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Abstract. The orientation-preservation conditions and approximation errors of a dual-parametric
bi-quadratic finite element method for the computation of both radially-symmetric and general non-
symmetric cavity solutions in nonlinear elasticity are analyzed. The analytical results allow us to
establish, based on an error equi-distribution principle, an optimal meshing strategy for the method
in cavitation computation. Numerical results are in good agreement with the analytical results.
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1. Introduction. Void formation on nonlinear elastic bodies under hydrostatic
tension was observed and analyzed through a defect model by Gent and Lindley [8].
Ball [2] established a perfect model and studied a class of bifurcation problems in
nonlinear elasticity, in which voids form in an intact body so that the total stored
energy of the material is minimized in a class of radially-symmetric deformations.
The work stimulated an intensive study on various aspects of radially-symmetric cav-
itations (see e.g., Sivaloganathan [19], Stuart [25], and a review paper by Horgan and
Polignone [10] among many others).

Miiller and Spector [16] later developed a general existence theory in nonlinear
elasticity that allows for cavitation, which is not necessarily radially symmetric, by
adding a surface energy term. Sivaloganathan and Spector [21] deduced the existence
of hole creating deformations without the need for the surface energy term under
the assumption that the points (a finite number) at which the cavities can form are
prescribed. Optimal locations where cavities can arise are also studied analytically
[22, 23] and numerically [14].

Numerically computing cavities based on the perfect model of Ball is very chal-
lenging, due to the so-called Lavrentiev phenomenon [11]. Though there are numer-
ical methods developed to overcome the Lavrentiev phenomenon in some nonlinear
elasticity problems [1, 3, 12, 17, 18], they do not seem to be powerful enough for the
cavitation problem. On the other hand, some numerical methods (see e.g., [13, 14, 26])
have been successfully developed for cavitation computation on general domains with
single or multiple prescribed defects, based on the defect model or the regularized
perfect model [9, 19, 20]. In these models, one considers to minimize the total elastic
energy of the form

(1.1) E(u) = / W(Vu(x))dz,
QP
in a set of admissible functions
(1.2) U = {ueW"(Q,;R") is one-to-one a.e. : ulr, = ug,det Vu > 0 a.e.},

*The research was supported by the NSFC project 11171008.
fLMAM & School of Mathematical Sciences, Peking University, Beijing 100871, China.
(sucm@pku.edu.cn, lizp@math.pku.edu.cn). Corresponding author: Zhiping Li.

1



2 Chunmei Su & Zhiping Li

where Q, = Q\ Ufil B,,(a;) € R™(n = 2,3) denotes the region occupied by an
elastic body in its reference configuration, B, (a;) = {x € R” : |vt — a;| < p;} are the
pre-existing defects of radii p; centered at a;, and where in (1.1) W : M}*" — R*
is the stored energy density function of the material, M}*" being the set of n x n
matrices with positive determinant. In (1.2) 'y denotes the boundary of €.

The Euler-Lagrange equation of the minimization problem (1.1) is (see [13]):

(1.3) div(DpW(Vu)) =0, in Q,,
DpW(z,Vu)v =0, on UK, 0B, (a;),
(1.5) u(z) = ug(z), on Iy.

A typical class of the stored energy densities considered in the cavitation problem
is the polyconvex isotropic functions of the form

W(F) = w|F|? + g(det F)
(1.6) =w?+- 2P 2 L gy -v,), VF e MM

where w > 0 is a material constant, p € (n—1,n), v1, ..., v, are the singular values of
the deformation gradient F, and g : (0,00) — (0, 00) is a C?, strictly convex function
satisfying

g9(9)

(1.7) g(6) = +o0 as § — 0, and 5 +00 as § — +o0.

For the energy density of the form (1.6), one has:
(1.8) DrW(Vu) = pw|Vu|p_2Vu + ¢'(det Vu) adj Vu .

One of the main difficulties in the computation of the growth of voids is the
constraint of orientation preservation, i.e., det Vu > 0, for extremely large anisotropic
finite element deformations. For the conforming piecewise affine finite element, this
requirement demands an unbearably large amount of degrees of freedom ([26]). In
[13, 14, 26], other finite element methods are proposed to overcome this difficulty, and
these methods have shown significant numerical success in the cavitation computation.
In particular, Su and Li [24] analyzed the iso-parametric quadratic finite element
method applied in [14]. Even though limited to the radially-symmetric cavitation
solutions, the result, the first of its kind to our knowledge, nevertheless quantifies the
theoretical as well as practical advantages of the method.

In this paper, we will introduce and analyze a dual-parametric bi-quadratic rect-
angular finite element method for the cavitation computation, including both radially-
symmetric and general nonsymmetric voids’ growth, and establish a meshing strategy,
which is optimal in the sense that the total number of degrees of freedom is minimized
under certain mild constraints. It turns out that, for the cavitation computation, the
dual-parametric bi-quadratic rectangular finite element method is definitely much
more efficient than the iso-parametric quadratic triangular finite element method, es-
pecially when the prescribed defects are very small. In fact, in the radially-symmetric
case, the optimal mesh of the new method is essentially solely determined by the
approximation accuracy, while the orientation-preservation condition plays a leading
role in the iso-parametric finite element method in the vicinity of the void.

We would like to point out that, even though our analysis in the present paper is
focused on the problem defined on the unit ball with only one-prescribed-defect in the
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center, the result should work also for general multiple-prescribed-defects problems,
since in general the cavitation solution is highly stressed only locally in a neighborhood
of each defect, where our method applies, while elsewhere the stress field is finite and
the standard method of finite element analysis applies. The important issue of the
error estimate for the finite element cavitation solutions is not touched here in this
work and it remains, to the knowledge of the authors, an open problem, even for
the radially-symmetric case where the cavitation solution can be characterized by
a boundary value problem of an ordinary differential equation. The main difficulties
are: (1) the elastic energy W (F') is non-convex, and lacks certain kind of coerciveness;
(2) there is no monotonicity or other useful structures in the stress DpW (F); (3) the
material subjects to very large anisotropic deformation. For more discussions in this
aspect, we refer to [4, 5, 6, 7]. However, based on our numerical results, it seems
reasonable to conjecture that, with some more delicate manipulations and calculations
than we have done here, such a result could be established.

