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ABSTRACT. A convergence theory is established for a truncation method in
solving polyconvex elasticity problems involving the Lavrentiev phenomenon.
Numerical results on a recent example by Foss et al, which has a polyconvex
integrand and admits continuous singular minimizers, not only verify our con-
vergence theorems but also provid a sharper estimate on the upper bound of a
perturbation parameter for the existence of the Lavrentiev phenomenon in the

example.

1. INTRODUCTION

Let Q C R™ be an open and bounded set. Let f : Q@ x R™ x R™ — R =
RU{+4o0} be given. Then, the fundamental problem of the calculus of variations

can be informally described as minimizing the functional I : W1(Q; R™) — R,

defined by
I(u) = /Q Fx,u(x), Du(x))dx, (1.1)

over an admissible set of functions A? = AN WP(Q; R™) (p € [1, +00]) with A
being a prescribed subset of W1(£2; R™). Tt is clear that the infimum infue 40 (1)
is non-decreasing with respect to p. For many classical problems, the infimum

above is not affected by the value of p [13]. However, consider the example given
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by Mania [21], of minimizing the integral functional

I(u) = /0 1(u3 — () dx

in the admissible functions A = {u € W1(0,1) : u(0) = 0,u(1) = 1}. We have

(i) The Lavrentiev phenomenon, that is

uglfoo I(u) > uléljl I(u). (1.2)

The occurrence of such a phenomenon was first discovered by Lavrentiev
for a different example in 1926 [15].

(ii) If {u;} C AP, for some p > 2 and u; — @ a.e. x € (0,1), where @ = z3 is
the absolute minimizer of I in A*, then [5]
lim I(uj) = +o0. (1.3)
J—+o00

This is the so called repulsion property, which is commonly seen in the
problems exhibiting the Lavrentiev phenomenon.

Properties (i) and (ii) suggest that the standard finite element methods can nei-

ther detect the absolute minimizer nor determine the minimum value. Various
numerical methods for detecting singular minimizers have been developed in re-

cent years [2, 6, 16, 17, 18, 19] (see [7] for a survey and more references), and the
corresponding convergence theorems were proved for the case when the integrand
f is convex with respect to the deformation gradient Du.

It is of great practical interests that the phenomena also exist in nonlinear
elasticity problems. In fact, it has long been known that discontinuous equilib-
rium solutions exhibit the Lavrentiev phenomenon [3]. Recently, Foss et. al. [13]
gave examples of a family of nonlinear elasticity problems which have continuous
singular minimizers exhibiting the Lavrentiev phenomenon. In their examples,
the integrand f is polyconvex with respect to the deformation gradient Du, more
precisely, it is of the form f = f. + ¢f, with f. convex and f, polyconvex, and
it was shown that the Lavrentiev phenomenon exists when the parameter ¢ is no

greater than some upper bound g¢ [13].



In the present paper, we generalize the theory developed in [2] and establish
a convergence theory for the truncation method for the case when f is polycon-
vex, which enables reliable applications of the truncation method to polyconvex
elasticity problems.

The rest of the paper is organized as follows. Some preliminary definitions and
results, which are useful in the convergence analysis of the method, are given in
Section 2. In Section 3, we establish the convergence theorems for the truncation
method for polyconvex integrands. In Section 4, we show numerical results on
the examples within the framework of two-dimensional nonlinear elasticity given
by Foss [13]. They not only verify our convergence theorems but also suggest
a sharper estimate on the upper bound of the perturbation parameter e for the
existence of the Lavrentiev phenomenon.

2. PRELIMINARY DEFINITIONS AND RESULTS

Let © C R™ be bounded and open. We first introduce some definitions
required for the formulation of a lower semicontinuity theorem.

Definition 2.1. A function g : Qx R™ x R¥ — R is called L® B-measurable, if it
is measurable with respect to the g-algebra generated by products of measurable
subsets of 2 and Borel subsets of R™ x RF.

Definition 2.2. A function g : Q x R™ x R¥ — R is called a Carathéodory
function, if

(i) g(-,u,v) is measurable for every u € R™, v € R¥,

(i) g(x,,-) is continuous for almost every x € €.

Definition 2.3. A sequence of functions gy : Q@ x R™ x R¥ — R is said to
converge to g : 2 x R™ x R¥ — R, locally uniformly in Q x R™ x RF, if there
exists a sequence of measurable subsets ; C 2 with meas,(Q\§;) — 0 as [ — oo

such that, for each | € N and any compact subset G C R™ x R*,

gu(x,u,v) — g(x,u,v) unifomly on ; x G as M — +o0.

Throughout this paper — denotes sequential weak convergence. The follow-
ing theorem is a special case of a more general theorem given by Li in [20].

Theorem 2.1. Let 1 < p < +oo and let g : Q2 x R™ x R¥ — R satisfy



(i) g(-,-,-) is a Carathéodory function,
(i) g(x,u,-) is conver,
(iii) g(x,u,v) > a(x), for some a(-) € L'(Q).
Let gy : Q2 x R™ x R¥ — R satisfy
(a) gm (-, ) are L ® B-measurable,
(b) gn — g locally uniformly in Q x R™ x R,
(¢) gu(x,u,v) = b(x), for some b(-) € L'(Q).

Let {upm},u € LP(Q; R™) and {vm},v € LY(Q; R*) be such that
uy — uin LP(; R™) and vy — v in L*(Q; RY).
Then,

/g(x,u,v)dx<liminf/gM(x,uM,VM)dx.
Q Q

M —+oc0

Definition 2.4. [9] A function f : R™ — R is said to be polyconvex if there

exists g : R™™") — R convex, such that
f(P) =g(T(P)), (2.1)
where T : R™ — R™™™ is given by T(P) = (P, adj,P, -, adj,,.P)-
In the preceding definition, adj,P stands for the matrix of all s x s minors of
the matrix P € R™, 2 < s < n A'm = min{n,m}, and

nAm
mln!

