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2 CHAPTER 1. �mS�

1.1 ���ÈÈÈ©©©EEESSS

�È©Ä�½nµ
(1) ef(x)´½Â3[a, b]þ�Riemann�È¼ê�3x = x0?ëY§K¼ê

F (x) =

∫ x

a

f(t)dt, x ∈ [a, b]

3x = x0?���F
′(x0) = f(x0)"

(2) ef(x)´½Â3[a, b]þ���¼ê§f ′(x)3[a, b]þ´Riemann�È¼
ê§Kf(x)´Ù�¼ê�Ø½È©µ∫ x

a

f ′(t)dt = f(x)− f(a), x ∈ [a, b]

éLebesgueÈ©�kaq(Ø"
Lebesgue½n ef(x)´½Â3[a, b]þ�üNþ,£¢�¤¼ê§Kf(x)�

Ø��:8�"ÿ8�k ∫ b

a

f ′(x)dx ≤ f(b)− f(a)

k.C�¼ê �f(x)´½Â3[a, b]þ�¢�¼ê§�©y∆t: a = x0 <
x1 < · · · < xn = b ±9�A�Ú

ν∆ =

n∑
i=1

|f(xi)− f(xi−1)|

-

b∨
a

(f) = sup{ν∆ : ∆�[a, b]�?�©y}

¿¡§�f3[a, b]þ��C�"e

b∨
a

(f) < +∞

K¡f(x)´[a, b]þ�k.C�¼ê§Ù�NP�BV ([a, b])"
k.C�¼êk.§BV ([a, b])�¤���5�m"

1.2 FFFááá���???êêêEEESSS

�ÄEê�þ�F�ËA�mL2[−π, π] = (L2[−π, π],B, U),Ù¥B´[−π, π]þ
�Borel8|¤�σ�§U´[−π, π]þ�LebegueÿÝ"½ÂSÈ�

< f, g >= E(fḡ) =
1

2π

∫ π

−π
f(x)ḡ(x)dx.

ù�{en = einx, n ∈ Z}�¤IO��Ä"XJf ∈ L2[−π, π]�

< f, ej >= 0, ∀j ∈ Z
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K

f(x) = 0, a.e.

éf ∈ L2[−π, π], -

Snf =

n∑
j=−n

< f, ej > ej ,

Ù¥

< f, ej >=
1

2π

∫ π

−π
e−ijxf(x)dx

��f�FourierXê§FourierXê�7²��Ú"Snf��f�n�Fourier%C§Snf´f3sp{ej , |j| ≤
n}þ�ÝK"

Snfþ�4��3��uf"Snf�4��¤¼ê?ê

Sf =

∞∑
j=−∞

< f, ej > ej .

L2[−π, π] = sp{ej , j ∈ Z}.

‖f‖2 =

∞∑
j=−∞

| < f, ej > |2.

< f, g >=

∞∑
j=−∞

< f, ej > ·< g, ej >.

ef(x)´±2π�±Ï�ëY¼ê§K?�ε > 0§�3n�õ�ª

Tn(x) =
a0

2
+

∞∑
n=1

{an cos(nx) + bn sin(nx)}

¦�

|f(x)− Tn(x)| < ε, ∀x ∈ (−∞,∞)

¯¢þ§

n−1(S0f + S1f + . . . Sn−1f)→ f

3[−π, π]��Âñ(n→∞)"
ef(x)´±2π�±Ï�ëY¼ê§�f ′ ∈ L2[−π, π]§KSnfØ=þ�Âñ

�f§
�ýé��Âñ�f"
(�Brockwell & Davis §2.8, §2.11)"
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éu±2π�±Ï�¼êf(x)§XJ3[−π, π]þ�È£k×:�ýé�È¤§
K�±O�

an =
1

π

∫ π

−π
f(x) cos(nx)dx, n = 0, 1, 2, . . .

bn =
1

π

∫ π

−π
f(x) sin(nx)dx, n = 1, 2, . . .

¿/ª/�Ñ¼ê?ê

a0

2
+

∞∑
n=1

{an cos(nx) + bn sin(nx)}

�ØU�y?êÂñ�Âñ�f(x)"
XJf(x)3x = x0?÷vα?(0 < α ≤ 1)oÊF[^�µ

|f(x0 ± t)− f(x0)| ≤ Ltα, 0 < t ≤ δ

(Ù¥L > 0, δ > 0)§Kf(x)�Fá�?ê3x0?Âñ�f(x)"
ef(x)3[a, b]Åã��£Ø
k��:	��§3ù
:þk�m�ê¤§

KÙFá�?ê3z�x = x0?þÂñ�

S0 =
f(x0 + 0) + f(x0 − 0)

2

�,§Ø�Ø���k��:�	ÑÂñ�f(x0)"
eé:x0�3h > 0¦�f(x)3[x0 − h, x0]Ú[x0, x0 + h]©OüN, Kf(x)�

Fá�?ê3x0Âñ�

f(x0 + 0) + f(x0 − 0)

2

ef(x)ÅãüN§KÙFá�?êé?¿xþÂñ�

f(x0 + 0) + f(x0 − 0)

2

ef(x)3«m[−π, π]þ²��È§K∀ε > 0§�3n�õ�ªT (x)¦�∫ π

−π
|f(x)− T (x)|2dx < ε

ef(x)3«m[−π, π]þiù�È�È½32ÂÈ©¿Âe²��È§�Sn(f, x)�
ÙFá�?ê�Ü©Ú§K

lim
n→∞

∫ π

−π
|f(x)− Sn(f, x)|2dx = 0

1.3 ���ÅÅÅLLL§§§

�ÅL§�©ÙdÙ¤kk��©Ùû½§k��©ÙxégS���±�
�§é�>�©Ù�±��§¡�Kolmogorov�N5^�"
�35½n �½vI8Ú÷vKolmogorov�N5^��k��©Ù¼ê

x§7�3�A©Ùx��ÅL§"�EØ��"��(%5�ÅL§Ø6"
��L§�3½n �T�vI8§at�¢�¼ê§σs,t���¢�¼ê§é

¡§�K½§K7�3��L§{ξt, t ∈ T}¦Ùþ�¼ê�at§g���¼ê
�σs,t"��©'5�mS�©Û6P5"
E���©Ù: ¢ÜÚJÜ�éÜ��©Ù"
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1.4 ���mmmSSS������Hilbert���mmm

²��È¼ê�Hilbert�mL2(dλ): ½Â3k�«m(a, b)þ�²��È¼
ê�N§SÈ�

< f, g >=

∫ b

a

fgdλ

Xêýé�Ú��5²­�´Xê²��Ú��5²­��A~"Xêýé
�Ú��5²­��4�´a.s.4�§�

∑
j |aj | <∞,

Xt =

∞∑
j=−∞

ajεt−j , a.s.