The structure of the paper is as follows. In § 2, we introduce the dual-parametric
bi-quadratic rectangular finite element. § 3 is devoted to deriving the orientation-
preservation conditions on the mesh distributions. In § 4, we present some results on
the interpolation errors of the cavitation solutions. An optimal meshing strategy is
established in § 5. Numerical results are presented in § 6. The paper is ended with
some concluding remarks in § 7.

2. Dual-parametric bi-quadratic finite element. For simplicity, we restrict
ourselves to a simplified problem with Q., = B;(0)\ B, (0) in R2. Let (T, P, %) be a
standard bi-quadratic rectangular element as shown in Figure 1(a) (here n = 2), where
P =QaT) = {u(ir,iz) = 3. eyaidl}, = {p(a;),0 <i < 8}. For a given set

0<i,j<2
of four points a; = (R; cosb;, R;sinf;), 0 < i < 3 satisfying Ry = Rs < R1 = Ry,
Oy =61 < 0y = b3, define Fy : T — R? as

z1+1

R=Ry+

T 1
(2.1) 0 =06y + x22+ (65 — 0o),

r1 = Rcosf,zo = Rsin@.

(Rl - RO))

It is easily seen that Frp is an injection, thus T" = Fp(T) defines an element. Now
define the dual-parametric bi-quadratic finite element (T, Pr, ) as follows

T = Fr(T),
(2:2) Pr={p:T—R*|p=poF;', pe P}
S = {p(ai),a; = Fr(a;),0 <i < 8}.

3. On the orientation-preservation conditions. Let J be a subdivision on
O, as Figure 2(a). A typical curved element in a prescribed circular ring with inner
radius e and thickness 7 is shown in Figure 2(b). Let N be the number of the evenly
spaced elements on each layer. Then, the dual-parametric bi-quadratic finite element
function space is given by

X = {un € C(Qey) : unlr € Pr,un(@) = uo(w),va € To((|J )},
TeJ
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(a) The reference element 7. (b) An element T in a mesh.

Fic. 1. The dual-parametric element.

where 'y = 0B1(0).

Z2 )

»
1.07T1 1

ay

(a) A typical mesh generation in Q. (b) A typical element in the mesh.
Fia. 2. The subdivision of the mesh.

We are concerned with the orientation preservation of large expansion dominant
finite element deformations around a small prescribed void. Without loss of generality,
we restrict ourselves to the curved rectangular element as shown in Figure 2(b), for
which Fp can be simplified as

t 1
R=€e¢+ Lt T,
(3’1) 9:%:2’2’

r1 = Rcosf,zo = Rsiné.

It is easily verified that det Va = det OC%T = % > 0.
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Let u be the cavitation solution, and let J be a given mesh (see Figure 2(a))
consisting of well defined curved rectangular elements. To have u well resolved by
functions in the finite element function space defined on J, a necessary condition is
that the finite element interpolation function ITu(x) is an admissible function, i.e.,
det VIIu(xz) > 0 on each of the curved rectangular elements. We will investigate
in this section the conditions that ensure det VIIu(x) > 0 for smooth deformations
u(z) = (u1(z), uz(z)) defined on €. Since det VIIu(z) - det Vo = det aH“ , it suffices
to ensure det % > 0. For simplicity, we denote Q. -y = {z : € < || § € + T}

THEOREM 3.1. Suppose x = (Rcosf, Rsinf), u(x) = (ui,uz) = (r cos @, rsin ¢),
where v = r(R,0), ¢ = ¢(R,0) are smooth functions in the domain B1(0) \ {0}
satisfying det 5 9u © > ¢ > 0 and that the derivatives a%:;gj s g;m ,i+7 < 4, are bounded.
Then, there e:msts a positive constant 1o = C1e'/? and an integer Ng = Cae™ 1/2, such
that det 38% > 0 on the circular annulus Q(e 7 if T <70 and N > Ny, where Cy, Cy

3, . 3 . s
depend on ¢ and ”% S |6aau§ 005 ||3R389||oo; ”3162275192”007 Ha%g& loo- Moreover,

the error between the Jacobian determinants of Vu(x) and VIIu(x) is given by

ollu ou
(3.2) det — (x )—deta—x

o i0(7'2 + N72).

(z) +
|z

Proof. Let & = Fy'(x), with © = (21,22) = (Rcosf, Rsinf). Then the dual-
parametric bi-quadratic finite element interpolation function can be written as

(3.3) Mu(z) = Z w(a;)ps () = (X1, Xa),

with X} being bi-quadratic functions of the form

br . . .
J;Q—!——k 1 %—i——km% 2+J—km§x%,k:1,2.

R o d
X = uk(a8)+fk931+hk$2+ 5 Flterdidat+o- > > 5

2
We estimate ji, by, ¢k, di, €k, fx, gk, hi, below in (3.5) - (3.15), where some of them are
given in two ways for the convenience of later manipulations in (3.18)- (3.21). On the
representative element given by (3.1), regarding ux(x) as a function of R and 6, and
making Taylor expansions at appropriate points, we obtain

(34) jpr = ug(ar) + uk(gz) — 2uy(as) n ug(ag) + Uk(;3) — 2uy(ay) + 2us(as)

i) — (a0) = (L a5) + L ) — 2 ) + O (V)

=O(N 3 +712N"?),

or alternatively, by regrouping uy(a;) in ji,

ug(ag) + ug(ar) — 2ug(aq) n ug(a2) + ug(as) — 2ug(ag)
2 2
o) — () = 5 (L ) + T 1) ~ 20 00)) 4 O(+)

= O(T* + 2N ~2);

(3.5)  Jjk=

+ 2uy (ag)
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similarly,
(3.6) b = ug(ar) +ug(az) — 2ug(as)  ux(ao) + uk(as) — 2uk(az)
. = : ‘
72 Q%uy D%y, L
- W(W(%) - W(CW)) +O(N™?)

w2 OBuy
~ N2 9R9?

