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Ak

H—= g F AT FR

£ (L) A (N FHBEVISFEY o B R — Sk e, #ilin: ML
3. Poisson 2. Brown 123, HREERMEN. A, X TEA— b A
AN S CR BENLERE) , AT an ey Ab FRASE 5% 2

KT N AT ) — ey SR S e, il IR =
PRAL; 7B RZNT WAV BN — A —2 “4F” R Ouid) Tt Rm, #i
i, FARD s, @SS e 2 A, MImIRATEEW 785 T 7
F2(ODE). Wi 72 (PDE)& . AB4 X L7 VL N AEARTE oA ?

TATZFE R N HBENUEFEY A 2 T 2222 003 ) 58 R AR AT i PR o
M SR HBENL MY X T TR S T RATR AR 7. BRI, &k, M
ZMECEE EoRE A2 “BENLME” 2 Wi TREH AT, M—FRMWEKE X
“BENLE” , FFHEAN. A, MWECEF EX— REBENIIN SR & L T ] ) FEHL
PEFAE “#(martingale)” o AT E X “B”, RATAEAEEH AL E X
TR NS SRR N T HME AR E U AR NS, R
I — UG T R ) A B AT g ey G .

HX, 7 “B” 2, =/ "BEAMRESE “8” 25 UHENSH
[P—ul “HIEET o R L CRRERY MIERERR R, XEEMYLE S,
W: KT Brownizsl, PoissonmiidFEMIBENLIR . A THVR D25, EA
KTFBENA T HE AT, Tto A EM Y THRER 9w 28538470 JE 22 A o
B VxRS 2 )G, IATATH AT LA — KRB G R am e — A “ #1568
a7+ CEEENLER )7 . BD, Tto AR, Tto IEREHTAH —MNRFIAIEAY, TtoBENLTN
3772 (Stochastic Differential Equation, SDE). #1[{JODE. PDE —#f, FATAI LA
HIEXT SDE R 10— R FUAH I ) @1 (1) B 70 R ki SDERIAR 2 V. 1 H,
[[JODE,PDE, @it SDE AT 7] DAk AHIA B 2 IR HLIL S -

1 BMERHNAERSG
a) BEAH AR « —MRELAR AT A IR — MR, 10w
b) RSN A thREAE CEASEE) MEe, Eh0;

¢) Hff(event): EXCNHEASKES, B, QF—AT5HE. REFAKELH
DY BRSNS, Q W —ANFF, BRF 0 hE—1
HAF, ASATREEHEAF

d) FiEH

1) AC B HAPNE - MEAREUSGAEBY, REMFBEE T HMA;

2) Ay A WAL EMF T A EEAT R m AL F ARV AR
XSLEHA, ARIRANR A

3) ANB AB FFAMBIRRIN &4
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4) AUB FHARMBEDH —NRAE
5) ANB =0 HFAFANBAFER K-
6) A+ B (AnB=10, AUB)

7) A\ B FHAKREMEBRRAE

LA ERT DA SR Ie R SR PG IS HZ —BUn. FH b, FHhu
AR IR S .

e) Wi RER - DFEMFRAETRMEINIE. Fik, BREhbs bt as
e QAT ERUVE0 ] EE DRSS R A% E, W
fEL[0, 1] BRI 2o

R, B — DAV S G5 , FRATFE ZEHRE T i = 2%
1. Q: PIraFEAR A S
2. F: TAEROMHEM2E, BEA—EL2KTE
3. P: F—[0,1]

1.1 (Q,F,P) M&ae

HARH, AR ZRE FHIS5 R, PRI R E PESE 1]
FRMNFAI, FHE, o—dk, o—M%, MNBITAARIKEW LF

L AT B FEAE AR, B ATATAT DR AA KA

2. HRATWIRN A, Apz — KA, IATATAT CAHERD AJUALR A Ay, As, -+ A,
Z—RAE, BATRATUMERD A, U A, U UARE: A,n>12—RAE,
U An KA CHIREATHOTEST)

3. BAOMNZKO—NFA(WIEZ0), B, FROZIEZE.
U, FRATIANTE F R 2 AR 1

1. F A7

2. A e F, N Ac e F;

3. FHAL,n>1, A, eF, WU, Ane Fo
£ 1.1. Qe F

PRIZI% 2

1. P(A) > 0;

2. P(Q) =1;
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3. MTVA, e F (n>1), A.NA,=0 (Yn#m), N
P(U2, An) = ) P(Ay).
n=1

PR(Q, F, PYy— %50,

Fit 1.1, PHEREERZ (MER) RENEEZAZZ —. (Q,F)F B &
AR ], A

T 1.2, A ATBQN KT E 2(Q)FHFHER?
1. PZOORK, ARHAET AL RINFATBENEHIN T RRIBENEL,
Bl 1.1. Q={1,2,3,4}
E1: K2:

(1) 7i=2(Q) ={Q,0.{1},---}
(2) Fo = {Q,0,{1,2}, {3}, {4}, {3,4}, {1. 2,3}, {1,2,4}}. Fo¥ AT 7 &
WA RARBERZEN{L}, {2).

2 B—H, (0 P(Q)FT—E T U h— AT 2 A 24 b 8%
.

B 1.2. E{ZLebesguedll F 1 31, %118 77 1F 3 Lebesgue ™ M| H1 & & .

FEIT 1.3, E(Q,F) LW DL SR B E 0 E kA A B BB =

1.2 BENZRE

EARWIL(Q, F, PYJEATIE, W4 R — e okEoR, RlG e S080y
FEAR DR — DR E. HDGZE DR B AT . S 3RATHE & — N EEPLIK
Kr(OLGO)N, ERE BRI (Q, F), BINGZAT —DHAFE, Wt 3T 0 81
A REIA B E AR A FAEIL Fo MEMIZWAL Ve e R, {w: Ew) <z} e F, HI
{w:E(w) <z} € FNIZE—DEATROIIHELF

2 5E LA B ATREAL M 2/, ARG Ban th— S B, A A

L tERE: RS ANRIEREUE SUN:

1 x€eA,
1A(.T) = {
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2. fER'H, WP I XA ) i N AR (o — B o3 SRR A A (
MENERIR), PR ANBorelF M (o8, o3 FAHE), HAbwE—o
TR M A Borel&E . FERH, 1L T I I d—HETT R (1 /N SR 3 (0 — AR
. o FHE)BES (WMPONER) . FONd—4EBorel F A48 (0 — X
. o FE), CHBRY). KPR~ ITRIENd—4EBoreldk.

3. AL ATAESL R AL, HXT T (BUZ S0 KPR 12 573 PR AN 2 vk s 5 PR i B /N iR
B, W ABorel S, H )RR ABorel B £ -

T 1.4, REZT@EHW R, fEARER™H— MBS, fZBorel® ¥
EXFNTHTEZAR™ LB Borel 24 A, {x eR": f(z) € A} € BR").
2L 1.1 MHEE: €w): Qo ROHH, #HZ Ve R,
{w:(w) <z} eF.
Ik, BEATLAR & 10 8 SRR T AT

L 1.5 REME L8R, AL ENEXEFNTXHTERHR L8Borelf
B A,

{w:é(w) e A} € F.

B 1.3, (BHLID €6) =4, i=1,2,3,4 HIEER(QF)WMALES, 212
XT(Q,FR)EnEE, BA {w:(w) <15} ={1}¢ F.

X 1.2. HHHE: Fr) = Pw: w) <), HRAL > B
1. BERBENAR R HIMERD AN
p(z) = Plw:€&(w)=1x), (x=u1x1,29, ).
CESTIBEPIARE: (AT R (o) 2
Fa)= [ ple)de, pleyhei s

[\]

w

. AT RAIBENLR .. .
Bl B AR B 1) — SRR
1. B (INBCE) g uBorel AT p& £

/g )dP(w

By(¢(w)) = / 9(€(w))dP(w).

Q

o b
Y etk Eg(§(w)) = Zzg(%)P(sz)
EGME: Eg(E(w)) = [T7 gla)p(x)d.

4
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2. Ji#: Varé = B(€ — E€)? = BE? — (B€)?; druEE: /Var
3. EEFRE: M(z) = Ee*. HHMKR.
4. BIERBL: o(t) = Ee™.  o(t) 5EMnAn ks —— %M.

1.3 BEHlF=

e = (&, &) T Nd-HEHIFENL &, BIG, @ = 1,---,d YL E. H
H, TRREE.

X 1.3. A FE: Vo = (21, ,14) € RY,
F(z) =P <x)=P(& <1, 8 < 2q).
BHAL ) 52 ) — L A R A -
1. B¥FWE: EC= (E&, - BT
2. T ZRRE: S = (cov(&, §))<ij<a, FoH

cov(§,n) = E(§ — E)(n — En) = E(¢n) — EEEn.

3. R ARE
cov (&, n)

P Vg Ve
4. EWMEEREREL M(2) = Ee®9 2= (21, , 24)0
5. EHFTERREL ®(t) = B’ t = (t,--- ,tq)o
BENLAR RS, - - MBI, R Vo = (21, ,24) € R
P& <ay,-8a S xq) = P(§ < 1) -+ P(6a < q).
W, EaP NNy, - ngQERENLIA B . X TAE R MIn,; 4EBorelfEA; i =1, -+ ,d,
P& €Ay, ,£€Ay)=P(& €Ay P(&g € Ay).

TFRBENLIEE,, - - -, M E AT

1.4 FEAHR e
(e BB, 5] CRBESRIR) URRR A RORRIRE FR AOHIE 20 .
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1.5 FEYLEHE
1.5.1  BENLE R —Fh i iE 77 R

SEEATAT IR IR AT RGN T, AN OV HBENLEREY B &R A%
8, —ABEVLERE R E A — MR (Q, F, P) LR AT A Fe AR SE 1 BE LA &
WB{X,, t € THEOER{X (L), t € T}). THEFEANE. THLLRZFRE. JEfEH
. B BEOR . N TR ER € T, X HHUE 2 HFOIRES 2
[f], 0KS, HPRITTRONIRE.

— BRI ] B X R IR R R AR BAEAE? (S HEHRTT)

KolmogorovAH 5 14 72 BE 103X A 191 26 2% (8] & A7 75 1, i 5 25 Y 37 o ] 44
XA — N F, P)e L, ATUE{X,, ¢t € T}SB{X(t,w), t € T\w €
O} ATLAHEEEAN T RRR T x QBISHI R E(BL) . 4t € THEER, X(t,)&—
ANQ,F, P) LHIBENAE & Mo € QREER, X (-, )& MINTH]S 1)k £ (L),
PR T wBIREARIE

Bl 1.4. ZE—AKBHARE T IALAE, E@ICH]L, R@ITH0, LKA
ALRY AR R B R W = (wwawswy), B P w; =031, i =1,2,3,4. Bp,

(0000) (0010) (0001) (0011)
(0100) (0110) (0101) (0111)

(1000) (1010) (1001) (1011)

(1100) (1110) (1101) (1111)

MAFTAEETFHAX(Lw) = w o Bl X(3,(w1w2w3w4)) = w3, ¥ HERM,
X(3,(0010)) = 1. Bk, Q&K

{07 1}4 = {07 1}X{O7 1}X{07 1}X{07 1} = {w = (w1w2w3w4>7 Wi = 02&417 1= 17 27374}
REMT{1,2,3,4}21{0, 1} 69 B AT 24K,

— e, - AVIRES R RSB RE{ X, ¢ € T}, QA UBURST =
{T2ISHIM } (2L, FAMSEF, PRGN R — SR HUE A (Q, F, )X
TRAIWETERE LI RE A0S 1152

Hid 1.6, £ FEy AL R E S QF LURZST W LI ST A 7] LU ST/N

1.5.2 5B, FHEAHTR GET) KRR E

£ CRENLIES B, 5 “EE IR AR, BT AEE TR, AATIASBERS B T
“IBENT RKRK B o EANLERAEEE R GERMIE) BE SR
TWEARAR” o T LERE R 25 (8] FORE SR T R B E SOX A “f587 7 Xt o — 403
Pio AERXHL, FATBCH T i fay B ] 5ok B IX — AR

6
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S = X — LS, FEA R 2
Q = {000,001,010,011, 111,110, 101,100} = {0,1}*;

FEA R i = (wiwaws), FHETUICN F = 2(Q).
FESSE T2 B, SRR BRI A R A4 7 R4 AT
i, T AR, we Q Ho ¢ 0. B 2 5T TRAT AL R i 1
WOERD NF = (Q.0).
ORI SR, BARIRATTRAESE AR w, (EIRATTAT DRI w BORRAY “f5
B . it ERATAE Tw = 1, WFRATT DI A AR (SR 2

we A = {FEWRIEM} = {111,110,101,100}, w € Q,

wé Ay = {F UM} = {000,001,010,011}, w ¢ 0;
Fw =0, Kl

we A = {EHEURIEM} = {111,110,101,100}, w € Q,

w € Ay = {H—IWRTH} = {000,001,010,011}, w ¢ 0.

BRI, M2 — s fm, XTI —MEARw, RIS Ewe A, Ae
Fo= {00, Ay, AV BT, R, RATEEEEIF, C F C F.
BE IR, B E, Fw =1, wy = 0, WA LLAERT H 0 FH (S
B)H
w € A = {100,101}, w¢ Ay = {110,111}, weQ,
w ¢ Agy = {000,001}, w¢ A = {010,011}, w ¢ 0,

If HoT AHEST o B8 TRXIULAHFAF RS IF R bR IF . X
SERAEEAS L PN SLEA, AR N &, B, S REHERT W R T A,
AR BT, AR — S,

FZ - {Qy(byAhAOyA117AlOaA017A007A(1:17A€1:07A(C)1’A807
A1 U A, A1 U Agg, Ao U Agr, Agt U Ago b

FFE, #Fw = Lw =1, w = 0wy = 0; wy = 0,wp = 1, FATATLLEITE AT
e R FHA N Fy. B, BEBE XS AT R BIREA siw, FRATEGE AT B X B
A € Fos we ARTHAL. M, BANTEERESRF Cc FL CcF CFo

A, =R WA G, T ERPIFEAR fw, ARG A B X T1E
%E:E/‘JA € F3 weE A%éﬁij, ;H\:E'jfg = gZ(Q)o JHQHTJ" ﬁﬂ]ﬁﬁ'ﬁ%’??”?@ C Fi C
Fo C F3 C Fo

F—HET =7,5 ={0,1}, BIeEHss 2 bdm, Q] LUK

Q={0,1}"" = {ww = (Wiwows - - - ),w; = 08K1, i =1,2,3,---}.

Fo=1Q,0}; F1 ={Q,0, A1, Ao}, HH, A ={wjw; =1} = {w|w = (lwaws - -+ ), w; =
081, > 2}, Ag = {w|w; =0} = {w|lw = (Owaws - -+ ), w; =0,81, >2}; Fp=
s FoBEHUR L F, Wi NEHE (HEAR2(Q) o« HBANATUIF = Fooo
g, BATKIL (Q, (Fo)us1, F, P) ATLAEG(Q, F, P) S 4 M ik 55 22 Vi i AN BE AL
w5 (AL RE) -
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PR L7 EERFRF, HHFT LN P, 47T DURE K

PR AT e B ALt R T, FRATT 38 FE 5 R — A T IR 2 )(Q, (F)ser, F, P)
(Filtered Probability Space), i@t < tofif, Fi, C Fry C Fo (F)eer M NEAF:
R (o — B, o—Iki) Bk T

FEid 1.8 EAF2AKMNEF] (LAENTE) HARFROTE=E? &
AEA LM R P EE, HBRTEN “ B4 RBR” « AR BRI
MAZE, TRERNEEZEAREERAT .

