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I Monte Carlo�{CqI(f) =
∫ 1

0
f(x)dx:

I(f) ≈ 1

N

N∑
i=1

f(Xi) , IN (f)

ùpXi (i = 1, 2, . . . , N)�ÕáÓ[0, 1]«mþ!©Ù��ÅCþ£±�{

P�i.i.d. U [0, 1]¤"

I IN (f)�5�:

w,IN (f)Âñ�I(f)§IN (f)�����ÅCþk5�

EIN (f) = E

(
1

N

N∑
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f(Xi)

)
=

1
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N∑
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∫ 1

0

f(x)dx
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I IN (f)�5�:

d�Ø��OeN = |IN (f)− I(f)|EÎ´�ÅCþ§·��OÙ/þ�Ø
�0µ

E|eN |2 = E(IN (f)− I(f))2 = E

(
1

N

N∑
i=1

(f(Xi)− I(f))

)2

=
1

N2

N∑
i,j=1

E(f(Xi)− I(f))(f(Xj)− I(f))

=
1

N
E(f(Xi)− I(f))2 =

1

N
Var(f) (1)

Var(f)�f(X)���"dSchwartzØ�ªµ

E|eN | ≤
√

E|eN |2 =

√
Var(f)

N
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~~~µ�	e¡�ê�~fµ ∫ π
2

0

sin xdx = 1 (3)

dMonte Carlo�{µ ∫ π
2

0

sin xdx ≈ 1

N

N∑
i=1

π

2
sin(

π

2
Xi) (4)
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ej
N §±î�Iln N§p

�Iln eN ±ãXeã¤«§l¥ØJwÑ��Âñ�Ý"



Monte Carlo methods: basics Variance reduction methods An introduction to Markov chain

MC���{{{���������ÂÂÂñññ555

2 3 4 5 6 7 8 9 10
−6

−5.5

−5

−4.5

−4

−3.5

−3

−2.5

−2

ln N 

ln e
N
 

MC�{���Âñ5



Monte Carlo methods: basics Variance reduction methods An introduction to Markov chain

MC���{{{���AAA555

I MC�{�üN5:

MC�{�A:,�XN�O\,ê�)�Ø�¿Ø¬üNeü!Ï�§��
�Âñ5´��ÚO²þ�(J,ù�:�(½.�ª´��ØÓ�.(½
.�ª  äküN5.

I ~f: MC�{é ∫ π
2

0

sin xdx = 1 (5)

�O�.
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)�§Monte Carlo�{�¦ÈØ�d

σ√
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1
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I Ä��Monte Carlo�{�{´�)Xi ∼ i.i.d. U [0, 1]§u´

I(f) ≈ IN (f) ,
1

N

N∑
i=1

f(Xi) (6)

I �´·�éI(f)k,�«w{µ

I(f) =

∫ 1

0

f(x)dx =

∫ 1

0

f(x)

p(x)
p(x)dx (7)

ùpp(x)´[0, 1]þ���VÇ�Ý§=
∫ 1

0
p(x)dx = 1, p(x) > 0"ù�·

���
,�«/ª�È©Cqµ

I(f) ≈ 1

N

N∑
i=1

f(Yi)

p(Yi)
(8)

ùpYi, i = 1, . . . , N´�Ì©Ù�Ý�p(y)�i.i.d.�ÅCþ"
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I ±eã�~·�`²�5Ä��5�Ð?µ
p(x) 

f(x) 

0 1 a b 

I �f(x)�����Ü©Ì�8¥uXã¤«�[a, b]«�§Ï

�Xi ∼ i.i.d. U [0, 1]§¬k��ê8�{Xj}3[a, b]�	§=O�L§
¥§k��ê8�:�O�
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0
+
∫ 1

b
f(x)dx���z§

∫ a

0
+∫ 1

b
f(x)dx�Ó�ÜI(f)�é��'~. =·�s
��'~�$�þ�

�¤é�ªê�(J�zØ��Ü©§Ù�Ç7½$e—°Ý���
I XJ^#��ª�¦IN (f)§�p(x)�O�!eü±9pÝª³

Úf(x)aq§�±Ï"§�õ�:Ñy3f(x)�¸�«§lJpO�°
Ý§ù�´/�50Ä�ù�¶¡�¿Âµp(x)�N
f(x)�/�Ü
©0"
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I g�þ, �5Ä�=´“g·A�{��Å��”.

