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1 2���22FFF

1. �(Ω,F , P )���VÇ�m§y²µ¯��F����d½Â�

(1) F��;

(2) eA ∈ F§KAc ∈ F ;

(3) eA1, A2, · · · , An, · · · ∈ F§éu?¿n ≥ 1§ ∩∞n=1An ∈ F"

2. �F���¯��§y²µéuA1, A2, · · · , An ∈ F , KA1 ∩ · · · ∩ An ∈
F§A1 ∪ · · · ∪ An ∈ F"
(555¿¿¿¯̄̄���µµµ A1 ∪ · · · ∪ An = A1 ∪ · · · ∪ An ∪ An ∪ An · · · )

3. �(Ω,F , P )���VÇ�m§y²µA1, A2, · · · , An ∈ FüüØ�§=pØ
�N§K

P (∪nk=1Ak) =
n∑
k=1

P (Ak).
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2 2���24FFF

1. �ξ1, ξ2, · · · .ξn, · · ·´Ó©Ù��ÅCþS�, ÷vEξ2
i < ∞, �éu?¿

�n 6= m, cov(ξn, ξm) = 0.y²: ξ1, ξ2, · · · .ξn, · · ·÷vf�êÆ"
(555¿¿¿¯̄̄���: eØb�Ó©Ù5�§ù�·K�¤áíº½ö¯�±3�o
^�e¤áº )

2. �Ω = {ω1, ω2}, F = {Ω, ∅, {ω1}, {ω2}}, P ({ω1}) = p, 0 < p < 1. y²: 3V
Ç�m(Ω,F , P )þ, Ø�3ü��²�ÕáÓ©Ù��ÅCþ.

4



A^�Å©Û2017 (2017.6.13?¾�) �� 4]

3 3���1FFF

1. �Ö�á1.3.3!SN.

2. eξÑl��Gauss©ÙN(0,Σξ)§Ù¥

Σξ =

 4 2

2 1


ηÑl���òz��©Ù, Ù���
�

Ση =

 4 1

1 1


¯´Ä�32× 2Ý
A, ¦�ξ = Aη. e�3, ¦ÑA; eØ�3, �Ñ\�n
d; �Ñη��Ý¼ê.

(555¿¿¿¯̄̄���µµµ AØ��¶η�þ�Ø�½�0§��oº )

3. ���ááá11119���11123KKK

�X, Y, Z,W´�pÕá�IO���ÅCþ. �a, b ≥ 0, y²µ

P
(
a
√
X2 + Y 2 > b

√
Z2 +W 2

)
=

a2

a2 + b2
.
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4 3���8FFF

1. �X(ω) =

 1, ω ∈ A

0, ω ∈ Ac
, A ∈ F§Y���lÑ.�ÅCþ§Ù©Ù��

P (Y = yi) = pi, i = 1, 2, · · · , n · · ·"y²

E[X|Y ](ω) =

 P (A|Y = yi), Y (ω) = yi� pi > 0

ci(ci�?�~ê), epi = 0

.

( JJJ«««µµµ ���±±±^̂̂½½½ÂÂÂ���������yyy""" )

2. 3k�Õá/�ügþ!M1ù�Á�¥§�X =

 1, 1�gÑ�¡

0, 1�gÑ�¡

§

YL«üg¥Ñy�¡�ogê"¦E[X|Y ]±9§�©Ù�"

3. �(X, Y1, Y2)ÑléÜ�Ý�p(x, y1, y2)�ëY.�Å�þ§EX2 < ∞"
¦E[X|Y1, Y2]"

(555¿¿¿µµµdddKKK¥¥¥¿¿¿vvvkkkbbb���éééuuu???¿¿¿���(x, y1, y2), p(x, y1, y2) > 0. )

4. (X1, X2, X3)Ñln���©ÙN(~a,Σ)§Ù¥~a = (a1, a2, a3)T , Σ = (σij)i,j=1,2,3"
eσ12 = 0§ ¦E[X3|X1, X2]±9§��Ý¼ê"
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5 3���10FFF

1. ��Å�þ(X, Y )��Ý¼ê´ p(x, y) =

 e−y, 0 < x < y

0, Ù§

. ¦E[Y |X]�

�Ý¼ê"

2. (=��131�14K§�õ�¯)

�η ∼ U [0, 1],P

ηn =
2n−1∑
k=0

k

2n
1{ k

2n
≤η< k+1

2n
}.

