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High dimensional quadrature in statistical physics

Ising model for mean field ferromagnet modeling

1 2 M 
Spin system 
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High dimensional quadrature in statistical physics

I Ising model in statistical physics

Define the Hamiltonian

H(σ) = −J
∑

<ij>

σiσj ,

where σi = ±1, < ij > means to take sum w.r.t all neighboring spins

|i− j| = 1. The internal energy per site

UM =
1

M

∑
σ

H(σ)
exp{−βH(σ)}

ZM
,

where ZM =
∑

σ exp{−βH(σ)} is the partition function and

β = (kBT )−1.

I Total number of configuration states: 2M
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High dimensional quadrature in statistical physics

I ÚOÔn¥²~�?nXe�;.¯K§¦

〈A〉 ,
1

Z

∫
R6N

A(c)e−βH(c)dc

ùpZ =
∫

R6N e−βH(c)dc´¤¢�©¼ê(partition

funtion)§β = (kBT )−1§kB´Boltzmann~ê§T´ýé§

Ý§dc = dx1 · · · dxNdp1 · · · dpN §N´¤�ÄNX�âfê.

I Ï~�ê�È©�{Ø2�^"
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Stochastic simulations

I Biological network

Suppose there are Ns species of molecules Si, i = 1, . . . , Ns, and MR

reaction channels Rj , j = 1, . . . , MR. xi is the number of molecules of

species Si. Then the state of the system is given by

x = (x1, x2, . . . , xNs).

Each reaction Rj is characterized by a rate function aj(x) and a vector νj

that describes the change of state due to reaction (after the j − th

reaction, x → x + νj). In shorthand denote

Rj = (aj , νj)

How to simulate this biological process?
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Numerical solution of stochastic differential equations

I In mathematical economics, the Merton’s model for asset price

dSt = µStdt + σStdWt

where St is the asset price, Wt is the standard Brownian motion.

I In the Langevin equation for Brownian particles

dxt = vtdt

dvt = − γ

m
vtdt− 1

m
∇V (xt)dt +

√
2kBTγdWt

where V (x) is the potential, γ is the viscosity, m is the mass.
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Monte Carlo���{{{���ÄÄÄ���ggg���

I �
`²g�§±e¡{ü���È©¯K�~µ

I(f) =

∫ 1

0

f(x)dx (1)

I DÚ�O��{§XF/{(trapzoidal rule)µ

I(f) ≈
[1

2
f(x0) +

N−1∑
i=1

f(xi) +
1

2
f(xN )

]
h (2)

ùph = 1
N

, xi = ih (i = 0, 1, . . . , N)"¯¤±�§F/{�°Ý
�O(h2) = O(N−2)
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Basic random variables (discrete case)

I Bernoulli distribution:

P (X) =

{
p, X = 1,

q, X = 0.

where p > 0, q > 0, p + q = 1. The mean and variance are

EX = p, Var(X) = pq.

If p = q = 1
2
, it is the well-known fair-coin tossing game.

I Binomial distribution B(n, p):

n independent experiments of Bernoulli distribution Xk,

X := X1 + . . . + Xn, then

P (X = k) = Ck
npkqn−k.

The mean and variance are

EX = np, Var(X) = npq.
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Basic random variables (continuous case)

I Uniform distribution U [0, 1]:

p(x) =

{
1 if x ∈ [0, 1]

0 otherwise

The mean and variance are

EX =
1

2
, Var(X) =

1

12
.

I Exponential distribution:(λ > 0)

p(x) =

{
0 if x < 0

λe−λx if x ≥ 0

The mean and variance are

EX =
1

λ
, Var(X) =

1

λ2
.
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Basic random variables (continuous case)

I Normal distribution(Gaussian distribution)(N(0, 1)):

p(x) =
1√
2π

e−
x2
2

or more generally N(µ, σ)

p(x) =
1√

2πσ2
e
− (x−µ)2

2σ2

where µ is the mean (expectation), σ2 is the variance.

