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Main goals
-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has
exponential decay of correlation with respect to Lipschitz
observables.

-
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Main goals
-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has

exponential decay of correlation with respect to Lipschitz
observables.

Theorem B. (logarithm law for the hitting time) For each

regular zo s.t. the local dimension d,, (zo) Is defined it
holds

-

i log i (z, 20)
r—0 —logr
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Lorenz like flows-Last Lecture — p. 2

=d,(zg) —1 a.e. starting point z.



Main goals
-

The main goal is to explain the results (Galatolo-P)

Theorem A. (decay of correlation for the Poincaré map) Let
F be the first return map associated to a geometrical
Lorenz flow. The unigue SRB measure up of F has

exponential decay of correlation with respect to Lipschitz
observables.

Theorem B. (logarithm law for the hitting time) For each

regular zo s.t. the local dimension d,, (zo) Is defined it
holds

-

i log i (z, 20)

= d — 1 a.e. starting point z.
r—0 —logr e (%0) g point @

Remark. Theorems A and B hold for a more general class
Lof flows, defined axiomatically. J

Lorenz like flows-Last Lecture — p. 2



Recall: First lecture

-

e Motivation : Lorenz’ eguations

iP=—10-2+10-y
X(x,y,2) = =282 —y—a-2
z=-8/3-z4+x-y.



Recall: First lecture

-

e Motivation : Lorenz’ eguations

iP=—10-2+10-y
X(x,y,2) = =282 —y—a-2
z=-8/3-z4+x-y.

e Construction of a Lorenz geom. flow and we described
Its main properties.

e The Poincaré map F' has the form

F(z,,y) = (f(z),9(z,y))
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e Construction of a Lorenz geom. flow and we described
Its main properties.

e The Poincaré map F' has the form

F(z,,y) = (f(z),9(z,y))

e One may think of f(z) = 2%, ¢(z,y) =y - 2", with

2

L2<a___<1<6__r A2 > A1 > —Az > 0. J
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Recall: Second lecture |

-

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow
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e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow

-

Method for a geometrical Lorenz flow:

o |
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Recall: Second lecture |

-

e The first return map F' has a SRB measure up that
Induces a SRB measure ux for the the flow

Method for a geometrical Lorenz flow:

e f has py which induces pr for £ which, on its turn,
iInduces . x for the flow.

o |
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Recall: Third lecture |

-

e The Poincaré map F(z,y) = (f(x), g(z,y) of a geom.
Lorenz attractor has exponential decay of correlations.

-



Recall: Third lecture |

-

e The Poincaré map F(z,y) = (f(x), g(z,y) of a geom.
Lorenz attractor has exponential decay of correlations.

Method: use W-K distance :

-

Wi (1, p2) sup (| / gdpy — / gdps|)
gELZp1

o |
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Recall: Third lecture |

-

e The Poincaré map F(z,y) = (f(x), g(z,y) of a geom.
Lorenz attractor has exponential decay of correlations.

Method: use W-K distance :

-

Wi, p2) sup (| / gdpy — / gdus|)
gELZp1

e LetC(f, g) be the correlation function:

c(r.9) = | [ oF @) s@am ~ [ ga)dn [ f()dm

o |
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Recall: Third lecture Il

-

e Strategy: relate C(f, g) to W-K distance
(1) for u; < pand duy = f(x)du
C(f.9) < L(g) - 1 fllx - Wa((F™)"(p1), 1)
(2) Wa((F*)" (1), p) <2-C- 2(n)
(3) Wi(ut, pu?) <e+4, p*:invariant measures for F

(4) Wi(F*(p), F*(v)) < A- Wi, v).

o



Proof-1

Let v, € F° with coordinate x. The density f , by (*) is BV
and || fl|py < K{+1 < (K + 1)L
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Proof-1

Let v, € F* with coordinate . The density f , by (*) is BV
and || fl|py < K{+1 < (K + 1)L
Let v, = fm be the measure on the z-axis with density f (m:

the Lebesgue measure). Let T = f1, and g € L'([—3, 3]).

o |
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Proof-1

Let v, € F* with coordinate . The density f , by (*) is BV
and || fllpy < K{+1< (K +1).