(1) ¦ηn�©Ù¶
(2) �½η1 = 1/2�^�e§η2�^�©ÙÆ.
(3) ¦E[η2|η1].

3. (=��131�15K)

��ÅCþXÑl[0, 1]þ�þ!©Ù§
3�ÅCþX = x^�e§�ÅC
þY�^�©Ù���©ÙB(n, x).
(1) ¦EY, var(Y ).
(2) ¦�ÅCþY�©Ù.
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6 3���17FFF

1. (=��118�116K)

y²µvar(Y ) ≥ E
(
var(Y |X)

)
, Ù¥var(Y |X) = E

[(
Y − E[Y |X]

)2|X
]
¡

�Y'uX �^���"

2. (X, Y )Ñl����©Ù§¦var(Y |X)"

3. �{Xn}n≥1´ÕáÓ©Ù��ÅCþ§Ñlëê�λ��ê©Ù" Sn =∑n
k=1Xk"y²¶{Sn}n≥1´��ëYG��mþ�ê¼ó§=y²éu?

¿�k.Borel¼êf§eª¤áµ

E[f(Sn+1)|S1, S2 · · · , Sn] = E[f(Sn+1)|Sn].

¦Ñù�ê¼ó�=£�Ý¼ê"
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7 3���22FFF

1. �(Bt)t≥0´IO�ÙK$Ä§(Xt = Bt+at)t≥0´¤¢�¤£ÙK$Ä§Ft =
σ(Bs, s ≤ t)"y²µ(Xt)t≥0´'u(Ft)t≥0�ê¼L§§=y²µéu?¿�
k.Borel¼êf§s < t§

E[f(Xt)|Fs] = E[f(Xt)|σ(Xs)].

¿¦Ñ(Xt)t≥0�=£�Ý¼ê"
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8 3���24FFF

1. (ξn)n≥1'uσ-�6(Fn)n≥1·A§y²e�ü�·K�dµ

(a) é?¿�n,m§E[ξn+m|Fn] = ξn§=(ξn)n≥1�(Fn)n≥1�;

(b) é?¿�n§E[ξn+1|Fn] = ξn"

2. (=��148�12K)
e{ξn}´��§
�Eξ+

n < +∞§K{ξ+
n }�´e��.éA/,qeEξ−n >

−∞,K{ξ−n } �´þ��"

3. (=��148�14K)
�ξn =

∑n
k=1Xk´(Fn = σ(X1, X2, ..., Xn))n≥1���§�Ù��k�§KS

�{Xk}¥��ÅCþüüØ�'"

4. (=��148�18K)

b½�ÅS�(ξn, n ≥ 0)kêÆÏ",�÷v

E[ξn+1|ξn, · · · , ξ0] = αξn + βξn−1, (α, β > 0, α + β = 1).

UÄÀ�c§¦ηn = cξn + ξn−1(n ≥ 1, η0 = ξ0)´(Fn = σ(ξ0, · · · , ξn))n≥0�
�º

5. (=��148�110K)

�Sn = X1 +X2 + · · ·+Xn´{ü�Åþ}.Xn ∼

−1 1

q p

 (q = 1− p)�Õ

áÓ©Ù.y²ξn = (pz2q + qz−2p)−nzSn−n(p−q)´��.
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9 3���29FFF

1. �(ξn)�pÕá§ E|ξn| < ∞§ Eξn = µn > 0§ y²:Xn =
n∑
k=1

ξk�Fn =

σ(ξ1, · · · , ξn)e�§¿¦Ñ(Xn)�Doobe�©)¶

e?�ÚEξn = µn = 0, Eξ2
n < ∞, ∀n, Xn =

n∑
k=1

ξk���. y²: X2
n �e�

�, ¿¦ÑX2
n� Doob e�©)"

2. �(ηn)n≥1´i.i.d��ÅCþS�§P (ηn = 1) = p, P (ηn = −1) = 1 − p§0 <
p < 1§Fn = σ(η1, · · · , ηn)"

ξn =
n∑
k=1

ηk, Mn =
1

[4p(1− p)]n2

(1− p
p

) ξn
2
.

