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1 ���������
1827 ����� Robert Brown �� !��"#$%&'()*+,-.�/012345'6789�:;'<=>?�@AB�CDEF12GHIJ����C 1905
�KLMNOP��QRS Einstein T8% 5 UVWKXYZU[\]^_`ab�KcZUdef%������ghiC'jkl� 1900 �Km Bachilier 'nIo��
Poincare pq+rs%&�tMbVK[u\vwxy�o�gbK&zx{|}s~�
hiJ����K��%�����Z���C�&�VWT8'�������K�u'o�����u���C����D�G���.K��������o��"��&�I�HIC 1923 �K ¡J MIT ¢£�¤¥¦§u¨©ª� Robert Wiener ef%��
���«¥o��¬K&­f%Z®¯°±²K³E´_����KD�µJ Wiener ±²CF¶·¸¹¡º»[¼ �½���¾Z®u��¿À�o�·¸sÁCÂÃ��ÄÅÆ²KÇ��È Kakutani É�GÊf¼ K'ËÌÍÎYT1%����ÏÐÎÑÒk²�ÓÔK&�ÕÖ Ito d­fEu\�����Z×ØÙgbKGµJ[ Ito Ú�CkD
�����·¸ÈÛÜÝEKu\VÞßÐàáKXYâ�m � Paul Levy �¹¡ãäåãæçCèé

Einstein �hiK:;[ê.67�ë�ìíîïKð67�ë�ñ'òì>d
���Có� Xt 8ô�õö² t kD:;�ÑBKd

1. Xt [Â÷@A�øK'ù®ú��û�üu`Õ���ý
2. Xt+s − Xt Ï Xt `þÿ�KÏ Xs üu`Õ��ý
3. Xt \] t

 �C�j���f Xt ������KE|Xt|2 = at.
o��'j�¬�ef�����´_3

{Bt, t ≥ 0} [Z	´_'ÕZ¯°±²��@A|øK
��+�
��C
1. Bt+s − Bt ������ N(0, σ2s);

2. a�� s1 < t1 < s2 < t2 < · · · < sn < tn, B(t1) − B(s1), B(t2) − B(s2),
· · · , B(tn) − B(sn) `þÿ�ý �f]�����Kuöz Bt �J B(t).)

3. a���u ω, Bt(ω) \] t
 �C�=����K�� σ2 = 1, `��õ!µJ"#����C

($K´_Y�¾�
��%ì&�l'
(fC�F�
��[`)�K*K
�F
�
���Z	@A|ø�+,'CF-.�±² Ω �� C[0,∞),

F[Z®�Ä�±²C\/[�'j±²0Z®12� σ- 3o4`��¯°56CF¶¹¡� Wiener r
sK7µ856J Wiener 56ýµ`��¯°±²J Wiener ±²Cuö9� Wt

E8
ô����CF-�:b�����[Z÷�K�ì;<j(=.>÷?C@ B

(1)
t , B

(2)
t , · · · , B

(n)
t

[ n ®`þÿ��"#����KzAB�'ZCµJ�øK (B
(1)
t , B

(2)
t , · · · , B

(n)
t ), �
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�.Z® n
÷����K�ÁD®�øE� √

n, dsJ"#� n
÷����C�Áz n÷����û�. n

÷FG±²�H9�K��. n − 1
÷H9������C§��'ZIJK�´_����C

LM
1. Cov(Bt, Bs) = min(t, s).NO
. PJQúRSaµ�KìT@ t > s, d Bt = (Bt − Bs) + Bs. UV´_

(Bt − Bs) Ï Bs ÿ�C
Cov(Bt, Bs) = Cov(Bt − Bs, Bs) + Cov(Bs, Bs)

= 0 + V ar(Bs) = s = min(t, s).

LM
2. a��ZWXYZo t1, t2, · · · , tn, {Bt1 , Bt2 , · · · , Btn} �Ó[��[ n

÷
����CNO

.
LM

3. @@Aõ! {ξt; t ≥ 0} üu�+'
��3
1) a��ZWXYZo t1, t2, · · · , tn, {ξt1 , ξt2 , · · · , ξtn} �Ó[��[ n

÷���
�C

2) Cov(ξt, ξs) = min(t, s).

d ξt+s − ξt Ï ξt `þÿ�ýNO
.

LM
4. a�� a > 0, \ Wt = 1

a
Ba2t, Ut = tB1/t, d {Wt}

4 {Ut} ¦["#��
��CNO

.