T(m,n) = Z o(s), where o(s) = (5020m = ) —s)1"

s=1

Remark 2.1. Note that in the case m = n = 2, the notion of (2.1) can be read as
f(P) = g(T(P)) = g(P,detP).

We close this section with some results concerning the weak continuity of the
7adj,” functions [9].

Theorem 2.2. Let 1 < p < +00, and uy — u in WiP(Q; R™).
(i) Let m,n >2,2<s<nAmandp > s, then

adj,Duy — adj,Du in (D'(Q))7.



(i) Let m,n > 2,2 < s <nAm and assume that
adj,_Duy — adj,_,Du in (L"(Q))7C7Y,
where r > 1 with 1—1) —i—% < 1, then

adj,Duy — adj,Du in (D'(Q))7.

Remark 2.2. Under the assumption of Theorem 2.2, it is easily seen that, if
m,n > 2, p > n Am, then, uxz — u in W'?(Q; R™) implies adj,Duy, —
adj,Du in (L'(£2))7®) for each 2 < s < n Am.

3. THE CONVERGENCE THEOREMS FOR THE TRUNCATION METHOD
FOR POLYCONVEX INTEGRANDS

Assume that the integrand f : Q x R™ x R™ — R satisfies the following
hypotheses.

(H1) f(x,u,-)is polyconvex for all (x,u) € Q2 x R™, i. e. there exists a function
g: Qx R"x R™" — R such that f(x,u,P) = g(x,u, T(P)) and
g(x,u,-) is convex for all (x,u) € Q x R™;

(H2) g(x,u,v) is a Carathéodory function;

(H3) There exists an a(-) € L'(Q) such that f(x,u,P) = g(x,u, T(P)) > a(x)
for all (x,u, T(P)) € Q x R™ x R™(mn);

(H4) Let dg(x) = suppy <k pi<k |f (X, 0, P)|, then dg(-) € L'(Q).

By (H3), without loss of generality, we may assume that f is non-negative.
Let 7" be a regular triangulation [8] of { with h being the mesh size and let
QU = Ugers K. Let A be a closed convex subset of W11 (€; R™), and let A,
be closed convex subsets of the finite element function spaces {u € C(Q; R™) :
u|g is affine, VK € 7"} satisfying the W1P(Q; R™), 1 < p < 400, approximating
property, that is, for all u € AN WP(Q; R™), there exist u;, € Ay, such that

u, —u in WH(Q;R™), as h— 0;

and on the other hand, if the above convergence holds in weak topology for some
u € WhP(Q; R™) and a sequence uy;, € Ay, then we have u € A.
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The application of the truncation method to computing the minimizer of 7(-)

in AP leads to the finite problem of minimizing

Ty (up) = /Q Far (%, 1, Duy) dx (3.1)

in Aj,, where the integrand f is replaced by certain slower growth truncation
functions f3; on regions where the function uy,, and especially its gradient Duy,
is so large that the growth of the integrand may be out of control. In [2, 18],
the convergence results of the truncation method for the case when f is convex
were obtained for some specially designed truncation functions. With similar
techniques as used in [2], we establish below the convergence theorems of the
truncation method for the case when f is polyconvex.

Let {7"7}72°, be a given family of regular triangulations of Q with hy; — 0
as M — +o0.
Lemma 3.1. Let 1 < p < 4+00. Let Thy be subsets of Th™ such that the sets
6hM = Ukesru K satisfy
+00 N
lim meas,(_J Qn,,) = 0. (3.2)
M=l

l—o0
Let the truncation function gy (x,u, T(P);p) = fu(x,u,P;p) be defined by

g(X7 u, T(P))7 X € 9\511»17
min{ap,, (x)(1 +[P), g(x,u, T(P))}, x € Qp,,,
(3.3)

gu(x,u, T(P);p) = {

where ap,, (-) € L®(Q) and ap,, = ap,,(X) = a1 >0 a.e. in Q. Then

(a) gr(s, -, 3 p) are L ® B-measurable;
(b) gar(x, 0, T(P);p) = b(x), for some b(-) € L'();
(¢) gar — g locally uniformly in Q x R™ x RT™™),

Proof. Since both g(x,u, T(P)) and ay,, (x)(1+4|P|P) are Carathéodory functions
and hence L® B-measurable, it is not difficult to verify that gy (-, -, -; p) are L& B-
measurable.

If we define b(x) = min{a(x), a;}, then b(-) € L'(Q) and gy (x, u, T(P); p) >
b(x).



To prove (c), let

O = Q\( U QhM)' (34)

It is obvious that €); are measurable and €; C Q. By (3.2) and (3.4), we have

“+oo
meas, (2 \ ;) = meas,( U Qp,,) — 0, as | — +oc.
M=l

It follows from (3.3) and (3.4) that, for each ,
g (x,u, T(P);p) = g(x,u, T(P)), Vx € O aslongas M > I.

This completes the proof. O

Corollary 3.1. Let 1 < p < +oo. Let gy be given by (3.3) with fNZhM satisfying
(3.2). Define

]M(u;p):/QfM(x,u,Du;p)dx:/QgM(x,u,T(Du);p)dx.

Let {up},u € WHP(Q; R™) be such that

uy — uin LP(Q; R™), T(Duy) — T(Du) in L'(; R™), as M — +oo.

