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ҷϣא มଛڹфڦҜРࡄϡऴӆม݉

1.1 ৉ߞ

ϢЙϨมଛڹф׏ѓڦҜРࡄࠅࡄЅҰϴ܇ϣԈئቕϡРߵࡄԷԛڱ,ຎҒ: Ҝղ҃䦙PoissonРڦ
䦙Brownࡄ .фޭᖐ஘ҳ҃ؽ ъА, цӊࢹЋϣડϡڦЗҽࠟ٩ϡڦҜѴࢣ, ЇϲϥڦҜРࡄ, ϢЙԗҒ
୳ૢ֦䩲ح

ЅѺЗϢЙѺܠϡϣԈ२ҳ៲ّߵԷԛڱ, ຎҒ: ԏҋ៲ّ䦙ѧࡠ៲ّ; ϨϽѺіۯдЅ, ϢЙϥц
Ћϣડϡࢹ “Ϯ” ៲ّՖҲ୳ૢϡ. ৉Պۯдфід, Ֆϣٍ܌ѓܵஂ-ᒁ޿৸ᵯԍܴ, ԪґϢЙЌ୳ૢ
ࡄідҤ׶ (ordinary differential equation, ODE)䦙ണідҤࡄ (partial differential equation, PDE)ҳ.
ъАϸԈҤ֚ϡֵϨЂ֚ҍϥѮА䩲

ϢЙѺРϡ׏ѓڦҜРࡄϲԚӾӊЅѺѺϡ઎ݾ२ҳ៲ّфؚЙϡԛڱ,ґ׏ѓڦҜд໯ϸ՟ࠅϲ
ԚӾӊϢЙϽѺѺϡіۯд. ,ՄсЛࡢ ,܏۰ ԪّѺϼϱӡॶѮАϥ؎׏ Ҝԛ”䩲Їϲϥؑϴѓԍڦ“
ԑ٩ϡҤ֚, цϣणѴࢣϱӡॶ ,”Ҝԛڦ“ .ॸ֝٩׍ ϨّѺϼӡॶϣणڦҜѴࢣԮӊЗҽϡڦҜԛ,
ϸϲϥ “⟡ (martingale)”. ЋϦӡॶ “⟡”, ϢЙؑϴ౗ࡾ଴۴ԍԑ٩ҺॶЎֺխֳ׈ϡม݉ϱӥѴ. ӹ
,ױ ϢЙۓછϣэ״ϲϴϦثมଛڹϡԍԑ٩ϥҒࠃح߹ϡ.

,аב ϩϦ⟡ҏњ, ϣϬІѼϡ՜֣ϲϥ⟡ϥਦНйѓӔҌϡϣԈ “२ҳ” ϥڈ ”ቕئ“ ϡРࡄ ߣ“
؀” ϡԣܾоϱ. ϸϲϥڦҜۯд, ຎҒ: Ԯӊ Brown ڈ҃ؽ Poisson ѢРࡄϡڦҜۯд. ϩϦڦҜۯ
дҏњ, ϲϴϩԮӊڦҜۯдϡڲڋԍܴ, ϸϲϥ Itô ԍܴ. ؚԚӾӊіۯдЅϡܵஂ-ᒁ޿৸ᵯԍܴ.
ϩϦϸԈިކҏњ, ϢЙϲНйөϣϽणڦҜѴࢣԣܾюϣϬ “৭ӡԛחд”+“⟡ (дۯҜڦ) ,”дח Ї
ϲϥ Itô Рࡄ, ґ Itô ࡄҜідҤڦ (stochastic differential equation, SDE) ϥԷЅϣ҇ئቕϡРࡄ. Ғ
ӎ׶ідҤࡄфണідҤࡄ, ϢЙНй֡РڦҜідҤࡄϱᆡ਎ѸЄϡڦҜѴࢣ, ۱ѓԚԮϡّѺҤ֚
ЏϺڦҜідҤࡄϡЪЄԛڱ.

1.2 มଛڹϡԍԑ٩ֲพ

ϨІѼ֎фघϿТ҅Ѕ, ϩЪЄϤ৭ӡϡѴࢣ. Ϩϣॵ෸ӡϡֺխЎ, ૽НЌтТ, ҍНЌϤтТϡ
ѴࢣीЋڦҜѴࢣ. цڦҜѴࢣϡ୳ૢۓѼϴՖҲ ”࠻޴“䦙”ݓ݆“ ф “ӥࡑ”, ीЋڦҜՆࡑ (trial). Ϩ
มଛڹЅ, ϢЙ޳ӡڦҜՆࡑНйϨԚӎֺխЎԳߒсՖҲ, ҟҋՆࡑϡֲҝНЌϤঝϣϬ, ॸЌѨ׍
,ϡӛϩНЌֲҝࡑ৭ӡՆ܏ ԔҟҋՆࡑϡֲҝѨ܏ҍϤНব࠻. ϢЙ֡РцڦҜՆࠃࡑ߹ّѺথࡿϱ
୳ૢڦҜѴࢣϡ੻ಋԛ. ϸϬّѺথࡢ؎׏ࡿϩڃԈϴঈ䩲

,܏۰ ؑϴҌѬڦҜՆࡑϡӛϩНЌϡֲҝϥѮА䩲ӹױ, ϢЙ৉ՊйЎϡม݉.

ǭػ 1.2.1. ԗ܍ҹքࣸҽϤϲЩЕϢ؁һਕГϤϲ҈ӆѢ (sample point), ѣً׬ ω ՝޸; ԆϮЩЕϢ
؁һੑћϢ৛؏ਕГ҈ӆ׺ҽ (sample space), ѣً׬ Ω ՝޸.

ຎҒ, НЌоѴϡֲҝϥࡑҜՆڦњ᤭Җҋఐ෡ϸϬ܏ (Փ, Փ)(Փ, ,ࠍ)(ࠍ Փ)(ࠍ, ,(ࠍ өϸףϬ
ֲҝӑЋ҈ӆѢพю҈ӆ׺ҽ.
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2 ӚϤء ྩవܦю܍ҹЬࣩϢਅөྩ߆

,аב ϢЙҀࣳঙՆࡑЅоѴϡϣԈѨո, ԝҒ䩟ϨϼӌϡຎжЅНЌҀࣳঙ “ҖҋоѴϡֲҝԚ
ӎ” ϸխѨո. ؚϥ܋ (Փ, Փ)(ࠍ, (ࠍ ϸҖϬ҈ӆѢҏϣоѴ. ӐԝҒ, “ҷԏҋϤоѴބӌ” ϸխѨ
ո. ؚϥ܋ (Փ, Փ)(ࠍ, Փ) ϸҖϬ҈ӆѢҏϣоѴ. ӥকϼ, ؚЙЁϥϣԈ҈ӆѢϡओׁ.

ѯӡѢϡϣϬओׁ؝ױ A ϥ܋цӊحڗϣϬѢ ω, ЁНй်आؚϥϤϥ٧ӊ A. Ғҝϥ, ज֭Ћ
ω ∈ A; ҒҝϤϥ, ज֭Ћ ω /∈ A!. ϢЙऎӡϤدଭحڗѢϡओׁЇϥѢओ, ीЋ׺ओ, ֭Ћ ∅. ϢЙ৉
ՊйЎϡม݉.

ǭػ 1.2.2. ϣФԗѨխ (event) Ԏ੓ГҥөѷϢ࣫ϲ৛؏. ਕ࣫ѽֱэЭԯ੕੬ԯٵԆోڋϢ࣫ϲҥ
өѷчҊ.

ॎѼՆࡑϡ҈ӆѢϨՆࡑӓϲЪҴ৭, ԔϥђϩՆࡑҏњ, ҥЌ৭ӡࡆϬѯӡϡѨխϥਦтТ.
ϢЙө҈ӆ׺ҽ Ω ӆӱЇӑЋϣϬѨխ. ҟҋՆۓࡑѼϩ Ω ЅϡࡆϬ҈ӆѢоѴ, س Ω .ѼтТۓ

ӹױ, ϢЙी Ω ЋۓѼѨխ. ϢЙө׺ओ ∅ ЇӑЋϣϬѨխ. ҟҋՆࡑЅ, ؚЁϤтТ, ӹױ, ीЋ ∅ Ћ
ϤНЌѨխ.

,૜Ѩխߒ؀ѨխϱԣܾߣРϣԈֳ֡ܨϢЙ׶֡ ۱ѓ؀ߣѨխϡҞ֥ϱϦߒث૜ѨխϡҞ֥. ӹ
,ױ ϢЙХؑϴҌѬѨխϡԮڍфѨխϡڲؽ. ѨխӑЋ҈ӆ׺ҽϡжओ, ӆڱϼؚЙҏҽϡԮڍфؽ
.ڲؽԁڍϲϥओׁҏҽϡԮڲ ϢЙϨؑױϴ݆מϡϥѓมଛڹϡߞܬϱث౥ϸԈԮڲؽߵڍ.

(1) ઎Ѩխ A ЅϡҟϣϬ҈ӆѢЁدଭϨѨխ B Ѕ, ीѨխB ଭϦѨխد A; ЛѨխٷڈ A тТᝒ
ଭѨխ B тТ, ֭Ћ A ⊂ B. ઎ A ⊂ B ф B ⊂ A ӎЗю߹, ीѨխ A ԁѨխ B ҳڈ٣A ҳӊ
B, ֭Ћ A = B.