Yt =

∞∑
j=−∞

ajεt−j , (L2)

P

ξn =

n∑
j=−n

ajεt−j ,

K

ξn → Xt, a.s., ξn → Yt, (L2)

ù�

ξn
Pr→ Xt, ξn

Pr→ Yt,

dÿÝØ��Ó�S�XJkü��VÇ�4�Kùü�4�a.s.��"
þ�ëY

lim
h→0
‖ξt0+h − ξt0‖ = 0

¡{ξt}3t = t0þ�ëY§XJé¤kt0 ∈ RÑ¤áK¡¡{ξt}3Rþþ�ë
Y"þ�ëYØ�½;�ëY"e{ξt}´²­L§(ëY�)§K{ξt}3Rþþ�
ëY⇐⇒ {ξt}3t = 0þ�ëY⇐⇒ γ(τ)3RëY⇐⇒ γ(τ)3τ = 0ëY"
Ì¼ê�35½n y²��©'5�mS�©Û6P21½n1.6"�²­�

mS��g���¼êýé�Ú�§Ì�Ý�3��g���¼ê´Fá�?
êÚFá�Xê�'X"éuëY�²­L§�g���¼êýé�È�§�
kÌ�Ý§�g���¼ê�Ì�Ý�Fá�C�'X"
�E�²­�{ξt, t ∈ Z}�Ì¼ê�F (λ)§{ξt}Ü¤�Hilberb�mHξ�

L2(dF ) = {ϕ(λ) :

∫ π

−π
|ϕ(λ)|2dF (λ)}

�3�åéAN�KrL2(dF )N��Hξ¦�ü�mÓ�§KreitλN��ξt"
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²­S�ÌL« éE�²­�mS�{ξt, t ∈ Z}§�3[−π, π]þ�"þ�
ëY���Oþ�L2ëYE��ÅL§{Z(λ), λ ∈ [−π, π]}§¦�Z(−π) = 0,

E|Z(λ2)− Z(λ1)|2 = Fξ(λ2)− Fξ(λ1), −π ≤ λ1 < λ2 ≤ π.

é?¿ϕ ∈ L2(dFξ)§�±½Â�ÅÈ©

∫ π

−π
ϕ(λ)dZ(λ)

ù�

ξt =

∫ π

−π
eitλdZ(λ)

¡�²­�mS��ÌL«§¹Â´Xe4�

ξt = lim
max |∆λk|→0

∑
k

eitλkZ(b)(∆λk)

��©'5�mS�©Û6PP30–40"

½n kÌ�Ý�²­�7�Xê²��Ú��5S�"��©'5�mS
�©Û6P49"

1.5 nnn���???êêê¦¦¦ÚÚÚ

P.27~3.1�í�

M∑
j=−M

b cos(ω(t− j) + U)

=<


M∑

j=−M
b exp{i[ω(t− j) + U ]}


=<

bei(ωt+U)
M∑

j=−M
e−iωj


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Ù¥

M∑
j=−M

e−iωj =
eiωM − e−iω(M+1)

1− e−iω

=

(
eiωM − e−iω(M+1)

)
(1− eiω)

|1− e−iω|2

=
eiωM − e−iω(M+1) − eiω(M+1) + e−iωM

(1 + cosω)2 + sin2 ω

=
2 cos(Mω)− 2 cos[(M + 1)ω]

2 + 2 cosω

=
−4 cos[(2M + 1)ω/2] sin(− 1

2ω)

e sin2 ω
2

=
sin[(M + 1

2 )ω]

sin ω
2

¤±

M∑
j=−M

b cos(ω(t− j) + U) = b cos(ωt+ U)
sin[(M + 1

2 )ω]

sin ω
2
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10 CHAPTER 2. g£8�.

2.1 EEECCCEEESSS

eEC¼êf(z)3:z0�,���S�?�:Ñ��§¡f(z)3z0)Û"
ef(z)3«�DSz�:)Û§¡f(z)3DS)Û§½¡f(z)´DS��)Û¼
ê"
«��ëÏm8"
ef(z), g(z)3«�D)Û§KÙÚ!�!È�3DS)Û"eg(z) 6= 0, z ∈

D§Kf(z)/g(z)�3DS)Û"¤±§õ�ª��ê3Ø¹©1":�«�S
)Û"
rEC¼ê�¤ü���¢¼êµ

f(z) = f(x+ iy) = u(x, y) + iv(x, y)

Kf(z))Û��=�u(x, y)Úv(x, y)Ñ���÷v�Ü—iù^�

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x

ù�

f ′(z) =
∂u

∂x
+ i

∂v

∂x

=
∂v

∂y
− i∂u

∂y

)Û¼ê7Ã¡���"
NÚ¼ê ��¢¼êϕ(x, y)3«�DSk��ëY ��

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0.

)Û¼ê�¢ÜÚJÜÑ´NÚ¼ê"
�?ê EC?ê

∞∑
k=0

anz
n

¡��?ê"XJ

R = lim
n→∞

|an|
|an+1|

�3§K

• �|z| < R�§�?êýéÂñ¶

• �|z| > R�§�?êuÑ¶

• �|z| = R�§�?ê�UÂñ��UuÑ"

R¡��?ê�Âñ�»§�?ê�Âñ«���Âñ�"
�V?ê e¼êf(z)3|z − b| < RS)Û§K3d���±Ðm¤Xe�V

?ê

f(z) =

∞∑
k=0

ak(z − b)k, |z − b| < R
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Xê�

an =
1

2πi

∮
L

f(ζ)dζ

(ζ − b)n+1
=
f (n)(b)

n!