Then,
< limi D).
I(u) < liminf Iy (upr; p)
Proof. The conclusion follows directly from Theorem 2.1 and Lemma 3.1. O

Definition 3.1. A function u € W (Q; R™) (1 < p < +00) is said to be a
partial regular function with singular set E(u), if Du € L>*(Q \ F; R™) for
any open set F' O F(u), and Du ¢ L*(G; R™) for any open set G such that
G N E(u) # 0.

In the remainder of this paper, we denote by F a set with zero n-dimensional
Lebesgue measure and finite (n — 1)-dimensional Hausdorff measure, especially
we always assume that the singular set E(u) in question satisfies meas,, E(u) =0

and its (n — 1)-dimensional Hausdorff measure is finite.
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Definition 3.2. A sequence of sets (NZfM = Ukeqrarm K, where Tha(E) C Thu,
is called an admissible finite element covering of a given set E if there exist
0 < Cy(har) < Cy(hyy) satistying Z;\rf; C1(har) < 400 such that

(D1) EC QF

(D2) VK € Thu(E), dist(E, K) < Cy(huy),
(D3) VK ¢ T (E), dist(E, K) > Cy(hyy),

where dist(F, K) is the Euclidean distance between the two sets.

Definition 3.3. Let 1 < p < +00. A sequence of truncation functionals
I (u;p) = / fE(x,u, Du; p) dx = / gr(x,u, T(Du); p) dx, (3.5)
Q Q

where the truncation functions g% (x, u, T(Du);p) = f&(x,u, Du; p) are defined
by

. L Jebeu T(P)), x € M\QF,
ol TR)p) {min{ahﬁ/,<x><1+|P|p>,g<x,u,T<P>>}, xe0f,.
(3.6)

with ap,, (1) € L®(Q) and @p,, > ap,,(X) = a1 > 0 a.e. in Q, is said to be

consistent with the set £ if {QEM} is an admissible finite element covering of E.

Lemma 3.2. Let 1 < p < +oo. Let u € WHP(Q; R™) be a partially reqular
function with singular set E(W) C E and satisfy f(x,u, Du) € L*(Q). Let I%(;p)
be consistent with the set E with {QEM} being the corresponding admissible finite

element covering of E. Let uy, € Ay, satisfy
u, — u in WP(Q; R™), ash — 0, (3.7)

and be uniformly bounded in W1 (2 \ (NZEM; R™) for each M. Then, there exists

a non-increasing function M(g) > 0, and a function h(e, M) > 0 with h(-, M)

non-decreasing and h(e, ) non-increasing, such that, for all € > 0,

15 (wp;p) — I(Q)| <&, if M > M(e) and 0 < h < h(e, M). (3.8)



Proof.
15 (wyip) — I(8) = / 5 (x, & Dik;p) — f(x, @, Di)ldx

+\/Q[f]\€[(x7uhaDuh;p) _f]\E4(X7ﬁvDﬁ;p)] dx

£ L(M)+ L(h, M).
By (3.6) and ¢g(x,u, T(Du)) = f(x,u, Du), we have

OOl = | [ 1 D) — flx. D) dx
< 2 /~ (. i, Dit)| dx. (3.9)
QhM

It follows from f(x,u, Du) € L*(2) that for any € > 0, there exists a d;(g) > 0,
such that

|f(x,u, Du)|dx <e, VQ CQ with meas, () < d;(e). (3.10)
Q/
Since the (n — 1)-dimensional Hausdorff measure of E is finite and {QEM} is
) = 0.
Thus, by (3.9) and (3.10), there exists a non-increasing positive function M (-)
such that

an admissible finite element covering of E, we have limy; measn(QfM

meas, (QF ) < 51(2) and |1, (M)] < g VM > M(e). (3.11)
By (3.6), we have

L(h, M) = / 195 (%, wh, T(Dwy): p) — g% (x, &, T(DW); p)] dx

QOF
har

" / 9o w, T(Dwy)) — g(x, &, T(D))] dx
Q\QF

har

To estimate I5;(h, M), we first notice that, as a consequence of (3.7), |Duy|? are
equi-integrable on €2, and thus, for any ¢ > 0 and given ay,, > oy > 0, there
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exists a d2(g, M) > 0, such that, for any ' C Q, we have
/ Qp,, | Dup|Pdx < e, Vh >0 if meas, () < (e, M). (3.12)
Q/

We claim that for any ¢ > 0, M > 0, there exists a hy(e, M) > 0 with hy(-, M)

non-decreasing and h; (e, -) non-increasing, such that
L1 (h, M)] < Z, Vhe (0, hi(e, M)). (3.13)

Suppose otherwise. Then, there would be ¢y > 0, My > 0 and a decreasing
sequence {h}} with lim;_ . hY = 0 such that |y (h}, Mo)| > % for all j. By

(3.7), without loss of generality, we may assume
uy — u and Duh?_ — Du a.e. in Q,
and furthermore,
T(Duh?) — T(Du) a.e. in €.
Thus, by (3.6) and (H2), we have
[gﬁo(x, o, T(Duhg);p) — gf/fo (x,u, T(Du);p)] = 0 a.e. x €. (3.14)
Let

G(So, M, h?) = {X eN:

lgar, (%, uy, T(Duyo); p) — 91, (%, &, T(DT); p)| > m}.