(2) ଭϨѨխدӛϩϤۥ A Ѕϡ҈ӆѢӛॵюϡѨխीЋѨխ A ϡဵѨխڈц߹Ѩխ, ֭Ћ Ac. Ac

ԣܾѨխ A ϤтТ.

(3) ѓ A ∩ B ٷڈ AB ԣܾѨխ A фѨխ B ӎЗтТ, س A ∩ B ٷڈ AB ԣܾӛϩӎЗ٧ӊ A ф

B ϡ҈ӆѢϡओׁ, ीЋA ԁ B ϡے. ѓ ∩∞
n=1An ԣܾѨխ An, n = 1, 2, . . . ӎЗтТ, ӛϩӎس

З٧ӊ An, n = 1, 2, . . . ϡ҈ӆѢϡओׁ, ीЋAn, n = 1, 2, . . . ϡے

(4) ѓ A ∪B ԣܾѨխ A ффѨխ B ۠վϩϣϬтТ, س A ∪B ԣܾ۠վ٧ӊ A ڈ B ЅϡϣϬϡ

ӛϩ҈ӆѢϡओׁ, ीЋA ԁ B ϡ׍. ѓ ∪∞
n=1An ԣܾѨխ An, n = 1, 2, . . . Ѕ۠վϣϬтТ, س

ԣܾ۠վ٧ӊ An, n = 1, 2, . . . ЅϣϬϡӛϩ҈ӆѢϡओׁ, ीЋAn, n = 1, 2, . . . ϡ׍ .

(5) ઎ AB = ∅, ԣܾѨխ A фѨխ B ϤӎЗтТ, ीA ԁ B ЋૠϤԚب, ٧ӊس A ϡ҈ӆѢۓϤ

٧ӊ B, ٧ӊ B ϡ҈ӆѢۓϤ٧ӊ A. ઎Ѩխ An, n = 1, 2, . . . ҖҖૠϤԚب, Һϡڗس n &= m,
An ∩Am = ∅, ी An, n = 1, 2, . . . ૠϤԚب.

(6) ѓ A \ B ԣܾѨխ A тТԔѨխ B ϤтТ, س A \ B ԣܾӛϩ٧ӊ A ԔϤ٧ӊ B ϡ҈ӆѢϡ

ओׁ, ीЋA ԁ B ϡई.

Ϩӆ܇ॶЅ, цӊѨխϡॅڲؽਡ҂ҒЎϡऎӡ: ,ڲؽՖҲဵ܏ ӐՖҲڲؽے, зњϥڈڲؽ׍ई
.ڲؽ Ֆϣ܌, ѨխҏҽϡԮڍХю߹ҒЎϡڲؽಋ:

:ಋ޼ے AB = BA; A ∪B = B ∪A.

ֲׁಋ: (AB)C = A(BC); (A ∪B) ∪ C = A ∪ (B ∪ C).

дࡈಋ: (A ∪B) ∩ C = (AC ∪BC); (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C).
!㸆⛰⪈☨⹻ⰶ⶙㮾ⰼ⮎㑥㥲㱊㢶⍙▕: A particular set A is well defined if it is possible to tell whether any given point belongs to it

or not. These two cases are denoted respectively by ω ∈ A, ω /∈ A. Thus a set is determined by specified rule of membership.
㱊㢶㷎㽴 K. L. Chung(㺵⵺⹁), F. AitSahlia, Elementary Probability Theory. 4th ed. Springer 2003. page 2-3
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De Morgan ӡԑ (цઢ֍ԑ): (A ∪B)c = Ac ∩Bc; (A ∩B)c = Ac ∪Bc.

ϢЙХԮКϣԈѨխ (тТ) ϡมଛ. ӛ஼มଛϲϥ֏֝ѨխтТϡНЌԛϽЩϡ֝, ӥকϼϲϥ
йࡆԈѨխЋІԸ֝ϡۘ૎៲ّ, ѼѨխϡมଛϥۓ 1, ϤНЌѨխϡมଛϥ 0, ૠϤԚبѨխ׍ϡมଛ
ҳӊҟϬѨխมଛҏф.

ม၉вϱ, ,ЗࡿϡّѺথࡑҜՆڦ߹ࠃ ϢЙۓછҌѬ: (1) Նࡑϡ҈ӆ׺ҽ Ω. ϥϣϬۘ؎׏ؚ
;ϡओׁ׺ (2) Нй ”࠻޴“ ϺϡڈҀࣳঙϡѨխйߵϸԈѨխ֡РѨխϡڲؽЏϺϡѨխϡҪՄ, ֭Ћ
F ; (3) ϸԈѨխϡมଛ. ѸՖϣ܌, ХؑϴҌѬ F Ѩխϡมଛٿߵ՘҈ϡّѺֲพй߿ٶ P ҏҽϡԮ
.ڍ

Ӿ୳ૢࡆϬڦҜՆࡑЗ, ,ϩϢЙҀࣳঙϡѨխ؎׏܏۰ ґॸҌѬ

• ҒҝѨխ A тТ, जНйԐҌ Ac ϤтТ. ЇϲϥЛ, Ғҝ A ϥϢЙҀࣳঙϡѨխ, ज Ac Ї׏؎

ϥϢЙҀࣳঙϡѨխ.

• Ғҝ An, n = 1, 2, . . . ҏϣтТ, जНйԐҌѨխ ∪∞
n=1An тТ. ЇϲϥЛ, Ғҝ An, n = 1, 2, . . .

ϥϢЙҀࣳঙϡѨխ, ज ∪∞
n=1An Ї׏؎ϥϢЙҀࣳঙϡѨխ.

,ױۥ ϢЙ৉ՊйЎϡม݉.

ǭػ 1.2.3. F ϨݕҥөِӢ Ω ϢϤԻп৛ੑћϢ৛؏, ұһۖ࢞

(1) F ِ݉;

(2) A ∈ F =⇒ Ac ∈ F , ڐ A ∈ F ᨼో Ac ∈ F ;

(3) An ∈ F , n = 1, 2, · · · =⇒ ∪∞
n=1An ∈ F , ڐ An ∈ F , n = 1, 2, . . . ᨼో ∪∞

n=1An ∈ F ,

১ਕ F Гѽֱལ (event field).

,Ѩխ෢ϡӡॶۥ ϩҒЎ؀ߣϡԛڱ, ࢙Ҵ߈ӑ֣ܠ.

ȡΙ 1.2.1. F Ϩѽֱལ, ১ Ω ∈ F ; ∅ ∈ F .

ֲׁѨխ෢ϡม݉, ϢЙ৉Պมଛϡԍԑ٩ӡॶ.

ǭػ 1.2.4. Ԏ੓Ϭѽֱལ F ϾϢϤϲ৛؏᫸ڮ P ਕГมଛ (ۧมଛ࠻֏), ұһ࢞ۖٵ

(1) ݉௢Ւ: ѐӮۻӝϢ A ∈ F , P(A) ≥ 0;

(2) ஄ඛՒ: P(Ω) = 1;

(3) ЩࣚЩԪՒۧՖӋЩԪՒ: ஝ An ∈ F , n = 1, 2, . . . ௴ϦՑڂ, ১

P(∪∞
n=1An) =

∞∑

n=1

P(An). (1.2.1)

۱ѓมଛϡԛڱ, ϩҒЎ؀ߣϡֲڹ, ࢙Ҵ߈ӑ֣ܠ.

ȡΙ 1.2.2. P(∅) = 0.

ȡΙ 1.2.3. (มଛϡ۟ۂԛ)

(1) ஝ An ∈ F , n = 1, 2, . . . ۖ࢞ѐӮۻӝ n ≥ 1, An ⊂ An+1, ১
lim
n→∞

P(An) = P(∪∞
n=1An).
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(2) ஝ An ∈ F , n = 1, 2, . . . ۖ࢞ѐӮۻӝ n ≥ 1, An ⊃ An+1, ১
lim
n→∞

P(An) = P(∩∞
n=1An).

ǭػ 1.2.5. ਕѼؑւ (Ω,F ,P) Гมଛ׺ҽ, ճЋ Ω ϨҥөِӢ, F ϨզӮϼϲҥөِӢϢϤϲѽֱ
ལ, P ϨԎ੓Ϭ F ϾϢྩవ.

ϸϥ Kolmogorov Ϩ 1933 ёࠃ߹ϡมଛڹԍԑ٩ֲพ. ϣϬมଛ׺ҽϲϥᆡ਎ϣϬڦҜՆࡑϡّ
Ѻথࡿ. цӊࡢՄϡڦҜՆࡑҒحพࠃมଛ׺ҽ, ؑϴ؇ࡢՄ՜֣ґӡ. ϢЙئԆ݆מ: ,њױ Ӿมଛ׺
ҽ৭ӡϮ, ђϩѨխ෢ F ЅϡׄঈҥीЋѨխ, ЇϲϥЛӾԣ਎ЅᇎߵϺѨխЗ, ϣӡϴҴ৭ؚϥڃϬ
Ѩխ෢ϡׄঈ. ຎҒ:

૽ 1.2.1. ϮϤϲՓӃ঍ူп, ူ඙ϨଞӕϢ, Ͼӱࣳ ”י“ ,ݨއ գူпՓϾӃЉՍူпоћضङ࡞ལ
(ұנ 1). ူЋϮϤϲвޟЩуുҟ. ,ӝᗖҟူп܍ в࢝ޟ੼ښҟѭ, ལЋϢ࣫࡞ङضϬϼࡠҹы࢝܍
ङЋ ,ЇϨՇЇం߰ࠤ) ී౏вٹޟӮ ”י“ .(ϾϢѥ౥ݨއ
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ԯࡥ๳ူпӎᗖҟѭвࡠ࢝ޟϬۣԻ࡞ལϼϲքࣸС, ҥөِӢϨ Ω = {ຑ, ᜣ, ⃴, ඳ}, ѽֱལ
F1 Г Ω ϢӋւп৛ੑћϢ৛؏, ճЋॄϮ 16 ϲѽֱ. ѐӮքࣸϢҽϤϲ؁һ ω冟ѐӮ Ω Ϣҽϲп৛
A, Еሌৌч׈ ω ϨଜۈӮ A, ЏϸϨЦҽҨքࣸѭ, Еҩ҃ѽֱ׈ A ϨଜэЭ.

