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1�Ù ÚóÚý��£

35VÇØ6Ú5A^�ÅL§6¥Ì�´ù�
AÏ�L§§~Xµ�Åi
Ä!Poisson L§! Brown $Ä!ê¼ó��5�"@o§éu������m
üz��Åy�£=,�ÅL§¤§·�òXÛ?nïÄº
a'u3¥Æ�·�ÆS�
Ð�¼ê9Ù5�§~Xµ�g¼ê!n�

¼ê¶3�Æ� ·�´é������
/Ð0¼ê£1w¤?1ïÄ�§~
X§|^È©!�©§?�Ú¦^Úî-4ÙZ[úª§l
·�UïÄ~�©�
§(ODE)! �©�§(PDE)�" @où
�{�S3�{q´�oº
·�ÆL�5A^�ÅL§6Ò��u¥ÆÆ�eZÐ�¼êÚ¦��5�§


5A^�Å©Û6ù��Ò��u·��ÆÆ��È©"äN/`§ Äk§A
TlêÆþ5½Â�o´/�Å50º�Ò´I�^únz§é�ay�5½Â
/�Å50§¿�þz"@o§lêÆþé��a�Åy�½Â 'u�m��Å
5Ò´/�(martingale)0" �
½Â/�0§·�Ø�Ø/Ïî�únz¿Â
e�^�Ï"�Vg5�¤" �
0�î�únz½Âe�^�Ï"�Vg§·
�7L�m©Ò�
)VÇØ�únz´XÛïá�£ÿÝØ¤"
Ùg§k
/�0��§��g,�¯KÒ´/�0´Ä�±^·�®�

��
/Ð�0!/{ü0!/AÏ0�L§L«Ñ5§ùÒ´�ÅÈ©§ ~
Xµ'uBrown$Ä§Poisson:L§��ÅÈ©" k
�ÅÈ©��§Ò�k
'u�ÅÈ©�O�úª§Ito úª"§��u�È©¥�Úî-4ÙZ[úª"
k
ù
O���§@o·�Ò�±r��a�Åy�L«¤��/(½5Ü
©0+/�(�ÅÜ©)0§=§Ito L§"Ito L§¥k��AÏa.§Ito�Å�
©�§ (Stochastic Differential Equation, SDE). XÓODE!PDE ��§·��±
ÏLé SDE Xê��X��'¯K�ïÄ5�� SDE�éõ5�"
�§X
ÓODE,PDE, ÏL SDE ·���±5£ã�õ��Åy�"

1 VVVÇÇÇØØØ���úúúnnnXXXÚÚÚ

a) ��:£Ä�¯�¤µ���ÅÁ��UÑy���(J§P�ω;

b) ���mµ�N��:£Ä�¯�¤�8Ü§P�Ω;

c) ¯�(event)µ ½Â���:�8Ü§=§Ω���f8"¡,¯�u)��
=�§¤�¹�,���:Ñy" Ω �´��¯�§7,¯�¶∅ �´��
¯�§Ø�U¯�"

d) ¯��$�

1) A ⊂ B eA¥�z����:Ñ�¹3B¥§¡¯�B�¹
¯�A¶

2) A!Ac éá¯� d¤kØ�¹3A¥���:¤|¤�¯�¡�A�
éá¯�§AcL«AØu)¶

3) A ∩B AB ¯�AÚBÓ�u)
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4) A ∪B ¯�AÚB��k��u)

5) A ∩B = ∅ ¯�AÚBØÓ�u)

6) A+B (A ∩B = ∅, A ∪B)

7) A \B ¯�Au)�BØu)

±þ�±wÑ¯��$�Ú8ÜØ¥8Ü�$�´���"¯¢þ"¯�Ò
´��:�8Ü"

e) VÇµ´Ýþ��¯�u)�U5���þ"Ïd§VÇ¢SþÒ´3,

¯�£Ω�,
f8¤þ��[0,1]�¼ê—–±8Ü£¯�¤�gCþ§�
�[0,1]�¼ê"

Ïd§ïÄ���Åy�£Á�¤§·�I���e¡n�^�µ

1. Ω: ¤k��:|¤�8Ü

2. F : ¤k'%�¯��N§�Ø�½´�Nf8

3. P : F → [0, 1]

1.1 (Ω,F , P ) VVVÇÇÇ���mmm

äN/§·�I���F�(�,P�û½5�¯K"
F�¡�¯��§¯�N§ σ−�§σ−�ê§l·�È���*þw

1. �·�*ÿ�¯�Au)§@o·��±í� AcØu)

2. �·�*ÿ�A1, A2��u)§@o·��±í�A1∪A2u)¶A1, A2, · · · , An
��u)§·�Ò�±í� A1 ∪ A2 ∪ · · · ∪ Anu)¶ An, n ≥ 1��u)§⋃
n≥1Anu)£k�½�êÃ¡¤

3. ��AT'%��¯�(=ù´∅)§=§FAT��"

dd§·���FAT÷v±e5�

1. F ��¶

2. eA ∈ F§K Ac ∈ F¶

3. eAn, n ≥ 1§ An ∈ F§K
⋃
n≥1An ∈ F"

íííØØØ 1.1. Ω ∈ F .

PAT÷v

1. P (A) ≥ 0¶

2. P (Ω) = 1¶
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3. éu∀An ∈ F (n ≥ 1)§ An ∩ Am = ∅ (∀n 6= m)§K

P (∪∞n=1An) =
∞∑
n=1

P (An).

¡(Ω,F , P )���VÇ�m§

555PPP 1.1. P �û½5ò´5ÿÝØ6�§�Ì�SN��"(Ω,F)k���¡

�VÇ�ÿ�m§�ÿ�m "

555PPP 1.2. ��oØ�Ω��Nf8 P(Ω)��¯��º

1. P(Ω)��§k��¹
�õ·�¿Ø���¯�½Ø�U���¯�"

~~~ 1.1. Ω = {1, 2, 3, 4}

ã1: ã2µ

(1) F1 = P(Ω) = {Ω, ∅, {1}, · · · }

(2) F2 = {Ω, ∅, {1, 2}, {3}, {4}, {3, 4}, {1, 2, 3}, {1, 2, 4}}" F2¥[�Ø�U

ÏL�¿�{$�5��{1}§{2}"

2. ,��¡§3(Ω,P(Ω))¿Ø�½�±�Ñ��ÄuÄ�*ÿT��VÇÿ

Ý"

~~~ 1.2. £ÁLebesgueÿÝ�ïá§���3�Lebesgue�ÿ�8Ü"

555PPP 1.3. 3(Ω,F)þ�±ïáØÓ�VÇÿÝ¤�ØÓ�VÇ�m"

1.2 ���ÅÅÅCCCþþþ

��ïÄ(Ω,F , P )¿Ø�B§Á�(J  ^��êiξ5L«§=ξ´½Â��
���m���¼ê" �ξ==´��¼ê´Ø1�"�·��Ä���ÅÁ
�(y�)�§3êÆþ·�k(Ω,F)§=ATk��¯��§�Ò´·�'%�½
�U��¯��¤�¯�� F"
ξAT÷v ∀x ∈ R§ {ω : ξ(ω) ≤ x} ∈ F§=
{ω : ξ(ω) ≤ x} ∈ FAT´��·�'%�¯�"
3½Â�ÅCþÚ�Å�þ�c§·�I��Ñ�
7�!k^�Vgµ

1. «««555¼¼¼êêêµ8ÜA�«5¼ê½Â�µ

1A(x) =

 1 x ∈ A,

0 x /∈ A.
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2. 3R1¥§�¹¤km«m���¯��(σ−�ê!σ−�!¯�N)�8Ü(�
¡�8x)§¡�Borel¯��(σ−�ê!σ−�!¯�N)§ Ù¥�z��
��¡�Borel8"3Rd¥§�¹¤km�d−�mÝ/���¯��(σ−�
ê!σ−�!¯�N)�8Ü£�¡�8x¤§ ¡�d−�Borel¯��(σ−�
ê!σ−�!¯�N)§P�B(Rd). Ù¥�z����¡�d−�Borel8"

3. �¹¤këY¼ê§�éu(�Å:)4�$�µ4Ú�5$�µ4���¼
êa§¡�Borel¼êa§Ù¥�¼ê¡�Borel¼ê"

555PPP 1.4. �â¢C¼ê��£§f´lRn�Rm���¼ê§f´Borel¼ê

½Â�duéu?¿�Rmþ�Borel8ÜA, {x ∈ Rn : f(x) ∈ A} ∈ B(Rn).

½½½ÂÂÂ 1.1. ���ÅÅÅCCCþþþµξ(ω) : Ω→ R�¼ê§÷v ∀x ∈ R§

{ω : ξ(ω) ≤ x} ∈ F .

Ïd§�ÅCþ�½Â�6u¯��F"

555PPP 1.5. �âÿÝØ��£§�ÅCþ�½Â�duéu?¿�R1þ�Borel8

ÜA,

{ω : ξ(ω) ∈ A} ∈ F .

~~~ 1.3. £�~1.1¤ ξ(i) = i, i = 1, 2, 3, 4. ´yξ´(Ω,F1)��ÅCþ§�Ø´

'u(Ω,F2)��ÅCþ§Ï� {ω : ξ(ω) ≤ 1.5} = {1} /∈ F"

½½½ÂÂÂ 1.2. ©©©ÙÙÙ¼¼¼êêêµF (x) = P (ω : ξ(ω) ≤ x), ¡�ξ�©Ù¼ê"

1. lllÑÑÑ...���ÅÅÅCCCþþþµξ�VÇ©Ù��

p(x) = P (ω : ξ(ω) = x), (x = x1, x2, · · · ).

2. ëëëYYY...���ÅÅÅCCCþþþµξ�©Ù¼êF (x)÷v

F (x) =

∫ x

−∞
p(t)dt, p(t)�¡��Ý¼ê.

3. ÛÛÛÉÉÉ...���ÅÅÅCCCþþþ:... ...

�ÅCþ��
êiA�µ

1. êêêÆÆÆÏÏÏ"""µ(\�²þ) �g�Borel�ÿ¼ê

Eξ(ω) =

∫
Ω

ξ(ω)dP (ω),

Eg(ξ(ω)) =

∫
Ω

g(ξ(ω))dP (ω).

AO/§

lllÑÑÑ...: Eg(ξ(ω)) =
∑

i g(xi)p(xi)"

ëëëYYY555: Eg(ξ(ω)) =
∫ +∞
−∞ g(x)p(x)dx"
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2. ������: Varξ = E(ξ − Eξ)2 = Eξ2 − (Eξ)2¶IIIOOO���:
√

Varξ

3. ÝÝÝ111¼¼¼êêê: M(z) = Eezξ. ek�"

4. AAA���¼¼¼êêêµφ(t) = Eeitξ" φ(t)�ξ�©Ù¼ê��éA"

1.3 ���ÅÅÅ���þþþ

�ξ = (ξ1, · · · , ξd)T�d−���Å�þ§=ξi, i = 1, · · · , d ��ÅCþ"Ù
¥§TL«=�.

½½½ÂÂÂ 1.3. ©©©ÙÙÙ¼¼¼êêêµ∀x = (x1, · · · , xd) ∈ Rd,

F (x) = P (ξ ≤ x) = P (ξ1 ≤ x1, · · · , ξd ≤ xd).

�Å�þ��
êiA�µ

1. êêêÆÆÆÏÏÏ"""µ Eξ = (Eξ1, · · · , Eξd)T"

2. ���������ÝÝÝ


: Σξ = (cov(ξi, ξj))1≤i,j≤d, Ù¥

cov(ξ, η) = E(ξ − Eξ)(η − Eη) = E(ξη)− EξEη.

3. ���'''XXXêêê:

ρξη =
cov(ξ, η)√
Varξ
√

Varη
.

4. ξ���ÝÝÝ111¼¼¼êêê: M(z) = Ee〈z,ξ〉 z = (z1, · · · , zd)"

5. ξ�AAA���¼¼¼êêê: Φ(t) = Eei〈t,ξ〉 t = (t1, · · · , td)"

�ÅCþξ1, · · · , ξd�pÕá§XJ ∀x = (x1, · · · , xd) ∈ Rd

P (ξ1 ≤ x1, · · · , ξd ≤ xd) = P (ξ1 ≤ x1) · · ·P (ξd ≤ xd).

�ξ1,· · · , ξd©O�n1,· · · , nd��Å�þ"eéu?¿�ni�Borel8Ai,i = 1, · · · , d,

P (ξ1 ∈ A1, · · · , ξ ∈ Ad) = P (ξ1 ∈ A1) · · ·P (ξd ∈ Ad).

K¡�Å�þξ1, · · · , ξd�pÕá"

1.4 ÄÄÄ���444���½½½nnn

...£��µ�Ö!ES5VÇØ6�§¥�4�½n��'SN¤...
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1.5 ���ÅÅÅLLL§§§

1.5.1 ���ÅÅÅLLL§§§������«««���EEE���ªªª

(Ü·�c¡éVÇØúnXÚ�
)§l5A^�ÅL§6��£·��
�§���ÅL§´½Â3��VÇ�m(Ω,F , P )þ�±T��I8��ÅCþ
x{Xt, t ∈ T}(½P�{X(t), t ∈ T})"T)º��m"T�±´k�8!�K�ê
8!�K¢ê!�êÚ¢ê"éu?¿�½�t ∈ T§Xt����m¡�G��
m§P�S§Ù¥���¡�G�"
��g,�¯KÒ´ù��VÇ�m´Ä�3º (ë�g�K??)
Kolmogorov�N5½n`ù��VÇ�m´�3�§
�w�·�XÛ�

Eù����(Ω,F , P )"¯¢þ§�±r{Xt, t ∈ T}�¤{X(t, ω), t ∈ T, ω ∈
Ω}"�±r��L§w¤T × Ω�S�¼ê(N�)"�t ∈ T�½�§X(t, ·)´�
�(Ω,F , P )þ��ÅCþ¶�ω ∈ Ω�½�§X(·, t)´��lT�S�¼ê(N�)§
¡�éuω���;�"

~~~ 1.4. �Ä��k��4gM1ù�L§§�¡P�1§�¡P�0§@o��L

§��N��:´ω = (ω1ω2ω3ω4), Ù¥ωi = 0½1, i = 1, 2, 3, 4. =§

Ω =



(0000) (0010) (0001) (0011)

(0100) (0110) (0101) (0111)

(1000) (1010) (1001) (1011)

(1100) (1110) (1101) (1111)


.

@oL§¢SÒ´X(t, ω) = ωt " ~X: X
(
3, (ω1ω2ω3ω4)

)
= ω3, �äN/,

X
(
3, (0010)

)
= 1"Ïd§Ωw¤

{0, 1}4 = {0, 1}×{0, 1}×{0, 1}×{0, 1} = {ω = (ω1ω2ω3ω4), ωi = 0½1, i = 1, 2, 3, 4}

½�du{1, 2, 3, 4}�{0, 1}�N��N"

��/§éu��G��m�S��ÅL§{Xt, t ∈ T}§Ω�±�¤ST =
{T�S�N�}(3d§·�Ñ�F , P��E�ª)"y3���¯KÒ´=k(Ω,F , P )é
u·�ïÄ�ÅL§Ò

íº

555PPP 1.6. 3����ÅL§nØ¥,Ω�±Ø´ST ,�±'ST�,��±'ST�"

1.5.2 &&&EEE!!!¯̄̄������ÚÚÚ���666£££ÈÈÈfff¤¤¤���VVVÇÇÇ���mmm

3/�Å­.0¥§�/(½5­.0ØÓ§duØ(½5§<�ØU°(ýÿ
/$Ä0�5�/;,0" �<�o´F"ÏL®�£L�Úy3¤�&E5ý
ÿ/�50"XÛ3VÇ�m�µee5°(½Âù«/&E0ºùÒ´σ−�ê
6"3ùp§·�=^e¡{ü�~f5`²ù�g�"
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�Ä�ngM1ù��ÅL§§���m´

Ω = {000, 001, 010, 011, 111, 110, 101, 100} = {0, 1}3;

��:L«¤ω = (ω1ω2ω3)§¯���±�� F = P(Ω)"
3�M1�c§·�5��·����¯�´�oº&E´�oº ·�=�

�§éuz����:ω, ω ∈ Ω§�ω /∈ ∅" =d�(��c)·�U���¯�
�£&E¤�F0 = (Ω, ∅)"
�1�g����§�,·�ØU���� ω§�·��±�� ω �Ü©/&

E0" ~X§e·���
ω1 = 1 §K·��±íäÑ�o��¯�£&E¤º

ω ∈ A1 = {1�g´�¡} = {111, 110, 101, 100}, ω ∈ Ω,

ω /∈ A0 = {1�g´�¡} = {000, 001, 010, 011}, ω /∈ ∅;
eω1 = 0§aq/§

ω /∈ A1 = {1�g´�¡} = {111, 110, 101, 100}, ω ∈ Ω,

ω ∈ A0 = {1�g´�¡} = {000, 001, 010, 011}, ω /∈ ∅.
Ïd§�1�g����§éuz����:ω§·�o´U�äÑω ∈ A, A ∈
F1 = {Ω, ∅, A1, A0}´Ä¤á"d�§·��5¿�F0 ⊂ F1 ⊂ F"
�1�g§1�g���§ eω1 = 1, ω2 = 0, K·��±íäÑ�¯�(&

E)�
ω ∈ A10 = {100, 101}, ω /∈ A11 = {110, 111}, ω ∈ Ω,

ω /∈ A00 = {000, 001}, ω /∈ A01 = {010, 011}, ω /∈ ∅,
¿��±íäÑω´ÄáuùA�¯���!¿!éá¯�±9Ù�!¿!é
á¯�2�!¿Úéá¯�§Xd Ee�§=§oUíäÑd�ω´ÄáuA,
A´¯��F2¥�?�¯�,

F2 = {Ω, ∅, A1, A0, A11, A10, A01, A00, A
c
11, A

c
10, A

c
01, A

c
00,

A11 ∪ A01, A11 ∪ A00, A10 ∪ A01, A01 ∪ A00}.

Ó�§eω1 = 1, ω2 = 1; ω1 = 0, ω2 = 0; ω1 = 0, ω2 = 1 §·��±��·�
U���¯���F2"=§d�éu?¿���:ω§·�oU�äÑéu?¿
�A ∈ F2§ω ∈ A´Ä¤á"d�§·��5¿�F0 ⊂ F1 ⊂ F2 ⊂ F"
Ón§�ngM1Ñ����§éu?¿���:ω, ·�oU�äÑéu?

¿�A ∈ F3§ω ∈ A´Ä¤á, Ù¥F3 = P(Ω)"d�§·��5¿�F0 ⊂ F1 ⊂
F2 ⊂ F3 ⊂ F"
e?�Ú�ÄT = Z+, S = {0, 1}§=k��Ã¡õgM1§KΩ�±�¤

Ω = {0, 1}Z+

= {ω|ω = (ω1ω2ω3 · · · ), ωi = 0½1, i = 1, 2, 3, · · · }.

F0 = {Ω, ∅}; F1 = {Ω, ∅, A1, A0}§Ù¥§A1 = {ω|ω1 = 1} = {ω|ω = (1ω2ω3 · · · ), ωi =
0½1, i ≥ 2}, A0 = {ω|ω1 = 0} = {ω|ω = (0ω2ω3 · · · ), ωi = 0,½1, i ≥ 2}¶F2 =
......¶ F∞�¹∪∞n=1Fn ���¯��£�Ø´P(Ω)¤"·��±�F = F∞" Ï
d§·�uy (Ω, (Fn)n≥1,F , P ) �±'(Ω,F , P )�Ð/£ã�õgM1ù��Å
Á�(�ÅL§)"
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555PPP 1.7. 3¢SïÄ¥§k�F�±�F∞§��±��'F∞�"

ÏdïÄ�ÅL§�§·�Ï~��Ä���6�VÇ�m(Ω, (Ft)t∈T ,F , P )
(Filtered Probability Space)§ ÷vt1 < t2�§Ft1 ⊂ Ft2 ⊂ F"(Ft)t∈T�¡�¯�
�6(σ−�ê6§σ−�6)½Èf"

555PPP 1.8. ���o·�3ÆS5A^�ÅL§6�ØJ�6�VÇ�mºÌ�

´Ï����Ä�¯K{ü§^�´¤¢�/g,σ- �ê60"3ïÄE,��

Åy��§�Ä�6�VÇ�mÒ�~k^
"

2 ������kkk���������ÅÅÅCCCþþþ���mmmÚÚÚGaussXXX

êÆÏ"´�ÅCþ���­�êiA�§§L«�ÅCþ���²þY²§�
´=^êÆÏ"£ã�ÅCþÏ~´Ø
�" Ï~��|^��"��£ã
�
ÅCþ'uÙêÆÏ"�lÑ§Ý"����§`²ù��ÅCþ�/�Å0§
3�½§Ýþ���Åy�/�Å50��«�x"Ïd§3�½§Ýþ�±^
Ï"Ú��ü�êiA�5£ã�Åy�"k�§37KÚ²L+�§��k�
��n)¤é/ºx0��«Ýþ"·���§����ÅCþ���Ýk�
�§§�êÆÏ"Ú���½�3"Ïd§ ·�e¡5wù��a�ÅCþk�
o��êÆ(�"
VÇ�m(Ω,F , P )þ��Ýk�§�Ò´`��k���N�ÅCþ|¤��

mP�L2(Ω,F , P )(½L2(Ω))"
Äk§£Á35p��ê6½5�5�ê6¥î¼�m(Euclid�m)�Vg"

î¼�mkü�Ä���:µ

(1) �5�m;

(2) SÈµ x = (x1, · · · , xd)T ,y = (y1, · · · , yd)T , 〈x,y〉 =
∑d

i=1 xiyi"dSÈ§�

±½Âî¼ål: ‖x− y‖ =
√∑d

i=1(xi − yi)2 =
√
〈x− y,x− y〉"

555PPP 2.1. î¼ål�½Â��þ5
u��½n§SÈÚî¼ål�'X

´ÏL²1o>/{K�éX"

555PPP 2.2. ���¢�5�m¥Ä��SÈ½Â´µ〈x,y〉´é¡V�5
.§�÷v(1) 〈x,x〉 ≥ 0; (2) 〈x,x〉 = 0��=�x = 0"

¯¢þ§ L2(Ω,F , P )�´��î¼�m§=:

(1) �5�m"eξ, η ∈ L2(Ω,F , P ), = Eξ2 < ∞, Eη2 < ∞, Kd�ÜØ�ª§
éu?¿�a, b ∈ R1,

E(aξ + bη)2 ≤ a2Eξ2 + b2Eη2 + 2|ab|E(ξη)

≤ a2Eξ2 + b2Eη2 + 2|ab|
√
Eξ2Eη2

< ∞
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(2) SÈ"�±3L2(Ω,F , P )þ½ÂSÈµéu?¿�ξ, η ∈ L2(Ω,F , P ),

〈ξ, η〉 = E(ξη) ≤
√
Eξ2Eη2 <∞.

éN´�y〈ξ, η〉÷vSÈ�½Â"d�î¼ål½Â�

‖ξ − η‖ =
√
〈ξ − η, ξ − η〉 =

√
E(ξ − η)2.

Ù¢§ùÒ´VÇØ¥�ü��ÅCþ�þ�ål"

555PPP 2.3. ��k��î¼�mØÓ§L2(Ω,F , P ) ��éØ�k���§¦�

�¤�|Ä§(=L2(Ω,F , P ) ¥����Ø�U^k��/�I0�5L«)Ï

d§L2(Ω,F , P ) ´��Ã¡�î¼�m"

555PPP 2.4. 3VÇØ¥ cov(ξ, η) ´é�ÅCþξ �η �m/�5�'50��«

/Ýþ0§��o�±ùo`º 3k��î¼�m¥§ 〈X,Y 〉
‖X‖‖Y ‖ L«ü��þX

ÚY �mY��{u§�±n)�X�Y¥%z���5�'5��«Ýþ"

£ã3¤


�'Xê r =
cov(ξ, η)√
Varξ
√

Varη
, |r| ≤ 1, ¯¢þÒ´ü��þXÚY�mY��

{uù�Vg3Ã¡�î¼�m¥�í2"Ïd§�±^���cov(ξ, η)½�'

Xêr5L«ü��ÅCþ�m/�5�'0�§Ý"

½½½ÂÂÂ 2.1. 3L2(Ω,F , P )¥�ÅCþS�{ξn}¡�Âñ�ξ ∈ L2(Ω,F , P )§XJ

�n → ∞�§k‖ξn − ξ‖ → 0§=E(ξn − ξ)2 → 0, �Ò´�ÅCþS��þ�Â

ñ"

½½½ÂÂÂ 2.2. 3L2(Ω,F , P )¥��ÅCþS�{ξn}¡�CauchyS�§XJ�n,m →
∞ �§ k‖ξn − ξm‖ → 0"

555��� 2.1. L2(Ω,F , P ) ¥�?¿Cauchy�7k4�§=XJL2(Ω)¥��ÅCþ

S�÷vn,m → ∞ �§ðk‖ξn − ξm‖ → 0§K�½�3 L2(Ω) ¥���ξ§¦

�‖ξn − ξ‖ → 0"Ïd§ L2(Ω) ´���§=L2(Ω)´��Hilbert�m"

555PPP 2.5. ù«n)é·�±��*n)^�êÆÏ"kã���Ï"

2.1 Gauss©©©ÙÙÙ!!!GaussXXXÚÚÚGaussLLL§§§

3��k���ÅCþ£�Å�þ¤a¥§k�aAÏ��ÅCþ£�Å�
þ¤§ùÒ´ÑlGauss ©Ù��ÅCþ£�þ¤"

9
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½½½ÂÂÂ 2.3. �η1, · · · , ηm�m��pÕá�IO��©Ù§(aij)1≤i≤d,1≤j≤m, µi, (1 ≤
i ≤ d)�~ê§� 

ξ1 = a11η1 + · · ·+ a1mηm + µ1

. . . . . . . . . . . . . . . .

ξd = ad1η1 + · · ·+ admηm + µd

K¡d−��Å�þξ = (ξ1, · · · , ξd)TÑld−�Gauss©Ù§ÙÝ
/ª�

ξ = Aη + µ A = (aij)1≤i≤d,1≤j≤m µ = (µ1, · · · , µd)T .

1. Ù¥§Ï"Eξ = µ§(µ����þ)¶���Ý
 Σ = E(ξ − µ)(ξ − µ)T =
AAT £�K½�5�f¤"

555PPP 2.6. �µ�d���þ§ Σ�d��K½Ý
§ ∀t = (t1, · · · , td)T ∈
Rd§K±

φ(t) = exp{iµT t− 1

2
tTΣt}

�A�¼ê�©Ù¼ê¡�d�Gauss©Ù"

2. eΣ�_�§¡�£õ�!õ�¤��©Ù (Normal)

p(x) =
1

(2π)
d
2 |Σ| 12

exp{−1

2
(x− µ)TΣ−1(x− µ)}

Ù¥§|Σ|L« Σ�1�ª§Pξ ∼ N(µ,Σ).

3. ÑlGauss©Ù��Å�þ§¡�Gauss�Å�þ"

555PPP 2.7. éuGauss©ÙÚ��©Ù§·�k

(1) ~ê£~�þ¤a¿Ø´��©Ù§�´���´0�Gauss©Ù"

(2) ��©ÙÒ´Øòz� Gauss ©Ù§�kd�â�3©Ù�Ý"���

Gauss©Ù�U�©Ù3��$���²¡þ"eΣ���r§r < d§Kù�

VÇ©Ù8¥3��r�f�mþ§d�EP ξ ∼ N(µ,Σ)"

(3) �ξ = (ξ1, · · · , ξd)TÑld−���©Ù§KÙ?¿�r�£r < d¤>S©Ù

�´r���©Ù§��Ø," �~µ

φ(x) =
1√
2π
e−

x2

2 , x ∈ R

g(x) =


cosx |x| < π

0 |x| ≥ π

p(x, y) = φ(x)φ(y) +
1√
2π
e−π

2

g(x)g(y) (x, y) ∈ R2.

10
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···KKK 2.1. (1) ξÑld�Gauss©ÙN(µ,Σ), C�m × d�Ý
§b�m��þ§

KCξ + b ∼ N(Cµ+ b, CΣCT ).

(2) ξ1, ξ2´ü��pÕá�d-��ÅCþ§ eξ1 ∼ N(µ1,Σ1), ξ2 ∼ N(µ2,Σ2)§

K

ξ1 + ξ2 ∼ N(µ1 + µ2,Σ1 + Σ2).

(3) ��Gauss�ÅCþξ, ½ö´���ÅCþ§½ö�~ê

Eeξ = exp{Eξ +
1

2
Varξ}.

(4) Gauss �Å�þé�©ÙÂñkµ45§=§eξn ∼ N(µn,Σn), �ξn�©Ù

Âñ�ξ, (ξn
d→ ξ), =�Ù�A�A�¼ê

ϕξn(λ) = Eeiλ
T ξn → ϕξ(λ) = Eeiλ

T ξ,

K�3µ,Σ ¦�µn → µ, Σn → Σ �ξ ∼ N(µ,Σ). ?�Ú, eξ(n) P→ ξ(�¤

k©þÑ�VÇÂñ), Kξ(n) d→ ξ, �ξÑlGauss©Ù.

