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1. INTRODUCTION

In this article, we study a few problems about the existence and mul-
tiplicity of periodic solutions for asymptotically linear equations. More
precisely, consider the nonlinear equation

" + ft,z) =0, (1)

where
f(t,0)=0.

Furthermore, suppose that the function f: R x R — R satisfies the Ca-
rathedédory conditions and is T-periodic in ¢. Just for simplicity, assume
also that f is locally Lipschitz in 2 (in the Caratheddory sense), so that
uniqueness is ensured for the solutions of Cauchy problems associated to
Equation (1).

Afterwards, we’ll restrict to the case of asymptotically linear equations,
a situation in which the global existence of the solutions is guaranteed.

Our main tool is the Poincaré-Birkhoff fixed point theorem. To under-
stand its statement, let us introduce the Poincaré map.

Rewrite Equation (1) in the phase plane as follows:



and let z = (z,y) be a point in R?. Under these assumptions, for each
29 € R? there is a unique solution z(-) = z(+; z0) of (2) such that 2(0) = zo.
Throughout the paper we assume that z(-) is defined in R. This is not
restrictive in view of the growth assumptions of f that we are going to
consider (see (6) and (7)).

From the T-periodicity of f in ¢, it is clear that Equation (2) has a
T-periodic solution z(t;zg) if and only if there is a point zo € R? such
that z(T;z9) = zo. Thus, we may look for fixed points of the Poincaré’s
operator P: zg — z(T'; zp), which is well defined as an area-preserving and
orientation-preserving homeomorphism of R? with P(0) = 0.

Now, to each initial point 29 € R?\ {0} and to each t € R, we can asso-
ciate a t-rotation number Rot(¢; z9) which is a real number that measures
the turns around the origin of the solution z(t; zg) in the time-interval [0, ¢].
Switching to the standard polar coordinates, (6, p), we can define Rot(¢; 2¢)
as follows:

0(0) = 0(¢)

Rot(t; z0) : = —— =
T

L[ y(s)> + f(s,2(s))a(s)

S )y w5 Pryez

Notice that this rotation number counts positive the clockwise rotations
around the origin.

Now we introduce a version of the Poincaré-Birkhoff theorem for the
map P. First of all, using the polar coordinates (6, p) we have that P may
be expressed as a map

P: (90,/)0) = (91,P1)a

with respect the projection m: RxRy — R2~{0}, (6, p) — (pcosf, psin ),

(3)

p1 = R(6o, po) = R(6o + 27, po);
01 = 0o + 27v(60, p0); (0o + 27, po) = Y(bo, po),

where R and v are continuous functions defined on the set R x Rar. In our
case, there is a natural way to choose v: we have, with j € Z

(0o, po) = —2m Rot(T’; 29) + 2j7 (4)

In the language of the lifting, any Jordan curve I' € R? (a homeomorphic
image of S1) surrounding 0, can be lifted to an arc T’ C R x R which is
27-periodic in its #-component. Let A C R? \ {0} be a closed topological
annulus, that is the part of the plane between two disjoint Jordan curves
I';, T'., with O internal to I';, and I'; internal to I',. If

v(0,p) >0, V(0,p) €Ty,
v(0,p) <0, V(0,p) €T



or, respectively, v(0, p) < 0 on I';, and v(6, p) > 0 on T, then we say that
P twists the boundaries of 4 in opposite angular directions. In this setting,
under the technical assumption that I'; is star-shaped around the origin,
we can conclude according to the generalized Poincaré-Birkhoff fixed point
theorem of W. Y. Ding [9], that P has at least two geometrically distinct
fized points (0, p), (0,p) € A=n"1(A), such that v(0,p) = v(0, p) = 0.
Rephrasing this result for Equation (1), we can state the following

THEOREM 1. Assume that there is an annulus A as above such that
there is j € Z such that

{Rot(T; z0) >7j (resp. <j) Vzp €Ty, (5)

Rot(T;29) <j (resp. >j) Vzp €T,

then (2) has at least two T-periodic solutions Z(t) and Z(t) with zZ(0) #

z(0) € A. The corresponding solutions T and T of (1) have exactly 2j zeros
in the interval [0, T.

Now we suppose that f is asymptotically linear in 0 and in co, that is,
we assume that there exists

t
lirr%)M = qo(t), uniformly a.e. in ¢ (6)
z— T
and there exists
t
lim Stz = @oo(t), uniformly a.e. in ¢. (7)

r—00 xT

In this way, we get two linear comparison equations for (1) in 0 and in oo

2"+ qo(t)x = 0;
" + qoo(t)z = 0.

For these two equations we can define two T-rotation numbers at the same
manner as for (1). These two rotation numbers will be denoted with Rotg
and Rots, respectively. Observe that Roty and Rot,, have the same be-
havior of the rotation number for (1) for x small (resp. |z| large), see
[19, Lemma 3] and [24]. Note also that for rotation numbers associated
to linear equations we have Rot(¢;z9) = Rot(t; s29), Vs # 0 and V¢ € R,
20 € R? < {0}
At this point, we can apply the Poincaré-Birkhoff theorem as follows.

COROLLARY 1. If Roto(T'; z0) > j and Roteo(T; 29) < j (or viceversa),
for i =1 and for all zo in S', then there exist two T-periodic solutions for
Equation (1), with exactly 2§ zeros in [0, T[. (For a proof see Section 3).

The study of rotation numbers associated to second order equations
and to Hamiltonian systems in higher dimensions (see [10]) is a problem of
great interest.