(a ) +O(N73 +72N72),

or alternatively, by regrouping uy(a;) in by,

(3.7) by, = Lela) 3 ur(d0) | wi(o2) 5 293) | 1y (ar) — ()
= T (an) + G (ag) — 25 (ax) + OG)
;{; gg‘gz( $)5 +O0( + TN 7?);
(3.8) o, = Sklaz) - “’“(“1> wr(as) 3 0090) 1 1y (a4) — s a)
= 2 (G as) + Gk ar) — 25 ) + O(N)

T OPuy

NaoaRQ( )( P +ON3+ 3N,

or alternatively, by regrouping uy(a;) in cg,

(3.9) cp = ur(az) + ur(as) — 2up(ac) . ug(ag) + ug(ar) — 2ug(aq)
. 5 .
2 82uk aQ’U,k
=57 (g2 (96) — g (
™ 63’U,k
= ¥ oore )5
8 Uk

(3.10) di = ug(as) + up(ar) — 2ug(ag) = 8R2( )( )? +0(r°);

(311) e = uk(a2) ; uk(al) B uk(a3) - uk(ao)

as)) + O(T3)

+O(T + 72N~ )

S

_ L(%(a ) — Oug,
2NV 99 VT oe
. 0%uy, T _3

= Noroe )3

or alternatively, by regrouping uy(a;) in ey,

(3.12) e = ux(az) ;uk(aﬁ) . ug(a) ; ug(ag)
= 2(%(%) - %(m)) +0(r%)
™ 82uk

N(‘)R@H( ) +O0(r* + TN 73);
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S S ESTYE R VN e
(3.14) gk = uk(as) + ug(ae) — 2uk(as) = %(%)(%)2 O,
319 = M = 8;;( ) +O(N™3).

Hence, by definition

(3.16) 8Hu - ( Au A12 )

0t  \ Az A
where, by (3.6), (3.8), (3.10), (3.10), (3.13), (3.13), we have

. 1. . . .
(3.17) Ay = j13133 + §b15173 + i@+ did +e1Za + f1

= 2 00T L ) D+ T ) T o+ T ) D
%%(%)g(%)%g +O(r® + 2N"2 4+ 7N79)
:g%(az) +O(* + T2 N2+ 7N 73,
and by (3.5), (3.7), (3.9), (3.12), (3.14), (3.15), we have
(3.18) Ay = jratig + %clﬁ + byddo + €12y + grdo +
= O ) T T )T Ty 4 T ) (Dt 4 T (T ()i
L () (D) + O 7N AN
:%%(x) +ON34+7m2N2 43N,
and similarly, we have
(3.19) Ay = jod1 23 + %bg:ﬁg + cod1 o + dof1 + eada + fo
= g%(x) +O(r* + 2N~ 2 4+ 7N73),
(3.20) Aoy = jgxlmg + 202951 + bo1To + exdy + godio + ho
7w Quy

= N%(ﬂﬁ)+O(N_3+7'2N_2+T3N_1).
Thus

ollu , . T Ouy Ougy  Oug Ouq
(821)  det 5= (@1, 82) = 2N(8R 90~ OR ae) .

It is easily verified that, in (3.5)-(3.15) as well as (3.18)-(3. 21) the constants in O(-)
3 4 4

+ 0(73N71 + TN*?’).

3’le
depend on ”?’)R?f wor 115 595 lloos ”aRSagHOOa ”aRzagznom ”33393”00' Note that R > €
and

Our Oy O uz (%% - %%) — Rdet 2%

OR 09 00 OR ~ ~\Oxi 0xy Oxo 011/ ox’
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which yields the first part of the conclusion. Estimate (3.2) is a direct consequence of

(3.21) and the fact that det % =8z, d
REMARK 3.2. As a consequence of Theorem 3.1, we see that, for a general cavity

deformation the interpolation function is orientation-preserving on a mesh ¢, =
U Q(e; r), where €41 = €; + 7, which satisfies T; < C14/€; and N; > 0262»_1/2 for
=0

some constants C1 and Cs. If restricted to a radially-symmetric cavity deformation,
we may expect to have a more relaxed orientation-preservation condition.

THEOREM 3.3. For a radially-symmetric deformation u(z) = r(R )x where r > 0
i an increasing convex function satisfying

(3.22) dr(e+71/2) > 3r(e) + r(e + 1),

then the interpolation function Iu(x) preserves orientation on the circular ring Qc 7).
Moreover, if

ou r(R)r' (R)

. R — = — 7 <
(3.23) det é)x( x) 7 < M,
where R = |x|, then
ollu ou 1
24 — N72)+ —0(7?).
(3.24) det 8;1:() dta()—i-O( )+‘x|O(r)

Proof. For u(zx) = T(}I;):zz, a direct but tedious calculation yields
(3.25) HMu(z) = (X1, X2) = C(21)(1 — 222 sin 27;\7,332 sin %),

where
(3.26) C(&1) = %@1(@1 —1)r(e) + %fm(aﬁ + Dr(e+71) + (1 —22)r(e +7/2).

Hence

det 8;[; = C(#1)C'(21) sin N(l + 243 sin 2N)
Since r(R) is increasing and convex, it is easily seen that C(%;) > 0 on [—1,1].
On the other hand, C’'(&1) = (&1 — 3)r(e) + (21 + 3)r(e + 7) — 2&17(e + 7/2) is
a linear function of £; with C’(1) = 3(r(e) + 3r(e + 7) — 4r(e + 7/2)) > 0, and
C'(-1) = 3(4r(e + 7/2) — 3r(e) — r(e + 7)) > 0, thus C’(&;) > 0 on [—1,1]. Hence,
the first part of the theorem follows.

Making a Taylor expansion of r(e), r(e+7/2), r(e+7) at R = e+ Z5tL 7, one gets
r'(R)T
2
Thus, it follows from det(%%) = det % and det % = AT that

C(#1) ZT(R)+O(T3), C/(i"l) = +O(7’3).

det or Rt (
)
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which gives (3.24) and completes the proof of the theorem. |
REMARK 3.4. For the energy minimizers among radially-symmetric cavity defor-
r(R)r

mations, an extended version of condition (3.23) 0 < m < R/(R) < M is gener-
ally satisfied, and there exists a positive constant C' such that (3.22) holds whenever
€ > O12 (see [24]). As a consequence, we see that, for the dual-parametric bi-quadratic
finite element method, the orientation preservation adds no further restrictions on the
number of elements N on an annular ring, which means that a much smaller number
of total degrees of freedom is required as compared with the methods in [24, 26].

