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1. 11� 1121: ��Ai ∩ Aj 6= ∅§
AT´: ��Ai ∩ Aj = ∅.

2. 13� ���1: ξn → ξ, Ù¹Â�§ 3�Ñ��?¿��VÇε�/
eξn�±Cqξ.

´ÄATU�: éu��?¿�½�Ø�ε§3�Ñ��?¿��VÇ�
/e§ ξn�±Cqξ.

3. 15� �ê13,41µ ¡�Borel8" ¡�d-�Borel8"

´ÄATU�: ¡�Borel¯�N(�§�ê)"¡�d-�Borel¯�N(�§
�ê) "

4. 15� �ê121µ�éu4�$�µ4����¼êa...

´ÄATU�: �éu(�¼ê�Å:)4�$�µ4Úé�5$�µ4�
���¼êa...

5. 115� 191�5�(5)ATb½{ξ(n)}´GaussX"(�þ��ØÓ§�K

171�5�(4))

6. 118��SK19�ULãþk¯K"

7. 119��SK28¥�cov(ξs, ξt) = R(s, t)�½Â�116��'¼ê�½Â
ØÎ"

8. 121� �ê161µAn ∩ Am 6= ∅§
AT´: ��An ∩ Am = ∅.

9. 121� ��ü1– 122�111§ l�Ö�?ü^SÚc�©±9Æ)k
?�§��¦5wd?´ÄATU�: éu?¿�Borel8 A (½(a, b)m
«m)k

P ({ω : ξ(ω) ∈ A}) = P (ξ−1A) =

∫
P (ξ−1A|η = y)fη(y)dy.

10. 124� 16,71µ (E.2)��>´∫
IA(y)E(ξ|η = y)fη(x, y)dy......
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´ÄATU�: ∫
IA(y)E(ξ|η = y)fη(y)dy......

11. 125� ½n2.2§½n2.3�Qã¥´ÄAT`²µéu?¿�Borel¼
êh(x)§XJ¦�e¡�ªüàk¿Â§Kke¡��ª¤á"(~
Xµh(x)k.§½h(x)�K)

12. 126� ~2.6 kØ AT´: E[ξ|IA](ω) = E(ξ·IA)
P (A)

IA(ω) + E(ξ·IAc )
P (Ac)

IAc(ω).

13. 126� íØ2.6¥� /�ÜÕá0 AT´: �pÕá"

14. 131� SK4kØ" AT´: Σ2n−1
k=0

15. 136� �ê 181 Zn = e−(δ0+δ1+···+δn−1)Xn

AT´: ζn = e−(δ0+δ1+···+δn−1)ξn

16. 137� �ê161¥

...

∫
g(y)

f(y)
f(x)dx...

AT´:

...

∫
g(x)

f(x)
f(x)dx...

17. 142� 19,101

E(Xn+1|ξn, · · · , ξ0) = E(ξn+1|ξn, · · · , ξ0)− (n+ 1)µ

= p(ξn+1|+ 1) + q(ξn+1 − 1)− (n+ 1)µ = Xn,

AT´:

E(Xn+1|ξn, · · · , ξ0) = E(ξn+1|ξn, · · · , ξ0)− (n+ 1)µ

= p(ξn + 1) + q(ξn − 1)− (n+ 1)µ = Xn,

18. 142� 1131 AT´:

−a · pa + b · qb − µEτ = 0

19. 142� 1151 AT´:

Eτ =
1

µ
[−a · pa + b · qb]
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20. 143� *3.2.4 ��DoobÊ�½n�Qã¥�(2)kØ" AT´: XJ
�3ξ÷vE|ξ| < ∞,�ξn = E(ξ|η0, · · · , ηn),Kéu?¿ηn�Ê�τ, σ,�
�τ > σ, Òk^�Ï"

E(ξτ |Fσ) = ξσ.

21. 144� 131¥ Xn AT´: ξn

22. 148� SK6§7kØ"

***************************************

23. 123�1�1/... =
∫
xfξ(x|y)dy = ...0,AT´: /... =

∫
xfξ(x|y)dx =

...0

24. 135� 191 (½Â3.5����é{) /eξn´��§K§�´(ηn)�
�"0 �UAT´: /eξn´(ηn)��§K§�´��"0

25. 144� �ê1101 /d^�Ï"�5�§�±y²ù�½Â�duµé
u?¿t > sk

E(ξt|ηu : u ≤ s) = ξs.

0ù�·K´�(�"y²Xeµ

eéu?¿� t > s > s1 > · · · > sn, kE(ξt|ηs, ηs1 , · · · , ηsn) = ξs, Kdÿ
Ý*Ü½n=�.

eéu
E(ξt|ηu : u ≤ s) = ξs.

