
Lecture 14 Numerical integration: advanced topics

Weinan E1,2 and Tiejun Li2

1Department of Mathematics,

Princeton University,

weinan@princeton.edu

2School of Mathematical Sciences,

Peking University,

tieli@pku.edu.cn

No.1 Science Building, 1575



Motivations Gaussian quadrature Adaptive quadrature

Outline

Motivations

Gaussian quadrature

Adaptive quadrature
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Gaussian quadrature

I ½È©�n:¦Èúª�����∫ b

a

f(x) dx ≈
n∑

k=1

Akf(xk),

I How to obtain the maximal accuracy with fixed number of node points n

and suitable choice of coefficients Ak?
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Adaptive integration

I Adaptive integration

Adaptive grid for numerical integration

I The information of the function itself must be taken into account.
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Interpolated integration

I ���ê�È©�L«�

I =

∫ b

a

f(x)dx ≈
n∑

k=0

Akf(xk) = IN

Ù¥xk¡¦È!:§Ak¡¦ÈXê§�½ÂØ�

En(f) = I(f)− IN (f).

I ½½½ÂÂÂ XJ∀f ∈ Pn, En(f) = 0, K¡ê�È©���.�"

I ½½½nnn e¡ü�·K´�d�µ
(1) IN (f)���.È©¶
(2) IN (f)�déx0, x1, . . . , xn�ng��È©��"
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���êêê°°°ÝÝÝ

I ½½½ÂÂÂ: �m´����ê,XJê�È©úª��äØ�é

f(x) = 1, x, x2, . . . , xm

Ñ�",�éf(x) = xm+1Ø�",K¡ê�È©úª��ê°Ý�m.

I ~f: �	¥:úª ∫ b

a

f(x)dx ≈ f(
a + b

2
)(b− a).

�f(x) = 1, x, �ªþ°(¤á§�f(x) = x2�ªØ¤á§�¥:úª�
ê°Ý�1"
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���êêê°°°ÝÝÝ

I e¡½n°(�y
ng�ê°Ý�n + kg�ê°Ý��É"
½½½nnn: é∀0 ≤ k ≤ n + 1, IN (f)�d = n + kg�ê°Ý�du
(1) IN (f)���.�¶
(2) ωn(x) =

∏n
k=0(x− xk)÷v

∫ b

a
ωn(x)p(x)dx = 0, ∀p ∈ Pk−1.

I ½½½nnn: Newton-Cotes¦Èúª��äkng�ê°Ý§Xn�óê§Kä
kn + 1g�ê°Ý"
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GaussÈÈÈ©©©

I 'u½È©�n:¦Èúª�����∫ b

a

f(x) dx ≈
n∑

k=1

Akf(xk), (1)

I ����XJ�Ä�k�¼ê�½È©�O�∫ b

a

ρ(x)f(x) dx ≈
n∑

k=1

Akf(xk), (2)

Ù¥ρ(x) > 0�®���¼ê.

I ·��8I´r!:�ên�½,4!:� �xk�XêAkÑ�½,4

¦Èúª��ê°Ý���p.ù«3�½!:ê8�^�e,�ê°Ý�
��p�¦Èúª, ·�¡��Gauss¦Èúª. dud��k2n�gd
Ý§�����U��ê°Ý�2n− 1.
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GaussÈÈÈ©©©

I Ø���5, ·��±�È©«m[a, b] = [−1, 1],ù´Ï�kÈ©CþO
�úª ∫ b

a

f(x) dx =
b− a

2

∫ 1

−1

f

(
a + b

2
+

b− a

2
t

)
dt. (3)

I �½�ëêk2n�(n�!:,n�Xê),�f(x)©O�1, x, x2, . . . , x2n−1,¿
-¦Èúªéù
¼êO(¤á. Äk�Äρ(x) ≡ 1,����2n��§

n∑
k=1

Akf(xk) =
1

j + 1
(bj+1 − aj+1), j = 0, 1, 2, . . . , 2n− 1.

��5�§|,J±¦)!



Motivations Gaussian quadrature Adaptive quadrature

GaussÈÈÈ©©©

I n = 1�/
�§

∫ 1

−1
f(x) dx = A1f(x1)¥,-f(x) = 1Úf(x) = x�

A1 = 2, x1 = 0.

u´����!:�Gauss¦Èúª�∫ b

a

f(x)dx ≈ f(
a + b

2
)(b− a).

ùÒ´¥:úª.
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GaussÈÈÈ©©©

I n = 2�/
�ª

∫ 1

−1
f(x) dx = A1f(x1) + A2f(x2)¥,-f(x) = 1, f(x) = x,

f(x) = x2, f(x) = x3��§|

A1 + A2 = 2,

A1x1 + A2x2 = 0,

A1x
2
1 + A2x

2
2 = 2

3
,

A1x
3
1 + A2x

3
2 = 0.