In some recent papers ([27] and [28]) M. Zhang, using the relationship
between rotation numbers and eigenvalues ([12], [16], [21]), obtained some
results of existence of at least one solution for Equation (1) and its gene-
ralizations under suitable assumptions of nonresonance at infinity.

From this point of view, this article can be considered as a contribute
to map the road to finding nontrivial solutions. Indeed, using Zhang’s ap-
proach combined with the Poincaré-Birkhoff theorem, we are able to obtain
multiplicity results under suitable assumptions at zero and at infinity.

There are different ways to link T-rotation numbers to the eigenvalue
problem, for example considering

"+ (A +q(B)z =0

or
2" + Xq(t)x =0, ¢ > 0.

In this work (see Section 2), we have developed a general theory for the
equation
2 4+ qr(t)x =0, (8)

under conditions for g, which contain as special cases the two equations
considered above. A treatment of the periodic eigenvalues problem for
Equation (8) was given in [14] but assuming stronger regularity conditions
on ¢x. Moreover, in [14] the relationship between eigenvalues and rotation
number is not ensured.

An immediate consequence of Corollary 1 and the main results develo-
ped in Section 2 is the following

THEOREM 2. Consider Equation (1) and suppose that the following li-
mits hold uniformly in t

(fo)
(fso)

f(ta;x) —qo(t),  forz—0;

f(t,z)

— oo(t), for x — Foo,

where qo and qo, are two T-periodic, nonnegative and non identically zero
functions, with qo and g~ € L'([0,T]). Let

oo <Ay <AV <A <L <A< <
be the eigenvalues associated to the problem

2" + Ago(t)x = 0;
x: T-periodic

and let
-~ o0 -~ o0 -5 OO0
—00 <Ay <AT <A <. <AT <A <.



be the eigenvalues associated to the problem

{x”—l—)\qoo(t)m:O; (10)

x: T-periodic.
Suppose that there is j € N such that one of the following properties is
satisfied:
— 0 oo
A <1 <AST,
or

o o
% <1<%.

Then (1) has at least two T-periodic solutions with exactly 2§ zeros in [0,T].

We end the introduction with some definitions and remarks.
Instead of zgp, sometimes we prefer to use 6y, the angle that defines zg
in the phase plane.

DEFINITION 1. Let the (asymptotic) rotation number of (1) be defined

as follows
T 90 - e(ta 90)
o:= lim —————

|t|—oo 27 t

(11)

Notice that g exists and is independent of 6y (see, for example, [4] and
[13]). Moreover, o depends continuously with respect to the L' norm in
the space of the coefficients.

Now we give the relation between the two rotation numbers introduced
above. The result is taken from [12].

Remark 1. Let j be an integer. Then,
i > T.0) > 7

i) 0=  1pax Rot (7% 0) = j;

il) 0 <j < mi T;0) < j.
11)Q\j<:>19n€1]11£1R0t( :0) < j

Throughout the paper, the following basic notation is employed. For a
function ¢, g7 = max{0, ¢}, and ¢~ = min{0, —q}.

2. EIGENVALUES AND CHARACTERISTIC VALUES

In this section we study a case of Hill’s equation and in particular we
study Equation (8) with the hypotheses:

- AER;
- gx(+) T-periodic;

- the mapping R 3 X — g¢x € L'([0,7]) is nondecreasing in A;



- the mapping R > X — ¢, € L'([0,T]) is increasing in the mean (that
is A< Ao = [ g ()dE < [ gn, (£)dt);

- the mapping R 3 X\ — ¢ € L*([0,T]) depends continuously with
respect to the L' norm ||-||, on [0,T].

Following [14], we consider the boundary value problem

" +gr(t)r =0;
(P) 4 2(0) = 2(T);
z'(0) = 2/(T).

The (real) values of A for which (P) has a nontrivial solution are called
eigenvalues and a nontrivial solution satisfying (P) for an eigenvalue is
called an eigenfunction.

Switching to the polar coordinates (6, p), we can write, for a nontrivial
solution of (8)

2 2
-0 = % =sin? 0 4 ¢x(t) cos® O =: S(t,0, \). (12)
€ Y

Afterwards, it will be convenient to set ¥ = —6 in order to deal with the
initial value problem

{ﬁ:S(t,ﬁ,A);

9(0) = Vo.
Following [13] or [14], we can define the (asymptotic) rotation number
I(t, 9o, ) — Yo

o=o() = tlir&T 2nt

LEMMA 1. The number o(X) is well defined for each X. Moreover, the
mapping X — o(\) is a continuous, monotone and nondecreasing function.

(13)

Proof. The well-posedness of p(\) and its continuity with respect to A
can be proved following the same argument described in [13] in the case of
a continuous coefficient. The proof for an L' term needs some more careful
estimates (see [24] for the details). The proof of the monotonicity is based
on a Sturm-type comparison result.

Let A1 < Az be two real numbers. We need only to show that Roty, (¢, J)
< Roty, (t,90). Let us consider the two problems:

0y =S(tdn M) [ 0 = S(t 2, M);
191(0) = 190, 792(0) = 190~

Since gy, < g»,, with the strict inequality on a set of positive measure, we
have S(t, Y1, A1) < S(t, 92, A2). Since,

19/1 = S(t,ﬂl,Al) < S(taﬁ27A2);



and the two solutions ©¥; and s have the same initial point, then by a
result on the differential inequalities (see [17]), we obtain ¥4 (¢) < J2(¢),
Vt > 0. Furthermore, for ¢ > T, the strict inequality 1; < 99 holds. Indeed
if, by contradiction, 91 () = 92(t) V¢ € [0,T)] then,

T
0= (0(t) — 01 (1))’ = / (5 (5) — 4, ()] cos? 0 (£)d;

but this is impossible since gy, > g, on a set of positive measure and
cos? 11 vanishes only in a finite number of points in [0, 7]. Therefore, there
exists a t* € 10,7 such that ¥1(t*) < ¥2(¢*). Consider now the following
problem:

0y = S(t, 92, \);
Do (%) = 91(t*) < 9a(t*).