2 T EARKEYIAR R 2 EMGauss R

HeE R R BENLAR B — A AR, SRR & BUE BF K, H
A B B BN AR Bl R A . WIS ERN T % 7 ERR TR
WA T HEBCA BN SR E . 72K, SRR B “BEiL”
fE— R LA RENIL R “RENUIE” B —Fhzim. B, E—ERE B
WA Z DB R IER R RENLIL R . A, (EGRINZ PR, 7 Z A i
WA E AR O RS B — A E . RATRIE, BB R R A R
I, BB T % e e B, AT R R — KRB & A A
AREREA S5

MR 6] (Q, F, P) LA IR, & U7 2 BRIk BEYL AR & 24 s oS
[ECNL2(Q, F, P)(BLL(Q)).

B, MZAE CaaAQsD) B (LB ARH) A IR IR 18] (Euclid 25 TH)) RO B 25
DR B 25 T A A ) 22

(1) Zeth=r il
(2) WA x= (21, ,2za)"y = (y1, - wa)", (xy) = Z?:l wiyie KA, T
LIS SUREEERS: [l = y | = /S0 (s — )? = v/ =y, x = y)

HEid 2.1 RREBHEXARLRBETAREE, ARFMRKKEFH KR
A8 3t AT WA AR R

Hid 2.2, — MW EAUZEFHEHARENLZ: (x,y) B HRR L%
AL, HiE R (1) (x,x) >0; (2) (x,x) =04 A %Ux =0,

%ij:i L2(Q,.F, P)@%—/I\EKEE?I‘EU; E]]

(1) &PE2siE. #i¢,n e LA(Q, F, P), Bl E€2 < 0o, En? < oo, M I 7E R25E R,
R, b e R,

a?EE? + bV’ En* + 2|ab|E(¢n)

a®’E&* + b*En® + 2|ab|\/ EE2En?

0

E(a& + bn)®

AN VAN VAN
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(2) MR, AILAELA(Q, F, P) L LARL: XTFARERIE n € L2(Q, F, P),

(€,m) = E(¢n) < \/EEEN < 0.
TRZS 2 B (&, m) Wi/ N AR E Lo BRI EGHE 25 08 XN

1€ =nll =V —n&—n) =VEE—n)
SE, IXELRMERIG T AN BEN LA I T R .

Hid 2.3. EEHFRERKZE A FE, LX(Q,F,P) —HELEFERANST, F2
M — 4, (EM?(Q F.P) # THE—ATRARRAD “25R7 &4 RT7)E
W, L*(Q,F,P) 22— MLFHFLERKEM,

AR 2.4 BRED T cov(e,n) ENMAKRE Gy 27 “KUEBRE 01—

“EE, AFATURLR? ERRAKKZF T, S0 2RAAHEX

PY 2 ARAT, TUEWAXEY bk E A AN — LS.
(3

ﬁﬁ%%ﬁr=7%%%%;|H<1$iiﬁ%%Am%XﬁYzﬁ%ﬁ%

REX—MRAELFERXRRZ B PR . Hik, =LA Ecov(E, n) M %
RErRZTHARAE EZ A “KUEMEKR” WEE.

EX 2.1, ELX(Q, F,P)PHMEE R IR AR € L2(Q,F,P), =%
Ln — ocofit, A& —&|| =0, BPE(E, —€)? — 0, LHRMME Z A 7693 5k
o

X 2.2, EL*(Q,F, P)F &M E = /5 3{, AR A Cauchy 551, =X Ln,m —
o0 H:j-’ 7E||€n_§m||_>0°

PR 2.1, L2(Q, F, P) &4 & Cauchy?| & A IR, Bide RL2(Q)F S HME &

F3l#An,m — oo B, BH|S — &l — 0, MW—RAEE L(Q) FHTEE 1
€, — €l = 0o Bk, L2(Q) BZA&H, BILA(Q)2—AHilbert s 14,

FEid 2.5 TMEMYRNUEEREREERFHETE AT,

2.1 Gauss7-fii~ GaussRMGaussitid

EHEARBRMBENZE (L= KX, - RERABEHILEE (LR
), XM Gauss S ARIFENZE (HE) .
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S0yl >/ >

i < d)AFH, K
)

&1 o= aum+ - F a0

\ &a = agm + -+ QamNm + a
AR d— AL BE — (61, -, €0) MR d— 4 Gauss A, FAE RS X

E=An+p A= (ay)i<i<ai<j<m b= (1, pa)’ .

Sl x) >

1 H, HEBEES =u, (ph—dR&E); WITEERE S =EE—pn)E—p' =
AAT R ZMEE T

WL 2.6. RuNdEF W E, SHdEFREEMRE, Vi= (t,--,t)" €
R%, LA

o(t) = exp{ip’t — %tTZt}
7 R AE R 4 B 7 BB AR A d2E Gauss -7
2. HLAWRS, BN (24, £I0) IERS (Normal)
) = oy enlg e )
Hr, B3R SHATHI, 18 ~ N(p, D).
3. MM GaussZr AT IBENL A &, FROAYGaussBEALIA & .
Fid 2.7 & T Gaussg M EAS A, RATH
(1) % (FHE) o TRIEALT, BN 7 ZR0HGaussH i o
(2) EAams2 TRMH Gauss 01, RANRAFELS AT E. — KW
Gaussg i Al R A i e — MREWNEFE L. ESHHKAr, r<d, NXa
BMESHEFE—ArETFZE L, BT~ N(p, X),

(3) &&= (&1, &)TMNd—EES A, MEEREWNrE (r <d HIRSH
E%Téﬁﬂz%}éj\ﬁ’ )7/\2,2:%0 &T@J:
1 x

N

plx) = \/%677, rzeR
cosr |x| <
g(z) =
0 |z|>n
ple,y) = B(@)6(y) + ——eg(@)g(y) (v,) € RE

Ve
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M 2.1, (1) ERMAEGaussH FN (1Y), CAm x dE4EE, bAmk @&,
NCE + b ~ N(Cp+ b, CECT).

(2) 517 527%%/]\7}:H£Ziiéﬁd—gﬁlﬁﬁm£%, %51 ~ N(ul,Zl), 52 ~ N([LQ,ZQ),
)
&+ & ~ N + po, X1 + 2o).

(3) —#hGaussFIMEEE, AARESHEMETE, RFHFHK
Ee* = exp{F¢ + %Varf}.
(4) Gauss FAAL@ B3RS AAS A FH M, BF, &, ~ N(py, B,), BEARD T
WBEIE, (6, 5 €), B A% HAR 3 a9 4425 2
e, (A) = Be™ & = e(\) = Be™'§,
W B A, S A — 1, D — 8 BE~ N, X). #E—F, 260 5 e(4507
B ARAEF NS, MM S ¢ BERMGaussH 7.
A 2.2, F @4NAGRI L F N
(1) MLm= = (&, , &) T RAAEGauss 757
(2) S FHEEay, - aq, BHEAEY L | e &K —% GaussH T
(3) ERMEIEEH p(N) = Be'E = N hma VB,
(4) EHO4EEFHH M(z) = Be” € = 7 h22" 2,

EX 2.4. BT E%{E,t € [VRAGaussF, e R FHEENABAEE L ty, -+ 1, €
I, AL = (&, -, &, ) RAGaussh Mo dmeRGauss R F IR ET = [0, +0),
W AR A Gaussit 2.,

E X 2.5, BALIAZ{E, t > 0}, BERHELRRONE, &w)htedHak, HATET
AR B A,
F{,t > 0 AR ART £, Bpx THEE: >0, BAvaré, < +oo, i

M<t> - E&, R(S)t) = E(£s§t>
C(s,t) = cov(&s, &) = R(s, ) — p(s)u(t)
|45 {6, ) 80 AT 3, AR & Al o £ B 3K

2.1, MALEAZ{E t > 0} R Gaussid £2, F BHAR G A4 &R RN %] 6944 &
BP0 A 09 0 A AR A Gauss r, BPAT TAH &n, & FHKa,aq, -, a, ZAAEZ B
Wiy, e, tn, BT Za 16y + aslo + - + 0l RF AT, XRHF RAESH
¥

R

11
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Xt T Gaussid £, HAE b8 B O s 82 2 A E 16 1A BREE ) A ik
Bl Gaussid 72 M AR 56 45 H L 3B B BRI Wb 7 22 BR BT TR E

EX 2.6. MFE{E te N ARAART £, IRALX(Q,F,P)F e TFTFELYE) =
&t e [P HEBABAMAAEGEEBAE}, HRHA{ te [MHERMKE. LEAE
BLA(E), B3 THFTMMBIHGRNES, B, #EFn™ e L), Eln™—n* -0,

My e L(€), AMALE) ALt € VARG, MRAMMMR{E t € [VAIRMH T

8,

A 2.3, GHHM®) wR{g,t € [JRGaussF, WA FTERMELEZHLE)L
AGaussF, BPLEALA(Q,F,P)dg—AH T2 H, LE)AFEE—Hiberts
A

s 2.4, (Rsid)

1. #{&, acl}yb{n, Be sz, MALE)BLMnkz, (FREESAHR
AMTEERGEAMNGZIRZ)

2. H{&, ns, a €1, pe J}}RGaussF, W{, acltb{ns, e J} Fhrz &)
K& A I TAER B B cov(Eas 1s) = 0o

3. FGaussF{&,, a € I} BGaussF{ng, § € JpAE Ik, A AL, 1, a €
I, B e J}}AELGauss% o

EH 2.2 {0 R —PGaussiT 42, XA TAEFGIAA
lim Elg™ - &|” =0,
n—oo

DI'] {ft}tzofiGaussiiﬁ_o

Al 2.5, WE = {§,t € [}RGaussF, XX, € Z, Bdin — oo, §, MBI
-/jiéljfo, D\‘hlllmng)oo E’gtn —_— 50’2 = Oo

12
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o SRR

FAVE AT

Bl 2.1 E—AREOHA P, EAREN @ EAHFOERRE T —ROHF
2. RAETEE, AEEG, XHHENREHEEANH G ERLITAL . I
M AR —AKFEANE T, TUAATEANEE: —, &

1 FEATAF Bk EF
M =
—1  EAHmIFERIEE.

EBEMAEBRE, n=1,23, - JRBIRASHGENTEFI, =, FTig
“HRBATEERIERNERIE T —ROHEELR” , BAEFKRTEN, AR
FERTE n— LRAE R, LA FnR B EAN @ — LR (R AL) 654

bn(fo, USRI 77]n—1) (gﬁ% = 6%(507 §1,82, >§n—1))

W F—F kiR, KA 5% R HOY % A — A Boreldh £, XA T Ak PRAED, K
Ho, REMEZ, A, FnkiEHFBEEAMAHEAEA

gn = gn—l + bn(€07n17n27 te 77]n—1) *Mn

= 50+Zbk(£07771a7727"' Me—1) " Mk - (1)
=1

MAEZE, ARK=ATORAZLALE THE “FR” .
W= 12,y 0 F T =12,

Bl A&, Eik &R, KRAMNZEHHER “CRE” 7 SR, ZH®AESIERMN
R BRI “CRE” 2l T AR, KA s a2 & AR
RAER “RE” by(Coom,mo, - 1) 2B BAMH RIS TV R? MAMB
FR A HOR R A AR AL, MRABATEn — DRI WA —A T R (F
)" f(€o,n1,m0, - 1) R B TAERR R AV R EE, M, R

f<€0777177727 T 777n71) - fn,1 > 07
EaEA T AR AR de R

F(&osmsm2y o 1) — fg{( > f(§o, M, M5 Mne1) — fn 1 ; (2)

A TR OG A “ReE” bR WagdT, AT ALK AGHER Rk
*'Flio

13
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fe M AT, &AA%TM%*4“ﬁWﬁw@ﬁVf@mmm~wmQ
WHT HR? SARRZZR - “REMMN T E(DHEK)” , EZA “RERNF
R T, EFR)EHRAE, BT AKIZHS R R K Z a9 <R
By *'F&T

R AE R BA, 2R CRETMF E(HR)” ? KA o TG
RAREN, “REMMTEHH)” BHER RERDT W, LA Xikw
A, TR, AR, HTHHENREZTFFIRE! EREKFHES
A, BRIEMN BB R BEH” d(,), BT CRETMN T E(HHK)”
Fosm,ma, o s 1) RLIZH A, FTTFAEE—AS “FM T E(HE)” g(Co, 1, M2, 5 1),

d(fna f<€0>77177727 T 777n71)) < d(fnag(&):nla M2y 77771*1))' (3)

Ht, 4o REMEA —ANZIHGRZARBEA ), BT Co,m,n2, - 1)
&. Bt F AR EARE ()BT O “RAAETN FE ()" f, d= R KA

ERAFEINF XE), ARABMETALRKRZGHER k" R FET.

AT ARG — AR T .

Bl 2.2 ZEMIEE (X,)Y) ETANT Ak E. &M% FE DX HFHP
A, FiF—IMANSTE, %ﬁ%lw)&(jw@)éﬂd&ﬁo PR R —AEATXHH
HFX), BARAX)EYZRARE. BIAFQFEAKNE ZRE—/NE £ 6FH]
R, LA —F “HEE” R BB (), EFFTHEEHBorelFHg

d(f(X),Y) <d(g(X),Y) (4)
EX 2.7 XYy, Y ABMERE(Q,F,P) LM EE LHLEX? < oo, #F

mYy, Y, RGN EZF(Y, - Y )IXETF Y, V5 BHEH2,
%f(}/ia Ty n) ”ﬁ‘ji

1) Ef*(Yy,---,Y,) < oo;

2) ’f{'%éﬁg(m’ aYn) € LQ(Qvo-(}/la}/Qv'” 7Yn)7p)(’ﬂ?‘§/[‘7%i)f‘g”%iEg2(}/lv 7Yn) <
00), T RMRZ

Ef(Yy, - Y)RAE[X|Y, -, Y]
Bl 2.3 W(X,)Y) ABRBEENLE, E2HINAPX =Y =y;) =pij, i =

Y =y
Lewoon j =1, m, BB=Zp; > 0, KE[X|Y], HM& fY), 133 FAEE
#g(Y),
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f#: Hok, EAVE

fly), Y(w)=u

YHIABRA AN P(Y = y;) = 32 pyg, Tl
=1

E(f(Y)g(Y)) (5?( (B [X\Y] (¥))

- Z F(y; pr Zzg% f(yi)pij = Zg%

j=1 7j=1 =1

= Z%’g Yi)pij
0,J

R, X

RN E 715
E Zf(yk>pik = J Uk szk
E(Xgr (Y Zﬂ?zpzk
R, e
inpzk
flyr) = > (XY = yi]
T
(> wipa
ZZPM ! Y(w) — N
fY(w)) = EX[Y](w) = :
22 TiPim
Zzpm 9 (w) = ym

y] Dij
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EXY =y, Y(w)=un

EIXY = yml, Y(w) = ym

= Z EIX|Y = y;]1,(Y(w))

O

Bl 2.4. X(X)Y) IRAE E R/ Ap(r,y) 9EZER AR, BB Ep(r,y) > 0,
(r,y) € R? EX? < oo, KE[X]|Y].