By (3.14), there exists Jy = J(eo, My) > 0, such that

13 13 & .
O 6(Y), 6a(=2, M)}, V> Jo. (3.15)

(G (20, Mo, B i
meas,, (G (g9, Mo, J))<mm{1664hMo 16 16’
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As a consequence of (3.6), (3.10), (3.12) and (3.15), we have

L (RO, My)| < /

: [, (1 [ D) + | £, 6, D) | dx
QEI\/IO ﬂG(Eo,Mo,hg)

+f 1953, (%, wpo, T(Dw); p) — 955 (x, &, T(Di); p) dx
QEMO ﬂ(Q\G(EQ,MQ,h?))
o _ €o €o 0
< 04 S0 neas,(Q\ G(eo, Mo, h°
6y, "0 "8 " T6meas, () (2 G20, Mo, 1)

<%, Vi > Jo. (3.16)
This is a contradiction.

We also claim that for any ¢ > 0, M > 0, there exists hy(e, M) > 0 with
ha(-, M) non-decreasing and hy(e, -) non-increasing, such that

| Ta(h, M)| < Z Vh € (0, ho(s, M)). (3.17)

Suppose otherwise. Then, there would be ¢y > 0, M; > 0, and a decreasing
sequence {h;} with lim; .. b} = 0 such that |1 (hj, Mi)| > %1 for all j. By

3.7), without loss of generality, we may assume that
g Y Y
u,: — u and Du,i — Du ae. in €,
J J
and

T(Duh;) — T(Du) a.e. in €,
and thus, by (H2), we have

[g(x, uh;,T(Duh})) —g(x,u,T(Du))] -0 a.e x €. (3.18)

By (H4), and noticing that by assumption there exists a C(M;) > 0 such that

lu,(x)| < C(M;) and |Duy(x)] < C(M) ae.xeQ\ ?zf Vh,
we have

90w, T(Duy)) — g(ox, & T(DW)]| = | (. wpe, Duys) — f(x, T, D)

< doon) (%) + (%, T, D0)| € LN(Q\ Q7 ). (3.19)

11



It follows from (3.18), (3.19) and the dominated convergence theorem [14] that

. 1 .
]Einoo ’[22(}%, M1)| = 0.

This is a contradiction.
Now, (3.8) follows as a consequence of (3.11), (3.13) and (3.17) by setting
h(e, M) = min{hy(e, M), ha(e, M), har}. This completes the proof. O

Theorem 3.1. Let 1 < p < 4+o00. Let
bo={ue A” : uis a partially reqgular function with singular set E(u) C E}.
(3.20)
Let IF(+; p) be consistent with the singular set E with {ﬁfM} being the correspond-

ing admissible finite element covering of E. Then, there exists a non-increasing
function M(e) > 0, and a function h(e, M) > 0 with h(-, M) non-decreasing and

h(e,-) non-increasing, such that, for all e >0,

inf I3 (up;p) < irf I(u)+2e, if M > M() and 0 < h < h(e, M). (3.21)
uc 1;3

u, €A,

Proof. Without loss of generality, we assume that, for any € > 0, there exists a
u. € A%, such that

I(u.) < inf I(u)+¢e < +o0. (3.22)

p
uc Ay

Extending 1. to W, (R™ R™) by the extension theorem for Sobolev spaces [1],
recalling that u. € Wh>°(Q \ F; R™) for any open set E C F C 2, we may
assume that u, € Wh°(R"\ F; R™) for any open set £ C F' C R". Thus, by the
denseness of smooth functions in Wy*(R™; R™) [1] and the standard finite ap-

proximation theories (8], there exist uj € A;, such that uj are uniformly bounded
h h y

in WL(Q\ QF : R™) for each M and

har?
uw, — U, in WY(Q; R™), ash— 0.
Hence, from Lemma 3.2 and (3.22), the conclusion of the theorem follows. 4

Our main results are the following two theorems, which, briefly speaking,
conclude that the truncation method converges in the case when the absolute
minimizer exists (Theorem 3.2), and it leads to a minimizing sequence if the

infimum is unattainable (Theorem 3.3).
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Theorem 3.2. Suppose that 1 € Wh1(Q; R™) (1 < ¢ < 4+00) is a minimizer of
I(-) in A? (¢ = p > nAm) and 0 € A%, (see (3.20)). Let {¢;} be a decreasing
sequence with lim;_.,e; = 0. Let 15 (-;p) be consistent with the set E, with
{SNZfM} being the corresponding admaissible finite element covering of E. Then

(1) There exist a non-increasing function M(g) > 0 and a function h(e, M) >

0 with h(-, M) non-decreasing and h(e,-) non-increasing such that

inf I3(w;p) < I(Q) +¢;, VM = M(g;) and Vh € (0, h(e;, M)), (3.23)

uce A,

and, for all M > M(g;) and 0 < h < h(e;, M), there exist u,’ € Ay, such that
u’ are uniformly bounded in W (Q\ QF ; R™) for each M and

har?

I (0/;p) < I(Q) + 25, YM = M(g;) and Vh € (0, h(gj, M)). (3.24)

(2) Let M; > M(g;), 0 < W < h(gj, M;). Let u; € Ap; be minimizers
of Iﬁlj(-;p) in Api. Suppose that the sequence {ﬁ]}jzof is sequentially weakly
precompact in WL (Q; R™) for some p < v < q. Then, there exists a function

u € A", and a subsequence of {1;},°5, again denoted by {1,};7, such that

a; —~a in W (Q;R™), (3.25)

and
I(a) = inf I(u) = lim I% (a;;p). 2
() = inf I(u) = lim Iy, (8y;p) (3.26)

Proof. The conclusion (1) of the theorem follows from a similar argument as in

the proof of Theorem 3.1.