@oéu?¿� t > s > s1 > · · · > sn, d^�Ï"�²w5(ÝK5)�

E(ξt|ηs, ηs1 , · · · , ηsn)

= E
(
E(ξt|ηu : u ≤ s)

∣∣∣ηs, ηs1 , · · · , ηsn)
= E

(
ξs

∣∣∣ηs, ηs1 , · · · , ηsn)
5¿�(ξs)'u(ηs)��(·A), ��ξs'u(ηs, ηs1 , · · · , ηsn)��(�ÿ)

= ξs.

ùp,(ξt)'u(ηt)���5(·A5)å
'��^.

26. 147� �ê181 /=
∑n

i=1E[ξT IBi
] = ... = ...0 AT´:

≥
n∑
i=1

E[ξT IBi
] = ... = ...
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27. 148� íØ3.13 ¥ AT´: /�{ξn, n ≥ 1}´��k�!þ��0�Õ
áÓ©Ù�ÅS�...0.

28. 149� SK11�1���ªØ�("?

29. 154� 181 /d·K4.2��0§ AT´: /d·K4.3��0"

30. 162� �ê181 /½Âξ4t = 4x(Y1 + · · · + Y[ t
4t

])0AT´: /½

Âξ4t = σ4x(Y1 + · · ·+ Y[ t
4t

])0"

31. 169�111 ”
∑Nn−1

i=1 ...”, AT´: ”
∑Nn−1

i=0 ...”.

32. 172� �ê111

=

∫ T

0

f ′(t)[

∫ t

0

f ′(s)sds− tf(t)]dt = −
∫ T

0

f ′(t)f(t)dt =

∫ T

0

f(t)2dt

AT´:

=

∫ T

0

f ′(t)[

∫ t

0

f ′(s)sds− tf(t)]dt = −
∫ T

0

f ′(t)

∫ t

0

f(s)dsdt =

∫ T

0

f(t)2dt

33. 175�1111/gh(t) = 1
h

∫ t+h
0

f(s)ds0AT´: /gh(t) = 1
h

∫ t+h
t

f(s)ds0

34. 179� nÜ½Â5.2.Ú ��F/L§��ÅÈ©�½Âª(5.3), ½
Â5.2.¥�(5.2)ª

Φt =
m∑
i=0

ΦtiI(si,ti](t),

AT´:

Φt =
m∑
i=1

ΦsiI(si,ti](t).

;�X/�Ù¥�Xê�ÅCþΦti�Bsi ...���0AT´: /�Ù¥�
Xê�ÅCþΦsi�Bsi ...���0. Ó� (5.3)ª¥½Â�ÅÈ©¥�¦Ú
eI�AT´li = 1m©�.£ùp9�¡¦Ú�å:�UÑ�#�Ä
�e¤

35. 180�111 (5.4) ª¥m��
∑m

i=0 ‖φt‖2(ti − si) AT´:

m∑
i=0

‖φsi‖2(ti − si)

.
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36. 180� Ún5.4. �y²kØ§ 3y²�ªf�1n11��¥�^�
Ï"AT´éBsk��"�(�y²Xeµ

E
(∫ T

0

ΦtdBt

)2

= ...

= ...

= E
[ m∑
i=1

E(Φ2
si

(Bti −Bsi)
2|Bsi) +

2
∑
j<k

E(ΦsjΦsk(Btj −Bsj)(Btk −Bsk)|Bsk)
]

= E
[ m∑
i=1

E(Φ2
si

(Bti −Bsi)
2|Bsi) +

2
∑
j<k

ΦsjΦsk(Btj −Bsj)E(Btk −Bsk |Bsk)
]

= E
[ m∑
i=1

E(Φ2
si

(Bti −Bsi)
2|Bsi) +

2
∑
j<k

ΦsjΦsk(Btj −Bsj)E(Btk −Bsk)
]

= E
[ m∑
i=1

Φ2
si
E(Bti −Bsi)

2
]

= ...

37. 181�151 AT´:

Φ
(n)
t

def
=

Nn−1∑
k=0

Φtk(n)I
(tk(n),t

(n)
k+1]

(t) + Φ0I{0}(t).

,	§d?�ATr¦Ú�þeI��Ù"

38. 181�½Â5.4.¥/(ù�
∫ T

0
Φ

(n)
t dBt´L2¥�Cauchy�)0AT´: /(ù

�
∫ T

0
Φ

(n)
t dBt´L

2¥�Cauchy�)0

39. 185� /�55�0��ê1�1§lêÆ�î�55`AT´: /�
�� k. �ÅCþη0.