��§ù����?ê3z0ÂñK3|z − b| < |z0 − b|ýéÂñ§)Û"
ÛK?ê ¹kK��?ê

∞∑
n=−∞

an(z − b)n

¡�ÛK?ê"Ù¥n ≥ 0Ü©¡�)ÛÜ©, n < 0Ü©¡�Ì�Ü©")ÛÜ
©�Âñ��´|z| < R1, Ì�Ü©�Âñ��´|z| > R2§XJùü�«��
�§KÛK?ê3

R2 < |z| < R1

SÂñ"e¼êf(z)3��R2 < |z− b| < R1SÜ�)Û§Kf(z)3T��S�
Ðm�ÛK?ê"

2.2 ÈÈÈÅÅÅ���ÂÂÂñññ¿¿¿ÂÂÂ

�{Xt}��mS�§{ψj , j ∈ Z}´ýé�Ú¢ê�"esuptE|Xt| <∞§K

Ψ(B)Xt =

∞∑
j=−∞

ψjXt−j

±VÇ1Âñ"XJ?�Ú/suptEX
2
t <∞K?ê�þ�Âñ�Ó�4�"(�Brockwell

& Davis §3.1)"�{Xt}²­�?ê7±VÇ1ÂñÚþ�Âñ�Ó�4�§(
J�´²­S�"

2.3 Y-W���§§§

Y-W�§¥XJΓp+1 > 0Ka1, . . . , ap, σ
2��(½, Ù¥a1, . . . , ap÷v��

� ^�£½n2.4.1¤§σ2 > 0"
�L5§XJa1, . . . , ap÷v��� ^�§σ

2 > 0, Y-W�§¥�γ0, γ1, . . . , γp
´Ä��(½º
ë�µ�©'5�mS�©Û6P.189½n4.4"½n`²§�½,²­��

cp+ 1�g���γ0, γ1, . . . , γp, 7�3AR(p)S�¦Ùcp+ 1�g���¼ê
�uùp+1�§�.ëêdY-W)Ñ"�SK6.1.2",	§Të�Ö½n4.5`
²3cp + 1�g���¼ê�u�½�ùp + 1��¤k²­�¥§AR(p)�.
��ÚýÿØ�����§l
&Eþ��"
���/§é�����5ýÿ²­�{Xt}�g����{γk}§k��Y-

W�§µ

Γnan =γn

γ0 − aTnγn =σ2
n

Ù¥γn = (γ1, . . . , γn)T"b�an = (an1, an2, . . . , ann)T Úσ2
n > 0�½§an÷

v��� ^�§K÷vþãY-W�§�γ0, γ1, . . . , γn´Ä��(½º
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én = 1§w,

γ0 =
σ2

1− a2
1

γ1 =a1γ0

��"
én = 2§�§�

γ0a1 + γ1a2 =γ1

γ1a1 + γ0a2 =γ2

γ0 − a1a1γ1 − a2γ2 =σ2

���

γ0 =σ2/

(
1− a2

2 −
(1 + a2)a2

1

1− a2

)
γ1 =

a1

1− a2
γ0

γ2 =a1γ1 + a2γ0

én = 3§Ï�γ0 > 0§γk = ρkγ0§¤±XJUda1, a2, a3û½ρ1, ρ2, ρ3K
�d

σ2
3 = γ0 − a1γ1 − a2γ2 −−a3γ3 = γ0(1− a1ρ1 − a2ρ2 − a3ρ3)

)Ñγ0"r  γ0 γ1 γ2

γ1 γ0 γ1

γ2 γ1 γ0

 a1

a2

a3

 =

 γ1

γ2

γ3


ü>Ø±γ0¿�¤'uρ1, ρ2, ρ3��§§� a2 − 1 0 a3

a1 + a3 −1 0
a2 a1 −1

 ρ1

ρ2

ρ3

 = −

 a1

a2

a3


éJ�Odn��g�§|�XêÝ
´Ä÷�"�±O�Ù1�ª�

a2
1a3 + a1a

2
3 + a2a3 + a2 − 1

ù�Ý
�UkØ÷���¹§~X�

A(z) = 1− 1.8z + 1.775789z2 − 0.9z3

�§dÝ
1�ª�"§�A(z)÷v��� ^�"
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14 CHAPTER 3. wÄ²þ�.�g£8wÄ²þ�.

3.1 MA���...

�²­�{Xt}kð�Ì�Ý§K{Xt}´�_MA ⇐⇒ {Xt}g���q��
�⇐⇒ Ì�Ý�±�¤

f(λ) =
σ2

2π
|B(e−iλ)|2

(Ù¥B(·)�Ñ3ü �	)"��©'5�mS�©Û6P89½n2.10"�
g���q����7�MAS�£Ø�½�_¤§��©'5�mS�©
Û6P92½n2.11§ù�:ØI�b�kÌ�Ý(g�����íÑkÌ�Ý)"
ü �þkE��{7��ÝÑy�kóê­"
g���q���7�2ÂMA(q)(Ã�^�)§y²�Brockwell & Davis

§3.2 Proposition 3.2.1. ^
#E©)§��©)5y²"b1, b2, . . . , bq´'u#
EÜ¤��mþ�ÝKXê"

3.2 222ÂÂÂARMA

�

A(B)Xt = B(B)εt, t ∈ Z,

Ù¥A(z) 6= 0, |z| = 1, A�Bvkú��"KLorent?ê

B(z)

Z(z)
=

∞∑
j=−∞

ψjz
j , ρ−1 < |z| < ρ(ρ > 1)

Âñ§u´k��²­)

Xt =

∞∑
j=−∞

ψjεt−j , t ∈ Z.

3.3 ARMA���...���ÌÌÌ

ARMA�.�ÌL«

Xt =

∫ π

−π
eitλ

B(e−iλ)

A(e−iλ)
dZε(λ)

Ù¥B(z)
A(z)��ARMA�.�4�)Û¼ê"

AMRA�.�Ì�Ý �A(·), B(·)�Ñ3ü �	§{εt}´WN(0, σ2), K²
­�{Xt}´�_ARMA�.