Let v, = fm be the measure on the z-axis with density f (m:
the Lebesgue measure). Let T = f1, and g € L'([—3, 3]).
Since

[ [ g d(T*(va)) = [ g dpa| = | [ g(T™(2)) f(2)dm — [ g(x)dps],
and 7" has exponential decay implies

’/gd(T*n(Vx)) - /gdﬁéx! <|lgllz, - [IfllBv - C - e
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Let v, € F* with coordinate . The density f , by (*) is BV
and || fllpy < K{+1< (K +1).

Let v, = fm be the measure on the z-axis with density f (m:
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Proof-2

Thus

s | f gt ) - / gdpa| < |[Fllpy - C - e <
Jlloo<1

(K+1)-£-C-e



Proof-2

Thus

sup | / gdT*" (1) — / gdiia < [ Fllpy - C - e <
|9llco<1

(K+1)-£-C-e

so item (2) at Proposition 3 is satisfied with exponential
bound depending on the Lipschitz constant ¢ of f.

o |
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Proof-3
=

Let v = F*"p as before. Since F sends vertical leaves into
vertical ones then there is a family of probability measures
u,”; on vertical leaves such that

(F*™) L . / (T (vy)).

-

o |

Lorenz like flows-Last Lecture —p. 9



Proof-3
=

Let v = F*"p as before. Since F sends vertical leaves into
vertical ones then there is a family of probability measures
u,”; on vertical leaves such that

(F*™) L . / (T (vy)).

To satisfy item (1) at Proposition 3 and hence conclude the
statement we only have to prove that there are Cs, A5 S.t.

-

Vy € FP, WiVl py) < Co e,

This is done by induction on n and using the preperties of
W — K distance.

o |
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Now we start

Final lecture :

Proof of Theorems A and B



Hitting time

Let z, 2o € R® and

X (x, 20) = inf{t > 0|X(2) € Br(xo)}

r

be the time needed for the X-orbit of a point x to enter for

the first time in a ball B,(z). The number X' (z, z¢) is the
hitting time associated to the flow Xt and B,.(zg).

o |
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Hitting time

Let z, 2o € R® and

X (x, 20) = inf{t > 0|X(2) € Br(xo)}

r

be the time needed for the X-orbit of a point x to enter for

the first time in a ball B,(z). The number X' (z, z¢) is the
hitting time associated to the flow Xt and B,.(zg).

If x,29 € ¥ and B> (zg) = B,(z0) N X, we define
72 (2,20) = min{n € NT; F"(x) € B> (x0)} :

the hitting time associated to the discrete system F..

o |
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Hitting time: flow and section

Given z, t(z) > 0 is the first time s. t. X*®)(2) € T (the

return time of z to ). Relation between 7% (z, z¢) and

7 (x, 20)
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Hitting time: flow and section

-

Given z, t(z) > 0 is the first time s. t. X*®)(z) € ¥ (the
return time of z to ). Relation between 7% (z, z¢) and
- (

T (x, x0)

Proposition If [.t(z) dup < oo, then, 3K >0and A C %,
up(A)=1s.t.foreachxp € ¥, x € A

(o) ala20) - [ to) dur <

TrXt(w,zo) < c(z,r) 72 (x, x0) - /Et(a:) dip

with ¢(z,r) — 1asr — 0.

o |
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Proof of Proposition-1

-

Proof. Assume that x, zg € 3, x # x¢ and r < d(x, xg). Since
the flow cannot hit the section near =y without entering in a

small ball of the space centered at z( before, then 7 (z, zo)
and 7 (z, zo) are related by

-

7-7“2 xaxO)

X (2, 20) < ' t(Fi(z)).

r

o |
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Proof of Proposition-1
-

fProof. Assume that z,x¢ € X,  # xg and r < d(x, z¢). Since
the flow cannot hit the section near =y without entering in a

small ball of the space centered at z( before, then 7 (z, zo)
and 7 (z, zo) are related by

r

X (2, 20) < ' t(Fi(z)).