. FHor b, BATRTFER— A Borel MR f, HHE[X|Y] = f(Y), #HE
FFAEEMg € L2(Q,0(Y), P),

E(f(Y)g(Y)) = E(Xg(Y)).
Y WIILBRE EE Apy (y) = [ p(z, y)de, HARESMER Ry, py(y) > 0.

B0 = [ aw)f W)y
E(xov) = [ [ sty
= /R (v) </Rfcp(x y)d:v>d
B Ag(y) MOEREME, s Hcn i
Flpr) = [ aptaie

N Jezp(x,y)

_ Jrp(z,y)de
Hfy)hERY = yWNXH KA HERE, HABX)Y = y). ANEX|Y]L
NEXY =y)ly=y, BHEX[Y]= EX[Y =y)ly-y- o

Bl 2.5 (X,Y)IRA=TESHH, E9HEF4T
1 1 (x—a1)? 2r(x —a))(y — as) (y—ag)Q]}
) = - ' - +
p(z,y) 209V 1 — r? P { 2(1 —r?) { o? 0102 o3

ay, Qg, 01, O2, T7"‘7 r'%"_#[? o1 > 0, g9 > 0, |7’| < 1,

aq O'% ro102

Qo r0102 U%

16
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e SR ME(X)Y = y), MESF(y). RANE R, WEREC
Y = g% R, XA Ry

pX\Y(ZE|y) = almh P {_m ' [x - (al +7“Z—;(y - aQ))r}

Bl & IEAS A N (al +r2(y —az), of(l— 7"2)> WBLEX|Y = y] = a1 +r 2 (y—
ag), EX|Y] = a1 +7Z(Y —ap) &Y B PMEMEREL, WEX|Y]iEE P IES

2
%ﬁa /\Hﬂé_ ai, 75%—’/’ 0'1, .JJ:[:/\IJ_I @i&j"j

exp ( _Eoa) >
21202

1
\/ﬂwfﬁ O
3 SMEBOEIIE I SURIRE R (T)

B 3.1 (B RT) ’X, Y, YV A BERE(Q,F,P) L RAE Z, %
RE|X| < oo, fAR® — RéYBorel &y 4, #Rf(Yy, - YV )AXKTF(Y1, - ,Y,)80 %
B FEE, &

1) E|f(Y1,---,Y,)| < oo
9) 3 F 4% tne A R Borel B3 g, T Xk 5
E(Xg(V1,+ Vo) = E(f(Y1,+ , Ya)g(Ye, -+, Ya)). (6)
EiL 3.1 EX(O)EN T THEESnEBorel £ A,
E(X1a(M, -+, Ya)) = B(f(Yr, -+ Ya)la(Ye, -+ Vo).

Bl 3.1. (X, Y)ABHRAEMEE, EoHoH

xl) yj

HARZp;; >0, FE|X| < 0o, KE| X|Y]

Bl 3.2. (X, Y)IRAEEHEKAp(x,y) >0, (r,y) € R? E|X| < 0o, KE[X]Y].
fi#1: %ﬁ?(h(X),Y)E’Jﬂﬂé/\/\?ﬁﬁJ FEFI 81 (3. 1)) o 7 v BT
fR2: EEIERX)|Y](w) = ZE( (X)Y =y (Y(w))e  HSEm @

W T SRER(X)]Y =yl waﬂY—%ﬁM)mﬁﬁﬁé M FH 4] S5 i 2 10
B, JesRBERY =y, XA i8]

Pij
P(X = m]Y =y;) = 2

[&.°]

> Dij
=1

17
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PR, N
Z h(z:)pij
Eh(X)Y =y)) = =%—.
;pij
(Al N
0 Zh(xz)pw
Elh =) Ty W).
=t > pij

=1

O

Bl 3.3. (X, Y)IRAEEH B Ap(r,y) 9 E LB, Hp(r,y) >0, (r,y)€
R2, h(x)H Boreldi#, #2EW(X)| < oo, £E(X)[Y]

TAVAIE (h(X), V)R RSN, FTH1 B2 TR (h(X), V)
B 5 1) 7 VRIS EEWJTWJ*{WI

() Y](w) = 322 o =

BAE R AL — FRAT T
e RUR BRI S R SEERE (| E(X)|Y]]) < oo

fR x)p(z,Y)dx
Jep(x,Y)dx

= /R fRpr , z zxdx [/Rp(x,y)dx]dy

(
< / Ju I xg'p”dx [ /R p(, y)da]dy
7)

px

_ //|h (e, y)dzdy = E|h(X)] < o0

IGIEXT TAE A St Borelifi#lg, E(h(X)g(Y)) = E(E[R(X)|Y]g(Y)).

// p(z,y)dxdy.

p(x,y)dx

B(ERCOM) = [ fRfl'xydx o) [ [ ey

:// p(z,y)dxdy.

18
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Bl 3.4 AmEHMERLF, BRNBFHFECLEHA RATEHB 548
£ P(B|A), IR A4lT AL SR FHRENEST RET? £01L

X =1(w) Y =14(w)

(X, Y)W IR0 7 A

(1,1) (0,1) (1,0) (0,0)
P(ANB) P(ANBY) P(A°N\B) P(A°(B°)
)

EX|Y](w) = EX|Y =1)1a(w) + E(X|Y =0)14(w)
P(AB) P(A°(1B)
= P(A) 14(w) + P(A) Lae(w)

= P(B|A)14(w) + P(B|A9)1 4 (w).

EANXRTF AL H THEAREN, BPwec ARNRBR AW SHBE, M AR AL H
THARKAEN, Poe A B, BRASHKHBRE,

ABE, TERYRRENEE®Y, - .Y,), yREEEW, - ) B
MEX|Yy, - e RNE[XY], E(X|Yi=uy, -, Y, =) IENEX]Y =y).

HHR 3.1. (22 X) E(EX|Y]) = EX.

Bl 3.5 X(w) = 1aw), Y ~| " T 0. msitas

pl DERIEY pn DY

EXY](w) = EXY =y)lyy(Y(W)) + -+ EX]Y = yu) 1y, (VW) + -
= PAY =yl (Y (W) + -+ PAY = o)1, (VW) + - -

E(EIX|Y])) = PAY =y)E(1y (Y(W))) + -+ PAY = y.)E(1y (Y (W) + -

)
= PAY =y)PY(w) =y1) + -+ PAY =y, ) P(Y(w) = yu) + -
= P(A) = EX,

B M AR RE A A B F N Ko

19
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il 3.6. ix(X VRESABMNET Z, HFEDHHAp(r,y) > 0,(x,y) €

R?, px(z) = [gp(z,y)dy, py(y) = [zp(z,y)dz.
z)p(z,y)dz z,Y)dzx
mh%aBorvec, B(h(X)Y = y) = Ef08ene - plh(x)|y] = Epapoe,
0 & RB.1E #

ER(X) = E(E[(X)|Y]) = / E(RX)Y = y)pr (5)dy.

EHAFSEAMMNET LI Z AKX, RAFCLSE THRSHRSFHZETH
b & 22 AE 69— AN I ik,

Bl 3.7. FRMMNETEXEY IS, AR RAEKAINGuRBE»H, &L
MALE &

1, XY,
7 =
0, X>Y
KEZ.
Xe™ >0, y>0,
figt - pxyy (zly) =

y JiAeMde =1—e ™, y>0,
E(prenlV =1) = [ px(aly)de =
o 0, y < 0.

EZ = E(E[x<n|Y])

00 y
—/ </ pX|Y($’y)dx>M€_”ydl/
0 —00
A

A p
O

il 3.8. HMMEZXRMA0, 1] L6395, MARMEZX = FH4HT, ML
TEYWEHSHAN(z,2%)e KEY, var(Y),

(y

[
i pyix(ylz) = ﬁe w2, BHB/EY|X =12) =1

BY = B(EYIX) = [ BYIX = a)pxlado = [ ado =3

var(Y) = B(E[Y - 371X)

20
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1
1., 1 ymo)?
- / / (y— o) —=c = dydo
o Jr 2 omx
1

1
= /(2x2—x+—)dx
0 4
_
12

BT 3.2, KB G R
(i) &a, beR, ME[aX; +bXo|Y] = aE[X1|Y] + bE[X,|Y];

(i) #X1 > Xo, WEX|Y] > EXo|Y]: £X >0, MEX|Y]>0: |[E[X]Y]|<
E[|X||Y]

PR 3.3. FhAngBorelh#k, HEWY)| < oo, MERY)Y]=h(Y).
R 3.4 (X5, X)T(= X) 5, - Y MERS, B3 FmZBoreld
#h, HEEMX)| <oo, W
Eh(X)|Y] = Er(X).
B 3.5. hAn4Borelf &k, #HZE|h(Y)| < oo, E|X| < co5E|h(Y)X]| < o0,

1]
E[h(Y)X|Y] = h(Y)E[X|Y]. (7)

#—, §eE N KXFE
E(h(Y)X) = E(h(Y)E[X|Y]). (8)

Bl 3.9. (#43.8) Kcov(X,Y)o
fl#: FNE(Y|X =2)=x, FIBAE]Y|X] = X,
E(XY)=E(E[XY|X]) = E(XE[Y|X]) = EX® = %

M, cov(X,Y) = E(XY) — EXEY = L.

PR 3.6. 0(Xy, -, X)) AX, FhAmBoreld sk, RLERA(X) <oo, N

E(h(X) — E[h(X)|Y])? < it E(g(Y) — h(X))?
Eg?(Y)<oo

21
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UEHA
B(g(Y) - h(X))*
= B((g(Y > E[h(X)|Y] + E[A(X)|Y] - h(X))
= E(g(Y) - ElX)[Y))* + E(E[MX)[Y] - h(X))*
+2B((9(Y) = EIRX)[Y]) (B(X)|Y] - h(X)))
= [+ 1142111

BRIt A FFUEBHITT = OR[WT

[ = E(g(Y)h(X)) - E(E[h(X)|Y]h(X)> - E<g(Y)E[h(X)|Y]) + E(E[h(X)|Y]>2
= [IL, — L, — I+ 11,

111, = B(g(Y)h(X))
11, = E(WX)ERX)Y )
(X)

h
X

=

E|
h(
X)

Il
&>

(Xl

111y = B(g(Y)h(X)) (FIAF y;ﬁ:.aﬁzt%'

I, = E(E[h( VE[h(X |Y‘Y]> (R ibﬁlﬁﬁi%)
(h X)E[h( |Y) CRIF 428 A ).

WIIT =00 RO, O

W 3.7. (BB, M) ZE|X| < oo, (Y1, YI)HAY, (Z1, - Z)NZ,

E[X|Z] = E[E[Xw, Z])z} - E[E[X\Z]‘Y, z].

EW . WMmB.s, SHEE[E(X|Z]|Y, z}_E[XyZ] T IHE I 58— AN 555
S, HIR %LﬁE[X|Z]7'jE[X|Y Z)RTZH MU I .

(1) BRE|E[X|Z]| < oo;
(2) WTAEERA S Borel ki ¥y,

B(ElX|Zl9(2)) = B(ElX9(Z)/2Z))

)
E(E[X|Y,Z]g(2)> _ E(E[Xg(Z)yY,Z])

22
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HERR 3.8. 38(X1, -, X,) WX, (Yi, Y)AY. ZEWX,Y)| < oo, EhX,y)| <
o0, X E[h(X,y)|Y] =g(Y,y), M

ER(X,Y)|Y] =9(Y,Y).

AT A
EMX,Y)[Y] = E[MX,y)[Y]

y=Y
HALXEYMEMRE, Eh(X,y)|Y] :E(h(x,y)) = g(y),

ERX, Y)|Y] = g(Y).

IR
(X, Y)[Y] = E(h(X.y)) .
il 3.10. (438, #RI) EALEX R,
WEB XﬂL$EME’JB0rel7§5’? éz&f%ng,
Y
2 R R
Y 1 _w=x)?
QUELI /Rmme a
Y B Y 1 _(yQ—XXQ)Q
BlrCI| ) e v
Li=% ~ 1 _(11—21)2 _
= /Rf(y)me dy=Ef(Z), ®¥Z~N(1,1)
WE([f(%)|X] = Bf(2). THEF(X) = Ef(Z). M35

B(f(5)0(x)) = B(E[f(5)a(X)[X]) = E(o(X)E[ ()| X]) = EF () Ba(X).

Bl 3.11. (@2 HR1) & P(n, =1)=p, Plpy=—-1)=1-p=gq, ZbFRAF,
n+1
Sns1 =& + Z b (&0, M1y s Me—1) M
k=1
*E[§n+1|50; Ny - 777n]7 EP*@LH 7‘%{%(50,771, T 7TIn)é{ﬁ”ﬁ’\m"J‘575’5}5io
fi#t:

E[€n+1|€07 M, 77771]

n+1
= E|:§0 + Z bk(&)a Ny - 777k—1)77k 507 (/AR 7nni|
k=1
n+1
- E[§0|§07 [/ Jnn] + Z E|:bk<§07 (/R 7nk—1)nk‘§077’]17 e 7”71]
k=1

23
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(1) &R (o, s+ s ma) HIEREL, WLE(SolCo, -+ 5 1a) = G0

(2) k< nl, b(&o,m, - )M (o, mu, - -+ 1) FIBRE, TN
Eb(€osms -+ s =)0kl 05 M1 -+ o0l = br(Cos s+ s 1)k

(3) k=n+ 10, kB4 M5B

E[bn-l—l(é.(h M, 7nn>nn+1|§07 /R 77771]
bn+1(£07n17”' 777n)E[77n+1‘5077717“‘ 77]71]
= bn-H(SOa My 77771)E(77n+1>

S}
El&nlSosm -+ ] = §0+zn: b€y -+ 5 Me—1) e +0ns1 (o0, -+ 5 100 B (1)
Hp=q=3,

El&nlSosms -+ ] =& + i bi(€o, 1+ 3 k—1) Tk = &n

=p > q,
E[fn+1|§0,771>" : ann] = Sn +bn+1(€077717' o 77771)(]7_ Q) Z Sna
=p < q,

E[£n+1|§077717" : ann] = 571 +bn+1(507771>' o 777n)(p_ Q) < Sn'

Bl 3.12. defT A A RCF AR R L E KR (1LA42).

