Lecture 6 Markov Chains *

Tiejun Li

Markov process is one of the most important stochastic processes in application. Roughly speaking, A
Markov process is independent of the past, knowing the present state. In this lecture, we only consider the

finite state Markov chain. The readers may be refereed to [2] for further information.

1 Markov Chains

Example 1. (1D Random Walk) Let &; are i.i.d. random variables such that & = 1 with probability %,
and let

{X,} represents a unconstrained unbiased random walk on Z, the set of integers. Given X,, =i, we have

P{X,1 =i+l X, =i} =

S Nl

P{X, 11 = anything else| X,, =i} =
We see that the distribution of X,,+1 depends only on the value of X, .
The result above can be restated as the Markov property
P{Xny1 = inp1| {Xm = im}m=1} = P{Xnp1 = inpa| Xn =in},
and the sequence {X,,}22 ; is called a realization of a Markov process.

Example 2 (Ehrenfest’s diffusion model). An wurn contains a mizture of red and black balls. At each time
1,2,... a ball is picked at random from the urn and replaced by a ball of the other colour. The total number
of balls in the urn is therefore a constant N, say. Let the state X,, of the system at time n be the number

of black balls in the urn.

As will be stated below, the one-step transition matriz can be given as

o 1 O 0 0 O
N—
Yoo 53 00 o
o = 0 === 0 0
P N N (1)
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Example 3. (Finite state Markov chain) Suppose a Markov chain only takes a finite set of possible values,

without loss of generality, we let the state space be {1,2,..., N}. Define the transition probabilities
) = P{Xpi1 = k|X, = j}

This uses the Markov property that the distribution of X, 41 depends only on the value of X,,.

Proposition 1. (Chapman-Kolmogorov equation)

P(X, =j|Xo=1) =) P(Xy=j|Xm=kP(Xn=kXo=14), 1<m<n-1
k

Definition 1. (Time-stationary, or time homogeneous) A Markov chain is called stationary if Py, is in-
dependent of n. From now on we will discuss only stationary Markov chains and let P = (pjk)szl. P is

called the transition probability matriz(TPM).
Markov property implies that
P{Xo =0, X1 ="i1,-.., Xp = in} = (10)ioPigirPiri - -+ Pin_rin

where (po)q, is defined by the intial distribution (ug);, = P{Xo =0}-

From this we get

P{Xy =in|Xo=i0} = D PiginPiriz - Pin 1

B1yeyin—1

= (P")

10%n
The last quantity denotes the (ig, i, )-th entry of the matrix P".

P is also called a stochastic matriz, in the sense that

N
pij = 0, Zpij =1
j=1
Given the initial distribution of the Markov chain pg, the distribution of X, is then given by
Hn = MOPn
Example 4. pu, satisfies the recurrence relation p, = pn—1P. This equation can also be rewritten as

(n)i = (pn—1)i(1 — sz'j) + Z(Mn—1)jpji-
J#i J#i
The interpretation is clear.
The following two questions are of special interest.
e Is there an invariant distribution? 7 is called an invariant distribution if

T=7P

This is equivalent to say that there exists a nonnegative left eigenvector of P with eigenvalue equal to

1. Notice that 1 is always an eigenvalue of P since it always has the right eigenvector (1,...,1)T.



e When is the invariant distribution unique?

To answer these questions, it is useful to recall some general results on nonnegative matrices.

Definition 2. (Reducibility) If there exists a permutation matriz Q) such that

r (A B
are' = (4 1)

then P is called reducible. Otherwise P is called irreducible.

Example 5. (Graph representation of Markov chains) Any Markov chain can be sketched by their graph

representation as in Figure 1. The arrows and real numbers show the transition probability of the Markov

@‘x“z/@
T
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Figure 1: Graph representation of Markov chains. Left panel: chain 1, right panel: chain 2.
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chain. The TPM corresponds to left panel is

P=

O N= =
jan)
= N= O

It’s quite clear that P is a reducible matriz, and it has two invariant distributions 3 = (1,0,0) and my =
(0,0,1).

