
A^�mS�©Û

�,ùÂ

�Í: ÛÖ�

��: oÀº

2011c¢GÆÏ



ii



8 ¹

1�Ù �mS� 1

1.1 �mS��©) . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 �mS�Vg . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.2 �mS��©) . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.3 �mS�Ú�ÅL§ . . . . . . . . . . . . . . . . . . . . . 6

1.2 ²S� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 ²S�9Ùg���¼ê . . . . . . . . . . . . . . . . 7

1.2.2 xD( . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.3 ��²S� . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3 �5²S�Ú�5ÈÅ . . . . . . . . . . . . . . . . . . . . . . 13

1.3.1 k�$Ä²þ . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.2 �5²S� . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.3 �mS���5ÈÅ . . . . . . . . . . . . . . . . . . . . . 17

1.4 ���mS�Ú�ÅCþ�Âñ5 . . . . . . . . . . . . . . . . 19

1.4.1 �Å�þ�êÆÏ"Ú�� . . . . . . . . . . . . . . . . 19

1.4.2 ��²S� . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.5 î²S�9ÙH{5 . . . . . . . . . . . . . . . . . . . . . . . 22

1.6 Hilbert�m¥�²S� . . . . . . . . . . . . . . . . . . . . . . 24

1.6.1 Hilbert�m . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.6.2 SÈ�ëY5 . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.6.3 E��ÅCþ . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.7 ²S��Ì¼ê . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.7.1 ²S��Ì¼ê . . . . . . . . . . . . . . . . . . . . . . 30

1.7.2 �5ÈÅ�Ì . . . . . . . . . . . . . . . . . . . . . . . . . 32

1.7.3 æ�½n . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.8 lÑÌS�9Ù±Ï5 . . . . . . . . . . . . . . . . . . . . . . . 36

1�Ù g£8�. 39

2.1 í£�fÚ~Xê�©�§ . . . . . . . . . . . . . . . . . . . . 40

2.1.1 í£�f . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.1.2 ~Xêàg�5�©�§ . . . . . . . . . . . . . . . . . . 41

2.1.3 �àg�5�©�§ . . . . . . . . . . . . . . . . . . . . . 44

2.2 g£8�.9Ù²5 . . . . . . . . . . . . . . . . . . . . . . . 45

2.2.1 A~: AR(1) . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.2.2 ��AR(p) . . . . . . . . . . . . . . . . . . . . . . . . . . 46

iii



iv 8 ¹

2.2.3 ²)ÚÏ) . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.3 AR(p)S��Ì�ÝÚYule-Walker�§ . . . . . . . . . . . . . . 52

2.3.1 AR(p)S��Ì�Ý . . . . . . . . . . . . . . . . . . . . . 52

2.3.2 Yule-Walker�§ . . . . . . . . . . . . . . . . . . . . . . . 54

2.3.3 g���¼ê�±Ï5 . . . . . . . . . . . . . . . . . . . 56

2.3.4 g���¼ê��½5 . . . . . . . . . . . . . . . . . . . 58

2.3.5 �mS�����ýÿ5 . . . . . . . . . . . . . . . . . . 60

2.4 ²S�� �'XêÚLevinson4íúª . . . . . . . . . . . 62

2.4.1 �`�5ýÿ . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.4.2 ��� 5 . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.4.3 Levinson4íúª . . . . . . . . . . . . . . . . . . . . . . 64

2.4.4  �'Xê . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.5 AR(p)S�Þ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

1nÙ wÄ²þ�.�g£8wÄ²þ�. 73

3.1 wÄ²þ�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.1.1 �.Ú\ . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.1.2 MA(q)�.ÚMA(q)S� . . . . . . . . . . . . . . . . . . 74

3.1.3 ��S� . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.1.4 MA(q)Xê�4íO� . . . . . . . . . . . . . . . . . . . 77

3.1.5 MA(q)�.Þ~ . . . . . . . . . . . . . . . . . . . . . . . . 78

3.2 g£8wÄ²þ�. . . . . . . . . . . . . . . . . . . . . . . . . 81

3.2.1 ARMA(p, q)�.9Ù²) . . . . . . . . . . . . . . . . 81

3.2.2 ARMA(p, q)S��g���¼ê . . . . . . . . . . . . . . 82

3.2.3 ARMA(p, q)�.��£O5 . . . . . . . . . . . . . . . . 83

3.2.4 ARMAS��Ì�ÝÚ�_5 . . . . . . . . . . . . . . . 87

3.2.5 ~f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.3 2ÂARMA�.ÚARIMA(p, d, q)�.0� . . . . . . . . . . . . 89

3.3.1 2ÂARMA�. . . . . . . . . . . . . . . . . . . . . . . . 89

3.3.2 ¦ÚARIMA(p, d, q)�. . . . . . . . . . . . . . . . . . . . 90

3.3.3 ü �L§ . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.3.4 ©ê�©ARFIMA(p, d, q)�. . . . . . . . . . . . . . . . 90

1oÙ þ�Úg���¼ê��O 93

4.1 þ���O . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.1.1 �Ü5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.1.2 ¥%4�½n . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.1.3 Âñ�Ý . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.1.4 X̄N��[O� . . . . . . . . . . . . . . . . . . . . . . . . 97



8 ¹ v

4.2 g���¼ê��O . . . . . . . . . . . . . . . . . . . . . . . . 99

4.2.1 g����Oúª9�½5 . . . . . . . . . . . . . . . . 99

4.2.2 γ̂k��Ü5 . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.2.3 γ̂k�ìC©Ù . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2.4 �[O� . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.3 xD(u� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.3.1 xD(�χ2u� . . . . . . . . . . . . . . . . . . . . . . . 106

4.3.2 ��g�'�&«mu�{ . . . . . . . . . . . . . . . . 107

1ÊÙ �mS��ý� 109

5.1 �Z�5ýÿ�Ä�5� . . . . . . . . . . . . . . . . . . . . . . 110

5.1.1 �Z�5ýÿ . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.1.2 Hilbert�m¥�ÝK . . . . . . . . . . . . . . . . . . . . . 117

5.1.3 �Zýÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.2 �û½5²S�9ÙWoldL« . . . . . . . . . . . . . . . . . . 123

5.2.1 �û½5²S� . . . . . . . . . . . . . . . . . . . . . . 123

5.2.2 WoldL«½n . . . . . . . . . . . . . . . . . . . . . . . . 127

5.2.3 Kolmogorovúª . . . . . . . . . . . . . . . . . . . . . . . 136

5.2.4 �ZýÿÚ�Z�5ýÿ���^� . . . . . . . . . . . 137

5.3 �mS��4íýÿ . . . . . . . . . . . . . . . . . . . . . . . . 139

5.3.1 �mS��4íýÿ . . . . . . . . . . . . . . . . . . . . . 139

5.3.2 ���mS��«mýÿ . . . . . . . . . . . . . . . . . . 143

5.3.3 ²S��4íýÿ . . . . . . . . . . . . . . . . . . . . . 143

5.4 ARMA(p, q)S��4íýÿ . . . . . . . . . . . . . . . . . . . . 145

5.4.1 AR(p)S��ýÿ . . . . . . . . . . . . . . . . . . . . . . 145

5.4.2 MA(q)S��ýÿ . . . . . . . . . . . . . . . . . . . . . . 148

5.4.3 ARMA(p, q) S��ýÿ . . . . . . . . . . . . . . . . . . . 149

5.4.4 ARMA(p,q)S�õÚýÿ . . . . . . . . . . . . . . . . . . 152

5.4.5 ARIMAS�ýÿ . . . . . . . . . . . . . . . . . . . . . . . 152

18Ù ARMA�.�ëê�O 155

6.1 AR(p)�.�ëê�O . . . . . . . . . . . . . . . . . . . . . . . . 156

6.1.1 Yule-Walker�O . . . . . . . . . . . . . . . . . . . . . . . 156

6.1.2 ���¦�O . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.1.3 ��q,�O . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.1.4 AR(p)�.½� . . . . . . . . . . . . . . . . . . . . . . . . 163

6.1.5 �.[Üu� . . . . . . . . . . . . . . . . . . . . . . . . . 166

6.1.6 ARÌ�Ý�O . . . . . . . . . . . . . . . . . . . . . . . . 167

6.2 MA(q)�.�ëê�O . . . . . . . . . . . . . . . . . . . . . . . 168



vi 8 ¹

6.2.1 MA(q)�.�Ý�O9ÙO� . . . . . . . . . . . . . . . 168

6.2.2 MA(q)�.�_�'¼ê{ . . . . . . . . . . . . . . . . . 170

6.2.3 MA(q)�.�#E�O�{ . . . . . . . . . . . . . . . . . 172

6.2.4 MA(q)�.�½��{ . . . . . . . . . . . . . . . . . . . 174

6.2.5 MA(q)�.�[Üu� . . . . . . . . . . . . . . . . . . . 175

6.2.6 MAÌ�Ý�O . . . . . . . . . . . . . . . . . . . . . . . . 175

6.3 ARMA(p, q)�.�ëê�O . . . . . . . . . . . . . . . . . . . . 176

6.3.1 ARMA(p, q)�.�Ý�O�{ . . . . . . . . . . . . . . . 176

6.3.2 ARMA(p, q)�.�g£8%C{ . . . . . . . . . . . . . . 177

6.3.3 ���mS��q,¼ê . . . . . . . . . . . . . . . . . . 178

6.3.4 ARMA(p, q)�.���q,�O . . . . . . . . . . . . . . 179

6.3.5 ARMA(p, q)�.�u� . . . . . . . . . . . . . . . . . . . 183

6.3.6 ARMA(p, q)�.�½��{ . . . . . . . . . . . . . . . . 184

6.3.7 ARMA(p, q)�.�Ì�Ý�O . . . . . . . . . . . . . . . 185



8 ¹ vii

�§0�

�§0�

• ïÄ÷�mP¹�êâ"

• Ì��éS��'5"

• Ì�¦^��Ý!Ý
$�"

• �^�Ü©�Ä:�¼©Û!EC¼ê"

• k2�A^���§Ì�´�Ä:"

�mS�©Û�A^+�

• ²L�7K§'X÷*²LêâS�!y d�!�ê�"

• ó§§'XÅ��Ä!Ã�>&Ò!Ñª&Ò"

• �ÆïÄ§'X�¥í§!<N)n!Æ!zÆ�A�mS��"

• �¬§ïÄÅc!Å�P¹�êâ§X�Ï6þ!34§ÝCz�"

ë�Ö8

• �áµÛÖ�5A^�mS�©Û6§�®�ÆÑ��§2003

• ë�µP.J. Brockwell and R.A. Davis, Time Series: Theory and Methods.

Springer-Verlag, 1987.£k¥È�: X�§5�mS��nØ��{6§p

���Ñ��§1��§2001¤

• P.S.P. Cowpertwait and A.V. Metcalfe, Introductory Time Series with R.

Springer, 2009

• J.D. Cryer and Kung-Sik Chan, Time Series Analysis with Applications in

R, 2nd Ed, Springer, 2008.

• �{ö§H²�(2009) �mS�©Û�SASA^§ÉÇ�ÆÑ��

• o��, oÌ�(1010) �mS�©Û¢�§¥IÚOÑ��



viii 8 ¹



1�Ù �mS�

1



2 1�Ù �mS�

§1.1 �mS��©)

§1.1.1 �mS�Vg

�mS�½Â

• �mS�½Â: U�m^Sü���ÅCþS�"

• *ÿ��: �mS���ÅCþ�*ÿ��"�½´k�õ�"

• �g¢y(�^;�): �mS���|¢S*ÿ"

• �mS�©Û�?Ö: êâï�§)º!��½ý�"

• PÒ: {Xt}, {xt}, X(t), x(t).

~f: �®/«öU/³êâ(ü µ�/)

c� SÒ É/¡È ¤/¡È

1949 1 331.12 243.96

1950 2 380.44 293.90

1951 3 59.63 59.63

1952 4 37.89 18.09

1953 5 103.66 72.92

1954 6 316.67 244.57

1955 7 208.72 155.77

1956 8 288.79 255.22

1957 9 25.00 0.50

1958 10 84.72 48.59

1959 11 260.89 202.96

1960 12 27.18 15.02

1961 13 20.74 17.09

1962 14 52.99 14.66

1963 15 99.25 45.61

1964 16 55.36 41.90

~f: �®/«öU/³êâ(ã)
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洪水灾害数据

年

面
积

(万
亩

)
0

10
0

20
0

30
0

40
0

1950 1952 1954 1956 1958 1960 1962 1964

受灾面积
成灾面积

§1.1.2 �mS��©)

�mS��©)

•

Xt = Tt + St +Rt, t = 1, 2, . . .

• ª³�!G!�!�Å�

• ©)

• ü±ÏG!�: S(t+ s) = S(t),∀t. �I�S1, . . . , Ss���

s∑
j=1

Sj = 0

• �Å�: ��ERt = 0,∀t"

~f: Ø¬^u�ÑGÝ�

c 1GÝ 2 GÝ 3 GÝ 4 GÝ c²þ

1991 6878.4 5343.7 4847.9 6421.9 5873.0

1992 6815.4 5532.6 4745.6 6406.2 5875.0

1993 6634.4 5658.5 4674.8 6445.5 5853.3

1994 7130.2 5532.6 4989.6 6642.3 6073.7

1995 7413.5 5863.1 4997.4 6776.1 6262.6

1996 7476.5 5965.5 5202.1 6894.1 6384.5

G²þ 7058.1 5649.3 4909.6 6597.7
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• �Oª³{T̂t}�§Xt− T̂tÌ�dG!�Ú�Å�|¤§G!��±^Xt−
T̂t z�G!²þ��¶

• ª³�O�^:

– zc²þ¶

– �5£8[Ü��¶

– �g�£8¶

– wÄ²þ�O¶

– ��T̂tÚŜt��±2lXt − Ŝt �O#� ˆ̂
Tt"

• G!��O��±���\�.^åCþL«(5¿��¯K)"

• ^T̂t + Ŝt[Ü½ý�yt"

• ��±ïáª³!G!�!�Å��G��m�."

• ü«: atsa01.r::demo.coal().

^u�Ñ�mS�ã(©ãª³)
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^u�Ñ�mS�ã(�g�ª³)
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§1.1.3 �mS�Ú�ÅL§

�ÅL§

• �ÅL§�Vg: �I8T"{Xt : t ∈ T }¡��ÅL§"

• �mS�: T��N�ê½��ê�§�ÅL§¡��ÅS�¶r�êe
Iw¤�mK¡�ÅS���mS�"

• ëY��ÅL§!ëY��mS�: T��N¢ê½�N�K¢ê�¡
�ÅL§�ëY��ÅL§"eIw¤�m�¡�ëY���mS�"

• lÑæ�: ëY���mS�P¹e5ÒC¤
lÑ�m"

• ²5: �Øª³�ÚG!����ÅÜ©²~äk²5"
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§1.2 ²S�

²S�¨¨Úó

• S�©)¥ª³ÚG!Ü©���±^��Å¼ê£ã£���±^�
Å�.¤"

• �Å�Ï~´²�"LyµY²vk²wCz¶��vk²wCz¶�
'5(�Ø��mCz"

• ÕáS�ØUý�¶²S��±^{¤�ý�"

• PÒ:

– Z—¤k�ê�8Ü¶"

– N+—¤k��ê�8Ü¶"

– N—L«Z½N+"

§1.2.1 ²S�9Ùg���¼ê

²S�½Â

• ½Â2.1 XJ�mS�{Xt} = {Xt : t ∈ N} ÷v

(1) é?Ût ∈ N, EX2
t <∞;

(2) é?Ût ∈ N, EXt = µ;

(3) é?Ût, s ∈ N, E[(Xt − µ)(Xs − µ)] = γt−s, K¡{Xt} ´²�
mS�, {¡�²S�. ¡¢ê�{γt}�{Xt}�g���¼ê.

• 5�µ

• Ï"!���tÃ'"

• �m²£ØK�ü����'Xê"

• q¡²S����Ý²S�, �¡�°²S�"

g���¼ê5�

• (1) é¡5: γk = γ−k,∀k ∈ Z.

• (2) �K½5:

Γn = (γk−j)
n
k,j=1 =


γ0 γ1 · · · γn−1

γ1 γ0 · · · γn−2

.. .. · · · ..

γn−1 γn−2 · · · γ0


�K½(∀n ∈ N+)"
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• (3) k.5µ|γk| ≤ γ0, ∀k ∈ Z"

• ?Û÷vþãn�5��¢ê�Ñ�¡��K½S�.

• ¤±²S��g���¼ê´�K½S�.

• �±y²,z��K½S�Ñ�±´��²S��g���¼ê(�[9]).

�K½59�ÅCþ��5�'

• Γn�A:: �α = (a1, . . . , an)T , K

•

αTΓnα = Var

(
n∑
i=1

aiXi

)
≥ 0

• Γnòz(Ø÷�)��=��3α 6= 0¦�

Var

(
n∑
i=1

aiXi

)
= 0

ù�¡�ÅCþX1, . . . , Xn´�5�'�"=X1, . . . , Xn��"�5|Ü

´òz�ÅCþ"

• XJX1, . . . , Xn�5�'§Km ≥ n�X1, . . . , Xm �5�'"

SchwarzØ�ª

•

|E(XY )| ≤
√
EX2EY 2

•

|Cov(X,Y )| ≤
√

Var(X)Var(Y )

• íØ:

E|X| ≤
√

E|X|2

•

γt = Cov(Y1, Yt+1) ≤ γ0
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~2.1 ²S���5C�

• {Xt}�²S�§Ï"µ§g���¼êγ(t)"

• Yt = a+ bXt, t ∈ Z"

• EYt = a+ bµ.

• Cov(Ys, Ys+t) = b2Cov(Xt, Xt+s) = b2γ(t).

• ��{Yt}²"

• e�
Yt =

Xt − µ√
γ0

KEYt = 0,Var(Yt) = 1§¡{Yt}�{Xt}�IOzS�"

g�'Xê

• ½Â2.2 �²S�{Xt}�IOzS�´{Yt}. {Yt}�g���¼ê

ρk = γk/γ0, k ∈ Z,

¡�²S�{Xt}�g�'Xê.

• g�'Xê{ρt}´÷vρ0 = 1�g���¼ê, l�´�K½S�.

~2.2 NÚ²S�

• �a, b´~ê,�ÅCþU 3(−π, π)Sþ!©Ù, K

Xt = b cos(at+ U), t ∈ Z

´²S�.

•

EXt =
1

2π

∫ π

−π
b cos(at+ u) du = 0,

E(XtXs) =
1

2π

∫ π

−π
b2 cos(at+ u) cos(as+ u) du

=
1

2
b2 cos((t− s)a),

• ù�²S��*ÿ��Úg���¼êγk = 0.5b2 cos(ak) Ñ´±a�

�ªÇ, ±2π/a�±Ï�¼ê.

• ù�~fw�·�,²S���±kér�±Ï5.

• {Xt}��g¢y´��±Ï¼ê§ØLyÑ�Å5"
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§1.2.2 xD(

• ½Â2.3 (xD() �{εt} ´��²S�. XJé?Ûs, t ∈ N§

Eεt = µ,

Cov(εt, εs) = σ2δt−s =

σ2, t = s,

0, t 6= s,

K¡{εt}´��xD(, P�WN(µ, σ2).

xD((Y)

• �{εt}´xD(,

• �{εt} ´ÕáS��, ¡{εt} ´ÕáxD("

• �µ = 0 �, ¡{εt} �"þ�xD("xD(�,�«½Â�¦"þ�§
�Ö¥^��xD(��Ñ´"þ��"

• �µ = 0, σ2 = 1 �, ¡{εt} �IOxD("

• �εtÑl��©Ù�,¡{εt}´��xD("��xD(o´ÕáxD("

• Kronecker¼êδt, xD(÷vCov(εt, εs) = σ2δt−s.

~2.3 Poisson L§

• XJëY���ÅL§{N(t) : t ∈ [0,∞)}÷v

• (1) N(0) = 0, �é?Ûs ≥ 0, t > 0 Ú�K�êk,

P (N(t+ s)−N(s) = k) =
(λt)k

k!
exp[−λt], (λ > 0, )

• (2) {N(t)} kÕáOþ5: é?Ûn > 1 Ú0 ≤ t0 < t1 < · · · < tn, �ÅC

þN(tj)−N(tj−1), j = 1, 2, · · · , n �pÕá,

• K¡{N(t)} ´��rÝλ�Poisson L§.

• EN(t) = λt, Var(N(t)) = λt.
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PoissonxD(

• ½Â

εn = N(n+ 1)−N(n)− λ, n = 1, 2, . . . ,

• Eεn = 0,

• Var(εn) = λ.

• {εn} ´ÕáxD(, ¡�PoissonxD(.

• aveÚstdL«��²þÚ��IO�"

ÙK$Ä

• XJëY���ÅL§{B(t) : t ∈ [0,∞)}÷v

• (1) B(0) = 0, �é?Ûs ≥ 0, t > 0, B(t+ s)−B(s)Ñl��©ÙN(0, t);

• (2) {B(t)} kÕáOþ5

• K¡{B(t)}´��IOÙK$Ä.

• ½Â

εn = B(n+ 1)−B(n), n = 1, 2, . . . ,

K{εn} ´��IO��xD(.

�Å� 

• U1, , U2, · · · iid U(0, 2π).

•

Xt = b cos(at+ Ut), t ∈ Z,

(a, b�~ê)

• KXt Õá¶

• EXt = 0, VarXt = 0.5b2.

• Xt´ÕáxD("

• ü«: atsa01.r::demo.harmonic().
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§1.2.3 ��²S�

��ÚØ�'

• Ø�'µCov(X,Y ) = 0.

• ��µE(XY ) = 0.

• é"þ��ÅCþ���Ø�'�d"

• é²�{Xt}Ú{Yt}§

– Ø�': Cov(Xt, Ys) = 0, ∀t, s.

– ��µE(XtYs) = 0, ∀t, s.

½n2.2

• ²�{Xt}, {Yt}, g���¼êγX(t), γY (t), Ï"µX , µY"

Zt = Xt + Yt, t ∈ Z

• (1) XJ{Xt} Ú{Yt}��, K{Zt}´²S�, kg���¼ê

γZ(k) = γX(k) + γY (k)− 2µXµY , k = 0, 1, 2, . . .

• (2) XJ{Xt} Ú{Yt}Ø�', K{Zt}´²S�, kg���¼ê

γZ(k) = γX(k) + γY (k), k = 0, 1, 2, . . . .

• (3) �µX = µY = 0�üS����(2)�(Ø¤á"
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§1.3 �5²S�Ú�5ÈÅ

§1.3.1 k�$Ä²þ

k�$Ä²þ

• �5²S�´xD(��5|Ü���S�"

• �{ü��5²S�´k�$Ä²þ"

• �{εt} = {εt : t ∈ Z}´WN(0, σ2). éu�K�êqÚ~êa0, a1, . . . , aq(a0 6=
0, aq 6= 0), ·�¡

Xt =

q∑
j=0

ajεt−j = a0εt + a1εt−1 + · · ·+ aqεt−q, t ∈ Z

´xD({εt} �(k�)$Ä²þ, {¡�MA (Moving Average). $Ä²

þq¡�wÄ²þ.

MA�²5

•
EXt = 0

•

EXt+kXt =

σ2
∑q−k
j=0 ajaj+k, 0 ≤ k ≤ q,

0, k > q

• {Xt}²"

• γk = 0, ∀k > q, ¡ù��S��q�'�"

• �ÅCþk�²þ��ÅCþÃ¡?ê�í2I�VÇØ�4�nØ"

VÇ4�½n

• ½n3.1 (üNÂñ½n) XJ�K�ÅCþS�üNØ~: 0 ≤ ξ1 ≤
ξ2 ≤ · · · , K�ξn → ξ, a.s. �, kEξ = limn→∞Eξn.

• 2Â�ÅCþ.

• éu?Û�mS�{Yt}, |^üNÂñ½n��

E
[ ∞∑
t=−∞

|Yt|
]

= lim
n→∞

E
[ n∑
t=−n

|Yt|
]

= lim
n→∞

n∑
t=−n

E|Yt| =
∞∑

t=−∞
E|Yt|.
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• ½n3.2 (��Âñ½n) XJ�ÅCþS�{ξn}÷v|ξn| ≤ ξ0 a.s.

ÚE|ξ0| <∞, K�ξn → ξ, a.s.�, E|ξ| <∞ ¿�Eξn → Eξ.

§1.3.2 �5²S�

�5²S�

• ýé�Ú: XJ¢ê�{aj} ÷v
∞∑

j=−∞
|aj | <∞,

K¡{aj}´ýé�Ú�. P{aj} ∈ l1.

• 5¿: {aj} ∈ l1K{aj} ∈ l2 (=
∑
j a

2
j <∞).

• éuýé�Ú�¢ê�{aj}, ½Â"þ�xD({εt}�Ã¡wÄÚXe

Xt =

∞∑
j=−∞

ajεt−j , t ∈ Z.

• K{Xt}´²S�"

• EXt = 0.

• γk = σ2
∑∞
j=−∞ ajaj+k, k ∈ Z.

�5S��a.s.Âñ5

• {Xt}k½Âº

• �

η =

∞∑
j=−∞

|aj ||εt−j |

Kηk½Â£#N�+∞¤¶

• qdüNÂñ½n�

Eη =

∞∑
j=−∞

|aj |E|εt−j | ≤ σ
∞∑

j=−∞
|aj | <∞

• Ïdη <∞, a.s.(ÄKEη = +∞)"

• dη =
∑∞
j=−∞ |aj ||εt−j | <∞(a.s.), 3VÇ�m¥Ø���"ÿ8�¿Â

e?ê
∞∑

j=−∞
ajεt−j

??ýéÂñ(¡�a.s.ýéÂñ);
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• ¤±, d?êa.s.Âñ����ÅCþξ,

ξ =

∞∑
j=−∞

ajεt−j (*)

3a.s.Âñ¿Âe�3"

�5S��L1Âñ5

(*) 3L1¿Âe�´Âñ�§Ï�

E

∣∣∣∣∣∣
∑
|j|>N

ajεt−j

∣∣∣∣∣∣ ≤
∑
|j|>N

|aj |E|εt−j | ≤ σ
∑
|j|>N

|aj | → 0

�5S��²5

d
∑
j |aj |E|εt−j | <∞9��Âñ½n�

E
∑
j

ajεt−j =
∑
j

ajEεt−j = 0

-

V =

∞∑
j=−∞

∞∑
l=−∞

|aj ||al||εt−j ||εt+k−l|

K

EV =

∞∑
j=−∞

∞∑
l=−∞

|aj ||al|E|εt−j ||εt+k−l|

≤
∞∑

j=−∞

∞∑
l=−∞

|aj ||al|σ2 = σ2

 ∞∑
j=−∞

|aj |

2

<∞

d��Âñ½n�

EXtXt+k = E

∞∑
j=−∞

ajεt−j

∞∑
l=−∞

alεt+k−l

=

∞∑
j=−∞

∞∑
l=−∞

ajalE(εt−jεt+k−l)

= σ2
∞∑

j=−∞
ajaj+k

={Xt}´²S�, EXt = 0§γk = σ2
∑∞
j=−∞ ajaj+k.
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þ�¿Â���5S�

• �{aj} ∈ l2K

Xt =

∞∑
j=−∞

ajεt−j (L2) (**)

�´²S�"Ï"�"§g���¼êÓþ"

• Xt½Â�Ã¡?ê´L2Âñ�"y²I�A^Hilbert�m5�"�1.6!

~6.3"

• 5¿{aj} ∈ L1 =⇒ {aj} ∈ L2"

l1Xê��5²��g���¼ê�Âñ5

�{aj} ∈ l1�
∞∑

k=−∞

|γk| <∞

. ¯¢þ§

∞∑
k=−∞

|γk| ≤ σ2
∞∑

k=−∞

∞∑
j=−∞

|ajaj+k|

= σ2
∞∑

j=−∞
|aj |

∞∑
k=−∞

|aj+k| = σ2(

∞∑
j=−∞

|aj |)2 <∞

l2Xê��5²��g���¼ê�Âñ5

�{aj} ∈ l2�, k

½n3.3 g���¼êlimk→∞ γk = 0.

y²Ñ"

�5S��A^

�5S�£ã
g���¼êP~�"��mS�"����g���

¼êP~�"Ò�±^�5S�5£ã"

ü>�5S�

•

Xt =

∞∑
j=0

ajεt−j , t ∈ Z

• ¡�ü>$Ä²þ(MA)§½ü>Ã¡wÄÚ"
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• ù��XtkÏJ5µXt�És ≤ t�εsK�ØÉt��±��εsK�"

•

γk =


∑∞
j=0 ajaj+k, k ≥ 0

γ−k k < 0

§1.3.3 �mS���5ÈÅ

�mS���5ÈÅ

• éS�{Xt}?1wÄ¦Úµ

Yt =

∞∑
j=−∞

hjXt−j , t ∈ Z

¡�é{Xt}?1�5ÈÅ"

• Ù¥ýé�Ú�{hj}¡������5ÈÅì"

• XJÑ\&Ò{Xt}´²�KÑÑ{Yt}�´²�"

•

µY = EYt =

∞∑
j=−∞

hjEXt−j = µX

∞∑
j=−∞

hj

•

γY (n) = Cov(Yn+1, Y1)

=

∞∑
j,k=−∞

hjhkE[(Xn+1−j − µ)(X1−k − µ)]

=

∞∑
j,k=−∞

hjhkγn+k−j

Ý/IÈÅì

• �

hj =

 1
2M+1 , |j| ≤M

0, |j| > M.

• K

Yt =
1

2M + 1

M∑
j=−M

xt−j

• ´Xt�wÄ²þ"�±²w{Xt}§³�pª&Ò"

• pª&ÒLy´o÷ÚE,��§$ª&ÒLy��úÚ1w�Cz"
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~3.1 {uÅ&Ò�ÈÅ

•
Xt = St + εt = b cos(ωt+ U) + εt, t ∈ Z

• U ∼U(, 2π), {εt}"þ�², U�{εt}Õá"

• &Ò{St}��b2/2§D({εt}��σ2, &D'b2/(2σ2)"

• �Ý/IÈÅ:

Yt =
1

2M + 1

M∑
j=−M

Xt−j

=
b sin[ω(M + 0.5)]

(2M + 1) sin(ω/2)
cos(ωt+ U) + ηt

ηt =
1

2M + 1

M∑
j=−M

εt−j

• Ø
ηt��	§(J��©&Ò�'�kÌÝk
¤'~Cz"

• (E|: ^Eê�4�IL«5í�k'n�¼ê¦Ú�úª")

• ü«: atsa01.r::demo.mafilt()"

• Var(ηt) = σ2

2M+1 .

• #�&D'�
b2

2σ2

sin2[ω(M + 0.5)]

(2M + 1) sin2(ω/2)
.

• AO�ω(M + 0.5) = π/2�&D'�

b2ω

2πσ2 sin2(ω/2)
>

2b2

πωσ2
=

b2

2σ2
· 4

πω

• &D'��O��4/(πω)�§ω��&D'Jp�õ"

• ω��§MA��"
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§1.4 ���mS�Ú�ÅCþ�Âñ5

§1.4.1 �Å�þ�êÆÏ"Ú��

�Å�þ�êÆÏ"Ú��

• Ý
�ÅCþX = (Xi,j)m×n.

• EX = (EXi,j)m×n = (µij)m×n.

• �Å�þX = (X1, X2, . . . , Xn)T . K

ΣX = Var(X) = E[(X− µ)(X− µ)T ]

• ΣXé¡��½(�K½)"

• ΣX = E(XXT )− E(X)E(X)T .

�Å�þ�5C�

• Y = a +BXK

• EY = a +BEX,

• Var(Y) = BΣXB
T .

õ���©Ù

• ¡�Å�þY = (Y1, Y2, · · · , Ym)T Ñlm�(½õ�)��©Ù, XJ�

3m�~ê��þµ, m×n~êÝ
BÚiid�IO���ÅCþX1, X2, . . . , Xn

¦�Y = µ+BX.

• ù�EY = µ, Σ = Var(Y) = BBT .

• Y�A�¼ê�

φY (t) = exp

[
itTµ− 1

2
tTΣt

]
. (4.6)

ù´õ���©Ù��d½Â"

• õ���©ÙP�Y ∼N(µ,Σ). Y�©Ù��dµ,Σû½"

• �Σ > 0�§Yk�Ý

p(y) = (2π)−
n
2 |Σ|− 1

2 exp

{
−1

2
(y − µ)TΣ−1(y − µ)

}
• e|Σ| = 0§KY�©þdüÜ©Y1ÚY2|¤§Var(Y1) > 0§Y2�Y1��5

|Ü"(4íy²)
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õ���©Ù�¿�^�

• ½n4.1 ξ = (ξ1, ξ2, ..ξn)T ∼ N(µ,Σ) �¿©7�^�´

• é?Ûa = (a1, a2, · · · , an)T ∈ Rn

Y = aT ξ ∼ N(aTµ,aTΣa). (4.7)

• y²(�Ö)µ7�5µd(4.6)�Y�A�¼ê�

φ(t) =E exp(itY ) = E exp[i(taT )ξ]

= exp

[
itaTµ− 1

2
t2aTΣa

]
(4.8)

d����©Ù�5��Y ∼ N(aTµ,aTΣa)"

• ¿©5µe(4.7)¤á§K(4.8)¤á§�t = 1§é?¿ak

E exp(iaT ξ) = exp

(
iaTµ− 1

2
aTΣa

)
.

=ξ�A�¼ê�(4.6)"

§1.4.2 ��²S�

��²S�

• ½Â4.2 éu�mS�{Xt}, XJé?Ûn ≥ 1 Út1, t2, · · · , tn ∈ Z, k

• (X(t1), X(t2), . . . , X(tn))Ñlõ���©Ù,

• K¡{Xt}´���mS�.

• AO�{Xt}�´²S��, q¡���²S�.

��²�

• {Xt : t ∈ N+} ´���mS�⇐⇒ é?Û��êm, (X1, X2, . . . , Xm)Ñ

lm���©Ù;

• {Xt : t ∈ Z}´���mS�⇐⇒é?Û��êm, (X−m, X−m+1, . . . , Xm)Ñ

l2m+ 1���©Ù.

• ��©Ùé�5$��µ45�ÙnØïÄJø
B|"

• ,	§��©ÙÚ�5�.�mk�«S3�éX"
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VÇ4�

• ξn ∼ Fn(x), ξ ∼ F (x)"

• XJ3F�z�ëY:x kFn(x) → F (x), K¡ξn�©ÙÂñ�ξ, P

�ξn
d→ ξ;

• XJé?�ε > 0kP (|ξn− ξ| ≥ ε)→ 0,K¡ξn�VÇÂñ�ξ,½¡ξn�

Üuξ, ½ξnfÂñ�ξ, P�ξn
P→ ξ;

• XJE|ξn − ξ| → 0, K¡ξn L1Âñ�ξ (é�^);

• XJE|ξn − ξ|2 → 0, K¡ξn L2(þ�)Âñ�ξ, P�ξn → ξ (L2);

• ½n4.2 L2Âñ⇒ L1Âñ⇒ �VÇÂñ⇒ �©ÙÂñ"

• (y²gÆ)

��S�Âñ½n

• ½n4.3XJ��S�ξn ∼ N(µn, σ
2
n), n ∈ N�©ÙÂñ��ÅCþξ,K

4�

limµn = µ, limσ2
n = σ2

�3§�ξ ∼ N(µ, σ2).