I d�§|k��)A1 = A2 = 1, x1 = − 1√
3
, x2 = 1√

3
. u´��ü�!:

�Gauss¦Èúª�∫ b

a

f(x) dx ≈ b− a

2

(
f
(a + b

2
− b− a

2
√

3

)
+ f

(a + b

2
+

b− a

2
√

3

))
.

´yd¦Èúª��ê°Ý�3.
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������õõõ���ªªª

I GaussÈ©���/J±¦)!

I ½½½ÂÂÂ:�ρ(x)�(a, b)«mþ����½��K¼ê, ?�ü�¼

êf ,g ∈ C[a, b], ·�¡ê�

(f, g) =

∫ b

a

ρ(x)f(x)g(x)dx

�¼êf�g���SÈ,¿¡

‖f‖2 =
√

(f, f) =

√∫ b

a

ρ(x)f(x)f(x)dx

�¼êf���2�ê,Ù¥�ρ(x)¡��¼ê.

I ½½½ÂÂÂ: ¼êf ,g ∈ C[a, b]¡�´���,XJ§��SÈ

(f, g) =

∫ b

a

ρ(x)f(x)g(x)dx = 0
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������õõõ���ªªª

I ½½½ÂÂÂ �(a, b)«mþ¢Xêõ�ª¼ê

{ϕ0(x), ϕ1(x), ϕ2(x), · · · , },

÷v ∫ b

a

ρ(x)ϕj(x)ϕl(x)dx = 0, �j 6= l �, (4)

K¡��«m[a, b]þ'u�¼êρ(x)���õ�ªX.

I Uì�½�SÈ,�^Gram-Schmidt��z�{rÄ¼

ê{1, x, x2, . . . , xk, . . . }z¤��õ�ªX
ϕ0(x) = 1

ϕj+1(x) = xj+1 −
j∑

i=0

(xj+1, ϕi(x))

(ϕi(x), ϕi(x))
ϕi(x), éj = 0, 1, . . .
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������õõõ���ªªª

I (1)Legendreõ�ªµ[a, b] = [−1, 1], ρ(x) ≡ 1,
ϕ0(x) = 1, ϕ1(x) = x,

ϕk+1(x) =
2k + 1

k + 1
xϕk(x)− k

k + 1
ϕk−1(x),

ék = 1, 2, . . .

I (2)Chebyshevõ�ªµ[a, b] = [−1, 1], ρ(x) = 1/
√

1− x2
T0(x) = 1, T1(x) = x,

Tk+1(x) = 2xTk(x)− Tk−1(x),

ék = 1, 2, . . .

I (3)Laguerreõ�ªµ[a, b) = [0, +∞), ρ(x) = exp (−x)
Q0(x) = 1, Q1(x) = 1− x,

Qk+1(x) = (1 + 2k − x)Qk(x)− k2Qk−1(x),

ék = 1, 2, . . .

Hermiteõ�ª��.
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GaussÈÈÈ©©©

I ½½½nnn: «m[a, b]þ�n�����õ�ª7kn�¢ü�. �ù
¢ü��
!:xj =���GaussÈ©.

I Gauss-Legendreúª: d�[a, b] = [−1, 1],ρ(x) ≡ 1, ¦È!
:xj�n�Legendreõ�ª�":.A�$�äN�/�µ

n = 1�

∫ 1

−1

f(x) dx ≈ 2f(0)

n = 2�

∫ 1

−1

f(x) dx ≈ f
(
− 1√

3

)
+ f

( 1√
3

)
n = 3�

∫ 1

−1

f(x) dx ≈ 5

9
f
(
−

√
3

5

)
+

8

9
f(0) +

5

9
f
(√

3

5

)
Ù§��±lêÆÃþ¥��.

I Gauss-Chebyshevúª∫ 1

−1

f(x)√
1− x2

dx ≈ π

n

n∑
j=1

f(xj)

Ù¥xj´[−1, 1]«mþ�n�Chebyshevõ�ªTn(x)�":

xj = cos
(2j − 1

2n
π
)
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GaussÈÈÈ©©©

I Gauss-Laguerreúª ∫ ∞

0

e−xf(x) dx ≈
n∑

j=1

Ajf(xj)

!:xj�(−∞, 0]«mþ�n�Laguerreõ�ªQn(x)�":.

�n = 2�,Gauss-Laguerreúª�∫ ∞

0

e−xf(x) dx ≈ 2 +
√

2

4
f(2−

√
2) +

2−
√

2

4
f(2 +

√
2)

Ù§��±lêÆÃþ¥��.

I ½½½nnn: ��¼êρ(x) = 1�A[a, b]þÄ1�n + 1g��õ�ªP

�qn+1(x)K�f ∈ C2n+2[a, b]�§Gauss-LegendreÈ©Ø�µ

E(f) =
f (2n+2)(ξ)

(2n + 2)!