Since the section iIs transversal to the flow, 94 K s. t.

_7'1%7, x,20)
X (2, 0) > H(F (z))
1=0
| J
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The last inequality
- -

The last inequality follows by the fact that if the flow at some
time crosses the ball centered at x( then after a time e(r) it
will cross the section at a distance less than K - r, K
depending on the angle between the flow and the section.

o |
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Birkhoff sum
-

The above sums are Birkhoff sums of the observable ¢t on
the F-orbit of x and up Is ergodic. Then there is a full
measure set A C ¥ (and z¢ ¢ A) such that for z € A,

—ZtFZ —>/ )dup, as n— o

-

o |
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Birkhoff sum
-

The above sums are Birkhoff sums of the observable ¢t on
the F-orbit of x and up Is ergodic. Then there is a full
measure set A C ¥ (and z¢ ¢ A) such that for z € A,

—ZtFZ —>/ )dup, as n— o

Hence, for x € A,

-

7-7"2 (LU,LU())

> HF ) — /Z {(z) dup, as n — oo

o |
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-

TEJ :C7CC0)

1=0

with ¢(z,r) — 1 asr — 0.

Still

Thus we get that foreach z € A

H(Fi(2)) = ez, r) - 75, 0) - /

Y
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Still
-

Thus we get that foreach z € A

-

TEJ CC)CCO)

t(FY(z)) = c(x,r) - 72 (2, z0) - / t(x) dup (2)

i=0 2

with ¢(z,r) — 1 asr — 0.

Combining Equations above we finish the proof of the
proposition relating the discret with continuous hitting time.

o |
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Consequence

-

Let = be the projection on X defined before. The above
statement implies the following

-

o |
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Consequence

-

Let = be the projection on X defined before. The above
statement implies the following

-

Proposition There is a full measure set B C R? s.t. if 2y € R?
IS reqular and = € B it holds

] Xt >,
lim og 7+ (x,x0) — im log 7; (W(%),W(:EQ))'

r—0 — logr r—0 — log r

o |
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Proof of the Proposition

-

Proof If zg,x € ¥ and x € A then

log TTXt(lE, To)

lim
r—0  —logr r—0 —logr



Proof of the Proposition

-

Proof If zg,x € ¥ and x € A then

log TTXt(lIZ', To)

lim
r—0 — log r r—0 — log r

If zo € R? is regular, X! induces a bilipschitz homeo from a
neigh. of 7(xzg) € X to a neigh. of x.

o |
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Proof of the Proposition
- -

Proof If zg,x € ¥ and x € A then

log TTXt(lIZ', To)

lim
r—0 — log r r—0 — log r

If zo € R? is regular, X! induces a bilipschitz homeo from a
neigh. of n(xp) € ¥ to a neigh. of xrg. So 3 K > 1 s.t.

Ti-1p (2, m(w0)) + C < 77 (2, 20) < 7ty (2, w(20)) + C

where C'is the time needed to go from = (xg) to xg by the

flow. This is also true for z ¢ B = 7~ !(A4). Extracting
logarithms and taking the limits we get the required result.

o |

Lorenz like flows-Last Lecture — p. 18



. ocal dimension: section and flow

Theorem . Let x € R® and = (z) be the projection on X given

by n(x) = y If x Is on the orbit of y € ¥ and the orbit from y
to  does not cross X (if z € X then n(z) = z). For all regular
points x € R? it holds

dpux (7) = dpyp (w(2)) 4 1.
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. ocal dimension: section and flow

Theorem . Let x € R® and = (z) be the projection on X given
by n(x) = y If x Is on the orbit of y € ¥ and the orbit from y
to  does not cross X (if z € X then n(z) = z). For all regular

points x € R? it holds

dpux (7) = dpyp (w(2)) 4 1.

Proof For product measures as ux = up x dt, where dt Is
the Lebesgue measure at the line, the formula is trivially
verified.

o |
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. ocal dimension: section and flow

Theorem . Let x € R® and = (z) be the projection on X given
by n(x) = y If x Is on the orbit of y € ¥ and the orbit from y
to  does not cross X (if z € X then n(z) = z). For all regular

points x € R? it holds

dpux (7) = dpyp (w(2)) 4 1.