ұһӷࠤЇѣϤङϦଞӕϢಚॗՍ “ᜣ” ю “ඳ” סལᕫ඙࡞ (ұנ 2). ӳҥࡥ๳Սူпᗖҟѭв
,ལϢքࣸ࡞ϬۣԻࡠ࢝ޟ ϣФЏЩуՍքࣸϢҥөِӢչГ Ω = {ຑ, ᜣ, ⃴, ඳ}. ՊϨ, Сѽֱལه

F2 =
{
Ω, ∅, {ຑ}, {⃴}, {ຑ, ⃴}, {ᜣ, ඳ}, {ຑ, ᜣ, ඳ}, {⃴, ᜣ, ඳ}

}
,

ճЋѡోڋϩ 8 ϲѽֱ.
ѐӮքࣸϢ࣫Ի؁һ, ਥҖЩуЉϽвࡠ࢝ޟϬӉᕫ᧟Ϣ࡞ལ, ՊϨϣФϦЕሌৌهСвޟϨଜϬ

“ᜣ” ,ལ࡞ ЏϸϨЦ, Ϧҩ҃ {ᜣ} ϼѽּϨଜэЭϩ. ԫه, ѐӮѽֱལ F2, Ω Ϣп৛ {ᜣ} ϸϦϨѽ
ֱ. ӳҥϢ, {ඳ} ю {ຑ, ᜣ} ӓЏϦϨѽֱ.

Ϩڹ֏࠻Ѕ, ޕ X ϥϣϬۘ׺ओׁ, C ϥ X ϡϣԈжओॵюϡओׁ, ीЋओׁڍ .(ओण䦙ओఓڈ)
઎ C ӡॶ1.2.3Ѕϡ߿ٶ (1)(2)(3), जी C Ћσ-෢ .(ّڊ-σڈ) ઎ C ϼϡओׁ៲ّ µ ӡॶ1.2.4Ѕϡ߿ٶ
ۘ૎ԛфН࠶НӸԛ, जी µ Ћ C ϼϡ࠻֏.

ޕ F Ћ X ϼϡ σ-෢, ी (X,F) ЋН׺࠻ҽ. X ϡжओ A ीЋ F Н࠻ϡ, ઎ A ∈ F . ޕ µ ϥ σ-෢
F ϼϡ࠻֏, जी (X,F , µ) Ћ׺֏࠻ҽ. มଛ׺ҽϥϣणئቕϡ׺֏࠻ҽ.

Ϩڈڹ֏࠻มଛڹϡ୳ૢЅ, ڍϬओׁࡆϡҌѬבׯࢹНй܊܊ C ϼϡ࠻֏ µ, Ԕ C ϥۓ۔ σ-෢.
ЋϦพ߃Н׺࠻ҽؑϴҶྔ֝޸ϡжओԗ C ᇓࣘю σ-෢, ХؑϴѯЈҶӸϡжओׁԑсᔼ໹ّߚ, юЋ
ϣϬ࠻֏. ϸϥڹ֏࠻Ѕ࠻֏ᇓצӡԑϱࡢՄӥѴϡ, ؑϴࢹЄϡม݉фҌࡧ, ӔսоϦϸӆڪϡ౒ࣻ.
ԔЎӌϡม݉цӆڪϡњ۟ث܇ϥϩࡾݨϡ.

ǭػ 1.2.6. C Ϩ X Ϣِ݉৛؏ۯ, S Ϩ X Ϣ σ-ལ. ஝ S ۖ࢞ЖӱϢ؉ֱ:

(1) S ⊃ C;
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(2) ѐӮ X ϾϢۻϤ σ-ལ S ′, ЅϮ
S ′ ⊃ C =⇒ S ′ ⊃ S.

১ਕ S Ϩݕ৛؏ۯ C Тюϡ σ-෢, ଭدۧ C ϡзЩ σ-෢. Г׼ σ(C).

ȡΙ 1.2.4. ۯ؏৛ڈۻݕ C ЭћϢ σ-ལ σ(C) ࣽϬ੕ఘϤ.

ϸϬԛڱϡ࢙Ҵ߈ӑ֣ܠ.
ϢЙೀཾϨมଛڹЅ׶ѓϡ Borel σ-෢. ޕ R ϥӥّҪՄ, ֭ R ϼਅэૼഴ߇ҽॵюϡओׁڍЋ

C = {(a, b] : a, b ∈ R, a < b}.
ी σ(C) Ћ R ϼϡ Borel σ-෢, ֭Ћ B(R), ԷЅϡׄঈीЋ Borel ओ. Ϥԡ࢙ࡑцӊਅഴૼэ߇ҽॵю
ϡओׁڍ䦙э߇ҽॵюϡओׁڍйߵഴ߇ҽॵюϡओׁҳЁТю B(R).

૽ 1.2.2. ๳ࡥ C ϾϢ࣠ט µ:
µ
(
(a, b]

)
= b− a.

ԎՇЩуఘϤϢՍعᏥטѣ࣠ݢ C ϾϢ࣠ט µ ᏥعϽ B(R) Ͼ. ,ڐ Ϭ B(R) ࣽϬఘϤϢ࣠ט µ̃ ۖ࢞,
ѐӮۻӝϢ (a, b] ∈ C,

µ̃
(
(a, b]

)
= b− a.

µ̃ ਕГ R Ͼ Lebesgue .ט࣠
Ϭ Lebesgue ,ЬࣩЋ࢙ࢣט࣠ ϮҴѷ٨Ϻ߂رϤЖ: (1) ,ҩ҃ڮԓյ᫸ݕ ϦϨ؜ R Ϣۻӝп৛Ѕ

Ϩ Borel ৛. ЏϸϨЦ, ਥҖ R ϾϢп৛ӋւP(R) ЏϨϤϲ σ-ལ, ՊϨ؜ϦЕϬճϾྥ࡛Ϥϲ࣠ט µ̃

ۖ࢞ µ̃
(
(a, b]

)
= b − a. ! ϼЏЦӕҁܦϨ࣠ܦטЯϨྩవܦ, ᐝԯы૜Ԏ σ-ལۧѽֱལϨً݉զ༚Ϣ;

(2) Ϭݢѣ࣠טᏥعԎՇС, ѐӮ৛؏ۯ C טճϾϢ࣠࢕ µ ЅϨϮϺ٩Ϣ. Ϯ঺੹Ϣ४ۘЩуݳႯՑզ
ۭಚ.

Ϩ n-ۅଡᖐ׺ҽ Rn Ѕ, Ғҝ a = (a1, . . . , an), b = (b1, . . . , bn) ߿ٶ ai < bi, i = 1, . . . , n, ֭
(a, b] = {x ∈ Rn : ai < xi ≤ bi, i = 1, . . . , n}. ޕ C = {(a, b] : a, b ∈ Rn}, ी σ(C) Ћ Rn ϼϡ Borel
σ-෢, ֭Ћ B(Rn), ԷЅϡׄঈीЋ Borel ओ.

f ϥԪ Rn ྱथϺ Rd ϡ៲ّ, ҒҝцӊڗҺϡ a ∈ Rd, Ёϩ
{x ∈ Rn : fi(x) ≤ ai, i = 1, . . . , d} ∈ B(Rn),

जी f ϥ Borel ៲ّ. ,ڹ֏࠻ࣝ࣠ Borel ៲ّϡӡॶҳ٣ӊ: цӊڗҺϡ A ∈ B(Rd), {x ∈ Rn : f(x) ∈
A} ∈ B(Rn).