�����]B^6_o pt(x, y)
µJ`aCì;bc

∂pt(x, y)

∂t
=

1

2

∂2pt(x, y)

∂2x
=

1

2

∂2pt(x, y)

∂2y
.

´_ G(x, y) =
∫

t
pt(x, y)dt,

µJ¥d_o (Green function). ��bcK2÷o d =

1, 2 öKÚ�[Te�ýð2÷o d ≥ 3 öK

G(x, y) =
Γ(d

2
− 1)

2πd/2

1

|x − y|d−2
.

fgl9�ÔoKF�[�gY�ÐÎÑÒCFh´%������i / X�iCa_o
f ,
´__o Ptf , j_o' x ¨� k Ptf(x) =

∫

f(y)pt(x, y)dy,

lim
t→0

Ptf − f

t
=

1

2
∆f.

XY ∆ =
∑

i ∂
2/∂2yi [ Laplace ÙëC
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2 ì|lg
¯°b�mn>o[Ypqr´gCa]@Aõ!9u�s�tbKuòì|lgKv³�wx�ÄKF-y:bã�z�{|K}~@A���õv2�ö² / ±²|�K'Z´�_+��]����C
@ {Sn} [Z÷}~@A��C2 n < t < n + 1 öK´_ St

J
Sn
4

Sn+1 k²����kC�´�o a > 0,

Ya(t, ω) =
1√
a
Sat(ω);

Ï Sn `�K±²��% √
a �Kðö²��% a �C F.�.Z
@A�� Ya(·, ω).

A[ ��K*
Ya(·, ω) ∈ C[0,∞).

}~@A�� {Sn} �q% C[0,∞) ±²��Z®¯°56 µa,
2 a �E�ÄöK µa 9

�E��� Wiener 56C�F.�­mu¨��C�B�Üì�%h Wiener 56K ��E����9��#+´_C��Ypqr´gK Sn/
√

n �����]��"#�����@A|øK*Ka�� �u�_o f ,

Ef(Sn/
√

n) →
∫

f(x)
1√
2π

e−
x2

2 dx. (1)

`���B��´_ f [� C[0,∞) .Zo R ��éK�]�|ø�[_oK7µF
�é f

J�_K�ô �C�Á,'�o M , a�¡ g ∈ C[0,∞), |f(g)| < M , �µ f
J

u��_C�Áa�� ε > 0, ,' δ > 0, a�¡ g, h ∈ C[0,∞), ó ||g−h|| ≤ δ, �u
|f(g)−f(h)| < ε, dµ�_ f [ ��CXY ||·||[_o�ãÄ¢K* ||g|| = supx |g(x)|.£�K ´ x, f(g) = g(x) �[Z® ��_C�Á´_

fM(g) =











g(x) ó − M < g(x) < M,

M ó g(x) ≥ M

−M ó g(x) ≤ −M.

d fM [Z® �u��_K�³k¤� f .
LM

5(ì|lg). a�¡ C[0,∞) �u� ��_ f

lim
a→∞

Ef(Ya(·, ω)) = Ef(B·(ω)).

É¥¦§�o�Æ¨[\]@A�� �Kð©§�o�Æ¨�\]���� �K*
\] Wiener 56�Ú�C�Ba Wiener 56§ì%hK�A�ur÷��[��ØÙ
�C£C 

f(g) =

{

f(g(1)) ó − M ≤ g(1) ≤ M,

0 ó |g(1)| > M.
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d f [ C[0,∞) �u� ��_C�³ì|lgK

lim
a→∞

Ef(
Sa√

a
)1{|Sa/

√
a|≤M} = Ef(B1)1{|B1|≤M} =

∫ M

−M

f(x)
1√
2π

e−
x2

2 dx.

ª\ M → ∞, ��. (1) ¥K�«ì|lg¬­Ypqr´gC
'��®[K\]�����Z�@A|ø���¯[�°)±ØÙ�K�BO³ì|lgE(5@A��C9��²õEC
LM

5. (²�³?). a]"#����K´_ σ(ω) = sup{t ≤ 1, Bt(ω) = 0}, d
P (σ ≤ δ) =

2

π
arcsin

√
δ.

NO
.  C[0,∞) �u� ��_

f(g) = sup{t ≤ 1, g(t) = 0}, ∀g ∈ C[0,∞).

a]����K
f(B·(ω)) = sup{t ≤ 1, Bt(ω) = 0} = σ(ω)

a]@A��K
f(Y2n(·, ω)) = max{k ≤ 2n, Sk(ω) = 0} = σn(ω).