∫ b

a

(ωn(x))2dx.
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Composite trapezoid rule

I Consider, for example, the general composite trapezoid rule

IN (f) =

N∑
i=1

xi − xi−1

2
[f(xi−1 + f(xi)]

and the error estimate

I(f)− IN (f) = −
N∑

i=1

f ′′(ηi)(xi − xi−1)
3

12

where the nodes xi are not necessarily equally spaced.

I The contribution

−f ′′(ηi)(xi − xi−1)
3

12
, ηi ∈ (xi−1, xi)

depends on both the size of f ′′(x) on the interval (xi−1, xi) and the size

of |xi − xi−1|.
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Adaptive idea

I In those parts of the interval of integration (a, b) where |f ′′(x)| is “small”,

we can take subintervals of “large” size, while in regions where |f ′′(x)| is

“large”, we can take subintervals of “small” size.

I This equi-partition policy of errors is best if the goal is to minimize the

number of subintervals and hence the number of function evaluations,

necessary to calculate I(f) to a given accuracy.
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Adaptive quadrature

I Suppose the object is to compute an approximation P to the integral

I(f) =
∫ b

a
f(x)dx such that

|P − I(f)| ≤ ε

and to do this using as small a number of function evaluations as possible.

I Define Ii(f) =
∫ xi+1

xi
f(x)dx, and

Si =
h

6

(
f(xi) + 4f(xi +

h

2
) + f(xi+1)

)
S̄i =

h

12

(
f(xi) + 4f(xi +

h

4
) + 2f(xi +

h

2
) + 4f(xi +

3h

4
) + f(xi+1)

)
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Adaptive quadrature

I From error estimates

Ii(f)− Si = −f (4)(η1)

90
(
h

2
)5

Ii(f)− S̄i = −2f (4)(η2)

90
(
h

4
)5

I Assume η1 = η2, then

S̄i − Si =
f (4) · h5

25 · 90

(1− 24

24

)
thus

f (4) · h5

25 · 90
=

24(S̄i − Si)

1− 24

I Substitute it back we have

Ii(f)− S̄i =
S̄i − Si

1− 24
=

1

15
(S̄i − Si)
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Adaptive quadrature

I So the principle of equipartition of errors gives

Ei =
1

15
(S̄i − Si) ≤

h

b− a
ε

and the approximate integration is taken as

P =

N∑
i=1

S̄i

I Adaptive quadrature essentially consists of applying the Simpson’s rule to

each of the subintervals covering [a, b] until the above inequality of

equipartition of errors is satisfied. If the inequality is not satisfied, those

subintervals must be further subdivided and the entire process repeated.
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Adaptive quadrature

I Example

I(f) =

∫ 1

0

√
xdx

and the error ε = 0.0005.

I Sketch of function f(x) =
√

x

f(x)

0 1

The curve is very steep in the vicinity of 0 while it is fairly flat as x → 1.
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Adaptive quadrature

I Step 1: Divide the interval [0, 1] into [0, 1
2
] and [ 1

2
, 1].

S[
1

2
, 1] = 0.43093403

S̄[
1

2
, 1] = 0.43096219

then

E[
1

2
, 1] =

1

15
(S̄ − S) = 0.0000018775 <

1/2

1
(0.0005) = 0.00025

The error criterion is satisfied, we accept the value S̄[ 1
2
, 1].

I Step 2: Compute the integral in [0, 1
2
]:

S[0,
1

2
] = 0.22449223

S̄[0,
1

2
] = 0.23211709

and

E[0,
1

2
] = 0.00043499 > 0.00025

The error criterion is not satisfied, we must subdivide [0, 1
2
] again.
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Adaptive quadrature

I Step 3: Compute the integral in [ 1
4
, 1

2
]:

S[
1

4
,
1

2
] = 0.15235819

S̄[
1

4
,
1

2
] = 0.15236814

and

E[
1

4
,
1

2
] = 0.664 · 10−6 <

1/4

1
(0.0005) = 0.000125

The error criterion is satisfied, we accept the value S̄[ 1
4
, 1

2
].

I Step 4: Compute the integral in [0, 1
4
]:

S[0,
1

4
] = 0.07975890

S̄[0,
1

4
] = 0.08206578

and

E[0,
1

4
] >

1/4

1
(0.0005) = 0.000125

The error criterion is not satisfied, we must subdivide [0, 1
4
] again.
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Adaptive quadrature

I Step 5: We repeat the procedure above again and again until all of the

subintervals satisfies the condition. The subintervals are

[0,
1

8
], [

1

8
,
1

4
], [

1

4
,
1

2
], [

1

2
, 1],

I So we have the approximate integration values

P =
∑

i

S̄i = 0.66621524

We have I(f) = 2
3
, so

|P − F (f)| = 0.00045142 < 0.0005

I The subroutine for adaptive quadrature is very complicate in general. But

it is very useful for large scale computations.
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