(3.25) is a consequence of the sequentially weak precompactness of the se-

“+oo

quence {u;};°], and it follows from the approximating property of A, that

u € A". Because of r > p > n Am, we can use Theorem 2.2 to obtain
T(Du,) — T(Du), in L'(Q; R7™M).
Then, by Corollary 3.1, we have

I(w) < liminf 1% (9;;p). (3.27)

jotoo
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On the other hand, by (3.23), we have

Iy, (05;p) = inf Iy (wip) < (@) + ¢,
hJ

and thus,
lim sup IM (a;;p) < I(4) = inf I(u). (3.28)
]*FFOO uG.Ap

This, and (3.27) lead to (3.26). O

Remark 3.1. When r > 1, the boundedness of {@;};2) in W""(Q; R™) implies

that the sequence is sequentially weak precompact in W1 (Q; R™).
Theorem 3.3. Let (n Am) < p < +oo. Let {L;}} % be an increasing sequence
satisfying lim; ., o, L; = +00. Define
AP(L;) ={uec A" : [uff , < L}, (3.29)
Ap(Li) ={uec Ay |ulf, < L} (3.30)
For each i € N, suppose that ' € AL, (see (3.20)) is a minimizer of I(-) in

AP(L;). Let {e;} be a decreasing sequence with lim; . e; = 0. Then, for each
ieN,
(1) There exist a non-increasing function M(g) > 0 and a function h(e, M) >

0 with h(-, M) non-decreasing and h(e,-) non-increasing such that

i‘nf( )Jﬁ(u;p) < I(@")+ej, if M > M(g) and 0 < h < h(g;, M).  (3.31)
ue ZLZ

(2) Let M; = M(gj), 0 < I7 < h(gy, Mj). Let u} € A}, (L;) be minimizers of
Ix (p) in A (Li). Then there exist a function u’ € AP(L;) and a subsequence

of {U,}12¥, again denoted by {u}}/=7, such that

Jj=U
ﬁ; — ' in WH(Q; R™),  asj — +oo,
and
iy . E /-
I(u') = et T (u) = lim Iy, (@ j; p). (3.32)

(3) There exists a non-decreasing function j(i) satisfying lim; . j(i) = +00
such that
inf I(u) = lim I(@')= lim IM](l)(ﬁé»(i);p). (3.33)

ueAr i——+00 i——+00
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Proof. For each i € N, the conclusion (1) and (2) of the theorem follow from

a similar argument as in the proof of Theorem 3.2. The conclusion (3) of the
theorem follows from (3.29) and (3.32). O

Remark 3.2. The singular set E(u) for an absolute minimizer is usually not known
in advance when the Lavrentiev phenomenon is involved, and thus it needs to
be decided in the process of computation by taking some initial guesses and
comparing the numerical results thus produced. An element is finally taken into
the set QEM, if the inclusion leads to a substantial increase of the gradient of
the numerical solution on the element in the minimizing process, otherwise it is
removed from the initial guess. How to find efficiently a good initial guess is an
open problem. Fortunately, in applications, £(u) is usually contained in a set F
where the standard finite element solutions have large derivatives.

Remark 3.3. The approximating property of the finite element function spaces
A, to A is easily satisfied in applications. Especially, it covers problems with
Dirichlet boundary conditions and the examples in nonlinear elasticity given by
Foss et. al. [13], which are used in our numerical experiments shown in the next

section.

4. NUMERICAL RESULTS ON EXAMPLES IN NONLINEAR ELASTICITY

For the convenience of the reader, we first review some theoretical results of
Foss et. al. [13] on some problems of nonlinear elasticity exhibiting the Lavrentiev

phenomenon.

4.1. Examples in nonlinear elasticity [13]. Consider the stored energy den-
sity W : Lin(R?; R?) — R defined by

Wo(P) = [|[P||* — 2 det P, (4.1)
where ||P||? = tr(PPT) and Lin(R?; R?) denotes the set of linear operators from

R? to R?, and consider another stored energy density W, : Lin*(R?%* R?) — R,
which is a perturbation of W}, defined by

K 2=k 5
Wen(P) = Wo(P) + ¢ [ +3% (1 +||P)] | (4.2)

where Lin™(R?; R?) is a subset of Lin(R?; R?) with elements of positive determi-

nant. Foss et. al. [13] showed the following results:
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Theorem 4.1. Let Wy given by (4.1), then
(ag) Wo € C*®(Lin(R?* R?); R) is materially homogeneous, frame-indifferent
and isotropic;
(bo) Wy is convex over Lin(R%* R?) and Wy(P) > 0 at each P € Lin(R?; R?).
Let W, ,; be given by (4.2), then, for alle > 0 and Kk > 2,

(ac) We, € C®(Lin™(R?; R?); R) is materially homogeneous, frame-indifferent
and isotropic,

(be ) We is polyconver and W. .(P) > ¢||P||*, VP € Lin™(R?* R?);

(Ce) Wew(P) — 400 as det P — 0.

Consider the reference and deformed configuration of the form
Qo ={x€ R : r(x) <1and ¥(x) € (0,a)}
for a € (0,27), where r(x) and ¥(x) are the magnitude and the polar angle of
the vector x € R? respectively. Partition the boundary of Q, as follows:
' o={x€0Q, : r(x) <1land J(x)=a};
o o ={x€dQ, : r(x) <1and J(x) =0}
I3 o ={x€0Q, : r(x)=1}.

u(r&n)

u@)

;‘\J.se

u(l’zyn)

FIGURE 1. The boundary conditions (BCy z).

A mapping u € C(,; R?) is said to satisfy the boundary conditions (BCr =) if
(see Figure 1)

(Irz) u(ly, ) =T,
(27r,g) u(FQ, 7r> = I-‘2, )

(3r,z) r(u(x)) =1 and J(u(x)) = 39(x), ¥x € I's .