{Xo b A DBENLE R, RESEEANS = {1,2,3---}. (NHBEHLERE) &
W E LSRR XN TR ZIn, EEKL,eS, 1<k<n,

P(Xn+1 = Z’Xn = jnaanl = jnfla T >X1 = ]1) = P<Xn+1 = Zan = jn)
B S TR TR S B A Borel (R £

E(f(Xn+1)’Xn = ij Xpo1= jnfla e 7 ) ( ( n+1)‘Xn = ]n)
R BAE AT S5 A B Bk Bk, FLseatnl DABE N
Elf (X)) | Xn, X, -+, Xa] = Elf (Xn40)[ X5] (9)

DRI AT DLE R 25 5 IR — N8 L AREEAMEAZ{ X, }o A — AN D KAE, BT
FAEF A R Borel &2 f, (0) Xmo
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4 KB R R (IT)

{{w : X(w) € A}, A € BR)}#RH I X £ R 69 F 4R (0-K ), ZHo(X)e 5
ko (X) C Fo

R 4.1. BEA(Q,0(X),P) L8 —AEMEZ, WAL —NBorelZ i f, 1%
BFFW) = f(X(w)e RZ, ZEfARL&Borelddk, N f(X)AH(Q,0(X),P)LeyfE
mE=

(Q,0(X)) = (R, B(R))

B
F
mw

(R, B(R))

Ho: (Xi(w),--, Xa(w)) € A}, A € BR") J A B (X, X,) £ RS FH
BW(o-RE), BAH(X), . X,)e HiEo(X1,-- -, X,) C Fo

W 4.2 LA (Qo(Xy, -, X,), P) L —ARMER, W AHAE—AnsBorelH
K, BEFF(w)=f(X1(w), - Xn(w))e RZ, FfAnZEBorelhZ, W f(X;,---,X,)
A(Qo(Xy-o, X,), P) Lo L&,

(X1, Xn

(Q.o(Xy, - X)) L (R, B(R™))

F=f(X1,",Xn) f
(R,B(R))
FX 4l &{X,t € AQF P L —kMNEE, Hasb{{w: X, €

(a, bi)},Vt € I,Va,, by € R}E R $4ﬂfﬁ«(a RE)A{X,, t € T}ERFHB, T
y‘JO'(Xt, t € I)o

Pt 20T AL @- SAETLX,, te Y CTMERT SR
KT (Q,0(X, t € 1)) g — A BEHLAE 5

P AL S AU A S ARG (C F)RERI, JRATE & BT 1 i
& 3L

EX 4.2 ZXAH(Q,F,P) Loy —AEMEZ, HAE|X| < 00, GAFH—AF
FHR, MIAXXTFEHRGUEMRFIE, E2HRA

(1) ZA&(Q,G,P) LM EZ, BVa € R, {w: Z(w) <a} € G, MmAE|Z| <

OOO
(2) A FHEEN(Q,G,P) LA REMEEF,
E(XF)= E(ZF).

ieZ = E[X|G].
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Hid 4.1, 1) QFNTHTEREAEG, E(X14) = E(Z1,4).
2) FE[X|G)# & — % B Radon-Nikodym & 2 F 2| 1y .
3) XAH(QFHENEE, BEXT—EHNQ,G)HENE £,

=3
=

4.1. (&MZ2 A X) E(E[X|G]) = EX.
PR 4.2, SRS RN

(i) ElaX +bY|G] = aE[X|G] + bE[Y|G];

(i) X1 > X,, ME[X,|G] > E[X|G]; £X >0, ME[X|G] > 0; |E[X|F]] <
Bl|x|ig].

3

=

4.3. EXA(Q,G) LM E R, HE|X|<oo, ME[XI|G] =X,

MR 4.4. EX5G8k %, Bt F4£ & 9Borel R A#B € G, P({w : X € A} n
B)=P({w: X € A})P(B). ¥E|X| <00, ME[X|G]=EX.

HHE 4.5. YAQ,G) Ly EZ, #HEE|Y| < oo, E|X| < oo, E|YX]|< oo,
MEYX|Gl =YE[X|Gl. #—FE(YX)=E(YE[X|F]).

HH 4.6. X € L*(Q, F,P), G C FATEMHEK, N

E(X -EX|G])* = inf E(X-Y)

Y€eL2(Q,G6,P)

PR 4.7, (T, BYHE) E|X| <00, G CG CF,

E[X|6)] = B| B[X|G,]

G| = B|EIX|G)

G.).

PR 4.8. X, YH(Q,F, P)Léyksmz, 3 FBorelh(x,y)#HLEh(X,Y)| <
0, GCF, EYH(Q,G) Leyfmd=, W

i) Bh(X,Y)|6] = Eh(X,y)[G)|,_yo BAKEERX,y)|G)R—A vy H 48
8(0, 0) LM IAEE Z(y,0), MERX,y)[G)|,_, = Z(Y,w)s

y—
i) #—F, EXHEGMERE, MERX,Y)G = E(MX,y))|,_yo K
HERX,y)|G]2—MAyh B REGTHNHKZ(y), E(h(X,y))|,_y = Z(Y)s

y=
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E:

HHE 4

9. (Jensen ~F X)) o AR — RE O HE (A ARD)

MMEZ, #HELEX| < oo, Elp(X)| < oo,

Hop(EX) < Ep(X)o

Bl 4.1. (Q,F,P), Q = [0,1] x [0,
é‘JLebesguefﬂ’JEio gl = (Qa (ba A17A2>’
o ho- R, HP

Me(B[X|G]) <

EXFE o(X)A

Elp(X)|Glo 47

1], F = [0,1]* L& Borel}3%, P = [0,1*L
Gy = 0<Qa P, An, A127 A21,A22)

/\E"\Alla A127 A217 A22 Q/J

A = [O,I]X[O,%)
A, — [0,1]><[%,1]
1 1
An = [075) X [075)
Alg = [%,1] X [O,%)
1 1
A21 = [0,5) X [571]
A22 = [%71] X [%71]
IR, F,P) —AMMEE, E|f| <o, KE[f|IG], E[f]|G]
fi#:
E[f|Gi] = aila, +asla,.
)dud )dud
BlGey) — Pnt fA’j) U o)+ 1 (“A:) i)
= 2(/A f(u,v)dudlel(x,y)—l—/A f u,v)dudleQ(x,y)).
PXIGAw) = A [[ roduntag @+ [ fodane.)
—l—/A f(u,v)dudlem(x,y)%—/A f(u,v)dudlen(x?y)).
O
pe L SOy o) dudo, SRR B f (o, ) EEAy F T

ft. ffp—“a Fla, ) TEA, ERPEEIE, 2
ffAn fffhz

P(Alg)

dudvl
P(AH) A1l x,y)

v)dudv

1A12 (I, y)

TEA; FIPIME.
G> D Gi, W LLIA NG B& IS B
I, E[X|GERKE[X]|G,) Pyt

tG %2, H#Rm, HILE[X|G) WE[X|G]E
X i T R Y L R =g
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HI 50 — B RAREATRNIE, AT SR RN, 525 8 — AN R =
B, F, (Fo)ter, P) AL—D(Q, F, P) ERIBEHLERE (X ) er-

SES 4.3, (GERNPE. PTEIPE) AREALEAL (X)) ier X T (F)ier £ E B (adapted) 89 (3
THaty), e R THEENt T, X, 2 (Q,F) LM EE, BPVa €R,

{w: Xi(w) <a} € F.

EX 4.4 (BRIFE) FE-AFROGBWEEZE(QF, (Fer, P), (X,)wer®*
T (Fi)ier E B AREMEAE, (X )er R T(F)er® B RTAE, R THEH
F#9Borel b &K f, £ Z 69t > s,

ELF(X0)|F.] = ELF(X0)|o(X,))( = B/ (X0IX,]).

HEil 4.2, FS = 0(Xy, s <) A (Xy)er £ K H Ho-REUR

28



S BENLS BT BB/ UF L2017 (2017.6.13M81TfR) XI55

FHE BURED

B —T “#i(martingale)” XM, Martingalese —MNEE . EAHM
MBS () SRR ZE S T ER R EF(BEER); (Z)A P,
JR AT E S RS . ¢ T HuiA] “martingale” [—2EEYH 7] AZE W1 F STk

1. R. Mansuy. The origins of the word ”Martinage”. Electronic Journal of His-
tory of Probability and Statistics. vol.5. no.1 Juin/June 2009 www.jehps.net

2. L. Bienvenu, G. Shafer, A. Shen. On the history of martingales in the study of
randomness. Electronic Journal of History of Probability and Statistics. vol.5.
no.1 Juin/June 2009 www.jehps.net

5 BRIE CRPIT

fE b — T AT L& T a0 N R AT

&

fn :£O+Zbk<€07n17"' 777]6*1) * Tk (10)
k=1

WE[Enr1|€osm1s -+ o] = &+ b1 (o m1s -+ 500 E(Maga) o
SES 5.1, () 3% (X )eer 9 (Q,F, (Fier, P) 89 % T (F))ep it B 69 LT AR (BPVL €
T, X %%%(Qaﬂ)quﬂ a9 ﬁﬁﬁb{%), E3F Vs < t, E[Xt|]:s] = X,, m
(X )ier A (F)ier $e(martingale), JAR(X;, F)ier M ¥, AERAT (F)ierl
J&, TTVAAZMR(X,)ier 7 ¥o

BT ={1,2,3, - Y0, (X;)erhH#7].

EE[X|Fs] > X, WAR(Xy, Fi)ier N T #(submartingale); & FE[X;|F,] < X,
W AR (X, Fi)rer A £¥(subermartingale) o

WU&DJ:EE‘JWUEP7 EX«FO == 0—(50)7 Jrn = U(&Ovﬁlv e 777n>°
L #p=g= 1, ElenlBl =& W (€)1 B (Fa)usr B().

2. #Hp > qitf, Bl Fnl = & + 0u(oms-m)(p — q) = &> iy (én)nzl
ﬁ(fn)ng THEL(F),

3. ZEp < qﬁﬂ" E[€n+1|]:n] < Sn’ Ijl\IJ (gn)nzly‘j(}—n)n21 Lﬁ%(ﬁ”)o

NHRE L2, BAHHT .

Bl 5.1.n,=a+&+--+ &, &, K, AREIRS, HVYn > 1, EE, =0,
M3 (Fo =06 160)), 7, &H (Fy= ol m),o, %71, F%
.}’—.Fn:féo - -
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Bl 5.2, FE-AFRG(QF, (Fer, P)o & EHAEIE] < 00, & = E[¢|F,
W (&, Fi)rer 7 ¥ko

'HEED%' Xﬁﬂ:’ff/—%z:ﬂ/‘:ltg Z tly th D) ]:tl’ I)_I\]J

El&,|F:,] = E[E[§|FL]| 7] = BIEVF] = &

W 5.3. <£n>n21f(ﬂ:(fn)n213;§,/:‘2(€]—%p), X

n—1
Cn =6&n — Z (E[fkﬂu:k] - fk),
=0

N (Cy Fr)ns1 7 3o
It
(1) El&er|Fr] — Gt 8k + 12 LU I RGHR 73 10 Ho 2k F AT A BE AL A & 5

n—1

(@) 'S (Bléen|Fl - &) MinB LW AR, WA RKTF, TR
k=0
B

n—1

(3) EIRFMMPTAFRBIGH S B, — 5 (BleenlFil - &), WRAHES)
L
i B
(1) ETRATRL AT F, AR b
(2) EEE], Ak < off, Fi C Fy N
ElGnr1| 7]

= El6pn|Fn) - Z (B|Bléwsl 7

k=0

= El&alFl - <E[£n+1].7: — &+ Z Bl 1] Fr] — )>

n—1

= &= (Bl A — &)

k=0

= G-
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Bl 5.4. ({5 KB, martingale betting strategy )

B EAMEE KB F([0) P % =0, p=q=3. WA EER—T AR IHK
PE, ABETE, ZPFIEEH, mAEBRRKRBEZIAH —RGBEAMEHAEE—K
WiE G LA — A, XA A RO BAR GG B AR A T LG R

b1(§0) =

b2(§0’ _1) - 2a b?(é-? ]') = 07
b3(€07 _17 _1) = 47 b3(§0a _1’ 1) = 07 b3(507 1a _1) = Oa b3(€07 17 1) = 0’ e

bn(507 _17 e 7_1) = 2(n—1)7 bn(an _;Et_’f:) =0.
—_——
n—1%
W (&n)n>1 2 $ho
ﬁn—lliiﬁf’i'—l

B —F @, itA, = {;71:_1’...77771_1:—177” = 1}, Bk 2B A, kT
BntF %), MR RKE, W

n—1
P(fo = 0751 = _17' o 7571—1 = _;2k_175n = Sn—l _|_2n—1 50 = OaAn>

= P(&=1]%=0,A,)
= 1.
wH,
P& =1&n =1 &m=1=0A4,) =
W X AR B RALE R A9 F B, AN B P(U,A,) = 1. KB, BPEAELN
FHFGHE LT, CHAEE IR “ﬂ'llﬁfﬂé\” 4%1111%4»&& AP A o

B KR RS U I SR A R BT 0 L A
A" HAT A ?

Bl 5.5. (FHLFIR) e FEHTE. HEoE: RBRITOFHERr , FnRiF, K=
ERITFERAX N, EFn+ 1IREEXALAL+1)X,.

Xn+1 — (1 + T')Xn, Xn+1 - X?’L = an.

PR A) Fl = £ FAZ BT Y, B4z B3 (5 )9 A& 757'“? 1 Hn R, K=
ABRATIK P AKX, NIFFEHK=ZANGEX A S

Xn = (1 —|— ’l”)nXo, XO = Xn(l —|— ’l“)_n.

Bt a): KRB R ERAT P OO FHAX,, NAEZEE RN, A5 EKGF L

Xipnt—Xe
?jtﬂi lim =820 — o Bp
At—0 AtXy ’

ax,

dt = UXt, Xt == Xoeat.

31



S P BB LT 560 UF 2017 (2017.6.1381THix) %I 5

Fo=In(l+r), X, =" X, MAFXLFEEKXZ,
BWF, =000, m, 3 1n), Ea AR T(Q, F,) 894F L ALK 2 (LA () A (Fn)iE
&), BMAEFI](0,)LR-AXT(F)ERL. EREEHLAFHEEAEE KX A

Elén1|Fo] = €&,
Fn it %] 69 T2 €, £ FHE B %) 69 3 IMAE R A C,, BP

Co = 6_(UO+U1+“‘+0'n—1)5n
Y

R (G, ) 9 971

E[CnJrl“Fn] = E[67(00+01+-~+0n)5n+1‘fn]

— 6—(00+U1+"'+0n)E[€n+1|fn]

— 67(00+01+-~-+0n)60n£n

— 67(00+Ul+“‘+0n—1)£n =(,.