���5S�

• ½n4.4 {εt}´��WN(0, σ2)S�§¢ê�{aj}ýé�Ú§K�5S�

Xt =

∞∑
j=−∞

ajεt−j

´"þ���²�"

• y²µ�Ö"

• �{aj} ∈ l2�(ØE¤á"
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§1.5 î²S�9ÙH{5

î²S�

• �Å�þÓ©ÙµéÜ©Ù¼ê�Ó"

• �mS�{Xt}�{Yt}Ó©Ùµ∀n ∈ N+Út1, . . . , tn ∈ Z, (X(t1), . . . , X(tn))T�(Y (t1), . . . , Y (tn))TÓ

©Ù"

• î²µ{Xt}é∀n ∈ N+Úk ∈ ZÑk

(X1, X2, . . . , Xn)T Ú (X1+k, X2+k, . . . , Xn+k)T Ó©Ù.

• A:µ©Ù²£ØC"é?õ�¼êφ(x1, x2, . . . , xm)kYt = φ(Xt+1, . . . , Xt+m), t ∈
ZE´î²�"

î²�°²

• ��Ýk��î²�°²"

• °²��Ø´î²"

• ��²�Q´°²�´î²"

• ²S�—°²S�—f²S�"

• î²S�—r²S�"

H{5

• �mS����k�^;�"

• �^�mS�{Xt}��g¢yx1, x2, ...íä{Xt(ω), t ∈ N, ω ∈ Ω}�ÚO
5�.

• H{5�±�yl�^;��±íä�N�ÚO5�"

• XJî²S�´H{�, l§��g¢yx1, x2, ... Ò�±íäÑù�

î²S��¤kk��©Ù:

F (x1, x2, ..., xm) = P (X1 ≤ x1, X2 ≤ x2, ..., Xm ≤ xm), m ∈ N.

kH{5�î²S��¡�î²H{S�.
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H{½n

½n5.1 XJ{Xt}´î²H{S�, KkXe�(J:

1. r�êÆ: XJE|X1| <∞ K

lim
n→∞

1

n

n∑
t=1

Xt = EX1, a.s..

2. é?Ûõ�¼êφ(x1, x2, · · · , xm),

Yt = φ(Xt+1, Xt+2, · · · , Xt+m)

´î²H{S�.

�5²��H{½n

½n5.2 XJ{εt}´ÕáÓ©Ù�WN(0, σ2), ¢ê�{aj}²��Ú, K�

5²S�

Xt =

∞∑
j=−∞

ajεt−j , t ∈ Z,

´î²H{�.

~5.1

éî²S�{Xt} , ½Âî²S�

Yt = I[X(t+ t1) ≤ y1, X(t+ t2) ≤ y2, · · · , X(t+ tm) ≤ ym], t ∈ Z.

ùpI[A]´¯�A�«5¼ê. XJ{Xt}´H{�,d½n5.1�(2)��{Yt}�
´H{�, ¿�k.. |^½n5.1 �(1)(r�êÆ)��

lim
n→∞

1

n

n∑
t=1

Yt = EY0

=P (X(t1) ≤ y1, X(t2) ≤ y2, · · · , X(tm) ≤ ym), a.s..

ù�~f`²,3A�7,�¿Âe,{Xt}�z�g*ÿÑ�±û½{Xt}�k
��©Ù.
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§1.6 Hilbert�m¥�²S�

§1.6.1 Hilbert�m

Ã¡�¼ê�m�7�5

• �!¥�{Xt}´²S�"

• Xt�±^�5|Ü
∑k
j=1 ajxt−jýÿ"

• ATí2�^Ã¡��5|Ü
∑∞
j=1 ajxt−jýÿ"

• ùÒI�ïÄù��Ã¡�5|Ü�5�"

• ¤k{Xt}9ÙÃ¡�5|Ü�¤��Ã¡�¼ê�m§Ù¥���´k
��Ý��ÅCþ"

• e¡lk��5|Üùå"

²��Ñ��5�m

• �{Xt}´²S�"-

L2(X) =


k∑
j=1

ajX(tj)|aj ∈ R, tj ∈ Z, 1 ≤ j ≤ k, k ∈ N+


• ∀X,Y, Z ∈ L2(X), a, b ∈ Rk

1. X + Y = Y +X ∈ L2(X), (X + Y ) + Z = X + (Y + Z);

2. 0 ∈ L2(X), X + 0 = X, X + (−X) = 0 ∈ L2(X);

3. a(X+Y ) = aX+aY ∈ L2(X), (a+ b)X = aX+ bX, a(bX) = (ab)X.

• =L2(X)´���5�m"

L2(X)�SÈ

• ½Â〈X,Y 〉 = E(XY )§

• K

〈X,Y 〉 = 〈Y,X〉

〈aX + bY, Z〉 = a〈X,Z〉+ b〈Y,Z〉

• 〈X,X〉 ≥ 0, ¿�〈X,X〉 = 0��=�X = 0 , a.s., ¤±L2(X) q´SÈ

�m.
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• SÈkSchwarzØ�ª

| < X,Y > | ≤ [< X,X >< Y, Y >]1/2

• �·��I�éÃ¡�5|Ü�µ45"

L2(X)þ�ål

• ½Â�

‖X‖ = (〈X,X〉)1/2

• ål

‖X − Y ‖ = (〈X − Y,X − Y 〉)1/2

• K‖X − Y ‖ = ‖Y −X‖ ≥ 0, �‖X − Y ‖ = 0��=�X = Y , a.s.

• SchwarzØ�ª�±�¤

| < X,Y > | ≤ ‖X‖ · ‖Y ‖

• n�Ø�ª(^SchwarzØ�ª�y²)µ

‖X − Y ‖ ≤ ‖X − Z‖+ ‖Z − Y ‖

• L2 = {Y : EY 2 <∞}�´SÈ�mÚål�m§L2(X)´L2�f�m"

L2¥�4�

• ék���m§½Â
SÈ®²v
"

• éÃ¡��m§��Ä4�¯K"

• ½Â6.1 éξn ∈ L2, ξ0 ∈ L2:

– (1) XJlimn→∞ ‖ξn − ξ0‖ = 0, K¡ξn3L2¥(½þ�)Âñ�ξ0, P

�ξn
m.s.→ ξ0½ξn

L2

→ ξ0.

– (2) XJ�n, m → ∞�, ‖ξn − ξm‖ → 0, K¡{ξn}´L2¥�Ä��

½Cauchy�.



26 1�Ù �mS�

Hilbert�m

• ½n6.1 XJ{ξn}´L2¥�Ä��,K(3a.s.�¿Âe)k���ξ ∈ L2¦

�ξn
m.s.→ ξ.

• y²Ñ"

• ���SÈ�m: z�Ä��Ñk4�3�mS�SÈ�m"q¡Hilbert�

m"

• L2´Hilbert�m"

• ^L̄2(X)L«L2¥�¹L2(X)���4f�m§KL̄2(X)´Hilbert�m§

¡�d²S�{Xt})¤�Hilbert�m"

§1.6.2 SÈ�ëY5

SÈ�ëY5

• ½n6.2 (SÈ�ëY5) 3SÈ�m¥,XJ‖ξn− ξ‖ → 0, ‖ηn− η‖ → 0

Kk

– (1) ‖ξn‖ → ‖ξ‖,

– (2) 〈ξn, ηn〉 → 〈ξ, η〉.

½n6.2y²

(1)

| ‖ξn‖ − ‖ξ‖ | ≤ ‖ξn − ξ‖ → 0

(2)

|〈ξn, ηn〉 − 〈ξ, η〉| = |〈ξn, ηn − η〉+ 〈ξn − ξ, η〉|

≤ |〈ξn, ηn − η〉|+ |〈ξn − ξ, η〉|

≤ ‖ξn‖‖ηn − η‖+ ‖ξn − ξ‖‖η‖ → 0 (n→∞)

~6.1

• Rn´�5�m§½ÂSÈ〈a, b〉 = aT b K�SÈ�m"

• Rn´���SÈ�m"

• |a| =
√
aTa �î¼�"
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n�Hilbert�m

• �{Xt}´"þ�²�§X = (X1, . . . , Xn)"

• -Ln = sp{X1, . . . , Xn} = {aTX : a ∈ Rn}

• KLn´Hilbert�m§¡�dX)¤�Hilbert�m"

• Ln´�5�mÚSÈ�m´�y§e¡y²Ù��5"

Ln���5y²

• k�{Xt}´IOxD(WN(0, 1)"

• é?Û�5|Üξn = aTnX, ��

‖ξn − ξm‖2 = ‖aTnX − aTmX‖2 = (an − am)T (an − am)→ 0,

• d~6.1��ka ∈ Rn ¦�

|an − a| → 0

• �n→∞, �ξ = aTX �,

‖ξn − ξ‖2 = (an − a)T (an − a)→ 0.

• ��{Xt}´IOxD(WN(0, 1)�Ln ´���.

• é���"þ�²S�, �±����
Γ = E(XXT )��´m, m ≤
n.

• éΓ�A��©)�

Γ =PTΛP

Λ =diag{λ1, . . . , λm, 0, . . . , 0}

• -

A =diag{λ−1/21 , . . . , λ−1/2m , 1, . . . , 1} 4= Λ−1/2

Y =APX, X = PTA−1Y

• K

Var(Y ) =APVar(X)PTA = APPTΛPPTA

=diag{1, . . . , 1, 0, . . . , 0}

• ÏdY1, . . . , Ym´,"þ�xD(��,ã"X��5|Ü=Y1, . . . , Ym�
�5|Ü"

• ÏdLn´���"
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L2¿Âe��5S�

• �ÄL2¥�"þ�xD(�{εt}, �Var(εt) = σ2.

• �{aj} ∈ l2.

• -

ξn(t) =

n∑
j=−n

ajεt−j , t ∈ Z

• Kξn(t) ∈ L2"ém < n§�m→∞�

‖ξn − ξm‖2 =‖
∑

m<|j|≤n

ajεt−j‖2

=σ2
∑

m<|j|≤n

a2j ≤ σ2
∑
|j|>m

a2j → 0

• dL2��5��3Xt ∈ L2¦�ξn(t)
m.s.→ Xt"

• Pξn(t)3L2¥�4�Xt�

Xt =

∞∑
j=−∞

ajεt−j , t ∈ Z

• 5y²{Xt}²"dL2¥SÈëY5�

EXt = lim
n→∞

〈ξn(t), 1〉 = lim
n

Eξn(t) = 0

• ±9

EXtXt+k = lim
n
〈ξn(t), ξn(t+ k)〉

= lim
n
〈

n∑
j=−n

ajεt−j ,

n∑
l=−n

alεt+k−l〉

= lim
n

n∑
j=−n

n∑
l=−n

ajalδk−l+jσ
2 = σ2

∞∑
j=−∞

ajaj+k

§1.6.3 E��ÅCþ

E��ÅCþ

• Z = X + iY¡�E��ÅCþ"EZ = EX + iEY .

•
Cov(Z1, Z2) = E ((Z1 − EZ1)(Z2 − EZ2)∗)

•
Cov(Z1,Z2) = E ((Z1 − EZ1)(Z2 − EZ2)∗)

Z∗L«Z��Ý=�"
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E��ÅCþHilbert�m

• E|Z|2 = EX2 + EY 2 <∞�¡Z´��Ýk��E�ÅCþ"

• ¤k��Ýk�E�ÅCþ�8ÜH3½ÂSÈ< X,Y >= E(XȲ )��

¤Hilbert�m"

E��mS�

• E��ÅCþ�S�{Zn}¡�E�mS�.

• eEZn = µ, Cov(Zn, Zm) = γn−m§∀n,m ∈ Z, K¡{Zn}´E�²S
�"

• γ−k = γ∗k .

• eE�"þ�²�{ε}÷vCov(εn, εm) = σ2δn−m,∀n 6= m, ¡{εt}�E
�"þ�xD("
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§1.7 ²S��Ì¼ê

§1.7.1 ²S��Ì¼ê

��Úª�

• H{��mS��±l�g¢y��m©Ù?1ÚO©Û§¡���©
Û"

• ²�mS����5���±lÙªÇ©)5ïÄ§¡�ª�©Û"

• ªÌ�;.�L´(Ñ"

• ü«1: 3Audacity¥w«¿Â�(f¡ã01music-demo2.wav"Ù¥k

��CÑÌªÇ�523Hz§�A�¡ã�\
91mi1.wav; ·�<�^�u

Å)¤
ªÇ�523Hz�(Ñ©�§�\
91mi-pure.wav"3Audacity¥

Õf!wÅ/!ªÌã"

• 3R¥Ö\01music-demo2.wav§xC523Hz¡ã�mS�ã!Ì�Ý!Ä�

Ì¸ã")¤523Hz�uÅ§xãÚÌ�Ý�O"(atsa01.r::demo.flute())

• ü«2µ��)¤�ü�üÑ�S�ãÚÌ�Ý�O"EÑ"Õf"(atsa01.r::demo.song())

ÑNÚªÇéìL

��Ñ��pÑÚ$ÑªÇ����§2m12g���1.059463§́ EF�

mÚBC�m�ªÇ�ê¶2m6g���1.122137§́ CD, DE, FG, GA, AB�

m�ªÇ�ê"

ÑN ªÇ ªÇ ªÇ

C 262 523 1047

D 294 587 1175

E 330 659 1319

F 349 698 1397

G 392 784 1568

A 440 880 1760

B 494 988 1976

Ì¼ê½Â

• �²S�{Xt} kg���¼ê{γk}.
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• XJk[−π, π]þ�üNØ~mëY�¼êF (λ)¦�

γk =

∫ π

−π
eikλ dF (λ), F (−π) = 0, k ∈ Z, (7.1)

K¡F (λ)´{Xt} ½{γk}�Ì©Ù¼ê, {¡�Ì¼ê;

• XJk[−π, π]þ��K¼êf(λ)¦�

γk =

∫ π

−π
f(λ)eikλ dλ, k ∈ Z, (7.2)

K¡f(λ)´{Xt} ½{γk}�Ì�Ý¼ê½õÇÌ�Ý, {¡�Ì�Ý½õ

ÇÌ.

• Ì�N
²S���'(�"

• ü«µpª�mS�Ú$ª�mS��S�ãÚ�Ý(atsa01.r::demo.song()).

Ì¼ê�Ì�Ý'X

• ½n7.1(Herglotz½n) ²S��Ì¼ê´���3�.

• eF (λ)Úf(λ)Ó��3K

F (λ) =

∫ λ

−π
f(s)ds (7.3)

• eF (λ)ýéëYKÙA�??�êF ′(λ)�Ì�Ý"

• eF (λ)´ëY¼ê§Ø�k�:	�¼ê�3�ëYK

f(λ) =

F ′(λ) �F ′(λ)�3

0 �F ′(λ)Ø�3

´Ì�Ý"

�5²��Ì�Ý

• ½n7.2 XJ{εt} ´WN(0, σ2), ¢ê�{aj}²��Ú, K�5²S�

Xt =

∞∑
j=−∞

ajεt−j , t ∈ Z,

kÌ�Ý

f(λ) =
σ2

2π

∣∣∣∣∣∣
∞∑

j=−∞
aje

ijλ

∣∣∣∣∣∣
2

. (7.4)

• y²Ñ"
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ü��S��Ì

• ½n7.3 �{Xt} Ú{Yt}´�p���"þ�²S�, c´~ê, ½Â

Zt = Xt + Yt + c, t ∈ Z.

1. XJ{Xt} Ú{Yt}©OkÌ¼êFX(λ) ÚFY (λ), K²S�{Zt} k
Ì¼êFZ(λ) = FX(λ) + FY (λ).

2. XJ{Xt}Ú{Yt}©OkÌ�ÝfX(λ)ÚfY (λ),K{Zt}kÌ�ÝfZ(λ) =

fX(λ) + fY (λ).

• y²: Ì�d

γZ(k) = γX(k) + γY (k)

9Ì¼êÚÌ�Ý½Â��"

§1.7.2 �5ÈÅ�Ì

�5ÈÅ�Ì

• �²S�{Xt}kÌ¼êFX(λ)Úg���¼ê{γk}. H = {hj}´��
ýé�Ú����5ÈÅì(ë�§1.3).

• �Ñ\L§´{Xt}�, ÑÑL§´

Yt =

∞∑
j=−∞

hjXt−j , t ∈ Z.a.s. (7.5)

•

γY (k) =

∞∑
l,j=−∞

hlhjγ(k + l − j). (7.6)

¦Ú¿Â�¢ê?êýéÂñ"

• d��Âñ½n

γY (k) =

∞∑
l,j=−∞

hlhj

∫ π

−π
exp(i(k + l − j)λ) dFX(λ)

=

∫ π

−π

∞∑
l,j=−∞

hlhj exp(i(l − j)λ)eikλ dFX(λ)

=

∫ π

−π

∣∣∣∣∣∣
∞∑

j=−∞
hj exp(−ijλ)

∣∣∣∣∣∣
2

eikλ dFX(λ)

=

∫ π

−π
|H(e−iλ)|2eikλ dFX(λ), (7.7)
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• Ù¥

H(z) =

∞∑
j=−∞

hjz
j , |z| ≤ 1. (7.8)

• �5ÈÅÑÑ{Yt}�Ì¼ê�

FY (λ) =

∫ λ

−π
|H(e−is)|2 dFX(s). (7.9)

• �{Xt}kÌ�ÝfX(λ)�

FY (λ) =

∫ λ

−π
|H(e−is)|2fX(s) ds. (7.10)

={Yt}Ì�Ý�

fY (λ) = |H(e−iλ)|2fX(λ) (7.11)

• (Ø8B¤½n7.4.

½n7.4

• ½n7.4�{Xt}´²S�§H = {hj}´ýé�Ú����5ÈÅì§{Yt}�
ÈÅÑÑ

Yt =

∞∑
j=−∞

hjXt−j , t ∈ Z.a.s. (7.5)

H(z)´ÈÅìH�A�õ�ª

H(z) =

∞∑
j=−∞

hjz
j , |z| ≤ 1. (7.8)

• (1) XJ{Xt}kÌ¼êFX(λ), K{Yt}kÌ¼ê

FY (λ) =

∫ λ

−π
|H(e−is)|2 dFX(s). (7.9)

• (2) XJ{Xt}kÌ�ÝfX(λ), K{Yt}kÌ�Ý

fY (λ) = |H(e−iλ)|2fX(λ) (7.11)
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§1.7.3 æ�½n

ëY�²L§

• �{X(t), t ∈ R}´ëY��¢��ÅL§§e

–

EX(t) ≡ µ, ∀t ∈ R

–

Cov(X(t), X(s)) = γ(t− s), t, s ∈ R

K¡{X(t)}�ëY�²L§"

• {γ(τ), τ ∈ R}¡�{X(t)}�g���¼ê"

ëY�²L§�Ì

• éëY�²L§{X(t), t ∈ R}§�g���¼ê�{γ(τ)}§ek(−∞,∞)þ

�üNØ~mëY�¼êF (λ)¦�

γ(τ) =

∫ ∞
−∞

eiτλ dF (λ), F (−∞) = 0, τ ∈ R, (1.1)

K¡F (λ)´{Xt}½{γ(τ)}�Ì¼ê,3�½nØ^�e�kaquHerglotz½

n�(Ø"

• XJk(−∞,∞)þ��K¼êf(λ)¦�

γ(τ) =

∫ ∞
−∞

f(λ)eiτλ dλ, τ ∈ R, (1.2)

K¡f(λ)´{Xt} ½{γ(τ)}�Ì�Ý¼ê½õÇÌ�Ý, {¡�Ì�Ý½

õÇÌ.

æ�

• ëY��²L§�U±�½��mm�P¹§¡�æ�"

• XÛ�yØ��&Eº

æ�½n

• ½n �{X(t), t ∈ R}�ëY�²L§§kÌ¼êF (λ)�Ì¼ê÷v∫
|λ|≥2πω0

dF (λ) = 0

K

Xt =

∞∑
n=−∞

X

(
n

2ω0

)
sin(2πω0t− nπ)

2πω0t− nπ
(L2), t ∈ R
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• ù�PYn = X
(

n
2ω0

)
, n ∈ Z, K²�mS�{Yn}´X(t)±∆ = 1

2ω0
�

m����(J"

• læ�{Yn, n ∈ Z}�±¡E�&Ò{X(t), t ∈ R}"

þ.ªÇ

• ω0¡�þ.ªÇ§æ�m�Ø�u∆ = 1
2ω0
æ�¡E�©&Ò"

• XJæ�m��u∆§&Ò�pªÜ©k¿�Ú·,\$ª�¯K"

• (Ñ&Òæ�êiÑª&Ò±�½ªÇæ�§¿r&ÒrÝêiz�8 !16 

�"æ�ªÇ�p!êiz ê�õK&Ò�ýÝ�p"CDÑ�æ�ªÇ

�44.1kHz(=æ�m��∆ = 1/44100¦), &ÒrÝ^z(�16 P¹"

ù�§áN(Ñªz¦¨P¹�êâ'Aê�44100×16×2 = 1411200(¡

�èÇ1411.2kbps)"z©¨�80MBêâ"

• MP3?è¦^'�$�æ��ÇÚêiz ê§¿|^fú%nÆ?1


Ø §èÇ332 ∼ 320kbps"
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§1.8 lÑÌS�9Ù±Ï5

{ü�lÑÌS�

• �ÅCþξ, η"Eξ = 0, Eη = 0; E(ξη) = 0, Eξ2 = Eη2 = σ2"~êλ0 ∈
(0, π]"

•

Zt = ξ cos(λ0t) + η sin(λ0t), t ∈ N+ (8.1)

• �¤4�IL«:

A =
√
ξ2 + η2, cos θ =

ξ

A
, sin θ =

η

A
(8.2)

Zt =A cos(tλ0 − θ) (8.3)

• Ù¢y´��� �−θ��ªÇ�λ0�{u¼ê�lÑæ�§Ly¿Ø
�Å§�Å5Ly3õ�¢y��"

• g���¼ê�

γt−s = E(ZtZs) = σ2 cos((t− s)λ0)

(^�ξ, η���5)

{ülÑÌS��Ì¼ê

• eλ0 6= π, Ì¼ê�

F (λ) = σ2[0.5I[−λ0,π](λ) + 0.5I[λ0,π](λ)]

• ã�

0− π π− λ0 λ0

σ2

●

●

F(λ)
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• ù���F¼ê/ª�Ì¼êL«3[−π, π]þ���ÿÝ§dÿÝ=3−λ0Úλ0ü
�:þk�þσ2/2"

• dÈ©�ÿÝ�'X��∫ π

−π
eikλdF (λ) =

σ2

2
[e−ikλ0 + eikλ0 ] = γk

• eλ0 = π, Kγk = σ2 cos(kπ), F (λ) = σ2I{π}(λ)"

lÑÌ

• �F¼ê�Ì¼ê¡�lÑÌ¼ê§�A�²S�¡�lÑÌS�"

• lÑÌ¼êvkéA�Ì�Ý§�´�±%C"-

fn(λ) =nσ2I[−λ0,−λ0+1/(2n)]∪[λ0−1/(2n),λ0](λ)

Fn(λ) =

∫ λ

−π
fn(u)du

KFn(λ)�ëY�ò�¼ê§

Fn(λ)→ F (λ), λ 6= ±λ0, n→∞.

• fn(λ)´,²��Ì�Ý"́ y²∫ π

−π
eikλfn(λ)dλ→ γk, n→∞

• �né��§fn(λ)éA�²�Ú{Zt}�Ly®²é�C§Ù;�Ly
�Cq±Ï¼ê/ª"

• í25w§XJ,²��Ì�Ý3,?kép�¸§KdS��;�
3¸éA�ªÇ(�ªÇ)?ATLyÑ±Ï5"'X§�Ýêâ�Ì�

Ý3�ªÇ 2π
12?LyÑp�¸�"

• ü«µdemo01.r::demo.month.spec()"ISÊ�¾¦êâ��Å��Ì
�Ý3±Ï12?kwÍ¸�"

• �ω��ªÇ§f�ªÇ§T�±Ï§K

ω = 2πf, T =
1

f

• �	êâ�±Ï5Cz´Ì�Ý�O��A^��"
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õ�ªÇ¤©�lÑÌS�

• �k2p��ÅCþξk, ηk, k = 1, . . . , p, ¤k2p�üü��§÷v

Eξj = Eηj = 0, Eξ2j = Eη2j = σ2
j (8.6)

• �λj ∈ (0, π], j = 1, . . . , p§½Â

Zt =

p∑
j=1

[ξj cos(λjt) + ηj sin(λjt)]

=

p∑
j=1

Aj cos(λjt− θj), t ∈ N+ (8.7)

• Ù;�Ly�kp�ªÇ¤©���Å¼ê"

• {Zt}�"þ�²�,

γk =

p∑
j=1

σ2
j cos(kλj), k ∈ Z. (8.9)

lÑÌ¼ê

• �¤kλj 6= π, {Zt}�Ì¼êLy�3±λj?ka�
σ2
j

2 ��F¼ê§L

²Ì�Uþ8¥3ù2p�ªÇþ"

• ��±�Ä�ê���lÑÌS��U\"

• c�!ùÌ��üÑ~fÒ´lÑÌ�~f"

• Eü«: üÑÚEÑ�~fatsa01.r::demo.song()"
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§2.1 í£�fÚ~Xê�©�§

§2.1.1 í£�f

í£�f

• é?Û�mS�{Xt}ÚÃ¡?ê

ψ(z) =

∞∑
j=−∞

bjz
j

• ��?ê
∞∑

j=−∞
bjXt−j

3,«¿ÂeÂñ(~Xa.s.Âñ, �VÇÂñ, þ�Âñ),

• Ò½Â

ψ(B) =

∞∑
j=−∞

bjB
j ,

ψ(B)Xt =

∞∑
j=−∞

bjB
jXt =

∞∑
j=−∞

bjXt−j . (1.1)

¿�¡B´�mt���í£�f, {¡�í£�f.

• w,BXt = Xt−1.

• B(¢´Hilbert�mL̄2(X)þ����f§ùp·���Ñ§�{ü5

�"

í£�f�5�

1. éÚtÃ'��ÅCþY , kBY = Y .

2. Bn(aXt) = aBnXt = aXt−n.

3. Bn+mXt = Bn(Bm)Xt = Xt−n−m.

4. éõ�ªψ(z) =
∑p
j=0 cjz

j , kψ(B)Xt =
∑p
j=0 cjXt−j .

5. éuõ�ªψ(z) =
∑p
j=0 cjz

jÚφ(z) =
∑q
j=0 djz

j�¦ÈA(z) = ψ(z)φ(z),

k

A(B)Xt = ψ(B)[φ(B)Xt] = φ(B)[ψ(B)Xt].

6. éu�mS�{Xt}, {Yt}, õ�ªψ(z) =
∑p
j=0 cjz

j , Ú�ÅCþU, V,W ,

k

ψ(B)(UXt + V Yt +W ) = Uψ(B)Xt + V ψ(B)Yt +Wψ(1).

y²: �Ö"
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§2.1.2 ~Xêàg�5�©�§

~Xêàg�5�©�§

• �½p�¢êa1, a2, · · · , ap, ap 6= 0, ·�¡

Xt − [a1Xt−1 + a2Xt−2 + · · ·+ apXt−p] = 0, t ∈ Z, (1.2)

�p�àg~Xê�5�©�§, {¡�àg�©�§.

• ÷v(1.2)�¢ê�(½Eê�){Xt}¡�(1.2)�).

• ÷v(1.2)�¢�(½E�)�mS�{Xt}�¡�(1.2)�).

àg�5�©�§�)

• (1.2)�){Xt}�±d§�p�Ð�X0, X1, · · · , Xp−1ÅÚ4í��:

Xt = [a1Xt−1 + a2Xt−2 + · · ·+ apXt−p], t ≥ p,

Xt−p =
1

ap
[xt − a1Xt−1 − · · · − ap−1Xt−p+1], t− p < 0

• eÐ�´�ÅCþK4í���{Xt}´�mS�"

• ^í£�fr�©�§�¤

A(B)Xt = 0, t ∈ Z, Ù¥ A(z) = 1−
p∑
j=1

ajz
j . (1.3)

• A(z)¡��©�§(1.2)�A�õ�ª"

• )k�55�: {Xt}, {Yt}´)K

ξXt + ηYt

�´)"

�©�§Ä:)

• �õ�ªA(z)kk �pØ�Ó�":z1, z2, · · · , zk, Ù¥zj´r(j)":.

• �±y²éz�zjk

A(B)tlz−tj = 0, l = 0, 1, . . . , r(j)− 1 (1.4)
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• y²:

A(z) =

k∏
j=1

(1− z−1j z)r(j)

A(B) =

k∏
j=1

(1− z−1j B)r(j)

��y²

(1− z−1j B)l+1(tlz−tj ) = 0, l = 0, 1, . . . , r(j)− 1 (1.5)

8B{"l = 0�

(1− z−1j B)z−tj = z−tj − z
−1
j z

−(t−1)
j = 0

�é0 ≤ l ≤ m− 1®²y²

(1− z−1j B)l+1tlz−tj = 0

Kél = mk

(1− z−1j B)m+1tmz−tj

=(1− z−1j B)m
(
tmz−tj − (t− 1)mz

−(t−1)
j

)
=(1− z−1j B)m (tm − (t− 1)m) z−tj

=(1− z−1j B)m
(
c1t

m−1 + c2t
m−2 + · · ·+ cm

)
z−tj

=0

u´(1.5)¤á§l(1.4)¤á"rÄ:)�5|Ü�±��àg�5�©�

§�Ï)"

àg�5�©�§�Ï)

½n1.1 �A(z)kk�pØ�Ó�":z1, z2, . . . , zk,Ù¥zj´r(j)":.

K

tlz−tj , l = 0, 1, · · · , r(j)− 1, j = 1, 2, · · · , k (1.6)

´(1.2)�p�); �, (1.2)�?Û){Xt}Ñ�±�¤ùp�)��5|Ü:

Xt =

k∑
j=1

r(j)−1∑
l=0

Ul,jt
lz−tj , t ∈ Z, (1.7)

Ù¥��ÅCþUl,j�±d{Xt}�Ð�X0, X1, · · · , Xp−1��û½. (1.7)¡�

àg�5�©�§(1.2)�Ï)"d½n'u�mS�Qã§¢Sþé�©�

§�Eê½¢ê�)�´¤á�"
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• (1.7)¥zj�±´Jê"P

Ul,j = Vl,je
iθl,j , zj = ρje

iλj

K

Re
(
Ul,jt

lz−tj
)

=Re
(
Vl,jt

lρ−tj e−i(λjt−θl,j)
)

=Vl,jt
lρ−tj cos(λjt− θl,j)

• �©�§(1.2)�¢�)�±L«�

k∑
j=1

r(j)−1∑
l=0

Vl,jt
lρ−tj cos(λjt− θj), t ∈ Z

• {Vl,j , θl,j}�±dÐ�X0, X1, . . . , Xp−1 ��û½"

Ï)�Âñ5

• XJ�©�§�A�õ�ªA(z)��Ñ3ü �	: |zj | > 1, j = 1, 2, . . . , k,

½A(z) 6= 0, ∀|z| ≤ 1,

• �1 < α < min{|zj | : j = 1, . . . , k}§K

tl|zj |−t = tl(α/|zj |)tα−t = o(α−t)

• u´�§�?¿)Xt÷v

|Xt| = o(α−t) a.s., t→∞ (1.9)

• ¡Xt±K�ê�Âñ�""

• XJA�õ�ªkü �zj = exp(iλj)§K�§k��±Ï)

Xt = a cos(λjt), t ∈ Z

• XJü �Sk�zj = ρj exp(iλj), ρj < 1§K�§k���¿)£uÑ

)¤

Xt = a

(
1

ρj

)t
cos(λjt), t ∈ Z
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§2.1.3 �àg�5�©�§

�àg�5�©�§9ÙÏ)

• �{Yt}�¢��mS�"

A(B)Xt = Yt, t ∈ Z (1.10)

• ÷v(1.10)��mS�{Xt}¡�(1.10)�)"

• XJk(1.10)�,�)(¡�A)){X(0)
t }§KÏ)�±�¤

Xt = X
(0)
t +

k∑
j=1

r(j)−1∑
l=0

Ul,jt
lz−tj , t ∈ Z (1.11)
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§2.2 g£8�.9Ù²5

§2.2.1 A~: AR(1)

AR(1)~f

•

Xt = aXt−1 + εt, t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

• lÐ�X0Ñu"a��§Ð�K�~��¯"

• |a|�Cu1�§Ð�Úc¡�εt−jK�~��ú§S���"

• ��|a| < 1§S��ª�±½e5"¡XÚ(2.1)´½�"

• XJa = ±1KS����5��§¥�¿."

• |a| > 1�S��ØU½"|a| ≥ 1�¡(2.1)´�½�.£ü«¤

AR(1)��©�§9²)

A(z) = 1− az´�©�§(2.1)�A�õ�ª"z1 = 1
a´A��"

½�¿©7�^�´|a| < 1§½|z1| > 1§=A��Ñ3ü �	"

• �|a| < 1�e¡��5S�k½Â:

Xt =

∞∑
j=0

ajεt−j , t ∈ Z (2.2)

•

aXt−1 + εt =a

∞∑
j=0

ajεt−1−j + εt

=

∞∑
i=1

aiεt−i + εt (i = j + 1)

=Xt

• u´²S�(2.2)´�àg�©�§(2.1)�)§¡�²)"

• (2.1)�Ï)�

Xt =

∞∑
j=0

ajεt−j ,+ξa
t, t ∈ Z
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• �t → ∞�(2.1)�¤k)a.s.Âñ�²)(2.2)"Âñ�Ý´K�ê�

Ý|a|t"

• ²)�±w¤XÚ(2.1)?u½G���¹"

• A�� 1
alü ���§½5�Ð"

§2.2.2 ��AR(p)

AR(p)�.

• ½Â2.1(AR(p)�.) XJ{εt}´xD(WN(0, σ2), ¢êa1, a2, . . . , ap

(ap 6= 0) ¦�õ�ªA(z)�":Ñ3ü �	:

A(z) = 1−
p∑
j=1

ajz
j 6= 0, |z| ≤ 1, (2.4)

K¡p��©�§

Xt =

p∑
j=1

ajXt−j + εt, t ∈ Z, (2.5)

´��p�g£8�., {¡�AR(p)�..

• ÷vAR(p)�.(2.5)�²�mS�{Xt}¡�(2.5)�²)½AR(p)S�.

• ¡a = (a1, a2, · · · , ap)T ´AR(p)�.�g£8Xê.

• ¡^�(2.4) ´½5^�½��� ^�.

• A(z)¡��.(2.5)�A�õ�ª"�.��¤

A(B)Xt = εt, t ∈ Z (2.6)

§2.2.3 ²)ÚÏ)

AR(p)�²)

• �õ�ªA(z)�pÉ�´z1, z2, .., zk.

• �1 < ρ < min{|zj |}.

• A−1(z) = 1/A(z) ´{z : |z| ≤ ρ}S�)Û¼ê.

• lkTaylor?ê

A−1(z) =

∞∑
j=0

ψjz
j , |z| ≤ ρ. (2.7)
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• d?ê(2.7)3z = ρ�Âñ5��|ψjρj | → 0, �j →∞.

• u´d

ψj = o(ρ−j), � j →∞ (2.8)

��{ψj}ýé�Ú. �, min{|zj |}��, ψjªu"�¯.

• -

A−1(B) =

∞∑
j=0

ψjB
j .