�B'¾ZW����% σn(ω) ���C Z	 �_o fm
E¤� f(x) = 1{x≤δ}. U

Vì|lg
lim

n→∞
Efm(f(Y2n(·, ω))) = Efm(f(B·(ω))).

�j(f
P (σ ≤ δ) = Ef(σ(ω)) = Ef(f(B·(ω)))

= lim
n→∞

Ef(f(Y2n(·, ω)))

= lim
n→∞

Ef(σn(ω)) = lim
n→∞

P (σn ≤ 2δn)

= lim
n→∞

P (S2l 6= 0, δn < l ≤ n)

= lim
n→∞

δn
∑

l=1

1

π
√

l
√

n − l

=
2

π

∫ δ

0

1
√

x(l − x)
dx =

2

π
arcsin

√
δ.

@ τ1 = inf{t; Bt = 1}, 8ô����´Ã.µ 1 �öçC@ σn = inf{m; Sm = n},
8ô@A��´Ã.µ n �öçC

P0(τ ≤ b) = lim
n→∞

P (σ2n ≤ 4bn2) = lim
n→∞

2bn2
∑

l=n

2n

2l
Cn+l

2l

1

22l
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= lim
n→∞

2bn2
∑

l=n

l2l

(n + l)(n+1)(l − n)(l−n)

n
√

π
√

l
√

(n + l)(l − n)

=

∫ 2b

0

e−1/y 1√
πyy

dy =

∫ ∞

1/2b

e−x 1√
xπ

dx.

ãÄ¢ Mt = max0≤s≤t Bs.

P (Mt ≤ y) =

√

2

π

∫
y
√

t

0

e−
v2

2t dv.

EMt =
√

2t
π
.

ì|lgS�B`¶@A��4����k²�a�\ÔC'Èu·�`s�tbKu�¸¹ì&³ì|lg`þ(qK�B�$��ºfXY�ÓÔC£�»ao?Ka]}~
@A��K¼Óo��½¾�.%qX4¿�ÀØC

lim sup
n

Sn√
2n log log n

= 1; a.s.

lim inf
n

Sn√
2n log log n

= −1. a.s.

Õ.ÁgKa]Z÷����K»ao?9s�C

lim sup
n

Bt√
2t log log t

= 1; a.s.

lim inf
n

Bt√
2t log log t

= −1. a.s.

Z®}~�(b[Z÷����[�i�K*a���u ω, {t; Bt(ω) = 0} ¬­Z®Ä
]��ÖÂp´�o�oC

3 ÃÁ��
\ Ys = sup0≤t≤s Bt.

������ scaling ��K
P (Ys ≤ b) = P ( sup

0≤t≤s
Bt ≤ b) = P ( sup

0≤t≤s/b2
Bt ≤ 1) = P (τ1 > s/b2)

=

∫ b2/(2s)

0

e−x 1√
xπ

dx =

∫ b/
√

s

0

e−x2/2

√

2

π
dx.
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($ Ys [ �Ä�KX^6_oJ e−b2/2s2/
√

2πs P (Ys = a) = 0.
LM

5. P (∃t1 < t2 < 1; Bt1 = Bt2 = sup0≤t≤1 Bt) = 0.
NO

.  ugo r, \ Yt = Bt+r −Br, Ws = Br−s −Br, s ≤ r, d W
4

Y [ÿ�
�"#����C

P (∃t1 < t2 < 1; Bt1 = Bt2 = sup
0≤t≤1

Bt)

≤
∑

r ug
P (∃t1 < r < t2 < 1; Bt1 = Bt2 = sup

0≤t≤1
Bt)

=
∑

r

P ( sup
0≤t≤r

Bt = sup
r≤t≤1

Bt)

=
∑

r

P ( sup
0≤t≤r

Wt = sup
0≤t≤1−r

Yt)

=
∑

r

∫

P ( sup
0≤t≤r

Bt = x)e
− x2

2(1−r)
2

√

2π(1 − r)
dx

= 0.

@ τA = inf{t; Bt ∈ A}, 8ô����´Ã.µ A �öçC2 A [FG±²�Z®
 ÅöK τA u�Æ���C Wt = Bt+τA

− BτA
[����KµJÇÈG�CPj²Élg�$�³

P (B1 < a, sup
0≤t≤1

Bt > a) = P (B1 > a, sup
0≤t≤1

Bt > a) = P (B1 > a).

P ( sup
0≤t≤1

Bt > a) = P (B1 > a) + P (B1 < a, sup
0≤t≤1

Bt > a) = 2P (B1 > a).

