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Examples and standard form

Example: Transportation problem

» Formulation:

m n
mins:g E CijTij

i=1 j=1

subject to the constraint
m
inj >bj, j=1,....,n
i=1

n
Z:cijgai, izl,...7m
j=1

zi; >0, t=1,....m; j=1,...,n.

where a; is the supply of the i-th origin, b; is the demand of the j-th
destinations, x;; is the amount of the shipment from source i to

destination j and c;; is the unit transportation cost from 4 to j.

» Optimization problem (Simplex method)



Examples and standard form

Linear programming

> Definition:
If the minimized (or maximized) function and the constraints are all in
linear form

a1x1 + a2x2 + - - + anxTn + 0.

This type of optimization is called linear programming.
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General form of constraints of linear programming

» The minimized function will always be

q gy
minw = ¢ (or max)
x

where ¢,z € R™.
> There are 3 kinds of constraints in general:

> Type I: “<” type constraint

a;171 + aiox2 + -+ ainTn < by

> Type Il: "=" type constraint

aj171 + ajox2 + -+ ajnTn = bj

> Type lll: ">" type constraint

ap171 + agaT2 + -+ AppTn > by
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Examples: general form

> Example 1: (type III)
minw = 100x1 + 300x2 + 400x3 + 75x4

s.t. @1 + 5ag + 1023 + 0.5z4 > 10000
z; >0, i=1,23,4

» Example 2: (type I)
maxw = 7z + 12y
s.t. 9z + 4y < 360
4z 4 5y < 200
3z 4 10y < 300
z>0,y>0

> Example 3: (type Il)
minw = x1 + 3x2 + 4x3
st. x1 +2x2+2x3 =5
2x1 + 3x2 +2x3 =6
z2 > 0,z3 >0
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Standard form of constraints

» Standard form

a11T1 + a1222 + -+ + A1nTn = b

Gm1T1 + Gm2T2 + - + GmnTn = bm
ZTq 20, i=1,...,n
where b; >0 (i =1,...,m).
> In matrix form
. T
minw = ¢ (or max)
@x

Constraints
st. Az =b,x >0

where A € R™*", z € R", b € R™, rank(A) =m < n (This is not
essential.) and b; >0 (i =1,...,m).
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Example 1: standard form

> Example 1: (type III)
minw = 100z + 300x2 + 400x3 + 7524

s.t. 1+ bxe + 10x3 + 0.524 > 10000
z; >0, 1=1,2,3,4

» Introduce surplus variable (i 4&) x5 > 0, then the constraint becomes the

standard form
x1 + bxs + 10x3 + 0.524 — x5 = 10000

>0, i=1,23,45
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Example 2: standard form

» Example 2:

maxw = Tx + 12y
s.t. 9z + 4y < 360
4x 4+ 5y < 200
3z 4 10y < 300
z>0,y>0

» Introduce slack variable (#A %) 1, 22,23 > 0 and let z4 = z, x5 = y, then

the constraint becomes the standard form

maxw = Tx4 + 1225

T1 4924 + 425 = 360
T2 +4x4 + dxs = 200
xr3 +3xs+ 1025 = 300

z;>0,i=1,2,...,5
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Example 3: standard form

» Example 3:

minw = x1 + 3x2 + 4x3
st. xr1+2x2+x3=5
2x1 + 3x2 +x3 =6
T2 > 0,23 >0

> Deal with the free variable x;: Solving x1 from one equation and

substitute it into others.
xr1 = 5— 21’2 — I3

then
minw =5+ x2 + 3x3

st. xot+x3 =4

x2 > 0,23 >0
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Remark

> If some of b; < 0 in the primitive form, we can time —1 to both sides at

first and introduce the slack and surplus variables again.
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Fundamental theorem

Definitions

» For the standard form, n is called dimension, m is called order, variables x
satisfying constraints
st. Az =b,x >0
are called feasible solution.

> Suppose rank(A) = m, and the first m columns of A are linearly
independent, i.e.

B = (ai,az2,...,am)
is nonsingular, where a; = (a1i,a2i, "+ ,ams). Then call B a basis.