(a) y²: (Mn,Fn)n≥1´�¶

(b) y²: (Mnξn,Fn)n≥1´�¶

(c) �(Rn)n≥1´��(Fn)n≥1·A�L§§
�R1 = M1"e(Rn)n≥1Ú(Rnξn)n≥1Ñ
´'u(Fn)n≥1��§y²µéu?¿�n§Rn = Mn"

11
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10 4���5FFF

1. �(ηn)n≥1´�pÕá��ÅCþS�§ηnÑlN(0, σ2
n)§ξ0´�(ηn)n≥1�p

Õá��ÅCþ§Fn = σ(ξ0, η1, · · · , ηn)§n = 0, 1, 2, · · ·" �n ≥ 1�§an´
'uFn−1�ÿ�k.�ÅCþ"

(a) y²µ

E
[

exp
(
anηn

)∣∣∣Fn−1

]
= exp

(1

2
a2
nσ

2
n

)
.

(b) �

zn = exp
(
−

n∑
k=1

ak
σ2
k

ηk −
1

2

n∑
k=1

a2
k

σ2
k

)
.

y²µ(zn,Fn)n≥1´�"

12
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11 4���7FFF

(Girsanov-Cameron-Martin½n)
�(ξ0, ηn, n ≥ 1)�pÕá§Fn = σ(ξ0, η1, · · · , ηn)§E|ξ0| <∞§ηn ∼ N(0, σ2

n)§bn 6=
0§ cn

bn
´k.Borel�ÿ¼ê"

ξn = ξ0 +
n∑
k=1

bk(ξ0, . . . , ξk−1) · ηk +
n∑
k=1

ck(ξ0, ξ1, · · · , ξk−1)

= ξ0 +
n∑
k=1

bk(ξ0, . . . , ξk−1)
[
ηk +

ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1 . . . , ξk−1)

]
.

zn = exp
(
−

n∑
k=1

ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1, · · · , ξk−1)σ2
k

ηk −
n∑
k=1

1

2

( ck(ξ0, ξ1, · · · , ξk−1)

bk(ξ0, ξ1, · · · , ξk−1)σk

)2
)
.

éu?¿�A ∈ Fn§½Â#�VÇP̂ (A) = E(1Azn)§K3P̂e§

(η1 +
c1

b1

, · · · , ηn +
cn
bn
, · · · )

´�pÕá��ÅCþS�§
�ηn + cn
bn
∼ N(0, σ2

n)"�?�Ú§(ξn,Fn)n≥0

3P̂e´�"

1. �(ξ0, ηn, n ≥ 1)�pÕá§E|ξ0| < ∞§ηn ∼ N(µn, σ
2
n)"�f(ξ0, η1, · · · , ηn)

´k.Borel¼ê" Fn = σ(ξ0, η1, · · · , ηn)§y²µ

E
[

exp
(
f(ξ0, η1, · · · , ηn−1)ηn

)∣∣Fn−1

]
= exp

(
f(ξ0, η1, · · · , ηn−1)µn +

1

2
f 2(ξ0, η1, · · · , ηn−1)σ2

n

)
.

