.19)
R(03)Uo (X5 — d), else if 12 <1 < 14,
| ROV)RTU; (X, — d), otherwise,

11



where § = 80/Ny and d = X;

iojo With i = 14 and jo = 6. In our numerical
experiments, we take A = 0.5, and the temperature is fixed to 55°C. The initial
mesh and the distribution of the initial deformation gradient on the reference

configuration Q = Ly(7/4, axo)D are shown in Figure 3.
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FiGURE 3. The initial mesh and deformation gradient.

To apply the mesh transformation method with periodic relaxation boundary
conditions, we take

ug(X) = ul 5(X) — Ay X, VX € Q, (3.20)
LY(X) =I(X), VX € Q, (3.21)

as the initial deformation and mesh transformation map, and search, by the conju-
gate gradient method, a minimizer (a°, L°), where (2" —uj, L°) are finite element
functions in Up,, y (€2) X Up,, () satisfying the periodic conditions (3.15)-

(3.18), of the energy functional F'(u, L; §2) defined by (2.6). When the iteration
is convergent, for example the energy falls no more than 107! in an iteration,
then the mesh is refined by setting M; = 2M;_; and N; = 2N;_;, i = 1,2,---

The pair of initial deformation and mesh transformation map (uj, L}) is taken
to be the linear interpolation of (a'~', L") in U, , () x Uy,  (Q), where
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(@', L'} is the approximate minimizer obtained by the conjugate gradient
method in Uy, () x Uy, Q) with (a!

171’N¢71(

periodic conditions (3.15)-(3.18).

—ay !, L'7Y) satisfying the

The convergence of the algorithm for the deformation and mesh transforma-
tion is shown in Table 1, where eu;;’ = ||a’ — @)||, and eL}?” = ||L' — Li|xp-
The convergence of the algorithm for the energy is shown in Figure 4, where Fig-
ure 4(a) shows the convergence of the conjugate gradient method in searching for
a minimizer in Uy,  (©2) X Uy, () and where Figure 4(b) shows the conver-
gence of the mesh refinements combined with searching for a minimizer (u’, L?)

in Up,, y (©2) x Up,,  (€2) by the conjugate gradient method.

TABLE 1. The convergence of the deformation and mesh transformation

i J

0,2

eu;;

0,00

eu;;

1,2

eu;;

0,2
eLij

0,00
eLij

1,2
eLij

0,1

7.87 x 1075

7.41 x 1074

7.23 x 1073

5.51 x 107°

1.33 x 1073

3.24 x 1072

1,2

2.00 x 1075

2.18 x 1074

1.94 x 1073

1.79 x 107°

716 x 1074

1.89 x 102

2,3

2.77 x 1076

4.79 x 107°

7.87 x 1074

1.83 x 10~

1.21 x 10~*

4.50 x 10~3

3,4

3.38 x 1077

7.30 x 1076

3.55 x 1074

3.42 x 1077

1.21 x 1074

1.91 x 1073

Figure 5 shows the deformed mesh and the distribution of the deformation
gradient on the reference configuration L°(Lo(7/4, cy)D) for the numerical re-
sult (@°, L%). In figure 6, we show on the deformed configuration the bending
and branching needle-like microstructure constructed from the numerical result

(@®, L?) by a periodic extension.

Example 2. Let everything be the same as in Example 1 except that the initial
deformation u 5(Xi;) be given by

if i < 11,
else if 12 <7 < 14,

Uy 55(Xij),

u?\,a(Xij) =49 ROV, (X5 — d), (3.22)

otherwise,

where § = 80/N, and d = X ;, with iy = 14 and j, = 6. The initial mesh and
the distribution of the initial deformation gradient on the reference configuration
Lo(m/4, ar0) D are shown in Figure 7(a).
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F1GURE 4. The convergence of the energy.

The numerical result of the corresponding (#°, L°) on the reference configu-
ration is shown in Figure 7(b), and the corresponding bending and branching
needles on the deformed configuration constructed from (@3, L3) by a periodic

extension is shown in Figure 7(c).

Example 3. Let everything be the same as in Example 1 except that the initial
deformation u3 5(Xj;) be given by

Uy 35(Xij), if i <3,
- (X0, lse if i < 11,
uy 5(Xis) sl ) et (3.23)
7 R(HE)\)U() (XZ] — d), else if 12 S ) S 14,
\ R(6Y)RTU, (X;; — d), otherwise,
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FIGURE 5. The deformed mesh and the distribution of deformation
gradient for the numerical result (7, LY).

FIGURE 6. The bending and branching needles constructed from
the numerical result (u?, L3).
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where § = 80/N, and d = X ;, with iy = 14 and j, = 6. The initial mesh and
the distribution of the initial deformation gradient on the reference configuration
Lo(m/4, axo)D are shown in Figure 8(a).

The numerical result of the corresponding (@°, L°) on the reference configu-
ration is shown in Figure 8(b), and the corresponding bending and branching
needles on the deformed configuration constructed from (@3, L?) by a periodic
extension is shown in Figure 8(c).

Generally, different initial data lead to different branching needles. Compare
with the elastic energy of a pure variant of martensite at the temperature, that
is F'(Up; Q) = ®(C.,55) meas(Q2) = —0.5265227 x 1072, we see in table 2 that the
longer branched needles (figure 6 and figure 8(c)) have obviously lower interface
energy S(ut, L*; Q) = F(u*, L*; Q) — F(Up; ) than that of the needles branched
only at the needle tips (figure 7(c)).

3 -2 -1 0 1
figure 7(a)

1 1 1 1 1 1

3 -2 -1 0 1 2 X
figure 7(b)

w

-2 -1
figure 7(c)

FIGURE 7. The numerical results for Example 2.
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TABLE 2. The elastic energies for different needles

figure 6 7(c) 8(c)
F(u*, L% Q) | —0.5250724 x 1073 | —0.5242411 x 1073 | —0.5249441 x 1073
S(ut, L) | 0.1450849 x 107° | 0.2281639 x 107> | 0.1578589 x 10~°
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