The TPM corresponds to the right panel is

P:

o= O
o= O

1
).

PN

It’s a irreducible matriz, and the only invariant distribution is m = (i, %,

The following theorem is a key answer for invariant distribution of a Markov chain

Theorem 1. (Perron-Frobenius) Let A be an irreducible nonnegative matriz, and let p(A) be its spectral

radius: p(A) = maxy |\|, where X is an eigenvalue of A. Then,

1. There exists a positive right eigenvector x of A, such that
Az = p(A)x

r=(x1,...,25)7,2; > 0.



2. A= p(4) is an eigenvalue of multiplicity 1.
Coming back to Markov chains, we obtain as a consequence of the Perron-Frobenius Theorem that

e If P is irreducible, then there exists exactly one invariant distribution.

e If P is reducible, then there are some cases that we can decompose the state space into ergodic
components for the Markov chain. On each component there exists a unique in variant distribution.
Arbitrary convex combinations of these invariant distributions on each component are invariant dis-
tributions for the whole chain. However in this case, the invariant distribution for the whole chain is

clearly not unique. One typical example may be as follows:

0 1 0 0 O
05 05 0 0 O
P=|103 0 04 03 0
0 0 0 05 05
0 0 0 05 05

In this case, states 1,2 and 4,5 form two closed irreducible sub-chains, but P is reducible. There
are infinite many invariant distributions. But reducibility itself is not a sufficient condition for the

non-uniqueness of the invariant distribution, e.g.

0 1 0o 0 O
03 04 03 0 O
P=|03 0 04 03 0
0 0 0 05 05
0 0 0 05 05

Though the invariant distribution has some zero components which are related to the transience of

the states, it is unique.

Irreducibility is equivalent to the property that all nodes on the chain communicate, i.e. given any pair
(i,4) we have

DikyPhiks ** Pryj > 0,

for some (k1, ko, ..., ks) (if there is only transition from i — k4 — --- — k; — j, we say that j is accessible

from ).

The following theorem gives the asymptotic states of a Markov chain

Theorem 2. Assume that for any pairs (i,j), there exists an s such that (P7;) > 0 (irreducible). Then

1. There exists a unique invariant distribution m. 7 s strictly positive.

2. For any o,

Tn = oPy — 7 exponentially fast as n — oo,

where

_ 1 < .
P,=- PI.



Remark 1. A stronger assumption is “primitive” which says that there exist an natural number s, such
that
(P%);; >0, foralli,j

and a stronger convergence theorem ., = poP™ — m can be obtained. A critical example is that
0 1
P= ,
1ol
which is called a periodic chain. Actually we have primitive < irreducible + aperiodic for finite Markov

chains.

Theorem 3. Assume that the Markov chain is primitive. Then for any initial distribution
B, = woP" — m exponentially fast as n — oo,
where 7 is the unique invariant distribution.

Proof. Given two distributions, py and fiy, we define the total variation distance by

/-1‘07/1'0 Z‘MOz MO z|

ZES
Since
0= (nos—fi0:) = Y (poi — o) =Y (o — fio)
i€s i€s i€s
where a™ = max(a,0) and a~ = max(—a,0). We also have

~ 1 o
d(HOaHO):*Z poi = o)+ 5 D (to.i = fio.i)

€S zES

= (poi —fioa) " <1,

€S

Let p, = poP?, fiy, = f1oP® and consider d(p,, f1,). We have

N
(g, frg) =Y [Z(MO,j(PS)ji - ﬂo,j(Ps)ji)]

ies Ljes
+
< Z (Mo,j - Ho,j) Z (P?)ji,
jes i€B,

where B is the subset of indices where > ¢ (10,5 — fio,;) (P*);i > 0. We note that B cannot contain all
the elements of S, otherwise one must have (pyP?); > (figP?); for all ¢, and