2. y²Girsanov-Cameron-Martin½n

13
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12 4���12FFF

1. eτ, σÑ´(Ft)t∈TÊ�§y²µτ ∨ σ = max(τ, σ)Ú τ + σ�´ (Ft)t∈TÊ�"

2. �(ξn)n≥1´(Ω,F , (Fn)n≥1, P )þ·A��ÅS�§τ´'uσ-�6(Fn)n≥1�
Ê�§�τ??�k��§=∀ω ∈ Ω§τ(ω) < ∞. ½Â(ξτ )(ω) = ξτ(ω)(ω)§
y²µξτ ´(Ω,F)þ��ÅCþ"

3. �(Ω,F , (F)n≥1, P )§τ´'u(F)n≥1Ê�§y²: d�τ��d½Â´µ∀n ≥
0§{ω : τ(ω) = n} ∈ Fn"

14
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13 4���19FFF

1. (|^À�½ny²Wald�ª) �(ηn)n≥1´i.i.d��ÅCþS�§E|η1| <
∞§�Fn = σ(η1, · · · , ηn)§τ´(Fn)n≥1Ê�§÷vEτ <∞§ξn =

∑n
k=1 ηk§

y²µ
Eξτ = EτEη1.

e?�ÚEη1 = 0, Eη2
1 = σ2 <∞§y²µ

Eξ2
τ = σ2Eτ.

2. (ηn)n≥1´i.i.d��ÅCþS�§η1Ñl[0, 1]�þ!©Ù§ξn =
∑n

k=1 ηk" τ =
inf{n, ξn ≥ 1}"¦EτÚEξτ"

3. (dddKKK´́́ÀÀÀ���KKK) �(Xn)n≥0´k�G��mSþ�Ø��ê¼ó§=£Ý

�P§�A´S�f8"F : A → R � g : S \ A → R´ü��½�¼ê"
�τ = inf{n,Xn ∈ A}§τn = τ ∧ n"�¼êf : S → R÷v

f(x) = F (x), x ∈ A;(
(P− I)f

)
(x) = g(x), x ∈ S \ A, I´ü Ý
.

(a) y²µMn = f(Xτn)−
∑τn−1

j=0 g(Xτj)´�¶

(b) |^À�½ny²

f(x) = E
[
F (Xτ )−

τ−1∑
j=0

g(Xj)
∣∣∣X0 = x

]
.

ëëë���ïïïÆÆÆµµµ �Në��eLevy�ÚùÂ¥½n7.4¬k�Ï"ù�K��µ
´5
u��ý��§>�¯K�VÇ)"


�Äk�yEτ <∞

4. �τÚσ�(Ft)t∈TÊ�"y²µeτ ≤ σ§KFτ ⊂ Fσ"

15
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14 4���26FFF

1. éu$Ä(Bt, t ≥ 0), �Ft = σ(Bs, s ≤ t)§y²µ

(1) (Bt, t ≥ 0)´(Ft)t≥0�¶

(2) (B2
t − t)t≥0´(Ft)t≥0�¶

(3) (zt = eCBt−
C2t
2 , t ≥ 0)´(Ft)t≥0�"

ïïïÆÆÆµµµ (3)ë���p53·K4.2�y²

2. �
{
p(t, x, y), x ∈ Rn, y ∈ Rn

}
�n�IOÙK$Ä�=£�Ý§y²µ

∂p(t, x, y)

∂t
=

1

2
∆xp(t, x, y) =

1

2

n∑
i=1

∂2p(t, x, y)

∂x2
i

, (1)

∂p(t, x, y)

∂t
=

1

2
∆yp(t, x, y) =

1

2

n∑
i=1

∂2p(t, x, y)

∂y2
i

. (2)

(2)�¡�Kolmogorov�c�§(1��§)½öFokker-Planck�§¶(1)�¡
�Kolmogorov���§(1��§)"

3. �(Bt)t≥0�¤£ÙK$Ä§=

Bt = B0 + A · B̄t + b · t,

Ù¥A���n×r�"~êÝ
§ B̄t�r�IOÙK$Ä§ b = (b1, · · · , bn)�
��n��"~ê�þ"�AAT´�½Ý
, ATL«A�=�"

(a) ¦Ñ(Bt)t≥0�=£�Ýp(t, x, y)¶

(b) ¦Ñp(t, x, y)÷v�Kolmogorov�c�§(1��§½öFokker-Planck�
§)ÚKolmogorov ���§"

(c) �f�Rnþ¿©1wäk;| �¼ê§¦

lim
τ↓0

1

τ

(
Es,xf(Bs+τ )− Es,xf(Bs)

)
.
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15 5���3FFF

1. �(Xt)t≥0´���màg��3k�G��mS�ê¼ó§§�=£�ÇÝ

P�Q"f´Sþ�¼ê" ¦µ

lim
τ↓0

1

τ

(
Es,xf(Xs+τ )− Es,xf(Xs)

)
.