> The linear system Bxp = b has unique solution £z = B~ 'b. Define

x = (xp,0), then z satisfies
Az =b.

x is called a basic solution (the other z; are 0) with respect to B.



Fundamental theorem

Definitions

If there is 0 among x s, it is called a degenerate basic solution.

If a basic solution is also a feasible solution, it is called a basic feasible
solution.

x; corresponding to column indices in B are called basic variable. The
others are called non-basic variables.

The number of the basic feasible solutions is less than

@™ _ n!
Cn' = ml(n —m)!



Fundamental theorem

Example

> Linear programming
maxw = 10z, + 11z

3x1 +4x0 +x3 =9
51 + 222 + x4 =8
xr1 —2x2+x5 =1
>0, i=1,2345
» Choose B = (a3, a4,as) = Isx3, then B is a basis,
z =(0,0,9,8,1)

is a non-degenerate basic solution. It satisfies the constraint, thus is a

basic feasible solution. 3, x4, x5 are basic variables.



Fundamental theorem

Example

> Linear programming

maxw = 10x1 + 112
3z, + 4xe < 17
2x1 + bze < 16
x>0, 1=1,2

> The set of all the feasible solutions are called feasible region.

feasible region

> This feasible region is a colorred convex polyhedron (It % i #) spanned
by points @1 = (0,0), w2 = (0, 1), 3 = (3,2) and @4 = (4, 0).



Fundamental theorem

Definitions

> A convex set S means for any x1, £z € S and X € [0, 1], then

= Axz1+ (1 — N)x2 € S. A non-convex set is shown below.

> Graphically, convex means any line segment T2 belongs to S if 1,

xo €8S.

» The vertices @1 = (0,0), w2 = (0, 12),... are called extreme points

because there is no y,,y, € S, y; # Yy, and 0 < A < 1, such that
zi=Ay; + (1 =Ny,



Fundamental theorem

Fundamental theorem

Theorem (Fundamental theorem)
Optimizing a linear objective function w = ¢« is achieved at the extreme
points in the feasible region colorblue if the feasible solution set is not empty

and the optimum is finite.




Fundamental theorem

Some basic theorems

» There are three cases for the feasible solutions of the standard form
> Empty set;
» Unbounded set;

unbounded convex

» Bounded convex polyhedron.

> A point in the feasible solution set is a extreme point if and only if it is a

basic feasible solution.
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Simplex algorithm

Simplex method

» Simplex method is first proposed by G.B. Dantzig in 1947.

» Simply searching for all of the basic solution is not applicable because the
whole number is C}*.

> Basic idea of simplex: Give a rule to transfer from one extreme point to
another such that the objective function is decreased. This rule must be

easily implemented.



Simplex algorithm

Canonical form

» First suppose the standard form is
Ax=b, >0

» One canonical form is to transfer a coefficient submatrix into I,, with

Gaussian elimination. For example © = (z1, z2, z3) and

1 1 1 5 0 -1 1 1
1 2 0 4 1 2 0 4
then it is a canonical form for 1 and z3. One extreme point is

x = (4,0,1), z1 and x3 are basic variables.



Simplex algorithm

Transfer

» Now suppose A is in canonical form as the last example, then we transfer

from one basic solution to another.

» Choose a3 to enter the basis and a1 leave the basis.
A 0 -1 1 1 ~ 0 -1 1 1
1 2 0 4 05 1 0 2
05 0 1 3
N
05 1 0 2
» The canonical form for 2 and z3. The basic solution is = (0,2,3). It is

also a extreme point.
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Transfer

> The transferred basic solution may be not feasible in general.

1. How to make the transferred basic solution feasible?

2. How to make the objective function decreasing after transfer?



Simplex algorithm

How to make the transferred basic solution feasible?

» Assumption: All of the basic feasible solutions are non-degenerate. i.e. if
x = (z1,Z2,...,%m,0,...,0) is a basic feasible solution, then z; > 0.
> Suppose the basis is {a1,a2,...,an} initially, and select ax (k > m)

enter the basis. Suppose
m
ap = Z Yik Qs
i=1

then for any e > 0

m

€Ear = E €Yk Qg

i=1

» x is a basic feasible solution

m
E T;Q; = b
=1
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How to make the transferred basic solution feasible?