1.3 ҜԸ֝ڦ

Ӿࠃ߹ϮϣϬڦҜՆࡑϡมଛ׺ҽ (Ω,F ,P) ҏњ, ҒҝϢЙЌבׯЏϺҟϬѨխϡมଛ, ъАԚ
ӾӊԟҪсҌѬϦϸϬՆࡑϡҪחҞ֥. ԔϨѴӥЅϸ҈ϡՆ׍ࡑϤЄԋ, ຎҒϣԈ؀ߣϡࣲਹมࡿ.
Ѽґ, ,૜ழࣥЄࠡߒ໦໪ࢣҜѴڦ ٍЏԚ׏ϡ҈ӆ׺ҽ࡛ईݚԆ. ϩԈՆֲࡑҝНйѓّܒԣܾ, ຎ
Ғ: ;ணई֝࠻ ϩԈϤϥ, ຎҒ: ᤭ఐ෡ϡֲҝѓԜӌфބӌϱԣܾ. цӊߒ૜ϡՆࡑ, ϢЙւϥ۱ֳܨ
ѓ؀ߣѨխϡมଛϱԐڲоߒ૜Ѩխϡมଛ. ϸ҈, ؑϴٍѓѸЄࢅϣϡّѺҤ֚ϱ୳ૢ, ԝҒԗՆࡑ
ֲҝ ,”٩ܒّ“ ѓϣϬّܒ ξ ϱԣܾ, ЇϲϥЛ ξ ϥй҈ӆ׺ҽЋӡॶ෢Լߚӊ R ϡ៲ّ. Ԕ ξ ঎

঎ϥϣϬ៲ّϥϤޢϡ, цӊڦҜՆࡑङϦ҈ӆ׺ҽ, ХؑϴԮڀѨխ෢ F , ξ ԁ؎׏ F тТڍ࠾, س
{ω : ξ(ω) ≤ x} .ϥѨխ؎׏ ,ױۥ ϢЙ৉ՊйЎϡม݉:

!㫻⢏☼㙭, ⺉㱫␌⛪⸷㷩⛊⹻⶙㮾⯿ µ ⸷㷩☡㮥⢔⌴ B(R) ⢚▙☨ σ- 㲚 L 㔋. L 㺲☨㴐㚐⒮㢜 Lebesgue ⶙␌⭅. ☏ L 㮜⏥㗁 P(R).
㔤 N = {N ⊂ R : ∃A ∈ B(R), µ̃(A) = 0㖳☧A ⊃ N}, 㵘

L = {A ∪ N : A ∈ B(R), N ∈ N}.
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ǭػ 1.3.1. ѐӮ҅ԎྩవِӢ (Ω,F ,P), ξ Ϩգ Ω Ͻ R Ϣ᫸ڮ, ұһۻӝϢ x ∈ R, ЅϮ {ω : ξ(ω) ≤
x} ∈ F , ১ਕ ξ ϨڦҜԸ֝ (random variable).

,ڹ֏࠻ࣝ࣠ ҺϡڗҜԸ֝ϡӡॶҳ٣ӊڦ A ∈ B(R), Ёϩ {ω : ξ(ω) ∈ A} ∈ F , .ϥϣϬѨխؚس
ؑϴ݆מϡϥ, ҜԸ֝ϡӡॶ࣊༌ӊѨխ෢ڦ F . ϨӆڪйњϡҲҹЅ, Ғҝؑϴ, ϢЙϿ܋ҴڦҜԸ֝
ϥԮӊڃϬѨխ෢ϡڦҜԸ֝. Ғҝ ξ ϥԮӊ F ϡڦҜԸ֝, f ϥ Borel ៲ّ, ज f(ξ) ХϥԮӊ F ϡ
.ҜԸ֝ڦ

ޕ A ⊂ Ω, ओׁ A ϡܾԛ៲ّӡॶЋ:

1A(ω) =

{
1 ω ∈ A,

0 ω /∈ A.

Ӿ A ∈ F З, 1A ϥԮӊ F ϡڦҜԸ֝, ਦजϤϥ.

૽ 1.3.1. (ာ1.2.1أ) ࠤ

ξ(ω) =






1 ω =ຑ,

2 ω =ᜣ,

3 ω =⃴,

4 ω =ඳ.

িҖ, ξ ϨզӮ F1 Ϣ܍ҹյצ. ՊٵϦϨզӮ F2 Ϣ܍ҹյצ, ϼϨԫГ {ω : ξ(ω) ≤ 2.5} = {ຑ, ᜣ} /∈
F2.

૽ 1.3.2. ࠤ A1, · · · , An, · · · ϨҥөِӢϢϤϲଖо, ڐ An ∩ Am = ∅, n &= m ੕ ∪∞
n=1An = Ω. ࠤ F

Ϩోڋ {A1, · · · , An, · · · } Ϣсвѽֱལ. (Ω,F) ϾϢ܍ҹյצϤԎЩуޅћұЖϢ঍ޮ:
∑∞

n=1 an1An .

ैӕࡠӸ׭ޘ.

ӆڝЅϢЙ঎؀ߣсೀཾԁڦҜԸ֝ԚԮϡऴӆม݉фӆڪЅ׶ѓϡّئܒ෥ۓߵϴϡϣԈڲڋ

ԍܴ. ϸחдֵبϨมଛڈڹมଛڋࢅϡԚԮڌ୰Ёϩ૘࢛ϡث܇.

ǭػ 1.3.2. ࠤ ξ ϨྩవِӢ (Ω,F ,P) ϾϢ܍ҹյצ. ӝϢۻ A ∈ B(R), P(ω : ξ(ω) ∈ A) ྥћ B(R)
ϾϢϤϲྩవ, ਕГ ξ Ϣมଛд޿ (probability distribution), ޿ਕдࡾ (distribution). Ҵϲ܍ҹצب ξ

ю η ұһϮՑӳϢྩవоࡖ, ১ਕ ξ ю η ӎд޿.

ǭػ 1.3.3. ࠤ ξ ϨྩవِӢ (Ω,F ,P) ϾϢ܍ҹյצ, ਕ x Ϣ᫸ڮ

F (x) = P(ω : ξ(ω) ≤ x), x ∈ R
Г ξ Ϣд޿៲ّ (distribution function).

ξ ф η НйϥҖϬϤӎมଛ׺ҽϼϡڦҜԸ֝, ԔؚЙНйϩԚӎϡд޿៲ّ. ,НйҌѬڹ֏࠻ۥ
ξ ф η ϡд޿៲ّԚӎҳ٣ӊؚЙӎд޿.

ϨӆڪЅϢЙҰϴᇎߵϺйЎҖणڦҜԸ֝!:

(i) ҒҝڦҜԸ֝ ξ ђԼϩࡳϬߚ x1, . . . , xn ߚϬ࠶Нڈ x1, x2, . . . , xn, . . . , जी ξ ϥڦࡿ્ڒҜԸ
֝. ֭ p(xi) Ћ P(ω : ξ(ω) = xi), i = 1, 2, . . . , ज ξ ϡมଛд޿Нй֡РҒЎϡд࠶޿ϱԣܾ:

ξ(ω) x1 x2 . . . xi . . .

P p(x1) p(x2) . . . p(xi) . . .
(1.3.1)

!㖼㖯㔋, ⺉㱫␌⛪⿥㺲 Lebesgue ➶ⰶ⛊⹻⛶㚞⫒⍐⼋☨➶⏦㾗➶ⰶ, ⓥ⹹㓞㨻⧧⻸㩦㨻㚞⫒⍐⼋㠖, ⪑⶙㮾☧☡㮥⹮㋨㯖㨻㚞⫒⍐⼋. 㚴
☨➶⏦⧉㗷㗁⻸㩦☨, ☏⏥▌㵀イ⛪⧉㗷㖳㋦⶙㮾⍙㖸⒱ (1.3.2) 㺲⏥⛊⫕➶☨㨼㖷. 㟠㖫 Lebesgue ➶ⰶ⛊⹻㮜⢄㚗㣄わ㑌⧨㚞⫒⍐⼋☨➶⏦
⛞㗁㸆㑻㺸⹮㨻㚞⫒⍐⼋➶⏦☨⫄⧩.
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(ii) цӊڦҜԸ֝ ξ, ҒҝࡖϨۘ૎Нۯ៲ّ p(x) ٍԷд޿៲ّ F (x) НйԣܾЋ

F (x) =

∫ x

−∞
p(y)dy, x ∈ R, (1.3.2)

ी ξ Ћڦࡿ۟ۂҜԸ֝. p(x) ीЋ ξ ϡ઼֏៲ّ (density function).  p(x) ∫߿ٶ ∞

−∞
p(y)dy = 1,

ґॸ F (x) ॸ۟ۂ p(x) = F ′(x).

ǭػ 1.3.4. ࠤ ξ Ϩ (Ω,F ,P) ϾϢ܍ҹյצ, ұһ
∫
Ω
|ξ(ω)|dP(ω) < ∞, ১ਕ ξ ϢّѺࡖֳ׈Ϩ, Ԏ੓

Eξ =
∫

Ω

ξ(ω)dP(ω)

Г ξ ϢّѺֳ׈ .(ߚ୐ֳۧ׈ਕࡾ) ұһ
∫
Ω
|ξ(ω)|dP(ω) = ∞, ১ਕ ξ ϢّѺֳ׈ϤࡖϨ.

ϢЙϸѦבׯ৉ѓ (Ω,F ,P) ϼࢣࢻ Lebesgue дۯ
∫
Ω
ξ(ω)dP(ω) ѯоّѺֳ׈ϡӡॶ. Lebesgue

.୐כЋӸ੹ثϼНйԑڱдӥۯ ,ϼ޴ׯ ξ ϡ޻ߚՊ x ϡ ε-ር෢ [x − ε, x + ε) ϡมଛϥ P
(
ω : ξ ∈

[x− ε, x+ ε)
)
, س ξ Ϩ x ปײԼߚϡ “੹Գ” ঐсԼюײ P

(
ω : ξ(ω) ∈ [x− ε, x+ ε)

)
. ԗ ξ ϡߚ෢ਢд

ю۠ЄН࠶Ϭϸ҈ૠϤԚےϡ ε-ር෢ [xi − ε, xi + ε), ъА, ξ ϡӸ੹כ୐ϲײঐсҳӊ∑

i

xiP
(
ω : ξ(ω) ∈ [xi − ε, xi + ε)

)
.

Ӿਢдքϱք࢛, ε քϱքЩЗ, Ғҝϼӌϡؒфּܴ᝸, जԷ࡙ࡳϲϥّѺֳ׈ (Lebesgue .!(дۯ
,НйҌѬױۥ ޕ f ϥ Borel ៲ّ, цӊڦҜԸ֝ϡ៲ّ f(ξ), Ғҝ

∫
Ω
|f(ξ(ω))|dP(ω) < ∞, ज

Ef(ξ) =
∫
Ω
f(ξ(ω))dP(ω). ӆڪЅѸЄсϥॗࡿ્ڒڹфڦࡿ۟ۂҜԸ֝, ϢЙѯоϸҖणڦҜԸّ֝

Ѻֳ׈ҒЎϡԍܴ.