I nØþ§·�l���Ý©Ûµ

VarX(f) =

∫ 1

0

(f − I(f))2dx =

∫ 1

0

f2dx− I2(f) (9)

VarY (
f

p
) =

∫ 1

0

(
f

p
)2pdy − I2(f) =

∫ 1

0

f2

p
(y)dy − I2(f) (10)

XJ·�À�p(y)§¦�
∫ 1

0
f2

p
(y)dy <

∫ 1

0
f2dx§K����~��AO

�§XJp(x) = f(x)
I(f)

§KVarY ( f
p
) = 0�=�p(x)��5À��f(x)�

����§��¤�0§·���
°(È©��

I �5¿·��¼�p(x)�cJ´®�°(È©�I(f)§ù´Ø�U�"

I �5Ä�é¢SO�k��g�5����^§§�6u·�é��¯

Kk��
)§Ý¿±��E·��Ä�¼ê"
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I ��Cþ{�g�´|^��5�®���ÅCþ�/��0,���Å
Cþ"äNó§�	XeL�ªµ∫ 1

0

f(x)dx =

∫ 1

0

f(x)− g(x)dx +

∫ 1

0

g(x)dx (11)

|^Monte Carlo�{µ

IN (f) =
1

N

N∑
i=1

(f(Xi)− g(Xi)) + I(g) (12)

ùpXi ∼ i.i.d. U [0, 1]§I(g)´®��"XJVar(f − g) ≤ Var(f)§·�
��
����~���{"

I w,�f = g�§Var(f − g) = 0§=��°(È©�§�ù�I�¯c
®�I(g)§Ú�5Ä��{��ù´Ø�U�.
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I e¡�Ñ��äN~f`²��Cþ��^µ

I ~~~: ¦Èµ  I(f) =
∫ +∞
−∞

1√
2π

(1 + r)−1e−
x2
2 dx

r = eσx (~êσ > 0)
(13)

I 5¿�

(1 + r)−1 ≈

{
1 x ≤ 0

0 x > 0
, h(x) (14)

I(f) =
1√
2π

∫ +∞

−∞
((1 + r)−1 − h(x))e−

x2
2 dx +

1

2
(15)

d�h(x)=å�
��Cþ��^§,��^IO��©Ù��5Ä�

O�1���È©�.
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Random walk

I Stochastic process is a parameterized random variables {Xn}n∈N (discrete

time stochastic process).

I Example (1D random walk):

Let ξi are i.i.d. random variables such that ξi = ±1 with probability 1
2
,

and let

Xn = ξ1 + ξ2 + . . . + ξn

{Xn} represents a unconstrained unbiased random walk on Z, the set of

integers. Given Xn = i, we have

P{Xn+1 = i± 1| Xn = i} =
1

2
,

P{Xn+1 = anything else| Xn = i} = 0.

We see that the distribution of Xn+1 depends only on the value of Xn.
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Markov chain

I The result above can be restated as the Markov property

P{Xn+1 = in+1| {Xm = im}n
m=1} = P{Xn+1 = in+1| Xn = in},

and the sequence {Xn}∞n=1 is called a realization of a Markov process.

I Stationary Markov chain:

A Markov chain is called stationary if the transition probabilities

pn
jk = P{Xn+1 = k|Xn = j} = pjk

independent of n. From now on we will discuss only stationary Markov

chains and let P = (pjk)N
j,k=1. P is called the transition probability

matrix(TPM).
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Graph representation

I Graph representation of Markov chains

Any Markov chain can be sketched by their graph representation. Example

1:

2

3

1

1/2
1

1/2 1

I The arrows and real numbers show the transition probability of the

Markov chain. The TPM corresponds to this Figure is

P =


1 0 0
1
2

0 1
2

0 0 1

 ,
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Graph representation

I Example 2:

1 2

3

1/2

1/2

1

1

I The TPM corresponds to this Figure is

P =


0 1 0
1
2

0 1
2

0 1 0

 .



Monte Carlo methods: basics Variance reduction methods An introduction to Markov chain

General properties

I P is also called a stochastic matrix, in the sense that

pij ≥ 0,

N∑
j=1

pij = 1.

I Given the initial distribution of the Markov chain µ0, the distribution of

Xn is then given by

µn = µ0P
n

I µn satisfies the recurrence relation µn = µn−1P . This equation can also

be rewritten as

(µn)i = (µn−1)i(1−
∑
j 6=i

pij) +
∑
j 6=i

(µn−1)jpji.

The interpretation is clear.
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Invariant distribution

I π is called an invariant distribution if

π = πP

This is equivalent to say that there exists a nonnegative left eigenvector of

P with eigenvalue equal to 1.

I The meaning of invariant distribution is quite clear. It is a “equilibrium

point” of the Markov chain.
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