2. �(Xn)n≥0´i.i.d��ÅCþS�§X0��Ý¼ê�p(x)§(ξt)t≥0´�(Xn)n≥0Õ

á�PoissonL§§Ùëê�λ"�Y =
∑ξt

n=0 Xn§K(Yt)t≥0´���màg
�ÕáOþL§§¡�EÜPoissonL§" f�Rþ¿©1wäk;| �¼
ê§¦

lim
τ↓0

1

τ

(
Es,xf(Ys+τ )− Es,xf(Ys)

)
.

3. e(Xt)t≥0´²­OUL§,

Xt =

√
cBe2βt

eβt
,

Ù¥(Bt)t≥0´IOÙK$Ä"f�Rþ¿©1wäk;| �¼ê§¦

lim
τ↓0

1

τ

(
Es,xf(Xs+τ )− Es,xf(Xs)

)
.

17
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16 5���5FFF

1. �Ö��p72-78�SN"

2. �(Bt)t≥0´��Brown$Ä"�[s1, s2]�2n�©:�

s1 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
2n = s2.

�1 ≤ p <∞§∆B
t
(n)
k

= B
t
(n)
k+1
−B

t
(n)
k
"�?Ø

2n−1∑
k=0

∣∣∆B
t
(n)
k

∣∣p�ñÑ5"

18
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17 5���10FFF

1. �(Bt)t≥0´��IOBrown$Ä§0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
Nn

= T´[0, T ]�y

©§λn = maxi{t(n)
i+1 − t

(n)
i }.

(a) �

φ̃
(n)
t =

∑
k

B
t
(n)
k+1

1
(t

(n)
k ,t

(n)
k+1]

(t).

H φ̃
n ≡

∑
k

B
t
(n)
k+1

∆B
t
(n)
k

=
Nn−1∑
k=0

B
t
(n)
k+1

(
B
t
(n)
k+1
−B

t
(n)
k

)
,

y²µ�λn → 0�

H φ̃
n

L2

−→ 1

2
B2
t +

1

2
t.

(b) �

Ψ
(n)
t =

Nn−1∑
k=0

B
t
(n)
k

+B
t
(n)
k+1

2
1

(t
(n)
k ,t

(n)
k+1]

(t),

y²µ�λn → 0�

HΨ
n ≡

Nn−1∑
k=0

B
t
(n)
k

+B
t
(n)
k+1

2
∆B

t
(n)
k

L2

−→ 1

2
B2
t .

(c) �

ξ
(n)
t =

Nn−1∑
k=0

B
t
(n)
k

+t
(n)
k+1

2

1
(t

(n)
k ,t

(n)
k+1]

(t),

y²µ�λn → 0�

Hξ
n ≡

Nn−1∑
k=0

B
t
(n)
k

+t
(n)
k+1

2

∆B
t
(n)
k

L2

−→ 1

2
B2
t .

2. �φ ∈ L 2
T�§y²µ

{
ξt

def
=
∫ t

0
φsdBs

}
´(FBt )t∈[0,T ] �"

3. �φ´���F(F/)L§�§y²µ
{
ηt

def
= (
∫ t

0
φsdBs)

2−
∫ t

0
φ2
sds
}
´(FBt )t∈[0,T ]�§

�

E
[( ∫ t

s

φudBu

)2
∣∣∣FBs ] = E

[ ∫ t

s

φ2
udu
∣∣∣FBs ].

19
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18 5���17FFF

1. (=��199�SK9 )

�Oe�´Ä��(I�y²): t2Bt − 2
∫ t

0
sdBs, B3

t − 3tBt.