ȡΙ 1.3.1. ࠤ ξ Ϩ۴௡प܍ҹյצ, ճоࣚࡖГ (1.3.1), ұһ
∑

i |xi|p(xi) ؊ᩧ, ১
Eξ =

∑

i

xip(xi).

ࠤ f Ϩ Borel ᫸ڮ, ұһ
∑

i |f(xi)|p(xi) ؊ᩧ, ১
Ef(ξ) =

∑

i

f(xi)p(xi).

ࠤ ξ ,צҹյ܍पݏܰ ճ௎ט᫸ڮГ p(x), ұһ
∫∞
−∞ |x|p(x)dx < ∞, ১

Eξ =
∫ ∞

−∞
xp(x)dx.

ұһ
∫∞
−∞ |f(x)|p(x)dx < ∞, ১

Ef(ξ) =
∫ ∞

−∞
f(x)p(x)dx.

ϨӆڝфЎϣڝЅ, ӾॗڦࡆڹҜԸ֝ϡّѺֳ׈З, ҒѪئቕЛҴ୐ԣܾԷّѺࡖֳ׈Ϩ.

ȡΙ 1.3.2. :ܚҔؗ؃ϢਅөՒڮ

(1) ѐӮѽֱ A, E1A = P(A).

(2) ஝ ξ ≥ η, ১ Eξ ≥ Eη. ,Ըыځ ξ ≥ 0, ১ Eξ ≥ 0.

(3) E(aξ + bη) = aEξ + bEη, ճЋ a, b Ϩًڮ.

(4) |Eξ| ≤ E|ξ|.
!㫻⢏☼㙭, 㱎⡡㗁

∑
i |xi|P(ω : ξ ∈ [x − ε, x + ε)) 㗏⻾,

∑
i xiP(ω : ξ ∈ [x − ε, x + ε)) ☨⭁㦎㺗⛊㯏㢜㗷㫓㋜㠯.
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(5) Cauchy-Schwarz Ϧӓޮ: ұһ Eξ2 < ∞,Eη2 < ∞, ১
(
E(ξη)

)2 ≤ Eξ2Eη2.
ӓکћ࢙Ϣঘо݁Ϻ؉ֱϨࣽϬϦӋГ 0 Ϣًڮ a, b, Иڪ

P
(
ω : aξ(ω) + bη(ω) = 0

)
= 1.

Нй۱ѓࢣࢻ Lebesgue ,ڱҴйϼԛ࢙ڹдϡԑۯ ЇНй֡Рڦࡿ۟ۂڈࡿ્ڒҜԸّ֝Ѻֳ׈
ϡԍܴ࢙ࡑ.

ǭػ 1.3.5. ਕ varξ = E(ξ − Eξ)2 Г܍ҹյצ ξ ϢҤई (variance);
√

varξ ਕГކࡣई (standard
deviation).

ǭػ 1.3.6. ࠤ ξ, η Ϩ (Ω,F ,P) ϾϢҴϲ܍ҹյצ.

(1) ਕ cov(ξ, η) = E
(
(ξ − Eξ)(η − Eη)

)
Г ξ ю η Ϣ൓Ҥई (covariance). ԯ cov(ξ, η) = 0 С, ਕ ξ ю

η ϤԚԮ.

(2) ԯ 0 < varξ < ∞, 0 < varη < ∞ С, ਕ

ρξη =
cov(ξ, η)√
varξ√varη ,

ਕГ ξ ю η ϢԚԮّڍ (correlation coefficient).

ۥ Cauchy-Schwarz Ϥҳܴ |ρξη| ≤ 1. Ӿ ξ = η З, Ҥईϥ൓Ҥईϡئຎ.

ǭػ 1.3.7. ਕ φ(θ) = Eeiθξ, θ ∈ R Г ξ Ϣئ෥៲ّ (characteristic function).

ǭػ 1.3.8. ұһ Eesξ < ∞冟১ਕ M(s) = Eesξ Г ξ Ϣᗀআ៲ّ (moment generating fuction).

1.4 ֝זҜڦ

ङϦڦҜԸ֝, ϢЙХҮؑ׶ϴ୳ૢڦҜ֝ז.

ǭػ 1.4.1. ࠤ ξ1, ξ2, · · · , ξn ϨԎ੓ϬӳϤྩవِӢ (Ω,F ,P) ϾϢ܍ҹյצ, ১ਕ
ξ(ω) =

(
ξ1(ω), ξ2(ω), · · · , ξn(ω)

)

ਕГ n .֝זҜڦۅ Ϥܳ܍ҹצبϸϨ܍ҹյצ.

ǭػ 1.4.2. ࠤ ξ = (ξ1, · · · , ξn) ϨྩవِӢ (Ω,F ,P) ϾϢ n .צҹյ܍ܳ ӝϢۻ A ∈ B(Rn),
P(ω : ξ(ω) ∈ A) ྥћ B(Rn) ϾϢϤϲྩవ, ਕГ ξ Ϣมଛд޿ (probability distribution), ਕдࡾ
޿ (distribution). Ҵϲ܍ҹצب ξ ю η ұһϮՑӳϢྩవоࡖ, ১ਕ ξ ю η ӎд޿.

ǭػ 1.4.3. ࠤ ξ = (ξ1, · · · , ξn) ϨྩవِӢ (Ω,F ,P) ϾϢ n ,צҹյ܍ܳ ਕ Rn ϾϢ n ؑ᫸ڮ

F (x1, · · · , xn) = P(ω : ξ1(ω) ≤ x1, · · · , ξn ≤ xn), (x1, · · · , xn) ∈ Rn

Г ξ = (ξ1, · · · , ξn) Ϣׁ࠾д޿៲ّ (joint distribution function).

ӎ҈ϡ, ξ ф η НйϥҖϬϤӎมଛ׺ҽϼϡڦҜ֝ז, ԔؚЙНйϩԚӎϡׁ࠾д޿៲ّ. ࠻ۥ
,НйҌѬڹ֏ ξ ф η ϡд޿៲ّԚӎҳ٣ӊؚЙӎд޿.

ǭػ 1.4.4. ࠤ ξ = {ξ1, · · · , ξn} Ϩ (Ω,F ,P) ϾϢ܍ҹצب, d < n, 1 ≤ i1 < · · · < id ≤ n, ১ۻӝϢ
A ∈ B(Rd),

P
(
ω : (ξi1 , · · · , ξid) ∈ A

)

ྥћ B(Rd) ϾϢϤϲྩవ, ਕГ ξ զӮ (ξi1 , · · · , ξid) Ϣ׷কд޿ (marginal distribution).
ਕ (xi1 , · · · , xid) ∈ Rd Ϣ᫸ڮ

Fi1,··· ,id(xi1 , · · · , xid) = P
(
ω : ξi1(ω) ≤ xi1 , · · · , ξid(ω) ≤ xid

)

Г ξ զӮ (xi1 , · · · , xid) Ϣ׷কд޿៲ّ.
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ϨӆڪЅϢЙѸЄԮКϡϥҖणڦҜ֝ז:

(i) ޕ ξ1, · · · , ξn ϥڦࡿ્ڒҜԸ֝, जी ξ = {ξ1, · · · , ξn} Ћڦࡿ્ڒҜ֝ז. ޕ ξi ϡԼߚЋ xi(k),
k ≥ 1, i = 1, · · · , n, ज ξ ϡԼߚЋ

(
x1(k1), · · · , xn(kn)

)
, k1, · · · , kn ≥ 1. ξ ϡд֭࠶޿Ћ

p
(
x1(k1), · · · , xn(kn)

)
= P

(
ω : ξ1(ω) = x1(k1), · · · , ξn(ω) = xn(kn)

)
.

ޕ d < n, j1 < · · · < jn−d, ॸ {j1, · · · , jn−d} = {1, · · · , n} \ {i1, · · · , id}, ज ξ Ԯӊ (ξi1 , · · · , ξid)
ϡ׷কд࠶޿Ћ

p
(
xi1(ki1), · · · , xid(kid)

)
=
∑

kj1

· · ·
∑

kjn−d

p
(
x1(k1), · · · , xn(kn)

)
.

(ii) цӊ n ҜԸ֝ڦۅ ξ, ҒҝࡖϨۘ૎Нۯ៲ّ p(x1, · · · , xn) ٍԷׁ࠾д޿៲ّ F (x1, · · · , xn) Н

йԣܾЋ

F (x1, · · · , xn) =

∫ x1

−∞
· · ·
∫ xn

−∞
p(y1, · · · , yn)dy1 · · · dyn,

ी ξ Ћڦࡿ۟ۂҜ֝ז. p(x1, · · · , xn) ीЋ ξ ϡ઼ׁ࠾֏៲ّ (joint density function). ॸ߿ٶ∫∞
−∞ · · ·

∫∞
−∞ p(x1, · · · , xn)dx1 · · · dxn = 1.

ޕ d < n, j1 < · · · < jn−d, ॸ {j1, · · · , jn−d} = {1, · · · , n} \ {i1, · · · , id}, ज ξ Ԯӊ (ξi1 , · · · , ξid)
ϡ׷ক઼֏៲ّЋ

pi1,··· ,id(xi1 , · · · , xid) =

∫ ∞

−∞
· · ·
∫ ∞

−∞
p(x1, · · · , xn)dxj1 · · · dxjn−d .