···KKK 2.2. e¡4�Qã*d�dµ

(1) �Å�þξ = (ξ1, · · · , ξd)TÑld�Gauss©Ù"

(2) éu?¿a1, · · · , ad§�5|Ü
∑d

k=1 akξkÑl�� Gauss©Ù"

(3) ξ�A�¼ê ϕ(λ) = Eeiλ
T ξ = eiλ

Tµ− 1
2
λTΣλ.

(4) ξ�Ý1¼ê M(z) = Eez
T ξ = ez

Tµ− 1
2
zTΣz.

½½½ÂÂÂ 2.4. �ÅCþx{ξt, t ∈ I}¡�GaussX§XJéu?¿n±9?¿t1, t2, · · · , tn ∈
I§�Å�þ(ξt1 , · · · , ξtn)ÑlGauss©Ù" XJGaussX¥��I8I = [0,+∞)§

K¡�GaussL§"

½½½ÂÂÂ 2.5. �ÅL§{ξt, t ≥ 0}§��½��:ω�§ξt(ω)�t�¼ê§¡�éAu

��:ω���;�"

e{ξt, t ≥ 0}äkk���§=éu?¿t ≥ 0§ðkvarξt < +∞, P

µ(t) = Eξt, R(s, t) = E(ξsξt)

C(s, t) = cov(ξs, ξt) = R(s, t)− µ(s)µ(t)

©O¡�{ξt}�þ�¼ê§�'¼êÚ���¼ê"

½½½nnn 2.1. �ÅL§{ξt, t ≥ 0}´GaussL§§��=�3?¿k�����?¿

�5|Ü�©ÙÑ´Gauss©Ù§=éu?¿n§?¿¢êa1, a2, · · · , an9?¿�
�t1, t2, · · · , tn§�ÅCþa1ξ1 + a2ξ2 + · · · + anξn½ö´~ê§½ö Ñl��©

Ù"

11
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éuGaussL§§Ùþ�¼êÚ�'¼ê���(½
§�k��©Ùx§
=GaussL§�VÇA���dÙþ�¼êÚ���¼ê¤û½"

½½½ÂÂÂ 2.6. �ÅX{ξt, t ∈ I}äkk���§@oL2(Ω,F , P )¥�Xef8L2(ξ) ≡
{{ξt, t ∈ I}¥?¿k�����¢�5|Ü}§¡�{ξt, t ∈ I}��5�"L̄(ξ)��

¹L2(ξ)§�éuþ�4�µ4���8Ü§=§eη(n) ∈ L̄(ξ), E|η(n)−η|2 → 0§

Kη ∈ L̄(ξ)§@oL̄(ξ)´{ξt, t ∈ I}��54�§¡��ÅX{ξt, t ∈ I}��5þ�
&E�m"

···KKK 2.3. £µ45¤XJ{ξt, t ∈ I}´GaussX§KÙþ��5&E�mL̄(ξ)�

´GaussX§=L̄(ξ)�L2(Ω,F , P )���4f�m§L̄(ξ)���´��Hilbert�

m.

···KKK 2.4. £Õá5¤

1. e{ξα, α ∈ I}�{ηβ, β ∈ J}Õá§@oL̄(ξ)�L̄(η)Õá"£�?¿�gk�

���|¤��Å�þÕá¤"

2. e{ξα, ηβ, α ∈ I, β ∈ J}}´GaussX§K{ξα, α ∈ I}�{ηβ, β ∈ J} Õá �
¿�^��éu?¿�ξαÚηβÑkcov(ξα, ηβ) = 0"

3. eGaussX{ξα, α ∈ I}�GaussX{ηβ, β ∈ J}�pÕá§@o{ξα, ηβ, α ∈
I, β ∈ J}}´�GaussX"

½½½nnn 2.2. �{ξ(n)}t≥0´��GaussL§§qéu?¿�tÑk

lim
n→∞

E|ξ(n)
t − ξt|2 = 0,

K{ξt}t≥0´GaussL§"

···KKK 2.5. �Ξ = {ξt, t ∈ I}´GaussX§q�ξtn ∈ Ξ, ��n → ∞§ξtn �VÇÂ
ñ�ξ0§Klimn→∞E|ξtn − ξ0|2 = 0"

12
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1�Ù ^�êÆÏ"

·�kwü�~f"

~~~ 2.1. 3��{ü�Æ�¥§,<�âc¡�gÆ��(Jû½e�g�Æ�

7�"�3m©�§k�7 ξ0§qò1ngÆ��,<¤k��7P�ξn"òù�

{üÆ�^��êÆ�.L«§�±k±eü���µ�§ �

ηn =


1 ,<I�1ngÆ�;

−1 ,<ÑK1ngÆ�.

3d·�kb½{ηn, n = 1, 2, 3, · · · }´ÕáÓ©Ù��ÅCþS�"�§¤¢
/�âc¡�gÆ��(Jû½e�g�Æ�7�0§�31nge5�§´�

âc¡ n− 1g�ÑI§�Ò´1ng�Ù5´c¡n− 1gÑI(½�7)�¼ê:

bn(ξ0, η1, η2, · · · , ηn−1) (½ö = b̃n(ξ0, ξ1, ξ2, · · · , ξn−1))

l1�Ù��£§·���T¼êAT´��Borel¼ê§ù�âU�ybn½

öb̃n´�ÅCþ"@o§1ngÆ��,<¤k��7�

ξn = ξn−1 + bn(ξ0, η1, η2, · · · , ηn−1) · ηn

= ξ0 +
n∑
k=1

bk(ξ0, η1, η2, · · · , ηk−1) · ηk . (1)

y3��§kÜnÚooü<�g�Ñ
Æ�/üÑ0:

{bÜnn , n = 1, 2, · · · }, {boon , n = 1, 2, · · · }.

¯K´§e4·�À§·�ÀX�Æ�/üÑ0º�,§�ÀU
4·�

I�õ�@�/üÑ0"�du/�Å50§·�¿Ø��3n��·�æ

^Æ�/üÑ0bn(ξ0, η1, η2, · · · , ηn−1)��·�ÒUI½Ñõ�Qº 
·��

¢S��{´�é�.(1)§ �âc¡n − 1g�ÑI�E��/ýÿ�{(¼

ê)0f(ξ0, η1, η2, · · · , ηn−1)5L«3n��·�é�7ξn�ýÿ"XJ

f(ξ0, η1, η2, · · · , ηn−1)− ξn−1 > 0,

L«·�/ýO0UIa¶XJ

f(ξ0, η1, η2, · · · , ηn−1)− ξÜnn−1 > f(ξ0, η1, η2, · · · , ηn−1)− ξoon−1 , (2)

L«Ünd��Æ�/üÑ0'oo�Ð§·��±ÀÜnd��Æ�/üÑ0

5e5"

13
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�¯KqÑy
§z�<Ñ�±���/ýÿ�{(¼ê)0f(ξ0, η1, η2, · · · , ηn−1)§

X`
�Qº �,´�é��/�Zýÿ�{(¼ê)0§3ù�/�Zýÿ�

{(¼ê)0e§e(2)�÷v�{§·�Ò�±�ÿ�%/^Ünd��Æ�/ü

Ñ05e5
"

�¯K2�gÑy§�o´/�Zýÿ�{(¼ê)0º·���ýÿo

´kØ��§/�Zýÿ�{(¼ê)0AT´/Ø���0�"��'��

´§ XÛÀ���Ün!g,!´uO��Ø�µ�IO��¤êÆ��ó

Ò´§�é�,«/Ýþ0½/ål0 d(·, ·)§¦�/�Zýÿ�{(¼ê)0

f(ξ0, η1, η2, · · · , ηn−1)AT÷v§éu?¿��/ýÿ�{(¼ê)0g(ξ0, η1, η2, · · · , ηn−1),

d(ξn, f(ξ0, η1, η2, · · · , ηn−1)) ≤ d(ξn, g(ξ0, η1, η2, · · · , ηn−1)). (3)

Ïd§XJ·�Uk��ù��Ø�IO d(·, ·), ¦�f(ξ0, η1, η2, · · · , ηn−1)÷

v(3),
�éuù�Ø�IO d(·, ·)¿Âe�/�Zýÿ�{(¼ê)0f§XJ·�

�U��Ø�ª(2)§@o·�Ò�±À^Ün�Æ�/üÑ05e5
"

·�25w��VÇØ�~f"

~~~ 2.2. ��Å�þ (X, Y ) L«<��pÚN­"·�²~��ù��¯

K§w���<��p§�¦�ä¦(½¨)�N­"=I��Ñ��'uX�¼

êf(X)§�,f(X)�Y�mkØ�"Ó��¯K´·�I�é���Ø��µ�

IO§�Ò´`�«/Ýþ0½/ål0d(·, ·)§¦�éu?¿�Borel¼êg

d(f(X), Y ) ≤ d(g(X), Y ) (4)

¤á"

½½½ÂÂÂ 2.7. X, Y1, · · · , Yn�VÇ�m(Ω,F , P )þ��ÅCþ�÷vEX2 < ∞§¡
dY1, · · · , Yn û½��ÅCþf(Y1, · · · , Yn)�X'u Y1, · · · , Yn�^̂̂���êêêÆÆÆÏÏÏ"""§
ef(Y1, · · · , Yn) ÷v

1) Ef 2(Y1, · · · , Yn) <∞;

2) ?¿�g(Y1, · · · , Yn) ∈ L2(Ω, σ(Y1, Y2, · · · , Yn), P )(�Ò´`g÷vEg2(Y1, · · · , Yn) <

∞)§eª¤á

E(Xg(Y1, · · · , Yn)) = E(f(Y1, · · · , Yn)g(Y1, · · · , Yn)). (5)

rf(Y1, · · · , Yn)P�E[X|Y1, · · · , Yn]"

~~~ 2.3. �(X, Y ) �lÑ.�ÅCþ§Ù©Ù��P (X = xi, Y = yj) = pij, i =

1, · · · , n j = 1, · · · ,m, �b½pij > 0, ¦E[X|Y ]§=¦f(Y )§¦�éu?¿

�g(Y ),

E(E[X|Y ]g(Y )) = E(Xg(Y ))

E(f(Y )g(Y )) = E(Xg(Y ))

14
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)))µµµÄk§·���

f(Y (ω)) =


f(y1), Y (ω) = y1

...
...

f(ym), Y (ω) = ym

=
m∑
i=1

f(yi)1{yi}(Y (ω))

Y�>S©Ù�P (Y = yj) =
n∑
i=1

pij, K

E(f(Y )g(Y ))
(
½ (E(E[X|Y ]g(Y )

)
=

m∑
j=1

g(yj)f(yj)
n∑
i=1

pij =
m∑
j=1

n∑
i=1

g(yj)f(yj)pij =
∑
i,j

g(yj)f(yj)pij

E(Xg(Y )) =
∑
i,j

xig(yj)pij

AO/§�

gk(Y ) =

 1, Y (ω) = yk

0, Y (ω) 6= yk

= 1{yk}(Y (ω)).

�<þ¡�ªf�

E(f(Y )gk(Y )) =
∑
i

f(yk)pik = f(yk)
∑
i

pik

E(Xgk(Y )) =
∑
i

xipik.

Ïd§)�

f(yk) =

∑
i

xipik∑
i

pik
= E[X|Y = yk],

�


f(Y (ω)) = E[X|Y ](ω) =



∑
i
xipi1∑
i
pi1

, Y (ω) = y1

...
...∑

i
xipim∑
i
pim

, Y (ω) = ym

15
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=


E[X|Y = y1], Y (ω) = y1

...
...

E[X|Y = ym], Y (ω) = ym

=
m∑
j=1

E[X|Y = yj]1{yi}(Y (ω))

2

~~~ 2.4. �(X, Y ) Ñl�Ý¼ê�p(x, y) �ëY.©Ù¼ê§�b½p(x, y) > 0,

(x, y) ∈ R2, EX2 <∞§ ¦E[X|Y ].

)))µµµ ¯¢þ§·�´I�¦��Borel�ÿ¼êf§¦�E[X|Y ] = f(Y ), ÷v
éu?¿�g ∈ L2(Ω, σ(Y ), P )§

E(f(Y )g(Y )) = E(Xg(Y )).

Y�>S�Ý�pY (y) =
∫
R p(x, y)dx, �b½é?¿�y, pY (y) > 0.

E(f(Y )g(Y )) =

∫
R
g(y)f(y)pY (y)dy

E(Xg(Y )) =

∫
R

∫
R
xg(y)p(x, y)dxdy

=

∫
R
g(y)

(∫
R
xp(x, y)dx

)
dy

Ï�g(y)�?¿5§d¢C¼ê�£�

f(y)pY (y) =

∫
R
xp(x, y)dx,

=

f(y) =

∫
R xp(x, y)dx

pY (y)
,

=f(y)�®�Y = y�X�^�Ï"¼ê§=�E(X|Y = y)"k�E[X|Y ]P
�E(X|Y = y)|y=Y§ ½öE[X|Y ] = E(X|Y = y)|y=Y" 2

~~~ 2.5. (X, Y )Ñl����©Ù§Ù©Ù�ÝXe

p(x, y) =
1

2πσ1σ2

√
1− r2

exp

{
− 1

2(1− r2)
·
[

(x− a1)2

σ2
1

− 2r(x− a1)(y − a2)

σ1σ2

+
(y − a2)2

σ2
2

]}
a1, a2, σ1, σ2, r�~ê, σ1 > 0, σ2 > 0, |r| < 1,

(X, Y ) ∼ N(~a, Σ), ~a =

 a1

a2

, Σ =

 σ2
1 rσ1σ2

rσ1σ2 σ2
2

,

¦E[X|Y ]��Ý¼ê"
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)))µµµk¦ÑE(X|Y = y)§=¼êf(y)"¦f(Y )��Ý¼ê§=k¦Ñ®
�Y = y�^�e§ X�^��Ý¼êpX|Y .

pX|Y (x|y) =
1

σ1

√
2π
√

1− r2
exp

{
− 1

2σ2
1(1− r2)

·
[
x−

(
a1 + r

σ1

σ2

(y − a2)

)]2
}

=ù´��©ÙN
(
a1 + r σ1

σ2
(y − a2), σ2

1(1− r2)
)

. ÏdE[X|Y = y] = a1+r σ1

σ2
(y−

a2), =E[X|Y ] = a1 + r σ1

σ2
(Y − a2) ´Y ����5¼ê§KE[X|Y ]�´����

©Ù§ÙÏ"= a1, ��= r2σ2
1, ÏdÙ�Ý¼ê�

1√
2π|r|σ1

exp
(
− (x− a1)2

2r2σ2
1

)
"

2

3 ^̂̂���êêêÆÆÆÏÏÏ"""���½½½ÂÂÂÚÚÚ555���(I)

½½½ÂÂÂ 3.1. (�½Â2.7) �X, Y1, · · · , Yn�VÇ�m(Ω,F ,P)þ��ÅCþ§÷

vE|X| < ∞, f�Rn → R�Borel¼ê§¡f(Y1, · · · , Yn)�X'u(Y1, · · · , Yn)�^̂̂

���êêêÆÆÆÏÏÏ"""§e

1) E|f(Y1, · · · , Yn)| <∞;

2) éu?¿�n�k.Borel¼êg, eª¤á

E
(
Xg(Y1, · · · , Yn)

)
= E

(
f(Y1, · · · , Yn)g(Y1, · · · , Yn)

)
. (6)

555PPP 3.1. þª(6)�duéu?¿�n�Borel8A§

E
(
X1A(Y1, · · · , Yn)

)
= E

(
f(Y1, · · · , Yn)1A(Y1, · · · , Yn)

)
.

~~~ 3.1. (X, Y )�lÑ.�ÅCþ§Ù©Ù�� (xi, yj)

pij


i=1,2,··· , j=1,2,···

�b½pij > 0, eE|X| <∞, ¦E[X|Y ].

~~~ 3.2. (X, Y )Ñl�Ý¼ê�p(x, y) > 0, (x, y) ∈ R2, E|X| <∞, ¦E[X|Y ].

)))1µµµk¦(h(X), Y )�éÜ©Ù�§2|^~(3.1)��{=�"

)))2µµµ5¿�E[h(X)|Y ](ω) =
∞∑
j=1

E(h(X)|Y = yj)1{yj}(Y (ω))" Ù¢¯KÒ=

z¤
¦E[h(X)|Y = yj]§ =®�Y = yj�h(X)�^�Ï""
dÐ�VÇØ
�§k¦Ñ®�Y = yj�§X�^�©Ù�

P (X = xi|Y = yj) =
pij
∞∑
i=1

pij

17
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2¦Ñ,

E(h(X)|Y = yj) =

∞∑
i=1

h(xi)pij

∞∑
i=1

pij

.

Ïd

E[h(X)|Y ](ω) =
∞∑
j=1

∞∑
i=1

h(xi)pij

∞∑
i=1

pij

1{yj}(Y (ω)).

2

~~~ 3.3. (X, Y )Ñl�Ý¼ê�p(x, y)�ëY.�Å�þ§�p(x, y) > 0, (x, y) ∈
R2, h(x)�Borel¼ê§÷vE|h(X)| <∞§¦E[h(X)|Y ]"

·���(h(X), Y )¿Ø�½´ëY.�Å�þ§aqu~(3.2)¥k¦(h(X), Y )�
éÜ�Ý��{¿Ø·^"d~(3.1)�±ßÿ

E[h(X)|Y ](ω) =

∫
R h(x)p(x, Y (ω))dx∫

R p(x, Y (ω))dx

y3�Iy²�eÒ1
"
)))µµµ�â^�êÆÏ"�½Â§Äky²E

(∣∣E[h(X)|Y ]
∣∣) <∞"

E

∣∣∣∣
∫
R h(x)p(x, Y )dx∫

R p(x, Y )dx

∣∣∣∣
=

∫
R

∣∣∣∣
∫
R h(x)p(x, y)dx∫

R p(x, y)dx

∣∣∣∣ · [∫
R
p(x, y)dx]dy

≤
∫
R

∫
R |h(x)|p(x, y)dx∫

R p(x, y)dx
· [
∫
R
p(x, y)dx]dy

=

∫
R

∫
R
|h(x)|p(x, y)dxdy = E|h(X)| <∞

Ùg�yéu?¿k.�Borel¼êg§ E
(
h(X)g(Y )

)
= E

(
E[h(X)|Y ]g(Y )

)
"

E
(
h(X)g(Y )

)
=

∫
R

∫
R
h(x)g(y)p(x, y)dxdy.

E
(
E[h(X)|Y ]g(Y )

)
=

∫
R

∫
R h(x)p(x, y)dx∫

R p(x, y)dx
g(y) ·

[ ∫
R
p(x, y)dx

]
dy

=

∫
R

∫
R
h(x)g(y)p(x, y)dxdy.

2
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~~~ 3.4. 3Ð�VÇØ¥§·�²~�Ä®�¯�A u)�¯�B �^�V

ÇP (B|A)§@oXÛ^y3�^�êÆÏ"��ó5L«º·��

X = 1B(ω) Y = 1A(ω)

(X, Y )�éÜ©Ù�� (1, 1) (0, 1) (1, 0) (0, 0)

P (A
⋂
B) P (A

⋂
Bc) P (Ac

⋂
B) P (Ac

⋂
Bc)

 ,

K

E[X|Y ](ω) = E(X|Y = 1)1A(ω) + E(X|Y = 0)1Ac(ω)

=
P (A

⋂
B)

P (A)
1A(ω) +

P (Ac
⋂
B)

P (Ac)
1Ac(ω)

= P (B|A)1A(ω) + P (B|Ac)1Ac(ω).

ù�ªfØ��Ñ
�Au)�§=ω ∈ A�Bu)�^�VÇ§
�Ó���Ñ

�AØu)�§=ω ∈ Ac �§Bu)�^�VÇ"

��B§e¡^YL«�Å�þ(Y1, · · · , Yn)§yL«�þ(y1, · · · , yn)" ~
XE[X|Y1, · · · , Yn]P�E[X|Y]§E(X|Y1 = y1, · · · , Yn = yn)P�E(X|Y = y)"

555��� 3.1. (�Ï"úª) E
(
E[X|Y]

)
= EX"

~~~ 3.5. X(ω) = 1A(ω), Y (ω) ∼

 y1 · · · yn · · ·

p1 · · · pn · · ·

, pi > 0"N´O�Ñ

E[X|Y ](ω) = E(X|Y = y1)1{y1}(Y (ω)) + · · ·+ E(X|Y = yn)1{yn}(Y (ω)) + · · ·
= P (A|Y = y1)1{y1}(Y (ω)) + · · ·+ P (A|Y = yn)1{yn}(Y (ω)) + · · · .

¯¢þ§

E
(
E[X|Y ]

)
= P (A|Y = y1)E

(
1{y1}(Y (ω))

)
+ · · ·+ P (A|Y = yn)E

(
1{yn}(Y (ω))

)
+ · · ·

= P (A|Y = y1)P (Y (ω) = y1) + · · ·+ P (A|Y = yn)P (Y (ω) = yn) + · · ·
= P (A) = EX,

=5�3.1Ò´�VÇúª"
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~~~ 3.6. �(X, Y )´ëY.�ÅCþ§Ù�Ý¼ê÷vp(x, y) > 0, (x, y) ∈
R2§pX(x) =

∫
R p(x, y)dy§pY (y) =

∫
R p(x, y)dx"

�h�Borel¼ê§E(h(X)|Y = y) =
∫
R h(x)p(x,y)dx∫

R p(x,y)dx
§E[h(X)|Y ] =

∫
R h(x)p(x,Y )dx∫

R p(x,Y )dx
"

Kd5�3.1��

Eh(X) = E
(
E[h(X)|Y ]

)
=

∫
R
E(h(X)|Y = y)pY (y)dy.

ùÒ´ëY.�ÅCþ��Ï"úª§Ó�§��Ñ
|^^�êÆÏ"O�

�ÅCþÏ"�����{"

~~~ 3.7. e�ÅCþX�Y�pÕá§�©OÑlëê�λ�µ��ê©Ù§½Â

�ÅCþ

Z =


1, X ≤ Y,

0, X > Y.

¦EZ.

)))µµµ pX|Y (x|y) =


λe−λx, x ≥ 0, y ≥ 0,

0, Ù§.

"

E(1{X≤Y }|Y = y) =

∫ y

−∞
pX|Y (x|y)dx =


∫ y

0
λe−λxdx = 1− e−λy, y ≥ 0,

0, y < 0.

EZ = E
(
E[1{X≤Y }|Y ]

)
=

∫ ∞
0

(∫ y

−∞
pX|Y (x|y)dx

)
µe−µydy

=
λ

λ+ µ
.

2

~~~ 3.8. ��ÅCþXÑl[0, 1]þ�þ!©Ù§
3�ÅCþX = x^�e§�Å

CþY�^�©Ù�N(x, x2)"¦EY§var(Y )"

))): pY |X(y|x) = 1√
2πx

e−
(y−x)2

2x2 §N´�E(Y |X = x) = x"

EY = E
(
E[Y |X]

)
=

∫
R
E(Y |X = x)pX(x)dx =

∫ 1

0

xdx =
1

2
.

var(Y ) = E
(
E[(Y − 1

2
)2|X]

)
20
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=

∫ 1

0

∫
R
(y − 1

2
)2 1√

2πx
e−

(y−x)2

2x2 dydx

=

∫ 1

0

(2x2 − x+
1

4
)dx

=
5

12
.

555��� 3.2. �55��üN5:

(i) �a, b ∈ R§KE[aX1 + bX2|Y] = aE[X1|Y] + bE[X2|Y];

(ii) eX1 ≥ X2§KE[X1|Y] ≥ E[X2|Y]¶eX ≥ 0§KE[X|Y] ≥ 0¶
∣∣E[X|Y]

∣∣ ≤
E[
∣∣X∣∣|Y]"

555��� 3.3. eh�n�Borel¼ê§�E|h(Y)| <∞§KE[h(Y)|Y] = h(Y)"

555��� 3.4. (X1, · · · , Xm)T (≡ X)�(Y1, · · · , Yn)T �pÕá§�éum�Borel¼

êh§÷vE|h(X)| <∞§K

E[h(X)|Y] = Eh(X).

555��� 3.5. h�n�Borel¼ê§÷vE|h(Y)| < ∞, E|X| < ∞�E|h(Y)X| < ∞§
K

E[h(Y)X|Y] = h(Y)E[X|Y]. (7)

?�Ú§d�Ï"úª��

E
(
h(Y)X

)
= E

(
h(Y)E[X|Y]

)
. (8)

~~~ 3.9. (�~3.8) ¦cov(X,Y)"

)))µµµ Ï�E(Y |X = x) = x§¤±E[Y |X] = X"

E(XY ) = E
(
E[XY |X]

)
= E

(
XE[Y |X]

)
= EX2 =

1

3
.

l
§cov(X,Y) = E(XY )− EXEY = 1
12
"

2

555��� 3.6. P(X1, · · · , Xm)�X§eh�m�Borel¼ê§�Eh2(X) <∞ §K

E
(
h(X)− E[h(X)|Y]

)2 ≤ inf
g(Y)÷v
Eg2(Y)<∞

E
(
g(Y)− h(X)

)2
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yyy²²²µµµ

E
(
g(Y)− h(X)

)2

= E
(
(g(Y)− E[h(X)|Y] + E[h(X)|Y]− h(X)

)2

= E
(
g(Y)− E[h(X)|Y]

)2
+ E

(
E[h(X)|Y]− h(X)

)2

+2E
((
g(Y)− E[h(X)|Y]

)(
E[h(X)|Y]− h(X)

))
= I + II + 2III.

Ïd�Iy²III = 0=�"

III = E
(
g(Y)h(X)

)
− E

(
E[h(X)|Y]h(X)

)
− E

(
g(Y)E[h(X)|Y]

)
+ E

(
E[h(X)|Y]

)2

= III1 − III2 − III3 + III4

III1 = E
(
g(Y)h(X)

)
III2 = E

(
h(X)E[h(X)|Y]

)
III3 = E

(
g(Y)h(X)

)
(|^5�3.5�ªf(8))

III4 = E
(
E
[
h(X)E[h(X)|Y]

∣∣∣Y]) (|^5�3.5�ªf(8))

= E
(
h(X)E[h(X)|Y]

)
(|^�Ï"úª).

�III = 0"·K¤á" 2

555��� 3.7. (²w5!ÝK5)eE|X| <∞§P(Y1, · · · , Yn)�Y, (Z1, · · · , Zk)�Z§

K

E[X|Z] = E
[
E[X|Y,Z]

∣∣∣Z] = E
[
E[X|Z]

∣∣∣Y,Z
]
.

yyy²²²µµµ d5�3.3§´�E
[
E[X|Z]

∣∣Y,Z
]

= E[X|Z]"e¡y²1���Ò¤
á§=�I�yE[X|Z]�E[X|Y,Z]'uZ�^�êÆÏ""

(1) w,E
∣∣E[X|Z]

∣∣ <∞;

(2) éu?¿�k.Borel¼êg§

E
(
E[X|Z]g(Z)

)
= E

(
E[Xg(Z)|Z]

)
= E(Xg(Z))

E
(
E[X|Y,Z]g(Z)

)
= E

(
E[Xg(Z)|Y,Z]

)
= E(Xg(Z)).

2
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555��� 3.8. P(X1, · · · , Xm)�X§(Y1, · · · , Yn)�Y"�E|h(X,Y)| <∞§E|h(X,y)| <
∞, � E[h(X,y)|Y] = g(Y,y), K

E[h(X,Y)|Y] = g(Y,Y).

k��P�

E[h(X,Y)|Y] = E[h(X,y)|Y]
∣∣∣
y=Y

.

AO�X�Y�pÕá�§ E[h(X,y)|Y] = E
(
h(X,y)

)
= g(y)§ K

E[h(X,Y)|Y] = g(Y).

k��P�

E[h(X,Y)|Y] = E
(
h(X,y)

)∣∣∣
y=Y

.

~~~ 3.10. (�~3.8§ ~3.9) y² Y
X
�XÕá"

yyy²²²µµµ éu?¿�Borelk.¼êfÚg§

E
(
f
(Y
x

)∣∣X = z
)

=

∫
R
f
(y
x

) 1√
2πz

e−
(y−z)2

2z2 dy,

E
[
f
(Y
x

)∣∣X] =

∫
R
f
(y
x

) 1√
2πX

e−
(y−X)2

2X2 dy,

E
[
f
(Y
x

)∣∣X]∣∣∣
x=X

=

∫
R
f
( y
X

) 1√
2πX

e−
(y−X)2

2X2 dy,

-ỹ= y
X=

∫
R
f
(
ỹ
) 1√

2π
e−

(ỹ−1)2

2 dỹ = Ef(Z), Ù¥Z ∼ N(1, 1).

=E
[
f
(
Y
X

)∣∣X] = Ef(Z)§
�Ef
(
Y
X

)
= Ef(Z)" dd��

E
(
f
(Y
X

)
g(X)

)
= E

(
E
[
f
(Y
X

)
g(X)

∣∣X]) = E
(
g(X)E

[
f
(Y
X

)∣∣X]) = Ef
(Y
X

)
Eg(X).