I

INTEREIE]
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Consider the admissible deformations of the form
Arz = {ue WH(Q; R?) N C(Qr; R,
u satisfies (BCr z) and det Du(x) >0 x € Q:}. (4.3)

It is easily seen that for 1 < p < +o0

Iy(u) = Wo(Du(x)) dx. (4.4)
For ¢ > 0 and k > 2, define I ,(u) : W5(Q,; R?) — R by

L.(u) = /Q W o(Du(x)) dx. (4.5)

The following theorem shows that Iy and I, ,, exhibit the Lavrentiev phenomenon

(see [13] for more general results).

Theorem 4.2. If py,ps € [1,+00] satisfy p1 < 4 < pa, then
(1)
2\ 7
inf Ip(u) > Ip(up,(x)) = (—) 7> 0= Ilp(ugn(x)) = inf Iy(u),

P2 - P1
ue A2, 7 ueAll,

where Wy € AT« with 1 € [1,4) and p, € AP~ with g2 € [4,%2) are
) 12

I(x)) >
I(x)) |

B cos(39(x))
() = (x) (sin(%ﬂ(x)) >

gien respectively by

uam<x) _ r(x)% ( COS<

sin(

N o=

~—

9\ 7
(2) f2<k<dand0<e<epz,= (;) (Fr(Wam)) ™, we have

inf I.,(u)> inf I ,.(u),

ueAP? ucAPL
7\',‘2’ 7\',7
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where Fy(Ugpm) = fQﬂ [m + 32%(1 + || Dugm )2 | dx.

4.2. Some tips for the numerical experiments. According to the conver-
gence theory developed in section 3, in a numerical experiment, we need to de-
termine Ay, ap,, and QEM, where M is only a index which we do not really need

to take too much care. We summarize our experience as follows, which may be
helpful to the readers:

(1): The size of hy; should be taken to balance the precision and cost of
the numerical computation. Since that, in general, the structure of the
singular set F is not known, we need to compare the numerical results
obtained with different hj; to see if the numerical singular sets converge.

(2): In our numerical experiments, the initial guess of QfM is determined
by including into the set the elements on which the numerical solution ob-
tained by the standard finite element method has large derivatives. Then,
after applying the truncation method, the set QfM is modified by removing
the elements where the truncation solution derivatives drop and adding
in the elements where the truncation solution derivatives increase signif-
icantly. Further modification of the set @EM can be made by comparing

the truncation solution derivatives on each element with the derivatives of
the truncation solutions obtained on a refined mesh, removing or adding

in an element according to the tendency of the growth of the derivatives.
The modification process usually needs to be repeated a few times before
a stable set QEM is finally obtained. Even though there is no theory to
guarantee that this works in general, numerical experiments showed that
it worked well on known examples exhibiting the Lavrentiev phenomenon.
(3): The choice of ay,, is crucial to the accuracy and efficiency of the com-
putation. It is obvious that the truncation method does not work, if oy,
is too large. On the other hand, if oy, is too small, then the derivatives
of the truncation solution may have a very big jump across the boundary

of the set ﬁfM. The general principle is to lower the minimum energy of

IY, while keeping certain smoothness of the numerical solution uy,. The
determination of ay,, can usually be combined with a process of numeri-

cally estimating the leading order of the singularity of the minimizer uy,
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which involves constructing in a superset of (NZEM a function with certain
form of singularity and applying the least square method to the discrete
data of u, to fit the parameters in the function, the value of ay,, is fi-
nally taken to be the one which produces the least difference between the
discrete data of u, and the fitted singular function.

4.3. Numerical results. First, we describe the triangulations used in our nu-

merical experiments. Given positive integers Ny, and Ly, let rM = ﬁ (1 =
0,1,--+,Nyj) and 0} = 4= (i = 0,1,--- ,Nag, j = 0,1,--- ,iLy). The triangu-

lation points are defined by x = (z1% ;. 3% ), where 2% ; = 7} cos(6}]) and
wyh o= rMsin(@)7) (1 = 0,1,--- Ny and j = 0,1,--- ,iLyp;). Then the trian-

gulation 7™ with hj; being the maximum diameter of triangulation units, are
obtained by connecting these points as shown in Figure 2, where Ny, = 5 and
Ly = 3. On such triangulations, in consistent with the admissible deformation
defined by (4.3), we define the admissible set of finite element functions

An,, = {u € C(Qy; R?) : ulg is affine, VK € 7" and
u satisfies (BCr =) and det Du(x) > 0 a.e. x € Q. }.

ROYAYAYAVN
SRR

FIGURE 2. The 5 x 3 mesh of €, i.e. Ny =5, Ly = 3.

Our numerical experiments on Iy show that typical numerical solutions ob-
tained by the standard finite element methods have large derivatives near the

point X% = (0,0) and on the line segments X%X%H for j =0,1,--- , Ly — 1

(see Figure 3). Hence the truncation region is initially set to be QEM ={K €
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The o xtxh C K or x{f, € K}. Let If;(u;p) be given by (3.5) and (3.6)
with ap,, (x) > a; =107 for all x € QEM. For simplicity, ay,,(x) is taken to be

constant ay,,, for all x € QEM After some iterations with the truncation method,

the norm of the gradient near the origin £ = {(0,0)} increases dramatically,
while it keeps steady and even drops elsewhere. Our numerical experiments show
that, at least in our examples, h = h,; is sufficient to guarantee convergence
of the algorithm, i.e., there is no need for further mesh refinement as might be
expected by the general convergence theory given in Section 3. A post process
with further iterations in which the truncation region is adaptively readjusted to

QEM ={K eT" : xi,€ K} and up,,(x1;) (j =0,1,---, Ly) are kept fixed,

in other words, the function uy,, is kept fixed on the new truncation region ﬁfM,

effectively accelerated the convergence.