AR = FPUBHN TV, Tt —HE . T = IR AR R TR
17, ARG A BT SR . n K2R, = T

giﬁi — 6(00+Ul+"'+0n—1)£0

Y

APUHE e o WA R T &M S RE, & &M > - NIEn %)
2 U #5588 T Y

55— P VR A 25 DY o B 00 % 726 5P R ARAT R S A BRI S B 0 F 4 BLAYY
i, BIETM = e-(ootortton) e B0 e o e HOZ WAL A28 DY (43 8 48
BT,

LA U 4 e P95 2

BIg ) = erng .
T4 55k SR ERARLE TARAT, Tk = AP B 2
frgﬁzl = eanfi&z-
CPBIRE” SkEF RS ENRE 2 8E R P M, siE BRI
A OCRENE , (BIXPR “BENLE” Mk =L ZPUSkREE N, EHCE R
(A SRAR TR Rl A IR ? S48,

JEEFI G ARAT (A BT BT LR BT 2™ o (M, ) O — ANt
AT LN ZEPUZEIXAS “ RS B Sea s, Birams. XA miga ik
=L ZEPUR LR AT
Bl 5.6. ﬁ-_wq:, TATRBEEE, = 00 4G = [] L M (G (F =
0(517' o agn))éﬁ¥%§']°
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UuEB
n+1

Bl = B|T] e | 7]
k=1
ﬁ esék
= nlj_:ll—E[esﬁnﬂ ’Fn]

[] Eestx

k=1

= (

€s§k
Eestk

1

8&n _
(65£n+1)E(6 +1>_<n

O

Bl 5.7, (450t ) HnK kA R ARy, T E Sk, otk
Fl 2o REN, = p < 00

o = 1

En = M1t Mot

W (5) R (Fo =080, 60) ¥

UEBH: SR
&n 1

1
= WE[&H-I 1€l

1
= ,Un+1 E[nml + e + nn,§n|€n]

1 o
e D B[+ i) L= |60
k=1

1 )
- un-i—l Z 1{5n:k}E [nn,l + -+ nn7k|§ni|
k=1

1 1 «—
= D Lk = — Y Gl =
K k=1 K k=1

B;J 5.8. (Polya i %!, Polya’s urn) ARX—ANHET P A0 A — AN 03K,

S5 &mkﬁ%%ﬁ%*&&*A& %%ﬁ& w%%ﬁ&ﬁ@%nﬁﬁ
@%%?ﬁA*Aﬁﬁ A, FR ey %K, WLk 89 R i A
HEF P AN, BX, A THERBERE, TP LRONAK, Xo=1. 7T
VAR (X, ) 2 — A K342, L8 mEL

k
n+2’

n+2—k

P(Xpp1 =k+1|X, =k) = P(Xn1 = k| X, =k) = 5 (1)

n -+
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M, = Zukaw Fn RKBHRBHT Faoskagepl, M (M, F, =o(Xy,---, Xn}) £
B

W AR % S

E[XnH‘Xn] - E(XnH‘Xn - k)‘k:X - (k + n+ 2)’k:X =X n+2

LNt RE N

E[MnJrl‘}—n] = E[MnJrl‘Xn]

Xn+1 ’Xn]
n+3

1 X
= X, ")
n+3< +n+2
Xn
n+2

:E[

|

#il 5.9. (Polyafi 8%, Polya’s urn) fRIX— AT F FHEFH —AR, —
NG, FRFAAGIEET F B — Ak, FRLR, IR =6 R &
T P RN—ANCE; KM, FEBORLER, W EHRKXE R BT
HEF P ARAN—ANGER, X, A THEnRBRE, TP LRONK, Xo=1. T
VAER (X, ) & — AN RidAE, A#EBHmEL

k

n+2—k
n+2’ '

P(Xp1=k+1|X, =k) = o

P(Xn1 = k| X, =k) = (12)

M, = Zakaw Fon KBRS HT ¥ askagepl, M (M, F, =o(Xy,---, Xn}) £
e,

W AR )% S,

E[Xp 1| Xn] = E(Xni1| X, = k)‘k:X = (k+ ——

FRE S IR,

E[MnJrl‘]:n] = E[MnJrl‘Xn]

B E[Xm Xn]
n-+3

1 X
_ X+ 22)
n+3< +n+2

Xn
n+2
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/I\%\jﬁ %’:}){io =X

il 5.10. (MRLLFH) & (&) Aiid MWEZFP, RoREREAS, ghF—

1 9(é)

nn_,!_[lf(ﬁk)’

W () A (Fr =0 (&, -, &) #eFe
iR (&) ()
9&)y\ _ [ 9ly) _
B(5ey) = [ oy wa =1,
g(fn) g(gn)
Bl o] = et B| 55 1o | = mar B (F5) =

|

Bl 5.11. (Levy#h) &8 FMarkovit (&,) 83 BEEA P = (pij). M TREZMH
LOHF RS, TXBHPS

(Pf)(i) = Zpijfo)-

PrnAREZ N LA R, HFEEOH RIS, %

S
—

Xo=f(&)— f(&)— ) (P =I)f) (&), (13)

0

APIABRBA, BTEES, If = f 2 (X,)R(F =0, &) %o
BAd, SR FTHEPS = fiF, BfRETP — I8 AA B K, f(&) —

f(&o) R ¥k

B
Il

6 Doob | #%|/fif e B
PR A2 b — 5 2 R SRR 1
(Mn)nz1 A 1id. BIBEHLEEFS, P(n, =1)=p, Pp.=—-1)=1-p=gq,

§HZ€O+Zbk(§O77717"' 77]’€—1) Mk (14)
k=1

Hy LI — 5 A 7 (L0) e T, AT ARy AHELBRSE, H By, = p R R
R

gnzfo_'_zbk(&]?gla'” 751671) Nk (15)
k=1

El&nlo,ms - 0] = &+ 0pg1 (&0, &5 -+, &) E(nsa ).
M EMnyr) = p >0, WEW L, ATEIEZAEZENRATER, WEk Ul “HE
A ERZR” , BEU “HEBRBEALYE” , B “HEERIARS” &, FRATEIRERE
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Mo FESn + LIRZREZHT, ARYE AT ek R0 B 5 B 4 R AT N, AT RIE
“HEBRBEHLIE” Ja, Hn 4+ LIRAEWR bpy1(So, - - - &) E () FR AT EAKIIE -
3L Doob 4 A 2 B8 FF 4 ik 1) ELAL A X« S EAREE (L, )z W BB 23

fife
n+1 n+1
Gt = S0+ > bl Gmr) - (e — Ele) + > be(Go, -+ &) - B(ng)
k=1 P
= My + Angr.
Hrp

n+1

My =8+ Zbk (o5 &km1) (77k - E(nk))u

n+1

Apir = Zbkfo, < &k1) - Em).

BT FE (My,, Fr )12 — G A, 2T TIKRENVAR . S5t b, X5
Fe AT R . XA 2 44 B Doob T # )fif E HE .

E X 6.1, 3 T(QF, (Fuso, P), (A)usoX(Q,F,P)LBIEME 5 7], &
Vn > 1, #HRAZRXTF, G THMNGEMNTZ, WAAA)>1 A T H -5
7 (predictable).

%@ 6.1. (DOOb ‘Fﬁy%/\ﬁ ) <€n)n>0 /7 ( n)nZO—ng}'], D]'] /ﬁ"&w&" (‘Fn)n20¥%§ll,
i

(1) My = 60 (Z‘ﬂ'té-);
(2) A Aok — TR B ) (A)g, Ay =0, B3 = My + Ao
W 2 001(53) iE. :
Bl 6.1. BAITHAIER R(BAEE), BA NI T MK
Sit = Sp+ RS, = (1+ R)S,.

J R X
gn:Sna ﬁn:R(%’%) b (S()aSIa"' 7Sn—1) :Sn—la

W) 3% 52 A AR AL (L5) 3F % A7k 09 — ANl T

%l 6.2. Cox-Ross-Rubinstein #%8, — X (#)#% (binomial-tree model) (HkEIJE)
B R TE SR A4S 38 K i 2

Sn—i—l - (1 + nn+1>Sn - Sn + nn-‘rlSm (16)
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H ¥ () RILA M EZFI], B 14, = 28 ~ , 0<ac<

b, 0< p<l, (77”)7121—550331;‘10
32 Bk = Snr bu(S0, Sty s Sur) = Spor, MRAHRA AR A A (15) 8
— AN
iXéE[SnH — Su |y a1, -+, So] A X X RIEIEFK M B F (vield), €& T
B {5 B IR S AE NG F A
1
S,
1
= S_nE[nn+1‘77na Mn—1," " 750]

E[Sn+1 - Sn|77na77n717 T ’SU}

= Engi=ap+b(l—p) —1=pn.

iﬁ(s—i(var{(snﬂ—sn) |77n, M1, ,SOD% Ay 3% FR G E 7% 64 69 3 3 & (volatility),
R T EALR A AN AT SRR, R AP CRAALIET R H RG89

B E Ao

) 1
S_<Va1" Snt1 —Sn>|77na77n—1>"' ’SO})2
| 1
— S_<E[ nn-i-lS - [nn-i-lsn‘nmnn—l?'” 7SO]>2 77n>77n—1"” 7SO:|>2
1 1
= S_< 77n+1 — Ennta) ‘nmnn TR 750]) 2

3

= \/E<77n+1 EnnJrl) = 0.

E—MFNT, pheo T AR EIGY R A TegE, BHbd T AL M4,
Cox-Ross-Rubinstein 42 A #9Doob i & A

St — S = (Enn)Sn + (1 — Enn)Sy = 1S, + o—(""; ) S,

RA F &
Sn—i—l_Sn_ T —
S——M+U .

(17)

2
i?E@%%>:LE@%%LALﬁﬂBWk&mmﬁﬂﬁﬁﬁﬁ%ﬁﬁﬁm
Ko

Bl 6.3. &AW P6.1=pl6.2kz A kF B, NIEiEREn R GNAERS,, 12
HIRELERGNAE" . AMKAE, ITERFTIEFEBITE, Enit 2 #HIEHA
(14 B, FUERIZR AT 40 A% TARIIER, Anifal g s Rs,,
835 & ABATF R — AR, CRHADK, do REMNTR g 1F A n b 2 691

1+R)
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iﬁ%%,&%“%ﬁ”ﬁﬁﬂzﬁﬁyom@&ﬁ#%*&%wiﬁﬁﬂﬁé
W45 B %) 69 DT I A%

LA A BT ZIARISIESK, AR XS 22 2 )6 XA M IE K 69 W82
L¥hm, RERY . AW, STFRENGIERARXY “BE” |, AMNXSXG
MR B AZBTR CNTET 8, BEITAMNAA ZARIERL BT,

BF, = 0(So, 11, 7)o B F0K(S,, Fn) 2 Bk B A, 090 T K% 2 # 5K
o

R O O Sn 1 n
Sn = E[Sn+1|fn] = SnE[ 5,+1 + Tt

1+R

1+77n+1>
1+R /

Fo| = 5.

Fo| = 5B (

frtp =R 0 <p <1, EEZRHZa<1+R<b

L Rp = SR g RS B AL RIE (S, F) R B, MM A = R, AR
LRGSR, BRATAEFNEIEFKE FAFHE, RTXAERT AR
NE ARG I

@ #& A Cox-Ross-Rubinstein 2 A& &9 A -F %, K4 i Sg_:l 4 A5 # # Cox-
Ross-Rubinstein #% A &9 X% o M 4585,

7 MEZAHMGirsanoviEH

JoE — RIS T, AISIAE T, BHRNELTE, B (1,)ns02ii.di
BE LA 57 51 A2 -

1
Pn,=1)=p, Ph,=-1)=1-—p, O<p7é§<1.
WF, = o, ) &n = dopey Mo (Gny Fr)nst DR, REANMEIEAZAF

() o T AT BERT (G, Fr ) AR T WE? P35 2 (O BE T BT RT o A 1 £ E
KEHES “H7 W7 BT REP,

R 1 - 1
P(nnzl):§> P(nn:_l):i
W A] DAER AR AT — AN I AR
. 1 . 1
P(nnzl):?pp(nnzl)y P(nn:_l): 2(1_p)P(nn:_1)'

WM FEN LI FE B B R LT AR, gl Xt B2 1 Ll PR N 642 (path) B
BT —ME. BN EE, p> I, B B E R E R K AUIE 1
AT RLL . a1Rp = LAEnZ IR SRHUIE RZ S 55 W] BRI o
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BB KA 49 Tt0iE AL,

n] DL (34) i Tt (FE 30) flor
d§; = ¢ydBy + Pydt, & = w.
Bltn, 4B, = it

t
Bf =1+ 2/ BydB, + t, FERRNN dB} = 2B,dB, + dt, Bj = a”.
0
WHW S (r) = 2%,

f(Bt) — f(Bo) =2 /0 B,dB, +t, & FRAN df(B,) = 2B, dB, + dt, f(B,) =

ME—AT 17 AT AT LAKNIE
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1o E SCH B — A Teo 7 KB

2. SR A i SR (AR WS AT JE R A SOAS—FE, BPANE 2 — IR )
W, Mo “dB,” + “ds” MdE, B Itoid .
(a) Ami-SRA e R A BEAIE . — B AR

ﬂ@-ﬂ@:/ﬁﬂ@@,

f(®)

ﬁm»wmm:/'y@m:/buwwwmz/bumwmy

f(a) a a
Riemannfi oy Z BT LAGFH, #h2 CE R HE M, BIA4-d-S84m )2
oA (SRBE TR ), BB T R4 5 B

(b) Tt6 BEHLRAS BB RE RN, — B R A

o t
mB»—mB@i/ﬂﬂBwﬂ%
0
sl Bl

t
B} - B = 2/ BB, +t, g(x) =2
0
t
mB»—mbza/}ﬂBgﬂ%+t
0

I66 BEALAR 43 1) A -3 A Jé R A ANLZ AT 4 2 B HeFRATHZ — FRiemannfR
73 H AR -3 AT e R A OR WNATIE M ? W f(z) € Cla,b], XWF € Cla,b], I
E(a,b) LF(z) 2 f (2) IR REL F'(x) = f(z), W

/ f(z)dz = F(b) — F(a).

EM: a=20<a1 < <z =N, )X, BRI HHEE 2

F(b) = Fla) =Y _[Fag) = Flaox)] = Y flme) Aay,

k=1

ﬁ\:EPAJCk =Tk — Tk-1> Mk € [xk—laxk]°

'I’]| < (S’ fijtﬁ c
1f(€) — f(n)] < o

T2, HA= 113,?<XnAxk < O, V& € [rp1, | B

n n

| D F&) A~ (F(0) ~ F(@)] = | 3_1f(@) ~ fmldn] < 7= 3" A

k=1 k=1
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B, f(2)TE[a,b] ERTRL, FL[T f(z)de = F(b) — F(a)e O
MM T ERUTE—TNF(B,) — F(By) =?

n—1

F(B,) -~ F(By) = Z [F(By...) = F(By,)]
= :Z::[F’(&k)(BtkH—Btk)} & € [Bug, > Bi |8 By, By,
- :Zé [F'(By,)ABy, — (F'(By,) — F'(&,))ABy, |
= :Zé[F%Btk)ABtJ— :[F%Btk)—F’(ftk)]ABtk
= I+ 1.

H1 Tto BEHLAA 72 (5 X

3
I

b
Il

t
[—>/ F'(B
0

FAlRiemannfR 7 FIE SRR, FRATE

[y

=Y [F'(By)— F'(&,)]ABy,|—7.