ȡΙ 1.4.1. ࠤ f(x1, · · · , xn) Ϩ Rn Ͻ R Ϣ Borel ᫸ڮ, ξ Ϩ n ,צبҹ܍पݏܰܳ ұһ f(ξ) ϢڮҔ
ؗ؃ࣽϬ, ১

Ef(ξ) =
∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x1, · · · , xn)p(x1, · · · , xn)dx1 · · · dxn.

ǭػ 1.4.5. ұһ Eξi, i = 1, · · · , n ЅࣽϬ, ১ਕ
Eξ = (Eξ1, · · · ,Eξn)

Г܍ҹצب ξ = (ξ1, · · · , ξn) ϢّѺֳ׈.

ǭػ 1.4.6. ұһ Eξ2i < ∞, i = 1, · · · , n, ਕ

Σ =





cov(ξ1, ξ1) cov(ξ1, ξ2) · · · cov(ξ1, ξn)
cov(ξ2, ξ1) cov(ξ2, ξ2) · · · cov(ξ2, ξn)

...
... . . . ...

cov(ξn, ξ1) cov(ξn, ξ2) · · · cov(ξn, ξn)





Г܍ҹצب ξ = (ξ1, · · · , ξn) Ϣ൓Ҥईᗀಙ.

൓Ҥईಙϥۘ૎ӡᗀಙ.

ǭػ 1.4.7. ਕ φ(θ) = ei
∑n

i=1 θiξi ,θ = (θ1, · · · , θn) ∈ Rn Г n צبҹ܍ܳ ξ Ϣئ෥៲ّ.

ǭػ 1.4.8. ұһ Ee
∑n

i=1 siξi < ∞, s = (s1, · · · , sn) ∈ Rn, ਕ M(s) = Ee
∑n

i=1 siξi Г n צبҹ܍ܳ ξ Ϣ
ᗀআ៲ّ.

ǭػ 1.4.9. ࠤ ξ1, · · · , ξn Ϩ܍ҹյצ. ұһѐۻӝԓڮ x1, · · · , xn,
P
(
ω : ξ1(ω) ≤ x1, · · · , ξn(ω) ≤ xn

)
= P

(
ω : ξ1(ω) ≤ x1

)
· · ·P

(
ω : ξn(ω) ≤ xn

)
,

১ਕ܍ҹյצ ξ1, · · · , ξn Ԛૠݼ߹.

ξ1, · · · , ξn Ԛૠݼ߹ҳ٣ӊцӊڗҺϡ Borel ओ Ai ∈ B(R), i = 1, · · · , n,
P
(
ω : ξ1(ω) ∈ A1, · · · , ξn(ω) ∈ An

)
= P

(
ω : ξ1(ω) ∈ A1

)
· · ·P

(
ω : ξn(ω) ∈ An

)
.
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ǭػ 1.4.10. ࠤ ξi Ϩ di i,צبҹ܍ܳ = 1, · · · , n. ұһѐӮۻӝϢ Borel ৛ Ai ∈ B(Rdi),
P
(
ω : ξ1(ω) ∈ A1, · · · , ξn(ω) ∈ An

)
= P

(
ω : ξ1(ω) ∈ A1

)
· · ·P

(
ω : ξn(ω) ∈ An

)
.

১ਕ܍ҹצب ξ1, · · · , ξn Ԛૠݼ߹.

ǭػ 1.4.11. ࠤ ξ1, ξ2, · · · ϨϤࣚ܍ҹצب, ұһѐӮۻӝϢ n, ξ1, · · · , ξn Ց௴࢙ࠃ, ১ਕ ξ1, ξ2, · · ·
Ԛૠݼ߹.

1.5 ࡄҜРڦ

1.5.1 Ҥܴ߃ϡϣ҇พࡄҜРڦ

ֲׁϢЙӓӌцมଛڹԍԑࢅڍϡϦث, Ԫ׏ѓڦҜРࡄϡҌࡧҌѬ, ϣϬڦҜРࡄϥӡॶϨӎϣ
Ϭมଛ׺ҽ (Ω,F ,P) ϼϡй T Ћࡣ܋ओϡڦҜԸ֝ఓ {Xt, t ∈ T}(֭ڈЋ {X(t), t ∈ T}). T ౥Ћث

Зҽ, Нйϥ {0, 1, 2 · · · , n}䦙ۘ૎ّݱओ䦙ۘ૎ӥّ䦙ڈّݱӥّ. цӊڗҺ෸ӡϡ t ∈ T , Xt ϡԼߚ

,ҽ׺ݮҽीЋ૮׺ ֭Ћ S, ԷЅϡׄঈीЋ૮ݮ.
ϢЙЂҌѬϣϬڦҜРࡄϡ҈ӆ׺ҽф҈ӆѢНйϥѮА҈ж, ثϥЂϦߞՄґࡢ Ω ԁ T ф S ҏ

ҽԮڍ. ϢЙНйө {Xt, t ∈ T} юܐ {X(t,ω), t ∈ T,ω ∈ Ω}, ӹױԗРࡄЃю T × Ω Ϻ S ϡ៲ّ

(ྱथ). Ӿ t ∈ T ෸ӡЗ, X(t, ·) ϥϣϬ (Ω,F ,P) ϼϡڦҜԸ֝; Ӿ ω ∈ Ω ෸ӡЗ, X(·,ω) ϥϣϬԪ T

Ϻ S ϡ៲ّ (ྱथ), ीЋцӊ ω ϡ҈ӆፊѬ.

૽ 1.5.1. ѭᱤބ๳Ϥϲࡥ 4 Ҩ൏རϼϲЬࣩ, Փӱ׼Г 1, Г׼ӱࠍ 0, ১ߴϲЬࣩϢӋւҥөѷϨ
ω = (ω1ω2ω3ω4), ճЋ ωi = 0 ۧ 1, i = 1, 2, 3, 4. ,ڐ

Ω =





(0000) (0001) (0010) (0011)

(0100) (0101) (0110) (0111)

(1000) (1001) (1010) (1011)

(1100) (1101) (1110) (1111)




.

єЙЬࣩԓੵϸϨ X(t,ω) = ωt. ာұ: X
(
3, (ω1ω2ω3ω4)

)
= ω3, ґऋւы, X

(
3, (0010)

)
= 1. ԫه, Ω

Љћ

{0, 1}4 = {0, 1}× {0, 1}× {0, 1}× {0, 1} = {ω = (ω1ω2ω3ω4), ωi = 0ۧ 1, i = 1, 2, 3, 4}
ۧӓۃӮ {1, 2, 3, 4} Ͻ {0, 1} Ϣᅯ৲Ӌւ.

ϣડс, цӊϣϬ૮׺ݮҽЋ S ϡڦҜРࡄ {Xt, t ∈ T}, Ω НйԼю ST = {TϺSϡྱथ}, Ֆϣ
۱ѓ܌ Kolmogorov Ԛبԛӡԑ, Нйพ߃оѨխ෢ F йߵѨխ෢ϼϡมଛ࠻֏ P, ٍЏ P ߿ٶ؎׏
{Xt, t ∈ T} ϡڋࢅԛڱ, ԝҒ, .ҳڱԛ޿ӎд߹ݼ

1.5.2 Ҟ֥䦙Ѩխ෢фհԵ (Ꮈж) ϡมଛ׺ҽ
Ϩ ”֎ҜԒڦ“ Ѕ, ԁ “৭ӡԛԒ֎” Ϥӎ, ,ӊϤ৭ӡԛۥ ϪЙϤЌؘ৭ব࠻ ”҃ؽ“ ϱϡ۔ “ፊ

඿”, ԔϪЙւϥֳ֡ܨРӔҌРЧфѴϨϡҞ֥ϱব࠻ .”ϱ۔“ ҒحϨมଛ׺ҽϡᕴବЎϱؘ৭ӡॶ
ϸ҇ “Ҟ֥”䩲ϸϲϥѨխ෢Ե. ϨϸѦ, ϢЙ঎ѓЎӌ؀ߣϡຎжϱЛҴϸϣڽЂ.

,ࡄҜРڦњ᤭ѧҋఐ෡ϸϣ܏ഒߎ ҈ӆ׺ҽϥ
Ω = {000, 001, 010, 011, 111, 110, 101, 100} = {0, 1}3;

҈ӆѢԣܾю ω = (ω1ω2ω3), Ѩխ෢НйԼЋ F = P(Ω).
Ϩ᤭ఐ෡ҏӓ, ЇϲϥϨՆࡑҏӓ, ϢЙђЌ৭ӡӛϩϡ҈ӆѢϥѮА, Ԕ׍ϤҌѬڃϬ҈ӆѢԗ

оѴ. ϢЙӛЌϦثϡҞ֥঎঎ϥۓѼѨխ Ω тТ, ϤНЌѨխ ∅ ϤтТ, ЇϲϥЛ, ϸЗϢЙЌҌѬ
ϡѨխ෢ϥ F0 = (Ω, ∅).
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Ӿҷϣҋ᤭ԟҏњ, ॎѼ, ՆࡑХ۔ԟю, ϢЙϤЌবࡢ࠻ՄࡆϬ҈ӆѢ ω ϥਦзټоѴ, ԔϸЗӔ
ҮҌѬ ω ϡחд “Ҟ֥”. ຎҒ, ઎࠻޴ϺԜӌоѴ, ЇϲϥЛ ω1 = 1, ъАϢЙНйҌѬѮА҈ϡ “Ҟ
֥”䩲ԐआоڃԈѨխтТڈϤтТ䩲
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图二 
 
 
 
 

1 0 

ω ∈ A1 = {ҷϣҋϥԜӌ} = {111, 110, 101, 100}, ω ∈ Ω,

ω /∈ A0 = {ҷϣҋϥބӌ} = {000, 001, 010, 011}, ω /∈ ∅;

઎ ω1 = 0, णঐс,
ω /∈ A1 = {ҷϣҋϥԜӌ} = {111, 110, 101, 100}, ω ∈ Ω,

ω ∈ A0 = {ҷϣҋϥބӌ} = {000, 001, 010, 011}, ω /∈ ∅.

