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Stochastic simulations

I Biological network

Suppose there are N species of molecules Si, i = 1, . . . , N , and M

reaction channels Rj , j = 1, . . . , M . xi is the number of molecules of

species Si. Then the state of the system is given by

x = (x1, x2, . . . , xN ).

Each reaction Rj is characterized by a rate function aj(x) and a vector νj

that describes the change of state due to reaction (after the j − th

reaction, x→ x + νj). In shorthand denote

Rj = (aj , νj)

How to simulate this biological process?
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SSA

I The mathematical formulation of this SSA is based on the so-called

chemical master equation:

∂

∂t
P (x, t|x0, t0) =

M∑
j=1

[
aj(x− νj)P (x− νj , t|x0, t0)−aj(x)P (x, t|x0, t0)

]
where p(x, t|x0, t0) is the probability that random variable Xt = x given

that Xt0 = x0 (t ≥ t0).

I This equations is easily understood from the transition of probability.
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SSA: Example

I Consider the following chemical reactions:

S1
R1−→ 0

S1 + S1
R2−→ S2

S1 + S1
R3←− S2

S2
R4−→ S3

The propensity functions are given by

a1 = x1, a2 = 5x1(1− x1), a3 = 1000x2, a4 = 0.1x2

and

ν1 = (−1, 0, 0), ν2 = (−2, 1, 0), ν3 = (2,−1, 0), ν4 = (−1, 0, 1).

Initial state

X1(0) = 400, X2(0) = 798, X3(0) = 0,

i.e. x(0) = (400, 798, 0) and final time T = 0.2
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SSA

I The direct simulation method of SSA is as follows

Suppose the current state is x, define

a0(x) =

M∑
j=1

aj(x)

1. Draw two independent samples r1 and r2 of U [0, 1];

2. Take

τ =
1

a0(x)
ln(

1

r1
),

3. Take

j = the smallest integer satisfying

j∑
k=1

ak(x) > r2a0(x)

.

4. Then the reaction Rj happens and take x = x + νj .
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SSA

I The essence of SSA is that the waiting time of the j-th reaction takes the

form

p(τ, j|x, t) = aj(x) exp(−a0(x)τ)

I Decompose p(τ, j|x, t) as

p(τ, j|x, t) = p1(τ |x, t)p2(j|τ, x, t)

and

p1(τ |x, t) = a0(x) exp(−a0(x)τ)

p2(j|τ, x, t) =
aj(x)

a0(x)
.

I To sample random variables according to p1(τ |x, t) and p2(j|τ, x, t) is the

direct method of SSA.
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