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Bayes’ Theorem

» For events A and B, provided Pr(B) # 0,

_ Pr(A)Pr(B|A)
Pr(AB) = ) . (1)
For two continuous random variables, Bayes’
theorem is stated with the density functions.
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» Bayes’ theorem may be derived from the definition of

conditional probability

Pr(A|B) — P’éf(g)B)
Pr(B|A) — Prl(af(z)B)
Pr(An B) — Pr(A|B)Pr(B) — Pr(B|APK(A).

Pr(A|B) =

Pr(B) + O;

Pr(A) # 0.
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Bayes’ Formula: extended form

» Let Aq,--- , Ay be a partition of the event space, i.e.,
independent events with positive probabilities

Pr(A;) > 0 and that U}, A; is the whole event space.
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» By the law of total probability,
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» By the law of total probability, References
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» For1 <j<n,
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Bayesian Interpretation 'ond imageides.

Coding
i . Ming Jiang
» Events are equivalent to propositions.
e . B ian Inft
Probability measures a degree of belief. o

Bayes’ theorem then links the degree of belief in a R
proposition before and after accounting for evidence. References
For proposition A and evidence B,

Pr(A), the prior, is the initial degree of belief in A

before B is observed.

Pr(A|B), the posterior, is the degree of belief in A

after B is observed.

Pr(B|A)

Pr(B)
the degree of belief in A.
The numerator Pr(B|A) is called the 1ikelihood.

is a factor representing the impact of B on
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Changes due to evidence. References

Bayes’ theorem provides the rational update given
the evidence.

The initial degree of belief is called the prior and
the updated degree of belief the posterior.

Bayesian inference has applications in science,
engineering, medicine and law.

Research has suggested that the brain may employ
Bayesian inference.
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» In statistics, Bayesian inference is a method of
statistical inference in which Bayes’ theorem is used
to calculate how the degree of belief in a proposition
changes due to evidence.
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Bayesian Inference in Data Processing

» A unknown quantity # which is to be inferred is called
the state.

© denotes the set of all possible states and is called
state space.

Typically, experiments are performed to obtain
information about 6.

Experiments are designed so that the observations
are distributed according to some probability
distribution, which has 6 as an unknown parameter.

In such situations, @ is called the parameter and ©
the parameter space.

References

[Mumford, 1994].
[Berger, 1985].
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» When a statistical investigation is performed to
obtain information about 6, the outcome (a random Bayesian Inference
variable) will be denoted by X. Sevesannerence
Often X will be a vector, X = (Xi,---, Xp). References

A particular realization will be denoted by x.

The set of possible outcomes is the sample space,
and will be denoted by X.

X is either a continuous or discrete random variable,
with the conditional density Pr(x|6).

Pr(x|0) is called the data model.
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The posterior distribution of 6 given x is Pr(6|x),
the conditional distribution of 6 given the sample
observation x.

Bayesian analysis is conducted by combing the prior
information and the sample information into the
posterior distribution, from which all decision and
inference are made.
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» To estimate 0, a number of classical techniques can Baves
K . R A K ayesian Inference
be applied to the posterior distribution. Rl
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What is needed is a non-informative prior, by Prer Inomaton
which is meant a prior which contains no information References
about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior
Pr(0) = c is proposed, where c is a constant.
Comments: lack of invariance under transformation
and improper probability distribution.
References

[Berger, 1985].

u]
o)

I

i
it
)
0
0)



Non-informative Priors I e

Coding
» There have been attempts to use the Bayesian Ming Jiang
approach even when no (or minimal) prior
q 0 q q Bayesian Inference
information is available. Bayes Theorom
. . Bayesian Inference
> What IS needed IS a , by Prior Information
which is meant a prior which contains no information eterepces
about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior
Pr(0) = c is proposed, where c is a constant.
Comments: lack of invariance under transformation
and improper probability distribution.
References

[Berger, 1985].

u]
o)
I
i
it




Non-informative Priors

» There have been attempts to use the Bayesian
approach even when no (or minimal) prior
information is available.

» What is needed is a non-informative prior, by
which is meant a prior which contains no information
about 6.

» The simplest situation to consider is when © is a
finite set, consisting of n elements.

Information Theory
and Image/Video
Coding

Ming Jiang

Bayesian Inference
Bayes' Theorem
Bayesian Inference
Prior Information

References



Non-informative Priors

» There have been attempts to use the Bayesian
approach even when no (or minimal) prior
information is available.

» What is needed is a non-informative prior, by
which is meant a prior which contains no information
about 6.

» The simplest situation to consider is when © is a
finite set, consisting of n elements.

» The obvious prior is to then give each of ©
probability 1/n.

Information Theory
and Image/Video
Coding

Ming Jiang

Bayesian Inference
Bayes' Theorem
Bayesian Inference
Prior Information

References



Non-informative Priors i)

>

Coding
There have been attempts to use the Bayesian Ming Jiang
approach even when no (or minimal) prior
0 . . . Bayesian Inference
information is available. i

Bayesian Inference

What is needed is a non-informative prior, by Pror nformatn
which is meant a prior which contains no information References
about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior
Pr(0) = c is proposed, where c is a constant.