By the uniqueness of the solutions for Cauchy problems, it follows that
Ya(t) < Jo(t), Yt > t*. Hence,

01 (t) < Da(t) < Va(t), VE>T.

In this manner we have proved that Roty, (t,79) < Roty, (¢, ), for each
t > T and then, for t — oo, we get the thesis, that is (A1) < o(A2).

Next, we want to show that, under suitable weak assumptions, the
following properties hold:

1. lim o(\) =0;
A——00

2. i A) = .

Let us begin with the first one.
LEMMA 2. Assume that

1. )\lim fOT gy (s)ds = 0;
2. L:= )\lim fOT g, (s)ds > 0.

Let x be a solution of Equation (8) satisfying

z(to) = 0;
2'(tg) = 0;
x(to) + (El(to) > 0.

Then,

i) z(t) >0 Vte }to,to +T},‘



and

it) for X\ sufficiently large and negative, the following inequalities hold:

xz(to+T) > 0;
ml(to + T) > O;
.’E(to + T) + (E/(to + T) > 0.

Proof.

i) Suppose, by contradiction, that there exists a t € Jto,to + T] such
that (f) < 0 and set t; = min{t € Jto,to + T] |z(t) = 0}. The
two conditions, z(t;) = 0 and 2'(ty) > 0, imply necessarily that
(El(tl) < 0.

By the definition of ¢;, we can deduce that x(t) > 0 for t € [to, t1],

with the strict inequality on the open interval ]tg,t;[. Define a* =
max{x(s)|s € [to, ¢1]}; now we give an estimate of this quantity. From

z(t) = z(t1) + fttl x'(s)ds, and the Cauchy-Schwartz inequality,

xw<[“ﬂm®<m—wm([}wﬂﬁua

Hence,
th 1/2
' <Vt —to </ x'(s)2d5> . (14)
to
If we rewrite Equation (8) as

—a"(t) = qx(t)z (1),

and multiply by x(t), then integrating the result between tg and ¢;
we obtain:
t1 t1
/ 2 (H)a(t)dt = / (D22 (1)dt.
to to
Integrating by parts, we have:

t1

/1 o ®)2?(t)dt = =2 (t1)z(t) + 2 (to)z(to) +/ o/ (t)%dt >

to to

ty
> / 2’ (t)?dt.

to
Splitting ¢, = qj\' — @, , it follows:

/t1 2’ (s)%ds < /t1 ax(s)z%(s)ds < /t:1 qf (5)22(s)ds <

to tO

(31 to+T T
<@ [ afeas<@)? [ g = @ [ e

to to



ii)

where the last equality follows from the hypothesis that ¢, is T-
periodic. Now, from relation (14) we have:

/t1 2'(s)?ds < (t — to) /t1 2’ (s)%ds /T g (s)ds <

to to 0
T t
< T/ gy (s)ds / ' (s)%ds.
0 to
We have thus obtained the following

T
1< T/ gy (s)ds.
0

By the hypothesis, there exists a real number 7 such that

r 1
+
/0 q, (s)ds < T

and, by the monotonicity of A — ¢, we obtain also qj{ < qf{ , for
A < n. Hence we find the contradiction:

1 T r 1
— < N < + —.
TS /0 qy (s)ds < /0 q, (s)ds < T

In the previous step we verified that the solution z(t) is always po-
sitive in Jtg, to + T and, by continuity, it’s obviously nonnegative in
t = tp + T. By the uniqueness of the solutions for Equation (8) it
would be sufficient to show that z'(tc +7T) > 0 (in fact, if this is
true, the third condition of (ii) follows immediately). Suppose, by
contradiction, that z/(to + T') < 0.

By the continuity, the solution xz(¢) has in [tg,to + 7] a minimum
point i, = z(f) and a maximum point 2., = x(f). We estimate
Tmax through x,;,, repeating in part the previous argument. Rewrite
Equation (8) as follows: —z"(t) = gx(t)z(t), and multiply both mem-

bers by x(t) and integrate between tq and tg + 7"

/ et = / " (b,

to to
Integrating by parts,

to+T to+T
~a/ ot Talto T (alto) - [ 0P = [ @0,

to to

By hypothesis, we can deduce

to+T to+T
/ 2 (#)2dt < / 2 (#)2dt — o (to + T)a(to + T) + ' (k)2 (to) =

to to

to+T T
[ oo ([ atoar) s
to 0



and, taking the square roots, we obtain:

to+T T
/ 2/ (£)2dt < Tmax / gy (t)dt.
to 0

On the other hand,
; 1/2
[ 2/'(s)%ds
i

Tmax — Lmin < \/ ‘tA - ﬂ

T
VT [ a0
0

A 1/2
<VT (/ x'(8)2d5> <
to

From that,
T
ZTmax — Tmin < Tmax T/ q;\‘_(t)dt
0
and
T
xmax(l - T/ q;\r(t)dt) < Toin.
0

The term in the parenthesis is positive for A sufficiently large and
negative and therefore we have

