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Motivations

High dimensional quadrature in statistical physics

Ising model for mean field ferromagnet modeling

1 2 Spin system



Motivations

> Total number of configuration states:

High dimensional quadrature in statistical physics

> Ising model in statistical physics

Define the Hamiltonian
H(o)=-J Z 003,
<ij>
where o; = £1, < ij > means to take sum w.r.t all neighboring spins

|i — j| = 1. The internal energy per site

1 exp{—BH (o)}
Um =57 ; H(O—)T,

where Zyy =Y exp{—BH(o)} is the partition function and
B=(ksT)™".
oM



Motivations

High dimensional quadrature in statistical physics

> FUWBETEFREAB L THEA A, X

(A) & %/ A(c)e_ﬁH(C)dc
R6N

REZ = [pen e PO dcR Frif B 4 & % (partition
funtion), 8= (kgT)™', kpZBoltzmann¥ %, T2 % g
, de=dz1---dzndpy---dpn, NEFFHRERNKETHK.

> BEHBERL FETETH .



Motivations

Stochastic simulations

> Biological network
Suppose there are N; species of molecules S;, i =1,..., Ns, and Mg
reaction channels R;, j =1,..., Mg. x; is the number of molecules of

species S;. Then the state of the system is given by
x = (z1,22,...,TN,)-

Each reaction R; is characterized by a rate function a;(z) and a vector v;
that describes the change of state due to reaction (after the j — th

reaction, « — « + v;). In shorthand denote
Rj = (aj,v;)

How to simulate this biological process?



Motivations

Numerical solution of stochastic differential equations

> In mathematical economics, the Merton's model for asset price
dSt = /,LStdt + O'Stth

where S; is the asset price, W, is the standard Brownian motion.

> In the Langevin equation for Brownian particles
dl‘t = ’Utdt

dve = — Lodt — ~VV (z)dt + /ZkpTrdWi
m m

where V (z) is the potential, 7 is the viscosity, m is the mass.
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Basic idea of Monte Carlo integration



Basic idea of Monte Carlo integration

Monte CarloJ7 3= Wy 3t A< B A48

> AT RARA, UTEHEE—ER A :

1) = [ faas 1)
> G E 7%, s ik (trapzoidal rule):
1 = 1
1)~ [3f@0) + Y F) + 2 Flew)]h @)
=1

HEh= %, zi=ih (i=0,1,...,N). KBk, WH*GHE
HO(h?) = O(N~?)



Basic idea of Monte Carlo integration

Basic random variables (discrete case)

» Bernoulli distribution:

X=1
P(X): p? )
q, X =0.

where p > 0,q > 0,p + ¢ = 1. The mean and variance are
EX = p, Var(X) = pq.

Ifp=gq= % it is the well-known fair-coin tossing game.

» Binomial distribution B(n,p):
n independent experiments of Bernoulli distribution X,
X :=X1+ ...+ X,, then

P(X =k)=Ckp*q".
The mean and variance are

EX = np, Var(X) = npq.



Basic idea of Monte Carlo integration

Basic random variables (continuous case)

> Uniform distribution ¢/[0, 1]:

p(m):{ 1 ifzel01]

0 otherwise

The mean and variance are



Basic idea of Monte Carlo integration

Basic random variables (continuous case)

» Normal distribution(Gaussian distribution)(N (0, 1)):

1 a2
)= ——¢e 2
p(z) W
or more generally N (u, o)
1 _(@—p?
plz) = e 202
@) V2mo?

2 is the variance.

where p is the mean (expectation), o
» High dimensional case (N (u, X))

_ 1 —(X - TE" (X —p)
P() = Gryer(der m)iz®

where p is the mean, X is a symmetric positive definite matrix, which is

the covariance matrix of X . det X is the determinant of X.



Basic idea of Monte Carlo integration

Monte CarloJ7 3= Wy 3t A< B A48

> Monte CarloZy Z R I(f) & 1E EANMAE B 0 B 500 2% 4
2I(f) =Ef(X),x EXE[0,1]H4 04 HHANE £,
» Monte Carlo¥ i :

1) = 5 3 fas) 2 In(f) )

KB (1=1,2,..., N)y ML R[0, 1R EHG A GHENEE (LEH
e Hiad U[0,1]) .

> REBERL P H A,
In(f) = 1(f)-

1

[N (f) = I(H) ~ O(N"2).



Basic idea of Monte Carlo integration

Monte CarloJ7 3= Wy 3t A< B A48

> R AR R E WA S ARQ = [0,1)0 4 8 R4
() = / - / FO)p(x)dx 0

p(x)i# 2 [ p(x)dx = 1F1p(x) > 0,

> WRAFALART E 0, 1R B EH pnE KT E, LT
HO(n7?), FENHERFBEREFEEELEN =ndk, REX
JH Monte Carlo 3, =4 MAvo.dfEdE & F X, -, X,
Al o ML F(K) R RIRSB HOM ), FENLRBRE K
B fm ik A MK

» ATFR-—AER, 2iHEEHR, M =n?, Wn=M/
Ud > AW EE, n72 > M3 , Monte CarloZ7 &4 J& th W 6 R JE &
Yd < 48y E, #H /K thMonte Carlo 7 =8 E & o
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Random variables

Generation of uniform distribution 2/(0,1)

» (1) Von Neumannty “F 7Bl #H” 3 (midsquare):
ETEAL A FH, Von Neumann A A AWM BERE T “FF
" ko flim,