~~~ 3.11. (£�~2.1)�P (ηn = 1) = p, P (ηn = −1) = 1− p = q, �bk�Kk.§

ξn+1 = ξ0 +
n+1∑
k=1

bk(ξ0, η1, · · · , ηk−1)ηk,

¦E[ξn+1|ξ0, η1, · · · , ηn], =¦ξn+1 'u(ξ0, η1, · · · , ηn)�ýÿ¼ê"

)))µµµ

E[ξn+1|ξ0, η1, · · · , ηn]

= E
[
ξ0 +

n+1∑
k=1

bk(ξ0, η1, · · · , ηk−1)ηk

∣∣∣ξ0, η1, · · · , ηn
]

= E[ξ0|ξ0, η1, · · · , ηn] +
n+1∑
k=1

E
[
bk(ξ0, η1, · · · , ηk−1)ηk

∣∣∣ξ0, η1, · · · , ηn
]
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(1) ξ0´(ξ0, η1, · · · , ηn)�¼ê§�E[ξ0|ξ0, η1, · · · , ηn] = ξ0¶

(2) k ≤ n�, bk(ξ0, η1, · · · , ηk−1)ηk´(ξ0, η1, · · · , ηn)�¼ê§K

E[bk(ξ0, η1, · · · , ηk−1)ηk|ξ0, η1, · · · , ηn] = bk(ξ0, η1, · · · , ηk−1)ηk

(3) k = n+ 1 �§d5�3.4!5�3.5

E[bn+1(ξ0, η1, · · · , ηn)ηn+1|ξ0, η1, · · · , ηn]

= bn+1(ξ0, η1, · · · , ηn)E[ηn+1|ξ0, η1, · · · , ηn]

= bn+1(ξ0, η1, · · · , ηn)E(ηn+1)

Ïd

E[ξn+1|ξ0, η1, · · · , ηn] = ξ0+
n∑
k=1

bk(ξ0, η1, · · · , ηk−1)ηk+bn+1(ξ0, η1, · · · , ηn)E(ηn+1).

�p = q = 1
2
,

E[ξn+1|ξ0, η1, · · · , ηn] = ξ0 +
n∑
k=1

bk(ξ0, η1, · · · , ηk−1)ηk = ξn;

�p > q,

E[ξn+1|ξ0, η1, · · · , ηn] = ξn + bn+1(ξ0, η1, · · · , ηn)(p− q) ≥ ξn;

�p < q,

E[ξn+1|ξ0, η1, · · · , ηn] = ξn + bn+1(ξ0, η1, · · · , ηn)(p− q) ≤ ξn.

2

~~~ 3.12. XÛ^^�êÆÏ"5½Âê¼ó(L§)"

{Xn}n≥1����ÅL§§G��m�S = {1, 2, 3 · · · }"5A^�ÅL§6¥
´Xe½Âê¼ó�µ éu?¿���n§?¿�i, jk ∈ S, 1 ≤ k ≤ n§

P (Xn+1 = i|Xn = jn, Xn−1 = jn−1, · · · , X1 = j1) = P (Xn+1 = i|Xn = jn).

½ö�duéu?¿�k.Borel¼êf§

E(f(Xn+1)|Xn = jn, Xn−1 = jn−1, · · · , X1 = j1) = E(f(Xn+1)|Xn = jn).

@oy3·�U^^�êÆÏ"5wþ¡�L�§Ù¢Ò�±n)�

E[f(Xn+1)|Xn, Xn−1, · · · , X1] = E[f(Xn+1)|Xn] (9)

Ïd�±­#�ê¼ó��½Âµ ¡�ÅL§{Xn}n≥1´��ê¼ó§XJé

u?¿�k.Borel¼êf§(9)ª¤á"
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4 ^̂̂���êêêÆÆÆÏÏÏ"""���½½½ÂÂÂÚÚÚ555���(II){
{ω : X(ω) ∈ A}, A ∈ B(R)

}
¡¡¡���dddX)))¤¤¤���¯̄̄������(σ-���êêê)§§§PPP���σ(X)"""´

yσ(X) ⊂ F"

···KKK 4.1. �F�(Ω, σ(X), P ) þ����ÅCþ§K�3��Borel¼êf§¦

�F (ω) = f(X(ω))"��§ef�Rþ�Borel¼ê§Kf(X)�(Ω, σ(X), P )þ��

ÅCþ"

(Ω, σ(X)) X //

F=f(X)

F

''

(R,B(R))

f

��
(R,B(R)){

{ω : (X1(ω), · · · , Xn(ω)) ∈ A}, A ∈ B(Rn)
}
¡¡¡���ddd(X1, · · · , Xn))))¤¤¤���¯̄̄���

���(σ-���êêê)§§§PPP���σ(X1, · · · , Xn)""" ´yσ(X1, · · · , Xn) ⊂ F"

···KKK 4.2. �F�(Ω, σ(X1, · · · , Xn), P )þ����ÅCþ§K�3��n�Borel¼

êf§¦�F (ω) = f(X1(ω), · · ·Xn(ω))"��§ef�n�Borel¼ê§Kf(X1, · · · , Xn)

�(Ω, σ(X1, · · · , Xn), P )þ��ÅCþ"

(Ω, σ(X1, · · · , Xn))
(X1,··· ,Xn) //

F=f(X1,··· ,Xn)

F

''

(Rn,B(Rn))

f

��
(R,B(R))

½½½ÂÂÂ 4.1. �{Xt, t ∈ I}�(Ω,F , P )þ��x�ÅCþ§¡�¹
{
{ω : Xt ∈

(at, bt)}, ∀t ∈ I,∀at, bt ∈ R
}
���¯��(σ-�ê)�{Xt, t ∈ I})¤�¯��§P

�σ(Xt, t ∈ I)"

Ïd§aqu·K4.1Ú·K4.2§��'u{Xt, t ∈ I}�/�ÿ¼ê0§¢�
þÒ´'u(Ω, σ(Xt, t ∈ I))����ÅCþ"
e���Åy�=^��¯��G(⊂ F)£ã�§·�k^�êÆÏ"���

½Â"

½½½ÂÂÂ 4.2. �X�(Ω,F , P )þ����ÅCþ§÷vE|X| < ∞§G�F���f
¯��§¡Z�X'uf¯��G�^̂̂���êêêÆÆÆÏÏÏ"""§eZ÷v

(1) Z´(Ω,G, P )þ��ÅCþ§=∀a ∈ R§{ω : Z(ω) ≤ a} ∈ G§
�E|Z| <
∞"

(2) éu?¿�(Ω,G, P )þ�k.�ÅCþF§

E(XF ) = E(ZF ).

PZ = E[X|G]"
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555PPP 4.1. 1) (2)�duéu?¿A ∈ G§E(X1A) = E(Z1A)"

2) E[X|G]��3��5dRadon-Nikodym½n���"

3) X�(Ω,F)�ÅCþ§�XØ�½�(Ω,G)��ÅCþ"

555��� 4.1. (�Ï"úª) E
(
E[X|G]

)
= EX.

555��� 4.2. �55��üN5µ

(i) E[aX + bY |G] = aE[X|G] + bE[Y |G];

(ii) eX1 ≥ X2, KE[X1|G] ≥ E[X2|G]; eX ≥ 0§KE[X|G] ≥ 0¶
∣∣E[X|G]

∣∣ ≤
E[
∣∣X∣∣|G]"

555��� 4.3. eX�(Ω,G)þ��ÅCþ§ �E|X| <∞§ KE[X|G] = X"

555��� 4.4. eX�GÕá§=éu?¿�Borel8AÚB ∈ G§ P
(
{ω : X ∈ A} ∩

B
)

= P
(
{ω : X ∈ A}

)
P (B)"eE|X| <∞§ KE[X|G] = EX"

555��� 4.5. Y�(Ω,G)þ��ÅCþ, ÷vE|Y | < ∞§E|X| < ∞§E|Y X| < ∞§
KE[Y X|G] = Y E[X|G]"?�ÚE(Y X) = E

(
Y E[X|G]

)
"

555��� 4.6. X ∈ L2(Ω,F , P ), G ⊂ F�f¯��§K

E
(
X − E[X|G]

)2
= inf

Y ∈L2(Ω,G,P )
E(X − Y )2.

555��� 4.7. (²w5!ÝK5) E|X| <∞, G1 ⊂ G2 ⊂ F ,

E[X|G1] = E
[
E[X|G2]

∣∣∣G1

]
= E

[
E[X|G1]

∣∣∣G2

]
.

555��� 4.8. �X,Y�(Ω,F , P )þ��Å�þ§éuBorel¼êh(x,y)÷vE|h(X,Y)| <
∞§G ⊂ F§eY�(Ω,G)þ��Å�þ§K

i) E[h(X,Y)|G] = E[h(X,y)|G]
∣∣
y=Y
" =k¦ÑE[h(X,y)|G]´��±y�ëê

�(Ω,G)þ��ÅCþZ(y, ω)§KE[h(X,y)|G]
∣∣
y=Y

= Z(Y, ω)"

ii) ?�Ú§eX�G�pÕá§KE[h(X,Y)|G] = E
(
h(X,y)

)∣∣
y=Y
"=k¦

ÑE[h(X,y)|G]´��±y�gCþ��ÿ¼êZ(y)§E
(
h(X,y)

)∣∣
y=Y

= Z(Y)"
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555��� 4.9. (JensenØ�ª) ϕ�R → Rþ�à¼ê(ϕ�k�à¤"eX9 ϕ(X)�

�ÅCþ§÷vE|X| < ∞§E|ϕ(X)| < ∞§Kϕ
(
E[X|G]

)
≤ E[ϕ(X)|G]" AO

/ϕ(EX) ≤ Eϕ(X)"

~~~ 4.1. (Ω,F , P ), Ω = [0, 1] × [0, 1], F = [0, 1]2þ�Borel�§P = [0, 1]2þ

�LebesgueÿÝ"G1 = (Ω,Φ, A1, A2)§G2 = σ(Ω,Φ, A11, A12, A21, A22)´�¹A11, A12, A21, A22�

��σ-�ê§Ù¥

A1 = [0, 1]× [0,
1

2
)

A2 = [0, 1]× [
1

2
, 1]

A11 = [0,
1

2
)× [0,

1

2
)

A12 = [
1

2
, 1]× [0,

1

2
)

A21 = [0,
1

2
)× [

1

2
, 1]

A22 = [
1

2
, 1]× [

1

2
, 1]

f�(Ω,F , P ) ���ÅCþ§E|f | <∞§¦E[f |G1]§E[f |G2]"

)))µµµ

E[f |G1] = a11A1 + a21A2 .

E[f |G1](x, y) =

∫∫
A1
f(u, v)dudv

P (A1)
1A1(x, y) +

∫∫
A2
f(u, v)dudv

P (A2)
1A2(x, y)

= 2
(∫∫

A1

f(u, v)dudv1A1(x, y) +

∫∫
A2

f(u, v)dudv1A2(x, y)
)
.

E[X|G2](x, y) = 4
(∫∫

A11

f(u, v)dudv1A11(x, y) +

∫∫
A12

f(u, v)dudv1A12(x, y)

+

∫∫
A21

f(u, v)dudv1A21(x, y) +

∫∫
A22

f(u, v)dudv1A22(x, y)
)
.

2

5¿�
∫∫
A11

f(u,v)dudv

P (A11)
= 4

∫∫
A11

f(u, v)dudv§¢�þÒ´f(x, y)3A11þ�²þ

�"
∫∫
A1

f(u,v)dudv

P (A1)
´f(x, y)3A1þ�²þ�§�´∫∫

A11
f(u, v)dudv

P (A11)
1A11(x, y) +

∫∫
A12

f(u, v)dudv

P (A12)
1A12(x, y)

3A1þ�²þ�"
G2 ⊃ G1,�±@�G2�¹�&E'G1õ§©EÇp§ÏdE[X|G2]'E[X|G1]E

,§E[X|G1]wå5'E[X|G2] ²w
§¤±5�3.7Ú5�4.7��²w5�"
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d1�Ù�£·���§3ïÄ�ÅL§�§I��Ä���6�VÇ�
m(Ω,F , (Ft)t∈T , P ) ±9��(Ω,F , P )þ��ÅL§(Xt)t∈T"

½½½ÂÂÂ 4.3. (·A5!��5) ¡�ÅL§(Xt)t∈T'u(Ft)t∈T´·A(adapted)�(½

���)§XJéu?¿�t ∈ T , Xt´(Ω,Ft)þ��ÅCþ§ =∀a ∈ R§

{ω : Xt(ω) ≤ a} ∈ Ft.

½½½ÂÂÂ 4.4. (ê¼L§) �Ä���6�VÇ�m(Ω,F , (Ft)t∈T , P ), (Xt)t∈T´'

u(Ft)t∈T ·A��ÅL§§¡(Xt)t∈T´'u(Ft)t∈T�ê¼L§§XJéu?¿k
.�Borel¼êf , ?¿�t > s,

E[f(Xt)|Fs] = E[f(Xt)|σ(Xs)]
(

= E[f(Xt)|Xs]
)
.

555PPP 4.2. ¡FXt = σ(Xs, s ≤ t)�(Xt)t∈T)¤�g,σ-�ê6"
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1nÙ �Øf`

Äk5)º�e/�(martingale)0ù�c"Martingale´��{�c"§kü
�ºÂµ(�)���ê.��S3êÎfþ��@f(ê�Ýf)¶(�)ú²ÙÆ§
�¿´¤¢�ÙüÑ"'uüc/martingale0��
å
�±ëwXe©zµ

1. R. Mansuy. The origins of the word ”Martinage”. Electronic Journal of His-
tory of Probability and Statistics. vol.5. no.1 Juin/June 2009 www.jehps.net

2. L. Bienvenu, G. Shafer, A. Shen. On the history of martingales in the study of
randomness. Electronic Journal of History of Probability and Statistics. vol.5.
no.1 Juin/June 2009 www.jehps.net

5 ������½½½ÂÂÂÚÚÚ~~~fff

3þ�Ù¥·��Ä
XeÆ��~f.
(ηn)n≥1� i.i.d.��ÅCþS�§÷vP (ηn = 1) = p, P (ηn = −1) = 1−p = q§

�

ξn = ξ0 +
n∑
k=1

bk(ξ0, η1, · · · , ηk−1) · ηk, (10)

KE[ξn+1|ξ0, η1, · · · , ηn] = ξn + bn+1(ξ0, η1, · · · , ηn)E(ηn+1)"

½½½ÂÂÂ 5.1. (�)� (Xt)t∈T � (Ω,F , (Ft)t∈T , P )þ�'u(Ft)t∈T·A��ÅL§ (=∀t ∈
T , Xt ´'u(Ω,Ft)�ÿ��ÅCþ)§eéu ∀s < t§ E[Xt|Fs] = Xs§ K

¡(Xt)t∈T � (Ft)t∈T �(martingale)§½¡(Xt,Ft)t∈T��§k�3²(
(Ft)t∈T�
�§�±��¡(Xt)t∈T��"

eT = {1, 2, 3, · · · }�§ (Xt)t∈T¡���"

eE[Xt|Fs] ≥ Xs§K¡(Xt,Ft)t∈T�e�(submartingale)¶eE[Xt|Fs] ≤ Xs§

K¡(Xt,Ft)t∈T�þ�(subermartingale)"

~Xþ¡�~¥§�F0 = σ(ξ0), Fn = σ(ξ0, η1, · · · , ηn)"

1. ep = q = 1
2
�§E[ξn+1|Fn] = ξn§ K (ξn)n≥1� (Fn)n≥1 �(�)"

2. e p > q�§E[ξn+1|Fn] = ξn + bn(ξ0, η1, · · · , ηn)(p − q) ≥ ξn§K (ξn)n≥1

�(Fn)n≥1e�(�)"

3. e p < q�§E[ξn+1|Fn] ≤ ξn§K (ξn)n≥1�(Fn)n≥1þ�(�)"

e¡5w�õ�!���~f"

~~~ 5.1. ηn = a + ξ1 + · · · + ξn§ ξ1, · · · , ξn, · · ·�pÕá§�∀n ≥ 1, Eξn = 0§

K{ηn}�
(
Fn = σ(ξ1, · · · , ξn)

)
n≥1
��§ ��

(
F1
n = σ(η1, · · · , ηn)

)
n≥1
��§¯¢

þFn = F1
n"
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~~~ 5.2. �Ä���6�(Ω,F , (Ft)t∈T , P )"e ξ÷vE|ξ| < ∞, -ξt = E[ξ|Ft],
K (ξt,Ft)t∈T ��"

yyy²²²: éu?¿�t2 ≥ t1§Ft2 ⊃ Ft1§K

E[ξt2|Ft1 ] = E
[
E[ξ|Ft2 ]

∣∣Ft1] = E[ξ|Ft1 ] = ξt1 .

2

~~~ 5.3. (ξn)n≥1'u(Fn)n≥1·A(��)§½Â

ζn = ξn −
n−1∑
k=0

(
E[ξk+1|Fk]− ξk

)
,

K (ζn,Fn)n≥1��"

©©©ÛÛÛµµµ

(1) E[ξk+1|Fk]− ξk´1k + 1Ú'�õÑ�Ü©
�´'uFk�ÿ��ÅCþ¶

(2)
n−1∑
k=0

(
E[ξk+1|Fk]− ξk

)
cnÚ'�õÑ�Ü©§
�§´'uFn−1�ÿ��Å

Cþ¶

(3) ξnØ�c¡¤kØ´��Ü©§=ξn −
n−1∑
k=0

(
E[ξk+1|Fk] − ξk

)
§ K�{Ü©

��"

yyy²²²µµµ

(1) dþ¡�©Û�§ ζn�'uFn�ÿ��ÅCþ"

(2) 5¿�§�k ≤ n�§Fk ⊂ Fn§K

E[ζn+1|Fn]

= E[ξn+1|Fn]−
n∑
k=0

(
E
[
E[ξk+1|Fk]

∣∣∣Fn]− E[ξk|Fn]
)

= E[ξn+1|Fn]−
(
E[ξn+1|Fn]− ξn +

n−1∑
k=0

(
E[ξk+1|Fk]− ξk

))
= ξn −

n−1∑
k=0

(
E[ξk+1|Fk]− ξk

)
= ζn.

2
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~~~ 5.4. (�ÙüÑ§martingale betting strategy )

3·��Ä�~f(10)¥�ξ0 = 0§p = q = 1
2
"Ùä�üÑ´��Ägß¥¼

�§Ø2e5§á=Ê�Æ�§
3Äg¼��cz�g�Ù5�A/3þ�g

Ù5�Ä:þ���§ù�Æ�üÑäN�êÆ�.�±�¤µ

b1(ξ0) = 1,

b2(ξ0,−1) = 2, b2(ξ, 1) = 0,

b3(ξ0,−1,−1) = 4, b3(ξ0,−1, 1) = 0, b3(ξ0, 1,−1) = 0, b3(ξ0, 1, 1) = 0, · · ·

bn(ξ0,−1, · · · ,−1︸ ︷︷ ︸
n−1g

) = 2(n−1), bn(ξ0,Ù§) = 0 .

K(ξn)n≥1´�"

,��¡§PAn = {
cn−1gþ�−1︷ ︸︸ ︷

η1 = −1, · · · , ηn−1 = −1, ηn = 1}§�Ò´`AnL«

3n��§ÙäÄg¼�§K

P
(
ξ0 = 0, ξ1 = −1, · · · , ξn−1 = −

n−1∑
k=1

2k−1, ξn = ξn−1 + 2n−1
∣∣∣ξ0 = 0, An

)
= P

(
ξn = 1

∣∣ξ0 = 0, An
)

= 1.


�§

P
(
ξn = 1, ξn+1 = 1, · · · , ξn+k = 1

∣∣ξ0 = 0, An
)

= 1.

dé¡{ü�ÅiÄ�~�5§·���P (∪∞n=1An) = 1"ùÒ`²§=¦3ú

²Æ���¹e§��3X¤¢�/�ÙüÑ0�yÙä�ª�IØÑ"

ggg���KKKµµµù«/�ª�IØÑ0��ÙüÑ´Ø´Ú�¤�x�Æ��/ú

²50�gñº

~~~ 5.5. (�Å|Ç) kw(½5!lÑ�mµ�Õ1�|Ç�r §1nU�§Ün

3Õ1¥��±�Xn�§31n+ 1U��±Ò�(1 + r)Xn"

Xn+1 = (1 + r)Xn, Xn+1 −Xn = rXn.

¤¢|ÇÒ´3ü �mS§ü �±(À1)�|E" e��31nU�§Ün

�Õ1ârk�±Xn§Km©�Ün�\�aX0�õ�º

Xn = (1 + r)nX0, X0 = Xn(1 + r)−n.

ëY�mµÜn��t�3Õ1¥��±´Xt§K3ü �mS§ü �±�|E

Ò´ lim
∆t→0

Xt+∆t−Xt
∆tXt

= σ , =

dXt

dt
= σXt, Xt = X0e

σt.
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eσ = ln(1 + r)§ Xn+1 = eσXn¡�ëY|ÇO�'X"

�Fn = σ(η0, η1, · · · , ηn), ξn�'u(Ω,Fn)��K�ÅCþ(�Ò´` (ξn)� (Fn)·

A)§�Å|ÇS�(σn)�´'u(Fn)·A"e]7ξn÷v^�ëY|ÇO�'X

E[ξn+1|Fn] = eσnξn,

òn���]7ξn3m©���òyd�P�ζn, =

ζn = e−(σ0+σ1+···+σn−1)ξn,

K(ζn,Fn)���"

E[ζn+1|Fn] = E[e−(σ0+σ1+···+σn)ξn+1|Fn]

= e−(σ0+σ1+···+σn)E[ξn+1|Fn]

= e−(σ0+σ1+···+σn)eσnξn

= e−(σ0+σ1+···+σn−1)ξn = ζn.

y3b�Ün!ooü<ó]��§�¤���"Ünr({�aξ0�\Õ
1§oor({�a?1,«Ý]"nU��§Ün�]��

ξÜnn = e(σ0+σ1+···+σn−1)ξ0,

oo�]��ξoon "lÈ��éu7a�*g5w§e ξoon > ξÜnn , K3n��
oo�Ý]´¤õ�"
,�«w{´òoon���]�ξoon ^Õ1|Çòy¤m©���òyd

�§=ξ̃oo0 = e−(σ0+σ1+···+σn−1)ξoon ¶eξ̃oo0 > ξ0§@o·��@�oo�Ý]O
�
"
eoo�]7ξoon ÷v

E[ξoon+1 |Fn] = eσnξoon .


��ÜnraÑ�3
Õ1§Ün��±A÷v

ξÜnn+1 = eσnξÜnn .

/²þ5w0Ün��±�ooÝ]�mk,«/²�05§½ö`�,½|þ
k/�Å50§�ù«/�Å50éÜn!oo5`´/ú²�0§3êÆþX
Û5Nyù«ú²5QºÏÏÏééé���"
rξoon UÕ1�;Oòy¤m©���d�ζoon "e(ζoon ,Fn)¤����§

K�±@�oo3ù�/kºx�½|þ0vk?§�vk�"ù�½|éuÜ
n!oo5`´ú²�"

~~~ 5.6. 3~5.1¥§�±Øb�Eξn = 0"-ζn =
n∏
k=1

esξk

Eesξk
§ K(ζn)�

(
Fn =

σ(ξ1, · · · , ξn)
)
���"
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yyy²²²µµµ

E[ζn+1|Fn] = E
[ n+1∏
k=1

esξk

Eesξk

∣∣∣Fn]

=

n∏
k=1

esξk

n+1∏
k=1

Eesξk
E[esξn+1|Fn]

= ζn
1

E(esξn+1)
E(esξn+1) = ζn

2

~~~ 5.7. (©|L§) 1n�1k�[�©���êηn,k§éu?¿�n, k§ηn,kÕá

Ó©Ù"�Eηn,k = µ <∞"

ξ0 = 1

ξn = ηn−1,1 + · · ·+ ηn−1,ξn−1

K
(
ξn
µn

)
´
(
Fn = σ(ξ1, · · · , ξn)

)
�"

yyy²²²µµµdê¼5

E
[ ξn+1

µn+1

∣∣∣Fn] =
1

µn+1
E[ξn+1|Fn]

=
1

µn+1
E[ξn+1|ξn]

=
1

µn+1
E[ηn,1 + · · ·+ ηn,ξn|ξn]

=
1

µn+1

∞∑
k=1

E
[
(ηn,1 + · · ·+ ηn,k)1{ξn=k}

∣∣ξn]
=

1

µn+1

∞∑
k=1

1{ξn=k}E
[
ηn,1 + · · ·+ ηn,k|ξn

]
=

1

µn+1

∞∑
k=1

1{ξn=k}kµ =
1

µn

∞∑
k=1

ξn1{ξn=k} =
ξn
µn
.

2

~~~ 5.8. (Polya-f�.§ Polya’s urn) b���-f¥m©�k��ù¥§�

�É¥"zg�Å�l-f¥¹Ñ��¥§e´ù¥§Kòdù¥�£�Ó�2

 -f¥�\��ù¥¶aq/§e¹Ñ�´É¥§KòdÉ¥�£�Ó�2 

-f¥�\��É¥"�XnL«1ng¹¥�§-f¥ù¥��ê§X0 = 1"�

±y²(Xn)´��ê¼L§§Ù=£VÇ´

P
(
Xn+1 = k + 1

∣∣Xn = k
)

=
k

n+ 2
, P
(
Xn+1 = k

∣∣Xn = k
)

=
n+ 2− k
n+ 2

. (11)
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�Mn = Xn
n+2
L«1ng¹¥�-f¥ù¥�'~§K

(
Mn,Fn = σ(X1, · · · , Xn}

)
´

�"

yyy²²²µµµ |^(12)N´O�§

E[Xn+1|Xn] = E(Xn+1|Xn = k)
∣∣∣
k=Xn

=
(
k +

k

n+ 2

)∣∣∣
k=Xn

= Xn +
Xn

n+ 2
.

2dê¼5§

E[Mn+1|Fn] = E[Mn+1|Xn]

= E
[Xn+1

n+ 3

∣∣∣Xn

]
=

1

n+ 3

(
Xn +

Xn

n+ 2

)
=

Xn

n+ 2
.

2

~~~ 5.9. (Polya-f�.§ Polya’s urn) b���-f¥m©�k��ù¥§�

�É¥"zg�Å�l-f¥¹Ñ��¥§e´ù¥§Kòdù¥�£�Ó�2

 -f¥�\��ù¥¶aq/§e¹Ñ�´É¥§KòdÉ¥�£�Ó�2 

-f¥�\��É¥"�XnL«1ng¹¥�§-f¥ù¥��ê§X0 = 1"�

±y²(Xn)´��ê¼L§§Ù=£VÇ´

P
(
Xn+1 = k + 1

∣∣Xn = k
)

=
k

n+ 2
, P
(
Xn+1 = k

∣∣Xn = k
)

=
n+ 2− k
n+ 2

. (12)

�Mn = Xn
n+2
L«1ng¹¥�-f¥ù¥�'~§K

(
Mn,Fn = σ(X1, · · · , Xn}

)
´

�"

yyy²²²µµµ |^(12)N´O�§

E[Xn+1|Xn] = E(Xn+1|Xn = k)
∣∣∣
k=Xn

=
(
k +

k

n+ 2

)∣∣∣
k=Xn

= Xn +
Xn

n+ 2
.

2dê¼5§

E[Mn+1|Fn] = E[Mn+1|Xn]

= E
[Xn+1

n+ 3

∣∣∣Xn

]
=

1

n+ 3

(
Xn +

Xn

n+ 2

)
=

Xn

n+ 2
.

2
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~~~ 5.10. (q,'S�) � (ξn)� i.i.d.�ÅCþS�§Ù©Ù�Ý� f§g�,�

�©Ù�Ý"�

ηn =
n∏
k=1

g(ξk)

f(ξk)
,

K(ηn)�
(
Fn = σ(ξ1, · · · , ξn)

)
��"

yyy²²²µµµ

E
( g(ξk)

f(ξk)

)
=

∫
g(y)

f(y)
f(y)dy = 1,

E[ηn|Fn−1] = ηn−1E
[ g(ξn)

f(ξn)

∣∣∣Fn−1

]
= ηn−1E

( g(ξn)

f(ξn)

)
= ηn−1.

2

~~~ 5.11. (Levy�) ��àMarkovó (ξn)�=£Ý
�P = (pij)" éuG��m

þ�k.¼êf§ ½ÂN�Pf

(Pf)(i) =
∑
j

pijf(j).

PfE´G��mþ�k.¼ê"éu?¿�k.¼êf§�

Xn = f(ξn)− f(ξ0)−
n−1∑
k=0

(
(P− I)f

)
(ξk), (13)

Ù¥I�ðÓN�§=éu?¿f§If = f , @o(Xn)´
(
Fn = σ(ξ1, · · · , ξn)

)
�"

AO/§�f÷v�§Pf = f�§=f´'uP − I�NÚ¼ê�§f(ξn) −
f(ξ0)´�"

6 Doobeee������©©©)))½½½nnn

2g£�þ�Ù¥�Ä�Æ��~f"
(ηn)n≥1 � i.i.d. ��ÅCþS�, P (ηn = 1) = p, P (ηn = −1) = 1− p = q,

ξn = ξ0 +
n∑
k=1

bk(ξ0, η1, · · · , ηk−1) · ηk (14)

dþ¡�!Ä�~f(10)�í�§·��±� ηk�pÕá§�Eηk = µ5�Ä�
2��.