MM F (B )R F A X A B —Bogkstt, BERNTA | F/(B,,) — F'(&,)] < 5 XFEH
filitt, AN EERS 2

3

i

-1
Z AB|.
k;:

PR B DL 2R A Riemann R 73 ) #2525 R BEATLAR éj\El’JﬁFfEﬁ FeAi Je R~ AT ANH
(), KREEAET Browniz sh HIHUE A FAR N, Z |ABy, | KL

{ERIRATENE, (B oY 7 B 2SI 7(£R1emann$ a3 ERATTN PR
TR AXEITR—BrsiAT 17, (HAE Teo B0, AT X E BT 2 =B (B =) 4
175

’Z [F/(B,) — F'(&,)]AB,,| <
=0

i
L

F(Bt) - F(BO) - [F(Btk+1> _F<Btk)j|

i
|
~ o

[F(B)AB, + 3P (6)(58,)'

Il
(]

i
|
~ o

n—1

= F'(By)AB;, + Y
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i
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NO| —
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513 13.1. &g(x)ELAH T, N

S 0B, )(AB, ) s / (B)ds.

UEH:

n—

(

[y

9(By)(ABy,)? — /Otg(Bs)ds>2

ol

3

0

1 n—1 n—1 t

< 2E(Zg<Btk)(ABtk Zg Btk Atk) +2E< g(Btk)Atk_/ g(BS)d8>2
_ - 0

= 21 +kQIO[. -

R SHYE, FeLovy IRANER IEY (3L EE T - 0.
Eaﬁ(zgmemmﬁgmﬁ(<»Dgg@MTﬂMﬁLﬁﬁUﬂ
81 #2.2, 1T — 0. )

O
%Iﬂ 13.2. _iyﬂ;g( )ﬁﬂ &3\ K, {tlgn)})@ [0, t] éﬁ2n%h\;~$\\, Vg (n) c [B (n), B (n) ]5’3(‘[3 (n) ,B (n)],
tk tk tk+1 thrl tk

2" —1

P(Jijgo > (9(&m) = 9(By)) (ABym)* = 0) =1L

Eid 13.1. Q(fw)ﬁf ERMNEE. TUBERMEZTH(Q,F,P)2— M ZTE&HN

%E)Eﬁ’fi B, AR ERNEET . —BEM AT R E R
T

VW 0. W T LT A AR i, g(Bu(w))—BCELE, WL, AT BLIE
Ve > 0, 30(w) > 0, Higk < o(w)if, XTFvi,

}g(ﬁt;p) - g(Btin>)| <e,

—
3
—

n—

‘ (g(éti”)) - g(Bti")))(ABth)ﬂ S € (ABtEC"))Q'
0 0

il
il

51 #0112,

3
—

(ABtén))Q — u*ﬂ}f$1ﬁﬁzio

0

£
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EH 13.1. oA 1
FEFRRESEIT K, N

Fm) - ) = [ FBgas. [ Fm s

H A Kbie R )
dF(Bt) — F,<Bt)dBt + EF”<Bt)dt

EH: SRR F, P R E - BOESEIEN . B0 = ¢ < 1 <
tR[0, () 2"y K

F(By) — F(Bo)

271
= Y [F(B,) — F(B,_,)]

k=0

271 1 2ol 271

<t

)

= TFEIAB 45 3 FBIOE +5 X ()~ F(B)) S8,

k=0 k=0

MIAEAE— T Fn, 1580 — oo b 247 i LIRS 10 843
¢ / 1 ¢ 1
/F(Bs)st+§/0 F'(By)ds.

0

EH 13.2. oA T
WF(tz)RFt—RESETH, XFrkESTH, N

OF( S,Bs LOF (s, By) 9°F (s, B)
_/0 ds+/onB 2/0Tds

= / F/(s, By ds+/0t F.(s, Bs)dB, + %/Ot F! (s, Bs)ds.
S Kbt h

dF(t, B)) = F!(L, By)dt + %Fz’x(t, B))dt + F'(t, B)dB,.
Bl 13.1. %(By)iso B A ABrowniz #, EY BTt B (FP) o bk

f#:
(1) BERIEX TV > 0, eB5t e 22,

_c2n\2 _c2 _ 2 2
E(eth 2t) —e CtEGQCBtZB Ct€26t<OO.
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2
(2) WF(t,z) = e 5+
1

t t
Fs'(s,Bs)ds—i—/ F;(S,BS)st—i-—/ F! (s, Bs)ds
0

F(t,B) — F(0,0) = .

/t
0
¢ 2 ¢ 2 ot
cty &2 _ c _
/ (——)e 2tGCBSds+c/ e QteCBSdBS—I——/ e~ zeBe(s
t

= c/ F(s, Bs)dBg
0

Ep
C2 t C2
BTt =14 c/ e“B 754 B,.
0

BRI, ph A {12, 200 (2) K (6B~ 5 1) 1m0 () mo

O

KT — MO X, = o + [ ¢odBs + [ Wods,  F(t, X,) — F(0, Xo)ITt6 2
HARAF 42

AR BT A0 43 W R AT 1A 2 SR A 2056 T LA AN T 40, 5 R Riemann AL 42 T [ W, dsHY
ia S N 1% 38 2 8 TR 23 I AR S A JE K s e BRI, T R K B
75T T Ah T8 45 [F 6, d B T BATHE i B (R AL X, = w0 + ) 6B, +
[ Weds, F(X;)— F(xo) Mi%&TH42

BURAX, = ¢dB, + Uydt RO (X, sl “TERIOBS” . FHRRA 4
X, BN —F5] 50— 24, FATAT CLEDW A & B S A >
OfR /NI, dX, = ¢pd By + U, dtiiT Ui

AXt == X(t + At) - X(t) =~ ¢t(Bt+At - Bt) + ‘I’tAt - ¢tABt + \Itht
BRI 0 =ty <ty <--- < t, = RPN, FATE W N LAIE L
t t t
/ 9(Xs)psdBs + / g(Xs)Weds = / 9(Xs)d X
0 0 0

n—1

~ Zg(Xti)AXti
=0
n—1

~ Z g(th)(qbtzABtl + \IJtZAtZ)
=0

AR, KT ER e > 0,
n—1 n—1
e

XA —BOEL R Eg(x), oMU S, BATAT UL D15 £

n— n—1

|AB At <) At;=e.

1
=0 1=0
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n—1

Z g(th)(Ath)2

Q

/0 (X)X,

n—1

Z g(Xti)(¢tiABti + \I[tiAti)2

=0

n—1

= Z g(Xti) [¢?Z(AB&)2 + 2¢tiqjt¢ABtiAti + \IJEZ(Atl)Z]
=0

n—1

D 9(X)d(AB,)” + O(e) + O(max{(At;)*})

=0

Q

Q

Q

/ g(X.)d2ds FE0T 5] FHIEIAE D 36 e B 55 /N
0

F(X}) — F(xo)

- Z (F<Xt¢+1) o F(th))

n—1
DY (F(x)AX, + %F”(Xti)(AXti)2 + %(F () = (X)) (AX,,)?)
0
1

> (F’(Xti)AXti + %F”(X@(AX“)?) AT 5| B3 203 ]

=0

S .
ol

Q

Q

/0 PX)X, + 5 / X (AKX,

0

t 1 t
= F'(X B, F'(X — | F"(X,)p?ds.
[ Pgsans [ Focsds s [ Fecsas
B LR D IR, FE— e LB R REOR ERACER, BiA R I g P

EFH 13.3. o AR I
EX, = 20+ f(f bsdB, + fot U.ds, dX, = ¢;dB, + Vyds, F(t,z)% Ft—k&E%T
W, *=FrkELE T, N

LOF LOF 1 [*O*F )
F(t, X;)— F(0,zo) —/0 P — (s, X)ds+/0 %(S’XS)dXS+§/o o —— (8, X5)(dX,)

Bk T Xpn”

OF OF 10°F
BT —(t, Xy)dt + — o (t, X)dX, + 392 — (t,

A F dt, dB, #9F T Fe kARG ik K

dF(t, X,) = t, X¢)(dXy)?,
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A2 | dt dB,

da |0 0

dB, | 0 dt

sy, Bp

2

— (. Xy) + \I’tgF (t, X¢) + ¢t F(taXt)]dt+ o) F(t X;)dB,

oF

ot
B s H BB AR K

LOF OF b OF
F(t,Xt)—F(O,.To) :\/0 [%(S,Xs)ﬁ-qjt%( ) ¢§a D) (S,XS)}dS—F/(; ¢S%(S,Xs)d38.

P
(dXt>2 = (¢tdBt + \Iftdt)Q _ (gbtdBt)Z + 20, U, dBydt + \Ilf(dt)2 _ (ﬁ?dt.

Bl 13.2. F ()0 K T(FP) s B EG A FEEALEAZ, IEHE, = eXp{fOt $.dB, —

%f(f P2ds} AR TF(FP) im0t ¥k,

WEB R R TS 55 — 45 DL R wRE B BT AR B GE AR, AT BAIE
{&) € £2. WF(z) = e,

¢ 1 [ 1
X, = / bsdB, — 3 / ¢ds, Bl dX; = ¢dB; — §¢§dt.
0 0

FFT0 A=
Fx) -0 = [ Fxgaxc g [ Peoax
= [ rexgean. - [ rexodas g [ rocsa
= [ Fixpoan,
FF LB 12,200 (2) S5 (exp [ $od B, — L [ 62ds)i50 2 (FP) im0k O

IR 13.2. | [ ¢udB,| < [ |6|dB, £ 4&Z 4
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13.2 —&Itoid 2

U@&ﬂ]ﬁiﬂ?ﬁfjﬁ’] SRR E T TeoBE LA 4> FF AL TTto AT, (H n) B2 X 4 AR 1
AFERGIRZ . fERiemannfR 5y, U, #1E[a,b], Mz — bBF, f(x) 1 oo, b, <

b, f(x)f[ab]lj‘]ﬁ??»ERlemannT i, aib%ﬂ‘]ﬁﬂﬁﬂéﬁiﬁif:f(x)dx? HL EE

ST da:’—hmf f(x

FAN R ARV
T

L (PO BRI B, HP(w: [ (00 ()dt < 00) = 1)
0

A AR

(1) MFAEES € LPOAFHE(FP) molEM 7 Fr < - < 7 1 00, BN T [ &
ftin, Biﬁmiiﬁ@”) O bonr, € L2,

(2) B, %4t < 7, IATBLE X[ ¢ydBs:

/¢sdB = /gzﬁ dB

t

t
/ 0sdB, < lim [ ¢™dB,.
0 n—oo 0

B,

(3) (& [ $udBL) s (FE) R HME, BAETE (FE)mofE M Flm < - < 7 1

0o, BN TREE M, (Y G )imol (FE)molte H R BA —E 2
.,

(4) Brgple < {<ﬂ3)t>0@raﬁwndﬂft Plw: [FW)dt < +00) =1),
MTAEEY € LY [1 W, (w)ds/LT-AbAb A 5 XL

N 13.20 — A Ito

K = o+ [} 65dBs + [ Uds, ¥ o, UAHFRL LPF BT, WA
AFMER e R E A O, VB —AItoidA2, @ MHltoidfE,

310 AL{E,, t > 0} 89TtoARY T AL AR H

t t t
/ 0,d¢, / 0,¢,dB; + / 0,0, dt.
0 0 0

SEH 13.4. Itoa X I, I 3 — A 69 Ttoit A2 R 2o
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14 Z%Browniz 3 FItoFEALE 73 FlTto A =

B

W B = : HN—Am-Z4Brownigsl), FP =o(B,, s<t).

B{™
2 = {0 WP o BRI [ " B2ds < o).
2 = (@) V)BT [ " Bloulds < o) = 1).
L2 = {0 WP o BRI H P (o s [ " s < o) = 1),
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0
FAL AT LE X .
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X 14.1. (Z4EBrowniz 3 ITto1L )

% . .
ft::c—i—/ ¢STdBS+/ U, ds,
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Ebo = : g =04+ ) f(f ¢gk)d3§k) + f(f Wds, (¢t )0, (U4)i>09 H
k=1

(1)
t

2
R L LV T AR AFR(E) 1m0 AR A 289 % 4 Brownis 3 #9Ttoit 42,

B3 14.1. & (BY), (B A B AR Z 8 Brownig 5, 30, t]F 49— %1450 =
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—
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0

_B())

e
Il

WE(T,) =0, E(T,)* — 0.
Hid 14.1. FEWEIER K HE K

ZAB“)AB ~0, dBMaB® =0,
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o
PR 14.1. 3200 € 22 B[] 6480 [} vdBY) = b,8( [y ovds), 5,=3
0 i#j

EH 14.1. Ito AR IV

dé = O] dB, + Wydt = > ¢ dB” + W dt
=1
|

2

Bp
[POFG.8),  [OFGE) 1 [P,
Fit.6) — FO.6) = [ 2Fas / LI / ot g, 2

# o dt, dBY & T @ ey f kR4

dt dB
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dBY | 0 6dt

.
R e e e DLW e

HER 14.1. AR
&, niARA % YEBrowniz #{B,, t > 0}891toidA2, 0|
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PERR 15.1. [) & 0dB, = [ &dB, + Le.ds, Bl
1
§&odB, = &dBy + §d§tdBt
1
- ftdBt + §(¢tdBt)dBt

1
= &dBy + §¢tdt-

t t 1 t
/BsodBS = /BSdBS+—/1-ds
0 0 2 0

t
t
= /BSdBSJr—:Bf—Bg.
0 2

il 15.1.

E X 15.2. & ( X)) >0, (Vi) o2 It0iT A

t t
X, :xo—i-/ ¢§(st+/ wfds,
0 0
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Yt:yo+/ ¢§st+/ VY ds.
0 0

t NO-1Y ) + Y,m)
/ Y,odX, = (P) — lim b i (Xt(n)
0
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- Xt,i”))

t 1 t
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0 2 0

t t 1 t
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0 0

0

1
Y,odX, = Y dX;+ §deX

1
— Yo dB, + YUt ds + S0l ds.

EH 151 (WOARVI) K& = & + [, 0odB, + [, tds, B, = $,dB, + byt
£k EE TR, N
df (&) = f'(&) o d&,
EF t t t
£(&) — F(&) = /0 F(€) o dé, = /0 J(€) o (6udBy) + /0 J(€)uds.