• XJ{Xt}´(2.6)�²)§K/ª/

Xt = A−1(B)A(B)Xt = A−1(B)εt, t ∈ Z. (*)

• ��²)XJ�37,�

Xt = A−1(B)εt =

∞∑
j=0

ψjεt−j , t ∈ Z, (2.9)

• {ψj}¡�²S�{Xt}�WoldXê"

• (*)ªØî�§·��Ñü�Únr(*)î�z"

�5ÈÅ���Ç

Ún1µ �{ak}, {bj}�ü�ýé�Ú�¢ê�§K¢ê�

dm =

∞∑
j=−∞

ajbm−j

ýé�Ú§P

A(z) =
∑
k

akz
k, B(z) =

∑
j

bjz
j , D(z) =

∑
m

dmz
m

(1) e{yt}�k.�ê�µ|yt| ≤M, t ∈ Z§K

A(B)[B(B)yt] = B(B)[A(B)yt] = D(B)yt

(2) e{Xt}�²�§K

A(B)[B(B)Xt] = B(B)[A(B)Xt] = D(B)Xt, a.s.
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y²: (1) ∑
k

∑
j

|ak||bj ||yt−k−j |

≤M(
∑
k

|ak|)(
∑
j

|bj |) <∞ (*1)

¤±

A(B)B(B)yt =
∑
k

ak
∑
j

bjyt−k−j

=
∑
k

∑
j

akbjyt−k−j

=
∑
k

∑
m

akbm−kyt−m (-m = k + j, j = m− k)

=
∑
m

∑
k

akbm−kyt−m (Ã¡?êgS��^�(*1)ª)

=
∑
m

dmyt−m

Ó��yB(B)A(B)yt = D(B)yt"

(2) ½Â#N�+∞���ÅCþ

V =
∑
k

∑
j

|ak||bj ||Xt−k−j |

K

EV ≤
√

E(X2
1 )(
∑
k

|ak|)(
∑
j

|bj |) < +∞

¤±

0 ≤V < +∞, a.s.

Ïd±VÇ1¤áµ ∑
k

ak
∑
j

bjXt−k−j ýéÂñ

?ê���gS§Óþ�y²

A(B)B(B)Xt = B(B)A(B)Xt = D(B)Xt
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�5ÈÅ�_

Ún2 �¢Xêõ�ªA(z) =
∑p
j=0 φjz

j÷v��� ^�:

A(z) 6= 0, ∀|z| ≤ 1

K�3δ > 0¦

A−1(z)
4
=

1

A(z)
=

∞∑
j=0

ψjz
j , |z| ≤ 1 + δ

�k

(1) e{yt}�k.ê�§K

yt = A−1(B)A(B)yt = A(B)A−1(B)yt

(2) e{Xt}�²�§K

Xt = A−1(B)A(B)Xt = A(B)A−1(B)Xt, a.s.

y²: �õ�ªA(z)���z1, . . . , zp§�

1 < 1 + δ < min
j
|zj |

KA(z)3|z| ≤ 1 + δÃ":§A−1(z)3|z| ≤ 1 + δ)Û§�±Ðm�Taylor?ê

A−1(z) =

∞∑
j=0

ψjz
j , |z| ≤ 1 + δ

du
∑∞
j=0 ψj(1 + δ)jÂñ¤±ψj(1 + δ)j → 0�j → ∞§=ψj = o((1 +

δ)−j) (j → ∞)"dd�{ψj}ýé�Ú"½Âφj = 0, éj < 0½j > p§½

Âψj = 0éj < 0§5¿�

A(z)A−1(z) = 1

-d0 = 1, dm = 0ém 6= 0§dÚn1��¤I(Ø"

AR(p)�²)9Ï)½n

½n2.1

1. d(2.9)½Â��mS�{Xt}´AR(p)�.(2.5)���(a.s.¿Â)²)¶

2. AR(p)��.�Ï)kXe/ª

Yt =

∞∑
j=0

ψjεt−j +

k∑
j=1

r(j)−1∑
l=0

Ul,jt
lz−tj , t ∈ Z. (2.10)
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½n2.1y²

•

Xt = A−1(B)εt =

∞∑
j=0

ψjεt−j , t ∈ Z, (2.9)

• dÚn2�(2.9)´²S�§�(2.9)½Â�{Xt}÷v

A(B)Xt = A(B)A−1(B)εt = εt

=(2.9)½Â�{Xt}´�.(2.5)�)"

• 25y²(2.9)´���²)"

• XJ(2.5),k²){Yt}§KA(B)Yt = εt§dÚn2�

Yt = A−1(B)A(B)Yt = A−1(B)εt = Xt.

=²)��"

• d�àg�5~Xê�©�§��£á=��½n�1�^(Ø"

WoldXê�4íúª

• Pa0 = −1KA(z) = −
∑p
j=0 ajz

j§

1 = A(z)A−1(z) = −
∞∑
m=0

 p∑
j=0

ajψm−j

 zm

• �ψ0 = 1,
∑p
j=0 ajψm−j = 0, m > 0"

• u´

ψm =

p∑
j=1

ajψm−j , m = 1, 2, . . .

ψm =0, m < 0

Ï)�²)�'X

• AR(p)�Ï){Yt}�²)kXe'X

|Yt −Xt| =

∣∣∣∣∣∣
k∑
j=1

r(j)−1∑
l=0

Ul,jt
lz−tj

∣∣∣∣∣∣ = o(ρ−t), a.s. t→∞

Ù¥1 < ρ < min{|zj |}"

• �lü 	��§½e5��Ý�¯"

• �±^d¯¢���[�)AR(p)S��nØÄ:"
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ARS���[

• �x1−p = · · · = x0 = 0§)¤{εt} ∼WN(0, σ2).

• S���xt = εt +
∑p
j=0 ajxt−j , j = 1, 2, . . . , n0 + n"

• �yt = xt+n0
, t = 1, 2, . . . , n.

• n0�50=�§�A���Cü ������n0"
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§2.3 AR(p)S��Ì�ÝÚYule-Walker�§

§2.3.1 AR(p)S��Ì�Ý

AR(p)S��g���

• Ï�AR(p)�²)�

Xt = A−1(B)εt =

∞∑
j=0

ψjεt−j

d�5²�5��{Xt}�"þ�§g���¼ê�

γk = E(Xt+kXt) = σ2
∞∑
j=0

ψjψj+k, k = 0, 1, . . . (3.1)

• �1 < ρ < min{|zj |}§Kψj = o(ρ−j), k

|γk| ≤σ2
∞∑
j=0

|ψj | · |ψj+k| ≤ σ2(

∞∑
j=0

|ψj |)(
∞∑
l=k

|ψl|)

≤c0
∞∑
l=k

ρ−l ≤ c1ρ−k (3.2)

={γk}K�êP~"

• {Xt}S�c���'~�é¯§¡��mS��áPÁ5"

• A��lü ���{γk}P~�¯"

AR(p)�Ì�Ý

• d�5²��Ì�Ýúª�²)�Ì�Ý

f(λ) =
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

ψje
ijλ

∣∣∣∣∣∣
2

• 
∑
ψjz

j = 1/A(z)¤±

f(λ) =
σ2

2π

1

|A(eiλ)|2
(3.3)

• f(λ)´��ð��ó¼ê"

• XJA(z)k�Cü ���ρjeiλjK|A(eiλj )|¬�C"§E¤Ì�Ý3λ =

λj?k��¸�"
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Ì�Ý�g���¼ê�üúª

• Ì�Ý�½Â´÷v

γk =

∫ π

−π
eikλf(λ)dλ

��K�È¼ê"þª´��Fourier?êXê�úª(���~ê)"

• 3{γk}÷v�½^�ef(λ)7�3��L¤{γk}�Fourier?ê"

• ½n3.1 XJ²S�{Xt}�g���¼ê{γk} ýé�Ú:
∑
|γk| <

∞, K{Xt}kÌ�Ý

f(λ) =
1

2π

∞∑
k=−∞

γke
−ikλ. (3.4)

duÌ�Ý´¢�¼ê, ¤±(3.4)��±�¤

f(λ) =
1

2π

∞∑
k=−∞

γk cos(kλ) =
1

2π

[
γ0 + 2

∞∑
k=1

γk cos(kλ)

]
.

y²: Ï�{γk}ýé�Ú¤±(3.4)m>ýé��Âñ, f(λ)ëY"u´

È©�?ê���µ∫ π

−π
f(λ)eijλ dλ =

1

2π

∞∑
k=−∞

γk

∫ π

−π
e−i(k−j)λ dλ = γj .

���yf(λ)�K"eX1, . . . , XN�{Xt}�*ÿ�§

IN (λ) =
1

2πN

∣∣∣∣∣∣
N∑
j=1

Xje
ijλ

∣∣∣∣∣∣
2

, λ ∈ [−π, π]

¡�X1, . . . , XN�±Ïã"

-fN (λ) = EIN (λ), KfN (λ) ≥ 0§u´

0 ≤fN (λ) =
1

2πN

N∑
k=1

N∑
j=1

γk−je
−i(k−j)λ

=
1

2πN

N−1∑
m=1−N

(N − |m|)γme−imλ (*)

=
1

2π

N−1∑
m=1−N

γme
−imλ − 1

2πN

N−1∑
m=1−N

|m|γme−imλ.

dKroneckerÚn����ªu0, u´

f(λ) = lim
N→∞

fN (λ) ≥ 0.
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N5µ(*)ª��¦Ú�{z

•

1

2πN

N∑
k=1

N∑
j=1

γk−je
−i(k−j)λ

=
1

2πN

N∑
k=1

k−1∑
m=k−N

γme
−imλ (-m = k − j)

• ��m�k�¦ÚgS"Ï�'um�^��

k −N ≤ m ≤ k − 1

¤±k ≤ m+N , k ≥ m+ 1§¦ÚC�

•

1

2πN

N−1∑
m=1−N

k=min(m+N,N)∑
k=max(m+1,1)

γme
−imλ

• Ï�m ≥ 0�k�¦Úlm+1�NkN−m�§m < 0�k�¦Úl1�m+

N = N − |m|kN − |m|�§¤±¦ÚC�

1

2πN

N−1∑
m=1−N

(N − |m|)γme−imλ

AR(p)Ì�Ý�g���¼êL«

íØ3.2 AR(p)�²)S�{Xt}kÌ�Ý

f(λ) =
1

2π

∞∑
k=−∞

γke
−ikλ =

σ2

2π

1

|A(eiλ)|2
.

§2.3.2 Yule-Walker�§

xD(��²)�'X

• A(B)Xt = εt�²)�

Xt = A−1(B)εt =

∞∑
j=0

ψjεt−j

• ék ≥ 1d��Âñ½n�

E(Xtεt+k) =

∞∑
j=0

ψjE(εt−jεt+k) = 0

=Xt��5�Ñ\Ø�'"

• XJ{εt}´ÕáxD(KXt��5�Ñ\Õá"
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Yule-Walker�§

• én ≥ p, rXt, Xt+1, . . . , Xt+n−1�4íª�¤Ý
/ª�

• 
Xt

Xt+1

...

Xt+n−1



=


Xt−1 Xt−2 . . . Xt−n

Xt Xt−1 . . . Xt+1−n
...

...
...

Xt+n−2 Xt+n−3 . . . Xt−1

an +


εt

εt+1

...

εt+n−1

 , (3.6)

• Ù¥

an = (an,1, an,2, . . . , an,n)T
4
= (a1, a2, . . . , ap, 0, . . . , 0)T

• ½Â{Xt}�g���Ý


Γn =


γ0 γ1 · · · γn−1

γ1 γ0 · · · γn−2
...

...
...

γn−1 γn−2 · · · γ0

 Úγn =


γ1

γ2

. . .

γn

 , (3.8)

• 3(3.6)ü>Ó�¦þXt−1��êÆÏ", |^Xt��5Ñ\�Ø�'5

k

γn = Γnan, n ≥ p.

• =

γk = a1γk−1 + a2γk−2 + · · ·+ apγk−p, k ≥ 1

g����{γk}3k ≥ 1�÷vAR(p)�.�àg�©�§

A(B)γk = 0, k ≥ 1
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• éγ0§

γ0 =EX2
t = E

 p∑
j=1

ajXt−j + εt

2

=E

 p∑
j=1

ajXt−j

2

+ Eε2t

=aTnΓnan + σ2

=aTnγn + σ2, n ≥ p

=a1γ1 + a2γ2 + · · ·+ apγp + σ2

• ½n3.3(Yule-Walker�§) AR(p)S��g���¼ê÷v

γn = Γnan, γ0 = γTnan + σ2, n ≥ p, (3.9)

• =

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p, k ≥ 1 (†)

A(B)γk =0, k ≥ 1

σ2 =γ0 − a1γ1 − a2γ2 − · · · − apγp = A(B)γ0 (‡)

• AO/§�n = p�

Γp


a1

a2

. . .

ap

 =


γ1

γ2

. . .

γp

 (3.9’)

Pφ0 = 1, φ1 = −a1, . . . , φp = −ap, KA(z) =
∑p
j=0 φjz

j§AR�.��

¤
∑p
j=0 φjXt−j = εt"

Yule-Walker�§��¤
γ0 γ1 · · · γp

γ1 γ0 · · · γp−1
...

...
...

γp γp−1 · · · γ0




φ0

φ1
...

φp

 =


σ2

0
...

0



§2.3.3 g���¼ê�±Ï5

g���¼ê�±Ï5
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• ék < 0½Âψk = 0"

• íØ3.4 AR(p)S��g���¼ê{γk}÷vÚAR(p)�.A(B)Xt = εt�

A��©�§

γk − (a1γk−1 + a2γk−2 + · · ·+ apγk−p) = σ2ψ−k, k ∈ Z

• y²: k ≥ 0�=½n(Ø"ék < 0§

γk − (a1γk−1 + a2γk−2 + · · ·+ apγk−p)

=E

Xt−k(Xt −
p∑
j=1

ajXt−j)


=E(Xt−kεt) = E

 ∞∑
j=0

ψjεt−k−jεt

 = σ2ψ−k

• �A(z)kp�pÉ�zj = ρje
iλj , j = 1, . . . , p§í���

γt =A−1(B)σ2ψ−t

=σ2

p∑
j=1

cjA
−1(z−1j )z−tj

=σ2

p∑
j=1

Ajρ
−t
j cos(λjt+ θj), t ≥ 0 (3.12)

• ��XJ{zj}¥k�Cü ��E�K{γk}�P~��A5¬wyÑ5"

~3.1

• AR(4)�.1:

z1, z2 = 1.09e±iπ/3, z3, z4 = 1.098e±i2π/3

±Ï�2π/(π/3) = 6Ú2π/(2π/3) = 3"

• AR(4)�.2:

z1, z2 = 1.264e±iπ/3, z3, z4 = 1.273e±i2π/3

• AR(4)�.3:

z1, z2 = 1.635e±iπ/3, z3, z4 = 1.647e±i2π/3

• �ü«: AR roots demo"
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§2.3.4 g���¼ê��½5

g���¼ê��½5

• AR(p)²)���g���¼ê��g£8XêÚxD(����û

½"

• ��§eΓp�½K�âYule-Walker�§�±lγ0, γ1, . . . , γp)Ña1, . . . , ap, σ2:

ap = Γ−1p γp, σ2 = γ0 − γTp Γ−1p γp. (3.13)

• ½n3.5 �Γn´²S�{Xt}�n�g���Ý
, γ0 > 0"

1. XJ{Xt}�Ì�Ýf(λ)�3, Kén ≥ 1§Γn�½¶

2. XJlimk→∞ γk = 0§Kén ≥ 1§Γn�½"

Ún

Ún: é¢²�{Xt}§�Ùg���
�Γn, n ∈ N¶�ÙÌ¼ê
�F (λ)"é∀b = (b1, . . . , bn) ∈ Rn k

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑
j=1

bje
ijλ

∣∣∣∣∣∣
2

dF (λ)

e{Xt}kÌ�Ýf(λ)K

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑
j=1

bje
ijλ

∣∣∣∣∣∣
2

f(λ)dλ

y²:

bTΓnb =

n∑
j=1

n∑
k=1

bjbkγj−k

=

n∑
j=1

n∑
k=1

bjbk

∫ π

−π
ei(j−k)λdF (λ)

=

∫ π

−π

n∑
j=1

n∑
k=1

bjbke
ijλe−ikλdF (λ)

=

∫ π

−π

∣∣∣∣∣∣
n∑
j=1

bje
ijλ

∣∣∣∣∣∣
2

dF (λ)



§2.3 AR(p)S��Ì�ÝÚYule-Walker�§ 59

½n3.5y²

(1)éb = (b1, . . . , bn)T§
∑n
j=1 bjz

j−1�õkn−1�":"γ0 =
∫ π
−π f(λ)dλ >

0, u´

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑
j=1

bje
ijλ

∣∣∣∣∣∣
2

f(λ)dλ > 0

(2) ^�y{"�Γn�½, det(Γn+1) = 0ÚEXt = 0 (�"þ��¹��

~�þ�). ½Â

Xn = (X1, X2, . . . , Xn)T

é?Û¢�þb = (b1, b2, . . . , bn)T 6= 0 k

E(bTXn)2 = bTΓnb > 0,

�d|Γn+1| = 0��3a = (a1, a2, . . . , an+1)T 6= 0, an+1 6= 0¦�

E(aTXn+1)2 = aTΓn+1a = 0.

u´

aTXn+1 = a1X1 + a2X2 + · · ·+ an+1Xn+1 = 0

a.s.¤á, Xn+1�±dXn�5L«:

Xn+1 = − an
an+1

Xn −
an−1
an+1

Xn−1 − · · · −
a1
an+1

X1, a.s.,

|^{Xt}�²5��

Xt = − an
an+1

Xt−1 −
an−1
an+1

Xt−2 − · · · −
a1
an+1

Xt−n, a.s., t ∈ Z

4í�é?Ûk ≥ 1, Xn+k �±dX1, X1, . . . , Xn�5L«, =k¢�

þα
4
= α(k) 4= (α1, . . . , αn)T ¦�

Xn+k = (α(k))TX.

Xn+k�X�5L«§`²Xn+k�X1, . . . , Xnkr��'§½nb�

´γk → 0§q`²Xn+k�X1, . . . , Xn��'5�ªu"§ùÒ¬kgñ§e

¡rgñî�Lã"

^0 < λ1 ≤ λ2 · · · ≤ λn L«Γn�A��, Kk��Ý
T¦�

TΓnT
T = diag(λ1, λ2, . . . , λn).

^|α(k)| L«α(k)�î¼�, Kk
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γ0 =EX2
n+k = E((α(k))TX)2 = (α(k))TΓnα

(k)

=((α(k))TTT )(TΓnT
T )(Tα(k))

≥λ1(Tα(k))T (Tα(k)) = λ1|α(k)|2.

=k|α(k)| ≤
√
γ0/λ1 <∞.

,��¡

γ0 =E((α(k))TX ·Xn+k) = (α(k))TE(XXn+k)

=(α(k))T (γn+k−1, γn+k−2, . . . , γk)T

≤|α(k)|

n−1∑
j=0

γ2j+k

1/2

≤(γ0/λ1)1/2

n−1∑
j=0

γ2k+j

1/2

→0. �k →∞

ù�γ0 > 0gñ, �det(Γn+1) = 0Ø¤á.

�5²S��g�����½5

• íØ3.6 (Xê²��Ú�)�5²S��g���
o´�½�"¡

Ùg���¼ê{γj , j ∈ Z}´�½S�"

k��ªÇ�lÑÌS��;�´±Ï¼ê§�±^k��{¤���

5|ÜÃØ�/ý���S�"

§2.3.5 �mS�����ýÿ5

�ÅCþ��5�'5Ú�5ýÿ

• éu��k���ÅCþY1, Y2, · · · , Yn,XJkØ��"�~êb1, . . . , bn¦

�

Var(

n∑
j=1

bjYj)
2 = 0,

K¡�ÅCþY1, Y2, · · · , Yn ´�5�'�, ÄK¡��5Ã'�.

• �5�'�, �3~êb0¦�
∑n
j=1 bjYj = b0 a.s.¤á.

• ¿��bn 6= 0�, Yn�±dY1, Y2, · · · , Yn−1�5L«:

Yn = a0 + a1Yn−1 + · · ·+ anY1

ù�·�¡Yn�±dY1, Y2, · · · , Yn−1 ���5ýÿ.
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²S�����ýÿ5

• éu²S�{Xt}§Xt−1, . . . , Xt−n�����å��5|Ü�b1Xt−1 +

. . . bnXt−n − b0§ùn�Cþ�5Ã'��=�

Var(

n∑
j=1

bjXt−j − b0) = Var(

n∑
j=1

bjXt−j)

=bΓnb > 0

=Γn�½"

• ��§eΓn�½Γn+1Ø÷�§KXt�±�Xt−1, . . . , Xt−n���5ý

ÿ"

• �5²�ØU���5ýÿ"

• k��ªÇ¤©�lÑÌS�����5ýÿ"
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§2.4 ²S�� �'XêÚLevinson4íúª

§2.4.1 �`�5ýÿ

�`�5ýÿ

• �X1, X2, . . . , Xn, Y��ÅCþ"�Ä�O¯K

L(Y |X1, . . . , Xn)
4
= arg min
Ŷ=a0+a1X1+···+anXn

E(Y − Ŷ )2

¡L(Y |X1, . . . , Xn)�Y'uX1, . . . , Xn��`�5�O"

• L(Y |X1, . . . , Xn)´Y3�mL(1, X1, . . . , Xn) þ�ÝK"

• e¡í�L(Y |X1, . . . , Xn)�úª"

�`�5�Oúª

PX = (X1, . . . , Xn)T , -ξ = X − EX, η = Y − EY"�ΣX
4
= Var(X) =

Var(ξ)�½"PΣX,Y = Cov(X, Y ). éa0, a1, . . . , an ∈ R,Pa = (a1, . . . , an)T§

k

E (Y − (a0 + a1X1 + · · ·+ anXn))
2

=E(η − (a1ξ1 + . . . anξn))2 + (EY − a0 − aTEX)2

®�a1, . . . , an��a0 = EY − aTEX Ò�±¦þª����"§¤±Ø�

�EX = 0, EY = 0"

ù�

E(Y − (a1X1 + . . . anXn))2

=Var(Y ) + aTΣXa− 2aTΣX,Y

-'ua��ê�u"¦����:�

a = Σ−1X ΣX,Y

�OØ������

E(Y − aX)2 = Var(Y )− ΣTX,Y Σ−1X ΣX,Y

�|Γn| = 0�§�`�5�O��3"

²S���`�5ýÿ
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• �{Xt}�"þ�²�"�Ä^X1, . . . , Xn��5|ÜýÿXn+1"�Γn >

0§K

L(Xn+1|Xn, Xn−1, . . . , X1)

=

Var(


Xn

...

X1

)−1Cov(


Xn

...

X1

 , Xn+1)


T 

Xn

...

X1



=(Γ−1n


γ1

γ2

. . .

γn

)T


Xn

. . .

X1


4
=an1Xn + an2Xn−1 + · · ·+ annX1

4
=aTn (Xn, Xn−1, . . . , X1)T

• ¡Yule-Walker�§

Γn


an1

. . .

ann

 =


γ1

. . .

γn


{P�

Γnan = γn

�)an �{γk}�n�Yuler-WalkerXê"

•

L(Xn+1|Xn, . . . , X1) = aTn (Xn, . . . , X1)T

• d²5

L(Xt|Xt−1, . . . , Xt−n) = aTn (Xt−1, . . . , Xt−n)T

• ����5ýÿ���

σ2
n
4
=E(Xn+1 − (an1Xn−1 + . . . annX1))2

=Var(Xn+1)− γTnΓnγn

=γ0 − γTnan

=γ0 − an1γ1 − · · · − annγn

• d²5

E(Xt − (an1Xt−1 + . . . annXt−n))2 = σ2
n
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§2.4.2 ��� 5

Yule-WalkerXê���� 5

• XJ{γk}´,AR(p)S��g���¼ê§Kp��Yuler-Walker�§)Ñ

�Yule-WalkerXêÒ´AR�.�g£8Xê§¤±÷v��� 5µ

A(z) = 1−
p∑
j=1

ajz
j 6= 0, é|z| ≤ 1

• éu���²�kµ

• ½n4.1 XJ¢ê�γk, k = 0, 1, . . . , n¦�

Γn+1
4
=


γ0 γ1 · · · γn

γ1 γ0 · · · γn−1
...

...
...

γn γn−1 · · · γ0

 > 0

K)Ñ�n�Yuler-WalkerXêan÷v��� ^�µ

1−
n∑
j=1

anjz
j 6= 0, |z| ≤ 1.

• y²gÆ"

• �5²��g�����½§¤±Ù?¿n�Yuler-WalkerXêÑ÷v

��� ^�"

§2.4.3 Levinson4íúª

Levinson4íúª

½n4.2 XJΓn+1�½§Kγk, k = 0, 1, . . . , n�1, 2, . . . , n, n + 1�Yuler-

WalkerXê{aij , i = 1, . . . , n + 1, j = 1, . . . , i} Úþ�Ø�σ2
k�±Xe4íO

�µ

σ2
0 =γ0

a1,1 =γ1/γ0

σ2
k =σ2

k−1(1− a2k,k)

ak+1,k+1 =
γk+1 − ak,1γk − ak,2γk−1 − · · · − ak,kγ1
γ0 − ak,1γ1 − ak,2γ2 − · · · − ak,kγk

ak+1,j =ak,j − ak+1,k+1ak,k+1−j , 1 ≤ j ≤ k (4.4)

Ù¥

σ2
k = E(Xk+1 − (ak,1Xk−1 + · · ·+ ak,kX1))2 (4.5)

´^Xk, Xk−1, . . . , X1ýÿXk+1�þ�Ø�"
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Levinsonúª�PÁ�{

• £Á§2.3¥�

γk −
p∑
j=1

ajγk−j = 0, k ≥ 1 (†)

σ2 = γ0 −
p∑
j=1

ajγ0−j (‡)

• 3ak+1,k+1�4íúª¥§��p = k, aj = ak,j , j = 1, . . . , p"

– K4íúª©f´(†)��>(^k + 1�Ok)"

– ©1´(‡)�m>"

• ak+1,j , 1 ≤ j ≤ k�úª�
ak+1,1

...

ak+1,k

 =


ak,1

...

ak,k

− ak+1,k+1


ak,k

...

ak,1


§2.4.4  �'Xê

 �'Xê

• ½Â4.1 XJΓn�½§¡an,n�{Xt}½{γk}�n� (g)�'Xê"

•

an,n = Corr[X1 − L(X1|X2, . . . , Xn),

Xn+1 − L(Xn+1|X2, . . . , Xn)]

• =an,n�X1ÚXn+1�ØX2, . . . , Xn��5K����'Xê"

ARS�� �'Xê

• �{Xt}´AR(p)S�"Ùg���¼ê�½"

• dYule-Walker�§(3.9)�Ùn�(n ≥ p)Y-WXê�

an =(a1, . . . , ap, 0, . . . , 0)T

=(an,1, an,2, . . . , an,n)T , n ≥ p (4.6)
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• Ù �'Xê÷v

an,n =

ap 6= 0, n = p

0, n > p
(4.7)

¡� �'Xêp���"

• ��§XJ��"þ�²� �'Xêp���§K§7´AR(p)S�"

•  �'��Û¹�¦g�����½"

ARS��¿�^�

• ½n4.3 �"þ�²�{Xt}�g���¼ê{γk}´�½S�§K{Xt}´AR(p)S

��¿©7�^�´§§� �'Xê{an,n} p���"

• y²��y²¿©5"

• P(ap,1, . . . , ap,p) = (a1, . . . , ap)§-εt = Xt−
∑p
j=1 ajXt−j§��y²{εt}´

xD("

• ��� 5d½n4.1�Ñ"

y²µ Pap = (ap,1, . . . , ap,p) = (a1, . . . , ap)§dLevinsonúªÚap+k,p+k =

0(k > 0)�

ap+1,j =ap,j − ap+1,p+1ap,p+1−j = aj , 1 ≤ j ≤ p

ap+k,j =ap+k−1,j = · · · = ap,j = aj , k ≥ 2, 1 ≤ j ≤ p

ap+k,j =ap+k−1,j = 0 p < j ≤ p+ k

=n ≥ p�

an = (an,1, an,2, . . . , an,n) = (a1, a2, . . . , ap, 0, . . . , 0)

5¿an´Y-W�§�)§=


γ0 γ1 · · · γn−1

γ1 γ0 · · · γn−2
...

...
...

γn−1 γn−2 · · · γ0





a1

a2
...

ap

0
...

0


=


γ1

γ2
...

γn
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��¤

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p

=

p∑
j=1

ajγk−j , k ≥ 1 (*)

d½n4.1�A(z) = 1−
∑p
j=1 ajz

j÷v��� ^�"

-

εt = Xt −
p∑
j=1

ajXt−j , t ∈ Z

K{εt}´²S�§÷vEεt = 0, Var(εt) = σ2
p > 0 (Ï�{γk}��½S�¤

±{Xt}Ø´����5ýÿ�)"

e¡��y²{εt}´xD("
∀t > sk

E(εtXs) =E

Xt −
p∑
j=1

ajXt−j

Xs


=γt−s −

p∑
j=1

ajγt−s−j

=0 (d(*))

¤±t > s�

E(εtεs) = E

εt
Xs −

p∑
j=1

ajXs−j

 = 0

={εt}´WN(0, σ2
p)§�a1, a2, . . . , ap÷v��� ^�"y."

�!SN�A^¿Â

• k
*ÿ��x1, x2, . . . , xN�±�O��g���¼ê:

γ̂k =
1

N

N−k∑
t=1

(xt − x̄)(xt+k − x̄)

• k
{γ̂k}�±O��� �'Xê��O{ak,k}"

• XJuy�� �'Xê¥y��5K�±[ÜAR�."

• ½n4.1�y�Γ̂p+1�½�����.Xê÷v��� ^�"

• ��� ^��yXÚ´½�§ýÿk¿Â"

• ý¢�.�AR(p)�Γ̂p+1 a.s.�½"
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§2.5 AR(p)S�Þ~

~5.1

|a| < 1, AR(1)�.

Xt =aXt−1 + εt, t ∈ Z

{εt} ∼WN(0, σ2)

k²)

Xt =

∞∑
j=0

ajεt−j

g���¼ê

γ0 =σ2
∞∑
j=0

a2j =
σ2

1− a2

γk =aγk−1 = · · · = akγ0, k ≥ 1 (5.2)

g�'Xê

ρk =
γk
γ0

= ak (2.1)

Ì�Ý

f(λ) =
σ2

2π

1

|1− aeiλ|2
(2.2)

=
σ2

2π
[1 + a2 − 2a cosλ]−2, λ ∈ [−π, π] (2.3)

ü«: a = ±0.85�S��ü«"

'�: a = 0.85 a = −0.85

(1) êâLyÑª³5, ���

êâ�OØ�;

(1)êâþe{Ä§ª³5Ø²

w;

(2) (1)¥�y�3{ρk}��N
y: ���ÅCþ��'

(2) (1)¥�y�3{ρk}��N
y: ���ÅCþK�'

(3) ρk üN~�ªu0 (3)ρk �K�Oªu0

(4) Ì�Ý�Uþ8¥3$ª,

f(λ) < f(0), λ ∈ (0, π], êâÃ

±Ïy�, ±ÏT = 2π
0 =∞

(4) Ì�ÝUþ8¥3pª,

f(λ) < f(π), λ ∈ [0, π), êâk

±Ïy�, ±ÏT = 2π
π = 2

(5)  �'Xêa1,1 = 0.85,

ak,k = 0, �k > 1

(5)  �'Xêa1,1 = −0.85,

ak,k = 0, �k > 1

(6) �a�Cu0, ±�¯��Ý

Âñ�0

(6) þã5��a �C−1C�

�²w, �a �C0C�Ø²w
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AR(2): ½5^�

Xt =a1Xt−1 + a2Xt−2 + εt, εt ∼WN(0, σ2)

A(z) =1− a1z − a2z2 6= 0, |z| ≤ 1

½5^��µ

a2 ± a1 < 1, |a2| < 1

1

−1

2−2

(7Úµ¢�¶ùÚµE�)

AR(2): g�'Xê

• �A(z)���z1 = b1e
iλ1 , z2 = b2e

iλ2"

• dY-W�§

ρ0 =1,

ρ1 =
a1

1− a2
ρk =a1ρk−1 + a2ρk−2, k ≥ 1

• a11 = ρ1, a2,2 = a2, ak,k = 0(k ≥ 3)"

AR(2)~f: ½�Ú#N�

•

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�½�"

• lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

• ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2
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• (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

• C¡�AR(2)�#N�"

AR(2)�Ì�Ý�A��

• A���XêkXe'X

1− a1z − a2z2 = (1− z

z1
)(1− z

z2
)

a1 =
1

z1
+

1

z2
, a2 = − 1

z1

1

z2

z1z2 =
1

(−a2)
, z1 + z2 =

a1
(−a2)

•

f(λ) =
σ2

2π

1

|a2||eiλ − b1eiλ1 |2 · |eiλ − b2eiλ2 |2

AR(2)¢A����Ly

• �a21 + 4a2 ≥ 0�(7Ú«�)A��§kü�¢�"

• �a2 > 0�z1Úz2ÉÒ§�z1 < −1, z2 > 1"f(λ)30Úπ?k¸�"dz1 +

z2 = (−a1)
a2
�

– a1 > 0�z1 + z2 < 0, ��z2lü ��C§f(λ)30:��"ρkÑ�

�ê§��P~"{Xt}LyÑ��:���'"

– a1 < 0�z1 + z2 > 0§K�z1lü ��C§f(λ)3π:��"ρkÌ�

¥y�K�OP~"{Xt}�LyÑ�K��"

– a1 = 0�z1 = −z2§lü ���C§f(λ)30, π��p"ρkÑ�K§

LyÑ��P~"{Xt}LyÑ�K��"

• �a2 < 0kE�½¢�¶�¢��z1�z2ÓÒ§�a1ÓÒ"

– a1 > 0�kü���, f(λ)�30:k¸�"ρküNP~"{Xt}Ly
Ñ��:���'"

– a1 < 0�kü�K�, f(λ)�3π:k¸�"ρk�K�OP~"{Xt}L
yÑ�K��"
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AR(2)JA����Ly

• z1, z2´J�⇐⇒ a21 + 4a2 < 0(ùÚ«�)"

z1, z2 = be±iλ0 , b > 1, λ0 6= 0, π

• d(3.12)�

ρk =
cos(kλ0 + θ0)

bk cos(θ0)
, k ≥ 0 (5.3)

ù�{ρk}��P~§���ªÇ�λ0"

• {Xt}�¥yÑ3ªÇλ0?���"
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§3.1 wÄ²þ�.

§3.1.1 �.Ú\

qÚ�'

• ²S�{Xt}�g���¼êe÷vγq 6= 0, γk = 0, k > q§K¡{Xt}´qÚ
�'�"

• k����5²�äkqÚ�'5§¡�wÄ²þ�."

wÄ²þ�.�~f

• z�2��P¹�zÆ�Aêâ�mS�{xt, t = 1, . . . , 197}"

• ���©�

yt = xt − xt−1, t = 2, . . . , 197

• {yt}���g�'Xê�¥y��5"

• �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

• �.A:´{γk} 1Ú��"

§3.1.2 MA(q)�.ÚMA(q)S�

MA(q)�.ÚMA(q)S�

• ½Â1.1 �{εt} ´WN(0, σ2), XJ¢êb1, b2, . . . , bq (bq 6= 0)¦�

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z| < 1,

K¡

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (1.2)

´q �wÄ²þ�., {¡�MA(q)�.;

• ¡d(1.2)û½�²S�{Xt}´wÄ²þS�, {¡�MA(q)S�.