ξn = ξ0 +
n∑
k=1

bk(ξ0, ξ1, · · · , ξk−1) · ηk, (15)

E[ξn+1|ξ0, η1, · · · , ηn] = ξn + bn+1(ξ0, ξ1, · · · , ξn)E(ηn+1).

�E(ηn+1) = µ > 0§l�*þ§·���ù�Æ�é·�k|§�Ò´`/ü
ØØ(½Ï�0§½ö`/üØ�Å50§½ö/üØºx0�§·�zgÑ�
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I"31n + 1gÆ��c§�âc¡ng®��ÑI(J?1e5§·�Ò��
/üØ�Å50�§1n+ 1gUI bn+1(ξ0, · · · , ξn)E(ηn)Ñ�±��"
ùÒ´Doobe�©)½n¤L���*¹Â"�äN
(ξn)n≥1�±�Xe©

)µ

ξn+1 = ξ0 +
n+1∑
k=1

bk(ξ0, · · · , ξk−1) ·
(
ηk − E(ηk)

)
+

n+1∑
k=1

bk(ξ0, · · · , ξk−1) · E(ηk)

= Mn+1 + An+1.

Ù¥

Mn+1 = ξ0 +
n+1∑
k=1

bk(ξ0, · · · , ξk−1) ·
(
ηk − E(ηk)

)
,

An+1 =
n+1∑
k=1

bk(ξ0, · · · , ξk−1) · E(ηk).

N´��(Mn,Fn)n≥1´���§
An´Fn−1�ÿ��ÅCþ"¯¢þ§ù�(Ø
´äk��5�"ùÒ´Í¶�Doobe�©)½n"

½½½ÂÂÂ 6.1. éu(Ω,F , (Fn)n≥0, P ), (An)n≥0�(Ω,F , P )þ��ÅCþS�§e

∀n ≥ 1§ ÷vAn´'uFn−1�ÿ��ÅCþ§K¡(An)n≥1����ÅS

�(predictable)"

½½½nnn 6.1. (Doobe�©)) (ξn)n≥0� (Fn)n≥0e��§K�3�� (Fn)n≥0��§

÷v

(1) M0 = ξ0 (Ð�)¶

(2) �3�����4O�ÅS� (An)n≥0§ A0 = 0§¦�ξn = Mn + An"

yyy²²²µµµë�~(5.3)�y²" 2

~~~ 6.1. �Õ1�|Ç�R(lÑ�m)§=�\Õ1�]7O�÷v

Sn+1 = Sn +RSn = (1 +R)Sn.

XJ�

ξn = Sn, ηn = R(~ê), bn(S0, S1, · · · , Sn−1) = Sn−1,

KùÒ´Ä��.(15)�~AÏ���~f"

~~~ 6.2. Cox-Ross-Rubinstein�.§��(ä)�. (binomial-tree model) ("""ããã///)

b½ºxy d�O�÷v

Sn+1 = (1 + ηn+1)Sn = Sn + ηn+1Sn, (16)

36



A^�Å©ÛÜ©ùÂ2017 (2017.6.13?¾�) 4]

Ù¥(ηn)´i.i.d��ÅCþS�§� 1 + ηn+1 = Sn+1

Sn
∼

 a b

p 1− p

§ 0 < a <

b§0 < p < 1§ (ηn)n≥1�S0Õá"

XJ�ξn = Sn§bn(S0, S1, · · · , Sn−1) = Sn−1§Kù��.�´Ä��.(15)�

��A~"

½Â 1
Sn
E
[
Sn+1 − Sn

∣∣ηn, ηn−1, · · · , S0

]
�ù|ºxy �ÂÂÂÃÃÃÇÇÇ(yield)§§L«

ü �mü d��²þÂÃ"

1

Sn
E
[
Sn+1 − Sn

∣∣ηn, ηn−1, · · · , S0

]
=

1

Sn
E
[
ηn+1

∣∣ηn, ηn−1, · · · , S0

]
= Eηn+1 = ap+ b(1− p)− 1 ≡ µ.

½Â 1
Sn

(
var
[(
Sn+1−Sn

)∣∣ηn, ηn−1, · · · , S0

]) 1
2 �ù|ºxy ��ÅÅÅÄÄÄÇÇÇ(volatility)§

§L«ü �mü d��²þÅÄÌÝ§´�«é/�Å50½ö/ºx0�

Ýþ�I"

1

Sn

(
var
[(
Sn+1 − Sn

)∣∣ηn, ηn−1, · · · , S0

]) 1
2

=
1

Sn

(
E
[(
ηn+1Sn − E

[
ηn+1Sn

∣∣ηn, ηn−1, · · · , S0

])2
∣∣∣ηn, ηn−1, · · · , S0

]) 1
2

=
1

Sn

(
E
[
S2
n(ηn+1 − Eηn+1)2

∣∣ηn, ηn−1, · · · , S0

]) 1
2

=
√
E(ηn+1 − Eηn+1)2 ≡ σ.

3���¹e§µÚσ�±´�Å���mCz�þ§Ïd��±´�ÅL§"

Cox-Ross-Rubinstein�.(16)�Doob©)�

Sn+1 − Sn = (Eηn)Sn + (ηn − Eηn)Sn = µSn + σ
(ηn − µ)

σ
Sn,

½ö�¤
Sn+1 − Sn

Sn
= µ+ σ

ηn − µ
σ

. (17)

Ù¥E
(
ηn−Eηn

σ

)2

= 1, E (ηn−Eηn)
σ

= 0"ù�Black-Scholes�.�éA�lÑ�m�

�"

~~~ 6.3. ·�ò~6.1Ú~6.2nÜå5�Ä"ºxy 3n���d��Sn§�

¿Ø�LÙ¢S�“d�”"�*/w§1�am©�3Õ1¥§3n��ÒO�

�(1 + R)n�§Ó�^1�a3m©��ï
ºxy §3n��§�d�´Sn§

�Ù��3Õ1¥�@��a'§�Ò´`§XJ·�^ 1
(1+R)n

��n���Od
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ü �{§Sn�“ d�0Ò´S̃n = Sn
(1+R)n

"^7KêÆ�â�`§S̃n �Ty 3

Ð©���òyd�"

�<�F"Ý]ù�ºxy §g,'%,
����ù�ºxy �d�´

ÄO\§´Ä~�"�Ò´`§éuÝ]ºxy ù|/ÙÆ0§<�'%ù|

/ÙÆ03�o^�e´/ú²0�§=Ùòyd��o�ÿ´/�0"

PFn = σ(S0, η1, · · · , ηn)"Äk�(S̃n,Fn)´�5wwηn�©ÙAT÷v�^

�"

S̃n = E[S̃n+1|Fn] = S̃nE
[ S̃n+1

S̃n

∣∣∣Fn] = S̃nE
[1 + ηn+1

1 +R

∣∣∣Fn] = S̃nE
(1 + ηn+1

1 +R

)
.

)Ñp = b−(1+R)
b−a §�¦0 < p < 1§�I�÷va < 1 +R < b"

�,p = b−(1+R)
b−a �§éN´�Uy²(S̃n,Fn)´�"d��kµ = R§ù�(Ø

�éÎÜ�*§�Õ1|ÇÚºxy ÂÃÇ����ÿ§Ý]ù�y â´Ø

��Ø?�/ÙÆ0"
b−(1+R)
b−a ¡�Cox-Ross-Rubinstein�.�ú²VÇ§½öd�Sn+1

Sn
�©Ù¡�Cox-

Ross-Rubinstein �.�ºx¥5VÇ"

7 ÿÿÿÝÝÝCCC���ÚÚÚGirsanov½½½nnn

kw��{ü�Æ�~f§�Øþ!�M1§zge51�a§=(ηn)n≥1´i.i.d�
�ÅCþS�÷vµ

P (ηn = 1) = p, P (ηn = −1) = 1− p, 0 < p 6= 1

2
< 1.

�Fn = σ(η1, · · · , ηn)§ ξn =
∑n

k=1 ηk"(ξn,Fn)n≥1Ø´�§ù�Æ�Ø´ú²
�"@oXÛ¦�(ξn,Fn)n≥1C�ú²Qº�¤þ!�M1=�"lêÆ��Ý

5wÒ´�/Ñ0/I0­#D����­P̂§

P̂ (ηn = 1) =
1

2
, P̂ (ηn = −1) =

1

2
.

��±n)��
��ÿÝC�

P̂ (ηn = 1) =
1

2p
P (ηn = 1), P̂ (ηn = −1) =

1

2(1− p)
P (ηn = −1).

XJl�ÅL§��Ý5wþ¡�¯K§Ò´éL§�;�½¡�´»(path)­
#D����­"�*þw§p > 1

2
�§ã/1¥�þr'�ergêõ�;��

VÇ��
"XJp = 1
2
3n�cz^;�AT´��U�"

d{ü�ÅiÄ��£§·����n ≥ k,

P (ξn = k) =

 C
n+k

2
n p

n+k
2 (1− p)n−k2 n, kÓÛó

0 n, kØÓÛó

.
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Figure 1: �ÅiÄ;�

éu¤k31, 2, · · · , n��§ξ1(ω), · · · , ξn(ω)��Ñ�Ó§�ξn+1(ω), ξn+2(ω), · · ·�
±ØÓ�;�|¤�8Ü(ù��8Ük2n �§P�Ai, i = 1, · · · , 2n)§Ùþ�V
Ç�

p
n+ξn

2 (1− p)
n−ξn

2 = [4p(1− p)]
n
2

( p

1− p

) ξn
2 (1

2

)n
.

PMn = [4p(1− p)]−n2
(

1−p
p

) ξn
2
"�z�Aiù��8ÜD���#�VÇP̂ :

(1

2

)n
= Mnp

n+ξn
2 (1− p)

n−ξn
2 ,

K3ù�#�VÇP̂e§η1, · · · , ηn´i.i.d��ÅCþ§
�P̂ (ηn = 1) = P̂ (ηn =
−1) = 1

2
" N´��§d�(ξn,Fn)3P̂e´�"

éuA ∈ Fn§A´�
Ai�¿§Ïd

P̂ (A) = E(1AMn).

��g,�¯KÒ´éum < n§A ∈ Fm ⊂ Fn§@od�P̂ (A)Ò�±kü�½
ÂE(1AMm)ÚE(1AMn)§ùü�½Â´Ä��º�Ò´`P̂�½Â´Ä·½º
dSK��(Mn,Fn)3VÇPe´�§K

E(1AMn) = E
(
E[1AMn|Fm]

)
= E

(
1AE[Mn|Fm]

)
= E(1AMm),

¤±§ù�#VÇ�½ÂP̂´·½�"

òþã�{í2��e¡�½n"�
;��
êÆEâþ�JÝ§ùpb�
¤k�bk, ckÑ´k.Borel�ÿ¼ê"
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½½½nnn 7.1. �(ξ0, ηn, n ≥ 1)�pÕá�E|ξ0| <∞, E|ηn| <∞§éu?¿�k§�
3sk¦�E(ηke

skηk) = 0"�

zn =
n∏
k=1

eskηk

Eeskηk
, Fn = σ(ξ0, η1, · · · , ηn),

ξn = ξ0 +
n∑
k=1

bk(ξ0, . . . , ξk−1) · ηk.

éu?¿�A ∈ Fn§½Â#�VÇP̂ (A) = E(1Azn)§K(ξn,Fn)n≥13P̂e´�"

ÚÚÚnnn 7.1. (zn,Fn)n≥13Pe´�§
�Ezn = 1"

yyy²²²µµµ 2

½½½nnnyyy²²²µµµ 2

AO/§éuÑl��©Ù��ÅCþ§�k�r�(Ø"

½½½nnn 7.2. (Girsanov-Cameron-Martin½n)

�(ξ0, ηn, n ≥ 1)�pÕá§Fn = σ(ξ0, η1, · · · , ηn)§E|ξ0| <∞§ηn ∼ N(0, σ2
n)§bn 6=

0§ cn
bn
´k.Borel�ÿ¼ê"

ξn = ξ0 +
n∑
k=1

bk(ξ0, . . . , ξk−1) · ηk +
n∑
k=1

ck(ξ0, ξ1, · · · , ξk−1)

= ξ0 +
n∑
k=1

bk(ξ0, . . . , ξk−1)
[
ηk +

ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1 . . . , ξk−1)

]
.

zn = exp
(
−

n∑
k=1

ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1, · · · , ξk−1)σ2
k

ηk −
n∑
k=1

1

2

( ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1, · · · , ξk−1)σk

)2
)
.

éu?¿�A ∈ Fn§½Â#�VÇP̂ (A) = E(1Azn)§K3P̂e§

(η1 +
c1

b1

, · · · , ηn +
cn
bn
, · · · )

´�pÕá��ÅCþS�§
�ηn + cn
bn
∼ N(0, σ2

n)"�?�Ú§(ξn,Fn)n≥0

3P̂e´�"

ÚÚÚnnn 7.2. �(ξ0, ηn, n ≥ 1)�pÕá§E|ξ0| <∞§ηn ∼ N(µn, σ
2
n)"�f(ξ0, η1, · · · , ηn)

´k.Borel¼ê" Fn = σ(ξ0, η1, · · · , ηn)§K

E
[

exp
(
f(ξ0, η1, · · · , ηn−1)ηn

)∣∣Fn−1

]
= exp

(
f(ξ0, η1, · · · , ηn−1)µn +

1

2
f 2(ξ0, η1, · · · , ηn−1)σ2

n

)
.

ÚÚÚnnn 7.3. (zn,Fn)n≥13Pe´�§
�Ezn = 1"
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8 ÀÀÀ���½½½nnnÚÚÚDoobÊÊÊ���½½½nnn

8.1 ÊÊÊ������VVVggg

3·�F~)¹¥§Ø
^¦!©!�!F!�!c��m�ÝP¹·�F~)
¹�;,	§k��^�
I�5¯�u)���5P¹)¹;,"~X§Ñ)
���!?\r�	���!1�gë\,�ì¹Ä���!3�Æ¥�ê1�
gë\�Á���!���g��,<�����"ù
��§�,Ñ´éÓ�
¯��£ã§�éuØÓ�<§u)����U´Ø���"3�ÅL§¥�a
q§�±^0, 1, 2 · · ·½ t ∈ [0,∞)�(½5��m5�x��L§§��±^L§
aqu1igÂ¥,8Ü½���gÂ¥,8Ü�äk�ÅÏ����5£ã��
�ÅL§"ùÒ´�Å�m�Vg"

½½½ÂÂÂ 8.1. (�Å�m) �Å�mϑ´��l(Ω,F)N��[0,∞]��ÅCþ§

½(Ω,F)N��{0, 1, 2, · · · ,∞}��ÅCþ§=∀t ∈ {0, 1, 2, · · · }½t ∈ [0,∞)§{ω :

ϑ(ω) ≤ t} ∈ F .

555PPP 8.1. 3½Â�Å�mϑ�§�±�¦ϑ�∞�"~X§�(ηn)n≥1´i.i.d��

ÅCþS�÷vP (ηk = 1) = p > 1
2
§P (ηk = −1) = 1− p < 1

2
§�Ä�é¡{ü�

ÅiÄξn =
∑n

k=1 ηkÄg��,�K�ê���ϑ§Kϑk���VÇ�u∞"

�·�3���6�VÇ�m(Ω, (Ft)t∈T ,F , P )þïÄ���ÅL§(ξt)t∈T�§
k�aAÏ��Å�m�~­�§ùÒ´Ê��Vg"

½½½ÂÂÂ 8.2. (Ê�§Stopping time) �τ ����Å�m§τ�Ω→ T̄ ≡ T ∪{∞}�
���ÅCþ§eéu∀t ∈ T , {ω : τ(ω) ≤ t} ∈ Ft§K¡τ´(Ft)t∈TÊ�"
AO�T = {0, 1, 2, · · · }�§þã½Â�Lã�∀n ≥ 0§{ω : τ(ω) = n} ∈ Fn½

ö1{n}(τ)´'uFn�ÿ��ÅCþ"

Ê�Ò´���Å�m§§3(½5�t���c(�¹t)´Ä®²u)½�
�§=¯�{ω : τ(ω) ≤ t}´� t�c�/&E0Ft¤û½�"
~X§��ÓÆþÌ8:l��Ñu±ØÓ�ªc �?³§1�g-��Ò

´7�ð����´��Ê�§1�g-��Ò´7�ð����´��Ê�"'
Xz���¯¤kÓÆ´Ä-�
�Ò´7�ð��§Kz�ÓÆÑ�±(½£�
/´0½/Ä0"����g§�ê1�g-��Ò´7�ð����Ø´Ê�§
Ï�3�� t§ Ã{�ä t���kvk�Ò´7�ð�mÑ5§Ïd´Ã{�Ñ
/´0½/Ä0ù��½��Y�¶2X§���?³¤^o�m���ù��
��Ø´Ê�§Ï�o�m�6u��L§¤k�&Eσ(∪t∈TFt) = F∞§Ù��
��6uF∞§Ïd3,�(½5���§'X3þÌ8:��§´Ã{�Ñ/d
�´Ä®²^
o�m���º0ù�¯K/´0½/Ä0ù�(½��Y�"

···KKK 8.1. ~ê t´(Ft)t∈TÊ�§eτ, σÑ´(Ft)t∈TÊ�§Kτ∧σ = min(τ, σ)§τ∨
σ = max(τ, σ)Ú τ + σ�´ (Ft)t∈TÊ�" Ïd τ ∧ t§τ ∨ t�´Ê�"

yyy²²²µµµ �yτ ∧ σ§Ù§�¹��SK"

41



A^�Å©ÛÜ©ùÂ2017 (2017.6.13?¾�) 4]

�yτ ∧ σ�Ê�§=�y ∀t ∈ T ,

{τ ∧ σ ≤ t} ∈ Ft.

¯¢þ§
{τ ∧ σ ≤ t} = {τ ≤ t} ∪ {σ ≤ t}

Ï� τ, σ ´Ê�§{τ ≤ t} ∈ Ft, {σ ≤ t} ∈ Ft§ ¤± {τ ≤ t} ∪ {σ ≤ t} ∈ Ft"
2

½½½ÂÂÂ 8.3. �(ξn)n≥1´(Ω,F , (F)n≥1, P )þ·A��ÅS�§τ´'uσ-�6(Fn)n≥1�

Ê�§�τA�??�k��§=P (τ < ∞) = 1§½Â(ξτ )(ω) = ξτ(ω)(ω)§Kξτ
´(Ω,F)þ��ÅCþ§¡��ÅS�(ξn)n≥13Ê�τþ���"

(ξt)t≥0´(Ω,F , (F)t≥0, P )þ�·A�ÅS�§τ´'uσ-�6(Ft)t≥0�Ê�§

�τA�??�k��§=P (τ < ∞) = 1§½Â(ξτ )(ω) = ξτ(ω)(ω)§K3�½

�^�e(ξτ )´�ÅCþ§3�ùÂ¥·�ob½(ξτ )´�ÅCþ§¡��ÅL

§(ξt)t≥03Ê�τþ���"

555PPP 8.2. 3ëY�mëê´�y²ξτ����ÅCþ¿Ø´��²��¯�§

ù´�Å©Û¥'�°[�ó�"Ïd3�ùÂ¥·�b½ξτÑ´�ÅCþ"

8.2 ÀÀÀ���½½½nnn

ë\Æ��<�âc¡{¤�gC½���òÑüÑ"~X§�I
500�a��
òÑ±ã¼|§½ö´�ÑKÐ©��7�20%�òÑ±¦/��0"ù�òÑ
��� τ=���Ê�"
XJÆ�´ú²�§=�/�0�§K�*þ�§ØØÆ�öæ�No��ò

ÑüÑ§¦ÑØ�U¼|§lÚO²þ5wATk

Eξτ = Eξ0, (18)

ùÒ´¤¢/Ê�½n0���¹Â"
�¯¢þù´Øé�§~X�ÙüÑ�~f(??)¶2X�Äe¡�{üé¡�

ÅiÄ: (ηn)n≥1´i.i.d��ÅCþ÷vP (ηn = 1) = P (ηn = −1) = 1
2
§ξ0 = 1§�

ξn = 1 +
n∑
k=1

ηn, Fn = σ(η1, · · · , ηn).

K(ξn,Fn)��§ ξnL«�ÐÆ�ök�¬a�§3?1
��{üÆ��§
3n���]7" -τ = inf{n ≥ 1, ξn = 2}, = τL«Æ�öÄg?��¬a"·
��� ξτ = 2, Eξτ = 2§�Eξ0 = 1, Eξτ 6= Eξ0"

½½½nnn 8.1. (À�½n) �(ξn,Fn)n≥0´�§τ´���k���(Fn)n≥0Ê�§


�÷v

(1) τ´k.Ê�§=�3~êM <∞, P (ω : τ(ω) ≤M) = 1¶½���/
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(2) ξτ�Ï"k�§� lim
n→∞

E
(
|ξn| · 1{τ>n}

)
= 0§

KkEξτ = Eξ0.

~~~ 8.1. (ÙäÑ1¯K)�(Yn)n≥1´i.i.d��ÅCþS�§P (Yk = 1) = p, P (Yk =

−1) = 1− p§ξn = a+
n∑
k=1

Yk"ù��.�±���ÜnÚoo^�M1��ª?

1ÙÆ§/Ñy�¡0KÜnIoo��a§/Ñy�¡0KÜnÑ�oo��

a"30��§Ünka�a§ookb�a" ξnL«Ün3n���]7"e�3

��êk1¦�ξk1 = 0§KL«Ün3k1��Ñ1¶e�3k2¦�ξk2 = a + b§KL

«oo3k2��Ñ1¶þ¡ü«�¹¥�«u)§KÆ�(å"

τ = inf{n, ξn = 0 ½ ξn = a+ b}, inf ∅ def
= +∞.

-pa = P (ξτ = 0), qa+b = P (ξτ = a+ b)§w,k

pa + qa+b = 1. (19)

¦pa§qa+bÚEτ"

)))µµµ �Fn = σ(Y1, · · · , Yn)"

(1) e p = 1
2
§K(ξn,Fn)n≥0���" l5A^�ÅL§6·���µ (1) τ Ø

´��k.Ê�¶(2) P (τ <∞) = 1"�·�k

E
(
|ξn| · 1{τ>n}

)
≤ (a+ b)E1{τ>n} = (a+ b)P (τ > n)→ 0, � n→∞.

�dÀ�½n§
Eξτ = Eξ0 = a.

,��¡

Eξτ = 0 · P (ξτ = 0) + (a+ b) · P (ξτ = a+ b) = (a+ b)qa+b,

Ïd§�(19)éá¦)��

qa+b =
a

a+ b
, pa =

b

a+ b
.

?�Ú§d5A^�ÅL§6�£�Eτ < ∞, -ηn = ξ2
n − nvar(Y1) =

ξ2
n − n§ K(ηn,Fn)n≥0´�"�n < τ�§ |ηn| ≤ (a+ b)2 + n§�

E
(
n1{τ>n}

)
≤ E

(
τ1{τ>n}

)
→ 0, n→ +∞.

dd�

lim
n→∞

E
(
|ηn|1{τ>n}

)
= 0.

dÀ�½nEητ = Eη0 = a2§5¿�ητ = ξ2
τ − τ§K

a2 = Eξ2
τ − Eτ = 0 · pa + (a+ b)2qa+b − Eτ = (a+ b)a− Eτ

�Eτ = ab" 
�§ùü�(ØÑéÎÜ·���*"
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(2) p > q, E(Y1) = p− q ≡ µ > 0, 0 < q
p
< 1§ùØ´��ú²Æ�"�

ζn =
(q
p

)ξn
,

K(ζn,Fn)n≥0��"¯¢þ

E
[
ζn+1

∣∣∣Fn] = E
[(q
p

)ξn+1
∣∣∣Fn] = E

[(q
p

)ξn+Yn+1
∣∣∣Fn]

= E
[(q
p

)y+Yn+1
]∣∣∣
y=ξn

=
[
p
(q
p

)y+1

+ q
(q
p

)y−1]∣∣∣
y=ξn

=
(q
p

)y∣∣∣
y=ξn

=
(q
p

)ξn
aq/�k lim

n→∞
E
(
|ξn| · 1{τ>n}

)
= 0, �

Eζτ = Eζ0 =
(q
p

)a
.

,��¡

Eζτ =
(q
p

)0

pa +
(q
p

)a+b

(1− pa),

�
§�(19)éá¦)��

pa =

(
q
p

)a
−
(
q
p

)a+b

1−
(
q
p

)a+b
, qa+b =

1−
(
q
p

)a
1−

(
q
p

)a+b
.

?�Ú§¦dÙÆ�²þ±U�m"�θn = ξn−nµ§K(θn,Fn)n≥0´�"a
q/

lim
n→∞

E
(
|θn| · 1{τ>n}

)
= 0.

dÀ�½n
0 · pa + (a+ b)qa+b − µEτ = a,

Ïd§Eτ = 1
µ
[(a+ b)qa+b − a]"

2

3þ¡�~f¥§XJ�ξ0 = 0§τ1 = inf{n ≥ 0, ξn = 1}§ �,τ1¿Ø÷vÀ
�½n¤��^�§�|^þ¡�(J§·��UO�ÑEτ1"
� τ[−N,1] = inf{n ≥ 0, ξn = −N½ ξn = 1}§Kτ[−N,1]´(Fn)Ê�" aq/§

�±y²

lim
n→∞

E
(
|ηn| · 1{τ[−N,1]>n}

)
= 0, lim

n→∞
E
(
|θn| · 1{τ[−N,1]>n}

)
= 0.
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dÀ�½nE
(
ητ[−N,1]

)
= Eη0 = 0, E

(
θτ[−N,1]

)
= Eθ0 = 0§ = N2pN + 1 · (1− pN)− Eτ[−N,1] = 0, p = 1

2
,

−NpN + 1 · (1− pN)− µEτ[−N,1] = 0, p 6= 1
2
.

Ù¥pN = P (ω : ητ[−N,1]
= −N)½öpN = P (ω : θτ[−N,1]

= −N)"
Eτ[−N,1] = N, p = 1

2
,

Eτ[−N,1] = 1
µ
[1− (N + 1)pN ] = 1

µ

[
1− (N + 1)

(
q
p

)N
−
(
q
p

)N+1

1−
(
q
p

)N+1

]
, p 6= 1

2
.

5¿�τ[−N,1] ↑ τ1§ dLevyüNÂñ½n
Eτ1 = lim

N→+∞
Eτ[−N,1] =∞, p = 1

2
,

Eτ1 = lim
N→+∞

Eτ[−N,1] = 1
µ

= 1
p−q , p 6= 1

2
.

555PPP 8.3. τ[−N,1] ↑ τ1 ¿����±wÑ5�" τ[−N,1] = τ−N ∧ τ1, ÏdIy²

τ−N ↑ ∞, �N →∞, ù�±|^5A^�ÅL§6¥��{5y"

8.3 DoobÊÊÊ���½½½nnn(
Ω,F , (Ft)t∈T , P

)
, ∀t, Ft �3 t ���c�&E§@oéu��Ê� τ §3 τ �

c�±Ýº�/&E0(�Å¯��N)q´�oº-F∞ = σ
(
∪
t∈T
Ft
)
.

½½½ÂÂÂ 8.4. (Ft)t∈T Ê� τ�¯c¯��

Fτ ≡
{
A ∈ F∞

∣∣∣ ∀t ∈ T, A ∩ {τ ≤ t} ∈ Ft
}

=
{
A ∈ F∞

∣∣∣ ∀t ∈ T, 1A∩{τ≤t}�Ft�ÿ��ÅCþ
}

AO�§�T = Z+,

Fτ ≡
{
A ∈ F∞

∣∣∣ ∀n ∈ Z+, A ∩ {τ = n} ∈ Fn
}
.

555��� 8.1. e(ξt)t∈T�(Ft)t∈T·AL§§ τ�(Ft)Ê�§

(1) eT = Z+§Kξτ�Fτ�ÿ��ÅCþ¶

(2) eT = R+§�(ξt)t≥0�mëYL§§=∀ω ∈ Ω, ξt(ω)�mëY¼ê§K

ξτ�Fτ�ÿ��ÅCþ"

555��� 8.2. �τÚσ�(Ft)t∈TÊ�"eτ ≤ σ§KFτ ⊂ Fσ"
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½½½nnn 8.2. Doob k.Ê�½n

(ξt)t∈T�(Ft)t∈T�§ σ ≤ τ < M <∞�ü�k.(Ft)t∈TÊ�§K

E[ξτ |Fσ] = ξσ.

yyy²²²µµµ=é T = Z+ �§y²"
Äk§�yE|ξτ | <∞, E|ξσ| <∞,

E|ξτ | =
M∑
k=0

E
∣∣ξk1{τ=k}

∣∣ ≤ M∑
k=0

E|ξk| <∞.