4. Interpolation errors of cavity deformations. In this section, the inter-
polation errors are estimated, including those on the interpolation function and the
elastic energy in the dual-parametric bi-quadratic finite element function spaces de-
fined on the meshes described in § 3. Throughout this section, u(z) is supposed to
be a smooth cavitation deformation in the regularized domain €2,, and p is a real
number satisfying 1 < p < 2. We also assume that the meshes are so given that
Theorem 3.1 holds.

4.1. The error of the interpolation function. Let & = F;'(z) € T, where
x € T is a point on the mesh. We will estimate, in this subsection, the errors between
u(z) and its interpolation function IMTu(x).

THEOREM 4.1. Under the assumptions of Theorem 3.1, the error between a cavity
deformation u(x) and its interpolation function Hu(x) satisfies

(4.1) u(z) — Hu(z)| e = O3 + N73).

Proof. For a typical element as used in § 3, denote X = Iu(z) = (X7, X2), where
xz = Fp(z). With the same notation as used in Theorem 3.1, and making Taylor
expansions at appropriate points, one gets

8
X1 = u(a:)pi(#)
i=0
. R dy . o R by . . Cl .o, 1 o
=uy(ag) + f121 + hiZ2 + ?130% +e1Z122 + %195% + 5196115% + 5135%552 + ‘%x%x%

ou . ou . 10%u .
= ul(ag) + Té(ag)%$1 + 8791(418)%902 + iﬁﬁl(ag)(%)gxf
0%uq TT . 1 90%uy T 9.9 1 OBy T, T 9. .9
T oRog g N1+ 55z () () 2t 5 pags (as)5 () i
1 03wy ToT 9. 3 —3 ., _2an—2
+§m(ag)(§) lexz‘f'O(T +N + 7 N )

=ui(z) +O(T* + N73).
Similarly, X5 = ua(z) + O(73 + N~3). Hence, the conclusion follows. d
THEOREM 4.2. Denote Qcy = |J Qe 7,), where Qe = {z:e < fz] < e+ 7}
i=0

i
€i+1 = € + Ti, €my1 = 1.0. Let N; be the number of elements in the layer Q(ei)n).
If €;, i, N satisfy the assumptions of Theorem 3.1, and 7, = O(h), N;* = O(h),
as h — 0, where h is a global reference mesh size, then the error between a cavity
deformation u(x) and its interpolation function u satisfies

(4.2) lu(x) = u(@) 1, = O(h?).
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Proof. On a representative element as shown in Figure 2(b), by (3.1), (3.16) and
Ollu 9z __ Ollu h
oz 0z . oz wehave

OMu(z) 2N (AHRJ’\T, cos — A1 sinf A REsinf + Ajp% cos 9>

(4.3) or 7Rt A1 R cost) — Agagsinf Ay R sinf + Agp 3 cosd

where A;; are given by (3.18)-(3.21). Denote
8Hu(x) ou o (Bll Blg)

or Oz \Ba B
Then, it follows from (4.3), (3.18) and (3.19) that
2N 0 Ouq sin 6
By = B (A11R cosf — A1Qg sin ) — % cos 6 + %312

1
=0(r*+7N >+ N7?) + EO(T3 + 72N~ 4+ N72).

Since 7 = O(h), N~ = O(h), this yields B1y = £0(h?). Similarly, = £0(h?).
As a consequence | —8u|p = L O(h?P). Thus | a&——Hp (f R~ de)%O( h?),
which completes the proof since 1 <p < 2. 0

4.2. The error on the elastic energy. Let J(Q( ;)) be a dual-parametric

bi-quadratic finite element division of (. ;) consisting of only one layer of evenly
distributed elements, denoted by T}, j = 1,---, N. For the energy density function
of the form (1.6), denote E(u; Q. ) = E1(u; Qe 7)) + E2(u; Q. ry) with

oul?

4.4 FEy(u;Q = —
( ) 1(”7 (e,‘r)) /Q(Ey,.) w O dl‘,
ou
(4.5) By (u; Qe,ry) = / (det ) dx,
Qe,m) Oz
e+7
(4.6) Ale,7) =(2—-p) / RYPAR = (e + 7)%7P — 7P,

and let err(E;(Ilu; Qe 7)) = [Ei(Hu; Qe ry) — Bi(u; Qe,r))| be the absolute interpo-
lation error of E;(u;Qc 7)), i = 1,2, respectively. We have the following result.

THEOREM 4.3. Under the assumptions of Theorem 3.1, the elastic energy of a
cavity deformation u(x) and its interpolation function Hu satisfy

(4 7) E, (u; Q(e,‘r)) = O(A(€7 T))v E(U; Q(E,T)) = O(A(G, 7—))7
( ) e7a7”(E‘1 (Hu; Q(e,‘r))) = A(67 T)O(TQ + N_2)7

(4.9) err(Es(u; Q) = O(1* + TN ?),

(4.10) err(E(u; Q. 7)) = Ale, T)O(1? + N72),

where A(e, T) is defined as (4.6). Moreover, if there exist positive constants 0 < 1y < ly
such that 1; < g—g| <y, then

(411) E,y (uv Q(e;r)) ~ A(G, T)a E(ua Q(e,‘r)) ~ A(Ev T)a
(4.12) err(By (Mu; Qe 7)) = E1(u; Q(EJ))O(TQ + N2,
(4.13) err(E(Hu; Qe.r)) = E(u; Qe,n)O(T? + N732).
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: Oou;  Ouy
Proof. Since 7, Sy

are bounded, it follows that |$%(z)|P = O(R™P)
B (1 Qe ry) = O(f77 R'™PdR) = O(A(e,

(2 —p)7, then Ey(u; Q)

(4.3), we find that

. Thus
7)). Note that g is bounded and A(e, 7) >
O(7) = O(A(e, 7)), so that we deduce (4.7). In view of
Oy |?
Ox

4 N2
:ﬁ(A%"’A%) QRQ(Afz‘f‘A 5)

= (53@) +(53@) + 72 ((%?<x>)2+ (%))
+Z‘8ul Z‘auz

T +7N 24 N3

+ T2N—1 + N—Q)

[zl +

24 +N24 N3

Z lﬁul

542N~ N7,
Since 887;%’ is bounded and | 6“| > =

| Ou;

, this implies
Ol |P

Oul” 2 -2 -3
% e L i aul O( 3 4 QN—l +N—2)
or| R2&|o0 | 7T
_|ouf 2 —2 -3 Ou " 2
p (1+0(r"+7N"*+N7))+ p RO(T +72N"1+ N72).