A(B)Xt = B(B)εt

�¿©7�^�´§kÌ�Ý

f(λ) =
σ2

2π

∣∣∣∣B(e−iλ)

A(e−iλ)

∣∣∣∣2
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��©'5�mS�©Û6P.76½n2.4"
y² 7�5�á¥®y²"�¿©5^�¤á§ù��

A(z)

B(z)
=

∞∑
j=0

djz
j , |z| ≤ ρ2 (ρ2 > 1)

-

ηt =

∞∑
j=0

djXt−j

K

A(B)Xt = B(B)ηt

�{ηt}�Ì�Ý�

fη(λ) =

∣∣∣∣∣∣
∞∑
j=0

dje
−ijλ

∣∣∣∣∣∣
2

· σ
2

2π

∣∣∣∣B(e−iλ)

A(e−iλ)

∣∣∣∣2

=

∣∣∣∣A(e−iλ)

B(e−iλ)

∣∣∣∣2 · σ2

2π

∣∣∣∣B(e−iλ)

A(e−iλ)

∣∣∣∣2
=
σ2

2π

={ηt}�xD(§¤±{Xt}��_ARMAS�"

3.4 ARMA���...���Hilbert���mmm

ë��©'5�mS�©Û6P.78"
�Ä�_ARMA�.

A(B)Xt = B(B)εt

�

HX =L{Xt : t ∈ Z}
Hε =L{εt : t ∈ Z}

HX(t) =L{Xs : s ≤ t, s ∈ Z}
Hε(t) =L{εs : s ≤ t, s ∈ Z}

Ù¥LL«�54��Hilbert�m"Kεt ∈ HX(t), εt ∈ HX(t) 	 HX(t − 1),
{εt/σ, t ∈ Z}´HX��|��IO��Ä"rXt^IO��ÄÐm¤WoldL
«

Xt = σ

∞∑
j=0

ψj
εt−j
σ
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Ðm�Xêσψj´HX¥Xté��Ä{εt/σ, t ∈ Z}�2ÂFá�Xê

σψj =< Xt, εt−j/σ >, j = 0, 1, 2, . . .

�_ARMA�.¥�xD(εt´#E(WoldS�)µ

εt = Xt − L(Xt|HX(t− q))

(ë��©'5�mS�©Û6P.81½n2.6).
��_ARMA�.WoldL«�

Xt =

∞∑
j=0

ψjεt−j

_L«�

εt =

∞∑
j=0

djXt−j

K{dj}�)�

d0 =1

dj =−
j∑

k=1

ψkdj−k, j = 1, 2, . . .

ù´Ï� ( ∞∑
k=0

dkz
k

)( ∞∑
l=0

ψlz
l

)
= 1

=

∞∑
j=0

(
j∑

k=0

ψkdj−k

)
zj = 1

3.5 ARIMAØØØ²²²­­­

ARIMA(p, d, q)�.vk²­)"
?Ø �d = 1�§¯K�§{ξt}´ARMA(p, q)S�, {Xt}÷v

Xt −Xt−1 = ξt (3.1)

5y²(3.1)vk²­)"ù�(ØØUí2�é?¿�²­�{ξt}Ñ¤á§Ï
��{Xt}�xD(�§ξt = Xt −Xt−1´��MA(1)S�§ù�{Xt}²­"
8B/§XJ(Øéd = 1¤á§Kd = 2�§eXt´XeARIMA(p, 2, q)�

²­)µ

A(B)(1−B)2Xt = B(B)εt
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-Yt = Xt −Xt−1§KYt´XeARIMA(p, 1, q)�²­)µ

A(B)(1−B)Yt = B(B)εt

d8B{b�ùØ�U"¤±��y²ARIMA(p, 1, q)vk²­)KARIMA(p, d, q)Ñ
vk²­)"
�/1 �{ξt}�WN(0, σ2)�§Ï

Xt −X0 =

t∑
k=1

ξt

¤±

Var(Xt −X0) =tσ2

Ïd{Xt}Ø²­"
�/2 �{ξt}´�_ARMA(p, q)S��, �Ùg���¼ê�{γk}§ù

�{ξt}këYÌ�Ýf(λ), λ ∈ [−π, π]§�k�e.c > 0"u´

Var(Xt −X0) = Var(

t∑
k=1

ξt) =

t∑
k=1

t∑
j=1

γk−j

=

t∑
k=1

t∑
j=1

∫ π

−π
ei(k−j)λf(λ)dλ =

∫ π

−π

∣∣∣∣∣
t∑

k=1

eikλ

∣∣∣∣∣
2

f(λ)dλ

≥c
∫ π

−π

∣∣∣∣∣
t∑

k=1

eikλ

∣∣∣∣∣
2

dλ = c

t∑
k=1

t∑
j=1

∫ π

−π
ei(k−j)λdλ

=c

t∑
k=1

2π (=k − j = 0�È©Ø�") = 2πct

¤±{Xt}Ø²­"
�/3 �{ξt}����ARMA(p, q)�µ

A(B)ξt = B(B)εt

�Ùg���¼ê�{γk}§ù�{Xt}÷vXe2ÂARMA�.µ

A(B)(1−B)Xt = B(B)εt

ü>vkúÏf¤±B(1) 6= 0"u´

Var(Xt −X0) = Var(

t∑
k=1

ξt) =

t∑
k=1

t∑
j=1

γk−j

=

t−1∑
k=1−t

(t− |k|)γk

=t

t−1∑
k=1−t

γk −
t−1∑
k=1−t

|k|γk
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-t→ +∞,5¿�ARMAS�{ξt}�g���¼ê{γk}K�êP~¤±
∑∞
k=−∞ |k|γký

éÂñ§


∞∑
k=−∞

γk = 2πf(0) = 2π
|B(1)|2

|A(1)|2
> 0

¤±Var(Xt −X0)→ +∞, t→ +∞§{Xt}�²­"
éuARÜ©A�õ�ªü �þkE���¹§E�7�Ý¤éÑy§�

­ê7�óê­§ÄKØ�U|¤¢Xêõ�ª"äNy²��"
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4.1 þþþ���ÚÚÚggg������������OOO���rrr���êêêÆÆÆ

�²­�Xt�g���¼êýé�Ú½±�ÇÂñ�§é∀λ ∈ [−π, π]§k

lim
n→∞

1

n

n∑
j=1

Xje
−ijλ = 0, a.s.

Ù¥λ = 0�=��þ�Ñlr�êÆ"���©'5�mS�©Û6PP53–
57½n1.169íØ"ÛÖ��á¥½n4.1.1´þ�Âñ�(Ø"
�"þ���¢�²­�Xt�g���¼ê±�ÇÂñ�§k

lim
n→∞

1

n

n∑
j=1

Xk+jXj = γk, a.s.