• XJ?�Ú�¦õ�ªB(z)3ü �þ�vk":: B(z) 6= 0 �|z| ≤ 1,

K¡(1.2)´�_�MA(q)�., ¡�A�²S�´�_�MA(q)S�.
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MA�A�

• $��MA�AR�'�1w(wÄ²þ)§����"

• ½5�Ð"

• p��MA�±�[AR�A�"

• ^í£�fr�.��

Xt = B(B)εt, t ∈ Z (1.3)

• éu�_MA§B−1(z)kTaylorÐª

B−1(z) =

∞∑
j=0

φjz
j , |z| ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =

∞∑
j=0

φjXt−j (1.4)

MAS��g���¼ê

• Pb0 = 1§KéMA(q)S�kEXt = 0§

γk =E(XtXt+k)

=

σ2
∑q−k
j=0 bjbj+k, 0 ≤ k ≤ q

0, k > q
(1.5)

MAS��Ì�Ý

• ½n1.1 MA(q)S�{Xt}�g���¼ê´qÚ���µ

γq = σ2bq 6= 0, γk = 0, |k| > q. (1.6)

¿�kÌ�Ý

f(λ) =
σ2

2π
|B(eiλ)|2

=
1

2π

q∑
k=−q

γke
−ikλ, λ ∈ [−π, π]. (1.7)

• (1.7)�1�^�±^�5²��½n½^Ì�Ý½Â��y²"1�

^^g���ýé�Ú�Ì�Ýúª����±^Ì�Ý½Â��"
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MA(q)S��¿�^�

• MA(q)S�´g���¼êqÚ���§��e²�{Xt}g���¼
êqÚ��KÙ7�MA(q)S�"

• ½n1.3�"þ�²S�{Xt}kg���¼ê{γk},K{Xt}´MA(q)S

��¿©7�^�´

γq 6= 0, γk = 0, |k| > q.

• �I�y²¿©5"

• y²I���EC¼êÚn"

Ún1.2

• Ún1.2 �¢~ê{cj}¦�cq 6= 0 Ú

g(λ) =
1

2π

q∑
j=−q

cje
−ijλ ≥ 0, λ ∈ [−π, π],

Kk���¢Xêõ�ªµ

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z| < 1, bq 6= 0. (1.8)

¦�

g(λ) =
σ2

2π
|B(eiλ)|2.

ùpσ2�,��~ê.

• y²µ-G(z) =
∑q
j=−q cjz

j+qKG(z)�2q ��¥z1´�7kz
−1
1 �´

�"z1 6= ±1�z−11 6= z1"rù�¤é����Ù¥����¦Ø3ü

 �S=�|¤B(.)"

½n1.3y²

• dg���ýé�Ú�Ì�Ýúª�

f(λ) =
1

2π

q∑
k=−q

γke
−ikλ

• dÚn§

f(λ) =
σ2

2π
|B(e−iλ)|2, B(z)ü 	Svk�.
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• XJB(z)3ü �SÚü �þÑvk�§K�½Âεt = B−1(B)Xt§̂

�5ÈÅ�Ì�Ýúª��{εt}�Ì�Ý´xD(Ì�Ý"

• ü 	þ�Uk�����¹�±^Hilbert�mýÿ��{y²"(�Brockwell

& Davis proposition 3.2.1, P.89, ¥È�P.70, �@p�MAvk��^�¶

½ë��©'5�mS�©Û6§�®�ÆÑ��1990§P92.)"

§3.1.3 ��S�

��S�

• ½Â1.2 �{Xt : t ∈ Z}´²S�. ^HxL«{Xt}�)�Hilbert�

m, ^Hx(s)L«d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

• é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤k�s¤áHx(s) 6=
Hx"

• `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

• ����5ýÿ�²S�(,ΓnØ÷�)���S�"

• ½n1.4([7]) �²S�{Xt}kÌ�Ýf(λ),K{Xt}´��S��¿©
7�^�´ ∫ π

−π

dλ

f(λ)
<∞. (1.10)

• Ì�ÝëYð��²�´��S�"

• AR(p)S�´��S�"

• �_�MA(q)S��Ì�ÝëYk�e.¤±´��S�"

• ü �þk��MA(q)S�ÙÌ�Ýf(λ)¥k

|1− ei(λ−λj)|2 = O(|λ− λj |2)

¤©¤±Ù�êØ�È§ÏdØ�_�MA(q)S�Ø´��S�"

• ��S��½ØUnÚ���5ýÿ§¤±Ùg�����½"

§3.1.4 MA(q)Xê�4íO�

MA(q)Xê�O�

• MA(q)S��Xê(b1, b2, . . . , bq)9σ2 �±�γ0, γ1, . . . , γq ��(½"

• �±^©z[5]�{O��.ëê"
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P

A =



0 1 0 · · · 0 0

0 0 1 · · · 0 0

· · · · · · · · · · · ·
0 0 0 · · · 0 1

0 0 0 · · · 0 0


q×q

, C =


1

0
...

0


q×1

Ωk =


γ1 γ2 · · · γk

γ2 γ3 · · · γk+1

· · · · · · · · · · · ·
γq γq+1 · · · γq+k−1

 , γq =


γ1

γ2
...

γq



(1.11)

Kkµ

bq =
1

σ2
(γq −AΠC), σ2 = γ0 − CτΠC, (1.12)

Ù¥

Π = lim
k→∞

ΩkΓ−1k Ωk
τ . (1.13)

úª(1.12),(1.13)�±�^*ÿ���OMA(q)�.�ëê�e
Ä:.

§3.1.5 MA(q)�.Þ~

MA(1)

• �_MA(1)

Xt = εt + bεt−1, εt ∼WN(0, σ2), |b| < 1

• g���Úg�' 
γ0 = σ2(1 + b2)

γ1 = σ2b

γk = 0, k ≥ 2ρ1 = b
1+b2

ρk = 0, k ≥ 2

• Ì�Ý

f(λ) =
σ2

2π
|1 + beiλ|2

=
σ2

2π
(1 + b2 + 2b cosλ), λ ∈ [−π, π]
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•  �'XêØ��:

ak,k = − (−b)k(1− b2)

(1− b2k+2)
, k ≥ 1

• _L«

εt =

∞∑
j=0

(−b)jXt−j

MA(2)

• �_MA(2)

Xt = εt + b1εt−1 + b2εt−2, t ∈ Z

• B(z) = 1 + b1z + b2z
2 6= 0, |z| ≤ 1.

• �_�:

{(b1, b2) : B(z) 6= 0, |z| ≤ 1}

={(b1, b2) : b2 ± b1 > −1, |b2| < 1}

• g���

γ0 =σ2(1 + b21 + b22)

γ1 =σ2(b1 + b1b2)

γ2 =σ2b2

γk =0, k > 2

• g�'Xê

ρ1 =
b1 + b1b2

1 + b21 + b22
, ρ2 =

b2
1 + b21 + b22

ρk =0, k > 2

• Ì�Ý

f(λ) =
σ2

2π
|1 + b1e

iλ + b2e
i 2λ|2

• MA(2)�¢S~fµ

Xt = εt − 0.36εt−1 + 0.85εt−2
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• A���1.084652e±i1.374297"

•

γ0 = σ2(1 + b21 + b22) = 7.4084

γ1 = σ2(b1 + b1b2) = −2.664

γ2 = σ2b2 = 3.4

γk = 0, k > 2

• (ρ1, ρ2) = (−0.3596, 0, 4589)).

• Ì�Ý9Xê�¦)�ü«"
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§3.2 g£8wÄ²þ�.

§3.2.1 ARMA(p, q)�.9Ù²)

ARMA�.

• ½Â2.1 �{εt} ´WN(0, σ2), ¢Xêõ�ªA(z) ÚB(z)vkú��,

÷vb0 = 1, apbq 6= 0 Ú

A(z) =1−
p∑
j=1

ajz
j 6= 0, |z| ≤ 1,

B(z) =

q∑
j=0

bjz
j 6= 0, |z| < 1, (2.1)

Ò¡�©�§µ

Xt =

p∑
j=1

ajXt−j +

q∑
j=0

bjεt−j , t ∈ Z, (2.2)

´��g£8wÄ²þ�., {¡�ARMA(p, q)�.. ¡÷v(2.2)�²

S�{Xt}�²)½ARMA(p, q)S�.

ARMA�.²)

• �.�¤

A(B)Xt = B(B)εt, t ∈ Z (2.3)

• A−1(z)B(z)3|z| < ρ )Û(1 < ρ < min{|zj |}, {zj}�A(z)�¤k�)§�

±TaylorÐm

Ψ(z)
4
=A−1(z)B(z) =

∞∑
j=0

ψjz
j , |z| ≤ ρ (2.4)

• ´�ψj = o(ρ−j), A−1(B)B(B)εt = Ψ(B)εt =
∑∞
j=0 ψjεt−j ´�5²

�"ü>^A(B)�^§�âk2.2Ö¿�Ún1§2�

A(B)Ψ(B)εt = A(B)A−1(B)B(B)εt = B(B)εt

=Ψ(B)εt´ARMA(p, q)�.(2.2)�)"

• ��§e{Yt}´(2.2)���²)§3(2.2)ü>�^A−1(B)=�

A−1(B)A(B)Yt = Yt = A−1(B)B(B)εt = Ψ(B)εt
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• =

Xt = A−1(B)B(B)εt = Ψ(B)εt (2.6)

´ARMA(p, q)�.(2.2)���²)"

• ¡(2.6)¥�{ψj}�{Xt}�WoldXê"

• ½n2.1 d(2.6)½Â�²S�{Xt}´ARMA(p, q)�.(2.2)���²

).

ARMA�.�§�Ï)

• �.(2.2)�?¿)�±�¤

Yt = Xt +

k∑
j=1

r(j)−1∑
l=0

Vl,jt
lρ−tj cos(λjt− θl,j), t ∈ Z, (2.7)

Ù¥{Xt}�²)(2.6)§z1, z2, . . . , zk�A(z)��NpØ�Ó�":, zj =

ρje
iλj kêr(j). �ÅCþVj,l, θl,j dY0−X0, Y1−X1, . . . , Yp−1−Xp−1�

�û½.

ARMA�.��[)¤

•

|Yt −Xt| ≤
k∑
j=1

r(j)−1∑
l=0

|Vl,j |tlρ−tj , t→∞ (2.8)

• �±âd�[ARMA�.: �Ð�Y−(p−1) = · · · = Y−1 = Y0 = 0§4í�

Yt =

p∑
j=1

ajYt−j +

q∑
j=0

bjεt−j , t = 1, 2, . . . ,m+ n

�m������ãYt, t = m+ 1,m+ 2, . . . ,m+ n��ARMA(p, q)�.

��[êâ"

• �A(z)k�Cü ����m�����"

§3.2.2 ARMA(p, q)S��g���¼ê

ARMAS��g���¼ê

• {γk}�dWoldXêL«:

γk =

∞∑
j=0

ψjψj+k, k = 0, 1, 2, . . . (2.10)

• duψj = o(ρ−j), j →∞§d(2.10)��γk = o(ρ−j), j →∞"
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ARMAS��WoldXê4íúª

• Pbj = 0, j < 0½j > q, b0 = 1¶ψj = 0, j < 0"

• dëêap = (a1, . . . , ap)
T , bp = (b1, . . . , bq)

TO�{ψj}��±4í

ψj =

1, j = 0,

bj +
∑p
j=1 akψj−k, j = 1, 2, . . .

(2.11)

WoldXê4íúª�y²

• PA(z) = 1−
∑p
j=1 ajz

j =
∑p
j=0 φjz

j"5¿

A(z)Ψ(z) =

p∑
k=0

φkz
k
∞∑
j=0

ψjz
j

=

∞∑
j=0

p∑
k=0

φkψj−kz
j = B(z)

• '�Xê�
p∑
k=0

φkψj−k =bj , j ≥ 1

ψj =

p∑
k=1

ajψj−k + bj , j ≥ 1

• =(2.11)¤á"

§3.2.3 ARMA(p, q)�.��£O5

�£O5

• ·�òy²: dARMA(p, q)�.�g���¼ê{γk}�±û½ARMA(p, q)

�.�ëê

(aT , bT , σ2) = (a1, . . . , ap, b1, . . . , bq, σ
2)

• Ún2.2 �{Xt}´(2.2)�²). XJqkxD({ηt}Ú¢Xêõ�
ªC(B),D(B)¦�

C(B)Xt = D(B)ηt, t ∈ Z,

¤á, KC(z)��ê≥ p, D(z)��ê≥ q.

• ùÌ�Ï�·��¦õ�ªA(z)ÚB(z)p�"
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ARMAS��Y-W�§

• ARMA�.�²)�

Xt =

∞∑
j=0

ψjεt−j

¤±

E(εt+kXt) = 0, k > 0

• aqAR�.�í�ARMA�.�Y-W�§: 3�.�§ü>Ó¦±Xt−k¦

Ï"�

E(XtXt−k) =

p∑
j=1

ajE(Xt−jXt−k) +

q∑
j=0

bjE(εt−jXt−k)

=

γk =

p∑
j=1

ajγk−j +

q∑
j=0

bjE(εt−j

∞∑
l=0

ψlεt−k−l)

=

p∑
j=1

ajγk−j +

q∑
j=0

bjψj−k, k ∈ Z

• �q < k�ψj−k = 0, j = 0, 1, . . . , q§þª�

γk =

p∑
j=1

ajγk−j , k ≥ q + 1

• o�

γk −
p∑
j=1

ajγk−j =


σ2
∑q
j=max(0,k) bjψj−k, k < q

σ2bq, k = q

0 k > q

(2.14)

• ék > q�Y-W�§�±�¤Ý
/ªµ
γq+1

γq+2

...

γq+p

 =


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2

...
...

...

γq+p−1 γq+p−2 · · · γq




a1

a2
...

ap

 (2.15)

• é'AR(p)�Y-W�§§��uΓp�(i, j)���¤γi−j��¤kγ·�eI

Ñ\þq"
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• rXêÝ
P�Γp,q:

Γp,q =(γ|q+i−j|)i,j=1,2,...,p

=


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2

...
...

...

γq+p−1 γq+p−2 · · · γq


• ��Γp,q�_K�)Ña1, . . . , ap"

• )Ña1, . . . , ap�-

Yt = A(B)Xt = B(B)εt, t ∈ Z

• K{Yt}´��MA(q)S�§Ùg���¼ê�qÚ��§�

γy(k) =E(YtYt−k)

=

p∑
j=0

p∑
l=0

φjφlE(Xt−jXt−l)

=

p∑
j=0

p∑
l=0

φjφlγk+l−j , 0 ≤ k ≤ q

• �±^k3.1��{��)Ñb1, . . . , bq, σ2"

• u´§��Γp,q�_,KARMA(p, q)S��g���¼êÚARMA(p, q)�

.�ëê(aTp , b
T
q , σ

2) �p��û½"

ARMA�.¥ARÜ©�ëê¦)

• XJΓp,q�_Kd(2.15)�±)Ña1, . . . , ap"

• ½n2.3 �{γk}�ARMA(p, q)S�{Xt}�g���¼ê�,Km ≥ p�Γm,q�

_"

y²: ^�y{,�dÚn2.2�Ñgñ"

�Γm,q(m×mÝ
)Ø÷�§K�3β = (β0, β1, . . . , βm−1)T 6= 0¦�Γm,qβ =

0§=

m−1∑
l=0

βlγq+k−l = 0, k = 0, 1, . . . ,m− 1 (2.18)
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5¿�k ≥ m�q + k − l > q§¤±ù�γq+k−l =
∑p
j=1 ajγq+k−l−j§¤±

�k = mk

m−1∑
l=0

βl γq+k−l =

m−1∑
l=0

βl

p∑
j=1

ajγq+k−l−j

=

p∑
j=1

aj

m−1∑
l=0

βl γq+(k−j)−l

=0 (d(2.18)90 ≤ k − j = m− j ≤ m− 1)

4í�þª�k > m��¤á"Ïd

m−1∑
l=0

βl γq+k−l = 0, k ≥ m.

-Yt =
∑m−1
l=0 βlXt−lK{Yt}´"þ�²�§|^

E(YtXt−q−k) =

m−1∑
l=0

βlγq+k−l = 0, k ≥ 0

��{Yt}�g���q−1Ú��§{Yt}´MA(q−1)S�§�3{ηt} ∼WN(0, s2)¦

�

m−1∑
l=0

βlXt−l =

q−1∑
j=0

djηt−j

�Ún2.2gñ"

ARMA�.���¿©^�

• ½n2.4 �"þ�²S�{Xt}kg���¼ê{γk}. q�¢êa1, a2, · · · , ap
(ap 6= 0) ¦�A(z) = 1−

∑p
j=1 ajz

j ÷v��� ^�, ,	

γk −
p∑
j=1

ajγk−j =

c 6= 0, k = q,

0, k > q,
(2.19)

K{Xt}´��ARMA(p′, q′)S�, Ù¥p′ ≤ p, q′ ≤ q.

y²: �Yt = A(B)Xt = Xt −
∑p
j=1 ajXt−j . K{Yt}´"þ�²S�,

÷v

E(YtXt−k) = γk −
p∑
j=1

ajγk−j =

c 6= 0, k = q,

0, k > q.
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¤±k

γy(k) =E(YtYt−k) = E
[
Yt(Xt−k −

p∑
j=1

ajXt−k−j)
]

=

c 6= 0, k = q,

0, k > q.

`²{Yt}�g���¼ê´q����.

d½n1.3��, {Yt}���MA(q)S�, =�3ü �Svk��q�¢

Xêõ�ªB(z)¦�B(0) = b0 = 1 Ú

A(B)Xt = Yt = B(B)εt, t ∈ Z, (2.20)

Ù¥{εt} ´WN(0, σ2).

XJA(z)ÚB(z)vkúÏf,þã�.Ò´¤I��ARMA(p, q)�.. Ä

K�úÏf´C(z),KkA(z) = C(z)A′(z), B(z) = C(z)B′(z).ù�(2.20)C¤

C(B)A′(B)Xt = C(B)B′(B)εt.

ü>¦C−1(B)(w,C(z)�÷v��� ^�)���¤IARMA(p′, q′)�.:

A′(B)Xt = B′(B)εt.

§3.2.4 ARMAS��Ì�ÝÚ�_5

knÌ�Ý

• duARMAS��{γk}ýé�Ú§±9²)��5S�L�ª§��ARMA(p, q)S

�(2.6)kÌ�Ý

f(λ) =
1

2π

∞∑
k=−∞

γke
−ikλ

=
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

ψje
ijλ

∣∣∣∣∣∣
2

=
σ2

2π

∣∣∣∣B(eiλ)

A(eiλ)

∣∣∣∣2 (2.21)

/X(2.21)�Ì�Ý�¡�knÌ�Ý.

�_�ARMA�.

• ½Â2.2 3ARMA(p, q)�.�½Â2.1 ¥,XJ?�Ú�¦B(z)3ü 

�þÃ�:

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z| ≤ 1 (2.22)

K¡ARMA(p, q)�.(2.2)��_�ARMA�., ¡�A�²)��_

�ARMA(p, q)S�.



88 1nÙ wÄ²þ�.�g£8wÄ²þ�.

• l½n1.4(��S��Ì^�¤���_�ARMA(p, q)S�´��S�.

• éu�_�ARMA(p, q)�.(2.3) duB−1(z)A(z)3{z : |z| ≤ ρ} (ρ > 1)

S)Û, ¤±kTaylorÐªµ

B−1(z)A(z) =

∞∑
j=0

ϕjz
j , |z| ≤ ρ, (2.23)

Ù¥|ϕj | = o(ρ−j),�j → ∞,l�±½ÂB−1(B)A(B) =
∑∞
j=0 ϕjB

j .

3(2.3)ü>¦±B−1(B), ��µ

εt = B−1(B)A(B)Xt =

∞∑
j=0

ϕjXt−j , t ∈ Z. (2.24)

(2.24)´(2.6) �_=/ª, L²�_ARMA(p, q)S�Ú§�D(S��

±�p�5L«.

§3.2.5 ~f

ARMA~2.1

• ARMA(4,2):

a1 = −0.9, a2 = −1.4,

a3 = −0.7, a4 = −0.6;

b1 = 0.5, b2 = −0.4.

(2.25)

• A(z)���1.1380e±2.2062i, 1.1344e±1.4896i, B(z)�ü�¢��2.3252,−1.0752"

• d�mS�kü�ªÇ¤©"(ü«)

ARMA~2.2

• �{Xt} ∼ ARMA(2,2), ®�

(γ0, γ1, · · · , γ4) = (4.61, −1.06, 0.29, 0.69, −0.12)

• ��)ARMAëê"

• �ü«"
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§3.3 2ÂARMA�.ÚARIMA(p, d, q)�.0�

§3.3.1 2ÂARMA�.

2ÂARMA�.

• �A(z) = 1−
∑p
j=1 ajz

j , B(z) = 1 +
∑q
j=1 bjz

j ´ü�vkú���¢X

êõ�ª, apbq 6= 0, {εt} ´WN(0, σ2). XJØéA(z), B(z)���?Û

Ù¦��, K¡�©�§µ

A(B)Xt = B(B)εt, t ∈ Z, (3.1)

�2ÂARMA(p, q)�.,¡÷v(3.1)�{Xt}�2ÂARMA(p, q)S�.

• XJA(z)3ü �þk�, �±y²(3.1)vk²).

• XJA(z)3ü �þvk�,Kk0 < ρ1 < 1 < ρ2¦�EC¼êB(z)/A(z)3

��

D = {z : ρ1 ≤ |z| ≤ ρ2} (3.2)

S)Û.

• u´B(z)/A(z)kLaurent?êÐm

A−1(z)B(z) =

∞∑
j=−∞

cjz
j , z ∈ D, (3.3)

• �3ρ >¦cj = o(ρ−|j|), j → ±∞"

• ù�, l(3.1)�±�����²)

Xt = A−1(B)B(B)εt =

∞∑
j=−∞

cjεt−j , t ∈ Z. (3.4)

• XJA(z)3ü �Sk�, d(3.4)½Â�²S�´xD(�V>Ã¡

wÄÚ"

• ù�²S�Ø´Ün�, Ï�t��*ÿÉ�
t±��Z6�K�.

• 2d�©�§�nØ��, ù�(2.2)�Ù¦)Ñ�X�m�O\\�

��. �d, <�rù��2ÂARMA�.¡��¿�..
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§3.3.2 ¦ÚARIMA(p, d, q)�.

¦ÚARIMA(p, d, q)�.

• ARIMA(p, d, q)�.´ARÜ©kü A��£=1¤�2ÂARMA�.§d�

ü A���ê"

• Ø
ü �±	§�¦ARÜ©�Ñ3ü �	§MAÜ©ü �Svk

�"

• ARIMA(p, d, q)S�´d��©�ÑlARMA(p, q)�.��²�mS�"

• �d´����ê, XJ

Yt = (1−B)dXt =

d∑
k=0

Ckd (−1)kXt−k, t ∈ Z, (3.5)

´��ARMA(p, q)S�, K¡{Xt}´��¦ÚARIMA(p, d, q)S�. {¡

�ARIMA(p, d, q)S�, Ù¥Ckd´��ªXê.

• �{Xt}�ARIMA(p, d, q)S�§(1−B)dXt = Yt§�.Ï)�

Xt = C0 + C1t+ · · ·+ Cd−1t
d−1 +

t∑
nd−1=1

· · ·
n2∑
n1=1

n1∑
j=1

Yj .

• ¢S¯K¥kNõêâ²L�½üg�©�¬½e5. �©$�´é

êâ?1ý?n�~^�{��.

§3.3.3 ü �L§

ü �L§

• ARIMA(p, 1, q)�.¡�ü �L§§�A��mS��¡�ü �S

�"

• ü �L§�k��ARÜ©A��|zj | > 1�|zj |�©�Cu1�²ARMAS

�éJ«©"

• ü �L§��k�5ª³��.ØÓ"ü �L§êâvk�½r³"

§3.3.4 ©ê�©ARFIMA(p, d, q)�.

�PÁÚáPÁ

• ARMAS�g���¼êK�êP~§́ áPÁ�"

• lÑÌS�g���¹ØP~�0§́ �PÁ�"
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• Ù§�²S�XÛ«©�PÁ�´áPÁºe�3d < 1
2 , ¦�

γk ∼ k2d−1, k →∞

K¡�A�S���PÁS�"

• =γk ∼ 1
kα , α > 0, γk±�¼ê�Ýªu""

�PÁS�

• éud 6= 0 , d ∈ (−0.5, 0.5), (1− z)−dkTaylorÐmúª

(1− z)−d =

∞∑
j=0

πjz
j , |z| ≤ 1, (3.13)

• {πj}²��Ú"

• ½Â�5²S�

Xt = (1−B)−dεt =

∞∑
j=0

πjεt−j , t ∈ Z. (3.16)

• K{Xt}´�.

(1−B)dXt = εt, t ∈ Z, (3.17)

���²). <�¡(3.17)´ARFIMA(0, d, 0)�..

• aq�½ÂARFIMA(p, d, q)�."

• éARFIMA(0,d,0)S�

γk ∼ k2d−1
σ2Γ(1− 2d)

Γ(d)Γ(1− d)
, � k →∞. (3.20)

=�PÁ"

• �d ∈ (−0.5, 0)�
∞∑
k=0

|γk| <∞.

• �d ∈ (0, 0.5)�
∞∑
k=0

|γk| =∞.

• ARFIMA(0,d,0)� �'¼ê÷v

ak,k =
d

k − d
, k = 1, 2, . . .

�±^ud��O"

• ��ARFIMA(p, d, q)�?ØÑL"
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§4.1 þ���O

þ�!g����O��^

• AR, MA, ARMA�.�ëê�±dg���¼ê��(½"

• k
����§�±k�Oþ�Úg���¼ê"

• ,�dþ�Úg���¼ê)Ñ�.ëê"

• þ�Úg����±^Ý�O{¦"

• ���Ä�Ü5!ìC©Ù!Âñ�Ý�¯K"

þ��Oúª

• �x1, x2, . . . , xN´²�{Xt}�*ÿ"

• µ = EXt�:�O�

µ̂ = x̄N =
1

N

N∑
k=1

xk

• r*ÿ��w¤�Å���P����X1, X2, . . . , XN"

§4.1.1 �Ü5

�Ü5

• �ÚOþθ̂N ´θ ��O. 3ÚOÆ¥kXe�½Â

1. XJEθ̂N = θ, K¡θ̂N ´θ �Ã �O.

2. XJ�N →∞, Eθ̂N → θ, K¡θ̂N ´θ �ìCÃ �O.

3. XJθ̂N �VÇÂñ�θ, K¡θ̂N ´θ ��Ü�O.

4. XJθ̂N a.s.Âñ�θ, K¡θ̂N ´θ �r�Ü�O.

• ���¹e, Ã �O'k �O5�Ð. éud(1.1)½Â�X̄N , k

EX̄N =
1

N

N∑
k=1

EXk =
1

N

N∑
k=1

µ = µ.

¤±, X̄N ´þ�µ �Ã �O.
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þ��O��Ü5

• Ð��OþåèA�´�Ü�. ÄK, �OþØÂñ���O�ëê, §

ÃÏu¢S¯K�)û.

• éu²S�{Xt}, XJ§�g���¼ê{γk}Âñ�", K

E(X̄N − µ)2 = E
[ 1

N

N∑
k=1

(Xk − µ)
]2

=
1

N2
E[

N∑
j=1

N∑
k=1

(Xk − µ)(Xj − µ)] =
1

N2

N∑
j=1

N∑
k=1

γk−j

=
1

N2

N∑
j=1

N−j∑
m=1−j

γm (-m = k − j)

=
1

N2

N−1∑
m=−N+1

min(N−m,N)∑
j=max(1−m,1)

γm =
1

N2

N−1∑
m=−N+1

(N − |m|)γm

≤ 1

N

N∑
m=−N

|γm| → 0, �N →∞. (1.2)

=X̄N þ�Âñ�µ.

|^�'ÈÅØ�ª

Pr(|X̄N − µ| ≥ δ) ≤
E(X̄N − µ)2

δ2
→ 0, (δ > 0)

��X̄N �VÇÂñ�µ. u´X̄N´µ��Ü�O.

þ��O5�

• ½n1.1 �²S�{Xt}kþ�µÚg���¼ê{γk}, K

1. X̄N´µ �Ã �O.

2. XJγk → 0, KX̄N ´µ��Ü�O.

3. XJ{Xt}�´î²H{S�, KX̄N´µ�r�Ü�O.

• 1n^(Ø|^§1.5 �H{½n5.1��"

• ��/§?Ûr�Ü�O�½´�Ü�O.

• �5²��þ��O´�Ü�O"(1�Ù½n3.3)

• ARMA�.�þ��O´�Ü�O"
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§4.1.2 ¥%4�½n

ÕáÓ©Ù���¥%4�½n

• eX1, X2, . . . , XN iid ∼ (µ, σ2), K
√
N(X̄N − µ)

d→ N(0, σ2).

• �±âdO�µ�95%�&«m"

[X̄N − 1.96σ/
√
N, X̄N + 1.96σ/

√
N ]. (1.3)

Ù¥�1.96�²~^2Cq�O"

²��þ��O�¥%4�½n

• ½n1.2 �{εt}´ÕáÓ©Ù�WN(0, σ2). �5²S�{Xt}d

Xt = µ+

∞∑
k=−∞

ψkεt−k, t ∈ Z, (1.5)

½Â, Ù¥{ψk}²��Ú. XJ{Xt}�Ì�Ý

f(λ) =
σ2

2π

∣∣∣∣∣
∞∑

k=−∞

ψke
−ikλ

∣∣∣∣∣
2

(1.6)

3λ = 0ëY, ¿�f(0) 6= 0, K�N →∞�,

√
N(X̄N − µ)

d→ N(0, 2πf(0))

íØ

• �{ψk}ýé�Ú�, f(λ)ëY.

• íØ1.3 XJ
∑∞
k=−∞ |ψk| <∞Ú

∑∞
k=−∞ ψk 6= 0¤á,K�N →∞�

√
N(X̄N − µ)

d→ N(0, 2πf(0))

¿�

2πf(0) = γ0 + 2

∞∑
j=1

γj . (1.7)

• ¥%4�½n¤á��±�Eµ�ìC�&«m½éµ�b�u�"
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§4.1.3 Âñ�Ý

Âñ�Ý

• �Ü��Oþ�ìC5�Ø
´ÄÑl¥%4�½n	, ��)ù��

Oþ�Âñ�Ý.

• Âñ�Ý�£ã�{��´¤¢�éêÆ.

• éêÆ¤á�, ���Âñ�Ý��ê��´

O

(√
2 ln lnN

N

)
.

• Ø
�O��¹, ù��ê��ØU2�U?.

• ½n1.4 �{εt}´ÕáÓ©Ù�WN(0, σ2),�5²S�{Xt}d(1.5)½

Â, Ì�Ýf(0) 6= 0. �±e�^���¤á�:

1. �k → ±∞, ψ|k| ±K�ê�Âñu0;

2. Ì�Ýf(λ)3λ = 0ëY, ¿�E|εt|r <∞ é,�r > 2 ¤á,

KkéêÆ

lim sup
N→∞

√
N

2 ln lnN
(X̄N − µ) =

√
2πf(0), a.s. (1.8)

lim inf
N→∞

√
N

2 ln lnN
(X̄N − µ) =−

√
2πf(0), a.s. (1.9)

• ´�éêÇ÷v�(X̄n−µ)·o(1) = o(
√

ln lnN
N ),

√
N

2 ln lnN (X̄n−µ)/o(1)Ø

Âñ"

§4.1.4 X̄N��[O�

AR(2)�þ�O�

• -

A(z) = (1− ρeiθ · z)(1− ρe−iθ · z)

�ÄAR(2)�.

A(B)Xt =εt

Xt =2ρ cos θXt−1 − ρ2Xt−2 + εt

• ��[�B�{εt} iid ∼ N(0, σ2)"
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•

x̄N =
1

N

N∑
t=1

xt, ε̄N =
1

N

N∑
t=1

εt

• �.�§ü>¦²þ

x̄N =2ρ cos θ
1

N

N−1∑
k=0

xk − ρ2
1

N

N−2∑
k=−1

xk + ε̄N

=2ρ cos θX̄N − ρ2X̄N + ε̄N

+ 2ρ cos θ
1

N
(x0 − xN )− ρ2 1

N
(x−1 + x0 − xN−1 − xN−2)

≈2ρ cos θX̄N − ρ2X̄N + ε̄N

x̄N ≈
1

A(1)
ε̄N =

1

1− 2ρ cos θ + ρ2
ε̄N

• N���x̄NÚε̄t¤�'"

�OÂñ5��[

• �
*	N → ∞�x̄N�Âñ�±�[L��,�*	x̄N , N = n0, n0 +

1, . . . , L �Cz"

• �
ïÄ�½N�¹eX̄N�°Ý±�uÄ�©Ù§�±?1MgÕá�

�Å�[§��M�X̄N�*ÿ�"ù«�{éuJ±���Oþ�nØ

©Ù��¹´ék^�"
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§4.2 g���¼ê��O

§4.2.1 g����Oúª9�½5

g���¼ê�Oúª

•

γ̂k =
1

N

N−k∑
j=1

(xj − x̄N )(xj+k − x̄N ), 0 ≤ k ≤ N − 1, (2.2)

γ̂−k =γ̂k

• ��g�'Xê(ACF)�O�

ρ̂k =
γ̂k
γ̂0
, |k| ≤ N − 1 (2.3)

• k���ë�²þ��~�¤±γ̂k�OØ�¬�kO�C�"

• �Oγk��Ø¦^Ø±N − k��O/ª:

γ̂k =
1

N − k

N−k∑
j=1

(xj − x̄N )(xj+k − x̄N ) (2.4)

Ï�µ

– ·�Øé��kO�γ̂k;

– ���´�kØ±N��Oªâ´�½�"

��g�����½5

• ��*ÿx1, x2, . . . , xNØ��ÓK

Γ̂N = (γ̂k−j)k,j=1,2,...,N

�½"

• -yj = xj − x̄N§P

A =


0 · · · 0 y1 y2 · · · yN−1 yN

0 · · · y1 y2 y3 · · · yN 0
... · · ·

...
...

... · · ·
...

...

y1 · · · yN−1 yN 0 · · · 0 0

 (2.5)

K

Γ̂N =
1

N
AAT
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• ��yjØ�´"KA÷�"

• ¯¢þ§�y1 = · · · = yk−1 = 0, yk 6= 0§KAÝ
�¡¬Ñy��±yk�

m©�"��¡§w,´÷��"

• �x1, . . . , xNØ��Ó�Γ̂N�½"

• Γ̂n(1 ≤ n ≤ N)��Γ̂N�Ìfª�´�½�"

§4.2.2 γ̂k��Ü5

γ̂k��Ü5

• ½n2.1 �²S����g���¼êγ̂k d(2.2)½(2.4)½Â.

1. XJ�k → ∞ �γk → 0, Kéz�(½�k, γ̂k ´γk�ìCÃ �

O:

lim
N→∞

Eγ̂k = γk.

2. XJ{Xt}´î²H{S�, Kéz�(½�k, γ̂k Úρ̂k ©O´γk

Úρk �r�Ü�O:

lim
N→∞

γ̂k = γk , a.s., lim
N→∞

ρ̂k = ρk , a.s..

½n2.1y²

e¡�éd(2.2)½Â���g���¼êy²½n2.1,éd(2.4)½Â�γ̂k�

y²´���.

�µ = EX1, K{Yt} = {Xt − µ} ´"þ��²S�. |^

ȲN =
1

N

N∑
j=1

Yj = X̄N − µ

��

γ̂k =
1

N

N−k∑
j=1

(Yj − ȲN )(Yj+k − ȲN )

=
1

N

N−k∑
j=1

[YjYj+k − ȲN (Yj+k + Yj) + Ȳ 2
N ]. (2.7)

|^(1.2)��EȲ 2
N = E(X̄N − µ)2 → 0. |^SchwarzØ�ª��

E|ȲN (Yj+k + Yj)| ≤ [EȲ 2
NE(Yj+k + Yj)

2]1/2 ≤ [4EȲ 2
Nγ0]1/2 → 0.
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¤±�N →∞,

Eγ̂k =
1

N

N−k∑
j=1

E(YjYj+k) + o(1) =
N − k
N

γk + o(1)→ γk.

r�Ü5�y²: ^H{½n��

ȲN → EY1 = 0, a.s.,

1

N

N−k∑
j=1

(Yj+k + Yj) =
1

N

 N∑
j=1

Yj −
k∑
j=1

Yj +

N−k∑
j=1

Yj


=ȲN −

1

N

k∑
j=1

Yj +
N − k
N

ȲN−k → 0, a.s.,

u´, l(2.7)ª ��

γ̂k =
1

N

N−k∑
j=1

YjYj+k + o(1)→ E(Y1Y1+k) = γk, a.s.