We have

m

Z(:Cz —eyik)a; +ecar =b

i=1
Because z; > 0, if € > 0 is small enough,

T = (21 — €Y1k, T2 — €Yok, -, Tm — €Ymk,0,...,0,€60,...,0)

is a feasible solution.

To make it a basic solution we choose

q xT;
€ = 1min {7y7,‘k>0}:7
1<ism LYk Yrk

then Z is a basic feasible solution, and let a, leave the basis.

Tr

If yi <0 fori=1,2,...,m, then for any € > 0, & is feasible, thus the

feasible region is unbounded in this case.
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How to make the transferred basic solution feasible?

Suppose n = 6 and the constraints

1 00 2 4 6 4
(Ab)=| 0 1 0 1 2 3 3
001 -1 2 1 1

One basis a1, a2, as, the basic feasible solution
x = (4,3,1,0,0,0)

We want to choose a4 enter the basis. The problem is to choose a; leave

the basis.

Compute *- (k = 4)
7 1 2 3
) *
Yik

so let a1 enter into basis.

The new basic solution for zs, 3,24 is

z=(0,1,3,2,0,0).
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How to make the objective function decreasing after transfer?

> The aim is to choose k such that the objective function decreasing after

aj, enter the basis.

» Suppose the canonical form is

n
i + E Yij Tj = Yi0, i:1,27...,m
j=m+1

where y;0 > 0. The basic feasible solution

= (y107y207~~~7ymo707~~~70)

the value of objective function

m
— T —
20 = CBITB = CkYko
k=1
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How to make the objective function decreased after transfer?

For any feasible solution = (x1,...,Zm, Tm+1,...,%n), we have

doelyo— D ymm)+ Y cixg
k=1 j=m+1 j=m+1
m
>

n n m
CkYko + Z CfRy) — Z (chk]‘)x]—

k=1 j=m+1 j=m+1 k=1

= 2+ Y (G cryri)e
k=1

j=m+1
n
= Zo+ Z (¢; — z5)z;

j=m+1

where z; = chy; = Y jL, CkYkj-
If there exists j (m + 1 < j < n) such that r; = ¢; — z; < 0, then when

x; change from 0 to positive, the objective function will be decreased.
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Simplex strategy

» Optimality criterion: If r; > 0 for all j, then it is a optimal feasible
solution.

» Unbounded criterion: If for some k (rx < 0), we have
yixk <0 (j=1,2,---,m), then min z = —o0.

» Otherwise: We can choose the vector aj (rx < 0) to enter the basis and

the vector a; (?—2 = min; 7%,y > 0) leave the basis.
3 E
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Example

» Example

min z = —(3551 + x2 + 31’3)

X1
z2 [ <] 5 |,22>0

N =N
N N =
_ W

z3

» Step 1: change into standard form

minz = —(3z1 + z2 + 3x3)

X1
X2
21110 0
xr3 .
12301 0 —| 5 |,zs>0, i=1,2,...,6
X
2 2 10 0 1 ‘
Is5
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Simplex algorithm

» Step 2: Choose x4, x5, Ts as basic variables, and compute the test number

7“1:01—2“1:—3, ’/‘2:(22—,2’2:—].7 7‘3203—23:—3.
set up simplex tableau
Basis | a1 asz a3 | as4 | as | ag b
ay 2 1 1 1 0 0 2
as 1 2 3 0 1 0 5
ag 2 2 1 0 0 1 6
T -3 | -1/ -3 0 0 0 | 20=0




Simplex algorithm
Example
» Step 3: Choose vector to enter the basis. Because r; < 0, j =1,2,3, any

one among a1, az, as could enter the basis. We choose a2 (in general, a:

or a3 will be chosen because —3 is smaller).

» Step 4: Choose vector to leave the basis. Compute 5?:, Yir > 0,

k=2,i=1,2,3, we have
Y0 _ g 820 _95 Y0 _3

Y12 Y22 Y32
Thus a4 leave the basis.