Ón§E|ξσ| <∞.
Ùg§�y∀A ∈ Fσ§ E

(
ξτ1A

)
= E

(
ξσ1A

)
"

E
(
ξτ1A

)
=

M∑
k=0

E
(
ξτ1{τ=k}1A

)
=

M∑
k=0

E
(
ξk1A∩{τ=k}

)
.

Ï�(ξt)t∈T�(Ft)t∈T�§ K

E
(
ξk1A∩{τ=k}

)
=

M∑
k=0

E
(
ξM1A∩{τ=k}

)
= E

(
ξM1A

)
.

ÓnE
(
ξσ1A

)
= E

(
ξM1A

)
.

2

½½½nnn 8.3. Doob Ê�½n

e(ξt)t∈T�(Ft)t∈T�§�÷v�3�ÅCþξ§E|ξ| <∞§¦� ξt = E[ξ|Ft]§
K∀Ê�§σ ≤ τ

E[ξτ |Fσ] = ξσ.

555PPP 8.4. �T = R+�§�¦(ξt)mëY"

½½½nnn 8.4. (ξn,Fn)n≥0�§Kéu?¿(Fn)Ê�τ§ (ξτ∧n, n ≥ 0)´(Fτ∧n)�"¯¢

þ§��±y²(ξτ∧n)�(Fn)�"

½½½nnn 8.5. e(ξt,Ft)t∈T�e�§ σ ≤ τ < M�ü�k.(Ft)Ê�§K

E[ξτ |Fσ] ≥ ξσ.
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1oÙ ÙK$Ä

9 ÙÙÙKKK$$$ÄÄÄ

±e´�[Ù��ÙK$Ä�½Â"

½½½ÂÂÂ 9.1. �{Bt, t ≥ 0}´���ÅL§§XJ§÷v±en^

1. Bt+s −BtÑl��©ÙN(0, σ2s)¶

2. é?¿0 < t1 < t2 < · · · < tn, B0, Bt1 −B0, · · · , Btn −Btn−1�pÕá¶

3. é¤k�ω, Bt(ω)'utëY"

K¡{Bt, t ≥ 0}´��(��)Brown$Ä(Brownian motion)" �σ2 = 1, B0 =

0�§¡�IOBrown$Ä"

��o¬kù�½ÂQº·�£�1905cEinsteinØ©§b½(s®)âf�$
Ä´d©f�9$ÄÚå�Ø5K$Ä§Einstein�
Xe��
b½µ

1. z��âf¤?1�$Ä§ÓÙ¦��âf�$ÄÑÃ'¶

2. Ó��âf3��ØÓ��mm�¥�$Ä§Ñ7L�w�´�pÕá�L
§§��·���ÀJ�ù
�mm�Ø���Ò1
"

^y3�ÅL§�{5`§Ò´âf$Ä´ÕáOþL§"�ù��b½´
Äu*ÿ�mm�3÷*ºÝþ�§�3�*ºÝ�§Ïd�±�ÑK�

3�~�ºÝþ�Ôn[!"

3. b��N¥�kn�âf§²L�mm� τ§ü�âf�X�Iò�O\∆§
d?∆éuz�âfÑk��ØÓ��(���K)§éu∆§,«©Ù½Æ
¤á"3�mm� τS²{
?u∆Ú∆ + d∆�m £�âfêdn§�dX
e/ª��§L«

dn = nϕ(∆)d∆, d?

∫ +∞

−∞
ϕ(∆)d∆ = 1.


ϕ�´é�~��∆�âØ´"§¿�÷v^�ϕ(∆) = ϕ(−∆)"

ϕ(∆)d∆Ù¢Ò´3�mm� τS²{
?u∆Ú∆ + d∆�m £�âfê
Óoâfê�'~§
ù�'~�'u«mm�d∆§'~Xê�«m� 
�k'"

4. b�ü NÈ�âfêν�ÓxÚ tk'§�

ν = f(x, t).

�Ò´`?ux �§3�� tâfê��Ý´f(x, t)"
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·��lâf3t��©ÙO�Ñt + τ���©Ù"dϕ(∆)�½Â�±O�
Ñ t+ τ�� uX¶þ[x, x+ dx] �m�âfê§

f(x, t+ τ)dx =

∫ +∞

−∞
f(x−∆, t)dxϕ(∆)d∆

=

∫ +∞

−∞
f(x−∆, t)ϕ(∆)d∆dx (20)

=

∫ +∞

−∞
f(x+ ∆, t)ϕ(∆)d∆dx.

|^�VÐm§τé�§Ïd�±�

f(x, t+ τ) = f(x, t) + τ
∂f

∂t
. (21)

éf(x+ ∆, t)'uxCþ^�VÐm

f(x+ ∆, t) = f(x, t) + ∆
∂f(x, t)

∂x
+

∆2

2

∂2f(x, t)

∂x2
+ · · · (22)

r(21) (22)�\(20)

f(x, t) +
∂f

∂t
τ (23)

= f(x, t) ·
∫ +∞

−∞
ϕ(∆)d∆ +

∂f

∂x

∫ +∞

−∞
∆ϕ(∆)d∆ +

∂2f

∂x2

∫ +∞

−∞

∆2

2
ϕ(∆)d∆ + · · ·

Q,ϕ(∆) = ϕ(−∆)§Kþ¡óê��0"Ï��ké��∆�âéÈ©k�z§
¤±15,7,· · ·�Ñ'11��éõ" �

1

τ

∫ +∞

−∞

∆2

2
ϕ(∆)d∆ = D.

��Ä(23)ªmà¥�11�Ú13�§k

∂f

∂t
= D

∂2f

∂x2
.

b½3 t = 0��§ n�âfÑ8¥3x = 0:§=

f(x, 0) =

 0, x 6= 0,∫ +∞
−∞ f(x, 0)dx = n.

Ïd

f(x, t) =
n√

4πDt
e−

x2

4Dt .
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f(x, t)dxL«t��[x, x + dx]Sâfê§
f(x, t)dx

n
=

1√
4πDt

e−
x2

4Dtdx L«t��

3[x, x+ dx]SâfêÓoâfê�'~§·�y3�Ñf(x, t)dxVÇØ�)º(¢
�þ´/Ü�Vg0)Ò´3t��3[x, x + dx]Suy,�âf�VÇ§ùÒéA

ÙK$Ä"
?�ÚO�§��âf3X¶��þ²þ²{� £λX§½ö'�O(�`

Ò´3X¶��þù
 £²���â²þ�²��

λX =
√
X2 =

√
2Dt. (²þgd§)

lVÇØ��Ýn)þ¡ùã{�±n)�§3|^�m [0, t]S��âf�²þ
 £O�õ�âf £��â²þ§|^��âf £²��²þO�õ�âf
 £²���â²þ§=

X =

∫
xf(x, t)dx = 0, (þ�)

√
X2 =

(∫
x2f(x, t)dx

) 1
2

=
√

2Dt. (IO�)

|^
√
X25L«²þ £���"Ïd²þ £��m�²��¤�'§

√
2Dt ∼√

t§ù:é­�"

555PPP 9.1. s®âf� £��÷v

X(t+ τ)−X(t) ∼
√
τ ,

X(t+ τ)−X(t)

τ
≈ (
√
τ)′ =

1

2
√
τ
.

Ïd§��mm�é��§s®âf$Ä��Cz4¯�ÝÃ¡�§ùÒ´*ÿ

�¤¢�/$Ä�Ø5K50"lêÆþwÒ´s®âf�$Ä;,z�:ÑØ

��"

dd·�Ä�ÑÙK$Ä�½Â

1. âf;�ëY¶

2. ∀0 < t1 < t2 < · · · < tn§3[0, t1], (t1, t2], · · · , (tn−1, tn]�mL§Õá¶

3. 3[0, τ ]Ú[t, t+ τ ]m$Ä5Æ�Ó¶

4. âf$Ä5Æ'u0:é¡"

·�òÙî��¤êÆ�ó§Òke¡�½n"

½½½nnn 9.1. (���¹) ��ÅL§ {Bt, t ≥ 0}÷v

(1) ∀0 < t1 < t2 < · · · < tn, B0, Bt1 −B0, · · · , Btn −Btn−1�pÕá¶

(2) ∀s§ Bt −B0ÚBt+s −BsÓ©Ù¶
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(3) éu¤k�ω§ Bt(ω) 'utëY¶

(4) ∀t§Bt −B0�©Ù'u0:é¡"

K{Bt, t ≥ 0}�½´ÙK$Ä½öBt − B0ð�u0"( ùâ´ÙK$Ä���½

Â")

íííØØØ 9.1. e?�Ú�b½{Bt, t ≥ 0}�÷vþ¡�(1)(2)(3)§K{Bt, t ≥ 0} �
½�±L«¤Xe/ª

Bt = B0 + σB̄t + µt, (24)

Ù¥B̄t���IOÙK$Ä§ σÚµ�~ê"�σÚµÑØ�"�§{Bt, t ≥ 0}¡
�¤£ÙK$Ä"

½½½ÂÂÂ 9.2. (n�IOÙK$Ä) {B(1)
t , t ≥ 0}, · · · , {B(n)

t , t ≥ 0}�n��pÕá�
��IOÙK$Ä§K¡

{
(B

(1)
t , · · · , B(n)

t ), t ≥ 0
}
�n�IOÙK$Ä"

íííØØØ 9.2. éun��ÅL§{Bt = (B1
t , · · · , Bn

t ), t ≥ 0}§÷v

(1) ∀0 < t1 < t2 < · · · < tn, B0, Bt1 −B0, · · · , Btn −Btn−1�pÕá¶

(2) ∀s§ Bt −B0ÚBt+s −BsÓ©Ù¶

(3) éu¤k�ω§ Bt(ω)'utëY"

K

Bt = B0 + A · B̄t + b · t, (25)

Ù¥A���n× r~êÝ
§ B̄t�r�IOÙK$Ä§ b = (b1, · · · , bn)���n�

~ê�þ"�AØ´"Ý
§bØ´"�þ�§·�¡(25)�¤£ÙK$Ä"

555PPP 9.2. 3½n9.1¥§·�vk�?Û½þ�b�§�´¦��/3A�½5

�b�e��
ÙK$Ä" ùl��ý¡`²
ÙK$Äù�Vg���5�2

�5"

(24)ªÚ(25)ª�´Doob©)½n"

···KKK 9.1. éu$Ä(Bt, t ≥ 0), �Ft = σ(Bs, s ≤ t)§K

1. (Bt, t ≥ 0)´(Ft)t≥0�¶

2. (B2
t − t)t≥0´(Ft)t≥0�¶

3. (zt = eCBt−
C2t

2 , t ≥ 0)´(Ft)t≥0�"

555PPP 9.3. � {ξt, t ≥ 0}�ÕáOþL§"= ∀t1 < t2 < · · · < tn, {ξtk−ξtk−1
, k =

1, 2, · · · } �pÕá§K ξt+s − ξs � Fs = σ(ξu, u ≤ s) Õá"

···KKK 9.2. (Bt, t ≥ 0) � (Fs) ê¼L§"
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···KKK 9.3. �
{
p(t, x, y), x ∈ Rn, y ∈ Rn

}
�n�IOÙK$Ä�=£�Ý§K

∂p(t, x, y)

∂t
=

1

2
∆xp(t, x, y) =

1

2

n∑
i=1

∂2p(t, x, y)

∂x2
i

, (26)

∂p(t, x, y)

∂t
=

1

2
∆yp(t, x, y) =

1

2

n∑
i=1

∂2p(t, x, y)

∂y2
i

. (27)

(27)�¡�Kolmogorov�c�§(1��§)½öFokker-Planck�§¶(26)�¡

�Kolmogorov���§(1��§)"
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1ÊÙ �Å�È©ÚItôúª

10 ÚÚÚóóó

·�ww�Å�È©���oº

1. ��;�ëY��ÅL§´Ä�±^¤£ÙK$ÄL«Ñ5§ATXÛL«
Ñ5º

2. �Å�È©�Úî-4ÙZ]úª´�oº

·�ww�[Ù��;�ëY�Rþ�MarkovL§´Ä�±^¤£ÙK$ÄL
«Ñ5"ù�´�B�1942cïá�ÅÈ©��©�{"�{p(s, x; t, y)}�MarkovL
§(Xt)t≥0�=£�Ý¼êx§=éu?¿k.�ÿ¼êf

E
[
f(Xt)

∣∣Fs] = E
[
f(Xt)

∣∣σ(Xs)
]

=

∫
f(y)p(s,Xs; t, y)dy.

·�Ø��XÛ3�ÅCþ�m½öVÇÿÝ�mþ/¦�0§�éu�ÅL§
���*ÿ(f(Xt))t≥0§ éu?¿���:ω§§½Â
Rþ��^ëY­�(�Ø
�½��)"?�Ú§·�wù
­��²þ

Es,xf(Xt) =

∫
f(y)p(s, x; t, y)dy,

þ¡�ªf½Â
�^l(s, x)Ñu�­�§§´Ä��º·�5w Es,xf(Xt) 3
Ã¡��5�mS�Cz§

Es,xf(Xs+τ ) =

∫
f(y)p(s, x; s+ τ, y)dy, τ > 0.

f(Xs)l s��x �Ñu�Ã¡��5�²þCzÇ�

lim
τ→0+

Es,xf(Xs+τ )− Es,xf(Xs)

τ
= lim

τ→0+

Es,xf(Xs+τ )− f(x)

τ
,

/ª/P�dEs,xf(Xs+τ )
ds

∣∣
s
"

�Einstein��{aq§du;��ëY5§3τé��§L§�Ñx���
�+��VÇ�~��§Ïd�b�*ÿ¼êfkéÐ���5�§ ·��±
éf(x)3x �=�VÐm���§/ªþ��

Es,xf(Xs+τ )− Es,xf(Xs) = Es,xf(Xs+τ )− f(x)

=

∫
(f(y)− f(x))p(s, x; s+ τ, y)dy

≈
∫

(y − x)f ′(x)p(s, x; s+ τ, y)dy +
1

2

∫
(y − x)2f ′′(x)p(s, x; s+ τ, y)dy.
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Ïd

dEs,xf(Xs+τ )

ds

∣∣∣
s

= lim
τ→0+

1

τ

[ ∫
(y − x)p(s, x; s+ τ, y)dy

]
f ′(x)

+
1

2
lim
τ→0+

1

τ

[ ∫
(y − x)2p(s, x; s+ τ, y)dy

]
f ′′(x).

eb�

lim
τ→0+

1

τ

∫
(y − x)p(s, x; s+ τ, y)dy = b(s, x), (28)

lim
τ→0+

1

τ

∫
(y − x)2p(s, x; s+ τ, y)dy = σ2(s, x), (29)

K
dEs,xf(Xs+τ )

ds

∣∣∣
s

=
1

2
σ2(s, x)

d2f

dx2
+ b(s, x)

df

dx
.

¯¢þ§���±O�Ñ¤£ÙK$ÄσBt + bt�/Ã¡��5�CzÇ0´

lim
τ↓0+

1

τ

(∫
f(y)p(σ,b)(s, x; s+ τ, y)dy − f(x)

)
=

1

2
σ2d

2f

dx2
+ b

df

dx
.

é' (σBt + bt)t≥0 Ú (Xt)t≥0 �/�©A�0

1

2
σ2d

2f

dx2
+ b

df

dx
,

1

2
σ2(s, x)

d2f

dx2
+ b(s, x)

df

dx
,

�±�ß/w�§(Xt)t≥03(s, x)?�Ã¡��5�Cz�±Cq�w¤��¤£
ÙK$Ä§�Ò´`(Xt)t≥0 3(s, x)?�/��0½/�L§0´∀t ∈ [s, s+ τ ]

σ(s, x)(Bt −Bs) + b(s, x)(t− s).

?�Ú§(Xt(ω))t≥03(s,Xs(ω))?�Ã¡��5�±Cqw¤

σ
(
s,Xs(ω)

)(
Bt(ω)−Bs(ω)

)
+ b
(
s,Xs(ω)

)
(t− s).

Ïd§éu�my©0 = t0 < t1 < · · · < tn = t�§λ = max
k
|tk − tk−1|é�

�§Xt(ω)−X0(ω)Cq�u

Xt(ω)−X0(ω) =
n∑
k=1

(
Xtk(ω)−Xtk−1

(ω)
)

(30)

≈
n−1∑
k=0

{
σ
(
tk, Xtk(ω)

)[
Btk+1

(ω)−Btk(ω)
]

+ b
(
tk, Xtk(ω)

)
(tk+1 − tk)

}
.
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g,�¯K´�y©λ → 0�§þª´ÄÂñº3�o¿ÂeÂñº1��¢S
þ´'ut�RiemannÈ©§¤±Âñ�

∫ t
0
b(s,Xs(ω))ds"1��

n−1∑
k=0

a
(
tk, Xtk(ω)

)[
Btk+1

(ω)−Btk(ω)
]

=
n−1∑
k=0

σ
(
tk, Xtk(ω)

)
∆Btk

´Ä�URiemann-StieltjesÈ©�½ÂÂñº�Y´Ä½�§@o§ATXÛÂ
ñºùÒ´Itô�ÅÈ©¤�£��¯K"

555PPP 10.1. (28)(29)ª�Ôn¿Â´µb(s, x)L«3s��x �§L§��5$Ä

��²þ]����ÝÝÝ¶ σ2(s, x)L«3s��x �§L§��5$Ä� lÐ© 

���(��)�]�CzÇ(differential variance)""ã�

11 ¢¢¢���¼¼¼êêê���StieltjesÈÈÈ©©©

11.1 éééüüüNNN¼¼¼êêê���StieltjesÈÈÈ©©©

···KKK 11.1. �F (t)�«m[a, b]þ�üN¼ê§g(t)�ëY¼ê§éu[a, b]���

y©

a = t
(n)
0 < t

(n)
1 < · · · < t

(n)
Nn

= b,

g(t)éF (t)�Riemann-StieltjesÚ½Â�

Nn−1∑
i=1

g(ξi)
[
F (t

(n)
i+1)− F (t

(n)
i )
]
, ti ≤ ξi ≤ ti+1.

@o§�y©����»λn = max
i
{t(n)
i+1 − t

(n)
i }ªu0�§�±y²StieltjesÚäk

Ø�6uy©±9ξi�À��4�§òù�4�P�
∫ b
a
g(t)dF (t)§¡�g(t)éF (t)�

Riemann-StieltjesÈ©"

555PPP 11.1.
∫

[a,b]
g(t)dF (t)�P{�IO§3StieltjesÈ©¥§� [a, b], [a, b)´k

�O�"~X

F (x) =


1, x ≥ 0

0, x < 0

.

�g(t) = 1§K∫
[−1,0]

g(t)dF (t) = F (0)− F (−1) = 1,

∫
[−1,0)

g(t)dF (t) = 0.

~~~ 11.1. �F (t)��ÅCþξ�©Ù¼ê§XJ∫
|t|dF (t)

def
= lim

a→−∞
b→+∞

∫ b

a

|t|dF (t)
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�3§K ∫
tdF (t)

def
= lim

a→−∞
b→+∞

∫ b

a

tdF (t)

��3§ù�kEξ =
∫∞
−∞ tdF (t). e?�Ú§F (t)k�êf(t) = dF

dt
� |f(t)|Lebesgue�

È§@oStieltjesÈ©Ò�±=z�ÊÏ�½È©∫ b

a

g(t)dF (t) =

∫ b

a

g(t)f(t)dt.

eg(t)ëY��§@o∫
[a,b]

g(t)dF (t) =
[
g(b)F (b)− g(a)F (a)

]
−
∫ b

a

F (t)g′(t)dt.

11.2 ééékkk...CCC���¼¼¼êêê���StieltjesÈÈÈ©©©

½½½ÂÂÂ 11.1. éu«m[a, b]Xe���y©§P
t
(n)
0 ···t

(n)
Nn

: a = t
(n)
0 < · · · < t

(n)
Nn

= b"∨(
P
t
(n)
0 ···t

(n)
Nn

) def
=
∣∣f(t(n)

1

)
− f

(
t
(n)
0

)∣∣+ · · ·+
∣∣f(t(n)

Nn

)
− f

(
t
(n)
Nn−1

)∣∣
¡�¼êf(t)3y©P

t
(n)
0 ···t

(n)
Nn

þ�C�¶∨
[a,b]

(f)
def
= sup

[a,b]�¤ky©

∨(
P
t
(n)
0 ···t

(n)
Nn

)
¡�¼êf(t)3«m[a, b]þ��C�"ef(t)3[a, b]þ�C��k���§¡�

f(t)�[a, b]þ�k.C�¼ê"

�F (t)k.C�¼ê§KoUL«�ü�4O¼ê��

F (t) = F1(t)− F2(t).

Ïd�±½Â'uF (t)�StieltjesÈ©∫
[a,b]

g(t)dF (t) =

∫
[a,b]

g(t)dF1(t)−
∫

[a,b]

g(t)dF2(t).

�*þ§éuØÓ�ξi�À�§ÙØ��Ú∣∣∣∑ g(ξi)
[
F (ti+1)− F (ti)

]
−
∑

g(ξ′i)
[
F (ti+1)− F (ti)

]∣∣∣
=

∣∣∣∑(
g(ξi)− g(ξ′i)

)[
F (ti+1)− F (ti)

]∣∣∣ ≤∑∣∣g(ξi)− g(ξ′i)
∣∣∣∣F (ti+1)− F (ti)

∣∣
≤ max

i
{
∣∣g(ξi)− g(ξ′i)

∣∣}∑∣∣F (ti+1)− F (ti)
∣∣ ≤ max

i
{
∣∣g(ξi)− g(ξ′i)

∣∣}∨
[a,b]

(F ).

¤±§�g�[a, b]þëY¼ê§F�k.C�¼ê�§þª�Xy©�5�[§�
±?¿��§dd�StieltjesÈ©Ø�6uξi �À�Úy©�À�"
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555PPP 11.2. eg(t)Ø´ëY¼ê§éuk.C�¼êF (t)§K�y©����

»λn = max
i
{
∣∣t(n)
i+1 − t

(n)
i

∣∣}ªu0�§��Riemann-StieltjesÚäkØ�6uy©±

9ξiÀ��4�§K¡g(t)éF (t)Stieltjes�È§¿¡d4�� g(t)éF (t)�StieltjesÈ

©"

11.3 Brown$$$ÄÄÄ���;;;���555���

·�35A^�ÅL§6¥��éuA�??�ω§Brown$Ä�;�Bt(ω)´�
�Ã?���ëY¼ê§ÏdØ´k.C�¼ê§·�ØU3StieltjesÈ©�¿Â
e½Â

∫
f(t)dBt(ω)"�,§·���±lÙ§��Ý5y²Brown$Ä�;�Ø

´k.C�¼ê"

ÚÚÚnnn 11.1. (Levy��Ä5�) �(Bt)t≥0�Brown$Ä§q

s1 = t0 < t1 < · · · < tn = s2,

∆tk = tk+1 − tk, ∆Btk = Btk+1 −Btk , h = max
0≤k≤n−1

∆tk,

@o§

E
∣∣∣ n−1∑
k=0

(∆Btk)
2 − (s2 − s1)

∣∣∣2 ≤ 2h(s2 − s1). (31)

yyy²²²µµµ

(31)ª�à = E
∣∣∣ n−1∑
k=0

[(∆Btk)
2 −∆tk]

∣∣∣2
=

n−1∑
k=0

E
[
(∆Btk)

2 −∆tk
]2

+
∑
k 6=j

E
([

(∆Btk)
2 −∆tk

][
(∆Btj)

2 −∆tj
])
.

du�k 6= j�§∆Btk�∆Btj�pÕá�E(∆Btk)
2 = ∆tk§�1���u""


1���

n−1∑
k=0

E
[
(∆Btk)

2 −∆tk
]2

=
n−1∑
k=0

E
[
(∆Btk)

4 + (∆tk)
2 − 2(∆Btk)

2 ·∆tk
]

=
n−1∑
k=0

[
3E(∆Btk)

2 − (∆tk)
2
]

= 2
n−1∑
k=0

(∆tk)
2

= 2
n−1∑
k=0

|∆tk| · |∆tk|

≤ 2h
n−1∑
k=0

∆tk = 2h(s2 − s1).

2
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íííØØØ 11.1. (Brown$Ä²�C�k�)

lim
h→0

n−1∑
k=0

(∆Btk)
2 L2

−→ (s2 − s1).

=

lim
h→0

E
∣∣∣ n−1∑
k=0

(∆Btk)
2 − (s2 − s1)

∣∣∣2 = 0.

ÚÚÚnnn 11.2. �[s1, s2]�2n�©:�

s1 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
2n = s2,

@o

P
(
ω : lim

n→∞

2n−1∑
k=0

(∆Btk)
2 = s2 − s1

)
= 1.

ÚÚÚnnn 11.3. ±VÇ�1�Brown$Ä�;�3t�?Û«mSÑØ´k.C��"

yyy²²²µµµ-
{
t
(n)
k

}
�Ún11.2¥�y©§P

λn(ω) = max
k
{
∣∣∆B

t
(n)
k

(ω)
∣∣},

Ï�Bt(ω)3[s1, s2]þ��ëY§¤±�max
k

∆t
(n)
k → 0� λn(ω)→ 0"Ïd§

2n−1∑
k=0

(∆B
t
(n)
k

)2 ≤ λn(ω)
∑
k

∣∣∆B
t
(n)
k

(ω)
∣∣,

dÚn11.2§éuA�??�;�k

∑
k

∣∣∆B
t
(n)
k

(ω)
∣∣ ≥

2n−1∑
k=0

(∆B
t
(n)
k

)2

λn(ω)

n→∞−→ ∞.

2

12 '''uuuBrown$$$ÄÄÄ���ItôÈÈÈ©©©

dc¡�Úó±9È©�g�§·���§Äk·�ATé,«/{üL§05
½Â/�ÅÈ©0§,�2w/��L§0´Ä�±L«¤ù« /{üL§0�
/4�0§��2wéu%C�/{üL§0�/È©0´ÄÂñºeÂñ§K
½Âù�4�Ò´/��L§0�/È©0"

½½½ÂÂÂ 12.1. � (Bt)t≥0 ���Brown$Ä§¡���ÅL§(φt)t≥0'u(Bt)t≥0·

A(��)´�∀t ≥ 0§ φt'uσ(Bs, s ≤ t)�ÿ"Pσ(Bs, s ≤ t) = FBt .
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½½½ÂÂÂ 12.2. éu«m [0, T ]���y© 0 = t0 < t1 < · · · < tn = T§��ÅL

§ (φt)t≥0´�FL§§=§�±�¤Xe/ª�

φt =
n−1∑
i=0

φti1(ti,ti+1](t) + φ01{0}(t),

eÙ¥�Xê�ÅCþφti�σ(Bu, u ≤ ti)�ÿ�§
�φti , i = 0, · · · , n− 1�k

.��ÅCþ(½ E|φti |2 <∞)§K¡(φt)t≥0�(Bt)t≥0���FL§"

555PPP 12.1. (1) k
Öþ¡���FL§�{ü(��)·AL§½Ð�(��)·

AL§"

(2) ��53'uaL§��ÅÈ©nØ¥AO­�"

½½½ÂÂÂ 12.3. �(φt)t≥0�(Bt)t≥0����FL§"½Â(φt)t≥0'uBrown$Ä(Bt)t≥0�Itô�

ÅÈ©�ÅÈ©Xe ∫ T

0

φtdBt =
n−1∑
i=0

φti(Bti+1
−Bti),

§´���ÅCþ"

ÚÚÚnnn 12.1. (Bt)t≥0���FL§(φt)t≥0�Itô�ÅÈ©÷v

(1) E
( ∫ T

0
φtdBt

)
= 0;

(2) Itô�å

E
∣∣ ∫ T

0

φtdBt

∣∣2 =
∥∥∫ T

0

φtdBt

∥∥2
=

n−1∑
i=0

‖φti‖2(ti+1−ti) =

∫ T

0

‖φt‖2dt = E

∫ T

0

|φt|2dt,

Ù¥‖φti‖2 = E|φt|2"

(3) �55�: ∫ T

0

(φ+ ψ)dB =

∫ T

0

φdB +

∫ T

0

ψdB,∫ T

0

cφdB = c

∫ T

0

φdB, c�~ê.

yyy²²²:

(1)

E
( ∫ T

0

φtdBt

)
= E

n−1∑
i=0

φti(Bti+1
−Bti) (32)
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=
n−1∑
i=0

Eφti(Bti+1
−Bti).

5¿�φti�σ(Bu, u ≤ ti)�ÿ§�φti�Bti+1
−BtiÕá§Ïd

(32)�mà =
n−1∑
i=0

EφtiE(Bti+1
−Bti) = 0.

(2)

E
∣∣∣ ∫ T

0

φtdBt

∣∣∣2 = E
( n−1∑
i=0

φti(Bti+1
−Bti)

)2

= E
( n−1∑
i=0

φ2
ti

(Bti+1
−Bti)

2 + 2
∑
j<k

φtjφtk(Btj+1
−Btj)(Btk+1

−Btk)
)

=
n−1∑
i=0

E
(
E
[
φ2
ti

(Bti+1
−Bti)

2
∣∣FBti ])

+2
∑
j<k

E
(
E
[
φtjφtk(Btj+1

−Btj)(Btk+1
−Btk)

∣∣FBtk])
=

n−1∑
i=0

E
(
φ2
ti
E
[
(Bti+1

−Bti)
2
∣∣FBti ])

+2
∑
j<k

E
(
E
[
φtjφtk(Btj+1

−Btj)(Btk+1
−Btk)

∣∣FBtk])
=

n−1∑
i=0

E
(
φ2
ti
E(Bti+1

−Bti)
2
)

+2
∑
j<k

E
(
φtjφtk(Btj+1

−Btj)E
[
Btk+1

−Btk

∣∣FBtk])
=

n−1∑
i=0

E
(
φ2
ti

(ti+1 − ti)
)

=
n−1∑
i=0

‖φti‖2(ti+1 − ti) =

∫ T

0

‖φt‖2dt.

2

éu���L§ATXÛ½Âº
L 2
T =

{
(φt)0≤t≤T ´ (FBt )t≥0·A��ÅL§�

∫ T
0
E|φt(ω)|2dt < +∞

}
"

(1) L 2
T ´���5�m¶

(2) L 2
T ¥�±½ÂSÈ

φ, ψ ∈ L 2
T , K〈φ, ψ〉 =

∫ T

0

E
(
φt(ω)ψt(ω)

)
dt.
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(3) ÏdL 2
T3SÈ〈φ, ψ〉e´��(Ã¡�)î¼�m§ L 2

T3ål

|||φ− ψ||| =
(∫ T

0

E
∣∣φt − ψt∣∣2dt) 1

2
,

e¤������ål�m§ =e(φ(n))n≥1´Cauchy�§�n → ∞, m →
∞ �§|||φn − ψm||| → 0§K7kφ ∈ L 2

T¦�|||φ(n) − ψ||| → 0, n → ∞§
=L 2

T´��Hilbert�m"

�ÄL 2
T¥�ëY�ÅL§(φt)t≥09Ù3[0, T ]���y©

0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
Nn

= T, λn = max
0≤k≤Nn−1

{
t
(n)
k+1 − t

(n)
k

}
→ 0.

éu�½�n, �

φ
(n)
t =

Nn−1∑
k=0

φtk1(t
(n)
k ,t

(n)
k+1]

(t) + φ01{0}(t)

¡(φ
(n)
t )t≥0, n ≥ 1�Cq(φt)t≥0�(FBt )t≥0���F�ÅL§"

ÚÚÚnnn 12.2. éuL 2
T¥�ëY�ÅL§(φt)t≥09ÙCq�(FBt )t≥0����F�Å

L§� (φ
(n)
t )t≥0§k

|||φ(n) − φ|||2 = E

∫ T

0

∣∣φ(n)
t − φt

∣∣2dt→ 0, �λn → 0�.

ÚÚÚnnn 12.3. éuL 2
T¥��ÅL§(φt)t≥07�3(FBt )t≥0����F�ÅL§�

(φ
(n)
t )t≥0§�n→∞�

|||φ(n) − φ|||2 = E

∫ T

0

∣∣φ(n)
t − φt

∣∣2dt→ 0,

l
(φ(n))n≥1�´L 2
T¥�Cauchy�§¡�Cq(φt)t≥0�(FBt )t≥0���F�ÅL

§"

555PPP 12.2. ��o������Cq�º

(1) lù�Ù�Úó¥·���Itô�cÒ´|^¤£Brown$Ä5CqMarkovL

§3s��Ã¡��5��{5%C��MarkovL§§∑
a(tk, Xtk)(Btk+1

−Btk) + b(tk, Xtk)(tk+1 − tk),

l
½Â
Itô�ÅÈ©"

(2) lÚn12.1�y²�§�(φt)�(FBt )t≥0���§�ÅÈ©kéÐ�5�§ ~

Xþ��"ÚItô�å"

(3) �¡·���±w��ÅÈ©�TCÄ�¤����"
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íííØØØ 12.1. éuÚn12.2ÚÚn12.3¥��ÅL§(φt)t≥09ÙCq����F�

ÅL§� (φ
(n)
t )t≥0k

‖
∫ T

0

φ
(n)
t dBt‖2 =

∫ T

0

‖φ(n)
t ‖2dt = |||φ(n)|||2

�
∫ T

0
φ

(n)
t dBt´L2(Ω)¥�Cauchy�"

½½½ÂÂÂ 12.4. éuL 2
T¥��ÅL§(φt)t≥0§(φ

(n)
t )t≥0�ÙCq�(FBt )t≥0����

F�ÅL§�§÷v

|||φ(n) − φ|||2 = E

∫ T

0

∣∣φ(n)
t − φt

∣∣2dt→ 0

(ù�
∫ T

0
φ

(n)
t dBt´L2(Ω)¥�Cauchy�)"½Â∫ T

0

φtdBt = L2(Ω)− lim
n→∞

∫ T

0

φ
(n)
t dBt.

¡�Itô�ÅÈ©"

le¡�ãL·�ØUwÑ�ÅÈ©�½Â�RiemannÈ©½LebesgueÈ©�
½Â�{´aq�

RiemannÈÈÈ©©©½½½LebesgueÈÈÈ©©© ���ÅÅÅÈÈÈ©©©

½Â{ü¼ê�È© ½Â���F({ü·A)L§��ÅÈ©

{ü¼ê%C��¼ê fn → f ���FL§%C·AL§φ(n) → φ∫
fndx3RÂñ(R��)

∫
φ(n)dB3L2(Ω)Âñ (L2(Ω)��)∫

fndx�4�½Â�
∫
fdx

∫
φ(n)dB�4�½Â�

∫
φdB

555PPP 12.3. 1. �±y²¦^ØÓ�(FBt )t≥0���F�ÅL§Cq�§3ØO

"VÇ¯��ÉeØ¬K��ÅÈ©�½Â"∫ T

0

φtdBt ~~{P�

∫ T

0

φdB.

2. (φ
(n)
t )���5å
'�5�^§dÚn12.1�Itô�å§

E
(∫ T

0

(
φ

(n)
t − φ

(m)
t

)
dBt

)2

=

∫ T

0

E
(
φ

(n)
t − φ

(m)
t

)2
dt = |||φ(n) − φ(m)|||2.
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3. aq/�±½Â ∫ b

a

φdB =

∫ b

0

φdB −
∫ a

0

φdB.

½ö��aqu±þ�½Â�ª��3«m[a, b]þ½Â�ÅÈ©"