Tmax < Tmin . (15)
T
1—4/T / gy (t)dt
0
Using once again Equation (8), we can write:
2" = —ax(Oa(t) = = (a5(8) = a5 (1) 2(1) > 5 (Dain — @5 (D mas;

integrating between tg and tg + 7', and recalling the hypothesis, we
obtain

to+T
2(to+T) =2 (to+T)—2'(ty) > / qy (t)dt | zmin+

to

to+T
- / q;\‘— (t)dt Tmax =
to

T T
= Tmin / q, (t)dt — xmax/ q;\r(t)dt.
0 0

Finally, using the relation (15), we can find

T
2 (to+T) = Tumin / gy (t)dt —
0

10



This yields to a contradiction, because the limit as A — oo of the
term inside the square brackets is positive. 1

COROLLARY 2. Under the assumptions of Lemma 2, o(\) = 0 for A <
0.

Proof. The easy proof is omitted. 1
Remark 2. If one of the following two conditions hold
(A) gx(t) = \q(t), with ¢ € L([0,T]), ¢ > 0, q # 0 and T-periodic;
(B) ga(t) = A +q(t), with ¢ € L1([0,T]) and T-periodic;
then conditions (1) and (2) of Lemma 2 are satisfied with L = +oo0.

LEMMA 3. For Equation (8) suppose that
. T _
a) lm [o gy (t)dt =0;

b) there exists n € R such that for any interval I C [0,T] we have:

/qn(t)dt >0= lim [ q\(t)dt = +o0.
I

A——+oo 1

Then
lim J(T; 99, A) = +o0.
A——+o0

Proof. Idea of the proof: we divide the phase plane into four parts and
we prove that the solution crosses through all of them in time-intervals
that become shorter and shorter as A increases. Accordingly, we prove the
following claims.

Claim 1. Fix an arbitrary ¢; € ]0,7/4[ and let, for k € Z, J1 1 be an
interval contained in

{te [0,T]: ‘ﬁ(t)—g—&—lmr‘ <61}-

Then, uniformly with respect to k € Z,

T
w(J1k) < 2tane —|—/ q, (t)dt,
0

where £1(J1 %) is the Lebesgue measure of Jq .
Proof of Claim 1. Since the proof is the same for every k € Z, for sake
of simplicity, we fix k and define J; ; =: J;.

11



Switching to the polar coordinates, using Equation (12) and the fact
that if t € Jy, then cos? 9(t) < sin? 9¥(t), for e; € |0, w/4[, Vk € Z, we obtain
that

9 = sin? 9(t) + g (t) cos? ¥(t) = sin® O(t) — ¢ (t) cos® I(t) >
> sin® 9(t) — g; (t) sin® 9(t) = (1 — gy (t)) sin® I (¢)
= 14 ),
sin? (1) o)

for t € J;. Assume J; = [0, 7], then

T 19 T B
/Usmw(t)d@/a (1—q; (t)dt

and, hence

T

—cotan () + cotan 9(c) > (r — o) — / a5 ()dt.

o

Since,
— cotan¥(7) 4 cotan ¥(o) < |cotan ¥(7)| + |cotan ¥(a)|,

and ¥(7), ¥(o) € {g — €1, g + el} ,

we can deduce

1

T _

tan(g — €1)

1

—cotan¥(7) + cotan (o) < tan(Z + 1)

= 2tane;.

Since 7 — o = u(J1), we have

T
2tane; > p(Jq) —/ q, (t)dt
0

and then .
w(J1) < 2tane; +/ q, (t)dt,
0

therefore, Claim 1 is proved.

We proceed with the proof of Lemma 3. The next claim is
Claim 2. Fix an arbitrary e; € |0, 7/4[ and let, for h € Z, Jo 5, be an
interval contained in

{te[O,T]:g+h7r+62<19(t)<g—i—(h—i—l)ﬂ—eg}.

12



Then, uniformly with respect to h € Z,

2
ax t)dt < .
/szh ®) | tan es|

Proof of Claim 2. Since the proof is the same for each h € Z, for sake
of simplicity, we fix an h and assume Jy 5, =: Js.
Using Equation (12), we can get the following estimate, for A > Ao:

0 = sin® 0(t) 4 g (t) cos® 9(t) > qx(t) cos® I(t)

Hence, 9/(cos? 9(t)) > qx(t) a.e. in [0, T].
Integrating on the interval Jo := [0, 7],

]
—dt > t)dt.
/]2 cos® 9(t) /J2 ()

Hence,

tan 9(r) — tan () > / Nor
Ja

Finally, the following inequalities are satisfied:

2

tan (1) —tan (o) < [tand(7)|+|tand(c)| < 2|tan (z—eg)‘ = Ttancal
Il €9

2

Therefore Claim 2 is proved too.

We proceed with the proof of Lemma 3. The next claim is
Claim 3. For Equation (8), for any € € ]0,7/4[, and for A such that

T €
/ gy (t)dt < -
0 2

we have:

i) if there exist tg € R and k € Z such that ¥(tg) = g + k7 + 2¢ then

I(t) > g + km + €, Vt > ty, where ¢ is defined;

ii) if there exist tp € R and k € Z such that J(ty) = % + k7 — 2€ then

I(t) < g + km — €, Vt < tg, where 9 is defined.

13



Proof of Claim 3.

i) In Claim 2 we got
D(t) = sin? 9(t) — gy (t) cos® I(t).