Ӿҷϣҋ᤭ԟҏњ, цӊҟϣϬ҈ӆѢ ω, цӊڗҺϡ A ∈ F1 = {Ω, ∅, A1, A0} ϢЙւϥЌ်आо
ω ∈ A ϥਦю߹, ЇϲϥЛЌ်आѨխ A ϥਦтТ. ,Зױ ϢЙХڀҺϺ F0 ⊂ F1 ⊂ F .

Ӿҷϣҋ, ҷԏҋ᤭ԟҏњ, ઎ ω1 = 1, ω2 = 0, जϢЙНйԐआоϡҞ֥ϥ
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图二 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                          图三 
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1 0 
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0 
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1 0 

ω ∈ A10 = {100, 101}, ω /∈ A11 = {110, 111}, ω ∈ Ω,

ω /∈ A00 = {000, 001}, ω /∈ A01 = {010, 011}, ω /∈ ∅,

ॸНйԐआо׍ ω ϥਦ٧ӊϸӪϬѨխϡے䦙׍䦙ц߹ѨխйߵԷے䦙׍䦙ц߹ѨխӐے䦙׍фц߹

Ѩխ, Ғߒ܊ױЎЧ, ЇϲϥЛւЌԐआоױЗ ω ϥਦ٧ӊ A, A ϥѨխ෢ F2 ЅϡڗϣѨխ.
F2 = {Ω, ∅, A1, A0, A11, A10, A01, A00, A

c
11, A

c
10, A

c
01, A

c
00,

A11 ∪A01, A11 ∪A00, A10 ∪A01, A01 ∪A00}.
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઎ ω1 = 1,ω2 = 1; ω1 = 0,ω2 = 0 ڈ ω1 = 0,ω2 = 1 ϢЙӎ҈НйԐआоؚЙϥਦ٧ӊ F2 ЅϡѨխ.
,س ЗцӊҟϣϬϡ҈ӆѢױ ω, цӊڗҺϡ A ∈ F2, ϢЙւЌ်आо ω ∈ A ϥਦю߹. ,Зױ ϢЙХ
ҺϺڀ F0 ⊂ F1 ⊂ F2 ⊂ F .

Ӿѧҋఐ෡Ё᤭ԟҏњ, цӊڗҺϡ҈ӆѢ ω, ϢЙւЌ်आоцӊڗҺϡ A ∈ F3, ω ∈ A ϥਦю

߹, Ѩխس A ϥਦтТ, ԷЅ F3 = P(Ω). ,Зױ ϢЙХڀҺϺ F0 ⊂ F1 ⊂ F2 ⊂ F3 ⊂ F .
઎Ֆϣߎ܌ഒ T = Z+, S = {0, 1}, ,њ᤭ѪඬЄҋఐ෡܏س ज Ω НйԼю

Ω = {0, 1}Z
+

= {ω|ω = (ω1ω2ω3 · · · ),ωi = ڈ0 1, i = 1, 2, 3, · · · }.
F0 = {Ω, ∅}; F1 = {Ω, ∅, A1, A0}, ԷЅ, A1 = {ω|ω1 = 1} = {ω|ω = (1ω2ω3 · · · ), ωi = ,1ڈ0 i ≥ 2},
A0 = {ω|ω1 = 0} = {ω|ω = (0ω2ω3 · · · ), ωi = ,1ڈ,0 i ≥ 2}. णঐс, Нйӡॶ Fn, n ≥ 2.

ޕ F∞ ϥدଭ ∪∞
n=1Fn ϡзЩѨխ෢ (ԔϤϥ P(Ω)). ϢЙНйԼ F = F∞. ӹױ, ϢЙтѴ

(Ω,F , (Fn)n≥1,P) Нйԝ (Ω,F ,P) ѸϮсᆡ਎᤭Єҋఐ෡ϸϬڦҜՆࡑ .(ࡄҜРڦ)
ӹױ୳ૢڦҜРࡄЗ, ϢЙ֡׶ϴߎഒϣϬհԵϡมଛ׺ҽ (Ω,F , (Ft)t∈T ,P) (filtered probability

space), ߿ٶ t1 < t2 З, Ft1 ⊂ Ft2 ⊂ F . (Ft)t∈T ҩीЋѨխ෢Ե (σ-ّڊԵ, σ-෢Ե) .",!Ꮈжڈ

1.6 ҤईϩࡳϡڦҜԸ֝׺ҽф Gauss ڍ
1.6.1 L2(Ω,F ,P)

ّѺֳ׈ϥڦҜԸ֝ϡϣϬԳϴّئܒ෥, ؚԣܾڦҜԸ֝Լߚϡכ୐һכ, Ԕϥ঎ѓّѺֳ׈ᆡ
਎ڦҜԸ֝֡׶ϥϤޢϡ, .Хϴ۱ѓҤई׶֡ Ҥईᆡ਎ϦڦҜԸ֝ԮӊԷّѺֳ׈ϡࡄ્ڒ֏. Ҥई
քϽ, ЛҴϸϬڦҜԸ֝ք ,”Ҝڦ“ НйڶЋϥڦҜѴࢣ ”Ҝԛڦ“ ϡϣ҇ࡌࡻ. ӹױ, Ϩϣӡࡄ֏ϼН
йѓֳ׈фҤईҖϬّئܒ෥ϱᆡ਎ڦҜѴࢣ. ϩЗ, Ϩؖ๎фҮ௸֩෢, ҤईϩЗЇҩԑثюц “ը
ছ” ϡϣ҇֏֝. ϢЙҌѬ, ӾϣϬڦҜԸ֝ϡԏ႒ᗀϩࡳЗ, ؚϡّѺֳ׈фҤईϣӡࡖϨ. ӹױ, Ϣ
ЙЎӌϱЃϸ҈ϣणڦҜԸ֝ϩѮА҈ϡّѺֲพ.

มଛ׺ҽ (Ω,F ,P)ϼԏ႒ᗀϩࡳ,ЇϲϥЛҤईϩࡳϡҪՄڦҜԸ֝ॵюϡ׺ҽ֭Ћ L2(Ω,F ,P)(ڈ
L2(Ω)).

,܏۰ ҘষϨҙҳ۶ڈّڊԛّڊЅ n ҽ׺ଡᖐۅ (Euclid (ҽ׺ ϡม݉. ϨӆڝЅ n ࠶܋֝זۅ

,֝ז t ԣܾᗀಙ׆ঞ. ଡᖐ׺ҽϩҖϬऴӆϡϴѢ:

(1) ۶ԛ׺ҽ;

(2) :ۯֵ x = (x1, · · · , xd)t, y = (y1, · · · , yd)t, 〈x, y〉 =
∑d

i=1 xiyi. :ڒНйӡॶଡᖐயۯֵۥ ‖x −
y‖ =

√∑d
i=1(xi − yi)2 =

√
〈x − y, x − y〉#,$.

Ѩӥϼ, L2(Ω,F ,P) ЇϥϣϬଡᖐ׺ҽ, ЇϲϥЛ:

(1) ۶ԛ׺ҽ: ઎ ξ, η ∈ L2(Ω,F ,P), س Eξ2 < ∞, Eη2 < ∞, जۥ Cauchy-Schwarz Ϥҳܴ, цӊڗҺ
ϡ a, b ∈ R,

E(aξ + bη)2 ≤ a2Eξ2 + b2Eη2 + 2|ab|E(ξη)
≤ a2Eξ2 + b2Eη2 + 2|ab|

√
Eξ2Eη2

<∞.
!㵀㖯⭠㫼ⳑ㺲, 㱸㖫 F ⶙㮾㢜 F∞, 㮜⶙㮾㐟☨⌴ F∞ ▙.
"㯜㢜㵀㫓㥠㱎㱫㚞⫒⥙⒴㖫㲞☡☨⥙⒴⮈☉㨗, 㱫☨㗁㚱㢯☨ “㽴㐹 σ-㲚⽃”, 㚱㮾☕㖫⏌⏥㍿♛▞⽃☨⡣⿔ⶥ⭺☨⡣ㅴ. 㵀㫼ⳑ⡒㴹☨㚞

⫒㦆㦣㖫, ⶌ⿑▞⽃☨⡣⿔ⶥ⭺ⳟ➧⒋㱸㱫⼗.
#ㇻ㗉Ⳳ⹹☨⛊㯏〉㺬㔋⹂㴚㲂⤐⤥⛊⹻, ㅠ⫕⧧ㇻ㗉Ⳳ⹹☨⤴㥥㗁㟜⥙㊿㨾㙼⍋㨼➈㵘㦐⻶㥥.
$㮥⊑☨㖯㦏㩂ⶥ⭺㺲ⓑ㦣☨ㅠ⫕⛊㯏㗁:〈x, y〉 㗁⛶⒮㙣㦏㩂㨻, ㎒〄㾃 (1) 〈x, x〉 ≥ 0; (2) 〈x, x〉 = 0 ☕㎒ⱊ☕ x = 0.
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(2) :ۯֵ НйϨ L2(Ω,F ,P) ϼӡॶֵۯ, цӊڗҺϡ ξ, η ∈ L2(Ω,F ,P),
〈ξ, η〉 = E(ξη) ≤

√
Eξ2Eη2 < ∞.