2. ( =��199�113K)

�(Bt)t≥0´��IOÙK$Ä§�gk(t) = E|Bk
t |, k = 0, 1, 2 · · ·"|^Itô ú

ªy²

gk(t) =
1

2
k(k − 1)

∫ t

0

gk−2(s)ds, k ≥ 2.

¿udO�E(|Bt|k), k = 1, 2 · · · .
( JJJ«««: f(x) = |x|k, k = 3, 4, · · ·´�gëY��� )

3. �c, α1, · · · , αn´~ê§Bt = (B
(1)
t , · · · , B(n)

t )´n-�ÙK$Ä

Xt = exp
(
ct+

n∑
j=1

αjB
(j)
t

)
.

y²:

dXt =
(
c+

1

2

n∑
j=1

α2
j

)
Xtdt+Xt

( n∑
j=1

αjdB
(j)
t

)
.
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19 5���19FFF

1. ( =��199�110K, ��5¿���þK8�ØÓ ) �(B
(1)
t , B

(2)
t )´

��ÙK$Ä§(B
(1)
0 )2 + (B

(2)
0 )2 6= 0. �ä(B

(1)
t B

(2)
t )t≥0 �

(
ln
[
(B

(1)
t )2 +

(B
(2)
t )2

])
t≥0
´Ä´(FB

t )t≥0�§´Ä´(FB
t )t≥0ÛÜ�§¿��Ñ\��ä�

êÆy²"

2. �
dXt = F (t)Xtdt+ C(t)dBt, X0 = x0, (3)

Ù¥b�Xê3?¿k�«mSk.§¦)d�§"

3. (=��1139�13K,ëw��1110�~6.7�SN)
¦y�§

dξt = [c(t) + b(t)ξt]dt+
m∑
i=1

[σi(t) + ai(t)ξt]dB
(i)
t ,

ξ0 = ξ0,

�)´

ξt = F (t)

[
ξ0+

∫ t

0

F (s)−1

(
c(s)−

m∑
i=1

σi(s)ai(s)

)
ds+

∫ t

0

m∑
i=1

F (s)−1σi(s)dB
(i)
s

]
,

Ù¥

F (t) = e
∫ t
0 [b(s)− 1

2

∑m
i=1 a

2
i (s)]ds+

∫ t
0

∑m
i=1 ai(s)dB

(i)
s .
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20 5���24FFF

1. ( =��1138�11K)

�Ñ���/ª�Å�©�§

d2ξt
dt2

= −λ2ξt − b
dξt
dt

+ σḂt,

ξ0 = x,
dξt
dt
|t=0= v0,

î��êÆ/ª§¿¦wª).

2. (��1139�15K)
¦)�§dξt = −1

2
e−2ξtdt+ e−ξtdBt,¿y²§3��k���Å�m�¿.

3. (��1139�18K)
y²�§

dξt = −1

2
ξtdt− ηtdBt,

dηt = −1

2
ηtdt+ ξtdBt.

k)(ξt, ηt) = (cosBt, sinBt). 
�Ù?¿��)÷v
√
ξ2
t + η2

t =
√
ξ2

0 + η2
0 .

4. (��1139�111K)
éu1w¼êσ(x),y²g(Bt)´�§

dξt =
1

2
σ′(ξt)σ(ξt)dt+ σ(ξt)dBt,

ξ0 = 0.

�)§Ù¥g(x)´¼ê
∫ x

0
du
σ(u)
��¼ê"
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21 5���31FFF

1. ��ÑOU�§§Black-Scholes�§�Kolmogorov�c§���§"

2. �(ξt)t≥0´��2-�*ÑL§§

dξt = b(t, ξt)dt+ Σ(t, ξt)dBt,

Ù¥

b(t, x) =

 b1(t, x)

b2(t, x)

 , Σ(t, x) =

 σ11(t, x) σ12(t, x)

σ21(t, x) σ22(t, x)


2×2

.

�/ª�í�ξtAT÷v�Kolmogorov�c§���§"

3. ��Ñ�ÅNÚ�f�Kolmogorov�c§���§"
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1. (��1163�12K)
b½u(t, x)÷v���§

∂u

∂t
+

1

2

∂2u

∂x2
= 0,

y²: Eu(t, Bt) = u(0, 0).