���©'5�mS�©Û6PP58–60½n1.17,1.189íØ"'ug����
^���±~f�Ì¼êëY§l
g���ýé�Ú½kÌ�Ý���±"
ÛÖ��á�^��î²­H{"
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5.1 ýýý���

�û½5�¡��ÛÉ§û½5S�¡�ÛÉS�"��©'5�m
S�©Û6P.82"X�û½5S����KS�§��©'5�mS�©
Û6P.118113K"

5.1.1 ���������ÚÚÚÝÝÝKKK

�Z�5ýÿ�5��Ñ�±w¤ÝK5�"Ù¥5�6�±*¿�µ
�M,N´L2�ü�fHilbert�m§é∀ξ ∈M,∀η ∈ N§k

〈ξ, η〉 = 0

¡M�N��"½Â

M ⊕N = {ξ + η : ξ ∈M,η ∈ N}

K

L(Y |M ⊕N) = L(Y |M) + L(Y |N)

^ÝK�í���5�±y²d5�"

5.1.2 ýýý���ØØØ���������üüüNNN555

σ2
küNþ,§σ

2
k,m'umüNeü�´'ukØ´üNþ,�"�~Xe"

-

Xt =
1

2
Xt−2 + εt, {εt} ∼WN(0, σ2).

dAR(2)�.²­)�

Xt =

∞∑
j=0

(
1

2

)j
εt−2j , t ∈ Z.

g���γ0 = 4
3σ

2, γ1 = 0, γ2 = 2
3σ

2"

L(Xt|Xt−1) =0, σ2
1,1 = E(Xt − 0)2 =

4

3
σ2,

L(Xt|Xt−2) =
1

2
Xt−2, σ2

2,1 = E(Xt −
1

2
Xt−2)2 = σ2

ùpσ2
1,1 > σ2

2,1"

5.1.3 üüü>>>���555SSS������WoldLLL«««

ü>�5S��½´X�û½5�§�Ù¥�xD(Ø�½´#E¤±L�
ª��Ø�½´WoldL«"
X

Xt = εt + 2εt−1

´X�û½5S�§ÙÌ�Ý

f(λ) =
σ2

2π
|1 + 2eiλ|2 =

σ2

2π
(5 + 4 cosλ)

�εt 6= Xt − L(Xt|Ht−1)"£�y²¤
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5.1.4 ~~~2.2���������yyy²²²

é

Zj(t) =ξj cos(tλj) + ηj sin(tλj), t ∈ Z,

k

2 cosλjZj(t− 1)− Z(t− 2)

=ξj{2 cosλj cos[(t− 1)λj ]− cos[(t− 2)λj ]}
+ ηj{2 cosλj sin[(t− 1)λj ]− sin[(t− 2)λj ]}

=ξj{cos(tλj) + cos[(t− 2)λj ]− cos[(t− 2)λj ]}
+ ηj{sin(tλj) + sin[(t− 2)λj ]− sin[(t− 2)λj ]}

=Zj(t)

¤±

L(Zj(t)|Zj(t− 1), Zj(t− 2)) = 2 cosλjZj(t− 1)− Zj(t− 2).

5.2 ARMAýýý���

AR(p)*ÿ��X1, X2, . . . , Xnb�®�nØëê§?1ÅÚ�Ú[ÜÚý
�:

X̂t =L(Xt|Xt−1, . . . , X1), t = 1, 2, . . . , n

X̂n+k =L(Xt+k|X1, X2, . . . , Xn)

cp�^��Levinson4í��Y-WXêÚ��§�n−p�^ARXêý�§n+
19±�^4íý�"

5.3 ggg���¯̄̄KKK

5.3.1 ARkkk���{{{¤¤¤���ZZZ���555ýýýÿÿÿõõõÚÚÚýýýÿÿÿ���þþþ���ØØØ���

õÚý��þ�Ø�º

L(Xt+k|X1, . . . , Xn)

=L(Xt+k|Xn, Xn−1, . . . , Xn−p+1

)�§

Γpb = (γk, γk+1, . . . , γk+p−1)T

�kÚý�þ�Ø�

σ2
k = γ0 − b1γk − b2γk+1 − · · · − bpγk+p−1

kvk{zúªº
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26 CHAPTER 6. ARMA�.�ëê�O

6.1 VVVÇÇÇ444���

6.1.1 ���VVVÇÇÇÂÂÂñññ

½n �{an}�¢ê�§Kan
P→ a �dulimn→∞ an = a"

y² ¿©5"�limn an = a§K∀δ > 0, ∃N¦�n > N�|an − a| ≤ δ"¤
±

lim
n
P (|an − a| > δ) = lim

n
0 = 0.

7�5"�an
P→ a"∀δ > 0, Ppn = P (|an − a| > δ), Klimn pn = 0"�

´pn�U�0½ö1§¤±{pn}¥�kk��1§¤±�3N¦�n > N�P (|an−
a| > δ) = 0, =n > N�|an − a| ≤ δ§=limn an = a"

½n �ξn
P→ ξ, ηn

P→ η, K

ξn + ηn
P→ ξ + η.

y² ?�½ε > 0"

P (|(ξn + ηn)− (ξ + η)| ≥ ε)
≤P (|ξn − ξ|+ |ηn − η| ≥ ε)

≤P (|ξn − ξ| ≥
ε

2
½|ηn − η| ≥

ε

2
)

≤P (|ξn − ξ| ≥
ε

2
) + P (|ηn − η| ≥

ε

2
)

→0, (n→∞)

½n �ξn
P→ ξ, a�~ê, K

aξn
P→ aξ.

y² a = 0�w,"�a 6= 0�§∀ε > 0,

P (|aξn − aξ| ≥ ε)

=P (|ξn − ξ| ≥
ε

|a|
)→ 0 (n→∞)

íØ �{ξn}, {ηn}�ü��ÅS�§a, b, c�~ê§eξn
P→ ξ, ηn

P→ η,

Kaξn + bηn + c
P→ aξ + bη + c"

½n �ξn
P→ a, a�~ê§¼êg(·)3aëY§K

g(ξn)
P→ g(a).

y² ∀ε > 0, ∃δ > 0 ¦�|x− a| < δ�|g(x)− g(a)| < ε"u´

|g(x)− g(a)| ≥ ε =⇒ |x− a| ≥ δ



6.1. VÇ4� 27

u´

P (|g(ξn)− g(a)| ≥ ε) ≤ P (|ξn − a| ≥ δ)→ 0, (n→∞)

~X§eξn
P→ a, K

ξ2
n

P→a2

1/ξn
P→1/a (��a 6= 0)√

ξn
P→
√
a (��a ≥ 0)

½n �ξn
P→ ξ, g(·)�ëY¼ê§K

g(ξn)
P→ g(ξ).

y²ë�Tucker, H.G.(1967), A Graduate Course in Probability, New York:
Academic Press.