~~~ 12.1. ¦
∫ t

0
BsdBs"

)))µµµB
(n)
t =

Nn−1∑
k=0

B
t
(n)
k

1
(t

(n)
k ,t

(n)
k+1]

(t)§ K

∫ t

0

B(n)
s dBs =

∑
k

B
t
(n)
k

(
B
t
(n)
k+1
−B

t
(n)
k

)
=

1

2

∑
k

(
2B

t
(n)
k
B
t
(n)
k+1
− 2B2

t
(n)
k

)
=

1

2

∑
k

((
B2

t
(n)
k+1

−B2

t
(n)
k

)
−
(
B
t
(n)
k+1
−B

t
(n)
k

)2
)

=
1

2

∑
k

(
B2

t
(n)
k+1

−B2

t
(n)
k

)
− 1

2

∑
k

(
∆B

t
(n)
k

)2

=
1

2
(B2

t −B2
0)− 1

2

∑
k

(
∆B

t
(n)
k

)2

dþ�!Ún11.1�Levy�Ä5��E
(∑
k

(
∆B

t
(n)
k

)2)2 → t, Ïd

E
(∫ t

0

B(n)
s dBs −

(1

2
(B2

t −B2
0)− t

2

))2

→ 0,

�
 ∫ t

0

BdB =
1

2
(B2

t −B2
0)− 1

2
t.

�B0 = 0�§
∫ t

0
BdB = 1

2
B2
t − 1

2
t"

~~~ 12.2. ��o���y©�à:��§^��%CQº��oØUa

qRiemann-StieltjesÈ©3y©«m¥�?¿:þ��Qºe¡·��(Bt)t≥0)I

OBrown$Ä"

3~12.1¥��´y©�à:��
Nn−1∑
k=0

B
t
(n)
k

1
(t

(n)
k ,t

(n)
k+1]

(t)5%C�(Bt)t≥0" y3

^y©mà:��5�%CS�ww¬k�o(JQº

φ̃
(n)
t =

∑
k

B
t
(n)
k+1

1
(t

(n)
k ,t

(n)
k+1]

(t).

�Ä

H φ̃
n ≡

∑
k

B
t
(n)
k+1

∆B
t
(n)
k

=
Nn−1∑
k=0

B
t
(n)
k+1

(
B
t
(n)
k+1
−B

t
(n)
k

)
,
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�L2(Ω)4�§ K

H φ̃
n

L2

−→ 1

2
B2
t +

1

2
t.

e�

Ψ
(n)
t =

Nn−1∑
k=0

B
t
(n)
k

+B
t
(n)
k+1

2
1

(t
(n)
k ,t

(n)
k+1]

(t),

HΨ
n ≡

Nn−1∑
k=0

B
t
(n)
k

+B
t
(n)
k+1

2
∆B

t
(n)
k

L2

−→ 1

2
B2
t .

e�

ξ
(n)
t =

Nn−1∑
k=0

B
t
(n)
k

+t
(n)
k+1

2

1
(t

(n)
k ,t

(n)
k+1]

(t),

Hξ
n ≡

Nn−1∑
k=0

B
t
(n)
k

+t
(n)
k+1

2

∆B
t
(n)
k

L2

−→ 1

2
B2
t .

2

Ïd§l±þ~f�±wÑ§éu�ÅÈ©¿Ø´��3[t
(n)
k , t

(n)
k+1]��à:�

�/�L:0âU�yÂñ5�§��±3Ù§ ��:§�Ù¦Ú�4�´Ø
Ó�"¯K´@o��à:%C½Â��ÅÈ©qk�oÐ?Qº·�êþÒ�
±ÏL�ÅÈ©�5�w�"

555��� 12.1. �ÅÈ©5�I

1. �ÿ5:
∫ t

0
φdB'uFBt �ÿ"

2. �55�: ∫ t

0

(φ+ ψ)dB =

∫ t

0

φdB +

∫ t

0

ψdB,∫ t

0

cφdB = c

∫ t

0

φdB, c�~ê.

éuσ(Bu, u ≤ a)�ÿ�k.�ÅCþη,∫ b

a

ηφdB = η

∫ b

a

φdB.

3. �\5: é a < b < ck∫ c

a

φdB =

∫ b

a

φdB +

∫ c

b

φdB.
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4. Itô�ÅÈ©�êÆÏ"§���Ú��

E
( ∫ t

0

φsdBs

)
= 0,

E
( ∫ t

0

φsdBs

∫ t

0

ψsdBs

)
=

∫ t

0

E(φsψs)ds.

AOφ = ψ�§

E
( ∫ t

0

φsdBs

)2
= E

( ∫ t

0

φ2
sds
)
. (33)

(33)�¡�Itô�å§%CS��/��503y²¥å
'���^"

?�Ú§·��±�Ä 0 < t ≤ T §éu φ ∈ L 2
T§K�±½Â���ÅL

§
( ∫ t

0
φsdBs

)
t∈[0,T ]

.

555PPP 12.4. éu ∀t,
∫ t

0
φsdBs´A�??½Â�§�o�±é�ù���(FBt )t≥0·

AL§ (zt)t∈[0,T ]÷v(zt)0≤t≤T´ëYL§§
�∀t

P
(∫ t

0

φsdBs = zt

)
= 1.

Ïd§±�o@�
( ∫ t

0
φsdBs

)
t∈[0,T ]

ù�L§´��ëY�'u(FBt )t≥0·A��Å

L§"

dItô�ÅÈ©½Â��ÅL§
( ∫ t

0
φsdBs

)
t∈[0,T ]

�k±e�5�"

555��� 12.2. �ÅÈ©5�II

1. τ´FBt = σ(Bu, u ≤ t)Ê�§eτ ≤ T§K∫ τ

0

φtdBt =

∫ T

0

φt1(0,τ ](t)dBt.

2.
{
ξt

def
=
∫ t

0
φsdBs

}
´(FBt )t∈[0,T ]�"

3.
{
ηt

def
= (
∫ t

0
φsdBs)

2 −
∫ t

0
φ2
sds
}
´(FBt )t∈[0,T ]�§�

E
[( ∫ t

s

φudBu

)2
∣∣∣FBs ] = E

[ ∫ t

s

φ2
udu
∣∣∣FBs ].

4. e(φs)s∈[0,T ]´'u(FBt )·A�k.�ÅL§§=∀t, |φt| < M <∞§ K{
ζt

def
= e

∫ t
0 φsdBs−

1
2

∫ t
0 φ

2
sds
}

�(FBt )t∈[0,T ]�"
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555PPP 12.5. þ¡φ�k.5^��±?�Ú~f§~XNovikov^�Ee
1
2

∫ t
0 φ

2
sds <

+∞Ò�±�y�5.

yyy²²²µµµ ·��y(2)�(φt)t≥0´���FL§�¤á"

φt =
n−1∑
i=0

φti1(ti,ti+1](t) + φ01{0}(t),

éus < t′§òsÚt′\\�0 = t0 < t1 < · · · < tj < · · ·¤�

0 = t0 < · · · < ti < s < t′ ≤ ti+1 < · · ·

½ö
0 = t0 < · · · < ti < s ≤ ti+1 < · · · < tj < t′ ≤ tj+1 · · · .

­#Pù
y©:�

0 = t′0 < t′1 < · · · < t′p < · · · < t′q < · · · ,

Ù¥s = t′p, t
′ = t′q"

E
[ ∫ t′

0

φudBu

∣∣∣FBs ]
=

q−1∑
k=0

E
[
φt′k(Bt′k+1

−Bt′k
)
∣∣∣FBt′p]

=

p−1∑
k=0

φt′k(Bt′k+1
−Bt′k

) +

q−1∑
k=p

E
[
φt′k(Bt′k+1

−Bt′k
)
∣∣∣FBt′p]

=

p−1∑
k=0

φt′k(Bt′k+1
−Bt′k

) +

q−1∑
k=p

E
[
E
[
φt′k(Bt′k+1

−Bt′k
)
∣∣FBt′k]∣∣∣FBt′p]

=

p−1∑
k=0

φt′k(Bt′k+1
−Bt′k

) +

q−1∑
k=p

E
[
Eφt′kE(Bt′k+1

−Bt′k
)
∣∣∣FBt′p]

=

p−1∑
k=0

φt′k(Bt′k+1
−Bt′k

)

=

∫ s

0

φudBu.

2

3ù�ÙÚó�(30)ª¥

Xt −X0≈
∑
k

σ(tk, Xtk(ω))(Btk+1
(ω)−Btk(ω)) +

∑
k

b(tk, Xtk(ω))(tk+1 − tk),
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Ø
1��'uBrown$Ä�Itô�ÅÈ©§·����
1��'u�ÅL§;
��RiemannÈ©"
-L 1

T =
{

Φ : (FBt )t∈[0,T ]·A��ÅL§, �
∫ T

0
E|Φt(ω)|dt < ∞

}
. 3 L 1

T ¥�
±½ÂXe�ål

d(Ψ,Θ)
def
=

∫ T

0

E|Ψt −Θt|dt.

éuL 1
T¥��Φ = {Φt, t ≥ 0}§�±y²

P
(
ω :

∫ T

0

Φt(ω)dt �3
)

= 1.

ÏdéuA�??���;�ω§�±UìÊÏ�RiemannÈ©½Â
∫ T

0
Φt(ω)dt"


���±y²ù��È©÷v

E

∫ T

0

Φt(ω)dt =

∫ T

0

(EΦt)dt.

¿�dLebesgueÈ©�ýéëY5�

P
(
ω :

∫ t

0

Φs(ω)ds 'ut´ëY¼ê
)

= 1.

13 Itôúúúªªª

13.1 ½½½ÂÂÂAAAÏÏÏaaa...���ItôLLL§§§999ÙÙÙItôúúúªªª

½½½ÂÂÂ 13.1. (AÏa.�)ItôL§

�

ξt = x+

∫ t

0

φsdBs +

∫ t

0

ψsds, (34)

Ù¥�ÅL§φ,ψ©O�L 2
TÚL 1

T¥��"ù�¡(ξt)t≥0´Ð��x, Xê´φt,ψt
�AÏa.�ItôL§.

�±ò(34)P�Itô(/ª)�©

dξt = φtdBt + ψtdt, ξ0 = x.

~X§�B0 = x�

B2
t = x2 + 2

∫ t

0

BsdBs + t, ½öL«� dB2
t = 2BtdBt + dt, B2

0 = x2.

½ö�f(x) = x2§K

f(Bt)− f(B0) = 2

∫ t

0

BsdBs + t, ½öL«� df(Bt) = 2BtdBt + dt, f(B0) = x2.

lþ�!�~f·��±��
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1. l½Â��O���ItôÈ©��¡"

2. ��È©¥�óª{K(Úî-4ÙZ]úª)Ø��§B2
tØ2´��ItôÈ©

�/ª§
¤�/dBs0+/ds0 È©|Ü§=¤���ItôL§"

(a) Úî-4ÙZ]úª!óª{K!���©�ØC5

F (b)− F (a) =

∫ b

a

F ′(x)dx,

g
(
f(b)

)
−g
(
f(a)

)
=

∫ f(b)

f(a)

g′(z)dz =

∫ b

a

g′
(
f(x)

)
f ′(x)dx =

∫ b

a

g′
(
f(x)

)
df(x).

RiemannÈ©�¤±Ð^§Ò´§kéÐ��O�5§=Úî-4ÙZ
]úª(½óª{K)§ddéX
È©��©"

(b) Itô�ÅÈ©´Äkóª{K!���©�ØC5º

g(Bt)− g(B0)
?
=

∫ t

0

g′(Bu)dBu,

�Y´Ä½�§~Xµ

B2
t −B2

0 = 2

∫ t

0

BsdBs + t, g(x) = x2,

g(Bt)− g(B0) = 2

∫ t

0

g′(Bs)dBs + t.

Itô�ÅÈ©�Úî-4ÙZ]úªAT´�oºÄk·�£Á�eRiemannÈ
©¥Úî-4ÙZ]úª´XÛy²º�f(x) ∈ C[a, b]§q�F ∈ C[a, b]§¿
3(a, b)þF (x)´f(x)��¼ê§F ′(x) = f(x)§K∫ b

a

f(x)dx = F (b)− F (a).

yyy²²²µµµ a = x0 < x1 < · · · < xn = b�[a, b]���y©§|^�©¥�½n

F (b)− F (a) =
n∑
k=1

[F (xk)− F (xk−1)] =
n∑
k=1

f(ηk)∆xk,

Ù¥∆xk = xk − xk−1§ ηk ∈ [xk−1, xk]"
duf(x)3[a, b]¥��ëY§¤±?�ε > 0§�3δ > 0§�Iξ, η ∈ [a, b]§|ξ−

η| < δ§Òk

|f(ξ)− f(η)| < ε

b− a
.

u´§�λ = max
1≤k≤n

∆xk < δ�§ ∀ξk ∈ [xk−1, xk]k

∣∣ n∑
k=1

f(ξk)∆xk − (F (b)− F (a))
∣∣ =

∣∣ n∑
k=1

[f(ξk)− f(ηk)]∆xk
∣∣ ≤ ε

b− a

n∑
k=1

|∆xk|
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Ïd, f(x)3[a, b]þ�È§�
∫ b
a
f(x)dx = F (b)− F (a)" 2

|^ù��{5O��eF (Bt)− F (B0) =?

F (Bt)− F (B0) =
n−1∑
k=0

[
F (Btk+1

)− F (Btk)
]

=
n−1∑
k=0

[
F ′(ξtk)(Btk+1

−Btk)
]

ξtk ∈ [Btk+1
, Btk ]½[Btk , Btk+1

]

=
n−1∑
k=0

[
F ′(Btk)∆Btk −

(
F ′(Btk)− F ′(ξtk)

)
∆Btk

]
=

n−1∑
k=0

[
F ′(Btk)∆Btk

]
−

n−1∑
k=0

[
F ′(Btk)− F ′(ξtk)

]
∆Btk

= I + II.

d Itô�ÅÈ©�½Â

I →
∫ t

0

F ′(Bs)dBs.

aqRiemannÈ©¥�y²L§§·�w

II =
∣∣ n−1∑
k=0

[
F ′(Btk)− F ′(ξtk)

]
∆Btk

∣∣→?.

|^F ′(Bt)3k.4«m���ëY5§=¦·�k|F ′(Btk)−F ′(ξtk)| < ε
t
ù��

�O§�==U��∣∣∣ n−1∑
k=0

[
F ′(Btk)− F ′(ξtk)

]
∆Btk

∣∣∣ ≤ ε

t

n−1∑
k=0

∣∣∆Btk

∣∣.
Ïdü±aqRiemannÈ©��Ý5�Ä�ÅÈ©�Úî-4ÙZ]úª´1ØÏ

�§'�3uBrown$Ä�;�Ø´k.C��§
n−1∑
k=0

|∆Btk |uÑ"

�´·�q��§ (Bt)t≥0´þ�C�Âñ�"3RiemannÈ©¥·�éF|^
�VúªÐm���Ò1
§�3 ItôÈ©¥§·�Ié§Ðm���(½n�)â
1"

F (Bt)− F (B0) =
n−1∑
k=0

[
F (Btk+1

)− F (Btk)
]

=
n−1∑
k=0

[
F ′(Btk)∆Btk +

1

2
F ′′(ξtk)(∆Btk)

2
]

=
n−1∑
k=0

F ′(Btk)∆Btk +
n−1∑
k=0

1

2
F ′′(ξtk)(∆Btk)

2
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= I + II.

d��'�¯K´II´ÄÂñº

ÚÚÚnnn 13.1. �g(x)ëYk.§K

n−1∑
k=0

g(Btk)(∆Btk)
2 L2

−→
∫ t

0

g(Bs)ds.

yyy²²²µµµ

E
( n−1∑
k=0

g(Btk)(∆Btk)
2 −

∫ t

0

g(Bs)ds
)2

≤ 2E
( n−1∑
k=0

g(Btk)(∆Btk)
2 −

n−1∑
k=0

g(Btk)∆tk

)2

+ 2E
( n−1∑
k=0

g(Btk)∆tk −
∫ t

0

g(Bs)ds
)2

= 2I + 2II.

|^g�k.5§aqLevy�Ä5��y²(Ún11.1)�� I → 0"

5¿�
( n−1∑
k=0

g(Btk)1(tk,tk+1](t)
)
t≥0
´
(
g(Bt)

)
t≥0
3L 2

T����FL§Cq�§d

Ún12.2§II → 0"
2

ÚÚÚnnn 13.2. �g(x)k.��ëY§ {t(n)
k }�[0, t]�2n�©:§ ∀ξ

t
(n)
k
∈ [B

t
(n)
k
, B

t
(n)
k+1

]½[B
t
(n)
k+1
, B

t
(n)
k

]§

P
(

lim
n→∞

2n−1∑
k=0

(
g(ξ

t
(n)
k

)− g(B
t
(n)
k

)
)
(∆B

t
(n)
k

)2 = 0
)

= 1.

555PPP 13.1. g(ξ
t
(n)
k

)Ø�½´�ÅCþ"�±b�VÇ�m(Ω,F , P )´�����

VÇ�m§ÒØ¬ky²Ü6�¯K
"��3�Å©Û¥·�Ñ�¦VÇ�m

´���"

yyy²²²µµµ 3[0, t]S§éuA�??�ω§g(Bt(ω))��ëY§Ïd§�±y
²∀ε > 0, ∃δ(ω) > 0§� t

2n
< δ(ω)�§éu∀tk∣∣g(ξ

t
(n)
k

)− g(B
t
(n)
k

)
∣∣ < ε,

∣∣ n−1∑
k=0

(
g(ξ

t
(n)
k

)− g(B
t
(n)
k

)
)
(∆B

t
(n)
k

)2
∣∣ ≤ ε

n−1∑
k=0

(∆B
t
(n)
k

)2.

dÚn11.2§
n−1∑
k=0

(∆B
t
(n)
k

)2 → t ±VÇ1¤á"

Ïd§Ún�y"
2
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½½½nnn 13.1. Itôúª I

eF��gëY��§K

F (Bt)− F (B0) =

∫ t

0

F ′(Bs)dBs +
1

2

∫ t

0

F ′′(Bs)ds,

Ù/ª/P�

dF (Bt) = F ′(Bt)dBt +
1

2
F ′′(Bt)dt.

yyy²²²µµµ d?�éF ′, F ′′k.���ëYy²"�0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
2n =

t�[0, t]¥�2n�©:

F (Bt)− F (B0)

=
2n−1∑
k=0

[F (Btk)− F (Btk−1
)]

=
2n−1∑
k=0

[F ′(Btk)∆Btk ] +
1

2

2n−1∑
k=0

F ′′(Btk)(∆Btk)
2 +

1

2

2n−1∑
k=0

(
F ′′(ξtk)− F ′′(Btk)

)
(∆Btk)

2,

K�3��f�n′§¦�n′ →∞þªmà±VÇ1Âñ�∫ t

0

F ′(Bs)dBs +
1

2

∫ t

0

F ′′(Bs)ds.

2

½½½nnn 13.2. Itôúª II

�F (t, x)'u t�gëY��§'ux�gëY��§K

F (t, Bt)− F (t, B0)

=

∫ t

0

∂F (s, Bs)

∂s
ds+

∫ t

0

∂F (s, Bs)

∂x
dBs +

1

2

∫ t

0

∂2F (s, Bs)

∂x2
ds

=

∫ t

0

F ′t(s, Bs)ds+

∫ t

0

F ′x(s, Bs)dBs +
1

2

∫ t

0

F ′′xx(s, Bs)ds.

Ù/ª/P�

dF (t, Bt) = F ′t(t, Bt)dt+
1

2
F ′xx(t, Bt)dt+ F ′x(t, Bt)dBt.

~~~ 13.1. �(Bt)t≥0�IOBrown$Ä§ y² ecBt−
c2

2
t� (FBt )t≥0�"

)))µµµ

(1) Äk�yéu∀T > 0§ecBt−
c2

2
t ∈ L 2

T .

E
(
ecBt−

c2

2
t
)2

= e−c
2tEe2cBt = e−c

2te2c2t <∞.
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(2) �F (t, x) = e−
c2

2
t+cx

F (t, Bt)− F (0, 0) =

∫ t

0

F ′s(s, Bs)ds+

∫ t

0

F ′x(s, Bs)dBs +
1

2

∫ t

0

F ′′xx(s, Bs)ds

=

∫ t

0

(
− c2

2

)
e−

c2

2
tecBsds+ c

∫ t

0

e−
c2

2
tecBsdBs +

c2

2

∫ t

0

e−
c2

2 ecBsds

= c

∫ t

0

F (s, Bs)dBs

=

ecBt−
c2

2
t = 1 + c

∫ t

0

ecBs−
c2

2
sdBs.

Ïd§d5�12.2�(2)��(ecBt−
c2

2
t)t≥0� (FBt )t≥0�"

2

éu���ItôL§Xt = x0 +
∫ t

0
φsdBs +

∫ t
0

Ψsds§ F (t,Xt) − F (0, X0)�Itôú
ª´�oº
�âc¡�©ÛÚ·�È\å5�²��±���¹tÚRiemannÈ©�

∫ t
0

Ψsds�
$�5ÆAT�´�l�È©¥�Úî-4ÙZ]úª"Ïd§¯K�'�Ò
3uXÛ?n�¹

∫ t
0
φsdBs��"·�ò¯K{z¤eXt = x0 +

∫ t
0
φsdBs +∫ t

0
Ψsds§F (Xt)− F (x0)AT�u�oº
�,dXt = φtdBt + Ψtdt�´ItôL§(Xt)t≥0�//ª��©0§¿Øäkî�

�êÆ½Â§�lù�ÙÚó��
0�§·��±�*�r§n)¤�∆t >
0é���ÿ§dXt = φtdBt + ΨtdtCq/´

∆Xt = X(t+ ∆t)−X(t) ≈ φt(Bt+∆t −Bt) + Ψt∆t = φt∆Bt + Ψt∆t.

�y©0 = t0 < t1 < · · · < tn = t¿©[�§·�kXeCq�w{∫ t

0

g(Xs)φsdBs +

∫ t

0

g(Xs)Ψsds =

∫ t

0

g(Xs)dXs

≈
n−1∑
i=0

g(Xti)∆Xti

≈
n−1∑
i=0

g(Xti)(φti∆Bti + Ψti∆ti).

�y©¿©[�§éu?¿�ε > 0§

|∆Bti(ω)| < ε

t
,

n−1∑
i=0

∣∣∆Bti∆ti
∣∣ < ε

n−1∑
i=0

∆ti = ε.