Obviously, the first term will lead to a relative error of the order O(72+7N 2+ N
to the first part of the energy F;

What remains to consider is the second term
Applying the Holder inequality, we deduce that

Ll e = (L5 ) rva) = () (L5

Applying the Holder inequality again yields

Z/ ‘8uz> 11

p11

(ﬁA(e, )P By (u; Qe ) /PP

Hence, we obtain

Ey(Hu; Qe.ry) = E1(u; Qeny))(1+O(7? + TN 2+ N

)+

By (u; Q(G,T))P%A(e, )PO(r3 + 72N~1 + N72)
which together with (4.7) yields (4.8)
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On the other hand, by (3.2) and the fact that g is strictly convex,

N N
(4.14)  Ex(Iu; Qe 7y) = Z/T g(det Vu)dz + Z/T g () |z tdx O(r? + N72)
j=174i j=177J

N
= E2(U;Q(E,7—)) —I—Z/ |x|_1dx0(7—2 +N_2)
j=1"Ti

= Eo(u; Qe 7)) + O(T3 + TNfz).

(4.10) is a direct consequence of (4.8), (4.9) and A(e,7) > (2 —p)7, for e € [0,1 — 7].

Finally, if there exists a positive constant {; > 0 such that |‘3—Z| > [y and thus
|%%(2)[P ~ R™P, meaning that there exist positive constants L; and L, such that
LiR? < |%(m)|p < LoR7P, this gives (4.11). This together with (4.8) and (4.10)
yield (4.12) and (4.13). |

THEOREM 4.4. For the radially-symmetric cavity solution, the error of the energy
satisfies E(ITu; Qe 1)) = E(u; Qe ))(1 + O(max{e, 7}P~ 172 + N72)).

Proof. For the radially-symmetric solution, it follows from (3.25) that

oTlu <C’(g:«1)(1 —233sin® &)  —4C(d1)do sin’ 2@)

ok

Thus, by (3.26) and the facts that r(R) > r(0) > 0 and r'(R) < MR, one gets
Ollu |2 N?

Oz T2 R?

=("(R)+0(m*)’(1+ O(N ™) +

r(R)?
R2

= (r"(R)* +

= ks

Cl(il)i‘g sin N C(il)sin %

= %C"(@1)2(1+O(N‘4))+ C(;ﬁl)%mQ%(Ho(N—?))

(r(R) +O(r*))
R2
(1+0(r* + N72)) +1/(R)? + 1/ (R)O(r?)
r(R)?
RQ
r(R)?
R2

(1+O0(N7?)

)(1+O(r3 + N2 ++/(R)R*r%))

YA +O(2 + N2+ (e +7)37%).

It follows that
Ei(Hu; Qe ry) = E1(4; Qe ) (L4 O(E72 + 72 + N72)).
On the other hand, by (3.24) and with similar arguments as in the proof of Theo-
rem 4.3 (see (4.15)), one has that
Ey(u; Qe.ry) = Ea(u; Qeery) + O(T + (e + 7)TN2).
Recalling that

r(R)®

e+T1
By (w; Qe,ry) = 27T/ (r'(R)* + ?)medR ~ Ale,7) > (2—p)T,

Es(u; Qe,ry) = O(1),
we obtain
O(13 4+ (e +7)TN72)
A(e,7)
= BE(u; Q(c,r))O(max{e, 7}? ' 7% + (e + T)N?),

67"7"(E2 (Hu; Q(e,‘r)) =E; (U; Q(G,T))
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which completes the proof. ]

5. A meshing strategy. The aim of this section is to establish, for a given
reference mesh size h > 0, a meshing strategy on the domain Q., = B1(0) \ B, (0),
i.e. to design a method of calculating €;, 7;, N;, where ¢;,1 = ¢; + 7;, and N; is the
number of the elements in the layer Q,,,), so that, on Q., = U, Qe; ry)> a cavity
solution u and its finite element interpolation function Ilu satisfy
(C1) the orientation-preservation condition: det VIIu > 0;

(C2) the approximation condition: |Ju — Iull, , = O(h?);
(C3) error sub-equi-distribution condition (see (4.11)-(4.13)): A(e;, 1) = O(h);
m
(C4) least total degrees of freedom condition: Ny = > N; is minimized under the
restriction that N;y; = N; or N;y1 = 2N;. =
By Theorems 3.1 and 3.3, for a radially-symmetric cavity solution, condition C1

/2

can be ensured by setting 7, < C’lei , while in the nonsymmetric case, setting in

addition N; > Cae; /2 meets the requirement. By Theorem 4.2, for condition C2 to
hold it suffices that N; ' = O(h), ; = O(h).

The idea of error equi-distribution is often used in mesh adaptivity and mesh
redistribution. By Theorem 4.3, A(e;,7;) can serve as a monitor for the energy
error equi-distribution, especially in the neighborhood of the void. Without loss
of generality, assume ¢, > % Since €, + 7, = 1 for the layer m, this implies
AlemyTm) = 1 — (1 — 7,,)27P < (2 — p)2P~17,. Thus, it is easily verified that, for
a given constant C' > (2 — p)2P~!, a reference mesh size 0 < h < hy < 222,;,,”0,
A(em, Tm) < Ch, provided that 7,, < Wh. Hence, it is natural to require
C3: A(e;, ;) < Ch, for all 0 < ¢ < m, which imposes an implicit condition on
the layer’s thickness 7;. In fact, given C' > (2 — p)2P~! and hg > h > 0, denoting
d(z,h) = (x*>7P + Ch)ﬁ — x, we have A(x,d(x,h)) = Ch. On the other hand, since

€i+d(eih - - €i,
p € (1,2), we have Ch = A(e;, d(e;, h)) 2 (2 —p) [TV RipaR > Lopde)

which implies that d(e;,h) < 1, as long as 0 < h < hy < ;,;lpc, and consequently
s < Ch yields d(e, h) < 2=5h. Thus, for condition C3 and 7; = O(h)
to hold, it suffices to require 7; < d(e;, h).