½n �ξn
P→ ξ, ηn

P→ η, K

ξnηn
P→ ξη.

y²

ξnηn =
1

2

[
ξ2
n + η2

n − (ξn − ηn)2
]

Ù¥ξ2
n

P→ ξ2, η2
n

P→ η2, ξn − ηn
P→ ξ − η, (ξn − ηn)2 P→ (ξ − η)2, ¤±

ξnηn
P→1

2

[
ξ2 + η2 − (ξ − η)2

]
= ξη

6.1.2 ���©©©ÙÙÙÂÂÂñññ

½n �ξn
P→ ξ, Kξn

d→ ξ"

y² �ξn ∼ Fn(·), ξ ∼ F (·), �x�F (·)���ëY:"é?¿ε > 0,

Fn(x) =P (ξn ≤ x)

=P (ξn ≤ x, |ξn − ξ| < ε) + P (ξn ≤ x, |ξn − ξ| ≥ ε)
≤P (ξ ≤ x+ ε) + P (|ξn − ξ| ≥ ε)

u´

lim
n→∞

Fn(x) ≤ F (x+ ε).
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,��¡§

P (ξn > x) =P (ξn > x, |ξn − ξ| < ε) + P (ξn > x, |ξn − ξ| ≥ ε)
≤P (ξ > x− ε) + P (|ξn − ξ| ≥ ε),

lim
n→∞

[1− Fn(x)] ≤1− F (x− ε),

lim
n→∞

Fn(x) ≥F (x− ε),

o�k

F (x− ε) ≤ lim
n→∞

Fn(x) ≤ lim
n→∞

Fn(x) ≤ F (x+ ε),

-ε→ 0+K��

lim
n→∞

Fn(x) = F (x).

½n ea´~ê§ξn
d→ a, Kξn

P→ a"
y² P

F (x) =

{
1, x ≥ a
0, x < a

K

P (ξn ≤ x)→ F (x), ∀x 6= a.

∀δ > 0,

P (|ξn − a| > δ)

=P (ξn > a+ δ) + P (ξn < a− δ)
=1− P (ξn ≤ a+ δ) + P (ξn < a− δ)
≤1− P (ξn ≤ a+ δ) + P (ξn ≤ a− δ)
→0 (n→∞)

�©ÙÂñØ�½�VÇÂñ"'X§�X ∼ N(0, 1)§K−X�XÓ©Ù"
-

Xn =

{
X, n�óê,

−X, n�Ûê,

K{Xn}�©ÙÂñ�X§�´Ø�VÇÂñ�X"
VÇ�þ¼ê(PMF)�Âñ5�©Ù¼êÂñ5ØÓ"~X§�ξn = 2 +

1
n§Kξn�PMF�

pn(x) =

{
1, x = 2 + 1

n ,

0, Ù§
,
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�

lim
n
pn(x) = 0, x ∈ (−∞,∞),

�´ξn�©Ù¼êªuξ = 2�©Ù¼ê"

XJξn��Ý¼êpn(X)k�È�þ.§K�â��Âñ½n��§ξn�©
Ù¼êÂñ"

½n �ξnkÝ1¼êMn(t) = Eetξn , t ∈ (−h, h), ξkÝ1¼êM(t) =
Eetξ, t ∈ [−h1, h1], 0 < h1 ≤ h, elimn→∞Mn(t) = M(t), ∀t ∈ [−h1, h1],

Kξn
d→ ξ"

y²Ñ"

½n �ξn
d→ ξ, ηn

P→ 0, K

ξn + ηn
d→ ξ.

y² �x0´ξ�©Ù¼êF (x)�ëY:"éuδ > 0§d

P (ξn + ηn ≤ x0)

=P (ξn + ηn ≤ x0, ηn ≤ −δ) + P (ξn + ηn ≤ x0, ηn > −δ)
≤P (ηn ≤ −δ) + P (ξn ≤ x0 + δ)

≤P (|ηn| ≥ δ) + P (ξn ≤ x0 + δ)

��

P (ξn + ηn ≤ x0)− F (x0)

≤[P (ξn ≤ x0 + δ)− F (x0 + δ)] + [F (x0 + δ)− F (x0)] + P (|ηn| ≥ δ) (*)

,��¡§

P (ξn + ηn ≤ x0)

≥P (ξn + ηn ≤ x0, ηn ≤ δ)
≥P (ξn + δ ≤ x0, ηn ≤ δ)
=P (ξn + δ ≤ x0)− P (ξn + δ ≤ x0, ηn > δ)

≥P (ξn ≤ x0 − δ)− P (ηn > δ)

≥P (ξn ≤ x0 − δ)− P (|ηn| > δ)

u´

P (ξn + ηn ≥ x0)− F (x0)

≥P (ξn ≤ x0 − δ)− F (x0 − δ) + F (x0 − δ)− F (x0)− P (|ηn| > δ) (**)

?�½ε > 0§�δ1 > 0v
�¦�

F (x0 + δ1)− F (x0) <
ε

3
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�x0 + δ1´F (x)�ëY:£dLebesgue½n§üN¼êA�??��§l
3

?¿��«mþÑkëY:¤"duξn
d→ ξ, ηn

P→ 0, �3n1¦�∀n ≥ n1§

P (ξn ≤ x0 + δ)− F (x0 + δ) <
ε

3

P (|ηn| ≥ δ) <
ε

3

d(*)ª, �n ≥ n1�

P (ξn + ηn ≤ x0)− F (x0) < ε

2�δ2 > 0¦

F (x0)− F (x0 − δ2) <
ε

3

�x0 − δ2´F (x)�ëY:§�3n2 ≥ n1¦�∀n ≥ n2k

P (ξn ≤ x0 − δ)− F (x0 − δ) >−
ε

3

P (|ηn| ≥ δ) <
ε

3

d(**)���n ≥ n2�

P (ξn + ηn ≤ x0)− F (x0) > −ε

u´�n ≥ n2�

|P (ξn + ηn ≤ x0)− F (x0)| < ε

=k

lim
n→∞

P (ξn + ηn ≤ x0) = F (x0)

=

ξn + ηn
d→ ξ.