éuk.���ëY¼êg(x)§φtÚΨtk.§·��±Cq/��

n−1∑
i=0

∣∣∆Bti∆ti
∣∣ < ε

n−1∑
i=0

∆ti = ε.
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∫ t

0

g(Xs)(dXs)
2 ≈

n−1∑
i=0

g(Xti)(∆Xti)
2

≈
n−1∑
i=0

g(Xti)(φti∆Bti + Ψti∆ti)
2

=
n−1∑
i=0

g(Xti)
[
φ2
ti

(∆Bti)
2 + 2φtiΨti∆Bti∆ti + Ψ2

ti
(∆ti)

2
]

≈
n−1∑
i=0

g(Xti)φ
2
ti

(∆Bti)
2 +O(ε) +O(max

i
{(∆ti)2})

≈
∫ t

0

g(Xs)φ
2
sds aquÚn13.1�y²¿�ÑKÃ¡�þ

F (Xt)− F (x0)

=
n−1∑
i=0

(
F (Xti+1

)− F (Xti)
)

�VÐm
=

n−1∑
i=0

(
F ′(Xti)∆Xti +

1

2
F ′′(Xti)(∆Xti)

2 +
1

2

(
F ′′(ξti)− F ′′(Xti)

)
(∆Xti)

2
)

≈
n−1∑
i=0

(
F ′(Xti)∆Xti +

1

2
F ′′(Xti)(∆Xti)

2
)
aquÚn13.2�y²

≈
∫ t

0

F ′(Xs)dXs +
1

2

∫ t

0

F ′′(Xs)(dXs)
2

=

∫ t

0

F ′(Xs)φsdBs +

∫ t

0

F ′(Xs)φsds+
1

2

∫ t

0

F ′′(Xs)φ
2
sds.

òþãÚ½î�z§¿��
7��Eâþ�?n§Òke¡�½n"

½½½nnn 13.3. Itôúª III

�Xt = x0 +
∫ t

0
φsdBs +

∫ t
0

Ψsds, dXt = φtdBt + Ψsds, F (t, x)'ut�gëY�

�§'ux�gëY��§K

F (t,Xt)−F (0, x0) =

∫ t

0

∂F

∂s
(s,Xs)ds+

∫ t

0

∂F

∂x
(s,Xs)dXs+

1

2

∫ t

0

∂2F

∂x2
(s,Xs)(dXs)

2

�¤//ª�©0

dF (t,Xt) =
∂F

∂t
(t,Xt)dt+

∂F

∂x
(t,Xt)dXt +

1

2

∂2F

∂x2
(t,Xt)(dXt)

2,

Ù¥ dt, dBt �²�Ú¦Èd¦{L
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¦È dt dBt

dt 0 0

dBt 0 dt

�Ñ§=

dF (t,Xt) =
[∂F
∂t

(t,Xt) + Ψt
∂F

∂x
(t,Xt) +

1

2
φ2
t

∂2F

∂x2
(t,Xt)

]
dt+ φt

∂F

∂x
(t,Xt)dBt

�¤ý��È©/ª

F (t,Xt)−F (0, x0) =

∫ t

0

[∂F
∂s

(s,Xs)+Ψt
∂F

∂x
(s,Xs)+

1

2
φ2
s

∂2F

∂x2
(s,Xs)

]
ds+

∫ t

0

φs
∂F

∂x
(s,Xs)dBs.

Ù¥

(dXt)
2 =

(
φtdBt + Ψtdt

)2
= (φtdBt)

2 + 2φtΨtdBtdt+ Ψ2
t (dt)

2 = φ2
tdt.

~~~ 13.2. e(φt)t≥0�'u(FBt )t≥0·A�k.�ÅL§§y²ξt = exp{
∫ t

0
φsdBs −

1
2

∫ t
0
φ2
sds} ´'u(FBt )t≥0��"

yyy²²²µµµ |^)~f13.1�1�Ú±9���FL§�%C§S§�±y
²{ξt} ∈ L 2

T"�F (x) = ex,

Xt =

∫ t

0

φsdBs −
1

2

∫ t

0

φ2
sds, = dXt = φtdBt −

1

2
φ2
tdt.

|^Itôúª

F (Xt)− F (0) =

∫ t

0

F ′(Xs)dXs +
1

2

∫ t

0

F ′′(Xs)(dXs)
2

=

∫ t

0

F (Xs)φsdBs −
1

2

∫ t

0

F (Xs)φ
2
sdt+

1

2

∫ t

0

F (Xs)φ
2
sdt

=

∫ t

0

F (Xs)φsdBs,

¤±d5�12.2�(2)��(exp{
∫ t

0
φsdBs − 1

2

∫ t
0
φ2
sds)t≥0� (FBt )t≥0�" 2

555PPP 13.2.
∣∣ ∫ t

0
φsdBs

∣∣ ≤ ∫ t
0
|φs|dBs´�Ø�"
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13.2 ���������ItôLLL§§§

c¡·�éL 2
T¥�L§½Â
Itô�ÅÈ©¿ïá
Itôúª§�¯K´é�È�

L§���õ"3RiemannÈ©§~X§e3[a, b]§�x → b�§f(x) ↑ ∞§bn <
b§f(x)3[a, bn]Sk.�Riemann�È§·�XÛ5½Â

∫ b
a
f(x)dx? ¯¢þ½

Â
∫ t

0
f(x)dx = lim

bn↑b

∫ bn
a
f(x)dx"

aq��{

L 2,loc
T

def
=
{

(FBt )t≥0·A��ÅL§φt, �P
(
ω :

∫ T

0

(φt)
2(ω)dt <∞

)
= 1
}

�±y²

(1) éu?¿φ ∈ L 2,loc
T �3(FBt )t≥0Ê�S�τ1 ≤ · · · ≤ τn ↑ ∞§¦�éu�½

�n§�ÅL§φ
(n)
t

def
= φt∧τn ∈ L 2

T .

(2) dd§�t ≤ τn��±½Â
∫ t

0
φsdBs:(∫ t

0

φsdBs

)
(ω) ≡

(∫ t

0

φ(n)
s dBs

)
(ω).

?�Ú§ ∫ t

0

φsdBs
def
= lim

n→∞

∫ t

0

φ(n)
s dBs.

(3) (ξt
def
=
∫ t

0
φsdBs)t≥0´(FBt )ÛÜ�§=�3(FBt )t≥0Ê�S�τ1 ≤ · · · ≤ τn ↑

∞§¦�éu�½�n§(ζ
(n)
t

def
= ξt∧τn)t≥0´(FBt )t≥0�"�ÛÜ�Ø�½´

�"

(4) �L 1,loc
T

def
=
{

(FBt )t≥0·A��ÅL§Ψt P
(
ω :

∫ T
0
|Ψt|dt < +∞

)
= 1
)
§K

éu?¿Ψ ∈ L 1,loc
T È©

∫ t
0

Ψs(ω)dsA�??k½Â"

½½½ÂÂÂ 13.2. ��� Itô L§

�ζt = x +
∫ t

0
φsdBs +

∫ t
0

Ψsds§Ù¥φs, Ψs©O´L 2,loc
T L 1,loc

T ¥��§Kξt¡

�Ð��xXê�φt§Ψt����ItôL§§{¡ItôL§"

éItôL§{ξt, t ≥ 0}�ItôÈ©�±n)�∫ t

0

Θtdξt
def
=

∫ t

0

ΘtφtdBt +

∫ t

0

ΘtΨtdt.

½½½nnn 13.4. Itôúª II, III é���ItôL§�¤á"
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14 õõõ���Brown$$$ÄÄÄ���Itô���ÅÅÅÈÈÈ©©©ÚÚÚItôúúúªªª

� Bt =


B

(1)
t

...

B
(m)
t

���m-�Brown$Ä§ FB
t = σ(Bs, s ≤ t).

L 2
T =

{
(φt)t≥0�(FB

t )t≥0·A��ÅL§,�

∫ T

0

Eφ2
sds <∞

}
.

L 1
T =

{
(φt)t≥0�(FB

t )t≥0·A��ÅL§,�

∫ T

0

E|φs|ds <∞
)

= 1
}
.

L 2,loc
T =

{
(φt)t≥0�(FB

t )t≥0·A��ÅL§,�P
(
ω :

∫ T

0

φ2
sds <∞

)
= 1
}
.

L 1,loc
T =

{
(φt)t≥0�(FB

t )t≥0·A��ÅL§,�P
(
ω :

∫ T

0

|φs|ds < +∞
)

= 1
}
.

aq/�±½Â ∫ T

0

φtdB
(i)
t i = 1, · · · ,m.

½½½ÂÂÂ 14.1. (õ�Brown$Ä�ItôL§)

�

ξt = x+

∫ t

0

φTs dBs +

∫ t

0

Ψsds,

Ù¥φt =


φ

(1)
t

...

φ
(m)
t

, ξt = x +
m∑
k=1

∫ t
0
φ

(k)
s dB

(k)
s +

∫ t
0

Ψsds, 
(φ
(i)
t )t≥0, (Ψt)t≥0©O

´L 2,loc
T , L 1,loc

T ¥��§@o¡(ξt)t≥0�Ð��x�õ�Brown$Ä�ItôL§"

ÚÚÚnnn 14.1. � (B
(1)
t ), (B

(2)
t )´ü�Õá�Brown$Ä§éu[0, t]¥���y©0 =

t0 < · · · < tn = t§

Tn =
n−1∑
k=0

(
B

(1)
tk+1
−B(1)

tk

)(
B

(2)
tk+1
−B(2)

tk

)
,

KE(Tn) = 0, E(Tn)2 → 0.

555PPP 14.1. þ¡�Ún/ª/w¤

n∑
k=0

∆B
(1)
tk

∆B
(2)
tk
≈ 0, dB

(1)
t dB

(2)
t = 0.
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555��� 14.1. �φ, ψ ∈ L 2
T , E

( ∫ T
0
φdB(i)

∫ t
0
ψdB(j)

)
= δijE

( ∫ t
0
φψds

)
§δij =


1 i = j

0 i 6= j

"

½½½nnn 14.1. Itô úª IV

dξt = ΦT
t dBt + Ψtdt =

m∑
i=1

φ
(i)
t dB

(i)
t + Ψtdt

K

dF (t, ξt) =
∂F (t, ξt)

∂t
dt+

∂F (t, ξt)

∂x
dξt +

1

2

∂2F (t, ξt)

∂x2
(dξt)

2

=

F (t, ξt)− F (0, ξ0) =

∫ t

0

∂F (s, ξs)

∂s
ds+

∫ t

0

∂F (s, ξs)

∂x
dξs +

1

2

∫ t

0

∂2F (s, ξs)

∂x2
(dξs)

2

Ù¥ dt, dB
(i)
t de¡�¦{L�Ñ

dt dB
(i)
t

dt 0 0

dB
(i)
t 0 δijdt

δij =


1 i = j

0 i 6= j

,

=

F (t, ξt)−F (0, ξ0) =

∫ t

0

[∂F (s, ξs)

∂s
+
∂F (s, ξs)

∂x
Ψs+

1

2

m∑
i=1

(φ(i)
s )2

]
ds+

m∑
i=1

∫ t

0

∂F (s, ξs)

∂x
φ(i)
s dB

(i)
s .

íííØØØ 14.1. ¦Èúª

ξt, ηtÑ´õ�Brown$Ä{Bt, t ≥ 0}�ItôL§§K

d(ξtηt) = ξtdηt + ηtdξt + (dξt)(dηt).

?�Ú§eξt =
(
ξ

(1)
t , ξ

(2)
t , · · · , ξ(d)

t

)T
§(ξ

(i)
t ), i ≤ dÑ´Ó��m�Brown$Ä

Bt =


B

(1)
t

...

B
(m)
t

�ItôL§§=

dξ
(i)
t = (Φ

(i)
t )TdBt + Ψ

(i)
t dt, i ≤ d, Ψ =


Ψ

(1)
t

...

Ψ
(d)
t

 .
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�¤Ý
�/ª

Φ(i) =


φi1

...

φim

 , 1 ≤ i ≤ d; Ψ =


Ψ

(1)
t

...

Ψ
(d)
t

 ,

Φ = (Φ(1), · · · ,Φ(d)) =


φ11
t φ21

t · · · φd1
t

...
...

...
...

φ1m
t φ2m

t · · · φdmt

 ,

dξ = ΦT
t dBt + Ψ dt,

dξ
(1)
t

...

dξ
(d)
t

 =


φ11
t φ12

t · · · φ1m
t

...
...

...
...

φd1
t φd2

t · · · φdmt




dB

(1)
t

...

dB
(m)
t

+


Ψ

(1)
t

...

Ψ
(d)
t

 dt.

½½½nnn 14.2. Itôúª V

F (x1, · · · , xd)����gëY���¼ê§K

dF (ξ
(1)
t , · · · , ξ(d)

t ) =
d∑

k=1

∂

∂xk
F (ξ

(1)
t , · · · , ξ(d)

t )dξ
(k)
t +

1

2

d∑
i=1

d∑
j=1

∂2

∂xi∂xj
F (ξ

(1)
t , · · · , ξ(d)

t )dξ
(i)
t dξ

(j)
t ,

dξ
(i)
t dξ

(j)
t = aijdt,

(aij)i,j≤d = (ΦTΦ)i,j≤d = (φij)Ti≤m
j≤d

(φij)i≤m
j≤d

.

15 Stratonovich-Fiskééé¡¡¡ÈÈÈ©©©

½½½ÂÂÂ 15.1. (Stratonovich-Fisk�ÅÈ©)

�(ξt)t≥0´AÏa.�ItôL§, ξt = ξ0 +
∫ t

0
φsdBs +

∫ t
0
ψsds, éu0 = t

(n)
0 <

· · · < t
(n)

N(n) = t, λn = max ∆t
(n)
k , Sratonovich-Fiské¡È©½Â�∫ t

0

ξs ◦ dBs = L2(Ω)− lim
λn→0

N(n)−1∑
k=0

ξ
t
(n)
k

+ ξ
t
(n)
k+1

2
∆B

t
(n)
k

; (35)

éu���ItôL§(ξt)t≥0, Sratonovich-Fiské¡È©½Â�∫ t

0

ξs ◦ dBs = (P )− lim
λn→0

N(n)−1∑
k=0

ξ
t
(n)
k

+ ξ
t
(n)
k+1

2
∆B

t
(n)
k
. (36)
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555��� 15.1.
∫ t

0
ξs ◦ dBs =

∫ t
0
ξsdBs + 1

2
ξsds, =

ξt ◦ dBt = ξtdBt +
1

2
dξtdBt

= ξtdBt +
1

2
(φtdBt)dBt

= ξtdBt +
1

2
φtdt.

~~~ 15.1. ∫ t

0

Bs ◦ dBs =

∫ t

0

BsdBs +
1

2

∫ t

0

1 · ds

=

∫ t

0

BsdBs +
t

2
= B2

t −B2
0 .

½½½ÂÂÂ 15.2. �(Xt)t≥0, (Yt)t≥0´ItôL§

Xt = x0 +

∫ t

0

φXs dBs +

∫ t

0

ψXs ds,

Yt = y0 +

∫ t

0

φYs dBs +

∫ t

0

ψYs ds.

∫ t

0

Ys ◦ dXs = (P )− lim
λn→0

N(n)−1∑
k=0

Y
t
(n)
k

+ Y
t
(n)
k+1

2

(
X
t
(n)
k+1
−X

t
(n)
k

)
=

∫ t

0

Y dX +
1

2

∫ t

0

dY dX

=

∫ t

0

Ysφ
X
s dBs +

∫ t

0

Ysψ
X
s ds+

1

2

∫ t

0

φXs φ
Y
s ds.

Yt ◦ dXt = YtdXt +
1

2
dY dX

= Ytφ
X
t dBt + Y ψXt ds+

1

2
φXs φ

Y
s ds.

½½½nnn 15.1. (ItôúªVI) �ξt = ξ0 +
∫ t

0
φsdBs +

∫ t
0
ψsds, =dξt = φtdBt + ψtdt.

efngëY��, K

df(ξt) = f ′(ξt) ◦ dξt,

=

f(ξt)− f(ξ0) =

∫ t

0

f ′(ξs) ◦ dξs =

∫ t

0

f ′(ξs) ◦ (φsdBs) +

∫ t

0

f ′(ξs)ψsds.

ef(t, x)éxngëY��, ét�gëY��, K

df(t, ξt) = f ′tdt+ f ′x ◦ dξt.
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18Ù �Å�©�§�*ÑL§

XÓ~�©�§! �©�§��§�Å�©�§(stochastic differential equa-
tion, SDE)�±£ã��2���aÔny�!²Ly�!)Ôy�"
�Å�©�§���/ª�

dξt = b(t, ξ)dt+ σ(t, ξ)dBt, (37)

=

ξt = ξ0 +

∫ t

0

b(s, ξ(ω))ds+

∫ t

0

σ(s, ξ(ω))dBs.

Ù¢ù´���ÅÈ©�§§ �Å�©�§�´�½�¤��{
®"Ù
¥b, σ÷véu?¿�s > 0§ b(s, ξ(ω)), σ(s, ξ(ω))´'uFBs �ÿ��ÅCþ§
=(b(s, ξ(ω)))s≥0§ (σ(s, ξ(ω)))s≥0´(FBs )s≥0·A�"�Ò´`b(s, ξ(ω))§ σ(s, ξ(ω))´
dξ(ω)3[0, s]þ¤k��û½�§½ö`b(s, ξ(ω)), σ(s, ξ(ω))´ξ(·, ω), · ∈ [0, s]ù
�¼ê��¼"
·�ùp�ïÄXe/ª�SDE

dξt = b(t, ξt)dt+ σ(t, ξt)dBt

=

ξt = ξ0 +

∫ t

0

b(s, ξs(ω))ds+

∫ t

0

σ(s, ξs(ω))dBs

Ù¥b(s, x), σ(s, x), R+ × R → R�Borel�ÿ¼ê§�Ò´`b(s, ξs)§σ(s, ξs)��
d=dξsû½"

16 ���ÅÅÅ���©©©���§§§���~~~fffÚÚÚ)))������333������555

~~~ 16.1. Ornstein-Uhlenbeck�§§ Langevin�§

Langevin�<^Einstein�Brown$ÄêÆ�.£ãR.Brown*	���N¥�

�s®âf��Å$Ä§�J¿Ø�©n�"1908c§Langevin�<é�.?1


U?"

��âf3�N¥$Ä§Ù�Ý�v§KdStokes½Æ§§É��Né§�Ê

¢å�−αv§�m�âf��þ§KdÚî$Ä1�½Æ

m
.
v = −αv. (38)

3âf�þé�§��Ø´4��(~X§s®âf��þ´�N©f�þ�20�

�§2× 105�)§Ø
÷*�Ê¢å	§�N©féâf,Ï��^�J�±�©

�Ù�LyÑ5"Ïd§þã�§�±U�¤

m
.
v = −αv + F (t), (39)
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F (t)L«©f,Ï-E�å"þªü>ÓØ±m

.
v = −γv + Γ(t), γ =

α

m
, Γ(t) =

F (t)

m
,

Ù¥γL«ü �þ�{ZXê§ Γ(t)L«ü �þ�s®âfÉ��N©f-

E�/Þáå0§�¡�Langevinå"þã�§�¡�Langevin �§§��¡

�Ornstein-Uhlenbeck�§"�±/ª/P�

dv

dt
= −γv + Γ(t), ½ dv = −γvdt+ Γ(t)dt.

�±�âØÓ�ÔnXÚb½Γ(t)ØÓ�ÚO5�§2�âÏL¢�u�?

�"Langevin�cb�Γ(t)´¤¢�xD(§=÷vXe�ÚO5�µ

(1) duΓ(t)�Þáå§�±@�§�ÚO²þ�� 0, =EΓ(t) = 0 (½^ÚOÔ

n�PÒ〈Γ(t)〉 = 0).

(2) Ó�Ï�÷**ÿ�mm����u�*©fés®~f�-E�m§¤

±ØÓ���Γ(t)�±Cq@�´�pÕá�§E(Γ(t)Γ(t′)) = 2Dδ(t − t′)

(½〈Γ(t)Γ(t′)〉 = 2Dδ0t− t′), Ù¥δ0(x)�Dirac¼ê"

lVÇØ��Ýþª�±)º�3?¿��ü�Ø��«mS§�N©fé

s®âf-E�Þáå´Ø�'§3?¿��«mSÞáå����2D"

(3) b½Γ(t)kGauss5"

3êÆþ·��±@�/Γ(t)dt0Ò´ dBt"
Γ(t)�¡�/xD(0§ Γ(t)k

�/ªþP�/dBt
dt
0½/Ḃt0"Ïd§Langevin�§�±�¤��IO��Å�

©�§(�2D = 1)

dvt = −γvtdt+ dBt ½ (40)

vt − v0 = −
∫ t

0

γvsds+Bt, (�B0 = 0).

e¡�ÄXÛ)ù��§§/ª�

dvt
dt

= −γvt + Ḃt, dvt = −γvt + dBt.

Ôn�){µ/Ï~�©�§dvt
dt

= −γvt + f(t)�){"

(1) k�Äàg�§
dvt
dt

= −γvt ⇒ vt = c0e
−γt.
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(2) 2�Ä�àg�§dvt
dt

= −γvt + f(t), ½ dvt + γvtdt = f(t)dt. üà¦±eγt

eγtdvt + eγtγvtdt = eγtf(t)dt

=

d(eγtvt) = eγtf(t)dt

eγtvt =

∫ t

0

eγsf(s)ds+ v0

vt =

∫ t

0

eγ(s−t)f(s)ds+ v0e
−γt

(3) ^ ḂtO� f(t)½ f(t)dtO� dBt�

vt = v0e
−γt +

∫ t

0

eγ(s−t)dBs = v0e
−γt + e−γt

∫ t

0

eγsdBs. (41)

êÆî��){µdItôúª

d(eγtvt) = eγtdvt + vtde
γt

= −γeγtvtdt+ eγtdBt + γeγtvtdt

= eγtdBt.

�ÑÈ©/ª=�(41).

555PPP 16.1. 3þ¡�~f��orΓ(t)¡�xD(QºΓ(t)��m�'¼ê

´Dδ0(t − t′)§ §�õÇÌ�Ý´~ê§^êÆ�{`Ò´δ0�FourierC�´~

¼ê 1"�Ò´`Dδ0(t− t′)3��ªÇþ�©þ���Ñ��§ù�x1�5�
aq§¤±�Γ(t)��m�'¼ê´Dδ0(t− t′)�§Γ(t)�¡�xD("

~~~ 16.2. 3þ¡�~f¥§XJXêÑ´��Å�ê�¼ê§�§¤�

dXt = F (t)Xtdt+ C(t)dBt, (42)

Ù¥b�Xê3?¿k�«mSk.§¦)d�§"

)))µµµ ��"

~~~ 16.3. �ÅNÚ�f

NÚ�f�$Ä�§� 
d2ξt
dt2

= −λ2ξt

ξ0 = x, dξt
dt

∣∣
t=0

= v0

(43)
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e�fÉ�xD(��ÅZ6§/ªþ
d2ξt
dt2

= −λ2ξt + Ḃt

ξ0 = x, dξt
dt

∣∣
t=0

= v0

. (44)

�Å�©�§¢�þ´�ÅÈ©�§§Ïd�Å�©�§���/ª(37)¥

´vkd2ξt
dt2
½d2ξtù���"@o(44)ù�/ª�§éA��Å�©�§AT´�

oº

3~�©�§nØ¥§��p��~�©�§o�±z¤����§|§~X

3(43)¥§ �dξt
dt

= vt, K(43)�du

dvt
dt

= −λ2ξt

dξt
dt

= vt

ξ0 = x

vt = v0

.

Ïd§·��±r(44)=z¤��k²(êÆ¹Â��Å�©�§|§

dvt = −λ2ξtdt+ dBt

dξt = vtdt

ξ0 = x

v0 = v0

. (45)

½ö�¤�ÅÈ©�/ª
vt = v0 − λ2

∫ t
0
ξsds+Bt Bt��IOÙK$Ä

dξt = vtdt, ½ ξt = x+
∫ t

0
vsds

. (46)

�e5�¯K´XÛ)�Å�©�§(45)½(46)"·��´këì�e3~�

©�§nØ"e(43)¥k��(½5�r½å
d2ξt
dt2

= −λ2ξt + f(t)

ξ0 = x, dξt
dt

∣∣
t=0

= v0

.
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d~�©�§nØ��§

ξt = x cosλt+
v0

λ
sinλt+

1

λ

∫ t

0

sinλ(t− s)f(s)ds.

���31w�fn(s)÷vfn(s)ds→ Ḃsds = dBs§K/ª/

ξt = x cosλt+
v0

λ
sinλt+

1

λ

∫ t

0

sinλ(t− s)dBs. (47)

¯K´(47)¥½Â�ξtý�´(46)�)íº vtq´�oºe¡�y(47) ÷v�

§(45)=�"

Äk¦dξt
dt

= vt�·����¯K´XÛé
∫ t

0
sinλ(t − s)dBs¦�º¯¢þ§|

^©ÜÈ©úª½¦{úª∫ t

0

sinλ(t− s)dBs = sinλ(t− s)Bs

∣∣t
0
−
∫ t

0

Bsd sinλ(t− s) = λ

∫ t

0

Bs cosλ(t− s)ds.

(48)

dd��

ξt = x cosλt+
v0

λ
sinλt+

∫ t

0

Bs cosλ(t− s)ds.

dξt
dt

= −λx sinλt+ v0 cosλt− λ
∫ t

0

Bs sinλ(t− s)ds+Bt = vt.

,��¡∫ t

0

ξsds =
x

λ
sinλt+

v0

λ2

(
1− cosλt

)
+

∫ t

0

∫ u

0

Bs cosλ(u− s)dsdu

=
x

λ
sinλt+

v0

λ2

(
1− cosλt

)
+

∫ t

0

Bs

∫ t

s

cosλ(u− s)duds

=
1

λ2

(
v0 + λx sinλt− v0 cosλt+ λ

∫ t

0

Bs sinλ(t− s)ds
)
,

¤±

vt = v0 − λ2

∫ t

0

ξsds+Bt,

Ïd(ξt, vt)t≥0´�§(45)½(46)�)"

555PPP 16.2.
∫ t

0
sinλ(t − s)dBsØ´�(�Ø´ÛÜ�). ©ÜÈ©úª(48)y²kü

«�ª"1�«´éu�½�t|^�ÅÈ©�½Â§S§ké�F¼ê��ÅÈ

©���ª�>��§2|^Able¦Ú��m>��§ü>�L24�Ò�±
"

1�«�ª´éu�½�t§3[0, t]S�m½Âf (t)(s) = sinλ(t− s)§duf´(½
5�ê�¼ê§¤±´(FBu )0≤u≤t ·A�"d¦Èúª

d
(
f (t)(s)Bs

)
= f (t)(s)dBs +Bsdf

(t)(s) + dBsdf
(t)(s).
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m>1n��"§�¤È©/ª

f (t)(u)Bu − f (t)(0)B0 =

∫ u

0

f (t)(s)dBs +

∫ t

0

Bsdf
(t)(s), u ∈ [0, t].

=

sinλ(t− u)Bu − sinλ(t− 0)B0 =

∫ u

0

sinλ(t− s)dBs +

∫ u

0

Bsd sinλ(t− s).

�u = t, B0 = 0�§Ò��
(48).

~~~ 16.4. Black-Scholes�§

31nÙ~f(2.4)¥·�?Ø
ëY�m�Black-Scholes�.��*í�§�

�
ºxyòd�(St)t≥0/ªþAT÷v

St − S0 = µ

∫ t

0

Ssds+ σ

∫ t

0

Ss“dξ̄s”. (49)

y3§·��±ò
∫ t

0
Ss“dξ̄s”)º¤'uÙK$Ä�Itô�ÅÈ©
§¡

dSt = µStdt+ σStdBt

S0 = s0

(50)

�Black-Scholes�§"

e¡·�'%XÛ¦)ù��§Ú)���m1�ùü�¯K"

(1) k/ª/¦)§�g(x) = ln x

dg(St) = g′(St)dSt +
1

2
g′′(St)(dSt)

2

=
1

St
[µStdt+ σStdBt]−

1

2

1

S2
t

(µStdt+ σStdBt)
2

= [µ− 1

2
σ2]dt+ σdBt.

lnSt − ln s0 = [µ− 1

2
σ2]t+ σBt, (�B0 = 0)

ln
St
s0

= [µ− 1

2
σ2]t+ σBt.

St = s0 exp{[µ− 1

2
σ2]t+ σBt}. (51)

lêÆ�î�5þ5`§·�þ¡�O��´ßÑ)�/ª"·���¡é

ü�¯Kµ1�§)���5"ù�¯Ke¡��Å�©�§)�½n�3

��5½n16.1Ò�±�Ñ�½��Y¶1�§e)k�VÇ�u�u"§

KlnSt´ØU½Â�"ù�¯K�)û�Y´§Q,�§)´���§ØØ

Ð����´�K§·�é(51)ª^Itôúª���y÷v�§=�"
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(2) w,§�s0 = 0�§St = 0´�§�)"e¡·���Äs0 > 0��¹"

St = s0 exp
{[

(µ− 1

2
σ2) +

σBt

t

]
t
}
.

®�ÙK$Ä�r�êÆ

P
(

lim
t→∞

Bt

t
= 0
)

= 1.