D_(1oP)i > ) (P

€S i€S
which is impossible since both sides sum to 1. Therefore at least one element is missing in B;. By

assumption, there exists an s > 0 and a € (0,1) such that (P*);; > « for all pairs (¢,j). Hence
Yien, (P?)ji < (1 —a) <1. Therefore

d(u‘s’ ﬂ’e) < d(“’Ov /]’0)(1 - O‘)v



i.e. the Markov chain is contractive after every s steps. Similarly for any m > 0

d(/“"nv iu’n—&-m) S d(”’n—ska Hn+m—sk)(1 - a)k S (1 - a)ka

where k is the largest integer such that n — sk > 0. If n is sufficiently large the right hand side can be
made arbitrarily small. Therefore the sequence {p,, }5°, is a Cauchy sequence. Hence it has to converge to
a limit 7, which satisfies

m = lim pyP"* = lim (u,P")P = nP.

n—oo n—oo
Such a 7 satisfying such a property is also unique. For if there were two such distributions, 7(*) and 7(?),

then d(7), 7)) = d(7M P* ) P*) < d(w™), 7). This implies d(7#V), 7)) =0, i.e 7 =73, O

Remark 2. We do not discuss the convergence speed here. But in fact it is exponential, which depends on

the spectral gap of the transition probability matriz P. The readers may be referred to [3, 4].

Theorem 4 (Ergodic theorem). let X,, be an irreducible, positive recurrent Markov chain with invariant

distribution m(x), and f be a bounded function, then

1 N
NZf(Xn)—mﬁm a.s.

n=1

1.1 Time Reversal

Theorem 5. Assume that the Markov chain { X, }n>0 admits a unique invariant distribution 7 and is also
initially distributed according to . Denote by P its transition probability matriz. Define a new Markov
chain {Y,}o<n<n by Yo = Xn_pn where N € N is fized. Then {Yy,}o<n<n is also an Markov chain with

invariant distribution w. Its transition probability matrix P is given by

.o
Dij = #pji- (2)

?

Proof. Tt is straightforward to check that P is a stochastic matrix with an invariant distribution . To

prove that {Y,,} is Markov with transition probability matrix 157 it is enough to observe that
P(Yy =i, Y1 =41,..., Yy =in) =P(Xny =i0, XNn-1 =i1,...,X0 = iN)
= TinDinin_1 " Pirio = TigDigiy " * " Din _1in
for any ig,41,...,iN- O]
A particularly important class of Markov chains are those that satisfy the condition of detailed balance
TiDij = T;Dji (3)

In this case, we have p;; = p;;. We call the chain reversible. The reversible chain can be equipped with

variational structure and has nice spectral properties. Define the matrix

L=P-1



and correspondingly its action on any function f
(LG =D pi(FG) = £ (@)
JjeSs

Let L2 be the space of square summable functions f endowed with the mw-weighted scalar product

(f,9)m = Y _mif(i)g(i). (4)

€S
Denote the Dirichlet form or energy of a function f by
D(f) =" mpi;(f(G) = f()*.
i,jES

One can show that D(f) = (f,—Lf)». These formulations are particularly useful in potential theory for

Markov chains.

1.2 Hitting time distribution

Example 6. (Hitting time distribution of a Markov chain) Consider TPM of a 4-state Markov chain(1,2,3,4):

~J

I
O =l =
W= O Nl
Ol i = Qo | = s [ =
W=k Rwlikr O

Define the first hitting time n, = inf{n| X,, = 3 or 4} and the hitting time probability ¢(m) = Prob{n. = m},

an interesting question is to ask how to obtain q(m). The idea is to modify the chain to a 3-state chain

1 1 1
. 4 2 1
P=|3 0 2
0 0 1
then -
1= (un)s= > q(m),
m=n+1
hence
0
q(n) = (pn)s — (pn—1)3 = po - (P"—=P"1)- [ 0 |,
1

2 Continuous time Markov chains

2.1 Poisson Process

Definition 3. (Poisson Process) Let X(t) be the number of calls received up to time t, and assume the

follows:



2. X (t) has independent increments, i.e. for any 0 <ty <ty < -+ < tp,
X(t2) - X(tl)a X(td) - X(t2)7 ceey X(tn) - X(tnfl)
are independent;