Ef(t o) e =R FE T, SHt— R EE T, W

df (t, &) = fidt + f, o d&;.
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FNE FEV GRS RO R

WEE T TTRE S WGy J7RE — 1, B> 7772 (stochastic differential equa-
tion, SDE) A] LU#RAH T 2 ) — R BHIL R . KB MR . EVIR .
BEMLGS 3 T R B — A N
dgt = b(t> é)dt + 0<t7 f)dBta (37)
EI] t t
t = b(s, d , dBs.
&=+ [ b cist [ ofs)
HLX NN 7, B 7 R 22 m s mnyime . H
b, ol X FAEEMs > 0, b(s, E(w)), o(s, &(w)) 2R TFFERT I FEHLA &,
BI(D(s, §(w)))sz00 (0(s,€(w)))s>0 /& (F ) sl R WAL BED(s, (W), o(s, §(w)) A
Hﬂf(w)?f[O,sH:FﬁﬁEl’MEH&?EE‘], EZ%T\;EZ)(S,S(W)), 0'(3,5(60))1%5(',@),' S [07S]iz
A BREL I PR
FA X B A BT A ISDE

dft = b(t, gt)dt + U(t, ft)dBt
EI] t t
t— b »Ss d ) Ss st
& &H—/O (s,&(w)) s—i—/o o(s,&(w))

Hdn(s,x), o(s,z), Rt x R — RfJBorel "] ek EL, WHLEUib(s, &), ofs, &)MIME
HA &R TE -

16 BEBLIS S T R BB 5 A ) A AL ME— 1

#l 16.1. Ornstein-Uhlenbeck 5 #£, Langevin /7 %

Langevin® A B Einstein &9 Brown iz 3 £ 52 42 & £ £ R. Brown ML & 2] 9 i AR F %
DR ETHEMNES, ZRHF IR THEE, 19085, Langevin At Al 1T
T At

—MNEFERATEZF, H&E AHv, B EStokesE HE, € B IRARITC G
WA —av, EmAETHRE, NbFMiEsh =2 F

mu = —ou. (38)

AETFREAK, FERERKE(Fl4e, EhHhETHRERRES T REG207

Z, 2x 10°4&), TR T BRAGGALH /) 9F, iRAKG T 34T 8L E IR T+ 5
FREOEAE Rk, B, EXRFAETAKE R

mv = —aw + F(t), (39)
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P& 70T 2 8Lit0 ). £ XA R Am
vz—w+FW77=%,Nﬂ=E@»

Ay A TREREOMERES, TOEATEEREOEMN T T B RS T
Fay “FREN” , AR AN Langevins o L& FAZRAR ALangevin H AL, AL AR
# Ornstein-Uhlenbeck 742, = VAR X Hoit

% = —yv+I(t), & dv=—vdt + T(t)dt.

TARERR 69032 R B ET(O)I B 6%t i, BAREELREERG
iE. Langevin% SRAT (1) APTIBG Rk B, BPit L he TG4 T MM

(1) WFT(O)AERES, TRARA T H%TFRMEY 0, BED() = 0 (KA %t
4435 (D (1)) = 0).

(2) BB A R AL 0 1A R iR i KT AL T k) ey Ak g, BT
AT R B % 69T (1) T AL A R AR B gk 569, E( (D)) = 2D6(t — t')
(B(DOT () = 2Ddot — '), 3 6(x) A Dirack 4.

MBEE S BB L XTABBERN EEEZ DA TRAIZRIE R, &ARHF 4t
hATRBORENRT AR, EEZDNORENKREAGT £H52D,

(3) B2 (t)A Gausstt.

BERFEESAMNTAINA “T(t)dt” A dB.. WmI()MAHK “a=%pE”, THOH
B X bigdhy “dB 5 “B,” o B, Langevin 2 A5 A — MR 69 KL
DT AZ(B2D = 1)

dv; = —~yudt + dB; £ (40)

t
Ve — Vg = —/ yusds + By, (18 By = 0).
0

T @ % JE e T RRXA AL, S XAy

d'Ut
dt

IRk I B AR = oy, + (1) RO ARk

= =YV + Bt7 d’Ut = —yv + dBt

(1) £FEFARTA
dv,
dt

= —y; = v =coe "
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(2) BHFEEFAFTARL = —yu, + f(t), R dvo + yvdt = f(t)dt. FsaTR A
eV dvy + eV yvpdt = e f(t)dt
Ap
d(e"v;) = e f(t)dt

t
ey, = / e f(s)ds + vy

0

t
v = / e’V f(s)ds + voe
0
(3) A B, B f(t) K f(t)dt %X dB, %
t t
vy = vge +/ G DGB, = vye " + 6_%/ e"’dB;. (41)
0 0

TR R BN X

d(ey) = e'dv + vide
= —ve'udt + e dB; + e vdt
= erytdBt.

5 th AR KB 73 (A1),

Hid 16.1. £ L @mw Bl F AT 4D N G FE R ? ()R B R A8 X 5 2K
Do (t— 1), CHIThEREEEREE, FEFNIERZ M Fourier X # & %
B 1. W EWRDO( — ) ELNMAE LR EN AN —H, X5 R0MHER
KA, BTUA ST (¢) BV B 8] 48 5k BB B Do (t — t)BE, D(O)BA Y ERF

Bl 16.2. £ L@EPIT T, o RAIARIFMAGZALE, THERN

AP BRXABREETARRRANA R, KBT4L,

. 1k,
Bl 16.3. FEHLIAAIRT
WAIkTa9E 5 HAL A
=X
dt & (43)
dey

60 =T, dt ‘tZO = o

81



S BENLS BT BB/ UF L2017 (2017.6.13M81TfR) XI55

FRT LB ARBGHETIR, BXE

2 .
% = -\ + By

(44)
50 :x’ %‘tio ZUO
FEbLB o AR R R E R Y A2, BB 7 A2 09 — MW X (B7) &
R EACE S PEIAR M IR A (A) KA X AL 2 49 B AL S T A2 3 5 R AT
?
By FARILRT, — BN E S FALE T MR — 89 A2, {5l e
Q3 F, R =, W) FHT

(

N

%:—)\2@5
o==
Vg = Vg

Bk, BT vAde (4d) 3tk — AR 3 3B SR AL AR A

(

dvy = —\2&,dt + dB,
dgt = /Utdt
(45)
fo =T
Vo = Vo
\
RE B AR EHAR 69T X,
v =g — A [g &ds + By Byik A # e A 5 5 »
. 46

A& =vdt, R & =1+ [)v.ds

1T R 69 )R A& do T AR AL 7 A2 (4] R ([@46) 0 BATVIER AR —TF %
DA ® . FU3) T A —NAR IR A
W= —Na+ f(1)

_ dée _
§=2  Glo= "0
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W AR T AR el
Yo . 1 [t
& = xcos At + 5, Sin At + X/ sin A(t — s) f(s)ds.
0
R BRI, (s)B R f,(s)ds — Byds = dB,, WH X#
Yo . I
& = xcos At + 5, Sin At + 1 / sin A(t — s)dBs. (47)
0

2] A8 2 (A7) P 2 L AR (A6) a9 D ? o, R 4?7 T@ERIE|T) HEH
A2 ([A5) BP 7T .

HRKL = o8 AAVB E] 4919 LR Ao T3 [ sin \(t — s)dB, K F? FEE, A
A R Ao Xl ik X

t t t
/ sin A(t — s)dBs = sin \(t — S)Bs|g - / Bydsin \(t — s) = )\/ By cos A\(t — s)ds.
0 0 0

(48)
B S AT 2

t
& = xcos At + % sin At + / Bscos \(t — s)ds.
0

d t
% = —A\xsin At + vy cos A\t — )\/ Bgsin A\(t — s)ds + By = vy.
0

7

— 77 &

t T Vo t U

/ &ds = —sin M+ —2(1 — cos )\t) + / / B cos A(u — s)dsdu
0 A A 0o Jo

¢ t
- %sin At + %(1 — cos At) + / BS/ cos AN(u — s)duds
0 s
1 t
= F(UO + Az sin A\t — vg cos A\t + )\/ Bysin \(t — s)ds),
0

BT VA .
v = vy — /\2/ &ods + By,
0

BB (&, vy) im0 & 77 A2 (45)) S (46) 49 2 o

WD 16.2. [)sin\(t — s)dB, TR (B TR R HE). 2 HRH AR US)IEH A 7
MR $— MR TE SRR B ARA8E LR, 4 b 8 BB LR
HEBEREAWNT, BARAbeX BB L LG, HARLRRETUT
E R AR TE ML, £[0, ) REEZ L fO(s) =sin\(t—s), BTfEHAR
e B EE A, TR (F Jocuse TR HT. B RTA K

d(fD(s)Bs) = fU(s)dB, + Bedf (s) + dBydf " (s).
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EHRFE=ZTAE, HrRaHK
ﬂWw&—ﬂW®%:[TN%M&+AEMW%LuEMﬂ

Bl

ﬁnA@—wﬁBu—anMj—Oﬂ%:iéu$nkﬁ—3yﬂi+:AuBA$nA@—s)
Yu =t,By = 0fF, 3527 @S).
% 16.4. Black-Scholes 5 £

H 5 ZF BT (2.4)F £A11T8 T & 8019 69 Black-ScholesfE A 69 A MM, 7
B T M TE BN HE (S )07 N L2 3% ik 2

S, — Sy = M/Ot Ssds + o/ot S “dEy (49)

WA, EAVT A [ S, de,” e m & T B ) 09 TtoIALAR S T, AR

dSt = /.LStdt + UStdBt

(50)
SO = S
# Black-Scholes 7 4%
T8 AT K S o AT KR XA T AR A i 49 K B T AT 79 5K 7 AN ] A
(1) &8 XK, Kg(r) =Inx
L,
dg(Sy) = g'(5,)dS: + 59/ (Si)(dSy)?
1 11
= —[uSidt + 0S8 dB;) — = — (uSidt + 0.5,dB;)?
Sy 2.5;
— [M—%UQ]dt+UdBt
L, e
InS;—Insy = [pu— 50 lt+o0B,, (&By=0)
Sy 1,
lns—o = [p— 50 |t + o0 B;.
1
Sy = soexp{[p — 502]t + 0B} (51)

MECF B PR A B R, AN B @ eyt R R AR Ko AL % 2
FAANEA: %—, fE—t, XANEAT @ e AR S 7 AR 0 R A
B— R 6T AL HF R EE; =, TMAEHEITHFTE,
Min S, Z TR E LYo EAFE AR T A, RKTHRMBARE—, it
MER ELRA R, HAV(EL) X ATeon XA IE R L F A2 T .
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(2) f’h,&k\, %80:05“1’, St:OX%ﬁﬁiéﬁﬁg‘o T@&{]]R%)ﬁ80>0éﬁ']\%/ﬁo

1 B
S = 8¢ exp { [(,u — 502) + %}t}.

€ %n 7 B 35 7 69 5% K KA

Ly — %02 > OfF,

A,
P(lim Sy = +00) = 1.

t—o00

Lu—30? <OBF, RMATT AT 2]

P(lim S, =0) = 1.

t—o00

%,LL_ %O-Q - OHﬂ_’

B,
S; = sgexpi0B;t = spexp s0—————=V2tInlntt.
! 0 p{ t} 0 p{ V2tinlnt }
B 7p BA 15 7 89 AR
. B,
P(limsup —— = 1),
( t—>oop vV2tlnlnt )
. B,
P(liminf —— = —1),
( t—=oo  /2tInlnt )
%3]

P(limsup S; = 400, liminf S; = O) =1.
t—o0 t—o0
it 16.3. R {17 T LU (I0) % 302 - AR & Stratonovich B BB AL BLA 7 2
dSt = MStdt + O'St 9] dBt

S()ZSO

XA T AR AR RS, = soexp {ut + 0By} o
% Lexp(pt + vB) A LA A IS, H4&FHRETILARHEBRA.
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EH 16.1. Fo(t,x), b(t,x)# ZLipschitz &#, Bt FTHEZNT > 054 4£Cr >
0, EAEZNE<T,

|o(t, ) — ot y)| + [b(t, 2) = b(t,y)| < Crlz —yl.

TN E RS, Sb(B, t>0)kk=z, Wit

¢ ¢
ét = 50 +/ b(87€s>d5 +/ O-<87 £S)st
0 0
HofE—ft, BPELHF—ANRE, REPE=&6) =11
P =&, Vi>0)=1
IEB:  Picardi%fX, GronwellNZE1X. O

EH 16.2. Fo(t,z), b(t,z)ik 2.
(1) 3fLipschitz 4 #, Bt T EHT,N > 045 £Cry > 0, £FFTHEE
Wlz| <N, [yl <N, t<T

|o(t,2) = ot y)| + [b(t, 2) = b(t,y)| < Crnle =yl

(2) &M K EH, B THEENT > 054£C >0, EAEENL < T (TTH
BRoo)
|o(t, 2) + [b(t, 2)| < Cr(1 + |z)),

StF BT RS, &5(B, t>0)kkx, NifE

§t=50+/ b(s,fs)d8+/ o(s,&s)dBs.
0 0

HogR—fE, BPELA G —ARE, RE P =¢) =1, N

P =&, Vt>0)=1.
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17 ¥ #HOTRE K fErI MarkovtE

EX 17.1. TEGERE
FE AU o 77 A2
d& = b(t,&)dt + o(t,&)dBy, (52)
WRRAR A F AL, S bt o)A BB AR, alt,x) = o2 (t, 2) AT KA.

Fid 1710 (1) “PHABR” 2N LR BRTHEEFHN, EFERNHS LFL
Flag a2 L, BEZCEE(A)EEMmED RIE, R EfHEH
2 AT U F K AT B AL A (B2 R

B 17.1. E‘ﬁﬁmﬁiﬁa\ﬁﬁéﬁﬁ?%ﬁﬁ"ﬁ", W) XA fE A —ASMarkovid 4% .

mBY ZHAAE A, Bo(t,z) = o(x), b(t,r) = b(x) B, sBMarkovit 42

RIS

B 17.1. #4161
AN H Langevin 742 (12) B s AE M — AL — F L8 A X

d?]t = —b’ntdt + O'dBt,

W] & 7y .
n = e (770 + 0/ ebSst),
0

A& A OULAE (Ornstein-Uhlenbeckid A2, = #& #5031 /> 77 A2 89 i AR 2L R T BEF 5
b A B REAR A OULAE ).

2 316 e 2 3171,  (n)mo R — AN F 8 Markovid 42, A K &9 &A1 AR
CHRHBMEELAM A, CORGARLHEN T

Markovid 42 (1, ) >0 09 B BEE 5 P (s, 275 + t, A) 7T CAIE R Ay id A2 s 4z
B AR AR ESAGBE, BIKMNAETRTHL

t+s
Ny = e (m + 0/ eb(“_s)dBu)

WA dy g, B A et R AR S A, FA [T e d B, & —AGaussp R, Al RItoF
38,

t+s t 2b(t+s) __ ,2bs
/ AR, ~ N<0, / e%“du> — N(o,;).
. i 2b
ns,x ~ N(Ieibt 0-_2(1 o 672bt)>
bts " 2b ‘
B AR (1) 0 89 3545 B BB B2

AR 4

_ b (y —ze™™)?
p(t,z,y) =p(s,z;8 +t,y) = \/71'(72(1 — o2y P ( - W>
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Lph > 08,

e

1
lim p(t, x,y) =

t—o00 o %

TN, 2)ROUR AL 69 R EBES M, ik & W AT H 149 7 F A,

’ 2b

MOUL AL —AN-FA2 8 B KT L -FAES A Ar, (FRLIA)
Eid 17.2. (1) B BEFRE, FXETUERLTE

t
no=e r+ 0/ e’ NdB;,
0

WY R R B SR B
(2) b0 >0, BE—AFEABES., NTRHEOULE S —HET Y
Le—st(e%t)'

V2D

Bl 17.2. B:4[16.4
€. 42 Black-Scholes 77 #2 7 f&

1
Sy = spexp{[p — 502]15 + 0B}

RAE, w261 ®l71eiE, © & — AMMarkovid 2. 4AH, Hs, =
orf, TEBEF TR, AREMNALGH Bsy > 0, LARALEINEIHZGRER
B 2(0,00)0 T f(2) = Loy (2),
E[f(Sp+5)|5]
1 1
[F(soexpli = 50)s +oBY exp{n = 507t + o (Burs = B[S

2

[F(wexp{li = 50%)t +0(Bers — B)Y)

rexp{|u — 302]15 +0(Biys — Bs)} < y)

E
= E[f(Ssexp{[n— 102]75 + 0(Biys — Bs)})|Ss]
E

=5,

=S,

F(t,z,y) = @(L(lny — (= %aﬂt)).

oVt x
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18 Kolmogorov|d i £+ Fokker-Planck 57 #. Kolmogorov |
Ja iR
FATHIRFENLIL R AT A A Z ) J7 2
1) REZR2 8] R e b BENLAS B X, RSB il B ST A B B A

2) MATERI AT R ST AR ), BUEFESCRCE ), BERE SR,
SERIERIN), 5855, BIF(z) = P(X < x).