Suppose, by contradiction, that there exists a £ > to such that 9(f) <
7/2+kn+e and define to := min{t|}(t) = w/2+knw+e€}. Hence, ¥(t) >
/24 km+¢, for t €]ty, ta]. Define t1 := max{t € [to, t2[|9(t) = 7/2+
km + 2e}. If ¢t € [t1,12], then 9(t) € |n/2+km +¢, w/2 4 km + 2¢[.
Therefore, for each t € [t1, to],

d(t) > sin? (g + km + 26) —qj () cos? (g + km + 26) =

= cos® 2¢ — g5 (t) sin” 2€ > cos® € — g} (t) sin” 2¢ =
= cos® € — ¢, (t)4sin® ecos® e =
= cos® e(1 — ¢; (t)4sin®€) >

> cos® €(1 — 2¢; (t)).

Integrating between t; and %o,

/ "o 2q/\(t))dt> > 2 /0 L.

t1

—e = 9(ty) — ¥(t1) > cos® e (

Hence
¢ T
<< [ o
in contradiction with the hypothesis.
ii) the proof follows an analogous argument as in (i).

Now we are in position to complete the proof of Lemma 3.

Using the definition of limit, we can rewrite the thesis as follows: VN > 0
there exists Ay such that 9(T';9,\) — ¥ > N holds for A > Ay.

Loosely speaking, the idea is the following: for each k in Z, we divide
the (¢,4) plane in some strips defined as:

Sy = {(t,9) € R2|g +(k—-1Dr <9< g + kr}.
Fix a positive integer N. The aim is to prove that it’s impossible for the
solution to remain in N + 1 strips, when A is sufficiently large.

Therefore, fix IV and suppose, by contradiction, that the solution goes
through at most N + 1 strips. Without losing generality we can enumerate
these strips giving them an index from 1 to N + 1.

Fix an arbitrary e € 0, 7/8[ and define Ij, ;== {t € [0, T]|(¢,9(¢)) € Sk}
with k varying in Z. Since the first derivative of the solution ¥(t) is positive

14



at points 7/2 + kr (its value is 1), we can deduce that I; is an interval,
that we divide in the following convenient manner:

(1) . m < < T i .
I = {t|—2 +(k—1Dm <9(@) < 5 + k- + 26} ;
(2) — m < < ™ — .
L7 = {t|—2+(/€ Dr+e<9(t) < 2—|—k7r e},

I,EB) = {t|g + kr —2e < 9(t) < g + kw} .
Observe that the subintervals satisfy the following two properties:
1. I,gi) ﬁ],g) = for k; # ko and for each 7, j = 1,2, 3;

2. IV N 1P = k.

Indeed, the first property follows from the fact that the strips Sy are pair-
wise disjoint and from the definition of the subintervals, while the second
one is the thesis of the Claim 3, which we have already proved. Notice that
dividing I into the three subintervals corresponds to dividing the strip
Sk into three substrips, that will be called “of type A, B and C”. More
precisely, for ¢t € I]il) we say that the point (¢,9(¢)) belongs to a substrip
of type A, for t € IIEQ) we say that the point (¢,9(¢)) belongs to a supstrip

of type B, finally, for ¢ € I,ig), we say that the point (¢,9(t)) belongs to a
substrip of type C.
Note that if the solution ¥(t) leaves the A-strip, then there exists

t* := min {t €0, T]|9(t*) = g + (k=17 + 26}

and, from Claim 3, it follows that ¥(t) > 7/2 + (k — 1)7m + ¢, Vt > t*, e.g.
the solution will leave the B-substrip only upwards, coming into a C-strip,
for t > t*, and not downwards into an A-strip. If the solution leaves the
B-strip too, then there exists

#* .= min {t e, T)|9(t™) = g - e}
and 9(t) = 7/2 4+ km — 2¢, Vt > t**, e.g. the solution can leave the C-strip
only coming into the A-strip of the superior level, the k+1 level, for ¢ > ¢**.
If 9(t) leaves the strip Sk, in Sy the situation is the same.
In this way, for each strip we can count at most three time intervals.
Now we want to give an estimate of these time intervals, for sufficiently
large values of A. By Claim 1, we can say that the following estimate for

the measure of I,il) holds, for k € Z:
T
u(IM) < 2tan(2¢) + / g5 ()dt. (16)
0

15



Hence, recalling assumption (a)
(1)
() < 3tan(2e).

This inequality holds for each fixed € > 0, with a sufficiently large A\. An
analogous estimate holds for the subinterval I ,i?’). Therefore we find that
the global measure of all the {I,El) U I,i?’)}, for k € {1,...,N 4+ 1}, is less
than 6(N + 1) tan(2e).

The aim is now to give an estimate of {Il?)} for ke {l,...,N+1}.
Choose a sufficiently large natural number K. The precise value of K will
be determined later, depending on N.

For hypothesis (b), we can say that there exists an > 0 such that
I gyt > 2K + 1.

Define now the following auxiliary function

Q) = / 4o(€)dE;

0

and consider the straight lines Q(¢) = 4 for ¢ € {1,...,2K + 1} crossed
by the auxiliary function. By the graph of @, it’s possible to determine
on the t-axis an analogous number of intervals. We denote them with
[ai,b;] C [0,T]. They are such that for each t € [a;,b;], 71 — 1 = Q(a;) <
Q(t) < Q(b;) =i holds for ¢ varying in {1,...,2K + 1}. The a;, b; can be
defined as follows

ay :=max{t € [0,T]|Q(t) = 0};
by :=min{t € [a, T]|Q(t) = 1};

&;';: max{t € [b;_1, T]|Q(t) =i —1};
by = min{t € [a;, T|Q(t) = i};

Note that the [a;, b;] interval precedes the [a; 1, b;11] interval on the t-axis.
They may be adjacent if Q(t) is a strictly monotone function.