3. for any t > 0,5 > 0, we have the distribution of the increment X (t + s) — X (t) is independent of t

(time-homogeneous);
4. for any t > 0,h > 0, we have
P{X(t+h)=X({)+1 X(®)} = A+ o(h),
P{X(t+h)=X1)|XE)}=1— A+ o(h),
P{X(t+h)>X(t)+2}=o0(h),
where \ is called the rate.
Then X (t) is called a Poisson process.
Let pn,(t) = P{X(t) = m}, then
po(t + h) = po(t)po(h) = po(t)(1 — Ah) + o(h).
This gives

po(t+h) —po(t)
h

= 7)\])0(15) + 0(1)

As h — 0, we obtain
dpo(t)
dt

= —Apo(t), po(0)=
The solution is given by
po(t) =e

For m > 0, we have
Pm(t + h) = pm(t)po(h) 4+ Prm—1(t)p1(h) + zm:]?m—i(t)m(h)-
i=2
From the definition of Poisson process, we get
Pm(t+h) = pm(t)(1 — AR) + prm—1(t) AR + o(h).

Taking the limit as h — 0, we get

dppm (t)
dt

= _)‘pm(t) + )\pmfl(t)

Using the fact p,,(0) = 0(m > 0), we get




by induction method. This means that for any fixed ¢, the distribution of X (¢) is Poisson with parameter

At.

The waiting times can be obtained in the following way. Define
py = P{Waiting time > ¢},

then pg = 1, and it obeys p; — peyrn = peAh + o(h), thus p, = —Apg, we get

—y

i.e. The waiting times are i.i.d. exponentially distributed with rate .

2.2 Q-Process

Now let us turn to general continuous time Markov chains. We will restrict only on finite state space
case in this text. We define

pis(t) = Prob{X (t + s) = jX(s) = i}.

Here we also assumed the stationarity of the Markov chain, i.e. the right hand side is independent of s. By

definition we have N
pii(t) =0, Y py(t) =1.
j=1
In addition we require that
pii(h) =1—=XNh+o(h), X\ >0, (5)
pij(h) = Xijh+o(h), j#i. (6)

(5) is a statement about the regularity in time of the Markov chain; together with the obvious constraint
that p;;(0) = 1. (6) states that if the process is in state j at time ¢ and a change occurs between ¢ and

t + h, the process must have jumped to some state 7 # j; A;; is the rate of switching from state 7 to state j.

From the non-negativity and normalization condition of the probability, we have

N
Aij = 0, D oNi= A (7)

j=1,j#i

The Markov property of the process requires the Chapman-Kolmogorov equation

N
pi(t+5) = pir(t)pri(s). (8)
k=1
Using matrix notation P(t) = (p;;(t)), we can express the Chapman-Kolmogorov relation as
P(t+s) = P(t)P(s) = P(s)P(t).
Similarly, if we define

Q= lim W' (P(h) - 1), (9)



and denote @ = (gi;), (5), (6) and (7) can be stated as
N
Qi = — i, gij =Nij (1 #7J), ZQij =0.
j=1

Q is called the generator of the Markov chain.

Since
P(t+h)—P(t) Ph)—1
Y =——7 P
as s = 0+, we get
PO _ op1) = P1Q (10)

The solution of this equation is given by
P(t) = e P(0) = 9,

since P(0) = 1.
Next we discuss how the distribution of the Markov chain evolves in time. Let v(t) be the distribution

of X(t). Then

vi(t+dt) =Y vi(t)pij(dt) + v;(t)p;;(dt)

i#j
= vi(t)gijdt + v (t)(1 + gj;dt) + o(dt)
i#j
for infinitesimal d¢. This gives
dv(t)
=u(t 11
i t)Q, (11)

which is called the forward Kolmogorov equation for the distribution. Its solution can be given as

N
v;(t) = Z vi(0)pi; (¢),

<.
=

or, in matrix notation,

Similar as the Poisson process, we can consider the waiting time distribution for each state 7,
w;(t) = Prob{r > t|X(0) = j}.