3333 — 11108889

1088 — 1183744
8374 — 70123876
1238 — - -

B, X—FERRABARKEFLITI0N, THEARHERFFER, (2
RE—EEB AR AR BT H T A 2



Random variables

Generation of uniform distribution 2/(0,1)

> (2) %M F 4% (linear congruential algorithm):
BTUO, NN B R £ & T, REAWEFTELRER &L, BN1RPT
A
Xnt1 = aX, + b(mod m) (5)

X Ra,bmEERBEN B KK HEWHENB N TR AN EERER
B R A MBI K Z (cycle length), xf &M %A Tk € H:
> EH: nRa,bmiLFER
() bEmE £
(ii) (@ — 1) Bmey £ — 7 KB T o 4
(i) #Eml4, M (a—1)4;
Mo LARHENEK EBNRAEHRKE m, BHEKE
HR LA B —ANERBEER:

m=2F a=4c+1, bHHE%



Random variables

Generation of uniform distribution 2/(0,1)

> (3) WEH “16807”
196948, Lewis, GoodmanfuMiller3® i} 7 Tk & 4 £ :

Xn+1 = aX, (mod m) (6)

3 HBla =75 = 16807, m = 231 — 1 = 2147483647. Shrage% i 7 — /4
WEN EHR A LR FRE R RO E L XA 2 o) ALE R £ B8
¥ EH K F|2.1 x 10°!

> L'Ecuyerk A ff i Bays-Durhamit g H ik 46 7 — N E H BB AW EALE R
B T K 5 42.3 x 101 #£ Numerical Reciped, %4 H 7 x —
Bk BAR LA Fran2(). iz BIE# B AR, WRA ARG EEA EAREE
SR FGEK G EA, ¥112£1000% 7!



Random variables

Generation of uniform distribution 2/(0,1)

> Generation of U(0, 1) with MATLAB

» Histograms



Random variables

Law of Large Numbers (LLN)

» Theorem
(Weak Law of Large Numbers, WLLN) If E| X;| < +oco, then

Bl
- n

in probability.

> Theorem
(Strong Law of Large Numbers, SLLN)

n
— —1n as
n

if and only if E| X;| < 400



Random variables

Central Limit Theorem (CLT)

» Theorem
(Central Limit Theorem, CLT) Assume that EX? < +oo and let
0% = Var(X;). Then
Sn — 1 — N(0,1)

no?

in the sense of distribution.



Random variables

Generation of general RVs

> (1) Z#%: (Transformation method)
RGN EYWATERAL (y), W

P{Y <y} =F(y) (7)

WHALEEX ~U0,1]), WY = FX(X) 3k L ER 047
> TR

Y 4 A7 5 o Yot gsrEHE



Random variables

Generation of exponentially distributed RVs

> (i) #HA:

HAHBERF(y) = [{plz)dz=1-e, ]
fiF~ ! (z) = -5 In(l —z),z € (0,1)s
> BRHE, BRASATHENE BT HAR

m:_imu_xoi:Lz“. (9)

FE, XEX; ~U(0,1).



Random variables

Generation of exponentially distributed RVs

> Generation of exponentially distributed RVs
» Histograms

» Central Limit Theorem



Random variables

Generation of normally distributed RVs

> (i) EXRA:

1 a2
pa) = <= (10)

N TL . L
F@) = [ pwiy= 5+ gerf( ) (1)

X Eerf(x) = % N e dth 1% 2 i %% (error function). &

WF ) = V2erf ' (20 — 1), EREHERHETEN LR F A, B
Ferf THTHE! WKW T EHEWRARE. A& RIFEESHF,
FAI 28 = 4 iy Box-MullerJ7 i o



Random variables

Generation of normally distributed RVs

> (2) Box-Mulerdr i (FFrf EX4H)
A RAREEADHHMALE R, #RAEMRA TR [T e dom

+oo 2 +oo ptoo
(/ 67I2 dx) =] / / €7<Z2+y2)dxdy
+oo 2 2
= / / e " rdrdd = (12)

B — AN — g TR R R 2 e BRI AR TR
> Box-Muller77 i %l ix — B8, A (x1,22) = (rcosf,rsind), N:

1 wl+w2
—e
2m

7,,2
dridxs = 21 e 2 rdrdf
T

_ <%d9) . (e*%«dr) (13)

TR — /\a/’ﬁft%‘/\/’ﬁ?ﬁ’]iﬁi%ﬂ%ﬁﬁ%ﬂréﬁiﬁio B 5 4B T O
1 B9U[0, 2], ﬁ’ﬁ*f“e T Tﬂfﬁ?rﬁr‘léﬁ/\ﬁﬁ
=[je Tsds=1- T, WEH T AL



Random variables

Generation of normally distributed RVs

> TRIETEADH W EAAE £ 7 28 B F 4 S0 8 AL
# X1, Xo ~U0,1], K EFIA

Y1 = +v—2InX;cos(2nX2) (14)
Y2 = vV —2In X1 sin(27rX2)

7= (Y1, Ya2). %4 3= 7ENumerical Recipew A 12 7.
» Generation of Gaussian RVs with MATLAB

> Histogram



Random variables

Homework assignment

> Generate the uniform distribution, exponential and Gaussian random
variables and test the Weak Law of Large Numbers and Central Limit
Theorem with MATLAB.



Random variables
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