�µ− 1
2
σ2 > 0�§

P
(

lim
t→∞

[
(µ− 1

2
σ2) +

σBt

t

]
> 0
)

= 1.

Ïd§

P
(

lim
t→∞

St = +∞
)

= 1.

�µ− 1
2
σ2 < 0�§aq/�±��

P
(

lim
t→∞

St = 0
)

= 1.

�µ− 1
2
σ2 = 0�§

St = s0 exp
{
σBt

}
= s0 exp

{
σ

Bt√
2t ln ln t

√
2t ln ln t

}
.

dÙK$Ä�­éêÆ

P
(

lim sup
t→∞

Bt√
2t ln ln t

= 1
)
,

P
(

lim inf
t→∞

Bt√
2t ln ln t

= −1
)
,

��

P
(

lim sup
t→∞

St = +∞, lim inf
t→∞

St = 0
)

= 1.

555PPP 16.3. ·���±ò(49)3êÆþ)º¤Stratonovich.��Å�©�§
dSt = µStdt+ σSt ◦ dBt

S0 = s0

ù��§�)´St = s0 exp
{
µt+ σBt

}
"

Ï~rexp(µt+ νBt)¡�AÛÙK$Ä§Ù¶i�5
uAÛ?êVg"
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½½½nnn 16.1. eσ(t, x)§b(t, x)÷vLipschitz ^�§=éu?¿�T > 0�3CT >

0§¦�?¿�t < T§

|σ(t, x)− σ(t, y)|+ |b(t, x)− b(t, y)| ≤ CT |x− y|.

éuÐ©�ÅCþξ0§ξ0�(Bt, t ≥ 0)Õá§K�§

ξt = ξ0 +

∫ t

0

b(s, ξs)ds+

∫ t

0

σ(s, ξs)dBs

k��)§=e�k,��) ξ′t §�� P (ξ′0 = ξ0) = 1, K

P (ξ′t = ξt, ∀t > 0) = 1.

yyy²²²µµµ PicardS�§GronwellØ�ª. 2

½½½nnn 16.2. eσ(t, x)§b(t, x)÷v:

(1)ÛÜLipschitz^�§=éu?¿�T,N > 0�3CT,N > 0§¦�éu?¿

�|x| ≤ N§ |y| ≤ N§t ≤ T

|σ(t, x)− σ(t, y)|+ |b(t, x)− b(t, y)| ≤ CT,N |x− y|.

(2) �5O�^�§=éu?¿�T > 0�3CT > 0§¦�?¿�t < T (T�±

�∞)

|σ(t, x)|+ |b(t, x)| ≤ CT (1 + |x|),

éuÐ©�ÅCþξ0§ξ0�(Bt, t ≥ 0)Õá§K�§

ξt = ξ0 +

∫ t

0

b(s, ξs)ds+

∫ t

0

σ(s, ξs)dBs.

k��)§=e�k,��) ξ′t §�� P (ξ′0 = ξ0) = 1, K

P (ξ′t = ξt, ∀t > 0) = 1.
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17 ***ÑÑÑLLL§§§999)))���Markov555

½½½ÂÂÂ 17.1. *ÑL§

�Å�©�§

dξt = b(t, ξt)dt+ σ(t, ξt)dBt, (52)

�)¡�*ÑL§§Ù¥b(t, x)¡�¤£Xê§a(t, x) = σ2(t, x)¡�*ÑXê"

555PPP 17.1. (1) /*ÑL§0ù�¶c5
uÔn�Æ�§3ØÓ�ÖþkØ

Ó�î�êÆ½Â§�ÙØ%´�(m)ëY�rê¼L§"·�ùp{ü/

oÇ/r§w¤ÃPÁ5�Å�©�§(52)�)"

½½½nnn 17.1.  �Å�©�§(52)�)e�3��§Kù�)´��MarkovL§"


��XêØ¹�m t�§=σ(t, x) = σ(x)§b(t, x) = b(x) �§d�MarkovL§

´�à�"

~~~ 17.1. �~16.1

 ·�òLangevin�§(42)�¤�����:��/ª

dηt = −bηtdt+ σdBt,

K)�

ηt = e−bt
(
η0 + σ

∫ t

0

ebsdBs

)
,

¡�OUL§ (Ornstein-UhlenbeckL§§î�/`ù��§�)lÙØCVÇ©

ÙÑu�âU¡�OUL§)"

d½n16.1Ú½n17.1§ (ηt)t≥0´���à�MarkovL§"g,�·��±¯

§�=£VÇ�Ý´�o§§�´ÄkØCVÇ©Ùº

MarkovL§(ηt)t≥0�=£VÇ©ÙP (s, x; s + t, A)�±n)�L§ls��x 

�Ñu3t����8ÜA�VÇ§ Ïd·��I�O�

ηs,xt+s = e−bt
(
x+ σ

∫ t+s

s

eb(u−s)dBu

)
�©Ù¼ê. Ï�ebu´(½5¼ê§¤±

∫ t+s
s

ebudBu´��Gauss©Ù§|^Itô�

å§ ∫ t+s

s

ebudBu ∼ N
(

0,

∫ t

s

e2budu
)

= N
(

0,
e2b(t+s) − e2bs

2b

)
.

@o

ηs,xt+s ∼ N
(
xe−bt,

σ2

2b
(1− e−2bt)

)
.

dd�(ηt)t≥0�=£�Ý¼ê´

p(t, x, y) ≡ p(s, x; s+ t, y) =

√
b

πσ2(1− e−2bt)
exp

(
− (y − xe−bt)2

σ2(1−e−2bt)
b

)
.
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�b > 0�§

lim
t→∞

p(t, x, y) =
1

σ
√

π
b

e
− y2

σ2
b ≡ π(y).

dd��N(0, σ
2

2b
)´OUL§�ØCVÇ©Ù§�Ò´`±π�Ð©©Ù�Ý§

KOUL§���²­�ê¼L§Ù²­©Ù�π"(��SK)

555PPP 17.2. (1) d�màg5§¯¢þ�±ÏLO�  

ηt = e−btx+ σ

∫ t

0

eb(s−t)dBs,

��Ý5¦�=£VÇ�Ý¼ê"

(2)  �b, σ > 0, Bt´��IOÙK$Ä.§K²­�OUL§,�«L«�

σ√
2b
e−btB(e2bt).

 

~~~ 17.2. �~16.4

®�Black-Scholes�§(50)�)

St = s0 exp{[µ− 1

2
σ2]t+ σBt}.

Ó�§d½n16.1Ú½n17.1��§§´��MarkovL§" AO/§�s0 =

0�§L§ð�u""Ïd·�Ø��Äs0 > 0§�Ò´`ù�L§�G��

m´(0,∞)" éuf(z) = 1(−∞,y](z)§

E[f(St+s)|Ss]

= E
[
f
(
s0 exp{[µ− 1

2
σ2]s+ σBs} exp{[µ− 1

2
σ2]t+ σ(Bt+s −Bs)}

)∣∣Ss]
= E

[
f
(
Ss exp{[µ− 1

2
σ2]t+ σ(Bt+s −Bs)}

)∣∣Ss]
= E

[
f
(
x exp{[µ− 1

2
σ2]t+ σ(Bt+s −Bs)}

)]∣∣∣
x=Ss

= P
(
x exp{[µ− 1

2
σ2]t+ σ(Bt+s −Bs)} ≤ y

)∣∣∣
x=Ss

= P
(Bt+s −Bs√

t
≤ 1

σ
√
t

(
ln
y

x
− [µ− 1

2
σ2]t

))∣∣∣
x=Ss

= Φ
( 1

σ
√
t

(
ln
y

x
− [µ− 1

2
σ2]t

))∣∣∣
x=Ss

.

Ù¥Φ(x) = 1√
2π

∫ x
−∞ e

− y
2

2 dy"(St)t≥0�=£VÇ©Ù¼ê

F (t, x, y) = Φ
( 1

σ
√
t

(
ln
y

x
− [µ− 1

2
σ2]t

))
.
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18 Kolmogorov���ccc���§§§!!!Fokker-Planck���§§§!!!Kolmogorov���

������§§§

·�£ã�Åy��±kü��g��ª§

1) VÇ�m9Ùþ��ÅCþX§é¢S¯Kïá��°(êÆ�.¶

2) ©Ù½©Ù¼ê(½Âu*ÿ�m§��3¢ê�m§éXXÚO5�§Ï
L*ÿ���)§´�´�§~XF (x) = P (X ≤ x).

Ó�§éu*ÑL§�kü��g�£ã�ª§

(1) d�Å�©�§£ãÙüz5Æµ�k(Ω,F , (Ft)t≥0, P ), ÙK$Ä(Bt)t≥0¶

ξt = ξ0 +

∫ t

0

b(s, ξs)ds+

∫ t

0

σ(s, ξs)dBs. (53)

(2) =£�Ý(©Ù)¼êp(s, x; t, y)£ãÙÚO5Æ"

§�©OlØÓ��Ý(/�*0�/÷*0)5£ãäkXe$Ä5Æ�äkë
Y$Ä;,�Ôn/*ÑL§0�:

lim
∆↓0

1

∆

∫
(y − x)p(s, x; s+ ∆, y)dy = b(s, x), (54)

lim
∆↓0

1

∆

∫
(y − x)2p(s, x; s+ ∆, y)dy = σ2(s, x). (55)

��g,�¯K´§ü«£ã�ª´Ä´��º3£�ù�¯K�c§·�
k5£����Ä��¯K§´Ä�Å�©�§½Â�*ÑL§�3=£�Ý¼
ê"dþ�!�~f·����k4�ê�*ÑL§�±��wª�=£VÇ�
Ý§�¯¢þk�����a*ÑL§�3=£VÇ�Ý�"

½½½nnn 18.1. (¿�î��êÆ½n)

�����(~Xµ)�3��§Xê1w§*ÑXêäk���e.)*ÑL

§´äk=£�Ýp(s, x; t, y)�MarkovL§"

e¡·��y�*ÑL§(53)k=£�Ý¼ê�§§÷v(54)(55). d�b
�
∫ t

0
σ(s, ξs)dBsÚ

∫ t
0
σ(s, ξs)ξsdBs´�§

∫
(y − ξs)p(s, ξs; s+ ∆, y)dy

= E
[
ξs+∆ − ξs

∣∣ξs]
= E

[
ξs+∆ − ξs

∣∣FBs ] (56)

= E
[ ∫ s+∆

s

b(u, ξu)ds
∣∣FBs ]
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= E
[ ∫ s+∆

s

b(u, ξu)ds
∣∣ξs]

1

∆

∫
(y − x)p(s, x; s+ ∆, y)dy

=
1

∆
E[ξs+∆ − ξs|ξs = x] =

1

∆
E
[ ∫ s+∆

s

b(u, ξu)du
∣∣∣ξs = x

]
= E

[ 1

∆

∫ s+∆

s

b(u, ξu)du
∣∣∣ξs = x

]
(57)

∆↓0
= E[b(s, ξs)|ξs = x] = b(s, x)

aq/§

1

∆

∫
(y − x)2p(s, x; s+ ∆, y)dy

=
1

∆
E[(ξs+∆ − ξs)2|ξs = x] =

1

∆
E[(ξs+∆ − x)2|ξs = x]

=
1

∆
E[ξ2

s+∆ − 2xξs+∆ + x2|ξs = x]

=
1

∆
E
[ ∫ s+∆

s

2ξudξu +

∫ s+∆

s

σ2(u, ξu)du− 2xξs+∆ + 2x2
∣∣∣ξs = x

]
=

1

∆
E
[ ∫ s+∆

s

2ξub(u, ξu)du+ 2

∫ s+∆

s

ξuσ(u, ξu)dBu +

∫ s+∆

s

σ2(u, ξu)du− 2x(ξs+∆ − x)
∣∣∣ξs = x

]
∆↓0
= 2xb(u, x) + σ2(u, x)− 2xb(u, x) = σ2(u, x).

��§éuäk=£�Ý¼ê�*ÑL§§ü«£ã´���"¯¢þ§|^
�Å�©�§�±�EÑ�õ�2�/*ÑL§0"
Q,�õê�¹eØU�Ñp(s, x; t, y)�wªL�§��g,�¯K´§AT

�ÌN���müz5Æ"ù�¯K·�¿�1�g��§~X§·�3�mà
g�ëY�mMarkovónØ¥½Â
=£VÇÝ
(pij(t))Ú�ÇÝ
Q§·��
�§�÷v

P ′(t) = P (t)Q (�c�§), P ′(t) = QP (t) (���§).

½½½nnn 18.2. (Kolmogorov�c�§!Fokker-Planck�§!Kolmogorov1��§)

3½n18.1Ó��b½e§*ÑL§

dξt = b(t, ξt)dt+ σ(t, ξt)dBt

�=£�Ý¼ê´Xe� �©�§�Ä�)

∂

∂t
p(s, x; t, y) =

1

2

∂2

∂y2

(
σ(t, y)2p(s, x; t, y)

)
− ∂

∂y

(
b(t, y)p(s, x; t, y)

)
. (58)

½öP�
∂p(t, x, y)

∂t
= L∗yp(s, x; t, y).
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§�÷v ∫
p(s, x; s, y)f(y)dy = f(x), ∀f(x) ∈ C∞0 (R),

=

p(s, x; s, y) = δx.

Ù¥C∞0 �RþÃ¡g��§�{x : f(x) 6= 0}´��;8(k.48)"?�Ú§e

dξt = b(ξt)dt+ σ(ξt)dBt

K
∂p(t, x, y)

∂t
=

1

2

∂2

∂y2

(
σ(y)2p(t, x, y)

)
− ∂

∂y

(
b(y)p(t, x, y)

)
.

yyy²²²µµµ éu∀ϕ ∈ C∞0 , �ÄL§ϕ(ξ(t))§dItôúª

dϕ(ξ(t)) = ϕ′(ξ(t))dξ(t) +
1

2
ϕ′′(ξ(t))σ2(t, ξ(t))dt,

ϕ(ξ(t′))−ϕ(ξ(t)) =

∫ t′

t

ϕ′(ξ(u))b(u, ξ(u))du+
1

2

∫ t′

t

ϕ′′(ξ(u))σ2(u, ξ(u))du+

∫ t′

t

ϕ′(ξ(u))σ(u, ξ(u))dBu.

éut′ > t ≥ s§aqu(56)Ú(57)í�¥�±r���ÏL�Ï"�K§

E[ϕ(ξt′)− ϕ(ξt)|ξs = x]

= E
[ ∫ t′

t

[
b(u, ξu)ϕ

′(ξu) +
1

2
σ2(u, ξu)ϕ

′′(ξu)
]
du
∣∣∣ξs = x

]

1

∆
E[ϕ(ξt+∆)− ϕ(ξt)|ξs = x]

=
1

∆
E
[ ∫ t+∆

t

[
b(u, ξu)ϕ

′(ξu) +
1

2
σ2(u, ξu)ϕ

′′(ξu)
]
du
∣∣∣ξs = x

]
= E

[ 1

∆

∫ t+∆

t

[
b(u, ξu)ϕ

′(ξu) +
1

2
σ2(u, ξu)ϕ

′′(ξu)
]
du
∣∣∣ξs = x

]
∆ ↓ 0§��

� =
∂
∫
ϕ(y)p(s, x; t, y)dy

∂t
=

∫
ϕ(y)

∂p(s, x; t, y)

∂t
dy

m = E
[
b(t, ξt)ϕ

′(ξt) +
1

2
σ2(t, ξt)ϕ

′′(ξt)
∣∣ξs = x

]
=

∫ (
b(t, y)ϕ′(y) +

1

2
σ2(t, y)ϕ′′(y)

)
p(s, x; t, y)dy

©ÜÈ©
= −

∫
ϕ(y)

∂

∂y
[b(t, y)p(s, x; t, y)]dy +

1

2

∫
ϕ(y)

∂2

∂y2

(
σ(t, y)2p(s, x; t, y)

)
dy.
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=
∂p(s, x; t, y)

∂t
=

1

2

∂2

∂y2

(
σ(t, y)2p(s, x; t, y)

)
− ∂

∂y

(
b(t, y)p(s, x; t, y)

)
.

2d*ÑL§;��ëY5Ú��Âñ½n§´y

lim
t↓s

∫
p(s, x; t, y)f(y)dy = lim

t↓s
E[f(ξt)|ξs = x] = f(x).

=
p(s, x; s, y) = δx(y).

2

íííØØØ 18.1. éu�à�*ÑL§

ξt = ξ0 +

∫ t

0

b(ξs)ds+

∫ t

0

σ(ξs)dBs

ξ0�(Bt)t≥0Õá§Ù©Ù�Ý�p(0, x)§Kξt�©Ù�Ý�

p(t, y) =

∫
p(0, x)p(t, x, y)dx

Kp(t, y)÷v±e�Master�§(Ì�§)

∂p

∂t
=

∂2

∂y2

(σ2(y)

2
p
)
− ∂

∂y

(
b(y)p

)
.

yyy²²²µµµ |^Fokker-Planck�§

∂p

∂t
(t, y) =

∫
p(0, x)

∂p(t, x, y)

∂t
dx

=

∫
p(0, x)L∗yp(t, x, y)dx

=

∫
L∗yp(0, x)p(t, x, y)dx

= L∗y
∫
p(0, x)p(t, x, y)dx

= L∗yp(t, y) =
∂2

∂y2

(σ2(y)

2
p(t, y)

)
− ∂

∂y

(
b(y)p(t, y)

)
.

2

555PPP 18.1. Ì�§L�
 ξt ��Ýp(t, y)AT÷v�üz5Æ"

½½½nnn 18.3. Kolmogorov���§! Kolmogorov1��§

−∂p(s, x; t, y)

∂s
=

1

2
σ2(s, x)

∂2p(s, x; t, y)

∂x2
+ b(s, x)

∂p(s, x; t, y)

∂x
,
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lim
s↑t

∫
p(s, x; t, y)f(y)dy = f(x).

AO/§�(ξt)t≥0��àê¼L§�

∂p(t, x, y)

∂t
=

1

2
σ2(x)

∂2p(t, x, y)

∂x2
+ b(x)

∂p(t, x, y)

∂x
.

yyy²²²µµµ ϕ(x) ∈ C∞0 §-u(s, x) = E[ϕ(ξt)|ξs = x]§Ku(s+∆, ξs+∆) = E[ϕ(ξt)|ξs+∆].

1

∆
[u(s+ ∆, ξs+∆)− u(s, ξs)] (59)

=
1

∆

[ ∫ s+∆

s

(∂u
∂l

(l, ξl) +
∂u

∂x
(l, ξl)b(l, ξl) +

1

2

∂2u

∂x2
(l, ξl)σ

2(l, ξl)
)
dl +

∫ s+∆

s

∂u

∂x
(l, ξl)σdBl

]
.

5¿�

E[u(s+∆, ξs+∆)|ξs = x]
Chapman-Kolmogorov�§

= E
[
E[ϕ(ξt)|ξs+∆]

∣∣ξs = x
] ê¼5!ÝK5

= E[ϕ(ξt)|ξs = x].

E[u(s, ξs)|ξs = x] = E[ϕ(ξt)|ξs = x].

é(59)ü>�^�Ï"E[·|ξs = x]§

E
[ 1

∆

∫ s+∆

s

[ ]dl
∣∣∣ξs = x

]
= 0.

∆ ↓ 0§��

E
[∂u
∂s

(s, ξs) +
∂u

∂x
(s, ξs)b(s, ξs) +

1

2

∂2u

∂x2
(s, ξs)σ

2(s, ξs)
∣∣∣ξs = x

]
= 0.

=

−∂u
∂s

(s, x) =
∂u

∂x
(s, x)b(s, x) +

1

2

∂2u

∂x2
(s, x)σ2(s, x).

�ϕ = δx=�"
�à�y²

f(ξt)− f(ξ0) =

∫ t

0

[
b(ξu)f

′(ξu) +
1

2
σ2(ξu)f

′′(ξu)
]
du+

∫ t

0

f ′(ξu)σ(ξu)dBu,

lim
∆→0

1

∆
E
[
f(ξ∆)− f(ξ0)

∣∣ξ0 = x
]

= b(x)f ′(x) +
1

2
σ2(x)f ′′(x). (60)

-

u(t, x) = E[ϕ(ξt)|ξ0 = x] =

∫
ϕ(y)p(t, x, y)dy

=

∫
ϕ(y)p(s, x, s+ t, y)dy
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K|^(60),

lim
∆→0

1

∆
E
[
u(t, ξ∆)− u(t, ξ0)

∣∣ξ0 = x
]

= b(x)u′(t, x) +
1

2
σ2(x)u′′(t, x).

,��¡§

E[u(t, ξ∆)|ξ0 = x]

=

∫
u(t, z)p(∆, x, z)dz

=

∫ ∫
ϕ(y)p(t, z, y)dyp(∆, x, z)dz

=

∫
ϕ(y)p(t+ ∆, x, y)dy = u(t+ ∆, x)

E[u(t, ξ0)|ξ0 = x] = u(t, x)

�

lim
∆→0

1

∆
E
[
u(t, ξ∆)− u(t, ξ0)

∣∣ξ0 = x
]

= lim
∆→0

1

∆

(
u(t+ ∆, x)− u(t, x)

)
=
∂u(t, x)

∂t

AO�ϕ(x) = δy =� 2

3þ¡�í�¥¯¢þ·�y²
Xe�ªªª���¯̄̄KKK(final value problem).

íííØØØ 18.2. éuk.ëY¼êf(x)§�

u(t, x) ≡ E[f(ξT )|ξt = x], (t ≤ T ),

K§´�§ 
∂u
∂t

+ 1
2
σ2(t, x)∂

2u
∂x2 + b(t, x)∂u

∂x
= 0

limt↑T u(t, x) = f(x)

.

�)"

e�v(t, x) = u(T − t, x) = E[f(ξT )|ξT−t = x], Kéu0 ≤ t ≤ T , v(t, x)÷v
∂v
∂t

= 1
2
σ2(t, x) ∂

2v
∂x2 + b(t, x) ∂v

∂x

limt↓0 v(t, x) = f(x)

. (61)

eξt´�à�*ÑL§�§u(t, x)´Xe�5�Ô�§Cauchy¯K�)
∂u
∂t

= 1
2
σ2(x)∂

2u
∂x2 + b(x)∂u

∂x

u(0, x) = f(x)

.
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19 õõõ���***ÑÑÑLLL§§§ (Multidimensional Diffusion Pro-

cesses)

19.1 ���ÅÅÅ���©©©���§§§£££ããã
dξ

(1)
t

...

dξ
(n)
t

 =


b1(t, ξt)

...

bn(t, ξt)

 dt+


σ11(t, ξt) · · · σ11(t, ξt)

...
...

...

σn1(t, ξt) · · · σnr(t, ξt)




dB

(1)
t

...

dB
(r)
t

 . (62)

�

b(t, x) =


b1(t, x)

...

bn(t, x)

 , Σ(t, x) =


σ11(t, x) · · · σ11(t, x)

...
...

...

σn1(t, x) · · · σnr(t, x)


n×r

.

�±ò�§(62)P�
dξt = b(t, ξt)dt+ Σ(t, ξt)dBt.

19.2 ���;;;���©©©ÛÛÛ£££ããã���ªªª

�x ∈ Rn, y ∈ Rn.

lim
∆↓0

1

∆

∫
|y−x|<1

(y − x)p(t, x; t+ ∆, y)dy = b(t, x) =


b1(t, x)

...

bn(t, x)

 .

lim
∆↓0

1

∆

∫
|y−x|<1

(y − x)(y − x)Tp(t, x; t+ ∆, y)dy = A(t, x) = (aij(t, x))1≤i,j≤n.

19.3 ÔÔÔnnn���£££ããã���ªªª

�{üå�§�Ä�à�¹"½Â1i����VÇ6(probability current, flux).

Ji(t, x) = bi(x)p(t, x)− 1

2

n∑
j=1

∂

∂xj

(
aij(x)p(t, x)

)
.

�VÇ6J = (J1, · · · , Jn)T . �V ⊂ Rn´äk1w>.�üëÏ«�§Ké
ut2 > t1§n�V�ü S{�þ§dVÇÅð(oVÇ�1 ) ��§∫

V

(
p(t2, x)− p(t1, x)

)
dx =

∫ t2

t1

dt

∫
V

∂

∂t
p(t, x)dx
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=

∫ t2

t1

dt

∫
∂V

J · n dS(x)

Gauss-Greenúª
=

∫ t2

t1

∫
V

−div(J) dx.

dd=�
∂p

∂t
+ div(J) = 0,

½ö
∂p

∂t
= −div(J) = −∇ · J .

d=´Fokker-Planck�§"
¯¢þéN´|^þªÚGauss-Greenúª�y

d

dt

∫
Rn
p(x, t)dx = −

∫
Rn

div(J)dx = 0.

dd�§�
∫
Rn p(0, x)dx = 1�§éu?¿�t ≥ 0§

∫
Rn p(0, x)dx = 1"

¯¢þ§ Fokker-Planck�§´��ÅðÆ�§(equation of conservation law)§
§�±VÇÅð§��¡�ëY5�§(continuity equation)"

19.4 ���ccc!!!���������§§§

�Xê÷v�½1w5�¦�§õ�*ÑL§�Kolmogorov�c�§(1��
§§Fokker-Planck�§)�

∂p(s, x; t, y)

∂t
=

1

2

d∑
i,j=1

∂2

∂yi∂yj

(
aij(t, y)p(s, x; t, y)

)
−

d∑
i=1

∂

∂yi

(
bi(t, y)p(s, x; t, y)

)
,

(63)
Ù¥§(aij)1≤i,j≤d = ΣΣT .
Ù�ÑÝ/ª�

∂p(s, x; t, y)

∂t
=

1

2

d∑
i,j=1

aij(t, y)
∂2p(s, x; t, y)

∂yi∂yj
+

d∑
i=1

b̃i(t, y)
∂p(s, x; t, y)

∂yi
+c̃(t, y)p(s, x; t, y),

(64)
Ù¥§

b̃i(t, y) = −bi(t, y) +
d∑
j=1

∂aij(t, y)

∂yj
,

c̃(t, y) =
1

2

d∑
i,j=1

∂2aij(t, y)

∂yi∂yj
−

d∑
i=1

∂bi(t, y)

∂yi
.

Kolmogorov���§(1��§)�

− ∂p(s, x; t, y)

∂s
=

1

2

d∑
i,j=1

aij(t, x)
∂2p(s, x; t, y)

∂xi∂xj
+

d∑
i=1

bi(t, x)
∂p(s, x; t, y)

∂xi
. (65)
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20 Feynman-Kacúúúªªª

20.1 Feynman-Kacúúúªªª I

½½½nnn 20.1. �

dXt = b(Xt)dt+ Σ(Xt)dBt,

PL = 1
2

∑n
i,j=1 aij

∂2

∂xi∂xj
+
∑n

i=1 bi(x) ∂
∂xi

. � f ∈ C2
0(Rn), q ∈ C(Rn), qke."

1. �v(t, x) = E
(

exp
(
−
∫ t

0
q(Xs)ds

)
f(Xt)

∣∣∣X0 = x
)

, K
∂v
∂t

= Lv − qv t > 0, x ∈ Rn

v(0, x) = f(x) x ∈ Rn

. (66)

2. ew(t, x) ∈ C1,2(R × Rn)3K × Rnþk.§K ⊂⊂ R§w�(66)�)§

Kw(t, x) = v(t, x).

½½½nnn 20.2. D ⊂ Rn���k.m«�§ q(x) ≥ 0. �ÄDirichlet>�¯K
1
2

∑n
i,j=1 aij(x) ∂2u

∂xi∂xj
+
∑j

i=1 bi(x) ∂u
∂xi
− q(x)v = −g(x) x ∈ D

u(x) = 0 x ∈ ∂D
.

K

u(x) = E
(∫ τx

0

g(ξt) exp
(
−
∫ t

0

q(ξs)ds
)
dt
∣∣∣ξ0 = x

)
,

Ù¥

dξt = b(ξt)dt+ Σ(ξt)dBt, (aij) = ΣΣt.

τx = inf{t ≥ 0, ξxt /∈ D}.

20.2 Feynman-Kacúúúªªª II

�b,Σ÷v�ÛLipschitz^�Ú�5O�^�"

dξt = b(t, ξt)dt+ Σ(t, ξt)dBt, (67)

Lt =
1

2

n∑
i,j=1

aij(t, x)
∂2

∂xi∂xj
+

j∑
i=1

bi(t, x)
∂

∂xi
(68)
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½½½nnn 20.3. �u(t, x)'ux�gëY��§'ut�gëY���÷v∀t ∈ (0, T ],
Ltu(x, t) + ∂u

∂t
(x, t)− q(t, x)u(x, t) = −g(x, t)

u(x, T ) = f(x)

. (69)

K

u(x, t) = E
(
f(ξ(T ))e−

∫ T
t q(ξs,s)ds +

∫ T

t

g(ξs, s)e
−

∫ s
t q(ξθ,θ)dθds

∣∣∣ξt = x
)

(70)

21 ��� ���

��¤kþL5A^�Å©Û6�§�ÓÆ¶����ù�ùÂÚSK�«�Ø
�ÓÆ¶��Ï�"
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