The same procedure as previous section leads to

Wil _ ). w0 =1

Thus the waiting time at state j is exponentially distributed with rate —g;; = >, 25 Qjk- From the memo-

ryless property of exponential distribution, the waiting time can be counted from any starting point.

It is interesting to investigate the probability

p(0,4]0,4)d0 := Prob{The jump time 7 is in [0, 6 + df)
and X (7) = j given X (0) = i}.

10



We have

p(0,40,4)d0 =Prob{No jump occurs in [0, 8) given X (0) =i}
x Prob{One jump occurs from ¢ to j in [0,0 + df)}
=1i(0)qi;d0 = exp(qii0)qi;do. (12)

Thus we obtain the marginal probability

; ; S0 4ij Qij
PrOb(X(’T) :j|X(0) = ’L) :p(]|0’1) e
qii Zj;éi qij

where 7 is the waiting time. These results are particularly useful for the numerical simulation of the

trajectories of the Q-process.

Define the jump times of (X;)i>0
JQ:O7 Jn+1 :lnf{ttZ J’ruXt #XJn}7 n €N
where we take the convention inf () = co, and holding times

n =

H. — {Jn - Jn—la if Jn—l < 00,

00, otherwise.

forn=1,2,.... We define Xoo = X, if J41 = co. Define the jump chain induced by X;
Y,=X;, neN.

From Strong Markov property and the derivation of p(8, j]0,4), we know that the holding times H;, Ha, . ..
are independent exponential random variables with parameters gy,, gv;, . - ., respectively, and the jump chain

Y,, is a Markov chain with Q as the transition probability matrix, where Q = (Gij) defined as

. qij/qi, ifi+#jand g >0,

Gij =1 " o, (13)
0, ifi # j and ¢; = 0,

. 0, if ¢; >0,

Gii = Y (14)
1, ifg =0.

It is called the jump matriz, and the corresponding Markov chain is called the embedded chain or jump

chain of the original Q-process.

It is natural to consider the invariant distribution for the Q-processes as in the discrete time Markov

chains. From the forward Kolmogorov equation (11), the invariant distribution must satisfy
Q=0 =n-17=1.
But to ensure the convergence v(t) — m, we need the following theorem on the finite state space.

Theorem 6 (Convergence to equilibrium). Suppose the matriz Q is irreducible with invariant distribution
w, then for all states i,j we have

pi;(t) = m; ast — oo.

11



Note that we do NOT need the primitive condition since in the continuous time case if ¢;; > 0 we have

= @(1 —e e 9t > 0.

t
pij(t) > Pi(J1 <t, Y1 =4, Hy > t) = / e g idu - et
0 qi

Similarly we also have the ergodic theorem

Theorem 7 (Ergodic theorem). Suppose the matriz Q is irreducible with invariant distribution 7, then for

any bounded function f we have

%/0 F(X(s)ds = (f)n, a.s.

We should remark that the irreducibility condition is not enough to establish the above ergodic theorems

in the countable state space case. We need the so-called positive recurrent condition in both theorems.

3 Homeworks

e HWI1. Discuss the invariant distribution of the Ehrenfest’s model.
e HW2. Rederive the distribution of Poisson process through characteristic function method.
e HW3. Let f be a function defined on the state space, and let
hi(t) = E'f(X (1)),
where E? means the expectation with respect to initial state i. Derive an equation for h(t).

e HW4. Consider the following binomial process: we repeatedly throw an unfair coin with parameter p
(say, the proability that the HEAD appears) with time unit 7. If the HEAD appears, we denote it as
a jump. Then we let p,7 — 0 and consider the limiting process. In which regime you can intuitively

get the Poisson process with parameter \?

e HW5. For the Poisson process, if the condition 3 is removed, and the rate A depends on t. That is,
A is replaced with A(t) in conidtion 4, then what about p.,(¢) and the waiting time distribution

conditioned at the current time t?
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