We need separate intervals, and, to this aim, we now consider only those
with an odd index, that is

2j —1=Q(bzj1) < Qlagjy1) =25, j=1,....K.
Moreover,

baj41
/ qy(t)dt = Q(baj11) — Qlagj+1) = 1.

2541
Define ¢ := min{—by;_1 + ag41lj =1,..., K} > 0.
Let us summarize the steps that we have done until now:

1. there exists an n > 0 such that fOT gn(t)dt > 2K + 1,
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2. there are K + 1 intervals, still denoted with [a;, b;] (renaming those
with an odd index chosen before), mutually disjoint, such that the

inequality f: ¢y (t)dt > 0 holds;
3. 0 > 0 is determined as the least distance between these intervals.

We can now fix € > 0. Our choice is such that
3tan2e < 4.
Retaking the previous list of properties, we can add the following items:

4. there is a A! such that the inequality fOT g, (t)dt < tan2e holds for
A > max{Al,n};

5. for A > n,
1 :/ gy (t)dt g/ ax(t)dt.

7 i

Our aim is now to prove that there are a k and an i such that
[ai,bi] C 122) (17)
It is sufficient to prove that there exists an i € {1,..., K + 1} such that

N+1
J=J 1Y > lai, bi). (18)
k=1

In fact, in this case, it would be guaranteed the existence of at least one
ke {l,...,N +1} such that I,EZ) Nla;, b;] = 0. (If, by contradiction, there
are two distinct values, k # j, such that

I N fag, bi] # 0
152) N [ai7bi] 7£ wa

then, if ¢; belongs to I}gz) N [a;, b;] and t2 belongs to I](-z) N [a;, b;], we can
deduce that the entire interval, whose extreme points are ¢; and to, is
included in [a;, b;] and hence in J. This is impossible because 122) and I ;2)
are disjoint).

Let us prove now inclusion (18): if, by contradiction, it were false, then
we could deduce the following relation:

N+1
Vi=1,...,K, lanb]0 (f,gw uf,f’)) £0. (19)
k=1
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For simplicity, we rename the Ilgl) and I,ES) intervals as J;, with{ =1,..., 2N+
2. Let us consider the set

= {l|§|i=1,...,K+1 : Jlﬂ[ai,bi] 75@}

Then £ has at most 2N + 2 elements. Let us observe that for each [ € £
there exists an unique index i = 7; such that J; N [a;, b;] # 0. In this way
we have obtained an application £ — {1,..., K} such that [ — ;. From
this, we can deduce that the target set has at most 2N + 2 elements and,
therefore, if at the beginning we have chosen K > 2N +2, the mapping can’t
be surjective. Hence, we can be sure that there exists i* € {1,..., K + 1}
such that [a;, b |NJ; =0, VI =1,...,2N + 2, in contradiction with (19).

It follows that there exists at least one ¢ € {1,..., K + 1} such that

(2)
[ai, bl] C Ik

[ o< [Catoas< [ ateos= [ ads [ o
a; a; I,iz) I,iz) I,iQ)

i i

T
< [ n@ds [ oo
b 0

By Claim 2,
2
t)dt <
/122) () tan 2e

and, since there exists (by hypothesis (a)) AL such that for A > AL the
inequality fOT gy (t)dt < €/2 holds, we can deduce that

and for this 7, remembering that ¢, = q;\r —q, , we get

2 €

tan 2e + 2°

b;
| atsias <

Finally, passing to the limit for A — +o00, we get the contradiction
2

tane

b;
+oo = lim/ ga(s)ds < +
)\Hﬁ* a;

[N e

Remark 3. Tt is possible to obtain the same result by replacing hypo-
thesis (b) of Lemma 3 with the following one:

0 > (o) (20

where m(t) is a nonnegative, integrable and not identically zero function.
Actually, by integrating Equation (20) between 0 and A, we obtain g, (t) —
qo(t) = Am(t) and hence ¢x(t) > qo(t) + Am(t). Going on with the proof
of the final part of Lemma 3, we obtain

b 1 T
/av m(s)ds = m/@ m(s)ds > 0,

i
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and, by the following inequality, a contradiction is achieved letting A —

oo b b b
/ ’ gr(s)ds > / ’ qo(s)ds + )\/ m(s)ds.
a. a

i a; i

Remark 4. The conditions of the Lemma 3 and Remark 3 are automa-
tically satisfied in the cases

i) gx(t) = X+ q(t), with ¢ € L1(]0,T}]), T-periodic;
ii) gx(t) = Aq(t) with ¢ non negative and not identically zero, T-periodic.

Following [12], we can now introduce the concept of characteristic va-
lues.

DEFINITION 2. With respect to Equation (8), we define as characte-
ristic values:

N[,

_ R : _ - +.
Aj<q>—Aj.—mm{AeR|g(A>— } vj e N,

A,(g) = A, = max {)\ € Rjo()) = ‘;} . VjieN
THEOREM 3. Under the assumptions of Lemma 2 and Lemma 3, the
characteristic values \; and \;, for Equation (8) are defined for each j €

]
NT, and satisfy the following properties:

i) they form a sequence such that
—00<X0<A1<X1<~-~<Ak<xk<---

i1) they are eigenvalues for T-periodic and antiperiodic problems associ-
ated to Equation (8); in particular, for j even, they are eigenvalues
for the periodic problem; for j odd, they are eigenvalues for the an-
tiperiodic problem;

i11) in the periodic case, if Agj = ng then the corresponding eigenfunctions
are T-periodic with 25 zeros.