Non-informative Priors i)

>

Coding
There have been attempts to use the Bayesian Ming Jiang

approach even when no (or minimal) prior
0 . . . Bayesian Inference
information is available. i

. . ! . . Bayesian Inference
What is needed is a non-informative prior, by P ormaton
which is meant a prior which contains no information References

about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior

Pr(0) = c is proposed, where c is a constant.

Comments: lack of invariance under transformation
and improper probability distribution.



Non-informative Priors i)

>

Coding
There have been attempts to use the Bayesian Ming Jiang

approach even when no (or minimal) prior
0 . . . Bayesian Inference
information is available. i

. . ! . . Bayesian Inference
What is needed is a non-informative prior, by P ormaton
which is meant a prior which contains no information References

about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior
Pr(0) = c is proposed, where c is a constant.
Comments: lack of invariance under transformation
and improper probability distribution.

References



Non-informative Priors i)

>

Coding
There have been attempts to use the Bayesian Ming Jiang

approach even when no (or minimal) prior
0 . . . Bayesian Inference
information is available. i

Bayesian Inference

What is needed is a non-informative prior, by Pror nformatn
which is meant a prior which contains no information References
about 6.

The simplest situation to consider is when © is a
finite set, consisting of n elements.

The obvious prior is to then give each of ©
probability 1/n.

For infinite set, the uniform non-informative prior
Pr(0) = c is proposed, where c is a constant.
Comments: lack of invariance under transformation
and improper probability distribution.
References

i [Berger, 1985].



Information Theory

Jeffreys, RU'G and Igage/Video
oding
Given RULE for assigning prior distribution for . Assume Ming Jiang
that g is a function of 8. One can also assign a prior Bayesian inference
distribution for the random variable ¢ = g(0) by this S
RULE. Then it should hold that

References

Pr(0) = Pr(¢)| det(Vg(0))| = Pr(g(0))| det(Vg(0))| (27)

» Since

/ Pr(¢)de = / Pr(0)db,
oA A

Jeffreys’ Rule requires that the prior distribution is
invariant under transformation.
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» Entropy has a direct relationship to information
theory. Bayesian Inference

Bayes’ Theorem

It is a measure of the amount of uncertainty inherent e
in the probablllty distribution. References
The principle is to seek the prior distribution which

maximizes entropy among all those distributions

which satisfy the given set of restrictions.

Entropy maximization was first proposed as a
general inference procedure by Jaynes
[Jaynes, 1957a, Jaynes, 1957Db].

It has historical roots in physics [Elsasser, 1937].

It has been applied successfully in a remarkable
variety of fields.

[Berger, 1985].
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To some, entropy’s unique properties make it obvious  References
that entropy maximization is the correct way to
account for constraint information.

To others, such an informal and intuitive justification
yields plausibility but not proof — why maximize

entropy; ?
A more serious problem is that the maximizer may
not exist.

[Berger, 1985].
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It “agrees with what is known, but expresses
‘maximum uncertainty’ with regard to all other
matters, and thus leaves a maximum possible
freedom for our final decision to be influenced by the
subsequent sample data’([Jaynes, 1968, p. 231]).

Jaynes demonstrated that the maximum entropy
distribution is equal to the frequency distribution that
can be realized in the great number of ways.

In [Shore and Johonson, 1980]: maximizing any
function but entropy will lead to inconsistencies
unless that function and entropy have identical
maxima.
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density & of 0 subject to the constraints (32) exists, then
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where )\, are constants to be determined from the
constraints in (32).

[Berger, 1985].
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density 7 of 6 subject to the constraints (32) exists, then

WO(H)eZT:‘ Ak Gk (0)
N Joo mo(0)ek=1 MO g

#(9) (33)

where )\, are constants to be determined from the
constraints in (32).

i [Berger, 1985].



Proof

» By Lagrange’s multiplier method, let
G(m / Pr(0) lo Pr(0)
(r) = O)log 5

subject to the constraints (32) exists, we have

[

log f‘(ﬁ)

T0(0)

71+Z/\kgk + @

> Akgk(0) + =0
k=1
Therefore

() e 1 HHtky Mgk (0)
Because [ #(0)df = 1, it follows that

e—1+H — 1
Jo mo(0)eTF ok
Therefore, # is given by (33)

- db.

do+z MIELG(O)] - il | PrO)OO-1]
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Proof

» By Lagrange’s multiplier method, let
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(9)

» if the maximum entropy distribution density 7 of 6
subject to the constraints (32) exists, we have

0:<G’(ﬁ),¢>_/ [ log ((9))71+Z/\kgk(9)+u
k=1

- pdf.

» Then

—log O 44 i)\kgk(ﬁ) +u=0.
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>

v

By Lagrange’s multiplier method, let

G(r) = / Pr(6)log 1) ( -

if the maximum entropy distribution density # of 6
subject to the constraints (32) exists, we have

0=< G’(ﬁ)& >= / [ IOQ ((9)) -1+ Z/\kgk(e) +p
=
Then
—log 70 _, + > MGk(0) + =0
mo(0) pa
Therefore

#(0) = mo(0) - e 1 HHtk s Mgk (0)

Because [ #(0)d6 = 1, it follows that

1

(gl . S
f@ ﬂo(g)eZZL kg (6)

Therefore, 7 is given by (33).
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