I High dimensional case (N(µ, Σ))

p(x) =
1

(2π)n/2(detΣ)1/2
e−(X−µ)T Σ−1(X−µ)

where µ is the mean, Σ is a symmetric positive definite matrix, which is

the covariance matrix of X. detΣ is the determinant of Σ.
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Monte Carlo���{{{���ÄÄÄ���ggg���

I Monte Carlo�{rÈ©I(f)w�,��ÅCþ�¼ê�êÆÏ
"I(f) = Ef(X),ùpX´[0, 1]þ!©Ù��ÅCþ"

I Monte Carlo�{µ

I(f) ≈ 1

N

N∑
i=1

f(xi) , IN (f) (3)

ùpxi (i = 1, 2, . . . , N)�ÕáÓ[0, 1]«mþ!©Ù��ÅCþ£±�{

P�i.i.d. U [0, 1]¤"

I �âVÇØ¥�f�ê½Æ,

IN (f) → I(f).

�
|IN (f)− I(f)| ∼ O(N−

1
2 ).
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Monte Carlo���{{{���ÄÄÄ���ggg���

I �Ä3Rd�m��á�NΩ = [0, 1]d¥�È©

I(f) =

∫
· · ·

∫
Ω

f(x)p(x)dx (4)

p(x)÷v
∫

p(x)dx = 1Úp(x) ≥ 0"

I XJ3z��I��þò[0, 1]«m�å¿©n�©5O�§d��°Ý
�O(n−2)§I�O��È¼ê�Ú\{$��N = ndg"XJæ
^Monte Carlo�{§�)M�i.i.d�Å�þS�X1, · · · ,XM §
-IM ≈ 1

M

∑M
i=1 f(Xi) 5CqIÂñ��O(M− 1

2 )§I�O��È¼ê

�Ú\{$��Mg"

I éuÓ���~§eO�þ�Ó§=M = nd§Kn = M1/d.

�d > 4��ÿ§n−2 > M− 1
2 §Monte Carlo�{°Ý'F/úª°Ýp;

�d < 4��ÿ§F/úª'Monte Carlo�{°Ýp"
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Generation of uniform distribution U(0, 1)

I (1) Von Neumann�/²��¥0{(midsquare)µ
3O�Åu²�@Ï§Von Neumann�<�¦^��ÅêJÑ
/²�
�¥0{"~X§

3333 → 11108889

1088 → 1183744

8374 → 70123876

1238 → · · ·

w,§ù��{��Ì��ÝØ�L104§
�ÙÚO(J¿Øn�§�
´ù��{Ò®3@ÏØ�AO�¥^�"
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Generation of uniform distribution U(0, 1)

I (2) �5Ó{{(linear congruential algorithm):

3U [0, 1]���Åêu)ì¥§�Ï^�´¤¢�5Ó{{§§��Xe

�/ªµ
Xn+1 = aXn + b(mod m) (5)

ùpa, b, m´¯k�½�g,ê"ïþ��Åê�Ð���­�IO´¤

¢��Ì��Ý(cycle length)§é�5Ó{{keã½nµ

I ½½½nnn: XJa, b, m�ÀJ¦�
(i) b�mp�;

(ii) (a− 1)´m�?�ÛêÏf��ê¶
(iii) XJm|4§K(a− 1)|4¶
@oþã��Åêu)ì���Ì��Ý�m§=÷�Ý"
÷vþã½n���g,�ÀJ�µ

m = 2k, a = 4c + 1, b�Ûê



Motivations Basic idea of Monte Carlo integration Random variables

Generation of uniform distribution U(0, 1)

I (3)  Û�/168070
1969c§Lewis, GoodmanÚMillerJÑ
eãu)ìµ

Xn+1 = aXn (mod m) (6)

¿��a = 75 = 16807, m = 231 − 1 = 2147483647. Shrage�Ñ
��3

O�Åþp�¢yþã¦{Ó{��{"ù������Åêu)ìÌ�
�Ý���2.1× 109�

I L’Ecuyeræ^¤¢Bays-DurhamWý�{�Ñ
����r���Åêu
)ì§ÙÌ��Ý���2.3× 1018�3Numerical Recipe¥§�Ñ
ù�

�{�äN¢y§Sran2().TÖ�ö(¡§XJk<U�Ñ¦^þã�{

��XÚ5�}�Y~§òG±1000{��
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Generation of uniform distribution U(0, 1)

I Generation of U(0, 1) with MATLAB

I Histograms
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Law of Large Numbers (LLN)

I Theorem

(Weak Law of Large Numbers, WLLN) If E|Xi| < +∞, then

Sn

n
→ η

in probability.