F-�Bfg% {B1 = a} F.Ê¯°ÖËCa] �Ä@A|øK�B���jÌgC
����u·�¼Í���C
LM

6. {t ≤ 1; Bt = 0} [rÎÏÐC NO
.

LM
7. ����� Wald ÑgK 0 < x < b

Px(τ0 > τb) = x/b.

NO
.
LM

8. a���u� ω, Bt(ω) '���u� t ì[ Lipschitz
 ��KPj��Ì

Ìì�)C

6



NO
.  ´�o C, \

An = {ω; ∃s ∈ [0, 1], |Bt − Bs < C|t − s|for|t − s| <
3

n
}

Yk,n = max{|B(
k + j

n
) − B(

k + j − 1

n
)|, j = 0, 1, 2}

Bn = {∃k, Yk,n ≤ 5C

n
}

d An ⊂ Bn

P (Yk,n ≤ 5C

n
) = [P (|B(

1

n
) ≤ 5C

n
)]3 = [P (|B(1) ≤ 5C√

n
)]3 = (2Φ(

5C√
n

) − 1)3

P (An) ≤ P (Bn) ≤ nP (Yk,n ≤ 5C

n
) ≈ 1√

n
(
10C√

2π
)3 → 0.

LM
9. \ ∆m,n = B( tm

2n ) − B( t(m−1)
2n ). d E|

∑2n

m=1 ∆2
m,n − t|2 → 0.

NO
.

E|
2n
∑

m=1

∆2
m,n − t|2

= E(

2n
∑

m=1

[

[

B(
tm

2n
) − B(

t(m − 1)

2n
)

]2

− t

2n
])2

= E

2n
∑

m=1

[

[

B(
tm

2n
) − B(

t(m − 1)

2n
)

]2

− t

2n
]2

+E
∑

j 6=m

[

[

B(
tm

2n
) − B(

t(m − 1)

2n
)

]2

− t

2n
][

[

B(
tj

2n
) − B(

t(j − 1)

2n
)

]2

− t

2n
]

=

2n
∑

m=1

E[

[

B(
t

2n
)

]2

− t

2n
]2

= 2n

[

E(B(
t

2n
))4 − 2

t

2n
E

[

B(
t

2n
)

]2

+ 2
t2

22n

]

= 2n(3
t2

22n
− 2

t2

22n
+

t2

22n
) = 2

t2

2n
→ 0

Wald ÑgK@ Bt [Z÷"#����K B0 = 0, a < 0 < b, τ = inf{t; Bt =
−a Ò b}. d
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E0Bτ = 0; E0B
2
τ = E0τ.

�����ÓÔÕ¥@A��K Skorohod
´gÇÈG�Ö-×ØÙ

4 ÑÒgb
ÚÛ

14. @ Bt ["#Z÷����K τh = inf{t; |Bt| = h}.
1) E0τh = h2.

2) E0τ
2
h = 5

3
h4.

3) E0e
θτh < ∞ for some θ > 0.

4) limh→0 E0e
θτh = 1.

��Z÷����K τ = inf{t; Bt = 0 Ò 1}.LM
15. φ(x) = aPx(Bτ = 0) + bP (Bτ = 1) = Exf(Bτ ) [+ÜÝ4ú!ÞX§

�
Ë�hC
f ′′(x) = 0, 0 < x < 1; f(0) = a, f(1) = b.

NO
. a] x ∈ (0, 1),  YpJ x �Ø ² (x− δ, x + δ) SkrÎß' (0, 1) YCª\ σ = inf{t, Bt /∈ (x− δ, x + δ)}, ó B0 = x, d Bσ ß' x− δ

4
x + δ �¯°`

ÕC������ÇÈG�K

φ(x) =
1

2
(φ(x − δ) + φ(x + δ)).

F�� φ(x) [Ý4_o (
��_o). §��c�Ka] y = 0 Ò 1, limx→y φ(x) = f(y).FÉ{] limx→0 Px(τ0 < τ1) = 1. ÖZ��B� Wald Ñgà Px(τ0 < τ1) = 1 − x.Hª�cC ♣

LM
16.

φ(x) = Ex

∫ τ

0

f(Bt)dt

[+Ü)�ú!�hC
1

2
φ′′(x) = −f(x), x ∈ (a, b);

φ(a) = φ(b) = 0.

