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» A straight line in R” can be determined by Al
{x+10:tcR}, (1) e
E;i/:(r:;’;e;:L;"R\esz
a direction § € S"1,
. L Cone Beam
a pOInt X € 6. Transform
The ray transform P is defined by e
. Grangeat's Formula
Smith’s Formula
(Pf)(@ X) - /R f(X + t@) dt (2) References
Pf is a function on

T"={(0,x): 0 S" 1 x et}
Let

©)
S(T") ={g e C®(T") : x*82g(0, x) bounded for «, 3 > 0}.
References

[Natterer, 2001, Chapter Il];

[Natterer and Wiibbeling, 2004, Chapter 2].
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P: S(R" — S(T") (I)

Theorem
Iff € S, then Pf € S(T").

Proof. Forany a, 5> 0and k > 0,

/ X®0L f(x + t0) dt‘ (5)
R

/R x* (o81) (x + 1) dt‘ (6)

xaaE(Pf)(a,x)‘ -

|X‘\a|

C(a, B,k
< C(a, B )/R(1+|x+t0|2)k
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. rlel
< max/ — dt
r<0 JR <1+r2+t2>
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— [ o6 E)f(y) . 29)

where y = x + 10, x € 6.
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=[] e Ex—yitnassy @)

_ /S 90| o0 Ex- )i dy. (39

» Making the substitution y = z + 10, z € 6+ in the
inner integral, we obtain
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= / do | dz / 9(0, Egx — 2)f(z + to) dt (40)
Sn—1 oL R

_ / do [ g(6, Eyx — 2)(Pf)(9, 2) dz
Sn—1 gi

:/Sn1(g « (P))(6, Egx) 09
=P#(g x (Pf))(x).

(41)
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Proof of Theorem 1.6 (I)
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Remark on Theorem 1.6

» The inversion formula for P in Theorem 1.6 is not as
useful as the inversion formula for R of Theorem ??.
To get the idea, consider the case n = 3 and put
a=20. Then

00 = 3z [(L19)0. B0, (59)

Thus one needs g(6, y) forall # € S? and y € 6~ in
order to find the function f.

In practice, it is rarely the case that g is known on all
of S2.

A reconstruction formula requiring only a subset

S2 ¢ S2 can be found in [Orlov, 1976] and

[Natterer and Wibbeling, 2001, Chapter 2].
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Other Properties of Ray Transform

» Other properties such as the singular value
decomposition and Sobolev space estimate of P can
be found in [Natterer and Wubbeling, 2001, pp. 22 —
23] and references therein.
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Cone Beam Transform |

» Letd e S ' and a< R".

The cone beam transform Dof f € S(R")is
defined by

(Df)(a,0) = /0 " fa+ 1) dt. (54)

a is considered as the source of a ray with direction
6.

It follows from the definitions that

(Pf)(8,a) = (Df)(a,8) + (Df)(a, —0) (55)
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Extension of Df

» Df can be extended to be a function on R® x R® by
putting
(Df)(a,y) = / fa+ty) dt = —/ fa+tL)dt.
0 vl Jo y|

Df is extended as a function homogeneous of
degree —1 in the second argument.

Fourier transform on the second variable can also be
defined,

(Df)a,n) = / (Df)a.y)e 2 dy.  (57)

n

(Df)" is a homogeneous function of order 1 — n, by
Theorem ??.
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R, which in turn permit the inversion of D, provided
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Hamaker’s Formula

» All these relations are an outflow of a formula
essentially obtained in [Hamaker et al., 1980].
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where Vy is the directional derivative in the direction

6, acting on the second argument of Df.
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Js2Jo
(94)
1]
- / / (Df)(a,)|rle~2 o dl.
82 J -0
(95)
» Hence,

(DY (a,0) + (DFY(a, —0) = /sz /H (Df)(a,)|rle—27 o ds
(96)
:/SZ(DI)(aAw)h(H»w)A
(97)
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Smith’s Formula

1 0 A A
>-H(5;(RN)(9,9) s:aﬂ:(Df) (@,0)+(Df) (8 =0)-  roerences
(98)



Smith’s Formula IV

» Therefore, by Eq. (58) and Eq. (89),

1 0
~H(E
2 (83

» This is

(Rf))(6, )

s=a-f

= (Df)"(a,0)+(Df)"(a, —b).

[Smith, 1985].
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