½n �ξn
d→ ξ, ηn

P→ 1, Kηnξn
d→ ξ"

y²�þ�½naq"

½n �ξn
d→ ξ, g(·)´½Â3ξ�| 8þ�ëY¼ê§K

g(ξn)
d→ g(ξ).

y²Ñ"~X§ξn
d→ N(0, 1)§Kξ2

n
d→ χ2(1)"

½n(Slutsky) �ξn
d→ ξ, An

P→ a, Bn
P→ b, K

An +Bnξn
d→ a+ bξ.
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y²Ñ"

½n �{F1, F2, . . . , }´©Ù¼ê�£vkF (−∞) = 0ÚF (+∞) = 1��
�¤§eé,��δ > 0Úr0 > 0§ê�{

∫
R
|x|r0+δdFn(x) : n ≥ 1}k.�Fn�

©ÙÂñ�F§Ké?¿r ∈ [0, r0]Ú�êk ∈ (0, r0]§�n→∞�k∫
R

xkdFn(x)→
∫
R

xkdF (x)

∫
R

|x|rdFn(x)→
∫
R

|x|rdF (x)

�Á¤
5ÿÝØÄ:6£�ÆÑ��1983c¤P126�íØ"=��Ýk
.\�©ÙÂñíÑ��ÝÂñ¶n�Ýk.\�©ÙÂñíÑ��ÝÂñ"
�~µ�Xn ∼ 2nU(0, 1

n )§KXn → 0, a.s."EXn ≡ 1
E0 = 0"

6.1.3 ���VVVÇÇÇkkk...

�{ξn}´�ÅCþS�§XJé?¿ε > 0§�3�êM§¦�

sup
n
P (|ξn| > M) ≤ ε

Ò¡�mS�{ξn}´�VÇk.�§P�ξn = Op(1)"�VÇk.Ò´Ø��
�VÇ?¿��8Ü�S�k."
�{cn}´�"~ê�§XJ{ξn/cn} = Op(1)§Ò¡ξn = Op(cn)"��ÅC

þS�ηn 6= 0§e{ξn/ηn} = Op(1)K¡ξn = Op(ηn)"
�VÇk.��d½Âµ¡{ξn}�VÇk.§e∀ε > 0, ∃M > 0ÚN¦�

�n ≥ N�

P (|ξn| ≤M) ≥ 1− ε.

¯¢þ§��½Â^�¤á�w,d�d½Â�^��¤á"ed�d½Â^
�¤á§Kén ≥ Nk

P (|ξn| ≤M) ≥ 1− ε, P (|ξn| > M) < ε.

éj = 1, 2, . . . , N§�3Mj > 0¦�

P (|ξj | > Mj) < ε

-M ′ = max(M,M1,M2, . . . ,MN )§K

P (|ξn| > M ′) <ε, ∀n ∈ N+,

sup
n∈N+

P (|ξn| > M ′) ≤ε,

÷v�½Â"

eξn
Pr→ 0 (n → ∞) KPξn = op(1)"�{cn}´�"~ê�§XJ{ξn/cn} =

op(1)§Ò¡ξn = op(cn)"��ÅCþS�ηn 6= 0§e{ξn/ηn} = op(1)K¡ξn =
op(ηn)"

½n eξn = op(cn)Kξn = Op(cn)"
y² U�VÇÂñ½Â§∀δ > 0, ∀ε > 0§�3N¦n > N�

Pr(|ξn/cn| > δ) < ε
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�M ≥ δ¦�

Pr( max
1≤n≤N

|ξn/cn| > M) < ε,

K

Pr(|ξn/cn| > M) < ε, n = 1, 2, . . .

=ξn/cn = Op(1).

½n XJξn = Op(1)
cn →∞Kξn/cn = op(1)"
y² ∀ε > 0, ∀δ > 0§∃M > 0¦

P (|ξn| > M) < ε, n ∈ N+.

∃N¦n > N�cn > M/δ, u´

P

(∣∣∣∣ξncn
∣∣∣∣ > δ

)
=P (|ξn| > |cn|δ) ≤ P (|ξn| > M) < ε.

½n é�ÅCþξ§ξ = Op(1).

½n e�3�K�ÅCþξ¦�|ξn| ≤ ξ a.s.Kξn = Op(1)"
y² dP (|ξn| ≤ ξ) = 1§∀ε > 0, ∃M > 0¦P (ξ > M) < ε§u´P (|ξn| >

M) ≤ P (ξ > M) < ε, ∀n ∈ N+"

½n e{ξn}Ó©Ù§Kξn = Op(1)"
y² ∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©Ù5�Pr(|ξt| > M) =

Pr(|ξ1| > M) < ε"

½n

Op(1)±Op(1) =Op(1)

Op(1) ·Op(1) =Op(1)

Op(1)± op(1) =Op(1)

Op(1) · op(1) =op(1).

y² =y²Op(1) · op(1) = op(1)"�ξn = Op(1), ηn = op(1)"é?¿�½
�δ > 0Úε > 0, �3M , ¦�

sup
n
P (|ξn| > M) < ε.

u´

lim
n→∞

P (|ξnηn| > δ)

≤ lim
n→∞

P (|ξnηn| > δ, |ξn| ≤M) + lim
n→∞

P (|ξnηn| > δ, |ξn| > M)

≤ lim
n→∞

P (|ηn| >
δ

M
) + lim

n→∞
P (|ξn| > M)

≤ε,
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=limn P (|ξnηn| > δ) = 0, ξnηn = op(1)"

½n eξn�VÇÂñ�ξK{ξn} = Op(1)"
y² ξn = ξ + (ξn − ξ) = Op(1) + op(1)"