XY f [ (a, b) �� �_oC

8



NO
. a] x ∈ (a, b),  YpJ x �Ø ² (x− δ, x + δ) SkrÎß' (a, b) YCª\ σ = inf{t, Bt /∈ (x− δ, x + δ)}, ó B0 = x, d Bσ ß' x− δ

4
x + δ �¯°`

ÕC������ÇÈG�K

φ(x) =
1

2
(φ(x − δ) + φ(x + δ)) + Ex

∫ σ

0

f(Bt)dt.

φ′′(x) = lim
δ→0

φ(x − δ) + φ(x + δ) − 2φ(x)

2δ2

= lim
δ→0

−1

δ2
Ex

∫ σ

0

f(Bt)dt

= lim
δ→0

−1

δ2

[

f(x)Exσ + Ex

∫ σ

0

(f(Bt) − f(x))dt

]

@ ∆ = maxy;|y−x|<δ |f(y) − f(x)|. �Hª 14,limδ→0 Exσ/δ2 = 1,

lim
δ→0

1

δ2
|Ex

∫ σ

0

(f(Bt) − f(x))dt| ≤ lim
δ→0

Exσ

δ2
∆ ≤ ∆ → 0.

cáC ♣
³�����âöE8ô)�ú!�hK��)±.(=.>÷?C%Ñq�B³ãä

��@Aõ!EhhãZI�)�ú!K£�åõ!4X��)�ú!K=æçëÔè�
hydrodynamic limit, ÉÉCF�åf�V:b�wxC
LM

5. @ D [FG±²�Z®u� ÅC ∂D [X§�C f [´_'§� ∂D � �_oC\ τ = inf{t, Bt /∈ D}. d g(x) = Exf(Bτ ) [+Ü)�ú!�hC
∆g(x) = 0, x ∈ D;

g(y) = f(y), y ∈ ∂D.

NO
. a] x ∈ D,  rÎß' Å D YéYpJ x êëJ δ �ØH B(x, δ) ⊂ D.ª\ σ = inf{t, Bt /∈ B(x, δ)}, ó B0 = x, d Bσ 'H B(x, δ) �89 S(x, δ) ìí�

�C������ÇÈG�K

g(x) =
1

|S(x, δ)|

∫

S(x,δ)

g(u)du.

F�� g(x) [Ý4_oC§��c�Ka] y ∈ ∂D, limx→y g(x) = f(y).
�

f � �
�Ky�c�+ÜÑg
LM

5. a�� ε > 0, ,' δ > 0, 2 |x − y| < δ, Px(|Bτ − y|ε) > 1 − ε.
LM

5. \ σ = inf{t, Bt /∈ B(x, δ)} ,' ε > 0, 2 |x−y| < ε, Px(τ < σ) > 1/4.

9



5 îeõ!4>ïõ!
@ {ξt, t ≥ 0} [ k] Rd �@Aõ!K�Á

P (ξt ∈ A|ξs = x) =

∫

A

pst(x, y)dy,

dµ pst(x, y)
J]B¯°^6_oK}µ]B¯°C�Á pst(x, y)= p0,t−s(x, y), dµõ

![öð�C�� p0t(x, y) ��J pt(x, y).
£�K�����[öð�Cñ4B����� Zt = Bt + ct.

²É���� Xt = |Bt|
��ò ξt = Bt − tB1, 0 ≤ t ≤ 1. ��òì[ÈGõ!Cóô

.
�Á@Aõ! {ξt} ��¡ur÷��¦[����Kdµ {ξt}

J>ïõ!C
�����[>ïõ!Kñ4B�����K��ò4+9õö÷ OU øùúûüýø

ùþ
Onstein-Ulenbeck øùÿ�� OU øùÿ� Zt = e−tB(e2t). �

Z(t + s) = e−(s+t)B(e2(s+t))

= e−(s+t)B(e2t) + e−(s+t)(B(e2(s+t)) − B(e2t)

= e−sZ(t) + Y
√

1 − e−2s.

��
Y û���	
��
÷����þ��øù÷����ÿ��� Z(t) = x ���ÿ

Z(t + s) ��� e−sx �� ÿ� 1 − e−2s �!"÷
��
ÿ# N(e−sx, 1 − e−2s).
����$%&'�

pt(x, y) =
1

√

2π(1 − e2t)
exp(−(y − e−tx)2

2(1 − e2t)
).

()*÷+,�

pt(x, y) =
1

√

2πγ(1 − e2βt)
exp(−(y − e−βtx)2

2γ(1 − e2βt)
).