§4.2.3 γ̂k�ìC©Ù

γ̂k�ìC©Ù—�5²�

• ��Ä�5S�"

• �{εt}´4�Ýk��ÕáÓ©Ù�WN(0, σ2)(σ2 > 0), ¢ê�{ψk}²�
�Ú.

• �5²S�

Xt =

∞∑
j=−∞

ψjεt−j , t ∈ Z, (2.8)

• {Xt}kg���¼ê

γk = σ2
∞∑

j=−∞
ψjψj+k (2.9)

• {Xt}kÌ�Ý

f(λ) =
σ2

2π

∣∣∣∣∣∣
∞∑

j=−∞
ψje

ijλ

∣∣∣∣∣∣
2

. (2.10)

• �g���¼ê�{γk}²��Ú"
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• �{Wt}�ÕáÓ©ÙN(0,1)"

• -

µ4 = Eε41, M0 =
1

σ2
(µ4 − σ4)1/2 > 0

• ½Â���mS�

ξj =(M0γj)W0 +

∞∑
t=1

(γt+j + γt−j)Wt, j ≥ 0 (2.11)

Rj =

∞∑
t=1

(ρt+j + ρt−j − 2ρtρj)Wt, j ≥ 1, (2.12)

��g���Úg�'�¥%4�½n

• ½n2.2 �{εt}´ÕáÓ©Ù�WN(0, σ2), ÷vµ4 = Eε41 < ∞. XJ

�5²S�(2.8)�Ì�Ý(2.10)²��È:∫ π

−π
f(λ)2 dλ <∞,

Ké?Û��êh, �N →∞�, k±e(J

1.
√
N(γ̂0 − γ0, γ̂1 − γ1, . . . , γ̂h − γh) �©ÙÂñ�(ξ0, ξ1, . . . , ξh).

2.
√
N(ρ̂1 − ρ1, ρ̂2 − ρ2, . . . , ρ̂h − ρh) �©ÙÂñ�(R1, R2, . . . , Rh).

• �±âd�EγkÚρk�Cq�«m�OÚCq�b�u�"

g�'u��~f

• ~2.1(�1nÙ~1.1) éMA(q)S�{Xt},|^½n2.2��,���m >

q:
√
Nρ̂m�©ÙÂñ�Rm�©Ù"

•

Rm =

∞∑
t=1

(ρt+m + ρt−m − 2ρtρm)Wt, m ≥ q + 1

5¿m ≥ q + 1�ρm = 0, ρt+m = 0, ρt−m¥�t − mAáu[−q, q]§¤±
-l = t−mk

Rm =

q∑
l=−q

ρlWl+m

• Rm�Ï"�0, ���1 + 2ρ21 + 2ρ22 + · · ·+ 2ρ2q���©Ù.
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• 3b�H0: {Xt}´MA(q)e, ém > qk

Pr

 √
N |ρ̂m|√

1 + 2ρ21 + 2ρ22 + · · ·+ 2ρ2q

≥ 1.96

 ≈ 0.05.

• y3^{Xt}L«1nÙ~1.1¥�©��zÆßÝêâ,3H0: {Xt}´MA(q)e,

^ρ̂k�Oý�ρk�©Oéq = 0, 1O�Ñ

Tq(m) =

√
Nρ̂m+q√

1 + 2ρ̂21 + 2ρ̂22 + · · ·+ 2ρ̂2q

, m = 1, . . . , 6.

m = 1 2 3 4 5 6

q = 0 −5.778 0.281 −0.951 −0.121 −1.071 −0.116

q = 1 0.243 −0.821 −0.104 −0.925 −0.100 1.631

• 3q = 0�b�e,|T0(1)| = 5.778 > 1.96, ¤±A�Ä½q = 0.

• ¢Só�¥<��O�VÇ

p = P (|
√
Nρ̂1| ≥ | − 5.778|),

¿�rp¡�u��p�. ²wp���,êâJø�Ä½�b���â�

¿©. y33H0e§
√
Nρ̂1CqÑlIO��©Ù, ¤±p�A�´", Ï

7Láý{Xt}´MA(0)�b�.

• �q = 1�|T1(m)| < 1.96(1 ≤ m ≤ 6), ¤±ØUáý{Xt}´MA(1)�b

�.

Ì�Ý²��È�¿�^�

• éu¢Só�ö5ùÌ�Ý²��È�^�Ï~éJ�y, u´F"U

r½n2.2¥Ì�Ý²��È�^�U\3g���¼ê{γk}�Âñ�Ý
þ.

• ½n2.3 é?�²S�{Xt},§�g���¼ê²��Ú�¿©7�
^�´§�Ì�Ý²��È.

• ù�(ØÌ�´|^¢C¼êØ¥Fourier?ê�nØ§�ky²f(λ) ≥
0�^
±Ïã(XP.67½n3.1�y²§@p{γk}ýé�Ú)"y²Ñ"

• íØ2.4 �{εt}´ÕáÓ©Ù�xD(WN(0, σ2), ÷vµ4 = Eε4t <

∞. XJ�5²S�(2.8)�g���¼ê²��Ú:
∑
k γ

2
k < ∞, K

½n2.2¥�(Ø¤á.
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ψk¯�Âñ^�e�¥%4�½n

• ½n2.2 �¦xD(���k4�Ý. e¡'u�5²S����g�

'Xê�¥%4�½nØ�¦D(��4�Ýk�.

• ½n2.5([26]) �{εt}´ÕáÓ©Ù�WN(0, σ2),�5²S�{Xt}d(2.8)½

Â. XJg���¼ê{γk}²��Ú, ¿�é,�~êα > 0.5,

mα
∑
|k|≥m

ψ2
k → 0, m→∞, (2.13)

Ké?Û��êh, �N →∞�

√
N(ρ̂1 − ρ1, ρ̂2 − ρ2, . . . , ρ̂h − ρh)

�©ÙÂñ�

(R1, R2, · · · , Rh).

• ARMAS��{ψj}÷v(2.13)¤±ARMAS��xD(�´ÕáÓ©Ù

S��½n2.5(Ø¤á"

'uÕáÓ©Ù��¥%4�½n

• íØ2.6. XJ{Xt}´ÕáÓ©Ù�xD(,

ρ̂k =

∑N−k
t=1 (xt − x̄N )(xt+k − x̄N )∑N

t=1(xt − x̄N )2

´��g�'Xê, Ké?Û��êh

1.
√
N(ρ̂1, ρ̂2, · · · , ρ̂h)

�©ÙÂñ�õ�IO��©ÙN(0, Ih). ùp, Ih´h× h�ü Ý

.

2. XJµ4 = Eε4t <∞, K

√
N(γ̂0 − σ2, γ̂1, . . . , γ̂h)

�©ÙÂñ�

σ2(M0W0,W1, . . . ,Wh).
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íØ2.6y²

• éxD(§γ0 = σ2,

Rj =

∞∑
t=1

(ρt+j + ρt−j − 2ρtρj)Wt = Wj , j ≥ 1

ξj =(M0γj)W0 +

∞∑
t=1

(γt+j + γt−j)Wt

=γ0Wj = σ2Wj

ξ0 =(M0γ0)W0 +

∞∑
t=1

(γt+0 + γt−0)Wt

=M0γ0W0 = σ2M0W0

• ½n2.5�^�÷v"1�^÷víØ2.4�^�"

§4.2.4 �[O�

AR(2)�.¢~

• Äk^ã/L«NØÓ�γ̂k�Ø�"

• ,�EM = 1000gO�1000�γ̂k�IO�(¡�IOØ�)"uyNO

��IOØ�~�"

• Ø��N~���Ý�N−1/2"

• �lü �C��.Ù�OIOØ��"
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§4.3 xD(u�

§4.3.1 xD(�χ2u�

xD(�χ2u�

• e{Xt}´ÕáÓ©Ù�xD(§�âíØ2.6, Nv
��

√
N(ρ̂1, ρ̂2, . . . , ρ̂m)

ÑliidIO��©Ù"u´

•

χ̂2(m)
4
= N(ρ̂21 + ρ̂22 + · · ·+ ρ̂2m)

CqÑlχ2(m)©Ù"

• �u�H0 : {Xt}�ÕáÓ©ÙxD(§�±^Ä½�

{χ̂2(m) > λα(m)}

Ù¥λα(m)�χ2(m)�mýα© ê"

• u��p��

Pr(χ2(m) > χ̂2(m)) = 1− Fm(χ̂2(m))

Ù¥Fm(.)�χ2(m)©Ù¼ê"

• �,H0�¦{Xt}ÕáÓ©Ù§d�{�±^���5�xD(u�"

AR(2)�[êâ�u�

• éAR(2)�.�ØÓ�lü �ålÁ�"�lü ��C�xD(�

O��"

• éMA(1)�.^ØÓb�["b�Cu1��xD(�OC²w"

• 'uχ̂2(m)¥�êm�À�µm = 5'm = 20k�"5¿±ARMA�.�

~§�k���ρk®²é�§¤±ρ̂2k�zØ�§����mN´¦u�Ø

¯a"

• ü«
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§4.3.2 ��g�'�&«mu�{

���'Xê�&«mu�{

• �{Xt}�ÕáÓ©ÙxD(�
√
N(ρ̂1, ρ̂2, . . . , ρ̂m) Cqm�IO��©

Ù"

• Pr(
√
N |ρ̂k| > 1.96) ≈ 0.05.

• XJ�L5%�|ρ̂j | ≥ 1.96/
√
n �Ä½H0 : {Xt}�ÕáÓ©ÙxD("

• �χ2u�ndaq§mØA���"

��g�'�&«mu�{µ~f

• éWN(0, 1)�u��±'�¤õ"

• éMA(1)�u�XJ�m = 20Ké�UØ¤õ§Ï����kρ̂1�L.

�"

• éAR�u���¤õ§Ï�Ù�'XêØ��"

• ü«
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§5.1 �Z�5ýÿ�Ä�5�

ý�¯K

• éu�mS�?1ÚO©Û�Ì�8���´)û�mS��ýÿ¯K.

• ?Û�mS�{Xt}Ñ�±U1�Ù�(1.4)ª©)¤ª³�{Tt}!G!�{St}
Ú�Å�{Rt}�Ú.

• ª³�ÚG!�Ñ�±�����Å��mS�?n, ¦��ýÿ¯K

  ´{ü�.

• �Å�{Rt}��´²S�. u´,�mS�ýÿ¯K�:A�´²

S�.

• �ÙÌ�?Ø²S��ýÿ¯K.

• ²S����k�, ¤±·�o´b��Ù¥��ÅCþ���k�.

• du²S�o´"þ�²S�\þ��~ê, ¤±·�Ì�?Ø"

þ�²S��ýÿ¯K.

§5.1.1 �Z�5ýÿ

�Z�5ýÿ½Â

• ½Â1.1 �Y ÚX = (X1, . . . , Xn)T´þ��", ��k���ÅC

þ(�þ). XJa ∈ Rn¦�é?Û�b ∈ Rn, k

E(Y − aTX)2 ≤ E(Y − bTX)2.

K¡aTX´^X1, X2, . . . , XnéY?1ýÿ��Z�5ýÿ,P�L(Y |X)½Ŷ .

u´

Ŷ = L(Y |X) = aTX. (1.2)

• ½Â1.2 XJEY = b,EX = µ, ½Â

L(Y |X) = L(Y − b|X − µ) + b, (1.3)

¿¡L(Y |X) ´^X1, X2, · · · , XnéY?1ýÿ���Z�5ýÿ.

• ±eo��ÅCþþ��""

• ^Γ = E(XXT )L«X����
"

• ^ΣXY = E(XY )L«XÚY�����þ"
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5�1

• 5�1. XJa ∈ Rn, ¦�

Γa = ΣXY , (1.5)

K

L(Y |X) = aTX,

¿�k

E(Y − L(Y |X))2 = EY 2 − E[L(Y |X)]2 = EY 2 − aTΓa. (1.6)

XJΓÚΣXY®�, ±a ���ê��5�§|(1.5)�¡�ýÿ�

§.

y²µ é?Ûb ∈ Rn,

E(Y − bTX)2

=E[Y − aTX + (aT − bT )X]2

=E(Y − aTX)2 + E[(aT − bT )X]2 + 2E[(aT − bT )X(Y − aTX)]

=E(Y − aTX)2 + E[(aT − bT )X]2 + 2(aT − bT )[E(XY )− E(XXT )a]

=E(Y − aTX)2 + E[(aT − bT )X]2

≥E(Y − aTX)2.

¤±, aTX´Y��Z�5ýÿ. |^(1.5)��

E[Y − L(Y |X)]2 = E(Y − aTX)2

=EY 2 + aTE(XXT )a− 2aTE(XY )

=EY 2 + aTΓa− 2aTΓa

=EY 2 − aTΓa.

• 5¿µa´ýÿ�§�)�du

E((Y − aT )X) = ΣXY − Γa = 0

=Y − aTX�X��"

• 5�`²Y − aTX�X��KaTX = L(Y |X)"
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5�2

• 5�2.

1. XJΓ = E(XXT )�_, Ka = Γ−1E(XY ) ¦�L(Y |X) = aTX"

2. ýÿ�§Γa = E(XY )ok).

3. XJdet(Γ) = 0§���Ý
A¦�

AΓAT = diag(λ1, λ2, · · · , λr, 0, . . . , 0), λj > 0, j = 1, . . . , r.

½ÂZ = AX = (Z1, Z2, . . . , Zn)T = (Z1, Z2, . . . , Zr, 0, . . . , 0)T Úξ =

(Z1, Z2, · · · , Zr)T ,KE(ξξT )�½, ¿���

α = [E(ξξT )]−1E(ξY ) (1.7)

�,L(Y |X) = L(Y |ξ) = αT ξ.

• 5�2�1�^`²�Z�5ýÿo�3§�o�±dýÿ�§�)L

«"

• 5�2�1n^`²�1�^Ø¤á�§L(Y |X)�±ÏLX �ÄL«"

y²: =Iy²det(Γ) = 0�1nÚ1�^¤á"

E(ZZT ) =E(AXXTAT ) = AΓAT

=diag(λ1, λ2, . . . , λr, 0, . . . , 0)

�Zr+1 = · · · = Zn = 0"�E(ξξT ) = diag(λ1, . . . , λr)´�½
"�αU(1.7)½

Â�,k 
λ1 · · · 0

. . .

0 · · · λr

α = E(ξY ).

5¿AΓAT�λ1, . . . , λr�'X§�±�Ñ

AΓAT

(
α

0

)
=diag(λ1, . . . , λr, 0, . . . , 0)

(
α

0

)

=

(
E(ξY )

0

)
= E

((
ξ

0

)
Y

)
=E(ZY ) = E(AXY ) = AE(XY ) = AΣXY
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ü>Ó¦±AT , Pa = AT

(
α

0

)
k

Γa = ΣXY

d5�1�

L(Y |X) = aTX = (αT , 0, . . . , 0)AX = αT ξ

ù3y²
1n^�Ó��y²
1�^"

5�3

• 5�3. ¦+adΓa = E(XY )û½��±Ø��,�L(Y |X)o´(a.s.)�

��.

• y²: ýÿ�§ok)§�a�ýÿ�§���)§Kd5�1é∀b ∈
Rnk

E(Y − bTX)2 = E(Y − aTX)2 + E((a− b)TX)2

e�kb¦�L(Y |X) = bTXKE(Y −bTX)2 = E(Y −aTX)2§u´E((a−
b)TX)2 = 0, =bTX = aTX§a.s.

5�4

• 5�4.

1. XJE(XY ) = 0,KL(Y |X) = 0.

2. XJY =
∑m
j=1 bjXj ,KL(Y |X) = Y.

• ù´�5ýÿ�ü�4àµÏCþÚgCþØ�'��5ýÿÃ�¶Ï
Cþ�gCþ�5|Ü��±���5ýÿ"

• y²µ

1. ∀b

E(Y − bTX)2 =EY 2 + bTΓb− 2bTE(XY )

=EY 2 + bTΓb ≥ EY 2 = E(Y − 0)2

¤±L(Y |X) = 0"

2. ù�Y = bTX, E(Y − bX)2 = 0§¤±L(Y |X) = bTX = Y"
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5�5

• �Y1, Y2, · · · , Ym´�ÅCþ, bj´~ê. XJY =
∑m
i=1 biYi, K

L(Y |X) =

m∑
j=1

bjL(Yj |X).

• 5�5`²¦�Z�5ýÿ�$�L(·|X)´�«�5$�.

• y²: �ai�Γai = E(XYi)�)(i = 1, 2, . . . ,m)§KL(Yi|X) = aTi X"

�a =
∑m
i=1 biai§K

Γa =Γ

(
m∑
i=1

biai

)
=

m∑
i=1

bi(Γai) =

m∑
i=1

biE(XYi)

=E

(
X

m∑
i=1

biYi

)
= E(XY )

d5�1=�

L(Y |X) =aTX =

m∑
i=1

bia
T
i X =

m∑
i=1

biL(Yi|X)

5�6

• 5�6. �X = (X1, X2, · · · , Xn)T , Z = (Z1, Z2, · · · , Zm)T . XJE(XZT ) =

0(X�ZØ�'), Kk

L(Y |X,Z) = L(Y |X) + L(Y |Z).

• y²: Pξ =

(
X

Z

)
§PΣXX = E(XXT ), ΣZZ = E(ZZT ), K

Σ
4
=E(ξξT ) =

(
ΣXX 0

0 ΣZZ

)
�a, b¦�ΣXXa = E(XY ), ΣZZb = E(ZY ),KL(Y |X) = aTX§L(Y |Z) =

bTX, �c =

(
a

b

)
§K

Σc =

(
ΣXXa

ΣZZb

)
=

(
E(XY )

E(ZY )

)

=E

((
X

Z

)
Y

)
= E(ξY )

d5�1

L(Y |X,Z) =L(Y |ξ) = cT ξ

=aTX + bTZ = L(Y |X) + L(Y |Z)
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5�7

• 5�7 �Ỹ = bTX´X��5|Ü, KỸ = L(Y |X)�¿©7�^�´

E(Xj(Y − Ỹ )) = 0, 1 ≤ j ≤ n. (1.8)

=

E(X(Y − bTX)) = 0

• L(Y |X)�±w¤Y3XÜ¤��mþ�ÝK§d5�=ÝKA÷v�5

�"

• 5¿

E(X(Y − bTX)) =E(XY )− Γb.

=í��gCþ���duXêb÷výÿ�§"

• y²:

– 7�5: �Ỹ�L(Y |X)§d5�2��3a÷výÿ�§§d5�1Ú

5�3�L(Y |X) = aTX = bTX"ü>m¦±XT�Ï"�

aTΓ = bTΓ

5¿Γa = E(XY )¤±dþª�Γb = E(XY ), =^�¤á"

– ¿©5: ^�¤á�b´ýÿ�§�)§d5�1=�Ỹ = bTX´�

Z�5ýÿ"

5�8

• 5�8. XJ

Ŷ =L(Y |X1, X2, · · · , Xn),

Ỹ =L(Y |X1, X2, · · · , Xn−1),

Kk

L(Ŷ |X1, X2, · · · , Xn−1) = Ỹ ,

¿�k

E(Y − Ŷ )2 ≤ E(Y − Ỹ )2. (1.9)

• (1.9)L²3�����¿Âe, Ŷ 'Ỹ �Ð. ù´duX1, X2, · · · , Xn¥

�¹�&E'X1, X2, · · · , Xn−1¥�¹�&Eõ��Ï.



116 1ÊÙ �mS��ý�

• y² Y0
4
= L(Ŷ |X1, X2, . . . , Xn−1) ´X1, X2, . . . , Xn−1��5|Ü, |

^Y − Ŷ , Ŷ − Y0ÑÚX1, . . . , Xn−1��, ��

Y − Y0 = (Y − Ŷ ) + (Ŷ − Y0)

ÚX1, . . . , Xn−1��. |^5�7=�Y0 = L(Y |X1, . . . , Xn−1) = Ỹ .

• Ŷ´X1, . . . , XnéY��Z�5ýÿỸ´X1, . . . , XnéY����5|Ü

¤±k(1.9)¤á"

• ù�5�¢S´ÝK�5�"

5�9

• 5�9.(�"þ���Z�5ýÿ�¿Â) XJEY = b, EX = µ, U½

ÂL(Y |X) = b+ L(Y − b|X − µ)"̄ ¢þé?Ûc0 ∈ R, c ∈ Rn,

E[Y − L(Y |X)]2 ≤ E[Y − (c0 + cTX)]2. (1.10)

• y² �L(Y |X) = b+ aT (X − µ), K

E
{
Y − c0 − cTX

}2
=E

{
Y − b− aT (X − µ) + b+ aT (X − µ)

−
[
c0 + cTµ+ cT (X − µ)

]}2
=E

{
[Y − b− aT (X − µ)] + (b− c0 − cTµ) + (a− c)T (X − µ)

}2
=E[Y − b− aT (X − µ)]2 + (b− c0 − cTµ)2 + (a− c)TΓ(a− c)

≥E[Y − b− aT (X − µ)]2 = E[Y − L(Y |X)]2

5�10

• 5�10. �X ÚY ©O´mÚn��þ, XJk¢Ý
A, B¦�X =

AY , Y = BX, KL(Z|X) = L(Z|Y ).

• XJXÚYUp��5L«KÙý�ZU���e.´�Ó�§ý�´
���"

• y²�SK"

ýÿO�~f

• �®�ARMA(4,2)�ëê"*ÿ�xn = (x1, . . . , xn)T§n = 14"

• ^xnýÿxn+k, k = 1, 2, . . . ,m, m = 7"
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• ýÿ�§¥Γ�²S��Γn"

• ýÿ�§¥ΣXY�Y = Xn+k��

gk = E(XnXn+k) = (γn+k−1, γn+k−2, . . . , γk)T

• �Z�5ýÿ�

X̂n+k
4
= L(Xn+k|Xn) = (Γ−1n gk)TXn = gTk Γ−1n Xn

• ýÿ���

σ2(k) = γ0 − (Γ−1n gk)TΓn(Γ−1n gk) = γ0 − gTk Γ−1n gk

• �{Xt}���²�§KXn+k − X̂n+k��k��5|Ü�´��©Ù

�"Xn+k − X̂n+k ∼ N(0, σ2(k)),

• �±�EXn+k��&«mµ

Pr(|Xn+k − X̂n+k|/σ(k) ≤ 1.96) = 0.95, k = 1, 2, . . . ,m

• �ü«"

• éý¢êâI�^x1, x2, . . . , xN�Oγ̂k,,�^-xn = (xN−n+1, xN−n+2, . . . , xN )T ,

^xný�XN+k, k = 1, 2, . . ."

• êâk~�þ�2�O¿ýÿ§ýÿ��rþ�\£�"

§5.1.2 Hilbert�m¥�ÝK

Hilbert�m¥�ÝK

• e¡`²�Z�5ýÿ¢Sþ´Hilbert �m¥�ÝK.

• ^L2L«�N��k���ÅCþ�¤�Hilbert �m(ë�§1.6).

• �H´L2�4f�m, YáuL2. �±y²H¥�3���Ŷ¦�

E(Y − Ŷ )2 = inf
ξ∈H

E(Y − ξ)2 (1.11)

• ½Â1.3 XJH´L2�4f�m, Y ∈ L2, Ŷ ∈ H¦�(1.11)¤á, K

¡Ŷ´Y3Hþ�ÝK. P�PH(Y ), ¿�¡PH´ÝK�f.

• ½Â1.4 �Y ∈ L2, XJéH¥�?Ûξ, E(Y ξ) = 0, K¡Y R�uH.
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ÝK�3���y²

• �Yn ∈ H¦

d = inf
ξ∈H

E(Y − ξ)2 = lim
n→∞

E(Y − Yn)2

K(Yn + Ym)/2 ∈ H, ¿��n,m→∞

•

E(Yn − Ym)2

=E[(Yn − Y )− (Ym − Y )]2

+ E[(Yn − Y ) + (Ym − Y )]2

− E[(Yn + Ym)− 2Y ]2

=2E(Yn − Y )2 + 2E(Ym − Y )2 − 4E[(Yn + Ym)/2− Y ]2

≤2E(Yn − Y )2 + 2E(Ym − Y )2 − 4d

→2d+ 2d− 4d = 0. (1.12)

• u´, {Yn}´H ¥�Ä��, lkŶ ∈ H ¦�Ynþ�Âñ�Ŷ .

• dSÈ�ëY5��

E(Y − Ŷ )2 = lim
n→∞

E(Y − Yn)2 = d.

u´, Ŷ÷v(1.11).

• XJqkξ̂ ∈ H �¦�(1.11)¤á, �ì(1.12)�í���

E(Ŷ − ξ̂)2

=E[(Ŷ − Y )− (ξ̂ − Y )]2

+ E[(Ŷ − Y ) + (ξ̂ − Y )]2 − E[(Ŷ + ξ̂)− 2Y ]2

=2E(Ŷ − Y )2 + 2E(ξ̂ − Y )2 − 4E[(Ŷ + ξ̂)/2− Y ]2

≤2d+ 2d− 4d = 0.

¤±ξ̂ = Ŷ , a.s..

ÝK�R�5(��5)

• ½n1.1 �Y ∈ L2, Ŷ ∈ H, KŶ = PH(Y )�¿©7�^�´(Y − Ŷ )R

�uH.
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• y² ky7�5. �Ŷ = PH(Y ). é∀ξ ∈ H, ·�y²

a
4
= E[(Y − Ŷ )ξ] = 0.

Ã��Eξ2 = 1, ù�

d
4
=E(Y − Ŷ )2 ≤ E(Y − Ŷ − aξ)2

=E(Y − Ŷ )2 + E(aξ)2 − 2aE[(Y − Ŷ )ξ]

=d+ a2 − 2a2 = d− a2

dd��a = 0.

• 5y²¿©5"eŶ ∈ H¦Y − Ŷ ⊥ H§Ké∀ξ ∈ Hk

•

E(Y − ξ)2 = E(Y − Ŷ + Ŷ − ξ)2

=E(Y − Ŷ )2 + E(Ŷ − ξ)2 + 2E[(Y − Ŷ )(Ŷ − ξ)]

=E(Y − Ŷ )2 + E(Ŷ − ξ)2

≥E(Y − Ŷ )2

• =Ŷ = PH(Y )"

�Z�5ý��ÝK��d5

• ^L2(X)L«X = (X1, X2, · · · , Xn)T ���Ú~ê1)¤�Hilbert�m.

§´X1, X2, .., XnÚ~ê1��5|Ü��N(ë�11 Ù, SK6.5).

• �µ = (µ1, µ2, · · · , µn)T = EX.

• é?Û��k���ÅCþY , �EY = b, Ŷ = L(Y |X) d(1.3)ª½Â.

Kk

Y − Ŷ = (Y − b)− L(Y − b|X − µ).

• |^5�7 ��

E[1 · (Y − Ŷ )] = E(Y − b)− EL(Y − b|X − µ) = 0,

E[Xi(Y − Ŷ )] = E[(Xi − µi)(Y − Ŷ )] + µiE(Y − Ŷ ) = 0.

=��(Y − Ŷ )R�uH
4
= L2(X).

• d½n1.1��

L(Y |X) = PH(Y ).
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• Äuþã�Ï, �H´{Xj : j ∈ T}Ú~ê1)¤�Hilbert�m, ·��^

L(Y |1, Xj , j ∈ T ) ½ L(Y |H)

L«PH(Y ), ùpT´������I8.

• e¡P‖ξ‖ =
√

Eξ2, ∀ξ ∈ L2"‖ξ‖´ξ��Ý"

ÝK�f�5�

½n1.2 �H, M´L2�4f�m, X,Y ∈ L2, a, b´~ê.

1. L(aX + bY |H) = aL(X|H) + bL(Y |H),

2. ‖Y ‖2 = ‖L(Y |H)‖2 + ‖Y − L(Y |H)‖2,

3. ‖L(Y |H)‖ ≤ ‖Y ‖,

4. Y ∈ H �¿©7�^�´L(Y |H) = Y ,

5. YR�uH�¿©7�^�´L(Y |H) = 0,

6. XJH´M�f�m, KPHPM = PMPH = PH , ¿�éY ∈ L2,

‖Y − L(Y |M)‖ ≤ ‖Y − L(Y |H)‖.

½n1.2y²

• (1) �Z = aL(X|H) + bL(Y |H)KZ ∈ H"d

(aX + bY )− Z = a[X − L(X|H)] + b[Y − L(Y |H)]

wÑ(aX + bY )− Z ⊥ H"¤±

L(aX + bY |H) = Z = aL(X|H) + bL(Y |H)

ù`²ÝK´�5�f"

• (2) duL(Y |H) ∈ HY − L(Y |H) ⊥ H¤±

‖Y ‖2 =E[(Y − L(Y |H)) + L(Y |H)]2

=E[Y − L(Y |H)]2 + E[L(Y |H)]2

+ 2E[(Y − L(Y |H))L(Y |H)]

=E[Y − L(Y |H)]2 + E[L(Y |H)]2

=‖Y − L(Y |H)‖2 + ‖L(Y |H)‖2

• (3) d(2)����"
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• (4) 7�5µY ∈ H��L(Y |H) = Y��þ�Ø��0"

¿©5: eL(Y |H) = YKduÝK7LáuH¤±Y ∈ H"

• (5) 7�5: eY ⊥ HK0 ∈ H,Y − 0 ⊥ H ¤±L(Y |H) = 0"

¿©5: eL(Y |H) = 0KdY − L(Y |H) ⊥ H�Y ⊥ H"

• (6) ∀Y ∈ L2§�ξ = PM (Y ), η = PH(Y )§5yPH(ξ) = η"¯¢þ§η ∈
H�

ξ − η = (Y − η)− (Y − ξ)

Ù¥Y − ηÚY − ξÑ�HR�§¤±PH(ξ) = η§=PHPM = PH",	,

H ⊆M¤±η ∈M§PM (η) = η§=PMPH = PH"

dPH(Y ) ∈MÚPM (Y )�½Âêþ��

‖Y − PH(Y )‖2 ≥ ‖Y − PM (Y )‖2

§5.1.3 �Zýÿ

�Zýÿ

• �Z�5ýÿ�^
gCþ��5¼ê��ÄÙ¦¼ê"

• �

M = s̄p{g(X) : Eg2(X) <∞, g(·)´�ÿ¼ê} (1.14)

• �Ä^M¥���%CY"

• ½Â1.5 �Md(1.14)½Â. ^X = (X1, X2, . . . , Xn)TéY?1ýÿ�,

¡

L(Y |M)
4
= PM (Y ) (1.15)

�Y��Zýÿ.

• �ZýÿL(Y |M)¢Sþ´VÇØ¥�^�êÆÏ"E(Y |X).

• L2(X)´M�f�m§d½n1.2�(6)�

‖Y − L(Y |M)‖ ≤ ‖Y − L(Y |X)‖

3ýÿþ�Ø����¿Âe�Zýÿ'�Z�5ýÿÐ"

• �´duM�'L2(X)E,éõ, ¢SO��Zýÿ  'O��Z�

5ýÿ(J�õ.

• éu��S�5ù, �ZýÿÚ�Z�5ýÿ´���.



122 1ÊÙ �mS��ý�

��©Ù��Z�5ýÿ��Zýÿ��d5

• ½n1.3 XJ(X1, X2, . . . , Xn, Y )T ÑléÜ��©ÙN(µ,Σ), Md(1.14)½

Â, K

L(Y |M) = L(Y |X1, X2, · · · , Xn). (1.16)

• y² �Ŷ = L(Y |X1, X2, . . . , Xn),K(Y −Ŷ )�X��. duE(Y −Ŷ ) =

0, ¤±Y − Ŷ�XØ�'.d��©Ù�5���, Y − Ŷ�XÕá, l

ÚM¥�?Û�ÅCþÕá. é?Ûξ ∈ M , E[ξ(Y − Ŷ )] = (Eξ)E(Y −
Ŷ ) = 0, =Y − ŶR�uM . lŶ ∈M Ú½n1.1 ��(1.16)¤á.

~f

• ~1.2 ��ÅCþε, ηÕá, ÑÑlIO��©ÙN(0, 1),

• KEη4 = 3.

• �X = η, Y = (3ε2 − η2)η.

• KEX = EY = 0, E(XY ) = E(3ε2η2 − η4) = 0. lL(Y |X) = 0.

• O�

E(Y |X) =E(3ε2η − η3|η)

=3η − η3 = 3X −X3

• N´�yY − (3η − η3) = 3(ε2 − 1)ηR�u

M = s̄p
{
g(X) : Eg2(X) <∞, g(x) ´�ÿ¼ê

}
.

• u´, l3η − η3 ∈M ��: L(Y |M) = 3X −X3.
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§5.2 �û½5²S�9ÙWoldL«

§5.2.1 �û½5²S�

�û½5²S�—0�

• é²S�, �Ä^¤k�{¤{Xt, t ≤ n}éXn+1?1�Z�5ýÿ.

• �ýÿØ�´"�, Xn+1�&E��¹3{¤]�¥. ù��²S�

�¡�û½5�.

• ��S�: ^{Xs : s 6= t}ý�XtØ�Ø�""û½5S�Ø´��S

�"

• ¢S¯K¥, û½5²S�£ã¯Ô�uÐvk#�&EÑy.

• ¢S¯K¥, û½5²S�£ã¯Ô�uÐvk#�&EÑy.

• XJ^{Xt, t ≤ n}ýÿXn+1�Ø�Ø´",`²Xn+1�&EØUd{¤

]���5|Ü9Ù4���(½, ·�¡ù«�mS�´�û½5�.

• �û½5²S�£ã¯Ô�uÐo��#�&EÑy.

• ��S��½´�û½5�"

• ²S��Wold½nL«w�·�, �û½5²S�o´�±©)¤

xD(�ü>wÄÚ\þ��û½5²S�.

• lA^��Ýù, �û½5²S�o´xD(�ü>wÄÚ\þ��

lÑÌS�.

�Z�5ýÿþ�Ø��4�

• �{Xn : n ∈ Z}´"þ�²S�. P

Xn,m = (Xn, Xn−1, · · · , Xn+1−m)T ,

ùpnL«�þ�1���I, mL«�þ��ê.

• ½Â
X̂n+1,m = L(Xn+1|Xn,m).

• l�Z�5ýÿ�5�8��σ2
1,m = E(Xn+1− X̂n+1,m)2 ´m�üN~

¼ê,u´½Â

σ2
1
4
= lim
m→∞

σ2
1,m <∞.

• ½n2.1 σ2
1
4
= limm→∞ σ2

1,m�nÃ'.
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• y² �a = (a1, a2, . . . , am)T ´ýÿ�§(1.5)�), KaÚnÃ'. du

Yn
4
= Xn+1 −

m∑
j=1

ajXn+1−j = Xn+1 − X̂n+1,m, n ∈ Z, (2.1)

´²S�,¤±σ2
1,m = EY 2

n = EY 2
0�nÃ'.��σ2

1 = limm→∞ σ2
1,m�nÃ

'.

û½5��û½5

• é¿©��m, L(Xn+1|Xn,m)L«^¿©õ�{¤é�5Xn+1?1ýÿ.

• σ2
1,mL«�´ýÿ�þ�Ø�.

• �m → ∞�, σ2
1,m → 0 `²Xn+1 �±d¤k{¤Xn, Xn−1, . . .?1�

�ýÿ.

• �σ2
1 > 0`²Xn+1Ø�±d¤k{¤Xn, Xn−1, . . .��5|Ü±94�

?1��ýÿ.

• ½Â2.1 �{Xt}´"þ�²S�.