40. 185� �ê161 /Ø½��ItoÈ©
∫ t

0
ΦsdBs���ÅL§´GaussL

§0§ ùé{Ø�(.

41. 185��ê151 E
( ∫ t

u
ΦsdBs

∫ t
u

Ψsds
)

,AT´: E
( ∫ t

u
ΦsdBs

∫ t
u

ΨsdBs

)
.
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42. 189� (5.21)’ª dξt = ΦsdBs + Ψsds AT´: dξt = ΦtdBt + Ψtdt.

43. 190� 5.3.2!�121 /L2,loc def= = ...0 ¥�12��Ò´õ{�"

44. 190� �ê141 /
∫ t

0
ΦtdBt0 AT´: /

∫ t
0

ΦsdBs0.

45. 191� 161 /+
∫ Tt

0
ΘtΨtdt0,AT´: /+

∫ T
0

ΘtΨtdt0"

46. 192� 121 /5¿... QòBtn)�... 0 AT´: /5¿... QòBtn
)�... 0.

/�âØÓ�½�&E0 ´Ä�±�¤µ /�âØÓ�½�¤Jø�&
E0½/�âØÓ�½�0"

47. 193� 121 /(p) limn→+∞
∑
f ′(ξ

(n)
tk

)Φ
t
(n)
ti

...0 AT´:

(p) lim
n→+∞

∑
f ′(ξ

(n)
tk

)Φ
t
(n)
k
...

48. 193� 181 /t
(n)
k ≤ θ

(n)
k ≤ t

(n)
k+10AT´: / θ

(n)
k 0uBt

(n)
k
ÚB

t
(n)
k+1
�

m0"

49. 197� 131 /{dBt : t ≥ 0}0 AT´: /{Bt : t ≥ 0}0

50. 198� SK2 AT�K/�Ù0ü�i"

51. 199� SK13 /...
∫ t

0
gk−1(s)ds...0 AT´: /...

∫ t
0
gk−2(s)ds...0.

52. 199� SK15 Lãk¯K"

53. 1101� 121 AT´:

ξt = e−at
[
ξ0 +

∫ t

0

eau
(
η0 +

∫ u

0

σ(s)dBs

)
du
]
, η0 = ξ′0 + aξ0.

54. 1104� ~6.2 £�ÅNÚ�f¤¥ /Ï)�y = ξ0 cosλt + v0 sinλt +
1
λ

∫ t
0

sin(t− s)f(s)ds.0 AT´: Ï)�

y = ξ0 cosλt+
v0

λ
sinλt+

1

λ

∫ t

0

sin(t− s)f(s)ds.

55. 1104� ~6.2 £�ÅNÚ�f¤¥ /u´ù�/ª�§�)´ ξt =
ξ0 cosλt+ v0 sinλt+ 1

λ

∫ t
0

sin(t− s)dBs0 AT´: u´ù�/ª�§�)
´

ξt = ξ0 cosλt+
v0

λ
sinλt+

1

λ

∫ t

0

sin(t− s)dBs.
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56. 1113�191/Mt = e−cBt+( 1
2
c2−a)t0�UAT´: /Mt = e−cBt−( 1

2
c2+a)t0.

57. 1114� 131 nÜþ�^§)Ñ�/ζt0 �UAT´:

ζt =
(
ζ0 +

b

2

∫ t

0

e−
c
2
Bs+( 3

4
c2−a

2
)sds

)
e−

c2

2
t.

58. 1137��ê181/ξt = G(t, ξ0, B≤t)0AT´: /ξt = G(t, ξ0, (Bs)0≤s≤t)0.

Ó���ê181/ξ̄t = G(t, ξ0, B̄≤t)0AT´: /ξ̄t = G(t, ξ0, (B̄s)0≤s≤t)0.

59. 1139� SK8 ���é{/�Ù?¿��)��
√
ξ2
t + η2

t´��~

ê"0 ùé{O(�L�AT´: /�Ù?¿��)��
√
ξ2
t + η2

tð

�u
√
ξ2

0 + η2
0§ Ù¥(ξ0, η0)��§�Ð�"0

60. Ö¥¤k�/Fokker-Plank�§0 ÑAT´: /Fokker-Planck�§0.

61. 1141� ½n7.1þ¡�ã�1�é{ /ù�(Ø�±��z.=?¿�
Å�©�§�)§Ñ´MarkovL§.0 �(�LãAT´: /ù�(Ø
�±��z§=d½Â7.1½Â�?¿�Å�©�§�),=*ÑL§§Ñ
´MarkovL§.0

62. 1143�~7.3¢Sþ�¦Ñ
Black-scholes�Å�©�§�=£©Ù§
Ø´=£�Ý"3~7.3�171p(t, x, y) = ...AT´: F (t, x, y) = ....