I Theorem

(Strong Law of Large Numbers, SLLN)

Sn

n
→ η a.s.

if and only if E|Xi| < +∞
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Central Limit Theorem (CLT)

I Theorem

(Central Limit Theorem, CLT) Assume that EX2
i < +∞ and let

σ2 = Var(Xi). Then
Sn − nη√

nσ2
→ N(0, 1)

in the sense of distribution.
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Generation of general RVs

I (1) C�{µ(Transformation method)

···KKK:��ÅCþY �©Ù¼ê�F (y)§=

P{Y ≤ y} = F (y) (7)

X�ÅCþX ∼ U [0, 1]§KY = F−1(X)Ò÷v¤�¦�©Ù"

I AÛ)º

y
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Y ©Ù�Ý«¿ã Y ©Ù¼ê«¿ã
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Generation of exponentially distributed RVs

I (i) �ê©Ùµ

p(y) =

{
0 y ≤ 0

λe−λy y ≥ 0
(8)

Ù©Ù¼êF (y) =
∫ y

0
p(z)dz = 1− e−λy§l


F−1(x) = − 1
λ

ln(1− x), x ∈ (0, 1)"

I dC�{§�ê©Ù��ÅCþ�dúª

Yi = − 1

λ
ln(1−Xi) i = 1, 2, . . . (9)

�)§ùpXi ∼ U(0, 1)"
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Generation of exponentially distributed RVs

I Generation of exponentially distributed RVs

I Histograms

I Central Limit Theorem



Motivations Basic idea of Monte Carlo integration Random variables

Generation of normally distributed RVs

I (ii) ��©Ùµ
p(x) =

1√
2π

e−
x2
2 (10)

©Ù¼ê�

F (x) =

∫ x

−∞
p(y)dy =

1

2
+

1

2
erf(

x√
2
) (11)

ùperf(x) = 2√
π

∫ x

0
e−t2dt�Ø�¼ê(error function)"Ï

dF−1(x) =
√

2erf−1(2x− 1)"�´C�{d�3O�ÅþØ´¢y§Ï

�erf−1JuO��ù�L²
C�{�Û�5"�)¤IO��©Ù§
·�0�Í¶�Box-Muller�{"
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Generation of normally distributed RVs

I (2) Box-Muler�{£IO��©Ù¤:

�)¤IO��©Ù�ÅCþ§�Ä3�È©¥¦
∫ +∞
−∞ e−x2

dx�E|µ(∫ +∞

−∞
e−x2

dx

)2

=

∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2)dxdy

=

∫ +∞

0

∫ 2π

0

e−r2
rdrdθ = π (12)

=ò����È©C¤��È©��2æ�4�I��üÑ"

I Box-Muller�{�æ^ù�g�"-(x1, x2) = (r cos θ, r sin θ)§Kµ

1

2π
e−

x2
1+x2

2
2 dx1dx2 =

1

2π
e−

r2
2 rdrdθ

=

(
1

2π
dθ

)
·
(

e−
r2
2 rdr

)
(13)

ù�ò������©Ù�)¤=C�éθÚr�)¤"�Ý 1
2π

éAuθ�

��U [0, 2π]§
�Ýe−
r2
2 réAur���©Ù¼

êF (r) =
∫ r

0
e−

s2
2 sds = 1− e−

r2
2 §ù�Ð�¦^C�{�



Motivations Basic idea of Monte Carlo integration Random variables

Generation of normally distributed RVs

I u´����©Ù��Åê�)�kÀ��pÕá��Å
êX1, X2 ∼ U [0, 1]§,�|^{

Y1 =
√
−2 ln X1 cos(2πX2)

Y2 =
√
−2 ln X1 sin(2πX2)

(14)

�)(Y1, Y2)"T�{3Numerical Recipe¥k§S"

I Generation of Gaussian RVs with MATLAB

I Histogram
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Homework assignment

I Generate the uniform distribution, exponential and Gaussian random

variables and test the Weak Law of Large Numbers and Central Limit

Theorem with MATLAB.
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