Ъ࢙ࡑډب 〈ξ, η〉 .ϡӡॶۯֵ߿ٶ ӡॶЋڒЗଡᖐயױ
‖ξ − η‖ =

√
〈ξ − η, ξ − η〉 =

√
E(ξ − η)2.

Էӥ, ϸϲϥมଛڹЅϡҖϬڦҜԸ֝ϡ୐Ҥயڒ.

Ϩ L2(Ω,F ,P), ઎ P
(
ω : ξ(ω) = η(ω)

)
= 1, ज ξ ф η ؇Ћӎϣׄঈ. Ғҝ ξ ∈ L2(Ω,F ,P), ॸؚϡ

ईކࡣ
√

varξ > 0, ज ξ−Eξ√
varξ ϡّѺֳ׈Ћ 0, ईЋކࡣ 1. ϢЙी ξ−Eξ√

varξ ϥ ξ ϡ٩ކࡣ, ґॸ

ξ = Eξ +
√

varξ ξ − Eξ√
varξ .

ϨมଛڹЅ cov(ξ, η) ϥцڦҜԸ֝ ξ ԁ η ҏҽ “۶ԛԚԮࡄ֏” ϡϣ҇ “֏֝”, ЋѮАНйϸА
Л䩲

Ϩϩۅࡳଡᖐ׺ҽЅ, 〈x,y〉
‖x‖‖y‖ ԣܾҖϬ֝ז x ф y ҏҽ࿒ࡠϡ൑᛭, НйԑثЋؚЙҏҽ۶ԛԚԮ

ԛϡϣ҇֏֝. ґԚԮّڍ ρξη =
cov(ξ, η)√
varξ√varη , |ρξη| ≤ 1, ѨӥϼϲϥҖϬ֝זҏҽ࿒ࡠ൑᛭ϸϣม

݉Ϩ L2(Ω,F ,P) ЅϡԐܲ. ӹױ, Нйѓ൓Ҥई cov(ξ, η) ّڍԚԮڈ ρξη ϱԣܾҖϬڦҜԸ֝ҏҽ

“۶ԛԚԮ” ϡࡄ֏.
L2(Ω,F ,P) НЌϥϣϬѪඬۅϡଡᖐ׺ҽ. ЇϲϥЛНЌϨ L2(Ω,F ,P) ЅװϤϺϩࡳϬׄ, ٍҏ

พюϣॵऴԗԷЅϡׄঈ۶ԛԣܾоϱ.

ǭػ 1.6.1. Ϭ L2(Ω,F ,P) Ћ܍ҹյצକࣚ {ξn} ਕГ؊ᩧϽ ξ ∈ L2(Ω,F ,P), ұһԯ n → ∞ С, Ϯ
‖ξn − ξ‖ → 0, ڐ E(ξn − ξ)2 → 0, ЏϸϨ܍ҹյצକࣚϢ౵Ӄ؊ᩧ.

ǭػ 1.6.2. Ϭ L2(Ω,F ,P) ЋϢ܍ҹյצକࣚ {ξn} ਕГ Cauchy କࣚ, ұһԯ n,m → ∞ С, Ϯ
‖ξn − ξm‖ → 0.

ȡΙ 1.6.1. L2(Ω,F ,P) ЋϢۻӝ Cauchy କࣚ݁Ϯँञ, ұһڐ L2(Ω,F ,P) ЋϢ܍ҹյצକࣚۖ࢞
n,m → ∞ С, ቗Ϯ ‖ξn − ξm‖ → 0, ১ϤԎࣽϬ L2(Ω,F ,P) ЋϢؑ੧ ξ, Иڪ ‖ξn − ξ‖ → 0. ԫه,
L2(Ω,F ,P) ϨՖ࠺Ϣ, ڐ L2(Ω,F ,P) ϨϤϲ Hilbert ِӢ.

1.6.2 Gauss д޿䦙Gauss фڍ Gauss Рࡄ
ϨҤईϩࡳϡڦҜԸ֝ (֝זҜڦ) णЅ, ϩϣणئቕϡڦҜԸ֝ ,(֝זҜڦ) ϸϲϥעԪ Gauss

д޿ϡڦҜԸ֝ .(֝ז)

ǭػ 1.6.3. ࠤ η1, · · · , ηm Г m ϲՑ௴ص࢙ࠃգऌࠐՓ߰оࡖϢ܍ҹյצ, (aij)1≤i≤d,1≤j≤m, µi, 1 ≤
i ≤ d Гًڮ, ࠤ 





ξ1 = a11η1 + · · ·+ a1mηm + µ1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ξd = ad1η1 + · · ·+ admηm + µd

,

১ਕ d צبҹ܍ܳ ξ = (ξ1, · · · , ξd)t ˖Ȯ d ά Gauss œҘ, ճᡡ෫঍ޮГ



ξ1
...
ξd



 =





a11 · · · a1m
... . . . ...

ad1 · · · adm









η1
...
ηm



+





µ1

...
µd



 .

ڐ
ξ = Aη + µ, A = (aij)1≤i≤d,1≤j≤m, η = (η1, · · · , ηm)t, µ = (µ1, · · · , µd)

t.
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ξ ϩҒЎϡϣԈ؀ߣԛڱ:

(1) Eξ = µ, ൓Ҥईᗀಙ Σ = AAt.

(2) ξ ϡئ෥៲ّ φ(θ) = exp
(
i〈θ,µ〉 − 1

2θ
tΣθ

)
.

(3) ξ ϡᗀআ៲ّ M(s) = exp
(
〈s,µ〉+ 1

2stΣs
)
.

(4) ઎ Σ Нဵ, ी ξ ϡд޿ीЋ d ޿дݮԜۅ (normal distribution), Է઼֏៲ّ

p(x) = 1

(2π)
d
2 |Σ| 12

exp
(
− 1

2
(x − µ)tΣ−1(x − µ)

)
,

ԷЅ, |Σ| ԣܾ Σ ϡҲܴ࠶, ֭ ξ ∼ N(µ,Σ).

(5) ઎ P
(
ω : ξ(ω) = µ

)
= 1, µ ϥϣϬ֝ז׶, ज ξ ϥϣϬ൓ҤईಙЋ 0 ϡ Gauss .֝זҜڦ

ȡΙ 1.6.2. (1) ξ գص d ܳ Gauss оࡖ, ১ѐӮۻӝϢ r < d, ճۻӝϢ r ٍܳੵоࡖЯϨ Gauss о
.ࡖ .ҮϦҖࠍ

(2) ξ գص d ܳՓ߰оࡖ, ১ѐӮۻӝϢ r < d, ճۻӝϢ r ٍܳੵоࡖЯϨՓ߰оࡖ. .ҮϦҖࠍ

૽ 1.6.1. ࠤ φ(x) = 1√
2π

e− x2

2 , x ∈ R ϨऌࠐՓ߰оࡖϢ௎ט᫸ڮ, g(x) =
{

cosx |x| < π

0 |x| ≥ π
. Ճؑࠤ

צبҹ܍ (ξ, η) Ϣ௎ט᫸ڮГ

p(x, y) = φ(x)φ(y) +
1

2π
e−π2

g(x)g(y), (x, y) ∈ R2.

(ξ, η) ϦϨ Gauss ,צبҹ܍ Պ ξ ,ࡖՓ߰оࠐգऌص η ༣Җ.

ȡΙ 1.6.3. Жࣚ׭ޕӓۃ.

(1) צبҹ܍ ξ = (ξ1, · · · , ξd)t գص d ܳ Gauss оࡖ.

(2) ѐӮۻӝ a1, · · · , ad, ؏Ւੑݨ
∑d

k=1 akξk գϤܳص Gauss оࡖ.

ϸϬԛڱЛҴ Gauss д޿ϡϣϬԳϴԛڱ: Ԯӊ۶ԛൄڲؽഴ, ЇϲϥЛҒҝ (ξ1, · · · , ξd)t ԪЄע

ׄ Gauss д޿, ज ξ1, · · · , ξd ϡڗҺ۶ԛॵׁ
∑d

k=1 akξk ۅԪϣע Gauss д޿. ,֔ࡔ Ԫע Gauss д޿
ϡڦҜԸ֝ХϩϣϬԳϴԛڱ: Ԯӊ୐Ҥּ᝸ҺॶЎൄഴ, ЇϲϥЛ:

ȡΙ 1.6.4. ࠤ ξn, n = 1, 2 · · · ϨϤࣚصգ GaussоࡖϢ܍ҹյצ,஝ࣽϬ ξ Иڪ limn→∞ E(ξn− ξ)2 =
0, ১ ξ Џصգ Gauss оࡖ.

ǭػ 1.6.4. ൓צҹյ܍ {ξt, t ∈ I} ਕГ Gauss ,ۯ ұһѐӮۻӝ n уۻ࢕ӝ t1, t2, · · · , tn ∈ I, بҹ܍
צ (ξt1 , · · · , ξtn)t գص Gauss оࡖ. ұһ Gauss ऌ৛ހЋϢۯ I չћСӢڮݳ, ১ҮਕГ Gauss Ьࣩ.
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