Finally, assuming an optimized distribution of layers is given, then, condition C4
can be achieved easily by taking the least admissible N;, 0 <4 < m. It is in this sense
that the total degrees of freedom are minimized.

For given positive constants Cy, Cy, C' > (2 — p)2P~1, h < min{hg, h1}, 41 < Ay
satisfying [(Ash)~t, (A1h)~Y) N Z, # 0, the analysis above leads to the following
meshing strategy satisfying C1-C4 for non-radially-symmetric cavitation solutions.

A meshing strategy of {Q, )} ot
(1) Take N, € [(A3h)~Y, (A1h)~YNZy. Let Ny = min{N € Z, : N > Caey /*}. Set

k=min{j : 20N,, > Ny}, and Ny = 2¥N,,. Set 7 = min{Cy e/, d(eo, h)}.
(2) Set ko =0. Fori > 1, set ¢, = €¢;—1 + 7,1, and

(5.1) 7 =min{l — ¢, Cye}/?, d(e;, h)}.

If , =1—¢;, set m = i. The least admissible N; > 026;1/2 is determined as
follows: - -
L If kg < K, set N; = Y T Ny > Coe; /2 then set by = ki1 + 1,

N; = N;; otherwise, set k; = k;_1, N; = N;_1.
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2. If ]{11‘_1 = k, set kz = ki—h N,L' = Ni—l-

REMARK 5.1. By setting k = 0, N; = N,,, 0 < i < m, the meshing strate-
gy above can be adapted to create a mesh for the radially-symmetric solutions, for
which the preservation of orientation adds no restrictions on N; (see Theorem 3.8
and Remark 3.4). As a consequence, the total degrees of freedom of a dual-parametric
bi-quadratic FE approximation, in which a triangulation is introduced on the domain
by local polar coordinates maps and the shape functions are bi-quadratic with respect
to (r,0), are significantly less than that of an iso-parametric quadratic FE approz-
imation, where both the elements in the triangulation and the shape functions are
given by quadratic functions defined on a reference triangle and where the orientation-
preservation condition plays a leading role in determining N;, especially when e¢; < h
[24).

THEOREM 5.2. Let u be a cavity solution satisfying the assumptions of The-
orem 3.1. Then, for a given constant C > (2 — p)2P~1, there emists 0 < h <
min{yg,;fc,;,;f’c} such that, for a reference mesh size 0 < h < h, on a mesh
{Qe; ) Vito with €;, T;, N; produced by the above meshing strategy, we have det VIIu(z)
> 0, and

(5.2) lu —Iul|lo = O(R?),
(5.3) lu = THul|,, = O(h?),
(5.4) err(E(u; Q) = O(h?).

Proof. The claims det VIIu(z) > 0, (5.2) and (5.3) follow from Theorem 3.1,
Theorem 4.1 and Theorem 4.2 respectively; (5.4) is a direct consequence of (4.10)

and _;)A(ei,n) =(2—p) f: R'"PdR < 1. What remains to show is N, ' = O(h),

which is a consequence of Nm ~1/h and N; > Nm. 0

To estimate the total degrees of freedom, we need the following lemma.

LEMMA 5.3. Let f(z) = Cia'/? + 2 — (2P + Ch)ﬁ, x € [0,1], where C; > 0,
C>0andl <p<2 are given constants. Then, there exist positive constants a1 < as
independent of h < hy = Inin{(prc%%pfl7 (275)01 1+ %)é%‘;}’ where s is the bigger
root of the equation (2 —p)C12% — Cx — C? = 0, such that f(x) <0 ifz € [07a1hﬁ],
and f(xz) >0 ifx € [aghﬁ,l].

Proof. Since x > 0 and 1 < p < 2, it follows that

f(x) < flz) = Cra'/? + 2 — C=vh7,

-2
thus, f(z) < 0, if z < 21 2 4( O2 + 4(Ch) ™7 + 01) =5 1755, which is the

bigger root of f(x) = 0.
For 227P > sh, it is easily verified that

fx)=Cia'? + 2 —2(1+ xp_QCh)ﬁ
= Ca'? 4o — (1 4 €2P2Ch),

where £ = ﬁ(l + n)% and 0 <n < 2P72Ch < Cs~!, thus, we have

(5.5) f(z) > Crzt/? — 2#(1 + O )55 Cha? L.
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If p > 3/2, then 2P~ < 2'/2, hence f(z) > (C; — —( +Cs™ )2:111C’h)x1/2 > 0,
since h < hg. If p < 3/2, then ’2’%; <1 and 2P~ 'h < x2 PePl)s = x/s < xl/?/s,
thus, it follows from (5.5) that

—1 -1

(1 +Cs*1)5%$)x1/2 > (01 - gs

flz) > (Cl - (1+0871)>$1/2.

By the definition of s, this leads to f(z) >0
On the other hand, for 2277 < sh, denoting M = (C + s)ﬁ, we have

f@) = Cra'? 4o — (Ch)T=5 (1 + 2> PC ' h )=
> Ca'? + 2 — (Ch)75 (1 +sC~ )7
= f(z)=C1aY? + 2 — Mhﬁ,

1 72 2
Hence f(z) > 0, if & > a5 2 4M2 (01 + \/012+4Mhﬂ) hT7, which is the

bigger root of the equation f(z) = 0. The proof is completed by taking a; =

4(\/012 L0 01) 075 and gy = M2C2 = (C 4 9)25C72 O

THEOREM 5.4. Let C; > 0, Co > 0,1 < p < 2 and C > (2 —p)2P~1 be
given. Let a1 < ag, ho and h be the constants given in Lemma 5.3 and Theorem 5.2
respectively. For given ¢g < 1, let {e;, 7, N} be defined by the meshing strategy
with h < hy = min{hg, h, CZ Pa;~ p/Q(ag —a1)P"2,Cdy?}. Then, we have

[10g2 logy () €0CY ] +3+[(Ch)~Y, if aghﬁ > s

(5.6) m < My = {[( Cch)~1, otherwise,

1 —max{es ", a3 "h}
Ch

(5.7)  m>DM = —1,

where b(h) = a10f2hﬁ. Consequently, the total degrees of freedom Ny satisfies
(5.8) Ny My < Ny < NoMs,

where Ny and N,, are given as in the meshing strategy (1).

