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Motivations

Gaussian quadrature

> ERAMnERBAR—HTE R
b n
/ f@)dz = > Apf(ax),
a k=1

> How to obtain the maximal accuracy with fixed number of node points n

and suitable choice of coefficients Ax?



Motivations

Adaptive integration

» Adaptive integration

Adaptive grid for numerical integration

» The information of the function itself must be taken into account.
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Gaussian quadrature

Interpolated integration

> R BERLTERTA
b n
I:/ f(x)da:%ZAkf(xk) =1In
@ k=0

ok BT R, AARRRAH, TEXRE
En(f) = 1(f) = In(f)-

> RX WRVSf €Pn, En(f) =0, NAKMER LK HEEH

> FE THHEN NG ARENW:
(1) In(f) N FEER RS
(2) In(f) T i Atzo, 21, . .., To IR KAEE B4R 3



Gaussian quadrature

RBOK B

> E X EkmE AN EER R BE R A R AW R £

K E AL f(x) = 2™ T K E, U ARBE A0 R KB Am.
> BT EEYEAR
/ fz)dz = f

Bf(x) =12 $XHEHRL, Wf(z) = ERXTFRE, KFELARAR
B A 1o

06— ).



Gaussian quadrature

RBOK B

> THEEBERZR TnRREFESn + kRREBEEWEZ R
RHE: AV0<k<n+1, IN(f)hd=n+kRKREKEZENT
(1) In(f) W HEEE
(2) wn(z) =[Tr_o(x — xk)y‘%/ifab wn(z)p(z)de =0, Vp e Pr_1.

> FH: Newton-CotesK AR E P EAn K RENE, ny Bk, WA
Hn+ TRRBAHEE



Gaussian quadrature

GaussFE 4+

> XTERLGENERBAR—RTEAH
b n
/f(x)dx%ZAkf(xk), (1)
@ k=1
> R R R AR S Rt

| p@f@de~ Y Afa), (2)

Hdp(x) > 0% B %00 HE 2.

> AV B AR RN AN E 2 L AW B 5 R B A E AL
KBPARGREEE L Rm XAEREY R KENAGT REKER
Bl i KA R, BATRZ A Gauss K AR AR, @ T A2ni 8 b
B, RERAT G REEE A2 — 1.



Gaussian quadrature

GaussFE 4+

> Tk RNTURBLSREe,b] = [-1,1],XZHAHRLSTEH

L YNE:W
b 1 _
/ Fla)de = 222 _lf(a;b b 2at) dt. (3)

> RS KT BN R B ()28 1, 2, 2, 2?3
A KB R X e i B s KL, B R F R p(z) = 1,45 3] — A?n/\ﬁ%z

S Auf(@) = 6 =@, =012, 2 1,
J

A b o7 12 4L % DL SR AR



Gaussian quadrature

GaussFE 4+

> n=1F%

FA[L f(z)de = A1 f(z1) .4 f(z) = 1Faf(z) = 243
A1 = 2, 1 = 0

T REF — A BB Gauss K BA R H

b
[ #@yia = 1“0 - a).
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> n = 2'%}%

£X [ flz)dz
f(z) =22, f(z) =

> WA E A
By Gauss K FR A & A

/f

Gaussian quadrature

Gauss 4

= A1 f(z1) + Ao f(z2) ¥, 4 f(z) =1, f(z) =z,
By

A1+ Ay =2,
Ajzy + Aszxe =0,
A1x% =+ AQQ:% = %,

b—a<f(a—2|—b7b2;§a>+f(a+b+b—a

53 o AR R R BOR R A 3.

= Ay =1 a1 =—J53 = J5. TREATM 2



> GaussFi 4~ — fi1F e DLk A
> & p(x) 4 (a,b) K16 Loy —AN% e iy 3 B L EREANE
#f.g € Cla,b], HA1#H k1

b
,9) = / pl2) f(2)g(z)de
B8 S5 gt N RS
b
17l = V) = ¢ / o) () (2)dz

K1 6 B f W AR 298 2 2 o () R A AR B
> ZX: BHSf.g € Cla, bR A REXH, WRENH AR

(f,9) :/ p(@)f(x)g(z)dx =0



Gaussian quadrature

EX TR

> X k(a,b) K] £ 52 R %% R E K
{(,00(:5)7901(1')7902(&')7--- 7}7
i ,
| p@ei@s@ydo =0, %218, (4)

W #z Jy K8 [a, b] £ & TAE Zp(z) EX % TR AE.
> Y BB 4A B 9 B, FT B Gram-Schmidt iF 55 b 7 3= 8 3 &

;Fk{l,a:,a:Q,...,xh...}fhﬁiifi%@ﬁﬁ%

po(z) =1

() = gt L (@ i) (2 I
SDJJFl( )_ ; (tpz(x),tpz(il:))%( )v ;(j—J dlpooc



EXFZHA
> (1)LegendreZ W . [a,b] = [-1,1], p(z) =1,
po(z) =1, ¢i(z) ==,
C2k+1 k
(@) = 7 wen() — g e (@),
Hk=1,2,...

> (2)Chebyshev£ MK : [a,b] = [-1,1], p(z) = 1/V1 2?2
To(z) =1, Ti() ==,
Tey1(x) = 22T (2) — Te-1(w),
sthk=1,2,...
> (3)Laguerre £ F R : [a,b) = [0, +00), p(z) = exp ()
Qo(z) =1, Qi(z)=1-uz,
Qur1(z) = (1 + 2k — 2)Qx(z) — K Qr—1(2),
k=1,2,...
Hermite % T &, 4 4.