Proof. We prove only the periodic case. The proof is divided into four
steps.

1. The result is the same as in [12], but here it’s obtained in a different
order. Rewrite Equation (8) as

o v ta®s?

o = S0,
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From simple calculations we can find the following expression for p:

L (1 —gy)cosfsiné.
p

Applying the theorem of differentiable dependence of the solutions
from initial data we have

P'(o) = v(T),
where v is the solution of the system

. OS(t,9(t;0,90),\)v
v= a9 (21)
{’U(O) =1

On the other hand, evaluating 0.5/9¢ we obtain

2%
vV=——u
P

By an elementary integration, we can calculate the expression of v,
which is

p*(0)
p2(t)

We can always suppose that p(0) = 1, obtaining P’'(6y) = p~2(T).

u(t) =

. From [12], the following claim holds:
Claim. Let k£ be an integer. Then the following statements hold.

i) A=)y & Rotx(T;90) = k;
1) A2k gggﬁé O )\( ) 0) )
i) A=\ inRot ) (T; %) = k.
ii) 2k < minRo A(T;90)
. The previous step is the same as

A=Ay & Iggﬂ){(P(ﬁ) -9 —-2knr)=0< rggﬁ((P(ﬁ) — ) = 2km.

If A = Ay, then there exists 99 such that P’/(¢9)—1 = 0 and from step
1 it’s the same as p?(T) = 1. In this way we have got a T-periodic
nontrivial solution with 2k zeros in [0, T'[:

o(T:0,90) = p(0) = 1
19(T; 0, 190) — ¥y =2k & 19(T, 0, ’190) = o + 2km.
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4. Since we have found an eigenfunction, we can say that Ay, and Aok
are eigenvalues for the periodic problem studied. If Ay; = Ag; then,
using the Claim of step 2, we can say that

max Rot (T;%0) = min Rot (T';90)

and it’s equivalent to P(¥}) — ¥ =constant. At this point, the proof
proceeds as in step 3. 1

We reconsider now problem (P) and the corresponding antiperiodic
problem (AP)

"+ q(t)x = 0;
(AP)  2(0) = —z(T);
2'(0) = —2/(T).

Then, we have

THEOREM 4. Under the assumptions of Lemma_2 and Lemma 3, the
eigenvalues for (P) A; and A;, © = 0, and for (AP) \; and \;, i > 1, form

such sequences that

—OO<;\0<5\1S)ﬂ<)\1</\1</\2§>N\2<)\2<)\2<... (22)

For A\ = Ay there exists a unique eigenfunction, @o. This function ¢y has
no zeros in [0,T]. For j >0

a) if ;\j < ;\j, then there is a unique eigenfunction ¢; at A = 5\j and a
unique eigenfunction ¢; at X = X\j; furthermore, each of ¢; and @;
has exactly 2j zeros in [0,T[;

b) if ;\j = Xj, then there are two independent eigenfunctions tpﬁ.l) and

@;2), both having exactly 2j zeros in [0,T[. (In this case it follows
that all solutions of Equation (8) are T-periodic with an even number
of zeros in [0,T).

Similar results hold for the eigenvalues of the antiperiodic problem.

Proof. The proof follows the classical argument for the eigenvalues pro-
blems for Hill’s equation (see [4] or [14]). Usually in literature proofs are
given in the case of a continuous coefficient and for special dependence of
gx on A (for example gy = A + ¢). The key steps in those proofs make use
of the study of the auxiliary function

) =o(T, ) + (T, A)
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where ¢(t) = ¢(t,A) and (t) = (¢, \) are the fundamental solutions of
Equation (8) satisfying

1
¢'(0) =(0) =0

and of a comparison to the eigenvalues p; for the two-point problem (D)

" + g (t)x = 0;
D) {x(O) =z(T) =0.

{«:(m =/'(0) =

In particular a crucial property which allows to study the behavior of the
function f is given in the following
Claim. There exists a vy such that

Vo < p1 < fig < oo < gy < ...
and such that
) fw) =22, flpeia) <=2, flp2) 22 i=12,....
If f(\) = 2 for some A # p; then such a A is a simple eigenvalue for (P)

and for such a 5\,

i) if A < pu1, then %(5\) <0, else if i > 1 then

%(5\) >0, if pai1 < A < gy

%(5\) < 0, if Mo < 5\ < U2i41-

If f(p2:) = 2 and % # 0 at A = pg;, then pg; is a simple eigenvalue for
problem (P).

The proof of the claim follows the same argument as in [4] using some
careful estimates due to our more general setting and therefore it is omitted.
(For the missing details see [24]).

An immediate consequence of this claim is the existence of the eigen-
values. Actually, we can define them as follows:

Ao := max{A|f(s) = 2Vs < A}
2\1 = mln{)\ = )\o‘f()\) < —2}
:1 i=max{A < po|f(A) < -2}
AL =min{A = A\ |f(N) = 2}

At this point, we are in position to prove the following important result.
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THEOREM 5. The eigenvalues for the periodic and antiperiodic pro-
blems defined in Theorem 4, and the characteristic values defined in Defi-
nition 2, for Equation (8) are the same.