Proof For product measures as ux = up x dt, where dt Is
the Lebesgue measure at the line, the formula is trivially
verified. By construction, ux = ¢.(dur x dt), where

¢ : R? — R3 is a local bi-Lipschitz map at each regular point.
Since the local dimension is invariant by local bi-Lipschitz
maps, it follows the required inequality.

o |
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A logarithm law for the hitting time

-

Recall that if (Y, T, 1) IS @ measure preserving (discrete T
time) dynamical system, (X, T, 1) has super-polynomial
decay of correlations with respect to Lipschitz observables if

|/900Tn¢'dﬂ—/SO'CW'/¢'dﬂ|§H¢H'WH°9m

lim, 6, -n? =0Vp > 0and | - ||:Lipschitz norm.

o |
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A logarithm law for the hitting time
- -

Recall that if (Y, T, 1) IS @ measure preserving (discrete
time) dynamical system, (X, T, 1) has super-polynomial
decay of correlations with respect to Lipschitz observables if

|/900Tn¢'dﬂ—/@'du'/¢'dﬂ|§H9@H'WH'9m

lim, 6, -n? =0Vp > 0and | - ||:Lipschitz norm.
Theorem(Galatolo) Let (Y, T, 1) a measure preserving

transformation having superpolynomial decay of
correlations. If d,(zo) Is defined then for p-almost x € Y,

. lOgTr(I‘,ZC())
] —d .
Tl_I}l’(l) —lOgT M(~TO)

o |
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Log law hitting for geom Lorenz flow

- N

Applying this to the 2-dimensional Lorenz system (3, F, ur)
which has exponential decay of correlations, we conclude :



Log law hitting for geom Lorenz flow

- N

Applying this to the 2-dimensional Lorenz system (3, F, ur)
which has exponential decay of correlations, we conclude :

Theorem Let F': 3 — X be the Poincare map associated to
a geom. Lorenz flow. For zo € ¥ s.t. d,,,.(zo) exists then for
up-almost x € 3.

- log 7 (@, o)
r—0 —logr

— d,LLF (:1:0)

o |
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. ocal dimension:section and flow-2

-

Since we have

| | :
lim —2 (2, 20) — lim —2 7.5 (2, 20) = dpp(zo)
r—0 —logr r—0 — logr




. ocal dimension:section and flow-2

-

Since we have

| | :
lim —2 (2, 20) — lim —2 7.5 (2, 20) = dpp(zo)
r—0 —logr r—0 — logr

And dup(xg) = dux(xg) — 1, we finally get



. ocal dimension:section and flow-2

o N

Since we have

| |
lim —2 (2, 20) = lim LSACIE) = dpp(zo)
r—0 —logr r—0 — logr

And dup(xg) = dux(xg) — 1, we finally get

log 7 (x, x0)
— log r

limy g = dux(zg) — 1,

proving Theorem B.

o |
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Recurrence time

-

In the definition of hitting time, if you take =y = z, then the
resulting expression is the recurrencce time, denoted by

-

() = 77(z, )

Using the next result by Saussol, we get a similar logarithm
law for the recurrence time.

o |
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Saussol’s result

-

(Y, T, u): a measure preserving dynamical system,
h,(T) > 0and T Is s.t. 3 a partition A into open sets s.t. for
A e A, T| 4 Is Lipschitz with constant L1(A).Suppose:

-

o |
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Saussol’s result

-

(Y, T, u): a measure preserving dynamical system,
h,(T) > 0and T Is s.t. 3 a partition A into open sets s.t. for
A e A, T| 4 Is Lipschitz with constant L1(A).Suppose:

(1) ifS(A) =U{0A e A} T ¢>0, a>0st.