2. (��1164�14K)
¦��ª�¯K 

∂u
∂t

+ 1
2
∂2u
∂x2

= 0,

u(T, x) = f(x)

�)u(t, x), 0 ≤ t ≤ T , 2ò(Jí2�õ�"

3. �U(x) : Rn 7→ R´1w¼ê§÷v
∫
Rn e

−U(x)
ε dx <∞§

dXt = −∇U(Xt)dt+
√

2εdBt.

¦µXt�ØCVÇÿÝ(½öØCVÇ�Ý)§¿y²\�(Ø"Ù¥§B´n-
�IOÙK$Ä§∇U´U�FÝ"

4. 3þK¥§?�Úb�∀0 < ε < 1,
∫
Rn e

−U(x)
ε dx < ∞, 
�limx→∞ U(x) =

+∞. A = {x : U(x) = infy∈Rn U(y)}, �A�kk��:"-

πε(x) = Z−1
ε e−

U(x)
ε , Zε =

∫
Rn
e−

U(x)
ε dx

y²µéu?¿k.m8O,eA ⊂ O,�ε→ 0�§∫
Rn

1O(x)πε(x)dx→ 1.

5. �n-�*ÑL§(ξt)t≥0÷v

dξt = b(t, ξt)dt+ Σ(t, ξt)dBt, (aij) = ΣΣt.

f ∈ C2
0(Rn), q(x)ëYke."�

v(t, x) = E
[

exp
(
−
∫ t

0

q(ξs)ds
)
f(ξt)

∣∣∣ξ0 = x
]
.

e®²�yv(t + ∆, x) = E
[

exp
(
−
∫ ∆

0
q(ξs)ds

)
v(t, ξ∆)

∣∣∣ξ0 = x
]
"/ª/y

²µ

lim
∆↓0

1

∆

[
v(t+ ∆, x)− v(t, x)

]
=

1

2

n∑
i,j=1

aij(x)
∂2v

∂xi∂xj
(t, x) +

j∑
i=1

bi(x)
∂v

∂xi
(t, x)− q(x)v(t, x).
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1. �n-�*ÑL§(ξt)t≥0÷v

dξt = b(t, ξt)dt+ Σ(t, ξt)dBt.

�Lt = 1
2

∑n
ij aij(t,x) ∂2

∂xi∂xj
+
∑n

i=1 bi(t,x) ∂
∂xi

, (aij) = ΣΣt. �D�Rn¥�k

.m«�"e�§
∂u
∂t

+ Ltu = 0, x ∈ D, t ≤ T,

u(T,x) = 0, x ∈ D

u(t,x) = 1, x ∈ ∂D, s ≤ t ≤ T

,

két�gëY��§éx�gëY�����)" PuT (t,x)§τx = inf{t >
0, ξxt /∈ D}, x ∈ D. y²:

P (τx < T ) = uT (s,x).

JJJ«««µµµëëëwww���ááá111156-157���¯̄̄KKK2(½½½nnn7.13)999ÙÙÙyyy²²²±±±999111157������555

2. �Bt´n�ÙK$Ä§B(0, R) = {x ∈ Rn : ‖x‖ < R}. �x ∈ Rn, τx = inf{t >
0,B0 = x,Bt /∈ B(0, R)}. ¦Bτx�©Ù"

�±ë�±Þ�P�?Í�5 �©�§6(��Ñ��)150-53��SN.

JJJ«««µµµëëëwww���ááá111158���¯̄̄KKK1(½½½nnn7.14)ÚÚÚ¯̄̄KKK2(½½½nnn7.15), 222¦¦¦)))½½½
nnn7.15¥¥¥���   ���©©©���§§§.ùùù���   ���©©©���§§§���wwwªªª)))���±±±^̂̂¥¥¥¡¡¡þþþ���PoissonØØØ
LLL«««ÑÑÑ555§§§ùùùÒÒÒ´́́±±±PPP���ÖÖÖþþþ11153������½½½nnn2.18
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