FIRE, 3P RO R A PSR R T 3
(1) HBENLR D TR IR IR B (Q, F, (F)iso, P), A MIEEN(B,) >0

t — b 3 Qs d 5 Qs dBS 53
¢ @+A @ms+Aa@m (53)
(2) ¥REEFE (A0 R B p(s, o3 t, y) FEIR G- HUAE

EATD AR R A (W 5 RN Rk B AT is s i e B %
BB BB Y RO 1

1

%Z /(y —2)p(s, ;8 + A, y)dy = b(s, x), (54)
1

lim [ (y = 2)°ps, 235+ A, y)dy = o*(s,2). (55)

—N BRI EE, R T SR R B RN AT, AT
SeR I E— AN RACH [, A A5 BEALAL ) 5 R e SR Y RO R A7 A1 e 1% 5 T R
ot BT BB 3RA T RIE R A AR B i ARG AR T DAAS B S R R
B, B EAME RN Ry Bl A R BRI

SEH 18.1. (JRAEFM I E e )
AL —A (Blde: MBAEERE—, ZHRER, VHREHKEA —ANAETR)F &
2R LA HHE Fp(s, x;t,y)d9Markovid 42,

IR ATIAT 4 oL R ER)A H R  s, m E GD)(BE). e
B[ (s, &)ABA [} (s, €,)€,dB 2B,

/ (v — Ep(s, 645 + A, y)dy

= E [fs-‘rA - 55‘55}
= E[Ss-&-A - 58“758} (56)
[

s+A
- F /+ b(u, &) ds|FP]
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ol / T b )ds|e)]

1
A /(y —z)p(s,z;s + A, y)dy

s+A
= iE[gerA - 58’58 = 'T] = iE[/ b(uv éu)du s =

A
= A/ b(u, &,)du|s

= [ ( a§5)|€s = l‘] = b(S,J?)

= (57)

Aol

1
x /(y —2)°p(s, 258+ A, y)dy

1

= $Bl(Ea — &)l = 2] = £ Bl(6rs — 2lE =
1

= ZE[§S+A 2x£s+A +x |£S - I]

1 s+A s+A
= 2B 2det [ o du— 20s 4 2

fszx]
1

= 2xb(u,x) + o*(u, z) — 22b(u, x) = o*(u, x).

ZA, W RAERERERBNY oL, WA 2. Fek, MAH
BEMLI 3 75 R T AR 3 Y BE 22 B 1“9 ad R .

BEAR R Z HE 00 T AL Hip(s, o t, y) R GRIE, — D BRI R B NiZ
0 26 P IR T35 B0 S B R TR 88— UGB, B, B fI7ER 5%
R (R SE I 18] MarkovBE B 1S FE LT Fe MR AERE (py; (1)) FE R AEFEQ,  FATH
E AT 2

P'(t) = P(t)Q (IMATHTHE), P'(t)=QP(t) (MJEHE).

EH  18.2. (Kolmogorov[al §i 772+ Fokker-Planck 52, Kolmogorovi — 77 F2)
fe% ISR B 6B R T, ¥ HkitA2

d§ = b(t, &)dt + o(t,&)d B,
854 5 B R F R e T 8GR IR T AZ 6 KRR

%p(sax;t,y) ;;z( (t,y)°p(s, z;t,y)) — %(b(ty)p(s,w;t,y))- (58)

RA LA

\a

op(t,z,y)
ot

= Lyp(s, 7;t,y).

90

s+A s+A s+A
= A [/S+ 2§ub(ua§u)du+2/s+ gug(u,gu)dBqu/er o2(u, &) du — 2(Egpn —

z)

§s:x}
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AT A
/ p(s,235,1) f(w)dy = F(z), V() € CP(R),
Ap
p(s,x;8,y) = 0,.
AFCPARELFT AT, H{r: f(z) #0}R—ANEEARAEL). #£—F, &
dft = b(gt)dt + O'(ft)dBt
)

op(t,x,y) 10°
ot 28y

WEB: XTve e Cf°, BRI e(E()), HItoA I

S (o (y)?p(t, 2, y)) — a%(b(y)p(t, z,y)).

dip(§(1)) = ¢ (§(1))dE(t) + %w”(&(t))az(t §(t))dt,

P =ol6(0) = [ @bl ea)dury [ E@)o*u el)dur [ Eu)olu gw)dB.
STt >t > s, FlT GO TS T A B DU B2 3244,
Blp(er) — pl)le = 2

= B[ s () + 5o 6o €] dul. -

Elp(&n) — p(&)|&s = 7]
[/t u fu fu + 102(u gu) ”(fu)}du s =

2

— 1/t b(u, &)@’ (€4) + 102(u &)@ (€u)] dulés =

2
A L0, 135
P 2 [ ¢(y) sxty :/SO sxty
A= D))+ 30%0 86" 6|6 = :c}
= [ 00 )+ 50 ) W)l it v)dy

82

R —/s&(y)%[b(t,y)p(s,x;t,y)]dy+%/Sﬁ(y)ayz( (t,9)"p(s, @i t,y)) dy.
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&Il
op(s,z;t,y) 10 2 , 0 .
St = 3,2 (O s it y)) = 5o (bt wp(s it y)).

H O AR E f LA RSUE B, Sk

lim [ p(s, ;) f(y)dy = UmE[f(&)[8: = o] = f(x).

R
p(s, 258, y) = 04(y).
#Ei& 18.1. 3 FH a9y A2
6=+ [ s+ [ olegin
S5 (B, EHER AP0, x), MEHDTERA
p(ty) = / p(0, 2)p(t, z,y)dx

W p(t,y)iwh R VAT 69 Master 7 £2( £ 7 42)

0 9? o
2 () - ).

iERA:  F)HFokker-Planck 7 12

8p _ op(t,z,y)

= / (0,2)Lyp(t, x, y)dx

= /ﬁyp (0, z)p(t, z,y)dx

= £} [ p0.0)plt, 2,
0% o*(y)

= EZp(t,y)Ia—yz( 5

p(t.y) - a%(b(yw, ).

VIR 18.1. FAEERRT & WEEp(t,y) % R HEMIE.

AEH  18.3. Kolmogorov[A]J5 /7. Kolmogorov— 7712

8p(8,$,t,y) _ 1 2
- as - 20— (S7x)

O%p(s, xz;t,y)
ox?

92

(s, z;t,y)

+ b(SNCE) ax 9



S P BB LT 560 UF 2017 (2017.6.1381THix) %I 5

i [ p(ss7:0,0) )y = 1(0),
AR, B (&) so T E KL

op(t,z,y) 1 5  9p(t,z,y) op(t, x,y)
T L G > )5,

EW: p(x) € 5 2uls,x) = Elp(&)6 = 2], Wu(s+A, &a) = E[0(&)[Esral-

[u(s + A, &a) — u(s,&)] (59)

stA 8 8 182 s+A a
_ A[/s (a—?u,&)+a—Z(l,&)b(l,&)+§a—;;(l,§l)g2(z7gl)>dz+/s 8—2(1,&)0@13[].

| = ] =

ERR
Chapman-Kolmogorov 5 2 HH. Bk
Elu(s+A, &ya)|& = @] P TEEE BE[p(&) €nallé = 2] "= Elp(@)és = ).

E[u(87€8)|€s = :L‘] = E[QD(&)KS = m]
h (50) P A& IR |, — 2,

1 s+A
E[Z/ [ ]dlfszx]:().
A0, 53]
0 0 10?
E[a_Z(s?gs) + a_Z(Sa gs)b(57£s) + 58_;;(37 53)02(37£s> fs = $] = 0.
] )
—%(S,QJ) = %(s,x)b(s, x)+ %%(s,x)ﬁ(s,x}.

o =0, W1F.
I 55 L ]

Fl6) = (&) = [ 66+ 5o E]du+ | f(€)(E)aB.

lim B [f(6a) — f(€)|o = 2] =b@)f (0) + 5o? @) (60)

%

u(t,r) = Elp(€)le = 1] = / ()l 2, y)dy

- /s@(y)p(s,wysﬁ,y)dy
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sl (60).

nm%E@@@M—u@@M@:ﬂ

:b@W@@+%ﬁ@M@@.
F— 71
Elu(t,a)|& = 7]
- /u@@mgﬁaw

/ / oW)p(t, 2, y)dyp(A, 7, 2)dz
/sO(y)p(t + Az, y)dy = u(t + A, x)

E[u<t7 §O)|£0 = .T] = u(ta I)
1

nm%E@@gg—u@&ﬂ@:ﬂ

A—0
o1 ~ Ou(t,x)
- EL%Z(“(HA’“") —u(t,z)) = T

R p(z) = 6, BITS 0
FE b RS S s EIRATIEY] T T 44419 A& (final value problem).
R 18.2. A TFTARELBLf(x), &K
u(t,z) = E[f(&r)|& =2, (t<T),

Ne R 774
ot Lot 2) 0% + b(t,2)2L =0
limpr u(t, x) = f(x)
a9 o
Fo(t,r) = u(l —t,x) = E[f (§r)|ér—e = 2], WHTO<E < T, v(t, )i R

9o — Lo2(p 2) Ly 4 p(t, )22

ot 2 ( )8m ( )833 (61)
limy g v(t, z) = f(x)

6 A I RGTAZI, u(l, o)A 40 T % P dedh 542 Cauchy 7] 4 69 i

% = %a%’r)w + b(z) 5"

u(0,2) = f(x)
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19 Z4EP Hud#E (Multidimensional Diffusion Pro-

cesses)
19.1 FEHLB HIERE
des” bi(t,€) ou(t,&) - on(t,&) dB;"
= : dt + : : : : - (62)
dgf™ bu(t, &) om(t.&) - ow(t&) | \ dB”
i
bl(t,.l’) Ull(t,x> 0'11(?5, 33')
b(t,z) = . X(t,x) =
by (t, ) oni(t,z) -+ ope(t,x)

nxr

AT Lot 77 72 (62)iE
dft = b(t, ft)dt + Z(t, St)dBt

19.2  WHE SRR T X
e € R, y e R
bl(t,l')
3 1 . — —
lAHjS Z ‘y_x|<1<y - Qi)p(t, xyt+ A? y>dy - b<t7 1;) -
b (t, )

1
lim — / (y—2)(y— )" plt,z;t + A, y)dy = A(t, z) = (ai;(t, ))1<i j<n-
Al0 A ly—z|<1

19.3 WY EHEIA
ANTEHRAL W, F BRI RO € SN TT 1R B9 (probability current, flux).

(t.) = b(wplt.) = 5 3 5 (ol ).

WMERRT = (Ji,---, J)". WV C R BAOGH 0500 ol Xk,
Tty > ty, nAVRIRAIAVERE, BB TEEBRON) 53,

/V(p(tzax)—p(tl,x))dx = /j dt/‘/%p(t,x)dx

95



S P BB LT 560 UF 2017 (2017.6.1381THix) %I 5

[3)
- /dt/ J -ndS(x)
t1 oV

Gauss—G__reen/A\iQ /tQ/ —le(J) dr
11 1%

% + div(J) =0,

AR

B
op

ot
R 2 Fokker-Planck /7 £
Hae FIRAE S FH R Gauss-Green /A 20 EGIE

= p@iﬂx:—/‘mwnw:m.
dt Jgn 5
B, # 5. p(0, z)de = 10F, XFAERENE >0, [, p(0,2)dr = 1.

H5L b, Fokker-Planck 5 #2 & —ANF{H 11%775F£(equatlon of conservation law),
BRI, AR AL f?cﬁﬁ(contmulty equation).

=—div(J)=-V-J .

19.4 [AT. MEHRE

2 A B0 L — LI YEEORIY, 2 4R Y HIUE R K olmogorov ) BT 7 FE (5 5
£, Fokker-Planck 7 #£) 4

M:li > (aw(ty sxty) i;( Sx;t7y)>7

ot 2 A= 9y:dy; — Oyi
(63)
Hr, (aij>1§i,j§d =xxT.
HARB N
3p(8,x,t,y) 1 a 82p(3,$;t,y) d N ap(? 7tay)
_ = = — it y) ———————— b;(t,y) ———== t it
o Qi;au(,y) D0dn, +; ()= =t Yp(s, 7 ),
(64)
/\I:Fl’
8@1 (t,y)
bilt, y) it y) + —o s
- 0a;;(t,y) ob;(t,y)
Ly == ) —F/—= :
C( 7y) 2 Z]ZI 8yzayj ZZ 8yz
Kolmogorov[i] JG 77 F£ (5 —T71E) N

Op(s, z;t,y) 1 o %p(s,zit,y) o (s, z;t,y)
JS LY 2N () TS TN N ) BT R g5
0s 2 Z ! Ox;0x; Z ;

96



S P BB LT 560 UF 2017 (2017.6.1381THix) %I 5

20 Feynman-KacZA R

20.1 Feynman-KacAR I

ER 20.1. 3%
dXt - b(Xt)dt + E(Xt)dBt,

L=ty + Ly bi(@) g & f € CR(R™), g € C(R), ¢F FRo

1. Ro(t,x) = (exp( fo )ds) f(X¢)

X, = :c> )

%zﬁv—qv t>0, xeR"
(66)

v(0,z) = f(z) xeR”

2. Fuwt,z) € CY¥R x RYEK x RPEH R, K cc R, w(66)4 ##,
Ww(t,x) = v(t, x).

R 20.2. D CR"A—AFRIFRE, q(r)>0. FEDirichletZ 14 15] 2
%ZZJ’:ICLU( )ax x; +Z bi(w ) _Q(J/‘)U:_g@) reD
u(z) =0 x € 0D
)

ua) = B( [ atcrew (- [ qf€)ds) gy =),

dft = b(ft)dt + E(ft)dBt, (a”) = Ezt
= inf{t > 0,£ ¢ D}.

EE

20.2 Feynman-KacA =, 11
B, L /& 42 J8) Lipschitz 25 A A2 PERE K 5 1

d& = b(t,&)dt + X(t,&)dBy, (67)
c —1ia.-(t =2 +ib<(t 22 (68)
b 2ij:1 AT 8@8% i1 o 8@
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EH 20.3. Ku(t,r) Xk ToREETH, XTt—RELETHRELFRVL € (0,T],

Liu(x,t) + %(z, t) —q(t,z)u(z,t) = —g(z,t)
(69)
u(z,T) = f(z)

)

T T s
u(e,t) = B(f(§(T))e I a6 4 / (& s)e F 1@ Mds|g =) (10)

t

21 ;|

A L (MRS RIENESE; S5 EX R S & MiEiR
HIEIE; BB
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