1 = ——
® ® ® x p=5.0, truncation
0.9¢ ® O p=1.2, truncation
o o o ® g L
« o ® -+ standard finite element
o X X @) ®
0.8F x o
X ®
o e} x o
o < 0 ®
0.7F (¢} ‘ ®
X x O X o
. x X o ®
06 © 5 % ©
: SR SN ®
(¢}
N o - X X ®
x o O
05 c  x «
= X . ° ®
= X x ]
x o 3 ®
o
0.4 . « « o N o
o o ®
X x « O
L : o - ®
0.3 « o . °
x o . X ®
X x o
0.2 o X x O o]
x o
o * . x x O
0.1r o
x X x o x O

\ \ \ \ \ \ \ \ ;
0o o1 02 03 04 05 06 07 08 09 1
ul(xl’ XZ)

FIGURE 3. The numerical solutions produced by the standard
finite element method and the truncation method for p = 1.2, 5.0

The numerical results clearly indicate that the minimizer has a point singu-
larity at the origin. Notice that the nodal values of the numerical solutions uy,,

along the Ly, + 1 lines in radius directions 9(x) = 6% (j = 0,1,---, Ly) are

uy,,, (rM cos(@%xj),rlM sin(é’%xj)) and Q%Xj = Q{\fj fori =1,2,---,Ny. To get a
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better description of the singularity, we assume that, for each j = 0,1,---, Ly,
the leading term of the singularity has the form Yo T(X)SQ%, and evaluate
37
Yor. > 0 and Som € (0, 1) by the least square method using the values of
»J 3]

{un,, (rM cos(6}7, ), sin(0)], ;))}i_, near the singular set E = {(0,0)}, and

the truncation parameter ay,,, are taken so that the sum of the [>-error between

), rM sin(6M

SGM eM
; i 19X

up,, and Yeu 7(x) 9 on {(r} cos(0,; ))}F_, is minimized, where
»J ’

k < Ny is a given integer. In our numerical experiments we set k = 3. We notice
that the numerical results are not very sensitive to the parameter &y, .

p=1.2, solution V2

1 T T T T 0.8 20x 5 truncation, p=1.2
/4 5% 5 truncation, p=1.2
p=5.0, solution s
0.8r 4
20x% 5 truncation, p=5.0

5x 5 truncation, p=5.0

20x 5 standard
0.7 ZSx 5 standard

0.62 064 066 0.68 0.7 0.72 0.74
,0_03 /p-/uli A
| 20x F'truncation, p=1.2
/ p=5.0, solution r'*/**

5% 5 truncation, p=1.2

f

20x 5 truncation, p=5.0

0 0.2 0.4 0.6 0.8 1

- 20x 5 standard
S(xl,x2)70.4n, r(xl,xz)

5x 5 truncation, p=5.0

5x 5 standard

0 . . . . .
0 0.005 0.01 0.015 0.02 0.025 0.03

FIGURE 4. The numerical solutions r(uy,, (x)) (M = 1,3) on
Y(x) = 0.47 for [y and p = 1.2, 5.0.

Some numerical results for I, are shown in Figure 3 - 5. The numerical
solutions uy, produced by the truncation method with Ny = L; = 5 and the
optimal truncation parameter as, = 2 x 107% for p = 1.2, az, = 5 x 107 for
p = 5.0 respectively are shown in Figure 3. For N3 = 20 and L3 = 5, the
optimal truncation parameter &;, obtained by our numerical experiments are
Qp, = 3 x 107% for p = 1.2 and ay,, = 1.5 x 1073 for p = 5.0 respectively. The
numerical solutions r(up,,(x)) (M = 1,3), produced by the truncation method
and the standard finite element method, on a radius line 9J(x) = 0.47 are shown
in Figure 4, where the Lavrentiev gap in singularity can be easily spotted. The
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convergence behavior of the truncation method for I, with respect to N, for
p = 1.2 and p = 5.0 is shown in Figure 5. We point out here that the numerical
experiments show that the convergence behavior of the algorithm is essentially
the same for various Lj,,;. This is not surprising, since the solution of the problem
is linear in 6 in the polar coordinates (see Theorem 4.2).

10

10

Y I e e -
4:5 10°r =
— 1:5
)
107°F 1
v -2 |
- 10
6:5 %]
8 v 1| g1 1:7
b -5 1P, DU o100 2
107 M 120, 1@
v |uhM_uam|0,l.2,Q" 1071
E
o Iy, $1.2)=I(u, I
v 10 EleuhM_Dupmlo,S.O,Qn
s ! |
10°r %luhM_upmlo,s.o,nn [~
1:1 IEu ;5.0-Iu )| 3:2
NIEcS ;
— 10 6| M hM pm
10 10° 10" 10°
N p=1.2 N, ,, p=5.0

M

FicUure 5. Convergence rates of the truncation method for Iy,
p = 1.2 and p = 5.0 with the minimizer u,,, and u,,, respectively.