» Step 5: Perform Gaussian elimination to obtain a new canonical form for

basis a2, as,as and set up simplex tableau.

Basis | a1 | a2 | a3 | a4 | a5 | as b
as 2 1 1 1 0 0 2
as -3 0 1 -2 1 0 1
ae -2 0 -11] -2 0 1 2
0 -1(0 | -2|1 0 0 | z0=-2




Simplex algorithm

Example

> Step 6: Choose vector to enter the basis. Because r; <0, 7 =1,3, any

one among a1, as could enter the basis. We choose as.

> Step 7: Choose vector to leave the basis. Compute z::, yir > 0,
k=3, i=1,2,3, we have (y;3 >0, i = 1,2)
yo _, Y0 _
Y13 Y23
Thus as leave the basis.
> Step 8: Perform Gaussian elimination to obtain a new canonical form for

basis a2, a3, as and set up simplex tableau.

Basis | a1 | a2 | a3 | a4 | a5 | as b
as 5 1 0 3 —1 0 1
as -3 0 1 —2 1 0 1
ae -5 0 0 -3 2 1 4
o |—7]o]o|l-3]2]0z2n=-1
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Example

> Step 9: Choose vector to enter the basis. Because r; < 0, j = 1,4, any

one among a1, a4 could enter the basis. We choose a;.

» Step 10: Choose vector to leave the basis. Compute
k=1,4i=1,2,3, we have (y;1 >0, i=1)

i
yzz’ yik > 0,

Yo _ 1

Y11 O
Thus as leave the basis.

» Step 11: Perform Gaussian elimination to obtain a new canonical form for

basis a1, a3, as and set up simplex tableau.

Basis | @1 | a2 | a3 | as | as | as b
o 130t [0] 1
oo |01 || 20|
ag 0 1 0 -1 0 1 4
ri |02 ]0]| 8|2 |0]|2=-"%
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Example

> Step 9: Choose vector to enter the basis. Because r; >0, j =1,3,6, so
we obtain the optimal solution z* = —%, and the corresponding extreme

point is
1 8
= 77077707074
z=(z0¢ )
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Initial basic feasible solution — two step method

» An auxiliary problem (y € R™)

minzzZyi
i=1

Az +y=0»>

x>0, y>0

» The initial basic feasible solution is trivial

(:13, y) = (07 b)

» Theorem: If the optimal feasible solution of the auxiliary problem is
(*,0), then ™ is a basic feasible solution of the primitive problem; if the
optimal feasible solution of the auxiliary problem is (z*,y*), y* # 0, then

there is no feasible solution for the primitive problem.
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What about the degenerate basic feasible solution?

> In general, the strategy of leaving and entering basis is chosen as

1. If more than one index j such that r; <0, let
rr = min{r; | r; < 0}

choose ay to enter the basis;

2. If
min{@ ‘y¢k>0}:M:...:M
Yik Yrik Yrik
and r; < --- <14, then choose a,, to leave the basis.

> For degenerate case, cycling will appear for this strategy!
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What about the degenerate basic feasible solution?

» Bland’s method: Change the strategy of leaving and entering basis into

1. If more than one index j such that r; <0, let
k=min{j | r; <0}

choose aj to enter the basis;

2. If
min{yljo ‘ Yik >0} — Yo _ Y0
Yik Yrik Yrik
and r1 < .-+ < 1y, then choose a,, to leave the basis (the same as
before).

» Bland's method could eliminate the cycling, but it needs more

computational effort.
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Comment on simplex method

» In 1972, V. Klee and G. Minty constructed a linear programming problem
which need O(2") simplex steps! This shows simplex method is not a
polynomial method.

» The first polynomial-time LP algorithm was devised by L. Khachian
(USSR) in 1979. His ellipsoid method is O(n®). Though his method is
faster than simplex method theoretically, real implementations show
counter results.

» In 1984, N. Karmarkar announced a polynomial-time LP method which is
O(n®®). This begins the interior point revolution. Interior point method
was faster than simplex for some very large problems, the reverse is true
for some problems, and the two approaches are more or less comparable

on others.
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