1. XJσ2
1 = 0,¡{Xt}´û½5²S�;

2. XJσ2
1 > 0, ¡{Xt}´�û½5²S�, ¿�¡σ2

1 = limm→∞ σ2
1,m

�{Xt}��Ú(�5)ýÿ�þ�Ø�.

�"þ��¹

• éu²S�{Xt},XJEXt = µ,Ú\{Zt} = {Xt−µ}Úm��þµm =

(µ, . . . , µ)T .

• Uì�Z�5ýÿ�½Â1.2,

X̂n+1,m =µ+ L(Xn+1 − µ|Xn,m − µm)

=µ+ L(Zn+1|Zn,m) = µ+ Ẑn+1,m.

• u´
E(Zn+1 − Ẑn+1,m)2 = E(Xn+1 − X̂n+1,m)2.

=éXý��þ�Ø��ué¥%z���Zý��þ�Ø�"

• Ï,��=�{Xt−µ}´û½5²S��,¡{Xt}´û½5²S�.

u´±��I�?Ø"þ��²S�.
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~2.1 ����5ýÿ

• �²�{Xt}�n+ 1�g���
Γn+1òz§|Γn| > 0"

• KX1, X2, · · · , Xn+1�5�',

• ¤±Xn+1�±dXn, Xn−1, . . . , X1�5L«.

• u´, L(Xn+1|Xn, . . . , X1) = Xn+1.

• �m ≥ n�,

L(Xn+1|Xn, . . . , Xn−m+1) = Xn+1,

• =kσ2
1,m = 0, {Xt}´û½5²�"

• �{ü�û½5²�´Xt ≡ ξ, ξ��ÅCþ"

~2.2 lÑÌS�

• �"þ��ÅCþξj , ηk (j, k = 1, 2, . . . , p) üü��, ÷v

E(ξ2j ) = E(η2j ) = σ2
j , j = 1, 2, . . . (2.2)

• é(½�j, ½Â{ülÑÌS�

Zj(t) = ξj cos(tλj) + ηj sin(tλj), t ∈ Z. (2.3)

• �±y²{Zj(t)}´²S�"

• ¯¢þ§́ �EZj(t) ≡ 0"

E[Xj(t)Xj(s)] =Eξ2j cos(λjt) cos(λjs) + Eη2j sin(λjt) sin(λjs)

=σ2
j cos((t− s)λj)

��6ut− s"

• {Zj(t)}�z�g¢y´±Ï¼ê, d§2.3�½n3.7 ��{Zj(t)}�3�g

���Ý
´òz�,

• Ïd(2.3)´����5ýÿ�§Xn�±�Xn−1, Xn−2���5ýÿ§́

û½5S�"

• ¯¢þN´y²

Zj(t) = (2 cosλ)Zj(t− 1)− Zj(t− 2)
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• ½ÂlÑÌS�

Zt =

p∑
j=1

Zj(t), t ∈ Z. (2.4)

ù´p�{ülÑÌS��U\.

• d§2.3�½n3.7��d(2.4)½Â�lÑÌS��´û½5�. Xn�±

�Xn−1, Xn−2, . . . , Xn−2p���5ýÿ"

X�û½5

• û½5��û½5�ûu�Ú�5ý�Ø�´Ä�""

• é�û½5S�§̂ {Xs, s ≤ n}ý�Xn+k�Ø�¬�kO�O�"

• P

σ2
k,m =E[Xn+k − L(Xn+k|Xn, Xn−1, . . . , Xn−m+1)]2

Kσk,m�´m�üN4~¼ê§�nÃ'"�½Â

σ2
k = lim

m→∞
σ2
k,m

• σ2
k,m´k�üN4O¼ê§lσ

2
k´üN4O�µ

σ2
k = lim

m→∞
E(Xn+k − L(Xn+k|Xn, Xn−1, . . . , Xn−m))2

= lim
m→∞

E[Xn+k−1 − L(Xn+k−1|Xn−1, Xn−2, . . . , Xn−1−m)]2

≥ lim
m→∞

E[Xn+k−1 − L(Xn+k−1|Xn, Xn−1, . . . , Xn−m−1)]2

=σ2
k−1. (2.6)

• d�Z�5ýÿ½Â�

σ2
k,m =E[Xn+k − L(Xn+k|Xn, Xn−1, . . . , Xn−m+1)]2

≤E[Xn+k − 0]2 = γ0

¤±σ2
k ≤ γ0"

• k →∞�XJσ2
k → γ0 K�Z�5ýÿ�^²þ�0ýÿ�J�Ó§vk

�^"

• ½Â2.2 �{Xt}´�û½5�²S�. XJlimk→∞ σ2
k = γ0,K¡{Xt}´X

�û½5�.
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• X�û½5�²�ØU��Ïý�"�áPÁk'"

• �û½5�Ø´X�û½5�²���Ïý�´k¿Â�; �,§û

½5S��±°(/�Ïý�"

• éX�û½5�²S�, kXe�(J:

lim
k→∞

lim
m→∞

E[L(Xn+k|Xn, Xn−1, . . . , Xn−m+1)]2 = 0. (2.7)

• ¢Sþ, PX̂n+k,m = L(Xn+k|Xn, Xn−1, . . . , Xn−m+1). dÝK���5

�

σ2
k,m = E(Xn+k − X̂n+k,m)2 = EX2

n+k − EX̂2
n+k,m.

u´��

lim
k→∞

lim
m→∞

EX̂2
n+k,m = lim

k→∞
lim
m→∞

(γ0 − σ2
k,m) = γ0 − γ0 = 0. (2.8)

• l(2.7)��wÑ, éuX�û½5�²S���Ï½��Ïýÿ´Ø

Ü·�.

§5.2.2 WoldL«½n

�54���d½Â

• Ún2.2 �A�Hilbert�mH�f8§PLA�A�¤kk��5|Ü�

¤�f8§PHA��¹A����4f�m(¡�dA)¤�4f�m)"

K∀ξ ∈ HA§7�3ξn ∈ LA, n = 1, 2, . . . ¦�

‖ξn − ξ‖ → 0, n→∞.

• y²: ´�LA�H�f�5�m§HA�H�fHilbert�m§LA ⊂ HA"

PL̄A�LA9LA¥���4��¤�8Ü§ÏLA ⊂ HA9HA´48�

�L̄A ⊂ HA"

,��¡§�±y²L̄A´4f�m§dHA�½Â9A ⊂ LA�HA ⊂
L̄A"

�5ýÿ�4�

• PHn�Xn, Xn−1, . . .)¤�4f�m"

• L(Xn+k|Xn, Xn−1, . . . , Xn−m+1)�m→∞��L(Xn+k|Hn)(½n2.4)"

• ½n2.3 �Y ∈ L2, ξ ∈ Hn, Kξ = L(Y |Hn)�¿©7�^�´

Y − ξ ⊥ Xj , j = n, n− 1, n− 2, . . . (*)
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• y²:

– 7�5: d½n1.1��Y − ξ ⊥ Hn¤±k(*)"

– ¿©5: PA = {Xn, Xn−1, . . . }§Kd(*)��Y −ξ ⊥ LA"dÚn2.2,

éη ∈ Hnkηm ∈ LA¦ηm → η§dSÈ�ëY5��

E((Y − ξ)η) = lim
m→∞

E((Y − ξ)ηm) = 0

=Y − ξ ⊥ Hn§d½n1.1=�ξ = L(Xn+k|Hn)"

Ã¡�{¤�5ý��¿Â

• Hn�{Xs, s ≤ n}¤Ü¤�fHilbert�m§L(Xn+k|Hn)´��ÝK"e¡

�½n`²ù�ÝK´k¡��Z�5ýÿ�4�"

• ½n2.4 �Xn,m = (Xn, Xn−1, . . . , Xn−m+1)T , �m→∞�

L(Y |Xn,m)
m.s.−→ Ŷ

4
= L(Y |Hn) (2.11)

½n2.4y²

• y²: PŶm = L(Y |Xn,m)"ky²{Ŷm}´Hn¥Ä��"w,Ŷm ∈ Hn§

��m→∞�

η2m
4
= E(Y − Ŷm)2 → η2 (5¿üN5)

• ém, k →∞§5¿Ŷm, Ŷm+kÑÚY − Ŷm+k��§�

‖Ŷm − Ŷm+k‖2 = ‖Ŷm − Y + Y − Ŷm+k‖2

=‖Ŷm − Y ‖2 + ‖Y − Ŷm+k‖2 + 2〈Ŷm − Y, Y − Ŷm+k〉

=η2m + η2m+k − 2〈Y, Y − Ŷm+k〉

=η2m + η2m+k − 2〈Y − Ŷm+k, Y − Ŷm+k〉

=η2m + η2m+k − 2η2m+k → 0

• Ïd{Ŷm}´Hn�Ä��§3Hn¥�3��4�ξ"

• dSÈ�ëY5, é?ÛXs, s ≤ nk

〈Xs, Y − ξ〉 = lim
m→∞

〈Xs, Y − L(Y |Xn,m)〉 = 0

• d½n2.3��ξ = L(Y |Hn)"
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�Z�5ý����

• dSÈëY5§

σ2
1
4
= lim
m→∞

‖Xn+1 − L(Xn+1|Xn,m)‖2

=‖Xn+1 − L(Xn+1|Hn)‖2 = ‖X1 − L(X1|H0)‖2

• σ2
1 = 0↔ X1 = L(X1|H0)§d½n1.2�(4)§σ2

1 = 0↔ X1 ∈ H0"

• aq/§

σ2
k
4
= lim
m→∞

‖Xn+k − L(Xn+k|Xn,m)‖2

=‖Xn+k − L(Xn+k|Hn)‖2 = ‖Xk − L(Xk|H0)‖2

• ½n2.5 �{Xt}´"þ�²�§

1. {Xt}´û½5S���=�é,�nk

Xn+1 ∈ Hn; (2.14)

¿�XJ(2.14)é,�n¤áKé¤kn¤á§ù�Hn = Hn−1,∀n ∈
Z"

2. {Xt}´X�û½5���=�é,�n§k

σ2
k = ‖Xn+k − L(Xn+k|Hn)‖2 → γ0, k →∞ (2.15)

¿�XJ(2.15)é,�n¤áKé¤kn¤á"

WoldL«½n

• ½n2.6(WoldL«½n): ?��û½5�"þ�²��±L«¤

Xt =

∞∑
j=0

ajεt−j + Vt, t ∈ Z (2.16)

Ù¥

– (1) εt = Xt − L(Xt|Xt−1, Xt−2, . . . ) ´"þ�xD(§÷v

Eε2t = σ2 > 0, a0 = 1

aj = 〈Xt, εt/σ〉 = E(Xtεt−j)/σ
2,

∞∑
j=0

a2j <∞



130 1ÊÙ �mS��ý�

• – (2) {Ut =
∑∞
j=0 ajεt−j , t ∈ Z} ´�{Vt}���²�¶

– (3) ½ÂHε(t) = s̄p{εs : s ≤ t}, HU (t) = s̄p{Us : s ≤ t}, K∀t

HU (t) = Hε(t)

– (4) {Ut}´X�û½5�²S�§kÌ�Ý

f(λ) =
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

aje
ijλ

∣∣∣∣∣∣
2

– (5) {Vt}´û½5�²S�"é?Ût ∈ Z§k ∈ N§Vt ∈ Ht−k"

WoldL«½n�¿Â

• ½Â2.3 3WoldL«½n¥

– (1) ¡(2.16)´{Xt}�WoldL«¶

– (2)¡{Ut}´{Xt}�X�û½5Ü©§¡{Vt}´{Xt}�û½5Ü©¶

– (3) ¡{aj}´{Xt}�WoldXê¶

– (4) ¡�ÚýÿØ�εt = Xt − L(Xt|Xt−1, Xt−2, . . . ) �{Xt}�#E
S�;

– (5) ¡σ2 = Eε2t��Ú(�5)ýÿ�þ�Ø�"

• ùp#E�¿g´��ØU�{¤�5ýÿ"

• dWold½n��?ÛX�û½5²S��±L��#E�ü>wÄ

Ú"

• ¯¢þ§?ÛxD(�ü>wÄÚ(Xê²��Ú)�½´X�û½5�§

�Ù¥�xD(Ø�½TÐ´#E"

ARMAS��WoldL«

• ~2.3 �{Xt}´ARMA(p, q)S�§�.�§�

A(B)Xt = B(B)εt, t ∈ Z,

• �A−1(z)B(z)kTaylorÐmª

Ψ(z) = A−1(z)B(z) =

∞∑
j=0

ψjz
j , |z| ≤ 1
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• K

Xt =

∞∑
j=0

ψjεt−j , t ∈ Z. (2.19)

• e¡y²{Xt}´X�û½5�²S�§(2.19)´{Xt}�WoldL«§{εt}´{Xt}�
#ES�§{ψj}´{Xt}�WoldXê"

• ·��é'�N´��_ARMA��¹y²"d(2.19)wÑXt ∈ Hε(t),

|^�_5§εt = B−1(B)A(B)Xt ∈ Ht, ¤±Ht = Hε(t).

• u´

Xt − εt =

∞∑
j=1

ψjεt−j ∈ Hε(t− 1) = Ht−1

5yXt − εt = L(Xt|Ht−1)"��y²Xt − (Xt − εt) ⊥ Ht−1.

• ¯¢þ§duεt�εt−j , j ≥ 1����εt ⊥ Hε(t− 1) = Ht−1"�

Xt − εt =L(Xt|Ht−1)

εt = Xt − L(Xt|Ht−1)

={εt}´{Xt}�#E�§σ2 = Eε2t ´�Úýÿþ�Ø�§3(2.19)ü>Ó

¦±εt−j��Ï"§|^SÈ�ëY5��

ψj = 〈Xt, εt−j/σ〉

={ψj}´{Xt}�WoldXê�"

Wold½n�y²—I

• �εt = Xt − L(Xt|Ht−1), Hε(t) = s̄p{εs : s ≤ t}, ´�εt ∈ Ht§dHt�ü

N5��εt ∈ Hs,∀t < s§ÏdHε(t) ⊂ Ht"

• 5y²{εt}´xD("

• d½n2.4

L(Xt|Ht−1) = lim
m→∞

L(Xt|Xt−1, . . . , Xt−m) (L2)

= lim
m→∞

aTmX
T
t−1,m

Ù¥am´m�Y-WXê(ýÿ�§�))§Ø�6ut§
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• dSÈ�ëY5

Eε2t = lim
m→∞

‖Xt − L(Xt|Xt−1, . . . , Xt−m)‖2

= lim
m→∞

(γ0 − aTmΓmam) (�tÃ')

= lim
m→∞

σ2
1,m = σ2 > 0 (d�û½5½Â)

• és > t§εs ⊥ Hs−1 ⊃ Ht¤±εs ⊥ εt, s > t"=

{εt} ∼WN(0, σ2), σ2 > 0

Wold½n�y²—II

• ½ÂVt = Xt − L(Xt|Hε(t)), KVt ∈ Ht"5y²{εt}Ú{Vt}��"

• dÝK5�§Vt ⊥ Hε(t)§=Vt ⊥ εs, s ≤ t"

• �s > t�§5¿εs ⊥ Hs−1 ⊃ Ht§Vt ∈ Ht¤±εs ⊥ Vt, s > t"

• u´{εt}Ú{Vt}��"

Wold½n�y²—III

• 5y²{εt}Ú{Xt}²�'"

• �s > t�εs ⊥ Ht¤±〈εs, Xt〉 = 0, s > t"

• �s ≤ t�§d½n2.4§

L(Xt|Ht−1) = lim
m→∞

L(Xt|Xt−1,m) (L2)

= lim
m→∞

aTmXt−1,m

• dSÈ�ëY5, s ≤ t�

〈Xt, εs〉 = lim
m→∞

〈Xt, Xs − aTmXt−1,m〉

=γt−s − lim
m→∞

(am1γt−s+1 + · · ·+ ammγt−s+m)

��6ut− s"

• ¤±{εt}Ú{Xt}²�'"
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Wold½n�y²—IV

• dIII�y²§�±½Â

aj =〈Xt, εt−j〉/σ2 (j ≥ 0)

aj�tÃ'"�

a0 =〈Xt, εt〉/σ2

=〈εt + L(Xt|Ht−1), εt〉/σ2

=〈εt, εt〉/σ2 = 1

• -Ut = L(Xt|Hε(t)), KVt = Xt − L(Xt|Hε(t)) = Xt − Ut, Xt = Ut + Vt"

• 5y²

Ut =

∞∑
j=0

ajεt−j (*)

• ½ÂUt,n = L(Xt|εt, εt−1, . . . , εt−n). �Ut,n =
∑n
j=0 bjεt−j§K

• éj = 0, 1, . . . , n

σ2aj =〈Xt, εt−j〉 = 〈Ut,n + (Xt − Ut,n), εt−j〉

=〈Ut,n, εt−j〉 = σ2bj

=bj = aj§

Ut,n = L(Xt|εt, εt−1, . . . , εt−n) =

n∑
j=0

ajεt−j

• 5¿Ut,n´Xt�ÝK¤±‖Ut,n‖2 ≤ ‖Xt‖2 = γ0§¤±

‖Ut,n‖2 = σ2
n∑
j=0

a2j ≤ γ0 <∞

• �
∑∞
j=0 a

2
j <∞§

∑n
j=0 ajεt−jþ�Âñ�

∑∞
j=0 ajεt−j"

• d½n2.4�Ut,nþ�Âñ�Ut = L(Xt|Hε(t))§¤±

Ut =

∞∑
j=0

ajεt−j (*)

• {Ut}´�5²�§ÙÌ�Ýá=��((Ø(4)�1�Ü©)",	Vt =

Xt − Ut�´²�"

• du{εt}�{Vt}��¤±Vs ⊥ Hε(t),∀s, t ∈ Z§Ut ∈ Hε(t)¤±Vs ⊥ Ut,

{Vt}�{Ut}��"

• �d½n�(1)(2)®y²"
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Wold½n�y²—V

• 5y²1(3)^(Ø"½ÂHU (t) = s̄p{Us : s ≤ t},5y²HU (t) = Hε(t)"

• w,Ut ∈ Hε(t)¤±HU (t) ⊂ Hε(t)"��y²Hε(t) ⊂ HU (t)"

• 5¿εt ∈ Ht ⊂ s̄p{Us, Vs : s ≤ t},dÚn2.2§�3ξm ∈ L{Vt,Vt−1,...,Vt−m},

ηm ∈ L{Ut,Ut−1,...,Ut−m}, ¦

‖ξm + ηm − εt‖2 → 0

• �c¡®y²{Vt}�{εt}��§��{Ut}��§¤±

‖ξm + ηm − εt‖2

=‖ξm‖2 + ‖ηm − εt‖2

≥‖ηm − εt‖2

• -m→∞�‖ηm − εt‖2 → 0§dÚn2.2�εt ∈ HU (t)"

• ¤±Hε(t) ⊂ HU (t), Hε(t) = HU (t)"(Ø(3)y."

Wold½n�y²—VI

• 5y²{Ut}´X�û½5�((Ø(4))"

• |^½n1.2(4)(5)

L(Ut+k|HU (t)) = L(Ut+k|Hε(t))

=L

k−1∑
j=0

ajεt+k−j +
∞∑
j=k

ajεt+k−j |Hε(t)


=

∞∑
j=k

ajεt+k−j

• u´

‖Ut+k − L(Ut+k|HU (t))‖2 = ‖
k−1∑
j=0

ajεt+k−j‖2

=σ2
k−1∑
j=0

a2j → σ2
∞∑
j=0

= EU2
t

• U½Â��{Ut}�X�û½5�"

• 5¿µù�y²é��ü>�5S�Ø·^"
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Wold½n�y²—VII

• ®y²{Vt}²§5y²{Vt}´û½5�"̂ ½n2.5"

• 5¿εt−j ∈ Ht−j§

Vt =Xt − Ut = Xt − εt −
∞∑
j=1

ajεt−j

=L(Xt|Ht−1)−
∞∑
j=1

ajεt−j

• Ù¥L(Xt|Ht−1) ∈ Ht−1§
∑∞
j=1 ajεt−j ∈ Hε(t − 1) ⊂ Ht−1§¤±Vt ∈

Ht−1"

• 5¿Ht−1 ⊂ s̄p{Us, Vs : s ≤ t− 1}, dÚn2.2§�3ξm ∈ L{Vt−1,...,Vt−m},

ηm ∈ L{Ut−1,...,Ut−m}, ¦

‖ξm + ηm − Vt‖2 → 0

• ®y²{Vt}�{Ut}��¤±ηm�ξm − Vt��§u´

‖ξm + ηm − Vt‖2 = ‖ξm − Vt‖2 + ‖ηm‖2

≥‖ξm − Vt‖2

• �‖ξm − Vt‖2 → 0(m → ∞)§dÚn2.2�Vt ∈ HV (t − 1) = s̄p{Vs : s ≤
t− 1}"

• d½n2.5�{Vt}�û½5�§�HV (t) = HV (t − j), j ∈ Z§¤±Vt ∈
HV (t− j), t, j ∈ Z"

'u#E�?Ø

• εt = Xt − L(Xt|Ht−1)´XtJø�'Xt−1, Xt−2, . . .õ�&E(�5¿Â

e)"

• �±y²

Ht = s̄p(εt)⊕Ht−1

• ù�

Ht =
∞
⊕
j=0

s̄p(εt−j)⊕H−∞

Ù¥H−∞ = ∩
t
Ht"Vt ∈ H−∞"
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• ¯¢þ§�ªmýü����ÑáuHt§PH̃t = s̄p({εt} ∪ Ht−1), 5

yHt ⊂ H̃t"

• dÚn2.2��y²Xs ∈ H̃t, s ≤ t"�s < t�w,§éXt§Ï�

Xt = εt + L(Xt|Ht−1)

¤±Xt´{εt} ∪Ht−1¥����5|Ü"

• 25y²Ht = s̄p(εt)⊕Ht−1"

• ∀ξ ∈ Ht = H̃t, �ξ1 = L(ξ|εt), ξ2 = L(ξ|Ht−1), ξ3 = ξ − ξ1 − ξ2"

• dÚn2.2, �3αm ∈ RÚηm ∈ Ht−1¦

‖ξ − (αmεt + ηm)‖2 → 0, m→∞

• �

‖ξ − (αmεt + ηm)‖2

=‖ξ1 − αmεt‖2 + ‖ξ2 − ηm‖2 + ‖ξ3‖2

-m→∞=�ξ3 = 0§ξ = ξ1 + ξ2"y."

§5.2.3 Kolmogorovúª

õÚý��þ�Ø�

• �{Xt}´�û½5�²�§dWoldL«½n(5)§Vt+n ∈ Ht§¤±^Ã

¡�{¤?1��Z�5ýÿ�

L(Xt+n|Ht) =L(Ut+n|Ht) + L(Vt+n|Ht)

=L(

∞∑
j=0

ajεt+n−j |Ht) + Vt+n

=

∞∑
j=n

ajεt+n−j + Vt+n (2.20)

• ¡L(Xt+n|Ht)´Xt+n�nÚý�§dWold©)úª�ý�Ø��

Xt+n − L(Xt+n|Ht) =

n−1∑
j=0

ajεt+n−j (2.21)

• ý��þ�Ø��

σ2(n) = σ2
n−1∑
j=0

a2j (2.22)

• n→∞�σ2(n)→ EU2
t .
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Kolmogorovúª

• ½n2.7 (Kolmogorovúª[7]) �{Ut}´�û½5²S�{Xt}�X�
û½5Ü©, f(λ)´{Ut}�Ì�Ý. Kk

σ2 = E[Xt − L(Xt|Ht−1)]2 = 2π exp

(
1

2π

∫ π

−π
ln f(λ)dλ

)
. (2.24)

• úª(2.24)�y²I��õ)Û¼ê��£.

• �{Ut}´xD(�, úª(2.24)²w´¤á�.

• lKolmogorovúª(2.24)w�, XJ{Xt}´�û½5�, K§�X�û½

5Ü©�Ì�Ýf(λ)7´ln�È�, =∫ π

−π
ln f(λ)dλ > −∞. (2.25)

§5.2.4 �ZýÿÚ�Z�5ýÿ���^�

�Zýÿ

• �{Xt}´²S�, ^Ft = σ{Xt, Xt−1, . . . } L«dXt, Xt−1, . . .)¤

�σ-�ê. ¡^�êÆÏ"

E(Xt+k|Ft)

´^�N{¤{Xj : j ≤ t}éXt+k?1ýÿ���Zýÿ.

• �Zýÿ´þ�Ø����§ù´Ï�^�êÆÏ"E(Xt+k|Ft)´Xt−1, Xt−2, . . .�

¼ê, ��Ýk�:

E[E(Xt+k|Ft)]
2 ≤ E[E(X2

t+k|Ft)] = EX2
t+k <∞.

dVÇØ¥êÆÏ"5��±y²é?¿��Ýk��Xt, Xt−1, . . .�

¼êξk

E(Xt+k − ξ)2 ≥ E[Xt+k − E(Xt+k|Ft)]
2 (2.26)

�ZýÿÚ�Z�5ýÿ���^�

• �Zýÿ��'�Z�5ýÿÐ§�´éX�û½5S�XJÙ#E´
ÕáS�K�ö�d"

• ½n2.8 �²S�{Xt}kWoldL«

Xt =

∞∑
j=0

ajεt−j , t ∈ Z. (2.27)
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K

L(Xt+n|Ht) = E(Xt+n|Ft), n ≥ 1, t ∈ Z, (2.28)

¤á�¿©7�^�´

E(εt+1|εt, εt−1, . . . ) = 0, t ∈ Z. (2.29)

• (2.29)�^�¡���"

'uARMA�.�íØ

• íØ2.9 �ARMA(p, q)S�{Xt}3~2.3¥½Â. XJ{εt}´ÕáxD
(, K^�N{¤{Xt, Xt−1, . . . }éXt+n?1ýÿ�, �ZýÿÚ�Z�

5ýÿ��.
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§5.3 �mS��4íýÿ

§5.3.1 �mS��4íýÿ

�mS��4íýÿ

• 1�Ù®²^Y-W�§�Ñ
�û½5²S��ýÿúª§ùp·�

?1��\�?Ø"

• �û½5²S��±^Levinson4í��ýÿXêÚýÿ��"

• éAR(p)�.��¦^g£8Xê"

• éMA�.ÚARMA�.K�U4í��Xê"

• ùpïÄ�±z{MA�.ÚARMA�.ýÿ�úª,±9�²���

^�4íúª"

• b�g���¼ê®�"

• ¢S¥�±^��g���¼ê�O"

4íýÿ���©)

• �{Yt}´��k��"þ��mS�, é?Û��ên, ^

Ln = sp{Y1, Y2, . . . , Yn}

L«Y1, . . . , Yn��5|Ü��N.

• ½ÂY n = (Y1, Y2, . . . , Yn)T ,

Ŷ1 = 0, Ŷn = L(Yn|Y n−1), n = 2, . . . . (3.1)

• Ú\ýÿØ�Wn9Ù��νn−1Xe:

Wn = Yn − Ŷn, νn−1 = EW 2
n . n = 1, 2, · · · . (3.2)

• d�Z�5ýÿ�5�7��WnÚLn−1¥�?Û�ÅCþ��,¿�Wn ∈
Ln.

• u´{Wn}´����S�, ÷v

E(WnWk) = νn−1δn−k.

ùpδt´Kronecker ¼ê.
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• ^
Mn

4
= sp{W1,W2, · · · ,Wn}

L«W1,W2, · · · ,Wn��5|Ü�N.

• KMn ⊂ Ln.

• én ∈ N, ·�^8B{y²Yn ∈Mn.

• ÄkY1 = W1 ∈M1.

• XJék ≤ n®²y²Yk ∈Mk, 5¿Ŷn+1 = L(Yn+1|Y n) ∈Mn, u´

Yn+1 = (Yn+1 − Ŷn+1) + Ŷn+1 = Wn+1 + Ŷn+1 ∈Mn+1.

ùÒy²
én ∈ N, Yn ∈Mn¤á.

• u´��

Ln = sp{Y1, Y2, . . . , Yn}

= sp{W1,W2, . . . ,Wn} = Mn,

n = 1, 2, . . . . (3.3)

• §5.1 �5�10Ú(3.3)ªw�·�^W n = (W1,W2, . . . ,Wn)T éYn+1?

1ýÿÚ^Y n = (Y1, Y2, . . . , Yn)T éYn+1 ?1ýÿ´�d�.

• du{Wt}´��S�, ¤±^W néYn+1?1ýÿkéõ��B.

• aqu3��Äþ�ÝK§�±��O��I"

�mS�4íýÿ�½n

½n3.1

• �{Yt}´"þ��mS�(Ø�¦²!). XJ(Y1, Y2, . . . , Ym+1)T���

�Ý
 (
E(YsYt)

)
1≤s,t≤m+1

(3.4)

�½,

• K�Z�5ýÿ

Ŷn+1
4
=L(Yn+1|Y n), n = 1, 2, . . . ,m

=

n∑
j=1

θn,jWn+1−j =

n−1∑
k=0

θn,n−kWk+1 (3.5)

=θn,1Wn + θn,2Wn−1 + · · ·+ θn,nW1

=θn,nW1 + θn,n−1W2 + · · ·+ θn,1Wn
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• Ù¥�Xê{θn,j} Úýÿ�þ�Ø�νn = EW 2
n+1÷vXe�4íúª.

• 

ν0 = EY 2
1 ,

θn,n−k = [E(Yn+1Yk+1)−
∑k−1
j=0 θk,k−jθn,n−jνj ]/νk,

0 ≤ k ≤ n− 1,

νn = EY 2
n+1 −

∑n−1
j=0 θ

2
n,n−jνj ,

(3.6)

Ù¥
∑−1
j=0(·) 4= 0,

• 4í�^S´

ν0

θ1,1 ν1

θ2,2 θ2,1 ν2

θ3,3 θ3,2 θ3,1 ν3
...

...
...

...
. . .

• 5¿µ�±4í½ÂW1 = Y1§Wn+1 = Yn+1 − Ŷn+1, n = 1, 2, . . ."

4íýÿ½n�y²

• y² lg���Ý
(3.4)��½5��νn = EW 2
n+1 > 0. ±e�0 ≤

k ≤ n− 1.

• 3(3.5)ü>Ó¦Wk+1�¦êÆÏ"��

E(Ŷn+1Wk+1) =

n∑
j=1

θn,jE(Wn+1−jWk+1)

=θn,n−kνk. (3.7)

• 5¿�

Ŷk+1 =

k∑
j=1

θk,jWk+1−j =

k−1∑
j=0

θk,k−jWj+1,

• 2|^Wn+1 = Yn+1−Ŷn+1ÚWk+1R�,��E(Yn+1Wk+1) = E(Ŷn+1Wk+1),
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• u´

θn,n−k =E(Ŷn+1Wk+1)/νk [|^(3.7)]

=E(Yn+1Wk+1)/νk

=E[Yn+1(Yk+1 −
k−1∑
j=0

θk,k−jWj+1)]/νk

=[E(Yn+1Yk+1)−
k−1∑
j=0

θk,k−jθn,n−jνj ]/νk. [^(3.7)]

• ��, |^νn = EW 2
n+1 = EY 2

n+1 − EŶ 2
n+1 Ú(3.5)��ýÿ�þ�Ø�

úª:

νn = EY 2
n+1 −

n∑
j=1

θ2n,jνn−j = EY 2
n+1 −

n−1∑
j=0

θ2n,n−jνj .

õÚý�¯K

• e¡�Ä^{Y1, Y2, · · · , Yn}ýÿYn+k+1�¯K.

• �(Y1, Y2, · · · , Yn+k+1)T�g���Ý
�½.

• EPŶn+k+1 = L(Yn+k+1|Y n+k), ^WjL«ýÿØ�Yj − L(Yj |Y j−1),

• Kk

Ŷn+k+1 =

n+k∑
j=1

θn+k,jWn+k+1−j . (3.8)

• 5¿, éj ≥ 0, Wn+j+1R�uLn, Wn−j ∈ Ln. �â§5.1 ¥�Z�5ýÿ

�5�4!5!8½½n1.2 ��

L(Yn+k+1|Y n) = L(Ŷn+k+1|Y n) (½n1.2(6))

=L[

n+k∑
j=1

θn+k,jWn+k+1−j

∣∣∣ W n] (½n3.1)

=L[

n+k∑
j=k+1

θn+k,jWn+k+1−j
∣∣ W n] (½n1.2(5))

=

n+k∑
j=k+1

θn+k,jWn+k+1−j . (½n1.2(4)) (3.9)
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• dÝK���5, ��ýÿ�þ�Ø�

E[Yn+k+1 − L(Yn+k+1|Y n)]2 = EY 2
n+k+1 − E[L(Yn+k+1|Y n)]2

=EY 2
n+k+1 −

n+k∑
j=k+1

θ2n+k,jνn+k−j , (3.10)

• Ù¥�Xêθn+k,jÚýÿ�þ�Ø�νn+k−j�^4íúª(3.6)O�,�Ø

LÏ�Yn+1, . . . , Yn+k��¤±Wn+1, . . . ,Wn+kØUO�"

§5.3.2 ���mS��«mýÿ

���mS��«mýÿ

• XJ{Yt}´���mS�, KŶn+1�´�Zýÿ.

• Wn+1 = Yn+1−Ŷn+1��Y1, Y2, · · · , Yn+1��5|ÜÑl��©ÙN(0, νn).

• |^
Pr
(
|Yn+1 − Ŷn+1|/

√
νn ≤ 1.96

)
= 0.95

�±��

• Yn+1��&Ý�0.95��&«m

[Ŷn+1 − 1.96
√
νn, Ŷn+1 + 1.96

√
νn].

§5.3.3 ²S��4íýÿ

²S��4íýÿ

• �γk = E(Xt+kXt)´"þ�²S�{Xt}�g���¼ê, Γn´{Xt}�n�
g���Ý
.

• �Xn = (X1, X2, ..., Xn)T , Zn = Xn −L(Xn|Xn−1), �±r½n3.1 Uã

Xe.

• íØ3.2 �{Xt}´"þ�²S�, é?Ûn ∈ N, g���Ý
Γn�

½. K�Z�5ýÿ

X̂n+1
4
=L(Xn+1|Xn)

=

n∑
j=1

θn,jZn+1−j , n = 1, 2, . . . , (3.11)

=

n−1∑
k=0

θn,n−kZk+1

Ù¥�Xê{θn,j} Úýÿ�þ�Ø�νn = EZ2
n+1÷vXe�4íúª.
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• 

ν0 = γ0

θn,n−k = [γn−k −
∑k−1
j=0 θk,k−jθn,n−jνj ]/νk,

0 ≤ k ≤ n− 1,

νn = γ0 −
∑n−1
j=0 θ

2
n,n−jνj ,

(3.12)

Ù¥
∑−1
j=0(·) 4= 0,

• 4í�^S´
ν0

θ1,1 ν1

θ2,2 θ2,1 ν2

θ3,3 θ3,2 θ3,1 ν3
...

...
...

...
. . .

• duýÿØ�Zn = Xn−L(Xn|Xn−1)ÚXn−1��,¤±´Ø�Xn−1�

¹�&E. Äuù��Ï, <�q¡Zn´��#E.

• l§5.2 �?Ø��, νn = E[X1 − L(X1|X0, X−1, · · · , X−n+1)]2 → σ2,

�n → ∞. ùpσ2´^�N{¤Xt, Xt−1, . . .ýÿXt+1��þ�Ø�.

σ2 > 0L«{Xt}´�û½5�.
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§5.4 ARMA(p, q)S��4íýÿ

ARMA�.ýÿ�¿Â

• #Eýÿ�{lnØþé�{§é²��I���g���¼ê�{γk}§
��±ýÿ�²�"

• �´é��êâ���I��O"5¿#EýÿXê¥I�^�γn§�
´XJ��þØ
�{�Oγn¬�)é�Ø�§��ýÿØ�é�"

• XJ·���S�ÑlARMA�.§Ò�±^'���g����O�

��.ëê�O§̂ �.ëê5��ý�úª§ù��ý�(JÉ�Å

Ø�K�'��"

• ,	§ARMA�.¥�xD(XJ´ÕáxD(§�Z�5ý��´�

Zý�"ù�(J�,´éÃ¡�{¤����´��þv
���C

q¤á"

§5.4.1 AR(p)S��ýÿ

AR(p)S���Úýÿ

• �{Xt}÷vAR(p)�.