For the case of I ,, we take p = 2.2 and 5.0 respectively, when the stored
energy density W, . is polyconvex, and we take x = 3. Thus, according to the
theory of Foss et. al. [13] (see Theorem 4.2), I. 3 should exhibit the Lavrentiev
phenomenon for ¢ satisfying 0 <& < ez 3~ 3.19137 x 10~°. This is verified by
our numerical experiments with the truncation method using the same techniques
as is described above for the case of I, which suggests that the perturbation upper
bound can be improved from &, z 3 to 52%”?3 ~ 0.02. In Figure 6 the numerical
solutions uy, . (Ny = Ly = 5) for I3 with € = 107° produced by the truncation
method using &y, = 2 x 1076 for p = 2.2, ay, = 5 x 1074 for p = 5.0 respectively
are shown. For Ny = 10 and L, = 5, the numerical solutions u;,, = up, o and
uy, . with e = 1077, 107>, 1073 for I, 3 are produced by the truncation method
using ap, = 9 x 1077 for p = 2.2, and the numerical results of r(up,.(x)) on

the radius line ¥(x) = 0.47 are shown in Figure 7, where it is clearly seen that
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the Lavrentiev gap increases as the parameter ¢ decreases. For p = 5.0, similar
numerical results can be obtained.

1« & T T T T
® ® ® x p=5.0, truncation
0.9} ® ® O p=2.2, truncation 4
S o 4 ® - standard finite element
® X [e]
0.8 LN ® 1
x 0 ®
o 0 ®
p x ]
07 o 4 L2 ®
2< X o o
e ° x o ®
0.6F J « o x ® 7
- o o]
< o x o - ®
< 05 o x o %0 ® 1
o~ X o
Ei j x « <O
0.4 X © ®
N o .X S X ° X ] ®
x [e] x [e]
o . = ®
03t . L © 1
x : o =0 ®
. [¢] o
02 e B x <0 &l
o
x o x x © x O
0.1- x o 1
X x O x O
. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

u, (X, X5) e=le-5

FIGURE 6. The numerical solution uy, 19-5 of I1p-s 3 produced by
the standard finite element method and the truncation method for
p=22, 5.0with Ny = L; =5.

0.5 T T T T T T T T T
0.4 p=2.2, £=0, solution e 1
p=2.2, €=0, truncation
p=2.2, e=1e-7, truncation
031 1
=
=
—
2
0.2 1
p=2.2, e=1e-3, truncation
0.1r B
p=2.2, e=1e-5, truncation
/[ we=0,1e-7,1e-5,1e-3 standard finite element
0 . . . . .

. . . .
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
e(xl,xz):OAm r(xl,xz) on 10x 5 mesh

FIGURE 7. The numerical solutions r(up,.(x)) on J(x) = 0.47
for I. 3 with e =0, 1077, 107°, 1073 and p = 2.2.
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The order of singularity of the numerical solutions r(up,, -(x)) can be esti-
mated in the same way as is described for the case of Iy. The numerical results for
p = 2.2 and 5.0 on the radius line ¥(x) = 0.47 are shown in Figure 8. Assuming
that the numerical order of singularity sV} converges to the order of singularity
s in such a way that

st g+ alNA}bl + a2NfV[b2

and setting by = 1.25, by = 2.25 for p = 2.2 and b; = 2.5, by = 3.5 for p = 5.0,
as we found the data is thus fitted reasonably well. We use our numerical results
on st"} and the least square method to approximately describe the convergence
behavior and especially to approximately obtain the singular order s for various
e and p = 2.2, 5.0. The numerical results thus obtained are shown in Table 1,
where we see that as ¢ — 0 the estimated order of singularity s decreases nicely to
about 3 (for p = 2.2) and 13 ~ 0.7857 (for p = 5.0) respectively, which are exactly
the orders of singularity of u,, and u,,, (see Theorem 4.2). The numerical values
of (I.3)¥ for various ¢ with £ = {(0,0)}, p = 2.2, 5.0 and N, = 10, Ly = 5 are

shown in Figure 9, where we see that the Lavrentiev gap exists for ¢ satisfying

num

0<e< 52?%"?3 ~ (0.02 and is gradually squeezed to a point as € approaches ety

Order of the singularity
Order of the singularity

. eZle-4 gZle-5 ¢€=le-7
1 2 : 1 2

10 10 10 10

FIGURE 8. The numerical order of singularity of r(uy,, -(x)) on
¥(x) = 0.4x for various €. Left is for p = 2.2, right for p = 5.0.
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)E

o= p=5.0,(1, ),

~6-p=5.0,(1, ;) .

)E

-7 p=2.2,( Ia Y

_ E
—-p=2.2,(1, )y

-2

L 10 n n
107° 107 10° 10° 107 10 0.001 0.01 0.02
€, 10x5 mesh g, 10x5 mesh

@

FIGURE 9. The numerical values of (I 3)¥ for various ¢ with
E ={(0,0)}, p=2.2, 5.0 and N, = 10, L, = 5.

TABLE 1. The coefficients of the fitting function of the order of
singularity of the numerical solutions for p = 2.2, 5.0.

€ p=2.2 p=2>5.0

s al b1 as by s al b1 as by
1073 | 0.6284 | 2.2056 | 1.25 | -6.8068 | 2.25 || 0.7946 | 5.2266 | 2.5 | -16.3448 | 3.5
10741 0.5319 | 2.2176 | 1.25 | -6.5984 | 2.25 || 0.7887 | 2.9044 | 2.5 | -5.4808 | 3.5
1075 | 0.5143 | 1.0801 | 1.25 | -2.6018 | 2.25 || 0.7873 | 3.3044 | 2.5 | -7.3331 | 3.5
1075 | 0.5093 | 0.2499 | 1.25 | 0.0861 | 2.25 || 0.7866 | 3.4785 | 2.5 | -8.0505 | 3.5
1077 | 0.5017 | 0.2027 | 1.25 | -0.5331 | 2.25 || 0.7860 | 3.5408 | 2.5 | -8.8179 | 3.5
1078 | 0.4968 | 0.2542 | 1.25 | -0.8198 | 2.25 || 0.7859 | 3.5501 | 2.5 | -8.8235 | 3.5
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