Gaussian quadrature

Gauss 4

> S X FI[a, b E BB AUE % 5 R SA AR, T AR
F Bz B 4% 2| Gauss L 4

> Gauss-Legendre A .: W H[a,b] = [-1,1],p(z) =1, KBF
,ﬁivj?@nf‘f?l'-egemre%lﬁfi%%,ﬁ-ﬁ/\%l‘/‘ﬁfl‘i (B

n:lEgL/ (@) dz ~ 2£(0)
=
! 1 1
n = 2/ _1f(x)dx%f<— %> +f(%>
1
weon [ om0\ 550+ 3/2
Hv T B F A & E
» Gauss-Chebyshev/\ 3,

1 f(il?) N = n
/_1 \/17&72 du ~ EZJC(IE])
H oz, Z[—1,1]K | L #nl-Chebyshev £ T R T (x) By & &

T cos(jS1 )
- =
’ 2n




Gaussian quadrature

Gauss 4

Gauss-Laguerre/\ 5,

| e @ n Y At

T R 4 (—o0, 0] X & L #nLaguerre % T R.Qn(x) By & K.
Y n = 28f,Gauss-Laguerre s &, 4

Ameﬂﬂmdmz2f36ﬂ2—¢®+2_V6ﬂ2+¢®

4
H e U F M & AL

R YALE Kp(z) = 148 Bifa, b] EH1n + LR EX SRR
H g1 (z) W Y4 f € C*"2[a, b8, Gauss-Legendrefil 4% 2 :

(2n+2)
R / (wn ())2ds.
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Adaptive quadrature

Composite trapezoid rule

» Consider, for example, the general composite trapezoid rule

In(f) = 3 S5 @i + f(@)

=1

and the error estimate

"e . Ti — Ti1 3
1) - In(p) = = 3 L@ Z 2ic)

=1

where the nodes x; are not necessarily equally spaced.
> The contribution

1" i e 3
L (m)(mb Ziot) s Mi € (Tim1,74)

depends on both the size of f”/(x) on the interval (z;—1,%;) and the size

of |131 == :Ili_1|.



Adaptive quadrature

Adaptive idea

> In those parts of the interval of integration (a, b) where |f”(z)] is “small”,
we can take subintervals of “large” size, while in regions where | f”(z)| is

“large”, we can take subintervals of “small” size.

> This equi-partition policy of errors is best if the goal is to minimize the
number of subintervals and hence the number of function evaluations,

necessary to calculate I(f) to a given accuracy.



Adaptive quadrature

Adaptive quadrature

» Suppose the object is to compute an approximation P to the integral
I(f) = fabf(x)dac such that

|P—I(f)| <€
and to do this using as small a number of function evaluations as possible.

» Define I;(f) = [7**" f(x)dx, and

S = g (£ + 48 @i+ 3) + (i)

Si= 2 (flo) + 45+ 0+ 2f@i+ ) 4 a5+ ) 4 p@n)



Adaptive quadrature

Adaptive quadrature

» From error estimates

W) hs
L(f) = 8i = ——55(35)

o _ 2f<4)(772) h.s
L(f) = 8= ———5—(3)

> Assume 71 = 72, then

S — 8= f;?,.gf(b)s <1 ;424)

thus _
f@ R 248 - 8)
25.90 © 1-—24

» Substitute it back we have




Adaptive quadrature

Adaptive quadrature

» So the principle of equipartition of errors gives

I = h
i = — (5 —8;) <
E (8i = 85) < 7

€

and the approximate integration is taken as

N
P=>"5
i=1

» Adaptive quadrature essentially consists of applying the Simpson'’s rule to
each of the subintervals covering [a, b] until the above inequality of
equipartition of errors is satisfied. If the inequality is not satisfied, those

subintervals must be further subdivided and the entire process repeated.



Adaptive quadrature

Adaptive quadrature

> Example
1
10 = [ vade
0
and the error € = 0.0005.
» Sketch of function f(z) = /z

|

1

|

1

|

1

i
0 1

The curve is very steep in the vicinity of 0 while it is fairly flat as z — 1.



Adaptive quadrature

Adaptive quadrature

> Step 1: Divide the interval [0,1] into [0, 3] and [1,1].

1
5[5, 1] = 0.43093403

S[%, 1] = 0.43096219
then
1 1,5 1/2
5.1 = 1—5(5 — §) = 0.0000018775 < ~1=(0.0005) = 0.00025

The error criterion is satisfied, we accept the value S[3, 1].

> Step 2: Compute the integral in [0, %]
1
S0, 5] = 0.22449223

S[o, %] = 0.23211709

and
EJ0, %] = 0.00043499 > 0.00025

The error criterion is not satisfied, we must subdivide [0, %] again.



Adaptive quadrature

Adaptive quadrature

» Step 3: Compute the integral in [4, 2]

S[-, =] = 0.15235819
(5]

11
5[5 5] = 015236814

and
11 _ 1/4
El§, 5] = 0.664-107° < / (0.0005) = 0.000125
The error criterion is satisfied, we accept the value S[1, 1].

» Step 4: Compute the integral in [0, 1]:
so, i] = 0.07975890

o1
510, 7] = 0.08206578

and
1.1 /
EJ0, Z] (0.0005) = 0.000125

The error criterion is not satlsfled, we must subdivide [0, 1] again.



Adaptive quadrature

Adaptive quadrature

> Step 5: We repeat the procedure above again and again until all of the

subintervals satisfies the condition. The subintervals are

1 11 11 1
=k B alh Bl B
[078]7 [874]7 [4727 [27 ]7

> So we have the approximate integration values

P= Z S; = 0.66621524

We have I(f) = 2, so
|P — F(f)| = 0.00045142 < 0.0005

> The subroutine for adaptive quadrature is very complicate in general. But

it is very useful for large scale computations.
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