63. 1144�¥� OUL§¤�²L§� cov(ηt, ηs)AT´: σ2

2b
e−b(t−s).

(1121Ú�ê111kØ)

64. 1145� �ê141§ /WaylÚn0AT´: /WeylÚn0"

65. 1147� �ê1111, /...E
[
...|ξt = x

]
0AT´: ...E

[
...|ξ0 = x

]
66. 1150�½n7.6¥�Master�§¥�ªm>1��AT´: / ∂

∂y
(b(y)p)0.

67. 1150� 51¥�Master�§¥�ªm>1�� AT´: / ∂
∂y

(b(t, y)p)0.

68. 1152� ½Â7.2¥�/π(x)0 AT´: /ϕ(x)0.

69. 1153� 1�ã¥ /ùü«�/©OaquMarkovó�"~�Ú�~
�0ùé{î��L�AT´: /ùü«�/©OaquMarkovó��
~�!"~�(p(t, x, y)→ 0)Ú�~�(p(t, x, y)→ ϕ(y))"0

70. 1154� 141 ªf γ1I ≤ A(x) ≤ γ2(1 + |x|2) AT´:

γ1I ≤ A(x) ≤ γ2(1 + |x|2)I

.
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71. 1154� 171 /k���K©�"�È)0 �UAT´: /k���
K�"�È)0

72. 1155� ½n7.11 ¥ /∂pΩ

∂t
= LypΩ0, ´ÄAT´: ∂pΩ

∂t
= L∗ypΩ0, ½ö

∂pΩ

∂t
= LxpΩ0"

73. 1156� 111 /∂pΩ

∂t
+ LxpΩ = 00,AT´: /∂pΩ

∂s
+ LxpΩ = 00.

74. 1163� SK2 Ø�("

75. 1164� SK4 Ø�(§ AT´: /∂u
∂t

= −∂2u
∂x2 ,0.

76. 1173� 1�1 /��6I�y 0 AT´: /��6I�y 0"

77. 1173� (9.7)ª AT´:

∂V

∂t
+

1

2
σ2x2∂

2V

∂x2
+ rx

∂V

∂x
− rV = 0.

78. 1175� (9.18)ª AT´:

dSt = St(rdt+ σdBt).

++++++++++++++++++++++++++++++++++++++++

79. 15� Γ¼ê�5�(2),=4íúª AT´: Γ(x) = (x− 1)Γ(x− 1).

80. 115�·K1.6 (4)¥§ξ�Ý1¼êM(λ)...,AT´: ξ�Ý1¼êM(z)..."

81. 118� SK16§

(a) 1�¯ y² V ar(Y ) ≥ V ar(Y |X),AT´: V ar(Y ) ≥ E
(
V ar(Y |X)

)
"

(b) V ar(Y |X) = E[(Y − E(Y |X))2|Y ] AT´: V ar(Y |X) = E[(Y −
E(Y |X))2|X]"

(c) 1�¯¥ ¦y V ar(Y |X) = ρ2V ar(Y ), AT´: V ar(Y |X) = (1 −
ρ2)V ar(Y )

(d) TSKAT�31�Ù"

82. 119��SK30¥�cov(ξs, ξt) = R(s, t)�½Â�116��'¼ê�½Â
ØÎ"

83. 131�SK2¥ξ ∼ Expλ, �U�¤Xe/ª�Ð: ξ ∼ Exp(λ),=ξÑlë
ê�λ��ê©Ù"

8



84. 151��ê141§ /î��êÆí��I�b½E|Bs|3 < ∞0 AT´:
/î��êÆí��I�b½lims→0

1
s
E|Bs|3 = 00.

85. 1146� �ê191 1���Ò����∫
(Lxp)(t, x, y)f(y)dy

AT´: ∫
L∗p(t, x, y)f(y)dy.

++++++++++++++++++++++++++++++++++++++++

86. 1155� ½n7.11¥ �§�>�^� AT´: pΩ|y∈∂Ω = 0.

87. 1156� ���1 �U´: t < T �Ð.

88. 1157� 5¥��§ ATI²��s 3�§)u¥� �.

89. 1158� ½n7.14y²¥141f(ξx) AT´: f(ξτx).

90. Ö¥ Feyman AT´: Feynman.

91. 1159� ½n7.17 151 AT´:

∂u

∂t
=

1

2

d∑
i,j=1

aij(x)
∂2u

∂xi∂xj
.......
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