Xt =

p∑
j=1

ajXt−j + εt, t ∈ Z, (4.1)

Ù¥{εt}´xD(, A�õ�ªA(z) = 1−
∑p
j=1 ajz

j 6= 0, |z| ≤ 1.

• �Ä^Xn = (X1, X2, . . . , Xn)T ýÿXn+1�¯K.

• �{γn}´{Xt}�g���¼ê.

• éu1 ≤ n ≤ p− 1, d�Z�5ýÿ�5�1��

X̂n+1 = L(Xn+1|Xn) = γTnΓ−1n Xn,

• Ù¥Γn´{Xt}�n�g���Ý
, γn = (γn, γn−1, . . . , γ1)T . ýÿ�þ

�Ø�´

E(Xn+1 − X̂n+1)2 = γ0 − γTnΓ−1n γn.

• �±^Levinson4íúªO�XêÚþ�Ø�"

• éun ≥ p, du�k ≥ 1, Xt =
∑∞
j=0 ψjεt−j�εt+k ��, ¤±én ≥ p

X̂n+1 =L(εn+1 +

p∑
j=1

ajXn+1−j |Xn)

=

p∑
j=1

ajXn+1−j
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• duXn+1 − X̂n+1�Xn, . . . , X1��§��n ≥ p�

X̂n+1 = L(Xn+1|Xn, Xn−1, . . . , Xn−p+1).

AR(p)S��õÚý�

• e¡�Ä^XnýÿXn+k(k ≥ 1)�¯K.

• éun ≥ p, ék^8B{N´y²(SK4.1)

L(Xn+k|Xn) = L(Xn+k|Xn, Xn−1, . . . , Xn−p+1).

• �n ≥ p�§P

X̂m,n =

L(Xm|Xn), m > n

Xm, m ≤ n

• K

L(Xn+k|Xn) = L(

p∑
j=1

ajXn+k−j + εn+k|Xn)

=L(

p∑
j=1

ajXn+k−j |Xn) =

p∑
j=1

ajX̂n,n+k−j ,

k = 1, 2, . . .

• �±4íO�X̂m,n,m > n"

~4.1 AR(1)�.�ýÿ

• �Xn = a1Xn−1 + εn. Ké?Ûm ∈ N,

L(Xn+1|Xn, Xn−1, . . . , Xn−m+1) =a1Xn,

L(Xn+2|Xn, Xn−1, . . . , Xn−m+1) =a1L(Xn+1|Xn)

=a21Xn,

· · · · · ·

L(Xn+k|Xn, Xn−1, . . . , Xn−m+1) =ak1Xn.

• �k →∞, |^|a1| < 1Ú��Âñ½n��

E[Xn+k − L(Xn+k|Xn, Xn−1, · · · , Xn−m)]2

=E(Xn+k − ak1Xn)2

=E(Xk − ak1X0)2

→γ0 = EX2
0 , � k →∞.
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• `²AR(1)S�´X�û½5�²S�. ¢Sþ?ÛARMA(p, q)S�

Ñ´X�û½5�(§5.2 ~2.3).

~4.2 ü�þý�

• ²þü�þ�X̄ = 540mm. ^Xt, t = 1, 2, . . .L«T/«�Åcü�þ.

• XJ

Yt = Xt − X̄

÷vAR(2)�.

Yt = −0.54Yt−1 + 0.3Yt−2 + εt, εt ∼WN(0, σ2)

• �½*ÿX1 = 560, X2 = 470, X3 = 580, X4 = 496, X5 = 576, ¦X8��

Z�5ýÿ.‘

• Äk¥%z�§

Y1 = 560− 540 = 20, Y2 = 470− 540 = −70,

Y3 = 580− 540 = 40, Y4 = 496− 540 = −44,

Y5 = 576− 540 = 36.

• ^4íúªO�"PŶj = L(Yj |Y1, Y2, ..., Y5), 6 ≤ j ≤ 8, Kk

Ŷ6 =− 0.54× 36 + 0.3× (−44) = −32.64,

Ŷ7 =− 0.54Ŷ6 + 0.3× 36 = 28.43

Ŷ8 =− 0.54Ŷ7 + 0.3Ŷ6 = −25.14

• ��\þ²þ��

X̂6 = 540− 32.64 = 507.36

X̂7 = 540 + 28.43 = 568.43

X̂8 = 540− 25.14 = 514.86.

• 3�~¥, A�õ�ªA(z) = 1 + 0.54z − 0.3z2 kü�¢�z1 = −1.1355,

z2 = 2.9355. ��Cü ����Ë�´π, ¤±S�k±ÏT = 2�A

5. ýÿêâ�Ny
�7þ�540þe�OCz�A5.
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§5.4.2 MA(q)S��ýÿ

MA(q)S��ýÿ

• �{εt}´WN(0, σ2), ¢Xêõ�ª B(z) = 1 + b1z + · · · + bqz
q3ü �

SÃ�: B(z) 6= 0, |z| < 1.

• ÷vMA(q)�.

Xt = B(B)εt, t ∈ Z, (4.2)

�MA(q)S�{Xt}�g���¼ê{γk}´q����.

• b�σ2, b1, b2, . . . , bq®�, ·��Ä^X1, X2, . . . , XnýÿXn+k�¯K.

• l(3.3)(#Eý�)�±wÑ, én ≥ 1

Ln = sp{X1, X2, · · · , Xn} = sp{ε̂1, ε̂2, . . . , ε̂n}, (4.3)

• ùpε̂n = Xn−L(Xn|Xn−1)´{Xt}�ÅÚýÿØ�,Xn = (X1, . . . , Xn)T .

MA(q)S��ýÿII

• ±eb½n ≥ q.

• du{ε̂t}´��S�,¿dqÚ��5��Xn+1�Ln−q��§¤±Xn+1�ε̂n−q, ε̂n−q−1, . . . , ε̂1

��§�â�Z�5ýÿ�5�6!4!10��

L(Xn+1|Xn) = L(Xn+1|ε̂n, . . . , ε̂1) (5�109(4.3))

=L(Xn+1|ε̂n, . . . , ε̂n−q+1) + L(Xn+1|ε̂n−q, . . . , ε̂1) (5�6)

=L(Xn+1|ε̂n, . . . , ε̂n−q+1) (5�4)

=

q∑
j=1

θn,j ε̂n+1−j . (#Eýÿúª) (4.4)

• ýÿ�þ�Ø�

νn = Eε̂2n+1 = γ0 −
q∑
j=1

θ2n,jνn−j . (4.5)

• ùp�{θn,j}, νn�±|^(3.12)?14íO�,�5¿{γk}´qÚ���"
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§5.4.3 ARMA(p, q) S��ýÿ

ARMA(p, q) S��ýÿ

• éu÷vARMA(p, q)�.

A(B)Xt = B(B)εt, t ∈ Z, (4.7)

�ARMAS�{Xt}, ½Âm = max(p, q)Ú(ë�[14])

Yt =

Xt/σ, t = 1, 2, . . . ,m,

A(B)Xt/σ, t = m+ 1, . . . .
(4.8)

• K{Yt}dARMA(p, q)�.(4.7)�ëêβ = (a1, a2, . . . , ap, b1, b2, . . . , bq)
T Ú

IOxD({εt/σ}û½,lØ�6σ.

• b��.(4.7)¥�ëê®�, ·��Ä^X1, X2, · · · , XnéXn+k?1Å

Úýÿ�¯K.

• lYt�½Â��,ét ≥ 1, Yt ∈ Lt = sp{X1, X2, . . . , Xt},¿�X1, X2, . . . , Xm ∈
sp{Y1, Y2, . . . , Ym}.

• N´wÑ, ét > m,

Xt = σYt +

p∑
j=1

ajXt−j ∈ sp{Y1, Y2, . . . , Yt}.

• u´2|^(3.3)(#E��S�p��5L«)��

Ln = sp{X1, X2, . . . , Xn}

= sp{Y1, Y2, . . . , Yn} = sp{W1,W2, ...,Wn},

Ù¥Wt = Yt − L(Yt|Y t−1), W1 = Y1 ´{Yt}���#E.

• ^γkL«{Xt}�g���¼ê, �b0 = 1, bj = 0, �j > q. �±O�Ñ

E(YsYt) =


σ−2γt−s, 1 ≤ s ≤ t ≤ m,

σ−2[γt−s −
∑p
j=1 ajγt−s−j ], 1 ≤ s ≤ m < t,∑q

j=0 bjbj+t−s, t ≥ s > m,

(4.9)

Ù¥�{γk} �^1nÙ�(2.10)Ú(2.11)O�.

• ½Â{Xt}�ÅÚýÿØ�

Zt = Xt − L(Xt|Xt−1), Z1 = X1,
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• Ké1 ≤ t ≤ m,

Wt =Xt/σ − L(Xt/σ|Xt−1)

=σ−1[Xt − L(Xt|Xt−1)] = σ−1Zt

• ét ≥ m+ 1,

Wt =σ−1[Xt −
p∑
j=1

ajXt−j − L(Xt −
p∑
j=1

ajXt−j |Xt−1)]

=σ−1[Xt − L(Xt|Xt−1)] = σ−1Zt

• ¤±{Xt}Ú{Yt}�ýÿØ��mok±e�'X

Zt = σWt, EZ
2
t = σ2EW 2

t , t = 1, 2, . . . (4.10)

• ±eE^νt−1L«EW 2
t , ÒkEZ2

t = σ2νt−1.

• éu1 ≤ n < m = max(p, q), lÅÚýÿúª(3.5)��

Ŷn+1 = L(Yn+1|Y n) =

n∑
j=1

θn,jWn+1−j .

u´é1 ≤ n < m,

X̂n+1 =L(Xn+1|Xn) = L(σYn+1|Y n)

=σŶn+1 =

n∑
j=1

θn,jσWn+1−j =

n∑
j=1

θn,jZn+1−j .

• éun ≥ m, |^ARMAS��ÏJ5= E(Xtεt+k) = 0, k = 1, 2, . . . ,�

�

Yn+1 = σ−1B(B)εn+1 = σ−1
q∑
j=0

bjεn+1−j

�{Xj : 1 ≤ j ≤ n− q}��, l�

sp{Yj : 1 ≤ j ≤ n− q} = sp{Wj : 1 ≤ j ≤ n− q}

¥�?Û�ÅCþ��.

• |^�Z�5ýÿ�5�6!4��

L(Yn+1|Y n) =

q∑
j=1

θn,jWn+1−j , n ≥ m = max(p, q).
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• u´én ≥ m, dYÚX�'X��

X̂n+1 =L(

p∑
j=1

ajXn+1−j + σYn+1|Xn)

=

p∑
j=1

ajXn+1−j + σ

q∑
j=1

θn,jWn+1−j

=

p∑
j=1

ajXn+1−j +

q∑
j=1

θn,jZn+1−j .

• o(þãí���:

X̂n+1 =


∑n
j=1 θn,jZn+1−j , 1 ≤ n < m,∑p
j=1 ajXn+1−j +

∑q
j=1 θn,jZn+1−j , n ≥ m.

(4.11)

• ýÿ�þ�Ø�E,´EZ2
n+1 = σ2νn. ùp�{θn,j}, νn = EW 2

n+1�±

|^(4.9)Ú(3.6)?14íO�.

• Zn+1 = Xn+1 − X̂n+1��±4íO�"

• Ï�{Yt}Úσ Ã', ¤±θn,k, {Wn}±9νn−1Ñ´Úσ2Ã'�þ. §��

�6uëêa = (a1, a2, . . . , ap)
T Úb = (b1, b2, . . . , bq)

T . ù�5�3ï

ÄARMA�.���q,�O�ò��A^.

~4.3 ARMAS��4íý�

• �~1.1. ®O�§3.2~2.1�ARMA(4,2)�g���¼êγ0, γ1, . . . , γ20§d

d^(4.9)O�ÑE(YtYS), (1 ≤ s, t ≤ 21).

• ^§4.3�úª(3.6)O�Ñ#Eý�Xêθn,jXeµ

n 1 2 3 4 · · · 19 20

θn,1 −0.226 −0.4017 −0.5705 0.1807 · · · 0.4875 0.489

θn,2 0 −0.6865 −0.6353 −0.1597 · · · −0.3937 −0.394
θn,3 0 0 0.3699 −0.0000 · · · −0.0001 0.000

θn,4 0 0 0 −0.0000 · · · 0.0000 −0.000

• T�.�*ÿêâx1, · · · , x213~1.1¥�Ñ. |^úª(4.11)Ú(3.6)�±

O�ÑÅÚýÿX̂k+1 = L(Xk+1|Xk)ÚÅÚýÿ�þ�Ø�νk−1 = EW 2
kX

e:
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j X̂j νj−1

1 0 6.670

2 0.104 6.330

3 0.070 2.505

4 -1.654 2.387

5 0.232 1.268

6 5.385 1.233

7 -1.788 1.142

8 -4.398 1.114

9 -0.837 1.086

10 0.839 1.069

11 2.259 1.056

12 -1.395 1.046

13 -2.354 1.038

14 0.467 1.031

15 2.585 1.026

16 1.069 1.022

17 -1.668 1.018

18 0.161 1.016

19 5.725 1.013

20 -0.229 1.011

21 -3.468 1.010

• l±þêâwÑνkÂñ�σ2 = 1��Ý´�n��(ë�SK4.4).

• ã5.4.1´*ÿxt(J�)ÚýÿX̂t(¢�)�êâã. lã5.4.1w�ÅÚý

ÿX̂t�±n�/ýÿXt�r³, ù´ÚTARMAS��²w±Ï5k'

�. duZk = Xk − X̂kÑl��©Ù(0, νk−1), ¤±ý�xt��&Ý

�0.95��&e!þ�©O´

X̂k − 1.96
√
νk−1, X̂k + 1.96

√
νk−1.

ã5.4.2�lþ�en^�©O´{xt}��&þ�, {xt}��(J�)Ú�

&e�.�&«m��Ý3.92
√
νk−1�kO\~�,��½33.92NC.

§5.4.4 ARMA(p,q)S�õÚýÿ

ARMA(p,q)S�õÚýÿ

• �n > m,

L(Xn+k+1|Xn) =


∑p
j=1 ajL(Xn+k+1−j |Xn)

+
∑q
j=k+1 θn+k,jZn+k+1−j , 0 ≤ k < q, n > m∑p

j=1 ajL(Xn+k+1−j |Xn), k ≥ q, n > m.

§5.4.5 ARIMAS�ýÿ

ARIMAS�ýÿ

• �.
A(B)(1−B)dXt = B(B)εt, εt ∼WN(0, σ2), t ∈ N.
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• KYt = (1−B)dXt, t = d+ 1, d+ 2, · · · , n ÷vARMA(p, q)�.

A(B)Yt = B(B)εt, t ∈ N.

• �Ä^X1, X2, · · · , XnýÿXn+k�¯K.

• Äk|^ARMAS��ýÿ�{��^Yd+1, Yd+2, · · · , Ynýÿ

Yn+1, Yn+2, · · · , Yn+k

���Z�5ýÿ

Ỹn+j = L(Yn+j |Yd+1, Yd+2, · · · , Yn), j = 1, 2, · · · , k.

• 2dúª
(1−B)dX̂t = Ỹt, t = n+ 1, n+ 2, · · · , n+ k

• ��Cq�4íúª:

X̂n+k = Ỹn+k −
d∑
j=1

Cjd(−1)jX̂n+k−j , k ≥ 1,

Ù¥X̂n−j = Xn−j , �j ≥ 0.
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§6.1 AR(p)�.�ëê�O

ARMA�.ëê�O

• é�mS�*ÿêâïá�.�±��\
)êâ�S35Æ§�k|
uý�"

• �O�.������K´Ù¦^��Ó��{ü��.�k|"

• ïá�.§�o�é*ÿ��êâ�[Ü�¹Ú�.��í25"

• e¡?Ø�Ü5�§d§1.5½n5.2��§ARMA�.¥xD(�XJ´

ÕáÓ©Ù�KT²��î²H{"

§6.1.1 Yule-Walker�O

Yule-Walker�O

• éAR(p)�.§I��OXêa1, a2, . . . , apÚxD(��σ2"

• �x1, x2, . . . , xN�*ÿêâ§ï�c��k¥%z:

yt = xt − x̄N , t = 1, 2, . . . , N

• b½{y1, y2, . . . , yN}´,�AR(p)S��*ÿ��"kb½p®�"

• XJS��nØg���¼ê{γk}®�KdYule-Walker�§�±)Ña1, . . . , apÚσ2,

�P.68½n3.3.

• l*ÿ���±�O��g���γ̂k, k = 0, 1, . . . , p"

• 3Y-W�§¥^γ̂k�Oγk�±)Ñâ1, . . . , âp, σ̂2§d§4.2 A�?Ø�XJy1, . . . , yNØ

��ÓKΓ̂p+1�½§Y-W�§�)�3��"

• d§2.4½n4.1��ù�)Ñ�â1, . . . , âp÷v��� ^�"

• �
;�O�Γ̂p�_�±^Levinson4íúª)Y-W�§��â1, . . . , âpÚσ̂2"

• ù����AR(p)ëê�O��Y-W�O½Levinson�O"

• `:´�y��� 5§O�{ü"
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Y-W�O��Ü5

• d§2.3½n3.5�AR(p)�Γp�½§¤±a1, . . . , ap, σ2´γ0, γ1, . . . , γp�ëY

¼ê"

• XJγ̂k´γk�r�Ü�O§Kâ1, . . . , âp, σ̂2�´�Aëê�r�Ü�O"

• �¦γ̂kr�Ü§d§4.2½n2.1, ��¿©^�´xD({εt}ÕáÓ©Ù"
ù�ARMA�.î²H{"

• ½n1.1 XJAR(p)�.(1.1)¥�{εt}´ÕáÓ©Ù�WN(0, σ2)§Eε4t <

∞, K�N →∞�

1. σ̂2 → σ2, âj → aj , a.s., 1 ≤ j ≤ p.

2.
√
N(â1 − a1, . . . , âp − ap)T �©ÙÂñ�p���©ÙN(0, σ2Γ−1p )"

3.
√
N sup

1≤j≤p
|âj − aj | = O(

√
ln lnN), a.s.,

√
N |σ̂2 − σ2| = O(

√
ln lnN),

a.s.

• y²:

1. d§4.2½n2.1�γ̂kr�Ü§2�âak, σ2�{γk}�ëY¼ê�âk, σ̂2r

�Ü"

2. y²Ñ"

3. y²Ñ"

• �½n¤á�ëê�OkCq��©Ù§�±^5��&«mÚb�u
�"

• �σjj�σ2Γ−1p �1j × j��§KâjCqÑlN(aj , σjj/N)§u´aj�C

q95% �&«m�

[âj − 1.96
√
σjj/
√
N, âj + 1.96

√
σjj/
√
N ]

Ù¥σjj�±^σ̂Γ̂−1p ���σ̂jj�O"

§6.1.2 ���¦�O

���¦�O

• ���¦�OO�{ü§ØI�O�g���"

• ���¦�O¦í�²�Ú��:

minS(a1, . . . , ap)
4
=

N∑
t=p+1

[yt − (a1yt−1 + · · ·+ apyt−p)]
2

���:â1, . . . , âp¡�ëê����¦�O"
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• ^�5�.nØ§�Ñ���¦éA��5�§�

Y =


yp+1

yp+2

. . .

yN

 , X =


yp yp−1 · · · y1

yp+1 yp · · · y2
...

...
...

yN−1 yN−2 · · · yN−p

 ,

a =


a1

a2
...

ap

 , (X ′X)a = X ′Y (1.12)

• ���¦�Oã1, . . . , ãp´�5�§(1.12)�)"�p× pÝ
XTX�½�

�§k��)

ã = (XTX)−1XTY

�VÇk.

• ½Â1.1 �{ξn}´�mS�§{cn}´�"~ê�§XJé?¿ε > 0§�

3�êM§¦�

sup
n
P (|ξn| > M) ≤ ε

Ò¡�mS�{ξn}´�VÇk.�§P�ξn = Op(1)"XJ{ξn/cn} =

Op(1)§Ò¡ξn = Op(cn)"

• �VÇk.Ò´Ø���VÇ?¿��8Ü�S�k."

• e{ξn/cn}
Pr→ 0K¡ξn = op(cn)"

• Ún1: eξn = op(cn)Kξn = Op(cn)"

• ¯¢þ§U�VÇÂñ½Â§∀δ > 0, ∀ε > 0§�3N¦n > N�

Pr(|ξn/cn| > δ) < ε

�M ≥ δ¦�

Pr(|ξn/cn| > M) ≤ ε, n = 1, 2, . . . , N

u´

Pr(|ξn/cn| > M) ≤ ε, n = 1, 2, . . .

=ξn/cn = Op(1).
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• Ún2 XJξn = Op(1)cn →∞Kξn/cn = op(1)"

• é�ÅCþξ§ξ = Op(1).

• Ún3 e{ξn}Ó©Ù§Kξn = Op(1)"

• ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©Ù5�Pr(|ξt| >
M) = Pr(|ξ1| > M) < ε"

• Ún4

Op(1)±Op(1) =Op(1)

Op(1) ·Op(1) =Op(1)

Op(1)± op(1) =Op(1)

Op(1) · op(1) =op(1).

• Ún5 eξn�VÇÂñ�ξK{ξn} = Op(1)"

• ¯¢þξn = ξ + (ξn − ξ) = Op(1) + op(1)"

• Ún6 eξn = O(1) a.s.Kξn = Op(1)"

• ¯¢þ§ξn = O(1) a.s.K�3�ÅCþξ > 0¦P (|ξn| ≤ ξ) = 1"∀ε > 0,

∃M > 0¦P (ξ > M) < ε§u´P (|ξn| > M) ≤ P (ξ > M) < ε, ∀n ∈ N"

���¦�OÚY-W�O�'�

• 5¿éu1 ≤ k ≤ j ≤ p, Ý
(1/N)XTX�1(j, k)��´

γ̃jk =
1

N

N−p∑
t=1

yt+p−jyt+p−k =
1

N

N−j∑
t=p−j+1

ytyt+j−k

=
1

N

N−(j−k)∑
t=1

ytyt+j−k −
1

N

p−j∑
t=1

ytyt+j−k −
1

N

N−(j−k)∑
t=N−j+1

ytyt+j−k

=γ̂j−k −
1

N

p−j∑
t=1

ytyt+j−k −
1

N

N−(j−k)∑
t=N−j+1

ytyt+j−k.

ùpγ̂j−k d(1.2) ½Â.
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• ��aq/��(1/N)XTY�1j���

γ̃j =
1

N

N−p∑
t=1

yt+p−jyt+p =
1

N

N−j∑
t=p−j+1

ytyt+j

=
1

N

N−j∑
t=1

ytyt+j −
1

N

p−j∑
t=1

ytyt+j

=γ̂j −
1

N

p−j∑
t=1

ytyt+j .

•
∑p−j
t=1 ytyt+j−kÚ

∑p−j
t=1 ytyt+j´�½��ÅCþ¤±´Op(1)�§1

N

∑p−j
t=1 ytyt+j−k =

Op(
1
N ), 1

N

∑p−j
t=1 ytyt+j = Op(

1
N )"

• Ó�§�½�ÅCþ� 1
N´a.s.ªu"�"

• d{εt}ÕáÓ©Ù�AR(p)S�{Yt}î²H{§¤±
∑N−(j−k)
t=N−j+1 ytyt+j−k�

´î²H{�§���Ý�3§dÚn3�Ù�Op(1)�"

• ,��¡§d{Yt}�î²H{5K

1

N

N−(j−k)∑
t=N−j+1

ytyt+j−k

=
1

N

N−(j−k)∑
j=1

ytyt+j−k −
1

N

N−j)∑
j=1

ytyt+j−k

=
N − (j − k)

N

1

N − (j − k)

N−(j−k)∑
j=1

ytyt+j−k

− N − j
N

1

N − j

N−j)∑
j=1

ytyt+j−k

→1 · γj−k − 1 · γj−k = 0 a.s.

• u´, é1 ≤ k ≤ j ≤ pk

γ̃jk − γ̂j−k = Op(
1

N
), γ̃j − γ̂j = Op(

1

N
),

• �
γ̃jk − γ̂j−k → 0, γ̃j → γ̂j , a.s.,

• dγ̂j�r�Ü5�γ̃jk → γj−k, γ̃j → γj , a.s.

• ù�,�N →∞

(XTX)−1XTY =

(
1

N
XTX

)−1(
1

N
XTY

)
→Γ−1p γp = a, a.s.
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=���¦�O�´r�Ü�"

• ,��¡, |^(γ̃jk − γ̂j−k) = Op(1/N) Ú(γ̃j − γ̂j) = Op(1/N),

• ^â = (â1, â2, · · · , âp)T Úã = (ã1, ã2, . . . , ãp)
T ©OL«Yule-Walker�O

Ú���¦�O. Pγ̂p = (γ̂1, γ̂2, . . . , γ̂p)
T , Òk

ã− â =(XTX)−1XTY − Γ̂−1p γ̂p

=(
1

N
XTX)−1

( 1

N
XTY − γ̂p

)
+
[
(

1

N
XTX)−1 − Γ̂−1p

]
γ̂p

=(
1

N
XTX)−1Op(1/N) + (

1

N
XTX)−1

[
Γ̂p −

1

N
XTX

]
Γ̂−1p γ̂p

=Op(1/N), � N →∞. (1.14)

• þª`²é1 ≤ j ≤ p, âj − ãj = Op(1/N). du1/NÂñ�"��Ý´é

¯�, ¤±��±`é���N , ���¦�OÚYule-Walker �O��

OØ�.

���¦�O�4�©Ù

• ½n1.2 �AR(p)�.(1.1)¥�xD({εt}´ÕáÓ©Ù�, Eε4t < ∞,

(ã1, ã2, . . . , ãp) ´g£8Xê(a1, a2, . . . , ap)����¦�O. K�N →
∞�

√
N(ã1 − a1, ã2 − a2, . . . , ãp − ap)

�©ÙÂñ�p-���©ÙN(0, σ2Γ−1p ).

• =���¦�OÚY-W�Ok�Ó�ìC©Ù"

• ½n1.2 �y²d½n1.1Ú(1.14)����.

~1.1 Y-W�OÚLS�O��['�

• {εt}�IO��xD(§�[�)AR(4)S�

Xt =1.16Xt−1 − 0.37Xt−2 − 0.11Xt−3

+ 0.18Xt−4 + εt, t = 1, 2, . . . , N

• ©O�N = 25, 100, 400, 1600§EM = 10000g�)�[êâ¿©O

^Y-W�{Ú���¦�{�Oëê"

• (Juy3��þ���§Xê�OY-W�{�Ð§ýÿ��σ2�O�

��¦�{�Ð"��þ���övk²w�O"



162 18Ù ARMA�.�ëê�O

~1.1 Y-W�OÚLS�O��['�: N = 25, 100

N = 25 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1

Y-W avg 0.929 -0.302 -0.052 0.018 1.311

LS avg 1.012 -0.376 -0.056 0.050 0.751

Y-W std 0.208 0.251 0.228 0.158 0.518

LS std 0.252 0.331 0.318 0.226 0.267

N = 100 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1

Y-W avg 1.100 -0.343 -0.087 0.133 1.083

LS avg 1.133 -0.373 -0.092 0.147 0.947

Y-W std 0.102 0.144 0.139 0.094 0.178

LS std 0.105 0.156 0.154 0.102 0.141

~1.1 Y-W�OÚLS�O��['�: N = 400, 1600

N = 400 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1

Y-W avg 1.145 -0.362 -0.104 0.169 1.022

LS avg 1.154 -0.370 -0.106 0.173 0.988

Y-W std 0.049 0.074 0.074 0.048 0.075

LS std 0.050 0.076 0.076 0.049 0.071

N = 1600 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1

Y-W avg 1.1563 -0.3683 -0.1082 0.1767 1.0060

LS avg 1.1586 -0.3705 -0.1086 0.1777 0.9975

Y-W std 0.0247 0.0377 0.0377 0.0247 0.0355

LS std 0.0247 0.0379 0.0380 0.0249 0.0350

§6.1.3 ��q,�O

��q,�O

• Y-W�O´Ý�O§���¦�O�Y-W�OìC�Ó"Ý�ON´O

���U°ÝØp"

• ��q,�O��°Ý�p"

• �AR(p)�.(1.1)�xD(

εt = Xt −
p∑
j=1

ajXt−j
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Ñl��©Ù, Kεp+1, εp+2, . . . , εNkéÜ�Ý¼ê(
1

2πσ2

)N−p
2

exp
(
− 1

2σ2

N∑
t=p+1

ε2t

)
. (1.15)

• |^(1.15)��Äux1, x2, . . . , xN�q,¼ê

L(a, σ2) =

(
1

2πσ2

)N−p
2

exp

− 1

2σ2

N∑
t=p+1

(xt −
p∑
j=1

ajxt−j)
2

 .

• L(a, σ2)����:(â1, â2, . . . , âp, σ̂
2)´(a1, a2, . . . , ap, σ

2)��q,�O.

• du¢SO�¥Äkéêâ?1"þ�z,¤±éêq,¼êA�½Â�

l(a, σ2) = lnL(a, σ2)

=− N − p
2

ln(σ2)− 1

2σ2

N∑
t=p+1

[
yt −

p∑
j=1

ajyt−j

]2
+ c

=− N − p
2

ln(σ2)− 1

2σ2
S(a) + c,

ùpc = −[(N − p)/2] ln(2π)´~ê, S(a) = S(a1, a2, . . . , ap)U(1.9)½Â.

• l(a, σ2)'uσ2¦ �¿- ��u"§�

σ2 =
1

N − p
S(a) (1.16)

• u´���:´S(a)����:§��q,�O�Óu���¦�O"

§6.1.4 AR(p)�.½�

AR�.½�

• éu�mS�*ÿ��§b�§5g,�AR(p)�.§�´p��´��

�"

• ���{�Op"

• �Op�±^AR(p)� �'pÚ��5�§O��� �'Xê{âkk}§
w{âkk}3Û?��"

• �Op��±3[Ü`ÝÚ�.{ü�m?1�ï§AICÚBICOKÒ´

ù���{"
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�� �'Xê

• ��*ÿ��x1, . . . , xNØ���ÓK��g���
Γ̂k�½(k < N)"

�� �'Xê{âk,k}�±d��g�����û½
γ̂0 γ̂1 · · · γ̂k−1

γ̂1 γ̂0 · · · γ̂k−2
...

...
...

γ̂k−1 γ̂k−2 · · · γ̂0




âk,1

âk,2
...

âk,k

 =


γ̂1

γ̂2
...

γ̂k


�±^Levinson4íúªO��� �'Xê"

• ½n1.3 XJAR(p)�.(1.1)¥�xD(�ÕáÓ©Ù�§Ké?Ûk >

p§k

lim
N→∞

âk,j =

aj , �j ≤ p,0, �j > p.
a.s.

½n1.3y²

• d§4.2 �½n2.1 ����g���¼êγ̂k´γk�r�Ü�O.

• é?ÛÝ
(cj,k(N))½Â4�ÎÒ

lim
N→∞

(
cj,k(N)

) 4
=
(

lim
N→∞

cj,k(N)
)
.

• é?Ûk > p, |^Γk��½5��:

lim
N→∞


âk,1

âk,2
...

âk,k

 = lim
N→∞


γ̂0 γ̂1 · · · γ̂k−1

γ̂1 γ̂0 · · · γ̂k−2

.. .. · · · ..

γ̂k−1 γ̂k−2 · · · γ̂0


−1

× lim
N→∞


γ̂1

γ̂2
...

γ̂k



=


γ0 γ1 · · · γk−1

γ1 γ0 · · · γk−2
...

...
...

γk−1 γk−2 · · · γ0


−1

×


γ1

γ2
...

γk

 =


ak,1

ak,2

..

ak,k

 .

• l§2.3 �(3.9)��

(ak,1, ak,2, . . . , ak,k) = (a1, a2, .., ap, 0, · · · , 0). (1.19)

¤±(1.18)¤á.
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 �'Xê�u�

• �u�H0 : ak,k = 0§I���âk,k�©Ù"�·��U��âk,k�4�

©Ù"

• ½n1.4 �(ak,1, ak,2, . . . , ak,k)d(1.19)½Â, XJAR(p)�.(1.1)¥�

xD(´ÕáÓ©Ù�, Eε4t <∞, Ké(½�k > p, �N →∞�,

√
N(âk,1 − ak,1, âk,2 − ak,2, · · · , âk,k − ak,k)

�©ÙÂñ�k-���©ÙN(0, σ2Γ−1k ).

• íØ1.5 3½n1.4�^�e, ék > p,
√
Nâk,k �©ÙÂñ�IO��

©ÙN(0, 1).

íØ1.5y²

• l½n1.4���Iék > py²σ2Γ−1k �1(k, k)��´1.

• ^A(j,j)L«Ý
A�1(j, j)��. |^Γ−1k ���Ý
L«��

Γ−1k =
1

det(Γk)


det(Γk−1) ∗

∗
∗ det(Γk−1)

 .

• u´
(Γ−1k )(k,k) = (Γ−1k )(1,1) =

det(Γk−1)

det(Γk)
, ∀k ≥ 1.

• ék ≥ p, |^Yule-Walker �§��

Γk+1

(
1

−ak

)
=


σ2

0
...

0

 lk

(
1

−ak

)
= Γ−1k+1


σ2

0
...

0


• u´�� (

σ2Γ−1k+1

)
(k+1,k+1)

=
(
σ2Γ−1k+1

)
(1,1)

= 1, k ≥ p.

^�� �'Xê½�

• N���ek > p§K
√
Nâk,kCqÑlN(0,1)§̂ak,k�±95%VÇá\«m

(−1.96/
√
N, 1.96/

√
N).
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• é,�½�K§±

p̂ = max{j : |âj,j | > 1.96/
√
N, 1 ≤ j ≤ K}

��p��O´Ün�"

• ¢S¯K¥�±�K�#N��ê���þ."

• ù«�{��xÑ�� �'XêãÒ�±½�"(R¥^pacf(x)���

 �'Xêã)"

AICÚBIC½�

• �±ÏLé[Ü`Ý��¦\þéëê�ê�¨v�½��OK5½
�"

• AICOK:

AIC(k) = ln σ̂2
k +

2k

N
, k = 0, 1, . . . , P0

(P0´�����þ�)

• BIC½�:

BIC(k) = ln σ̂2
k +

k lnN

N
, k = 0, 1, . . . , P0

• �AIC½BIC����:��p��O"

• AIC½�Ø�Ü, ��up�¶BIC½�3N →∞�´r�Ü�§�é�
��N��u$�"

§6.1.5 �.[Üu�

�.[Üu�

• é*ÿêâx1, x2, · · · , xN ,XJ��
AR(p)��pÚg£8Xê(a1, a2, · · · , ap)�
�Oþp̂ Ú(â1, â2, · · · , âp̂), ½Âí�

ε̂t = yt −
p̂∑
j=1

âjyt−j , t = p̂+ 1, p̂+ 2, . . . , N. (1.21)

• ùp�yt = xt − x̄N´xt"þ�z.

• éþã�í�S�?1xD(�u�.