Proof. In Theorem 3 we have proved that the characteristic values are
eigenvalues. By an analysis of the respective eigenfunctions, we can state,
using the same notation as in Theorem 4, that

i) XO = 5\0;

ii) {AQJ»,XZJ,} c {);, A}, for each j > 1;

iii) {Agjfl,/\zjil} C {)j, A}, for each j > 1.
It’s sufficient to verify that for j > 1

Azj:)\2j1>)\j:5\j and AQj_1:)\2j71:>2\j:/\j.

Let’s see the first relation. If A,; = ij = ), then for the claim stated

in proof of Theorem 3, we get that the function d¢ — 9(T"; 99, \) — Uy is
constant. Then 1/p(T; 9, \) =1, Vg € R. It means that all the solutions
are periodic and we prove the thesis.

3. PROOF OF THEOREM 2 AND SOME APPLICATIONS
As a corollary of the results in the previous section, we have
LEMMA 4. Let us consider the following problems:

1/ —
x : T-periodic;

where q(t) = 0 a.e. and fOT q(t)dt > 0.
Then, Vj € N and Vzy # 0,
i) 1< Aj = RotN(T; 2) < j;
i) 1> X; = Rot)(T; 2) > j.
where Rot®) (T'; z0) denotes the rotation number associated to Equation
(P).
Proof.

i) From Theorem 5 we can state that S\j = Ay;. By Claim in step 2 of
the proof of Theorem 3, Rot("*23) (T’; 29) < 4, where Rot(Px23) (T z¢)
is the rotation number associated to the equation of problem (PA%_).
Furthermore, by a comparison result, we can deduce that

Rot)(T; 20) < Rot™20)(T; z).
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ii) Tt follows an argument analogous to the previous one. 1

We are now in position to prove Theorem 2.

Proof of Theorem 2. Using the previous lemma, we have that Roto, (T 29) <
J < Rotg(T}; 2g) for all zg # 0. Let
1o = min Roto(T;29) >
zp€S?T
Noo = Max Roteo(T520) < J
zg€ST

and consider 0 < § < min{j — 7o0, M0 — j}
From [19] and [24] we can find R > 0 sufficiently large and € > 0
sufficiently small such that

[Rotoo (T 20) — Rot(T; 20)| <& for all [|z0]| > R
and
[Roto(T'; 20) — Rot(T; 20)] < & for all 0 < ||z < e.

Therefore
Rot(T;z0) <j  forall ||z >R
Rot(T; z9) > § for all 0 < ||zo]| <e.
Now we can apply Theorem 1 taking I'; = {z] Hz” =e}and I, = {z] HZH =
R}, since the twist condition (5) is satisfied and the result follows.
Note that along this argument we also proved Corollary 1.

EXAMPLE 1. Let’s study Equation (1) with the following two condi-
tions:

1. f(taéx) — 0 for |z] — 4o0;
2. f(tm,w) — qo(t) for £ — 0.

Condition (1) implies, by definition, that there exists k > 0 such that
‘@) <1, Vz| > k.

If f satisfies the Caratheddory conditions, then there exists I(t) € L1,
I(t) > 0 such that |f(t,x)] < (), V|z| < k and for a.e. t. We have
obtained that

[f(t,2)| < o] +1(t) Vo € R,

which means that f grows at most linearly. Using the Gronwall inequality,
we can deduce the continuity of solutions, also in [0,7]. By condition (1),
we know that for rays sufficiently large the T-rotation number is less than 1
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in the phase plane (it doesn’t complete a full turn). (In [24] we proved that
Rot(T'; zp) is as little as we want, for suitable zp.) Hence, if the initial point
is sufficiently large, then the solution is uniformly greater than a suitable
ray. Indeed in [25] is proved that for each R* there exists R such that if
l|zo]| = R, then |2(t; 20)|| > R*, Vt € [to, T]. Afterwards, we can deduce
that Rot(T’ z0) < 1, V|| 20| > R.

Let us consider now condition (2). If ¢o(t) > 0 and not identically
zero, then we can study the eigenvalues (A\g < A; < A; < ...) associated
to the linear equation z” + Ago(t)z = 0. In [24] we proved that for little
trajectories, if A; < 1, then the T-rotation number is greater than j.

Using together the two conditions we obtain that there are 25 T-periodic
solutions.

We can apply this result to the following equation studied in [6], [20]:

" €

(2 +r(®)2)**

The equation is like Equation (1), with f satisfying the conditions (1) and
(2), and qo(t) = 7(t)~3. In [6], the authors proved the existence of a chaotic
like dynamics under the condition that 7(t) = 1 + ecost + O(e?), where ¢
denotes a small parameter closely related to the ellipticity. Here we can
obtain a result of multiplicity of T-periodic solutions just analyzing the

j-th eigenvalue of
1!

x
A——= =0.
TR
Remark 5. Example 1 can be viewed as a generalization of [5, Proposi-
tions 4.1 and 4.2, Ch. 4].

EXAMPLE 2. Let us consider 2" 4+ Aq(t)z = 0 with ¢(¢) = 1 + p(¢) and
p > 0. Since the eigenvalues depend with continuity respect to the L!-
norm, we study the 2m-periodic problem z” + Az = 0. It’s well known
that for this last problem \; = j2. Hence, \; ~ j% if HpHL1 < € with €

sufficiently small. On the other hand, pHOO may be large so that the range
of q(t) can cross a large number of eigenvalues of 2" + Az = 0.

Remark 6. This example shows the possibility of a generalization of
some results given in [5], where it was assumed that for asymptotically
linear problems, the limits are different from the eigenvalues. Some deve-
lopments in this direction will be considered in a successive work.
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