-./012'ÿ β 3 γ, �4�5�63786'þ OU øù/9��
 N(0, γ). OU
øùû Ehrenfest :;÷<=>?
@AB Yt = eBt . CDEFGH k I÷JK�� αk, �Lø n IMÿNOPQ
X0 RS� Xn = X0

∏n
k=1(1 + αk) = X0e

∑n
k=1 ξk ,

��
ξk = log(1 + αk). TUVWXYZ[�ÿYZWX÷JK�\]^_`ÿ���aB∑n

k=1 ξk bcde σBt + µt. fghij�FG÷kl�� X0e
σBt+µt.

EXt = X0e
µtEeσBt = X0e

µt 1√
πt

∫

eσxe−
x2

2t dt = X0e
µt+ σ2

2
t.
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mnQo�pBÿPQFG÷qrcs3tuvwxyz{^)|ÿ# eγt = eµt+ σ2

2
t.}~�k��þTUE}~��}~�/��W� t �k� K ��EFGÿTUe t

W��FG�l�n K, ��/���j�~ÿcs���TU�FG�lün K, ��/�÷cs� Xt − K.
0����)�� (Xt − K)+, �� t W��}cs�

E(Xt − K)+ =

∫ ∞

−∞
(X0e

µt+σx − K)+ 1√
2πt

exp(−x2

2t
)dx

=

∫ ∞

s

(X0e
µt+σx

√
t − K)

1√
2π

exp(−x2

2
)dx.

��
s��X0e

µt+σs
√

t = K. � Φ(s) =
∫ s

−∞
1√
2π

exp(−x2

2
)dx. � Φ(−s) = 1−Φ(s).

E(Xt − K)+ = X0e
µt

∫ ∞

s

eσx
√

t−x2

2
1√
2π

dx − K

∫ ∞

s

1√
2π

exp(−x2

2
)dx.

= X0e
µt+ σ2

2
t

∫ ∞

s

e−
(x−σ

√

t)2

2

√
2π

dx − KΦ(−s).

= X0e
γtΦ(σ

√
t − s) − KΦ(−s).

-.�e� γ = µ + σ2/2
-)�6þ��eyzf�ÿ-�W� 0 ÷kl�n

E(Xt − K)+e−γt = X0Φ(σ
√

t − s) − Ke−γtΦ(−s).

��q��.-� � (
�W� 0) �x (

�W� t �k� K ��EFG)
}~÷¡kþg

#¢£÷ Black-Scholes
�,þ

¤¥¦§
David Jerison and Daniel Stroock, Norbert Wiener, AMS Notice Vol. 42, No.

4, p430-438, 1995 I 4 ¨
Kai Lai Chung, Green, Brown and Probability & Brownian Motion on the

Line, World Scientific, Singapore, 2002.©ª¦§
«¬ ­���®��Bt = B(t) û�	
@ABÿ# B0 = 0, EBt = 0, V ar(Bt) = t.

1. ¯°)��øùÿ��
@AB÷�±�÷²0�ÿ³9��H´�þ
2. µ Xt = tB1/t, Yt = Bt+s − Bs, ¶· {Xt}, {Yt}

�û�	
@ABþ
3. D f ûRn eR÷¸¹&'ÿ�� x1, x2, · · · , xn,µ f(g) = f(g(x1), g(x2), · · · , g(xn))

¶·­ f û¸¹º&þ
11



4. D Wt û» Bt ¼½÷�	
@ABÿ (1) ¾ ξt = aBt + bWt
�û�	
@ABÿ¿� a 3 b {��ÀÁ�� Â (2) ηt = B(2t) − B(t) û�	
@ABÃÂÄ¶Å÷ÆÄþ

5. Ç�
@AB Bt ÷º&ÈÉÊ�ËÌ�!ù÷Í­

f ′′(x) = g(x), x ∈ (a, b); f(a) = c1, f(b) = c2.

��
g(x) û (a, b) Î÷¸¹&'ÿ c1, c2 �Ï'þ

6. µ V (t) = e−αtB(e2αt), ÇÐ EV (t) 3 Cov(V (t), V (s)). V (t) û (Ñ) qÒø
ùÃÂ

7. � ηt = Bt + ct �Ó5�÷
@ABÿ�� c > 0 ûÏ'þD τ = inf{t > 0; ηt /∈
(a, b)}, a < 0 < b. ÇÐ P0(ητ = a) 3 E0τ .

8. D s < t, Ç¶

P (Bs > 0, Bt > 0) =
1

4
+

1

2π
arcsin

√

s

t
.
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