-

p({xr € X :dist(x,S(A)) < €}) < c- €.
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Saussol’s result

- N

(Y, T, u): a measure preserving dynamical system,
h,(T) > 0and T Is s.t. 3 a partition A into open sets s.t. for
A e A, T| 4 Is Lipschitz with constant L1(A).Suppose:

(1) ifS(A) =uU{0Aec A} 3 c>0, a>0s.t.
p({xr € X :dist(x,S(A)) < €}) < c- €.

(2) Y acam(A)log™ Ly(A) < oo,
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Saussol’s result

- N

(Y, T, u): a measure preserving dynamical system,
h,(T) > 0and T Is s.t. 3 a partition A into open sets s.t. for
A e A, T| 4 Is Lipschitz with constant L1(A).Suppose:

(1) ifS(A) =uU{0Aec A} 3 c>0, a>0s.t.
p({xr € X :dist(x,S(A)) < €}) < c- €.

(2) Y acam(A)log™ Ly(A) < oo,

1. T has super-polyn decay with resp. to Lipschitz observ.

o |
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Saussol’s result

- N

(Y, T, u): a measure preserving dynamical system,
h,(T) > 0and T Is s.t. 3 a partition A into open sets s.t. for
A e A, T| 4 Is Lipschitz with constant L1(A).Suppose:

(1) fS(A) =U{0A e A} dc¢>0, a>0Ss.t.
p({xr € X :dist(x,S(A)) < €}) < c- €.
(2) Y acam(A)log™ Ly(A) < oo,
1. T has super-polyn decay with resp. to Lipschitz observ.

Then

1 1
lim inf —2 (2, ) = d, (x), and lim sup 08 7 (2, )
r—0 — log r r—s0 — log r

= d:{ (x) a.!
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Lorenz geo systems

-

Theorem The first return map (F, %, ur) of the geometric
Lorenz system satisfies the hypothesis above.

-

o |
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Lorenz geo systems

-

Theorem The first return map (F, %, ur) of the geometric
Lorenz system satisfies the hypothesis above.

Proof As (F, %, ur) IS exponentially mixing, item (3) is
satisfied.

-
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Lorenz geo systems

. N

heorem The first return map (F, 3, ur) of the geometric
Lorenz system satisfies the hypothesis above.
Proof As (F, %, ur) IS exponentially mixing, item (3) is
satisfied.
The partition A = {A;}, with

11 1 -1 o
A = U x 1. 1 NT
Z [<i+2’i+1) <i+2’i+1)] »

satisfies (1) and (2).
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Still
-

The fact that ;. has a bounded density marginal (the
density will be denoted by f;) on the z direction implies that
the measure of the sets A; can be estimated by

-

4 - sup( fo
u(A;) < Z.Q( )
Thus,
e 'Sup(f())
Z log" Lr(A Z log™ ( Kz 3 < 00
AeS(A AeS(A

This finishes the proof.
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Log law

-

Corollary For the geo. Lorenz system (F, X, ur) it holds

-

log 7 (z, x) log 7~ (z, )

=d lim sup =dy,, iF — a.e..

lim inf —
r—0 —logr —HE 0 —logr
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Log law

-

Corollary For the geo. Lorenz system (F, X, ur) it holds

-

log 7 (z, x) log 7 (0, )

lim inf =d,,, limsup

=d — a.e. .
r—0  —logr r—0 —logr S

Remarking that regular points have full measure we get
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Log law

fCorollary For the geo. Lorenz system (F, 3, ug) it holds T

log 7 (z, x) log 7 (0, )

=dy., b —a.e..

lim inf =d,,, limsup

r—0 — logr r—s0 — logr

Remarking that regular points have full measure we get
Corollary For the geometric Lorenz flow it holds

log7/(x) =

1 /
08 7 (2) =d,—1, px —a.e.

lim inf =d, —1, limsup

r—0 —logr r—0 —logr

where 7’ is the recurrence time for the flow.
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Main reference

- N

We suggest to the interested reader the paper below and
the references therein:

S. Galatolo and M. J. Pacifico, Lorenz like flows:
exponential decay of correlations for the Poincaré map,

logarithm law, quantitative recurrence, Ergodic Theory and
Dynamical Systems, to appear
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Finally
B o

This Is the end.

Many thanks to the organizers!!!!
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