Proof By Lemma 5.3, Ci2Y/2 < d(z,h) if z < a1h™ 7, and Cyz/2 > d(x, h)
if x > azh%. Hence, by (5.1), €41 = € + 016;/2 if ¢ < alh%, and €;41 =
€ +d(e;, h)if e > agh%. Let €,,, be the biggest ¢; such that ¢; < alhTZP then for
all i <my, €41 =€ + Che; /2 We have that €m; = €mq—1 + Cleml > Cleml >

m 1 m m
Cl+1/26:,{12 g > > Cll+1/2+ aai 3/2 = Cf(g—%)l/z ". Let j be the smallest

integer ¢ such that C%(%)l/gi > alh%, then my < j. By the definition of j, one
1
has

log, logy, 1) é—%, if' log, logy, s é—"f is an integer;

(5.9) my < j = {

[log, logy,(n) é—%] +1, otherwise.

Let €, be the smallest ¢; such that ¢; > aghﬁ, then, for all my < 7 < m,

f;f = 62 P+ Ch= ¢ P+ C(i+ 1 —mg)h. It follows from the facts that €41 = 1.0
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and 7, = min{l — em,d(em,h),Cle}T{Q} that m is the smallest integer j such that

6?*17 +Ch = 672{217 + C(] +1— m2)h > 1. Hence

1—€27P o 1—e2P .
mg — 1+ —3%, if —72 is an integer;
(510) m = 1_e2-P
mo + |57, otherwise.

Next, we estimate mg —m;. By the definition of mi, €, 41 = €m, —&-01671,1/12 > alhﬁ.
Thus, Tm,+1 > min{Cla%hﬁ,d(emlﬂ,h)}. This implies €5, 42 > min{Clai/Qhﬁ
+a1h%, (Ch)ﬁ} Hence, by the definition of Ay, €, 1o > CLQh%. Consequently,
by the definition of €,,,, we conclude ms < m; + 2, which together with (5.9) and
(5.10) yields (5.6).

If €g > ash? 7, then (5.7) follows directly from (5.10), since in this case my = 0.
If ¢ < thﬁ, then my > 1 and €,,,—1 < aghﬁ by the definition of ms. Thus, for
all mg <1i <m, effp = efn;p +C(i —ma)h < 672,”;1:1 +C(i+1—mg)h. Set

1—5,2_10 1 . 1—€27P 1 . .
(5.11) . Jme =2+ —2—, if —Z2— is an integer;
. ]0 - 1_61*1:1 .
mo — 1+ [07,;"], otherwise.

Then, it is easily verified that ¢; < 1, for all i < jg. Hence, by the definition of m, we
2
conclude m > jo, which implies (5.7), since ms > 1 and €,,—1 < agh?=7. O

It is worth noticing that there are two solution-dependent constants Cy and Cs,
which are not known a priori, used in the meshing strategy. In applications, we can
always start with C7 := d(eo,h)eal/2 and Cy := Nmeé/z, which are the least C;
and greatest Cs such that the orientation-preservation conditions will practically not
affect the mesh produced. It is of vital importance to know what would happen if
the constants are not properly given, and how to adjust the mesh in an a posteriori
fashion so that the conditions C1-C4 are satisfied in the end. To specify this, we
present below two examples in both the radially-symmetric and the nonsymmetric
cases, where the energy density is given by (1.6) with p = 3/2, w = 2/3, and g(z) =
27Y4(L(z —1)? + 1), and we take A = A; = A, = 0.8, h = 0.05.

EXAMPLE 5.5. In the radially-symmetric case, let eg = 0.0001, uo(x) = 2z, and
N; = Ny = A/h. For C = 2, C; = 1.0 and 0.9, the mesh strategy produces two
meshes shown in Table 5.5. While the numerical solutions obtained on both meshes
successfully capture the cavitation, the solution with a C1 marginally too big fails to be
orientation preserving. In fact, det Vuy(x) < 0 is detected on the element vertices on
the inner boundary {x : |x| = e}, where the preservation of orientation is found most
easily broken. Our numerical experiments show that, whenever this happens, instead
of reducing C1, a proper mesh can be obtained simply by dividing the innermost layer
into two, repeating if necessary, according to condition C3.

TABLE 1
Radially-symmetric case: eg = 0.0001, N; =16, 0<¢<9, €10 = 1.0.

Ci | e1 € €3 €4 €5 €6 €7 €8 €9
1 0.0101 | 0.0402 | 0.0903 | 0.1604 | 0.2505 | 0.3606 | 0.4907 | 0.6408 | 0.8109
0.9 | 0.0091 | 0.0382 | 0.0873 | 0.1563 | 0.2454 | 0.3545 | 0.4836 | 0.6327 | 0.8017
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EXAMPLE 5.6. Let ¢g = 0.0005 and ug(z) = (2.521,2x2)7, then, the corre-
sponding cavity solution is non-radially-symmetric. Now, we are facing the problem
of choosing Cy and Cy appearing in the conditions T < C1e'/? and N > Cye~1/2.
For C =3, C; = 1.0 and, Cy = 1.1, the meshing strategy produces a mesh shown in
“Test 1”7 in Table 2, where N; = Ny /2, Vi > 1, which holds also for other three tests.
It turns out that the numerical solution obtained on this mesh is indeed orientation
preserving, while for C1 = 1.25 (see Test 2) or Co = 0.9 (see Test 3), the numerical
solutions obtained on the corresponding meshes will fail to be orientation preserving.
Again, it is found that the failure is most likely to happen on the element vertices on
the inner boundary of the domain Q¢,. And again, instead of reducing Cy or increas-
ing Ca, a proper mesh can usually be obtained simply by dividing the inner most layer
into two (see Test 4 where eg = 1.0), according to condition C3, or doubling Ny, or
both, and repeating the process if necessary.

TABLE 2
Non-radially-symmetric case: ¢g = 0.0005, ug(z) = (2.5x1,222)7.