½n �ξn
d→ ξ, Kξn = Op(1)"

y² �ξ©Ù¼ê�F (x)§é∀ε > 0§�3M > 0�MÚ−M�F (x)�ë
Y:§¦�

lim inf
n→∞

P (|ξn| ≤M) = lim
n→∞

P (ξn ≤M)− lim inf
n→∞

P (ξn < −M)

≥ lim
n→∞

P (ξn ≤M)− lim
n→∞

P (ξn ≤ −M)

=F (M)− F (−M) ≥ 1− ε

2
> 1− ε

u´∃N§�n ≥ N�

inf
m≥n

P (|ξm| ≤M) ≥1− ε

P (|ξn| ≤M) ≥1− ε

dOp�d½Â��ξn = Op(1)"

½n �ξn = Op(1)§ηn/ξn = op(1), Kηn = op(1)"
y² ∀δ > 0, ∀ε > 0"dξn = Op(1)���3M > 0¦�

P (|ξn| > M) <
ε

2
, ∀n ∈ N+.

dηn/ξn = op(1)���3N > 0¦�n > N�

P (|ηn/ξn| > δ/M) <
ε

2
,

u´n > N�

P (|η| > δ)

=P (|η| > δ, |ξn| ≤M) + P (|η| > δ, |ξn| > M)

≤P (|ηn/ξn| > δ/M) + P (|ξn| > M)

<ε

=ηn = op(1)"

6.1.4 Delta���{{{

½n(Delta�{) ��ÅCþS�{ξn}k4�©Ù

√
n(ξn − θ)

d→ N(0, σ2)

¼êg(x)3θ?��§g′(θ) 6= 0"K

√
n(g(ξn)− g(θ))

d→ N(0, σ2(g′(θ))2).
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y² d�Vúª

g(ξn) = g(θ) + g′(θ)(ξn − θ) + ηn

Ù¥

ηn =h(ξn − θ)
h(x) =g(x+ θ)− g(θ)− g′(θ)x
h′(0) =0

d�¡�Ún��ηn = op(|ξn − θ|)§u´
√
n(g(ξn)− g(θ)) =

√
ng′(θ)(ξn − θ) + op(

√
n|ξn − θ|)

c���©ÙÂñ�N(0, σ2(g′(θ))2), ���´¥
√
n|ξn − θ| = Op(1)¤±

´op(1)�§u´(J��"

Ún �¼êh(x)3x = 0?��§h′(0) = 0"eξn = op(1)Kh(ξn) =
op(|ξn|)"
y² ∀ε > 0, ∀δ > 0§dh′(0) = 0���3δ1 > 0¦�é?¿0 < |x| ≤ δ1k

|h(x)

x
| < δ

u´

P

(∣∣∣∣h(ξn)

ξn

∣∣∣∣ > δ

)
=P

(∣∣∣∣h(ξn)

ξn

∣∣∣∣ > δ, |ξn| ≤ δ1
)

+ P

(∣∣∣∣h(ξn)

ξn

∣∣∣∣ > δ, |ξn| > δ1

)
=P

(∣∣∣∣h(ξn)

ξn

∣∣∣∣ > δ, |ξn| > δ1

)
≤P (|ξn| > δ1)→ 0 (n→∞)

Ún

lim
n→∞

(
1 +

b

n
+ o(

1

n
)

)cn
= ebc.

6.1.5 ���ÅÅÅ���þþþ���444���

½Â �{ξn}��Å�þS�§ξ��Å�þ§XJé?¿δ > 0Ñk

lim
n→∞

P (‖ξn − ξ‖ > δ) = 0,

K¡ξn�VÇÂñ�ξ§P�ξn
P→ ξ"

½n �ξn = (ξn1, . . . , ξnm)T , ξ = (ξ1, . . . , ξm)T , Kξn
P→ ξ ��=�ξnj

P→
ξj , j = 1, . . . ,m"
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½Â �{ξn}��Å�þS�§ξn©Ù¼ê�Fn(x), ξ��Å�þ§k©Ù
¼êF (x), F (·)�?¿ëY:xþk

lim
n→∞

Fn(x) = F (x),

K¡ξn�©ÙÂñ�ξ½�©ÙÂñ�F (·)§P�ξn
d→ ξ ½ξn

d→ F (·)"

½n �{ξn}��Å�þS�§ξ��Å�þ§ξn
d→ ξ, ¼êg(x)´½Â

uξ�| 8þ�ëY¼ê§Kg(ξn)�©ÙÂñug(ξ)"
íØµ�Å�þ�©ÙÂñ§K�A©þ�©ÙÂñ"

½n �ξnkÝ1¼êMn(t) = Eet
T ξn , ξkÝ1¼êM(t) = Eet

T ξ,elimn→∞Mn(t) =

M(t), ‖t‖ ≤ h(h > 0), Kξn
d→ ξ"

½n(�Å�þ�¥%4�½n) �ÕáÓ©Ù�Å�þS�{ξn}äk�
Ó�Ï"µÚ���
Σ§Σ�½§��Ó�Ý1¼êM(t)30���m���
3§-

ηn =
1√
n

n∑
i=1

(ξi − µ) =
√
n(ξ̄ − µ),

Kηn�©ÙÂñ�Nm(0,Σ)©Ù"

½n �m��Å�þS�{ξn}ìCNm(µ,Σ)©Ù§A, b���Å�Ý
Ú
�þ§KAξn + bìCNm(Aµ+ b, AΣAT )©Ù"

½n �m��Å�þS�{ξn}÷v

√
n(ξn − µ0)

d→ Nm(0,Σ),

�g(x)���Rm�Rk�C�(k ≤ m), r���� �ê|¤��Ý


B =

(
∂gi(x)

∂xj

)
i=1,...,k;
j=1,...,m

,

�3µ0�,���S§B�����ëY�BØ�u"Ý
§PB3x = µ0?
���B0§K

√
n(g(ξn)− g(µ0))

d→ Nm(0, B0ΣBT0 ).

6.2 ¯̄̄KKK

¯K AICÚBIC´ÄÉ�{Xt}�þj�K�º
� ØÉK�"'X-Yt = KXt, Kl{Yt}�O�#E��σ̂2

Y,p´l{Xt}�
O�#E��σ̂2

X,p�K
2�§�ln�C¤
AIC��/O\lnK2§���:Ø

C"
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