• XJU
�½(1.21)´xD(, Ò@�ïá��.´Ün�. ÄK�±U

Äp̂ ���#O�, ½U^MA(q) ½ARMA(p, q) �..
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§6.1.6 ARÌ�Ý�O

ARÌ�Ý�O

• ÷vAR(p)�.(1.1)�AR(p)S�kÌ�Ý¼ê

f(λ) =
σ2

2π

∣∣∣∣∣∣1−
p∑
j=1

aje
ijλ

∣∣∣∣∣∣
−2

. (1.22)

• rσ2, pÚ(a1, a2, . . . , ap)��Oþσ̂2, p̂Ú(â1, â2, . . . , âp)�\(1.22)�,�

�f(λ) ��O

f̂(λ) =
σ̂2

2π

∣∣∣∣∣∣1−
p̂∑
j=1

âje
ijλ

∣∣∣∣∣∣
−2

. (1.23)

• Ï~¡f̂(λ)�ARÌ�O½4��Ì�O.

• éuAIC½BIC½�p̂,XJ{εt}´ÕáÓ©Ù�WN(0, σ2),�±y²f̂(λ)�

�Âñ�f(λ).
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§6.2 MA(q)�.�ëê�O

MA(1)ëê�O

• �ÄMA(1)

Xt = εt + bεt−1, t = 1, 2, . . .

Ù¥|b| < 1"

• γ0 = EX2
t = σ2(1 + b2), γ1 = σ2b.

• ρ1 = b
1+b2 , 'ub��§�

ρ1b
2 − b+ ρ1 = 0

• �|ρ1| ≤ 0.5�bâk¢):

b =
1−

√
1− 4ρ21

2ρ1

(,��)¦|b| > 1§�ï)

• ^ρ̂1 = γ̂1/γ̂0�OnØ���b�Ý�O

b̂ =
1−

√
1− 4ρ̂21

2ρ̂1

• XJ{εt}´ÕáÓ©Ù�xD(, d§4.2 ½n2.1 ��ρ̂1´ρ1�r�Ü�

O: limN→∞ ρ̂1 = ρ1 , a.s., u´

•

lim
N→∞

b̂ =
1−

√
1− 4ρ21

2ρ1
= b, a.s.,

• ¤±b̂´b�r�Ü�O.

• ¢Sþ|^§4.2 ½n2.2 ��±y², �N → ∞�,
√
N(b̂ − b) �©ÙÂ

ñ���©Ù([27]).

N

(
0,

1 + b2 + b4 + b6 + b8

(1− b2)2

)
.

§6.2.1 MA(q)�.�Ý�O9ÙO�

Ý�O
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• �Ä�_MA(q)�.:

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (2.2)

{εt} ∼WN(0, σ2), Xê÷v�_^�µ

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z| ≤ 1, (2.3)

• b½q®�§�Ob = (b1, . . . , bq)
TÚσ2"

• ëê�g���¼ê'X�

γk = σ2(b0bk + b1bk+1 + · · ·+ bq−kbq), 0 ≤ k ≤ q. (2.4)

• �±^)��5�§|��{¦)bÚσ2§�ØU�y)��§�ØU�

y�_5^�"

• ¦)�{�)�5S��{ÚNewton-RaphsonS��{"

• ��±�â§3.1 CO�Ý�O"dMA(q)�qÚ��5§�½Â

γ̃k =

γ̂k, 0 ≤ k ≤ q,

0, k > q,

^{γ̃k}��{γk}��O�\§3.1C �O�úª"

• ½n2.1 XJ�.(2.2)¥�{εt}´ÕáÓ©Ù�WN(0, σ2), KA�7,

/�N¿©��d(2.6)O��b̂1, b̂2, . . . , b̂q÷v�_^�(2.3).

• y² du�N →∞,γ̂k → γk , a.s., ¤±

f̂(λ) =
1

2π

q∑
k=−q

γ̂ke
−ikλ

→f(λ) =
1

2π

q∑
k=−q

γke
−ikλ, a.s., � N →∞

3[−π, π]þ��¤á. u´�N¿©��f̂(λ)ð�. |^§3.1�Ún1.2�

�k���(b′1, b
′
2, . . . , b

′
q)÷v�_5^�(2.3), ¿�¦�

f̂(λ) =
σ2
0

2π
|1 +

q∑
j=1

b′je
−ijλ|2
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´

Yt = et +

q∑
j=1

b′jet−j , {et} ∼WN(0, σ2
0)

�Ì�Ý. ù�, γ̃k = E(YtYt+k). 2|^§3.1�C��

(b̂1, b̂2, . . . , b̂q) = (b′1, b
′
2, · · · , b′q).

• l½n2.1�y²��ù����(b̂1, b̂2, · · · , b̂q)÷v

1 +

q∑
j=1

b̂jz
j 6= 0, |z| ≤ 1

�¿©^�´
q∑

k=−q

γ̂ke
−ikλ > 0, λ ∈ [−π, π].

§6.2.2 MA(q)�.�_�'¼ê{

_�'¼ê

• Ï�AR�Yule-Warker�OU�y��� 5¤±��rMAC¤��AR2

�O"

• ½Â: �²S�{Xt}kð��Ì�Ýf(λ).Ï~¡

fy(λ) =
1

4π2f(λ)
. (2.7)

�{Xt}�_Ì�Ý. ¡

γy(k)
4
=

∫ π

−π
eikλfy(λ) dλ

�{Xt}�_�'¼ê½_g�'¼ê.

MA(q)�_�'¼ê

• �{Xt}��_MA(q)S�"ÙÌ�Ý�

f(λ) =
σ2

2π
|B(eiλ)|2

• _Ì�Ý�

fy(λ) =
σ−2

2π
|B(eiλ)|−2 (2.8)

fy�XeAR(q)S��Ì�Ý

Yt = −
q∑
j=1

bjYt−j + et, t ∈ Z (2.9)

Ù¥{et} ∼WN(0, σ−2)"
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• {Yt}�g���¼ê

γy(k) =

∫ π

−π
eikλfy(λ) dλ, k = 0, 1, 2, . . . (2.10)

´{Xt}�_�'¼ê"

• ��U�O{γy(k)}§Ò�±^Y-W�{�O{Yt}�ëêb1, . . . , bqÚσ−2§
l��MA(q) S�{Xt}�ëê�O§�Xê÷v�_5^�"

• Ún2.2 XJ(a1, a2, . . . , ap) Úσ2©O´AR(p)�.

Xt =

p∑
j=1

ajXt−j + εt, t ∈ Z,

�g£8XêÚxD({εt}���, K{Xt}�_�'¼ê�

γy(k) =

 1
σ2

∑p−k
j=0 ajaj+k, 0 ≤ k ≤ p, a0

4
= −1,

0, k > p.

• Ún2.2y² {Xt}kÌ�Ý

f(λ) =
σ2

2π
|A(eiλ)|−2, Ù¥ A(z) = 1−

p∑
j=1

ajz
j ,

Ú_Ì�Ý

fy(λ) =
1

4π2f(λ)
=

1

2πσ2
|A(eiλ)|2,

u´k_�'¼ê

γy(k) =

∫ π

−π
eikλfy(λ)dλ =

 1
σ2

∑p−k
j=0 ajaj+k, 0 ≤ k ≤ p,

0, k > p.

MA(q)�_�'¼êëê�O{

• ÷v(2.2)��_MA(q)S�{Xt}�±�¤Ã¡�g£8�/ª

Xt −
∞∑
j=1

ajXt−j = εt, t = 1, 2, .., (2.13)

ùp�£8Xê{aj} d1/B(z) 3ü �S�Taylor?êû½:

1

B(z)
= 1−

∞∑
j=1

ajz
j , |z| ≤ 1.
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• du�j → ∞, aj´±K�ê�Âñ�0�, ¤±é�����êp �±

òÃ¡�g£8�.(2.13)�¤Cq���(p�)g£8�/ª

Xt ≈
p∑
j=1

ajXt−j + εt, t = 1, 2, .., (2.14)

• |^Ún2.2 ��{Xt}�_�'¼êγy(k)÷v

γy(k) ≈ 1

σ2

p−k∑
j=0

ajaj+k, 0 ≤ k ≤ q, a0
4
= −1. (2.15)

• ^��x1, x2, . . . , xNO�_�'¼êγ̂y(k)Úb̂1, . . . , b̂q, σ̂2��{Xe"

1. Äk|^{xt}���g���¼êγ̂kïá��AR(pN )�.,ùppN�

±´AR�.�AIC½�, ��±��K ln(N)��êÜ©, K´��

�ê.

2. ép ≡ pN)��Yule-Walker�§(1.3),(1.4), ����Yule-Walker

Xê

(âp,1, âp,2, . . . , âp,p) Ú σ̂2
p.

3. O���_�'¼ê

γ̂y(k) =
1

σ̂2
p

p−k∑
j=0

âp,j âp,j+k, k = 0, 1, 2, . . . , q, âp,0
4
= −1.

4. |^��Yule-Walker�§(2.11)Ú(2.12)O�ÑMA(q)Xê��Ob̂q =

(b̂1, b̂2, .., b̂q)
T Úσ̂2.

• ù«�{´^����g£85Cq{Xt}§g£8S��_g�'¼ê
éN´O�§ù���_�'¼ê"

§6.2.3 MA(q)�.�#E�O�{

MAëê�#E�O

• ^#Eý�úª�±O�{Xt}���#E"

ε̂t+1 =Xt+1 − X̂t+1
4
= Xt+1 − L(Xt+1|X1, . . . , Xt)

=Xt+1 − L(Xt+1|ε̂1, . . . , ε̂t)

=Xt+1 −
t∑

j=1

θt,j ε̂t+1−j , t = 1, 2, . . .

• Ù¥X̂1
4
= 0§{θt,j}�4íO�§ý�Ø�νt = Eε̂2t+1�4íO�"
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• éMA(q)S�{Xt}þã#Eý�úª¥θt,j = 0,ét ≥ q, j > q§#Eý�

úªC¤

X̂t+1 =

q∑
j=1

θt,j ε̂t+1−j , t ≥ q (2.16)

• éMA(q)S�{Xt}ÙxD(�{εt}´#E:

εt+1 =Xt+1 − L(Xt+1|Xt, Xt−1, Xt−2, . . . )

≈Xt+1 − L(Xt+1|Xt, Xt−1, Xt−2, . . . , X1)

=ε̂t+1, t→∞

(d§5.2(P161)½n2.4§Ã¡�{¤�Z�5ýÿ´k�{¤ýÿ�4�)

• u´t���

Xt =εt + b1εt−1 + · · ·+ bqεt−q

≈ε̂t + b1ε̂t−1 + · · ·+ bq ε̂t−q

=Xt − X̂t + b1ε̂t−1 + · · ·+ bq ε̂t−q

`²

X̂t ≈ b1ε̂t−1 + · · ·+ bq ε̂t−q

• þª�(2.16)�#Eý�úª'����t����±^b̂j = θt,j�Obj§

^νt�Oσ2"ù«�O¡�#E�O"

MAëê�#E�O�{

• �½*ÿêâx1, x2, . . . , xN , �m = o(N1/3).

• O���g���¼êγ̂0, γ̂1, · · · , γ̂m.

• b Úσ2�#E�O

(b̂1, b̂2, . . . , b̂q) = (θ̂m,1, θ̂m,2, . . . , θ̂m,q), σ̂2 = ν̂m. (2.17)

de¡�#Eý�4íúª��.
ν̂0 = γ̂0,

θ̂n,n−k = ν̂−1k [γ̂n−k −
∑k−1
j=0 θ̂k,k−j θ̂n,n−j ν̂j ], 0 ≤ k ≤ n− 1,

ν̂n = γ̂0 −
∑n−1
j=0 θ̂

2
n,n−j ν̂j , 1 ≤ n ≤ m,

(2.18)

Ù¥
∑−1
j=0(·) 4= 0.

• 4ígS´

ν̂0; θ̂1,1, ν̂1; θ̂2,2, θ̂2,1, ν̂2; θ̂3,3, θ̂3,2, θ̂3,1, ν̂3; · · · .
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#E�O��Ü5

½n2.3([18]) �{Xt}´�_ARMA(p, q)S�, ÷v

A(B)Xt = B(B)εt, t ∈ Z.

{ψj}´B(z)/A(z)�Taylor?êXê. XJ{εt}´4�Ýk��ÕáÓ©ÙWN(0, σ2),

��ê�m = m(N) < N ÷v�N →∞ �, m→∞ Úm = o(N1/3). Ké?

Û��êq, �N →∞
√
N(θ̂m,1 − ψ1, θ̂m,2 − ψ2, . . . , θ̂m,q − ψq)

�©ÙÂñ�q���©ÙN(0, A), Ù¥q × qÝ


A = (ai,j), ai,j =

min(i,j)∑
k=1

ψi−kψj−k.

¿�ν̂m �VÇÂñ�σ2.

• íØ éuMA(q)S�{Xt}, ��.(2.2)¥�xD(´4�Ýk��Õá

Ó©ÙS��, #E�O(2.17)´�Ü�O, �NªuÃ¡�,

√
N(b̂1 − b1, b̂2 − b2, · · · , b̂q − bq)

�©ÙÂñ�q���©ÙN(0, A), Ù¥q × qÝ


A = (ai,j), ai,j =

min(i,j)∑
k=1

bi−kbj−k, b0
4
= 1.

¿�ν̂m �VÇÂñ�σ2.

• 5¿I�m→∞�#E�{���ëê�Oâ´�Ü�§ØU^θq,1, . . . , θq,q�
�b1, . . . , b1��O"

• ¢S¥§m�ØU����§Ï�#Eýÿ�4íúª¥^�γ̂m−1"

§6.2.4 MA(q)�.�½��{

MAS��½��{

• duMA(q)S��A�´g�'Xêq���,¤±���g�'Xêρ̂k =

γ̂k/γ̂0 l,�:q̂�C�é��, �±q̂��q��O.

• l§4.2�½n2.29~2.1��,éum > q,
√
Nρ̂m�©ÙÂñ�Ï"�0,

���

1 + 2ρ21 + 2ρ22 + ..+ 2ρ2q

���©Ù. ù�d��g�'Xêρ̂k, k = 1, 2, · · · ,m�ã/�±��
��q��O, Ó���±�äæ^MA(q)�.�Ün�Ä.
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• ��±^AIC½��{: XJ�â¯K��µ½êâ�A5U
�½MA(q)�

.�êq�þ.´Q0. éum = 0, 1, 2, . . . , Q0Ucã��{Å�[ÜMA(m)�

.. xD(��σ2��OþP�σ̂2
m. ½ÂAIC¼ê

AIC(m) = ln(σ̂2
m) + 2m/N, m = 0, 1, . . . , Q0.

ùpN´���ê. AIC(m)����:q̂ (XØ��,A���)¡�MA(q)�

.�AIC½�.

§6.2.5 MA(q)�.�[Üu�

MA�.�O�[Üu�

• l*ÿêâx1, x2, · · · , xN ���.�ëê�Oq̂, b̂1, b̂2, . . . , b̂q̂ Úσ̂2 �,

�

ε̂1−q̂ = ε̂2−q̂ = · · · = ε̂0 = 0,

yt =xt − x̄N ,

ε̂t =yt −
q̂∑
j=1

b̂j ε̂t−j , t = 1, 2, . . . , N.

• éL = O(N1/3), XJ{ε̂t : t = L,L + 1, · · · , N} U
ÏLxD(u�, Ò

@��.�ÀJÜ·. ÄKUCq̂���, [Ü#�MA�.½U^Ù¦

��., ~XU^ARMA�.�.

§6.2.6 MAÌ�Ý�O

MA(q)S��Ì�Ý�O

• XJlêâ��
MA�.�ëê�O,�.�u��®²ÏL,�±|

^

f̂(λ) =
σ̂2

2π
|1 +

q̂∑
j=1

b̂je
ijλ|2

��¤'%�²S��Ì�Ý��O.

• ù´Ï�XJ*ÿêâ(¢´MA(q)S�(2.2)�, §�Ì�Ý´

f(λ) =
σ2

2π
|1 +

q∑
j=1

bje
ijλ|2.

• ØJwÑ, XJq̂, b̂1, b̂2, . . . , b̂qÚσ̂2©O´q, b1, b2, .., bq Úσ2��Ü�O,

Kf̂(λ) ´f(λ)��Ü�O.
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§6.3 ARMA(p, q)�.�ëê�O

ARMA�.

• éu"þ�z��²*ÿêâx1, x2, · · · , xN ,XJ[ÜAR(p)ÚMA(q)�

.��JÑØn�, Ò��ÄARMA(p, q)�.�[Ü.

• ù��±b�x1, x2, · · · , xN÷vXe��_ARMA(p, q)�.

Xt =

p∑
j=1

ajXt−j + εt +

q∑
j=1

bjεt−j , t = 1, 2, . . . (3.1)

• Ù¥{εt}´WN(0, σ2),��ëêa = (a1, a2, · · · , ap)T Úb = (b1, b2, · · · , bq)T

¦�õ�ª

A(z) = 1−
p∑
j=1

ajz
j , B(z) = 1 +

q∑
j=1

bjz
j (3.2)

p�, ¿�÷v

A(z)B(z) 6= 0, |z| ≤ 1. (3.3)

• ±eE,^γ̂k L«d(1.2)½Â���g���¼ê.

• ·�k�p, q´®��.

§6.3.1 ARMA(p, q)�.�Ý�O�{

ARMA�.�Ý�O�{

• |^§3.2�(2.15)��ARMA(p, q)S��g���¼ê÷vò��Yule-

Walker�§
γq+1

γq+2

..

γp+q

 =


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2

.. .. · · · ..

γq+p−1 γq+p−2 · · · γq




a1

a2

..

ap

 (3.4)

• ù´ëêa ��O�§, l§��a�Ý�O
â1

â2

..

âp

 =


γ̂q γ̂q−1 · · · γ̂q−p+1

γ̂q+1 γ̂q · · · γ̂q−p+2

.. .. · · · ..

γ̂q+p−1 γ̂q+p−2 · · · γ̂q


−1

γ̂q+1

γ̂q+2

..

γ̂q+p

 . (3.5)
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• |^§3.2�½n2.3��(3.4)¥�p×pÝ
Γp,q´�_�. ^Γ̂p,qL«(3.5)¥

�p× pÝ
. �ARMA(p, q)�.¥�xD({εt}ÕáÓ©Ù�, γ̂k a.s.Â

ñ�γk.

• u´�N →∞,

det(Γ̂p,q)→ det(Γp,q) 6= 0.

• ¤±�N¿©��, (3.5)¥�Ý
Γ̂p,q�´�_�. ù�Ý�O´��

�.��±wÑ, 3þã�^�e, Ý�O(3.5)´r�Ü�:

lim
N→∞

âj = aj , a.s., 1 ≤ j ≤ p. (3.6)

• e¡�OMA(q)Ü©�ëê.

• du

zt
4
= xt −

p∑
j=1

ajxt−j , t = p+ 1, p+ 2, . . . , N

÷vMA(q)�.

zt = B(B)εt,

• ¤±��â1, â2, . . . , âp�,

yt = xt −
p∑
j=1

âjxt−j , t = p+ 1, p+ 2, . . . , N. (3.7)

´��MA(q)S��Cq*ÿêâ. §���g���¼êd

γ̂y(k) =

p∑
j=0

p∑
l=0

âj âlγ̂k+j−l, k = 0, 1, · · · , q (3.8)

½Â, Ù¥â0 = −1.

• y3ò(3.8)w¤��MA(q)S����g���¼ê, |^§6.2 ��{

Ò�±�OÑMA(q)Ü©�ëêb Úσ2.

§6.3.2 ARMA(p, q)�.�g£8%C{

ARMA�.�g£8%C{

• XJARMA�.¥®�εtKa1, . . . , ap, b1, . . . , bq�±w¤´£8Xê"

• εt���Úý�Ø�§�±^��#E�O"�´��#E��O�(
J§¤±�±[Ü��g£8�.§̂ g£8�.�í����Úý�

Ø���O"
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• Äk�êâïáAR�.. �g£8�ê�þ.P0 = [
√
N ]. ùp[a]L

«a��êÜ©. æ^AIC½��{��AR�.��ê�Op̂ Úg£8

Xê��O

(φ̂1, φ̂2, . . . , φ̂p̂).

O�í�

ε̂t = xt −
p̂∑
j=1

φ̂jxt−j , t = p̂+ 1, p̂+ 2, . . . , N.

• ,��ÑCq�ARMA(p, q)�.

xt =

p∑
j=1

ajxt−j + ε̂t +

q∑
j=1

bj ε̂t−j , t = L+ 1, L+ 2, . . . , N.

ùpL = max(p̂, p, q), aj , bk´�½ëê.

• ��é8I¼ê

Q(a, b) =

N∑
t=L+1

xt − p∑
j=1

ajxt−j −
q∑
j=1

bj ε̂t−j

2

(3.9)

4�z,�����¦�O(â1, . . . , âp, b̂1, . . . b̂q). σ
2����¦�Ode

ª½Â.

σ̂2 =
1

N − L
Q(â1, . . . , âp, b̂1, . . . , b̂q).

§6.3.3 ���mS��q,¼ê

���mS��q,¼ê

• �{Xt}´"þ����mS�, én ≥ 1, Xn = (X1, X2, .., Xn)T ���

�Ý
Γn�½.

• æ^§5.3�PÒ�±���Z�5ýÿ

X̂n
4
= L(Xn|Xn−1) =

n−1∑
j=1

θn−1,n−jZj ,

Ù¥Zj = Xj − X̂j , Z1 = X1.

• u´

Xn =X̂n + Zn =

n−1∑
j=1

θn−1,n−jZj + Zn

=

n∑
j=1

θn−1,n−jZj (θn−1,0
4
= 1)

=(θn−1,n−1, θn−1,n−2, · · · , θn−1,1, 1) ·Zn,

Ù¥Zn = (Z1, Z2, · · · , Zn)T .



§6.3 ARMA(p, q)�.�ëê�O 179

• �
�BÚ\en�Ý


C =



1 0 0 · · · 0

θ1,1 1 0 · · · 0

θ2,2 θ2,1 1 · · · 0
...v · · ·

... · · ·
...

θn−1,n−1 θn−1,n−2 θn−1,n−3 · · · 1


• Kk

Xn = CZn.

• du
rk−1

4
= EZ2

k , k = 1, 2, ..., n− 1

´ýÿ�þ�Ø�(�5#Eý�¥rk−1^νk−1L«§�´e¡νk−1�L

«éXt�C���S�Yt���#E��), ¤±^Z1, Z2, . . . , Zn���

5��

D
4
= E(ZnZ

T
n ) = diag(r0, r1, . . . , rn−1).

• dd��Xn����Ý
:

Γn = E(CZnZ
T
nC

T ) = CDCT ,

det(Γn) = det(D) = r0r1 · · · rn−1,

XT
nΓ−1n Xn = ZTnC

T (CDCT )−1CZn =

n∑
j=1

Z2
j /rj−1.

• duXn�©ÙdΓnû½, rj , θk,j Ñ´Γn�¼ê, ¤±��ÄuXn�

q,¼ê

L(Γn) =
1

(2π)n/2[det(Γn)]1/2
exp

(
−1

2
XT
nΓ−1n Xn

)

=
1

(2π)n/2(r0r1 · · · rn−1)1/2
exp

−1

2

n∑
j=1

Z2
j /rj−1

 .

(3.10)

§6.3.4 ARMA(p, q)�.���q,�O

ARMA(p, q)�.���q,�O

• �{Xt}´÷vARMA�.(3.1)�²S�. æ^§5.4�C¥ÎÒ,|^§5.4�(4.11)�

�ÅÚý��4íúª

X̂k+1 =


∑k
j=1 θk,jZk+1−j , 1 ≤ k < m,∑p
j=1 ajXk+1−j +

∑q
j=1 θk,jZk+1−j , k ≥ m.

(3.11)
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ùpm = max(p, q),

Zk =Xk − X̂k = Xk − L(Xk|Xk−1, Xk−2, . . . , X1), (3.12)

rk−1 =EZ2
k = E(Xk − X̂k)2 = σ2νk−1. (3.13)

• θk,j , νk �±ÏL1ÊÙ�(4.9)Ú(3.6)4íO�, (4.9)¥�σ−2γk d1

nÙ�(2.10), (2.11)O�. §�Ñ´Úσ2Ã'�þ, dARMA�.(3.1) �

ëê

β = (a1, a2, . . . , ap, b1, b2, . . . , bq)
T (3.14)

��û½.

• lX̂k�´Úσ2Ã'�þ,=d*ÿêâX1, X2, . . . , Xk−1Úβû½. ò(3.11)Ú(3.13)�

\(3.10)Ò��Äu*ÿêâX1, X2, · · · , XN�q,¼ê

L(β, σ2) =
exp

(
− 1

2σ2

∑N
k=1 Z

2
k/νk−1

)
(2π)N/2(σ2Nν0ν1 · · · νN−1)1/2

(3.15)

• Ú\

S(β) =

N∑
k=1

Z2
k/νk−1. (3.16)

• �Ñ~ê��, �±��éêq,¼ê

lnL(β, σ2) = −N
2

lnσ2 − 1

2
ln(ν0ν1 · · · νN−1)− 1

2σ2
S(β). (3.17)

• |^
∂

∂σ2
lnL(β, σ2) = − N

2σ2
+
S(β)

2σ4
= 0

• ��
σ2 =

1

N
S(β).

• òþª�\(3.17)��

l(β)
4
=− 2

N
lnL(β, S(β)/N)− 1

=
1

N
ln(ν0ν1 · · · νN−1) + ln[S(β)/N ]. (3.18)

• Ï~¡l(β)´�zq,¼ê. �±wÑ, l(β)����:

β̂ = (â1, â2, . . . , âp, b̂1, b̂2, . . . , b̂q)
T (3.19)

´β���q,�O, 

σ̂2 =
1

N
S(β̂) (3.20)

´σ2���q,�O.
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��q,�O�O�

• 3O�l(β)����:�, �æ^����`z�{.

• �O�l(β)¼ê�§ÏL1ÊÙ�(4.9)Ú(3.6)4íO�Ñθk,j , νj ÚZk =

Xk − X̂k, ,�O�Ñl(β).

• �
\¯|¢��ÝÚJp�O�°Ý, Ð©�β(0) A�ÀJ3l(β)�

���NC.

• ¢SO�¥, Ð©�A�À¤3A¥½Â�Ý�O½B¥½Â�g£8%

C�O.�
���O�.�Ün5Ú�_5,�A�ÀJÐ©�β(0) ¦

�A(z), B(z)34ü �Svk":.

��q,�O�����¦�O

• du�k →∞, ^§5.2 ½n2.4(½SK4.4)��

νk =E(Xk+1 − X̂k+1)2/σ2 = E[Xn − L(Xn|Xn−1, Xn−2, . . . , Xn−k)]2/σ2

→E[Xn − L(Xn|Xn−1, Xn−2, . . . )]
2/σ2 = Eε2n/σ

2 = 1.

• ¤±N →∞ �,
1

N
ln(ν0ν1 · · · νN−1)→ 0.

• u´, é���N , l(β)ÚS(β)����:Cq��. u´��±^S(β)

����:β̃��β��O. Ï~�¡β̃´β����¦�O, �A�xD

(��σ2��O½Â¤

σ̃2 =
1

N − p− q
S(β̃). (3.21)

��q,�O�4�©Ù

• �±y²���¦�Oβ̃Ú��q,�Oβ̂ k�Ó�4�©Ù, σ̃2Úσ̂2k

�Ó�4�©Ù.

• ½n3.1 XJ{Xt}´²�_�ARMA(p, q)S�, xD(´ÕáÓ©

ÙS�, Eε4t <∞. K�N →∞ �,
√
N(β̂ − β)

�©ÙÂñ���©ÙN(0, V (β)), Ù¥

V (β) =


σ2

 E(UUT ) E(UV T )

E(V UT ) E(V V T )

−1 , p > 0, q > 0,

σ2
(
E(UUT )

)−1
, q = 0, p > 0,

σ2
(
E(V V T )

)−1
, p = 0, q > 0.

(3.22)
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U = (Up, Up−1, . . . , U1)T , V = (Vq, Vq−1, . . . , V1)T , {Ut}Ú{Vt}©O´AR(p)ÚAR(q)S

�§©O÷vA(B)Ut = εtÚB(B)Vt = εt.

4�©Ù�|^

• ^vjjL«V (β)�1(j, j)���, K

√
N(β̂j − βj)

�©ÙÂñ���©ÙN(0, vjj).

• 3¢S¯K¥, ý�V (β)´���, Ï~^�OþV (β̂)�O.

• u´�±^V (β̂) �1(j, j)��v̂jj��vjj�Cq.

• ù�, �N���, |^

P [
√
N |β̂j − βj |/

√
vjj ≤ 1.96] ≈ 0.95

Ò�±3�&Y²0.95e��βj�Cq�&«m

[ β̂j − 1.96
√
v̂jj/N, β̂j + 1.96

√
v̂jj/N ].

~3.1: ARMA(4,2)��O��[©Û

éuARMA(4,2)�.

Xt + 0.9Xt−1 + 1.4Xt−2 + 0.7Xt−3 + 0.6Xt−4

=εt + 0.5εt−1 − 0.4εt−2, t ∈ Z, (3.23)

��[O�, Ù¥{εt}´IO��WN(0, 1).

|^§3.2��{�)�.(3.23)�300�êâ{xt}.
|^úª(3.5)(*Ð�Y-W�§)O�Ña��O

â = (−0.8959, −1.3843, −0.6876, −0.5868)T .

2|^úª(3.8)(rÂ(B)Xtw¤MAS�{Yt})O�Ñγ̂y(k), k = 0, 1, . . . , 10.

�pN = 10, |^MA�.�_�'¼ê�{O�ÑMAÜ©�ëê�O

ÚxD(����OXe:

b̂ = (0.5122, −0.3427)T , σ̂2 = 1.47.

�ý¢�'�, g£8Ü©�ëê�O´-<÷¿�.

e¡±â, b̂, σ̂2�Ð�O���q,�O. O�æ^
3Ð�NC|¢�

�{. (J�µ

â = (−0.9010 − 1.3920 − 0.6808 − 0.6039)T ,

b̂ = (0.5145 − 0.3721)T , σ̂2 = 1.282.
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l±þ(JwÑ,�~¥��q,�OoNþ�±U?Ð�O,AO´U

U?MAëêÚσ2��O°Ý.

òþã��[O�E1000g, zg#�)�.(3.23)�300�êâ, ,

�^þ¡�Ð��O�{��ëê�O(Ø2?1��q,�O)"1000g�

ëê�O�(JnÜXe:

Ave(â) = −0.8954 −1.3880 −0.6897 −0.5900

Std(â) = 0.0716 0.0873 0.0773 0.0669

Ave(b̂) = 0.5258 −0.3141 Ave(σ̂2) = 1.2791

Std(b̂) = 0.6893 0.3188 Std(σ̂2) = 0.1639

lþã�O�wÑ, ARÜ©��O´-<÷¿�, MAÜ©ÚxD(��

�O�IO���.æ^��q,�O�Ï~�±U?�O�°Ý,AO´U

?MAëêÚxD(����O.

§6.3.5 ARMA(p, q)�.�u�

ARMA�.[Ü�u�

• 3��
ARMA(p, q)�.�ëê�O

(â1, . . . , âp), (b̂1, · · · , b̂q)

�, é�.?1u�´�©7��.

• Äk�u��.�²5ÚÜn5, =�u��O�ëê÷v(3.3).

• ,�é�½�Ð�

x0 = x−1 = · · · = x−p+1 = ε̂0 = · · · = ε̂−q+1 = 0

4íO��.�í�

ε̂t = xt −
p∑
l=1

âlxt−l +

q∑
j=1

b̂j ε̂t−j , t = 1, 2, . . . (3.24)

• �m = O(N1/3)Úm > max(p, q). XJí�

ε̂t, t = m,m+ 1, .., N

�±ÏLxD(�u�, Ò@��.Ü·. ÄKÏéÙ¦��..

• 3¢Só�¥, ëê(p, q)´���. �´�âêâ�5�k��±��

�ê�����.�±3ù���Séz�é(p, q)ïáARMA(p, q)�.,

XJ���.�±ÏLu�, Òrù��.3��^.



184 18Ù ARMA�.�ëê�O

• XJØU(½�ê���, �±æ^lp+ q = 1, p+ q = 2, . . . , m©d$

��p���g|Ï��{. ,�3¤k�^��.¥ÀÑp+ q���

���..

• XJp+ qØU��û½(p, q), �±�p�����. ��±3¤k��^

�.¥, æ^e¡�AIC½��{, ��(½���..

§6.3.6 ARMA(p, q)�.�½��{

ARMA(p, q)�.�½��{

• ÚAR�.�½��{�q, �½ARMA(p, q)�.��ê(p, q)����

O(k, j) = (p̂, q̂).

• ÃØù��O´N����, Uc¡��{Ñ�±�OÑARMA(k, j)�

.�ëê.

• ^σ̂2 = σ̂2(k, j)L«xD(��σ2��O.

• ��5ù, F"σ̂2������Ð. Ï�σ̂2��L«�.[Ü��°(.

• Ï~���í���σ̂2éAu����êk, j.

• ù�,LõJ¦[Ü�°Ý,½`L©J¦���í���σ̂2¬����

�p̂Úq̂, l���õ���ëê.

• Ù(J¬¦ïá��.'uêâLu¯a, lü$�.�è5.

• ,��¡§ëêLõ��.[Ü�Ð�´é#êâ�)ºUå�"

• AIC½�OKÒ´�
�ÑëêLõ�6¾JÑ�"

• ARMA�.�AIC½��{ÚAR�.�AIC½��{´�Ó�.

• XJ®�p�þ.P0Úq�þ.Q0, éuz�é(k, j), 0 ≤ k ≤ P0, 0 ≤ j ≤
Q0 O�AIC¼ê

AIC(k, j) = ln(σ̂2(k, j)) +
2(k + j)

N
. (3.25)

• AIC(k, j)����:(p̂, q̂) ¡�(p, q)�AIC½�.

• XJ���Ø��, Ak�k + j���, ,��j���.

• ��AIC½�¿Ø´�Ü�.�Ò´`, XJ²S��*ÿ{xt}(¢´
5g��ARMA(p, q)�.�, AIC½�(p̂, q̂)¿Ø�VÇÂñ�ý��(p, q).

�´, ÚAR(p)�.�AIC½��q, ù«Ø�N5¿ØUÄ½AIC½�

�¢^5. Ï���¡¢Sêâ¿Ø¬ý�÷v,��ARMA(p, q)�
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., ¤±ý���ê¿Ø�3, æ^ARMA�.�´éêâ��«?n

�{. ,��¡, AIC½�k�¬p��ê, �´¿Ø¬p�Ñéõ. ù

'$��ê�Ð, $�
�ê  ¬E¤���Ø�Ú�.�ÀJØ�.

• ò(3.25)¥�2(k + j)/NU�(k + j) lnN/N Ò��BIC(k, j)½�.

§6.3.7 ARMA(p, q)�.�Ì�Ý�O

ARMAÌ�Ý�O

• XJ��
ARMA(p, q) �.�ëê�O, �.�u��®²ÏL. �±

|^

f̂(λ) =
σ̂2

2π

|1 +
∑q̂
j=1 b̂je

ijλ|2

|1−
∑p̂
j=1 âje

ijλ|2
(3.26)

��Ì�Ý��O.

• ù´Ï�XJ*ÿêâ(¢´ARMA(p, q)S�(3.1)�, §�Ì�Ý´

f(λ) =
σ2

2π

|1 +
∑q
j=1 bje

ijλ|2

|1−
∑p
j=1 aje

ijλ|2.

• ØJwÑ,XJp̂, q̂, â1, ..., âp, b̂1, b̂2, · · · , b̂qÚσ̂2©O´p, q, a1, ..., ap, b1, b2, .., bq

Úσ2��Ü�O, Kf̂(λ) ´f(λ)��Ü�O.

• Ï~éÌ�Ý?1�O�´�
)�mS��ªÇA5. �¡�1lÙ

òÌ�0�Ì�Ý��O�{.

• ~3.2: �ùÂ
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