Test | e1 €2 €3 €4 €5 €6 €7 No | Result

1 0.0229 | 0.0907 | 0.2036 | 0.3614 | 0.5643 | 0.7946 | 1.0 50 | Succeed
2 0.0285 | 0.1016 | 0.2198 | 0.3829 | 0.5911 | 0.8442 | 1.0 50 | Fail

3 0.0229 | 0.0907 | 0.2036 | 0.3614 | 0.5643 | 0.7946 | 1.0 40 | Fail

4 0.0091 | 0.0285 | 0.1016 | 0.2198 | 0.3829 | 0.5911 | 0.8442 | 50 | Succeed

REMARK 5.7. In our code, the condition det Vuy > 0 is firstly only checked
on quadrature nodes in a gradient flow iteration; after the iteration converges, the
condition det Vuy, > 0 is checked on elements vertices, particulary those on the inner
boundary of the domain Q.,, where the condition is most easily broken; the mesh layer,
where det Vuy, < 0 s detected, is then refined accordingly. Such a modified meshing
strateqy practically makes the whole process more efficient, though a mesh so obtained
is not necessarily “optimal”.

6. Numerical experiments and results. In our numerical experiments, the
energy density is given by (1.6) with p = 3/2, w = 2/3, and g(z) =2"V4(3(z —1)2 +
1), the domain Q, = B1(0) \ B, (0) with a displacement boundary I'y = 9B;(0) and
a traction free boundary I'; = 9B, (0), and the meshes used are shown in Table 3
and Table 4, which are produced by the meshing strategy with C = 2, C; = 0.9,
A = 0.8 for ¢g = 0.01, g = 0.0001 and various h. It happens that, in all these meshes,
N; = N = A/h on each of the m + 1 mesh layers. Figure 3 shows that the total
degrees of freedom N, is basically a quadratic function of A~1.

TABLE 3 TABLE 4

eg = 0.01. eo = 0.0001.
h min7; | max7; | m | Np h minT; | max7; | m | Np
0.04 0.0224 | 0.1504 | 11 | 20 0.04 0.008 0.1488 | 12 | 20
0.03 0.0156 | 0.1164 | 14 | 30 0.03 0.0048 | 0.1128 | 16 | 30
0.02 0.0096 | 0.0768 | 22 | 40 0.02 0.0024 | 0.076 24 | 40
0.01 0.0044 | 0.0396 | 44 | 80 0.01 0.0008 | 0.0392 | 49 | 80
0.005 | 0.0021 | 0.0199 | 89 | 160 0.005 | 0.0003 | 0.0197 | 98 | 160

6.1. Radially-symmetric case with u(z)|r, = Az. The convergence behavior
of the radially-symmetric numerical cavity solutions corresponding to A = 2.0 obtained
by the dual-parametric bi-quadratic FEM are shown in Figure 4-Figure 6, where the
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high precision numerical solutions to the equivalent 1-D ODE problem are taken as
the exact solutions [2, 14].

5 -1 ‘
R e =0.01 ¢ =0.01
\ = ey = 0.0001 N e = 0.0001]
45 --slope=2.0 \ \A\ ) ---slope=2.0
-3f o ™~
g 4
£ e g -5t
6l
al
_7—
232 22 2 18 16 14 BN 35 22 4.9
IOgth IOgmNd
F1G. 3. Ng ~ Kh~2. F1G. 4. The energy error.

Figure 4 shows that the energy error |E(u) — E(up,)| = O(N;?) = O(h*), which
is even better than our energy error estimate on the interpolation function (see (5.4)).
In Figure 5 and Figure 6, it is shown that ||u — upljo2 = O(NJB/Q) = O(h3) and
u—unlli,p = O(N; ') = O(h?) respectively, which are in good agreement with our
interpolation error estimates (see (5.2) and (5.3)).

A comparison between W1 errors of the iso-parametric triangular FEM ([24])
and the dual-parametric bi-quadratic FEM is also shown in Figure 6, which demon-
strates that the latter should be a more efficient method in cavitation computations.

-1.4

. ‘ ‘ " e =0.01 ‘ ——Iso-para ¢y = 0.01
. ——¢€p = 0.0001 ——Iso-para ¢y = 0.001
R ---slope=1.5 | _18 ——Dual-para ¢y = 0.01

——Dual-para ¢y = 0.0001
---slope=1.0

39 32 35 3.8 4.1 44 45
log, ;Nd ’

IogmNd

F1G. 5. The L? errors of uy,. FIG. 6. The WbYP errors of uy,.

6.2. Non-radially-symmetric case with u(z)|r, = (A121, A\222)T. The nu-
merical results for A\; = 2.5, Ay = 2.0, ¢¢ = 0.01 obtained on the mesh given in
Table 3 are shown in Figure 7-Figure 10.

Figure 7 shows the numerical solution with h = 0.02, where the cavity is seen
to be approximately an ellipse. The convergence behaviors of the energy, semi-major
axis, and semi-minor axis of the cavity, with respect to the mesh size h, are displayed
respectively in Figure 8, Figure 9(a) and Figure 9(b). The convergence behavior of
llun —upyallo,2 and [up —wup 2]1,p, in terms of Ny ~ h~2, are demonstrated respectively
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in Figure 10(a) and Figure 10(b). The numerical results are clearly in good agreement
with our analytical results (see (5.2)-(5.4)).

7. Conclusion. We derived the orientation-preservation conditions and interpo-
lation errors of the dual-parametric bi-quadratic rectangular FEM for both radially-
symmetric and general non-symmetric cavity solutions, which is the first theoretical
result of its kind in this field, and established an optimal meshing strategy for the
method in computing void’s growth based on an error equi-distribution principle. We
would like to emphasize here that, even though there are two a priori unknown solu-
tion dependent constants C7 and Cs involved in the meshing strategy, we can always
make a posteriori adjustments so that the strategy works well (see § 5 for details).
Numerical results obtained on the meshes produced by our meshing strategy verified
the efficiency of the method. In fact, our numerical experiments showed that the con-
vergence rates of the finite element cavitation solutions are in good agreement with
our interpolation error estimates, and the total degrees of freedom needed for the
method to achieve a given level of approximation accuracy is of an optimal order, and
is much less than that of the iso-parametric quadratic triangular FEM in practical
cavitation computations.
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